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ABSTRACT

In this study, solutions to forced conﬁection_heat
transfer problems in fully developed 1aminar-flow

are obtained for Newtonian fluids with constant
properties. Internal flow for square, triangular and -
elliptical créss—sections have been solved. In
addition, an approximate solution is presented for
conduits with internal flow given by x%y'=a".

To solve the aformentioned problems, Complex

Variable Techniques, Bihafmonic Solutions, Variational
and Finite Element Methods have been .used.

Biharmonic Solutions are -directly applied to square
" and triangular pipes using the available solutions.in
the plate theory. _ .
The Variational formulation of the governing equations
are obtained. Based on this formulation velocity and
temperature ‘distributions are found in square pipes
using the Ritz Method. Variational formulation is
further used in corporation with the Finite Element
Technique to determine approximate solutions for
noncircular pipes. ‘

The Complex Variable Method is very suitable when
applied to parallel plates, circular, triangular and
ellipﬁical pipes. It also gives considerable know-

. ledge of heat transfer for the cross-section given by
x% y'=at.

' Theoretical solutions for each of these geometries are

then compared numerically by Finite Element Method.
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OZET

Bu caligmada, i{iniform ve laminer akislar ig¢in
zorlanmis 1si tasinimi problemleri, kare} egkenar
icgen ve eliptik kesitli borular icin ¢dziilmiigtiir.

“* olarak belirlenen

Buna ek olarak kesiti x"+y‘=a
borular igin yaklagik bir ¢ozim getirilmistir.
Yukarida sbzi edilen problemlerin ¢dzlimiinde Komp-
leks Degiskenler Metodu, Biharmonik C&ziimler,
Varyasyonal ve Sonlu Elemanlar Metodlari kullanil-
mistir. '

Biharmonik Co&zilimler, ince plakalar teorisindeki
sonugclar kullanilmak suretiyle kare ve egkengr
ticgen borulara direkt olarak uygulanmistir.
Problemi genel olarak tanimlayan ana differansiyel
denklemlerin'Varyasyonal formiilasyonu yapilmis ve

- 'buna bagli olarak kare borular ic¢in haiz ve sicaklik
dagilimlar: Ritz Metodu kullanilarak bulunmustur.
Kompleks Dedigkenler Metodu paralel diizlemlere, '
dairesel, eskenar liggen ve eliptik kesitli borulara
uygulanabilmistir. Ayni zamanda bu metodla kesiti

* olarak tariflenen borular igin yaklasik

xt+yi= a
'sonuglar elde edilmisgtir.

Bulunan teorik gézﬁmler>daha sonra Sonlu Elemanlar
Metodu ile elde edilen niimerik neticelerle karsilag-

tirilmagtar.
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NOMENCLATURE
A. Cross-sectional area of the pipé
a Side dimension, semimajor axis of an ellipse
b , Semiminor axis of an ellipsér
[(B1 . : Gradient matrix
¢,  Specific heat at constant pressurev
(oF] A constant, % %%
Co A constanti 332 a7
v Lk Az g,
Dy, * . Hydraulic diameter, =3
Dg Flexural,rigidityv
D " Domain cross-section
E . Elliptical infegral of the second. kind
e Internal energy per unit volume
fj Cqmponents of bddy forces per unit volume
F(z) = Goursat function
F(z) Complex conjugate of F(z)
{£°) Element force matrix
{F} Systém force matrix
Gm: Gg Inﬁegrand of the variétibnél integral
Corresponding to momentum and energy
equations \ :
h Heat transfer coefficient

I Variational integral



IyeIp - Variational integral corresponding to
. momentum and energy equations
k- Thermal conductivity
[ke] Element stiffness matrix
(K] ‘ System stiffness matrix
L1,L2,L3 Natu;al coordinates of a triangular eleﬁent
N ’Nj’Nk Shape functions for_velocity and temperaturel
Nu Nusseit number, E;H :
P Pressure
P Perimeter of the pipe
a Heat traﬁsfer rate
d, . Load intehsity
S , Aspect ratio of an ellipse, 2
-t Time
T Temperatufe
Tw Wall temperature
T}, Bulk Temperature
{7} Column matrix which gives the nodal values
of the approximating polynomial in equation(Vi.5)
u o ) Axial velocity
u ' Axial avarage velocity
{v} Column matrix which gives the nodal values

of the approximating polynomial in equation(VI.4)

w Deflection of a plate



Goursat function-
Complex conjugate of X(z)
Cartesian coordinates

v . ;

Dimensionless coordinates, 5 3

Axial coordinate; complex variable, X + iy

Complex conjugate of z, x-iy

Temperature difference between fluid
and wall, T-T,,

Difference between fluid bulk temperature and

wall, T T

b~ “w

Dimensionless velocity, - ——H——u“
| T dp2

, o ) dz

Dimensionless temperature, gu "
pc .,.E _dia
Paz dz

Dimensionless temperature, %;— S}

Dimensionless bulk temperature, %; 0]

Fluid density

Viscosity

Bulk Viscosity

. 52 82
Laplacian operator, — + —

S 9x? 3y?
Beta-function

Gamma function

b
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INTRODUCTION

Forced convection heat transfer problems involving
fully developed laminar flow under the conditions of
constant heat flux in axial direction and uniform
peripheral wall temperature have important applications
.in compact heat éxchangers where design considerations
may dictate pipes with unconventional shapes. Generally,
one way to reduce heat exchanger costs is to select
suitable cross-sections leading to lighter weight and
highe; heatltransfer_cbefficienté.'It follows then that
the laminar flow éolutiohs obtainéd‘here'for varioﬁs
cross-sections bécome important. - '

For compact heat exchangers the flow passages must have
a small hydraulic radius. For the low Reynolds number
design range of such heat exchangers fully developéd
laminar flow may prevail along most of the flow _
length. Thus hydraudynamically and thermally fully.
developed_laminaf flow (1} solutions'are needed. |

The determination of such solutions for noncircular
Apipe geometries}(Fig.I.l), is the subject matter of this
étudy. Constant property, fully developed laminar forced
convection heat fransfer is considered under constant
heat flux and peripherally constant wall temperature

beundary conditions.

*Numbers giveun in brackets refer to references in text
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Figure I.l-Noncircular pipe geometries,
(a) Square, (b)equilateral triangular, -
(c)Elliptical, (d)Shape given by x“+ y*= a*

A survey of the available literature shows that although
~ considerable information exists on this problem, analy-
”tical‘solutions have been confined to relatively simple
shapes such as circular pipes and parallelvplates
(2,3,4). More complicated geometries-such as the

square, triangular and elliptical pipes require two

. dimensional‘analysis. Profiles of flow velocity in these
pipes are available in many Fluid Mechanics books(5,6,7).
Existing solutions to torsional and thin plate problems

- (8) of elasticity can be used for square and equilateral
triangular pipes due to similarity of the governing
equations. The utility of Complex Variable and Vafia—'
tional Methods as a tool for the solutions of Poisson
type equations in the theory-of»elasticity (9,10) is
well estéblished. The numerical solutions have been
mainly obtained by the Finite Difference technique(ill)

.for square and equilaterél-triangular pipes. Further



results concerning these geometries can be found in(12).

Solutions regarding the geometry described by x“+ y'= a*
has not been analyzed.

The study comprises

a) Mathematical formulation of the problem presented in
Chapter II. "

b) Theoretical solutions of the governing equations
using the Biharmonic Solutions, Variational and
Complex Variable Methods given in Chapters III,
v, Vv respectively.f '

c) Numerical solutions by Finite Element Method discﬁssed
in Chapter VI.
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.~ FORMULATION .

A. Assumptions and the Governing Equations

The equations governing the motion of a Newtonian
fluid are Continuity, Navier Stokes, Enexrgy equatibns
and the equations of state. Using indicial rotation

‘these equations are expressed as follows:

Continuity Equation
e, 8lpuy)_ g | - (I1.1)
ot Bxk

Navier Stokes Equation

QEEJ--+puk Quj__82, 3 (Aigk)+ D @488y Japr. (11.2)
ke By dxy dxy dxy Bxg  Bxy By J :

Energy Equation

2
0 de pukég ;_péﬁk + 2 (kEE )+ ( 3uy)
ot ?xk' 3xk ij ij axk

dujy + duy duy

)

ij Bxi Bxi

+ p( (II.3) .

where i,j,k = 1,2,3

State'Equations

P =P(p, T) (II.4)
e =el p, T (I1.5)



In equation (II.1) pis the den51ty, t is the time

and u is the velocity.

In equation (II.2) P is the pressure, ) is the bulk
viscosity, u is the viscosity and fj }s the compoﬁents
of the body forces per unit volume.

-In equation (II.3) e is internal”energy per unit volume,
T is the temperature and k is the thetmal conductivity.
In the most fregquently encountered situations, formu-

lation of the problem is based on the folloWing
assumptions: ‘

1) Flow is time independent. :

2) The fluid is assumed to be viscous and its
properties are constant.

3) Viscous dissipation.is neglected.

4) Body forces and»internai heat generation are not
present. | »

5) Fully developed velodity profile is assumed.

6) Fully developed temperature profilée is assumed.

- Under these conditions,the governing equations in
Cartesian Coordlnates for the flow conflguratlon

shown in Figure IT, 1 become

Va =+ 2= c | (11.6)
u dz 1 .
2 Pcy 9
_ "Cp 3T _ \
VT = = m, U _ (I1.7)

For thermally fully developed flosz.A{ Seban(l)has shown
that

9 Tw-T
3z Tw-Tb

1
(]

9T _ dTw _ Tw-T dTw _ Tw-T  dTb | ; (11.8)
9z dz Tw-Tb dz Tw~-Tb  dz




Figure II.l- Flow éonfiguration

B. Boundary Condltlons

(a)

(b)

(c)

No- Sllp condltlon of the wall glves u=o0
at the wall.

'In the case of constant heat flux at the

wall, <21=h"?(T‘w—';l‘b')v‘‘= ¢ where C is consfant,

Since h is constant

dTw. _ dTb _
dz dz

Thus, from equation (II1.8), it follows that
3T _ dTw _ dTb

9z dz dz
The condition of peripherally constant wall
temperature gives ,

T=Tw O @ = 0 at the wall,

where 0=T-Tw

~ Now summarizing the governing equations and the

boundary conditions one gets

- and

at-the wall.

V?u = Ccq ; (II.6)

V20 = C,u - : . (11.9)
u =20 o _ (II.6a)
o=0 ' (I1.9a)



In equation (II.6)

% ar
, c1‘- U dz
and in equation (II.9)
pc .
c = p dTb

2 k dz
C. Determination of the Nusselt Number
Once the velocity and the temperature distribution

is known, Nusselt number is calculated from its

definition, that is

hDh . .
N_u:— (II.lO)
. k .
_4A
where Dh—7; (IT.11)

is thé hydraulic diameter.

In equation (II.1l) A is the cross-sectional area

and P is the perimefer; V

THe heat transfer coefficient h may be evaluated from

the consideration of heat balance as shown in fig.II.2

l—— .0

~Hzk-

Figure II.2-Description of Heat Balance’



In some differential length dz, the heat added dg
can be expreééed either in terms of a bulk temperature
difference(TbZ— Tb1) or in terms of the heat transfer
coefficient such that

dqg mcpdT = thz-(Tw- Tb)

b
Noting that nm = pu A,

= - JJudxady ‘ (1T.12)

where o
D .

[

is the avarage velocity and

1
= - m— : .13
Ob Tb T, o ﬂf ubdxdy ; (1T )

is the bulk temperature, one gets

Aczku . g .
h=-—<_1 ' , (II.14)
POb ,
and
- ' 1.14
g = C,ku A | o (I a)

Now combining équations (II.lO),(IIlll)and(II.l4)

results in

u ’ .
Nu = -4 2 ¢, 2 | | (II.15)
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USE OF THE BIHARMONIC SOLUTIONS

Considéting equations (II.6) and (II.9) one can

eliminate u such that

V40

CiCo

The corresponding boundary conditions are

and

at the wall.

©

V20

0-

(ITI.1)

Equation(III.1l) is similar to the governing equation

for the small déflection theory of thin plates

subjected to uniform load and simply supported along

all edges(8).

Where q, is the l6ad intensity, D
'rlgldlty and w is the deflection.

That is

Viw =

q

0

5

f

£

is the flexural

-(III.Z).

Now if the boundary conditions which must be satisfied

by the solution of equation (III.l) are also to be

satisfied by the solution of equation(III.2), then

equatlons(III 1) and (III 2) are identical. For

a simply supported plate (supported along all edges)

of polygonal shape one has

and

at the wall.

w
V20

0
0
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Therefore equations (III.1) and (III.2) can be

made identical if w is replaced by © and 33 by cica.
, Dg

Above results will be applied to square and.

equilateral triangular pipes.

A. Pipes with Square Cross-section
For uniformly loaded square plate shown in figure III.1,
deflection surface is given (8) as

. mT .. nm
sin—zx sin—y
a a

l6qoa" o o
w=—2°_% % — (III.3)
.n.GDf m=1,3N0= 1,3. mn (m2+ n2) 2

: g
Now substituting 0 for wand c;c,for 7? one gets

the corresponding.solution for © . That is

' sinEE sinEI
16C1C2al'vco ax' ay
0 =—-—— % ¥ (III.4)

m= n= :

To determine the velocity, equation (III.4) is
differentiated such that

sinﬂﬂx sinEE
g 16C1a2 o a ay'
u=gV 2= £ I | (ITI.5)
2 ot m—ba.—p&.mn(m2+ n?)
. a
0
] X
a
A
y

Figure III.l-Coordinate System of the Square Pipe
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Now substltutlng equation (III.5) in equation
(II 12) one gets the average velocity

’

mT nf
51n:;x 51n——y

16claaw :
g dxdy
m"l)3n"1)3 mn(m2+ n2)2
Integrating gives
64C1a? © @« , : :
u =-22512 § % L - (III.6)

.n.G 153.; 1,3. 1_n2r12 (m2+ n2) .

Also substituting equation (III.4) in equation(II.1l3),
the bulk temperature is obtained '

.o

_ 4a2C1C2 1
0= S
1,3 1:3--m2n2 (m~2+ n2) B
., 2WT . onT
sin®—x sin‘—y
aam . a a
JS T % dxdy

m= n= "
0.0 1,3,1,3 22(m+n)

Performing the integration with

J sinz%gxdx;%a
0 ;
T % !
o = C]Czal’ It\=1)3._n=1)3 2 2(m + n2)3 . (III.7]
b " o © . 1
S L

m= = .
SLINT L3 (2,2 L2, 2

- Finally substituting’equations(III.G),(III.7) with
P =4a in equation (II.15) and rearranging gives the
Nusselt number as
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® . 1 i
16{:m§1’3§=1’3"'m2n2(m2+ n2) }2 » .
Nu—\ 0 © - 1 (III.S)

m=3,3N=1,3,
1,31 1,3 m2n2(m2+ n2)3

Since the series cénverge guite rapidly, few terms
are sufficient. Performing the summation for
m=1,3,5,7,9and n=1,3,5,7,9 results in Nu= 3.600.

B. Pipes with Equilateral Triangular Cross-section
The equations of the boundary corresponding to this

pipe geometry shown in figure IITI.2 are

x+3 0
/3 3/3
Z_y- 2a_
Y3 3V/3

Multiplying these equations and rearranging gives

x%- 3xy2- a(x?+y?) +é%a3= 0 (I1IT.9)

For uniformly loaded equilateral triangular plate,

deflection surface is(8)

q . 4
_ 0 3_ 2_ 2 2y, % 3
w = ca an [x 3xy | al(x“+y )+27a ]

'[%az— x2- y2) ' (ITI.10)

Multiplying out and differentiating yields

q . .
V2p= - -2 (x3- a(x?+y?) - 3xy2+:La3] (I1I1.11)
4aD 27



Figure III.2-Coordinate System of the Equilateral

—

N
@]

-;q'

Triangular Pipe

13

Noting that equations (III.10) and (III.1l) satisfy

the boundary conditions one can make equations
(III;%) and (III.2) identical by replacing w by ©
and —Oby C;C,.

D¢
_CiCo»
: e_64a
and
Co 4a

Now the average velocity and the bulk temperature

can be calculated. Substituting egquation(III.13),.
2

a

with A= =— 1in equation (II.1l2) gives
V3
' -2

2a 3x-2a

3 3/3 ) .
u = —C1/§ ;] S [x:—a(x2+y2) -3xy2+—;a3]dxdy

m 3 a 0 27
2a -3

Then

[x3- 3xy2- a (x2+y2
4

[gaz—xz-yzl
[xs—a(x?‘-i-yz) —3xy2+

4 3
552 )

(111.12)

(ITI.13)
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Integrating results in

_ C1a’
U= e (11T.14)
Also substituting equation (IIi.l2) in equation
(II1.13) one has -
2a 3x-2a
37 3/3 :
_ _ 15v2 c;C» 3 2 2 2.4 a2
@b 32 —;: _é { [x°-a(x‘+ y°) f3xy toza ]
3
4 2 2__2
: [ga - x°=-y°] dydx
Carrying out the multiplicatioh and integrating
results in
o = -SiCza’ (ITI.15)
b 1680

with p=82

Finally substituting equations (III.14), (III.1l5)

’ in equation (ITI.15)gives the Nusselt
Y3

number as

28
= —= 3.11.
Nu 5
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VARIATIONAL METHOD

A. Description of the Method

Consider a function U which depend upon x and y

and may represenﬁ the velocity or the temperature.
Knowing the differential equation which U must |
satisfy, then according to the calculus of variations,
one must first find a function ¢ (x,y,U,%%,%g) which
when inserted into the Euler Equation

[ 28 - 28

U dy
‘8(5;) 343;)

0 .

9
9%

yields the differential equation for U. When G is

known one can write the variational integral,

I=ffG(x,y,U,%§ ,%% ) da o (IV.2)
and minimize it by the Ritz Method. According to
this method, U is written as a: linear combination -
of functions each of which satisfies the boundary
conditions. With the choice of U, the function G
is evaluated and the integration in equation(IV.2)
is carried out. The result is an expression containing
the constants of the trial function U. To achieve a
minimum value of the integral I, this expression is

© 'differentiated seperately with respect to each constant



16

'and each resﬁlt»is set equal to zero. This provides
equations which. can be solved for the unknown
constants.
Now considering equation(II.6) for the velocity one
finds
_ ,u? du ?

GM— (a—x) +. (B_y) + 2C1u,.

The variational integral corresponding to equation

(I1.6) is then

2
I ff[(—gﬂ)2+ (g—;) 4+ 2Cj;uldxdy (IV.3)

X
Considering equation (II.9) for the temperature

one finds

o= (292,

20, 20
g 5% (55" * 7 ©

kA
with q==C1kAum. The corresponding variational integral
is '
@8, (29, 2g B oL - -
1= JILG5)" + (55" * % Um@]dxdy (IV.4)

The boundary conditions £hat the velocity be zero
at the wall and uhiformlperipherél wall temperature
are essential. Therefore the variational integrals
(IT1.3) and (III.4) correspbnd to the governing
equations(II.6) and (II.9) with their associated

boundary conditions without any modification.

B. Pipes with Square Cross-section

For the square pipe as shown in figure IV.1,the velocity

profile chosen is

u=(x2—a2)(y2— az)[Ao+A1(x2+yz)+A2x2y2] (IV.S).
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2a
Figure IV.1l-Coordinate System of the Sqtare Pipe

Performing the differentiations and substituting
equation (IV.5) in equation (IV.3) yields

aa

IM=8££[4A2x2y 8A2x2a2y+4A.a X +16A a x" y ‘+8A0R1x%y"
1]

0 ) 1
—24A0A1a2x2y“—32A0A1a x" y 24 24A0A1a X y 24+16R0A0x y6

-32A A azx“y -8a A a2x2y +16A A a'x? yilGA A a“x"
0 2 . 0 2 T 02 ) : 0 :
—8A0A1asf@l6A0A2a"xﬁf58AoA2a6x2y2+16A2x6§¥16A2x“y6
_ 1 1 -
48A aZx" y 32A a xsjﬁ48A alxt y 24+32n A %8 y ®-64a A azxeyg

4

W 1, 2, 1
-64A1A2a x4 y +80A1A2a x" y +4A x2 y —16A a?x? v +24A a*x? y

+16A Azx 'y —8A A a?x 2y8+24A A a"x%y®-16a2a® > % 2 y
1

62y
-24A A a®x? y +16A 16A a®x"%+32n A a“x"® y2-32A A asx y
12

2162, 1 W le 2y
+4a%a%x%+16a2%2x° y 32A2a X y ®+16a%2a"x" vy +8A A a®x? y
1

1 2
-16a%a%x y 81+32a%a%x y6 16A abx" 2X +4A ax y
2
-8A2%23°%%2 y +4A2a xzy“]dxdy +8C1é{[Ao(x y 2.a?x?%- azy2
2 -
+a“)+A1(x”y2+x2y -2a?x2%y?- aZx"-a?y*+ a®

+R, (x"y" —azx“y aZx?y" +a xzyz)]dxdy

x2+a"y?2)

Integrating and rearranging gives

I
M o 0.71111 22a2+40.48762RpRA1a27+0.0774 A1Aja’

+o.04064A0A2a5+o.29799A§a5+ 0.01064Aa3%a%

8 ala

4 ) .
45 225A2a ) ) . (IV.G)

+C1( Ao+
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To determine Ao, Ai, A,, equation (IV.6) is differen- '
tiated with respect to each A and the resulting -

equations are set equal to zero. This operation yields

1.4222 A0a2+ 0.48762A1a“+0.040635A2a5+§q =0

-

0.48762 Aja’+ 0.59598A;a"+ 0.07740A2a6+£%cl =0

0.040635RA0a%+ 0.07740A;a%+ 0.021284Aa’+

4
53501=0

Solving these equations yieids

: 0.29492
A0= ——_._9_.i Cl
,a2
0.0410
A1= -_—"EC].
.aq

0.
Ay= - 12305 c,
aG

After substituting these expressions in equation(IV.5),
one can calculate the average veldcity from-équation

(II.12)such that

aa : .
u_= e IS [(xzfgazxz—a2y2+a“)0.29492 a“+(x“y2-a2x“
: 8 00 ' '
a

~-2a?y?x%+a*x?) 0.041015a’+(x%y"-a’y"+a*y?)0.041015a>

+(xy*-a?x"y2- a?x?y*+a“x%y?)0.12305]1axdy
Carrying out the integration results in

u_= -0.140555C a2 f ‘ (IV.7)

Then .

c

5 (x2_a2) (y2_a2)

1
U 0.140555a
m

[0.29492a"+0.041015a2(x2+y?2)+0.12305x%y?} (Iv.8)
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Before proceeding to determine the temperature
distribution let

Then equation (IV.4) becomes

11 S '
. 3@ . Ie4 2 u .

1= 4 JH[(ax) tlgy) +4 w laxay ‘ (Iv.9)

" Noting that the temperature around the boundary is

uniform, the temperature distribution across the

cross-section would be expected to have a shape

similar to the velocity. Therefore,as an approximation

the following temperature distribution is selected.

a=(X2-1) (¥Y2-1) [Eq+E; (X%+ Y?)] (IV.10)

Substituting equatlons (Iv.8), (IV.10) in (Iv.9),
dlfferentlatlng and performing the integration results
in

1e= 5 525

256 E20T2048E0E1+ %;iﬁf

+2.96329E, - (Iv.11)

EZ+ 10.01014E,

Now differentiating equation (IV.11) with respeét to
each E and setting the resulting equations equal to

zero gives

512 2048
e . 4
2% Eg+ £55 E1 10 9101

2048_ . 22528

; =-2.96329
555 S0t 735 B!

Solving these equations yields .
Eo=-0.1366 '
" E1=-0.9267
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Substituting E, and E; in equation(IV.10) gives
@ = (x2-1) (Y2-1) [-0.9267+0.1366 (x2+¥2) ] . (1v.12)
From the usual definition(II.13), the dimensionless

‘bulk temperature may be calculated. Then

- 1 ]1' 2 2 2 2 .
A, = 5175555 Jg {(X%-1)%(¥Y%-1)*[0.29492+0.041015

(x2+Y2%)+0.12305%%2Y21[-0.9267+0.1366 (X2+Y2?)]}axay

Multiplying out and integrating results in

0Lb=—0.55501 : (Iv.13)
i = = T
thlng that o 2 and g hPOb . Then
8k -

- Bk

Pa,
Nu= -32-2 (IV.14)
: onb .

Finally substituting equation (IV.13) with A=4a®

and P=8a in equation (IV.1l4)results in

Nu=3.604

An exact calculation'by Biharmonic solutions gives
a value of Nu= 3.600 in precise agreement (to

three significant figures)with Nu= 3.604 . Hence
there is no need to use-morg complex approximations

for u or for a .
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COMPLEX VARIABLE METHOD

A.Use of Complex Variables

Complex Variable Method has been used succesfully
in the theory of elasticityvto‘solve problems
governed by a biharmonic equation(13). The use of
this method will reduce equations (II.6)and(II.9)
to the determination of some analytic functions
which satisfy the boundary conditions.

In terms of the variables z=x+iy, z=x-iy,
Laplace operator can be expressed as

2. 492
V-—4a 5%

.Applying this operator to the governing equations
(I1.6) and (II.9) one gets

52u _ E;

5z9z 4
and

320 _ C2

~ - 4

0zdz

To find'the solution of O,uis eliminated between
equations (v.1l) and (V.2) such that

3" _ ciC»
522032 1©
Letting -
‘ - 0.C1C2 =12
0, = 0O ca (zz)

(v.1)

(V. 2)

(V.3)

(V.4)
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equation(V.3) becomes
- l‘ ’ . R )

0 Ql =9 d . (V.5)

922352 |

Which admits. a géneral solution of the form

©1=2F (2) +2F (Z) +X (2) +X (Z) : (v.6) -

where F(z)and X(z) are Goursat functions (14).

The bar denotes .the complex conjugate.

The corresponding boundary conditions are obtained
combining equations (II.6a),(II.9a) (V.2)and (V.4).
These are '

<

C>1C2

Ol— —— 64 (ZE)2 ‘ (V.7)
) .
370 ——Cigzzi (V.8)
9z9z -

‘Now differentiating equation (V.6) gives’
520,
9z9d%z

The equation(V.8) is comparable with equation(Vv.9)

=F' (2)+F"' (Z) (V.9)

only if the equation of the boundary is expressible

in the form of zz= h(z)+h(Z) (v.10)
Then ' : _ ,
' ' _ &G
F'(z)= -=3¢ h(z) . (v.11)
= - _ C]Cz S
F'(z)= - ¢ h(Z) . (V.¢2)

To obtain zF(z) and zF(Z),

equations (V.11),(V.12) are integrated and multlplled
with z and z respectively.- '

.Now to get X (z)and X(z) equatlons(v 6)and(V.7)are
combined such that

64
2:
(zz) C.C

[zF(Z)—zF(z)]-———[X(Z)+X(Z)] ‘ (V.13)
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The final form of the solution for velocity and
temperature is obtained using equations (V. 2),
(v.4), (v. lO)and (v. 4),(V 6) respectlvely.

Hence

Cy, = 16 8 91] R ’ (V.14)

u=f 2z
s **Tcie, 3293
or
w=Sl [22-h(2) -R(2)] - (V.15)
and .
0= éi%z%)&EF(z)+zf(E)+§(2)+X(z) : (V.16)

B. Pipes with Equilateral Triangular Cross-section.

Considering figure(III.1l) and using'complex variableés

.' z=x+iy, z=x-iy (v.17)
equation(III.3fbecomes
-1 3,73 4 2
zz= 2a(z +27) +27a (V.lS)

Comparlng equatlons (V 10) and (V 18) one gets
az' o , (v.19)
a? : A (v.20)

Using equations (V.1l) and (V.12)and doing the

integrations yields

C1C2, 1 ,0,2 |
F(z)=-—jg zlgzz +352"] (V.21)
= 5y__Ci1C2-1 -3.2 2 '
F(z)= 16 Z[saz +t55a ] . (v.22)
Then
) . el | |
ZF (2) +2F (2) = -¢;§ [——(z +7 )+37a ] (V.23)

Substituting equation(v.23)_in equation(v.13)gives
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= 2= L ,343%,16 2, > 64 3(3 '
(z2) [2 +z )_+27a lzz - E—I—CZ[X(z)+X(z)] (v.24)
The find X(z) and X(z)both sides of the equation
(V.18) is squared and rearranged such that

., - 1 -, -
(zz)2=2—azz(z3+z3)+§_7a (z _,_“3“_16 4

then when added to it the equation (Vv.18)in the form

of
16 20 =1 3 -3, 4
0—27a [zz' 2a(z +z )-ﬁa ]
this will lead to

(z§)2=[;—a(z3+53)+%a2]z§ -—-%a(z +z )—4—82a'+ (v.25)
27 ’

Now comparing equations (V.24) and (V.25) one gets

1C2[6a( 3+§3)+4—82a"] o (V.26)

X(z)+X(z)= o2 >

" Finally the velocity and temperature fields are
obtalned substituting equatlons(v 19),(V 20)in
(V 15) and (V. 23),(V 26) in (V.16) respectlvely

__ 1 o 3.zs __i_ 2
u= [zz 2 (z°+z°) 57 a“l]
C1C —y2_ Ca1C2 -1 16 _»
0= 64(zz) 2 z[2 (z%+ z )+27a 1
CCo  2a 3 16
1 [ 5 (z°+z )+243 ]

In terms of (x-y)coordinates, they are

G 3_ ﬁ_ 2,2y, 4 3 ' »
u= 4[x 3xy‘-a(x‘+y )+27a ] (v.27)
Ci1Car 4. 2__2_.2 3_ 2 _ 2,.,2y,.4 .3 ‘
—is [33 -x“-y“1[x°-3xy“-a(x"+y )+27a I (v.28)

The calculation of the Nusselt number is already
'fpfesented in Chapter III.
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C. Pipes Described by x" '+ y" e 1
51’1 bl’l
n n
The expréssion % + ¥ - 4 -~ (V.29)
o o0 B> )

where n is an even integer,_is;a general equation
. from which some important pipe‘geometries can be
deduced. Consider now equation(V.29) under somé
typical conditions. '
Case I- Letting n=2 provides the equation of
an ellipse such that

2

2

LA AR ] . (vV.30)
a? b?

with a and b being semiaxes. Also for a approaching
infinity and b being finite one gets the equation

of the parallel plate such that

y*= p* | (V.31)

Case II- Assigning'a==b ' equatioh (V.29) reduces
to .
xlayt= 2" . (V.32)
For the choice of n=2 this equation corresponds
to that of the circle such that 1

x2+y2= a2 4 (V.33)
Other choices (of n=4,6,...) would correspond
to equations of some pipe geometries which will
lie between the circular and square pipes as shown

in Figure V.1 '
' Now these pipe geometries will be studied seperately.

'BOGAZICH ONIVERSITES! KUTUPHANES!
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Figure V.l-Some Pipe Geometries Describey by

n n_n
X +y =a

1-Elliptical Pipeés
Rewrite equation (V.30) in the form of

b2x2+a?y2= a’p? » (v.34)

where a and b are semiaxes. In terms of complex
variables it is

- 2a?b?
zz=

b2-52

b2+a?

(z2+42%) (V.35)

I
2

az-'rb2

Comparing eguation(V.35) with equation(V.1l0)gives

242 2 2
1 b2-
n(z)=2 2 . 22 3,2 (V.36)
‘ a’+ b? b2+‘a2
24.2 2 2~
- - 1 b2- - .
1‘1(z)=a b -3 ———-%—; z? (v.37)

a2+ b2 b2+ a
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Using equations (V.1ll)and (V.12) and performing

‘the integrations results in

C 2.2 2_4.2
F(z)= ;222[68. b + a b] 22‘]
T a?+b? a?+p?
_ _ 2.2 2 .2 _
F(z)= C;gzz[Ga b 4 a b 22]
- a’+b? a?+p?
Then
_ - c _ 2,2 2_‘2 _
zF (z)+zF(z)= ;gzzz[lza b + & b (z2+z2)] (v.38)

a?+b? aZ+b?

Substituting equation (V.38) in equation(Vv.1l3)gives

_ 2.2 _ 2 .2 - _
(zz) 2= Ba’b zz+.% i~—£(zz+zz)zz
: al+b? al+b?
. 64 i
_ETEZ[X(Z)+X(Z)] 4 o , (V.39)

To determine X(z)and X(z) first both sides of
equation (V.35) is squared and rearranged such

. that
az—b2

(zz) 2= 2a’b zz + %

a2+b2>

zz (z2+22) (v.40)
al+b? :

Also multiplying equation (V.35) with (z?+z?)

and rearranging yields

2_ L2 _ B 2_42 _
a. b (zz)2= zz(zz+zz)-% a’-b (z“+z“)
al+ b2 aZ+p? .
- 2.2 _
_2a’bt 2,72, (V.41)
‘a2+b2
T . . 8a?b?
Now multiplying equation (V.35) with T,
a“+b

and rearranging gives

2,2 _ I T S = 2_ 2 -
8a’b® - _16a'b’ _ . zp2(a’mb7) (2,72 (v.42)
a?+b? (a?+p?)? (a?+b?)? : :

0=
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Combining equations (V.40),{V.41)and (V.42)
regults in

a2-b2 _

- 8a2p?2 -
(zz) = a zz+§ zz(zz+zz)
a?+b? aZ+p?
8 a"p" 5a"+5b%+26a’b?
3

(a24b2)2  a“+b*+6a2b?

a?b?(a2-b?) 3a"+3b"*+14a2p?

—% - (22422
(a2+b?)2 a“+b*+6a2p? '
2 1242 _

= (a”-b%) (z%+2%) (V.43)

(a*+b"+6a%b?)
Comparing equations (V.39) and(V.43) one gets
C1Cz (8 a'p" 5a“+5b"+26a’b?

64 3 (aZ2+b?)?2  a“*+b"+6a2p?

1 (a2-b2)2 (z"+z")

=
a*+b*+6a?b?

X(z)+X(z)=

L4 a’p?(a?-b%) 3a"+3p"+14a%p?

3 (a?+p2y? é"‘+b“+6a2b2

(z2+22)) (V.44)

Finally the velocity and temperature fields are
obtained substituting equations (V.36), (V.37)
in (V.15) and (v.38),(V.44) in (V.16) respectively.

.- 2a’b? 1 a’-p?
z

a?+b? a’+b

(z2+22)]
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C:C _ 2.2 _ 2_y.2

@:——1—2[(22)2»7_2__13 zz_z a b
64 2,.2
a“+b

3 (zz+§2)z£
aZ2+b?

.8 a'b’  5a"+5b*+26a’b? 1 (a®-b?)?

3 _6’ (Zq'*'gh)

(a2+bzf a*+b*+6a?b? a*+b"*+6a?b?

4 a’p’(a’-b?%) 3a"+3b"+14a’p?

3 .
ﬁa2+b2f ‘ a*+b*+6a?b?

+

(z2%2+22)]

In terms of (x-y) coordinates, they are

. c
u=—
2(1+s?)

' b .
where s== , is the aspect ratio.

(s2x%4y?-b?) o (V.45)
a

Ci1Ca2
24(1+s?) (1+s*+6s?)

0= (s2x2+y2-b2?)

a2

[(s"+5s2)x2+(1+55%)y?2- (5s%+5s%+26s") 1 (V.46)

1+s2

To calculate the Nusselt number one needs to
evaluate average velocity and bulk temperature.
Substituting equation (V.45)with A=7ab

in equation (II.12) one gets

‘bgszxz

a
2C

w= 281

0

™ (1+s®)7ab

ot

(s?x%4y2-b?)ayadx

Before integrating one needs to transform the
ellipse to circle by
x=xa 3

= V.47
y=yb ( 1

Such that

5245221
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. A V1-x2
2Cb? —2 - R
Then uw= <=2 _ 717 (X2+52-1)ayax

m (l\"‘SZ)TTVO'D
Integrating with respect to y yields
4 2 . __ 3 -

w = S8 ank2) 7 gk
3m(1+s?) © E

Letting
) x =sin t ' .
1-x%2=cos?t } ‘ (V'48X
w3 Cib I /2 cos*tdt
m(1+s2) O

Performing the integration gives

2 .
_ Cib” : (V.49)

m 4(1+s?)

Substituting equations (V.45),(V.46)and (V.49)
in equation (II.13) and applying the transfor-

mations (v.47),(Vv.48) gives

, y

g, =- ——E1C2b [0 {(s +5)
3mil+s?) (1+s*+6s?)
(Sinst—ZSin“tfsinzt)+(llsz+7)sin2t§“.
+(ll+7sz)sin“t§2-12(1+sz)sinzt §2

[(5+26s2+5s8")

+(1+5s82) (yt-2y“+y?) -
(1+sz)

(1+sin“t+y")+(10+52s2+10s")

{-sin?t+sin?ty?-y2)1} costdy



31

Performing the integration results in

o = Ci;Cyb" (175s%+9852+17)
b
144 (1+s2)? (l+s*+6s2).

(v.50)

_Details of the integrationvis'given in Appendix A.
Also the heat flux rate from equations (II.l4a)and
(v.49) is ' ’

=_C1C2k

Tab? o (V.51)
4(1+s2) :

Substituting equations (V.49),(V.50) in equation
(II.15) gives |

S22 2 4 2
Nu=144ﬂ a® (1+s7) (1l+s +6s°) (V.52)
P2 (17s%+98s2+17)
where P=4aE(a,%)_, : is the perimeter.
‘E(a,%) is the ellipticalﬂintegral of second kind.

The values of P for various aspect ratios are given

in Appendix A.

2-Parallel Plates

Rewrite equation(V.31) in the form of

Using éomplex variables, this equation becomes

2z = 2b2+%(zz+22) ' | (V.53)
which‘is in the form of equation (V.10).

3-Circular Pipes

Rewrite equation(V.33) in the form of

x2+y2—a2= 0 o
Using complex variables, this equation becomes -

P

27 = a? (V.54)

which is also in the form of equation(Vv.10 ).
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Hence Complex Variable Method is appliéable'

to these geometries. But the solutions for these

pipes will not be given in this study, sincé they
_are available in many heat transfei books.

ak

y

% 4

4-Pipes given by +y”

Consider equation(V.32) for n=4 which will
correspond to N

x"+y*= a

Using Complex variables, this equation becomes

(25)2=% a“- %(z“+25

zZz

_
éxz“+z“)]/2

= [%a’#_

To be able to applylthe Complex Variable Method
equation(V.57) is expanded by Binomial Expansion
such thét
| L 22t 1

» /3 8V/3 a?
Coﬁparing équation (v.58) with equation (V.1l0)
one gets

22 (z¥+z")

1 4

h(z) = — - zZ.
. V3 8v3 a2

2 -

hiz) =2 _ 1 z"
V3 8v3 a?

Using equations (V.11)and (v.12) and integrating

one obtains
2

c,C -.a A :
F(z) =- 1622‘[—— -— 1
. : Y3 40/3a?
2 g
F(z) =—Ci§2 (2= -2 ]
40v3a?

V3

(V.56)

(v.57)

(v.58)

(vV.59)

(v.60)
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Then

- - - . 2
2F (2)+2F (2)=-S152,7 (827, (z'+z") (Vv.61)
: E) 10V3 o

. Substituting this equation in equation (V.13)
one has :

- 2_ 8a’- (o b4y b4 (>
(zz) “= 22z- - zz{z'+z )—E——,[X(z)+x(z)] (V.62)
V3 10/3a2 1€2 .
To determine Xx(z) and X(z) first equation

(V.58)is multiplied by (-4zz) - such that

2
- 8 - . P -
4(zz)2= =8 zZzZ - zz(z“+z“)

V3 2v/3a?

then adding this equation to eguation(V.56)

and rearranging yields

. o
1 zz(z“+§“)+8a zz. - 4a3+é%(z“+§“) (V.63)

10/3a? V3

(zE)vzz_

Now comparing equations (V.62)and (V.63)one has

5.35,.C1C>2 w_ 1 “, =
X(z)+X(z)= o2 [4a 35 (z +z7) ] (v.64)
To obtain the velocity end temperature‘fields one
substitutes equation(Vv.57) in (V.14)'and equations

(V.él),(v.64)in (V.16) respectively.
N OF W R SR S g Y,
u= - {zz.[3a 6{2 +z7) 1 }

2

@:99[(25)2+ 1 zE(z“+§q)—§3 zz
4 10/3a? V3

w7 u,zu
— +
+4a 30(2 z')]
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In terms of (x-y) coordinates, they are

o : L |
='Zl{><2+y2—[g"’lu“%(xl’ﬂ'"-6x2y2)]/2} ’ ‘ (V.65)

_CiCo 2, 2,2
&2 [(x%+y°) “+

(x2+y2)(xu+y“—6x2y2)
5V/3a?

8 . 7

_° . ax2+y2)-I§(x“+y“—6x2y2)+ 42k

s R

= ;x“+y“-6x?y2)2] |  (V.66)
20v3a L ) )

. The 'last expression in equation (V.66)

(x*+y“i6x2y2)2 is used to modify
20v/3a"
the temperature distribution by some intuitive
reasons which will be discussed in Chapter VII.
For the calculation of the average velocity the
expression ' " in
4 1
v[ga“— 3 (x“+y“—6x2y2)]

equation (V.65) is expanded by Binomial Expansion

/2

up to four terms such that when equation (V;65)

is substituted in equation (II.l2) one gets

C aea -X 2a2 1 2 2
u_= le S [x%+y2- —= + (x"+y*-6x2y?)
S Y
w1 (x“+y“—6x2y2)2+ 1 (Xu+yu_6x2Y2)3
64/3a® 512/3a0
5

+ (x”+y“—6x2y2)3]dydx"

16384/3a
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51 . . ra .
where A=325(Z’Z) as given in Appendix B.

To perform this integration two transformations.
are needed such that

v = x - .

\ } (v.67)
w =y .
v = Ocosf : .
: } (v.68)
w = 0sinf ‘

Using these transformations the avarage velocity

becomes
)
T, a :
C ) 222 42
um=EXl f"/2 J I o(cosé +sing) =22 +.9 (l1-6cosf sinh)
° ° Y3 4/3a% )
y . 5 ob 3
st 0" (1-6cosfsin®) “+ (1-6cosBsinb)
64v3 a® - 512v/3al?
. A
+f~§—g——— {1-6cosBsinb )ﬁ—jgﬁyi————
16384/3a%% " V/cosOsin®

This integral is evaluated in terms of B functions
as given in Appendix B and the following result
for u. i$ obtained

a2

u = -0.1428C;a =-21 (V.69)
m : 7

Substituting the expanded velocity profile and
equation (V.66)with the specified transformations
(v.67) .and (V.68) in equation (II.1l3)one obtaines

the bulk temperature as
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__cfc, a i
b 256 u A I J é {[o(cose+sin6)‘-—2—a2
m 0 0 /'3-
1 g2 4
+—— — (l1-6cosfsinb)+ g (1-6cosBsinbj 2
4/3 a? - 64v3 at
6 8
. O . 50. g
+—-——— (1-6cosBsinb) 3+ o (1-6cosbsinB)¥
512v/3a0 | 16384/3a™

[Gz(cose+sin6)2+4é“— 8 a20(¢058+sin8)

V3
‘7 2 . 1 0'3.
—f§{I(1—6cose sinB)+ — {cosB+sinf®) (1-6cosBsinb)
2
: 5/3 a
4
- g (l-6cose“sin9)2]}—gggg——
20¥3 a* YcosfOsinb

Performing the 1ntegrat10n the follow1ng result is
obtained:

©,= 0.03797 CiCza’ o (V.70)

Detailes of the integration and the calculation of
the perimeter is given in Appendix B.

© Finally substltutlng equations (V.69)and(V.70)
‘with P=7.0168 a in eguation (II. 15) the

Nusselt number is obtained as

Nu= 4.197
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FINITE ELEMENT  METHOD

The governihg equations are solved numerically
with the Finite Element Method. Before applying
this method, the following dimensionless variables
- are introduced -

b=- , yv= 9O , x== , y=X | (VI.1)

Ci1a? CyCpat

where a is the characteristic length of the cross-
'sections. Then equations (IX.6) and (II.9) in dimen-

sionless form are

320  p%0

+—=— +1=0 - (VI.2)
9 X% 9 y? ‘
2 2
7% ¥ L4op | (VI.3)
5 x2. 9 y? -
and =0
Y=

at the wall. _

The continuous quantitiés,.velocity and temperature
will be approximated by a discrete model composed
of a set of piecewise continuous functions defined

over a finite number of subdomains..
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In this study domains used are two-dimensional

pPipe geometries which will be devided into a

finite number of subdomains by using two-dimen-
sional triangular elemenﬁs, Details of descretization

.0of the pipe geometries are given in Appendix C.
A. Shape Functions

In this study the velocity and temperature are

approximated by

o= [n){v} ' (VI.4)

and ‘ : . '
¥= [N]{T} ' ‘ (VI.5)

where [N] 1is a row matrix which consists of the
selected shape functions. {v} and {T} are the
nodal values of the velocity'and temperature res-
pectively. Shape functions of a triangular element

are

1 '
= VI.6a
N,=——{a,+b.X+c,¥Y}] ( .6a)

a.=X.Y -X, Y.
al Xij Xk i

1
- : . I.
Nj 2A[aj+bjx+ch] (VI.6Db)

= .—‘X.Y
aj XkY1 i“k
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. 1 . o ;
N, =——
kX 3A [ak+bkx+ckYJ o | (VI'GC);,
a =X.Y._ .- .Y,
k 7ij X3Y1 !
b= - -
X Y, Y3
ck= Xj- X:L
1 .
1 1
where 2a= 1 xj Yj is the area of the triangle.
1 X Y,

(Xi’Yi)’ (xj,Yj) and (xk,Yk) denote the
coordinate pairs of the three nodes of the triangular
element. ' ’

B.Derivation of the Element Equations

Using Euler equation (IV.l), the associated variational
integrals corresponding to equations (VI.2) and
(VI.3) come out to be

1,302 2902

1,° /) SlGp) +Eg) - 28] dxdy. -_(VI.7)
_ 1., 0¥.2 ay? ; .
I.= I Sl +igy) - 20¥ldxady ) | (vI.8)

Since the boundary conditions are essential the

variational integrals(VI.7)and (VI.8) will be not

modified.
Let )
{g} =|°% (VI.9)-
w |29
) oY
\
D) =10 2
y
a_x . .
{g% =la¥ ) - (VI.1l0)
oY
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Substituting equations(VI.4), (VI.5) in equation
(VI.9), (VI.1l0)respectively one gets »

. 9N _
lo}=| 2% Hvi=1p1{v} | (vI.lla)
-and Y ' '
| {g%=[31~{T} |  (VI.1lb)

where [B] 1is the gradient matrix.
Combining equations(VI.7),(VI.9) and (VI.lla)
one has | ’

1 T
1,005 (V371817 (D] [B1{v}axav-// (N1 {V} axay (VI.12)
Using the minimization condition one obtains

d I o
3TV%==%TVT ff{;{v}T[B]T[D][B]{v}dXdy

—%Tvaf[N]{V}dXdY=O
or . _ .
7rB1Y D] (BT {V}axay=/S/[N] axdy | (VI.13)

Equation (VI.13) can be written in condensed form

[x€1{v}={fe} : o (VI.l4) -

[ke]=ff[Be)T[D]Iée]dXdY
{fe}=//[n) Taxay
The final system is obtained by considering
the whole domain
[k1{v}={F} (VI.15)

£ e
[k]=_I, [kF]

; 1£5}

e M

{ri=
e
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Now combining equations(VI.8),(Vi.10)and (VI.1lla,b)
one gets

1= E{T}T [(B}T [D][B]{T}ade
~fJinj{7}[N]{v}axay ; ’ (VI.16)

Using the minimization condition one has

BIE
3T i’ [DliB){T}axay

—ff[N]T[N]{v}dxay=o
o; ' ’
ff[B}T[D][B]{T}dxay=ff[N]T[N]{v}axay (VI.17)

Equation (VI.1l7) can be written in condensed form
[ke]{T}ﬁffe}n | : (VI.18)

‘where . {fe}n = rrm TNy {vlaxdy

~ The final system is obtained by cbnsidering the

whole domain

’

[K]{T}={F}n . ‘ (VI.19)

et
-

where . {F}n=e {fe}n

Now the element stiffness matrix [k®] and the
element force vectors'{fe},{fe}n' are evaluated
by using the shape functions.

Using equations (VI.6a,b,c) and (Vi.lla,b),the

gradiant matrlx becomes

1 |71 ®35 Pk b
e —_
[B ]_2A c. C'-Ck (VI.ZO)




dXdy

Since all the terms under the integral are

constants they can be removed to yield

D.b.+ c.c. - -
. N ;Py lcl bibj+ Cicj bibk+ cick ,
[k¥]=—= |b.b.+ c.c. b.b.+ .
YN 5P 34 323 cjch b.bk+vc.ck dxdy
b b, .+ . .
k23 ckcl bkb]+ ckcj bkbk+ €y Cy

To evaluate the force vectors area coordinates

are employed.

1z

Then =~ - {£®} =//| 1., |azxay"

) 1|

13 LiL2 LLL; :
(g€} =/J| Laly L2  1L,Ls;| {v} axay
» ;L3L1 L3L, 1%

and

To perform these integrals, the following formula
'is used: .
p.9.r. _ plglr!
ffL1L2L3dA—T;:E:;:Eﬁ
More information about the area coordinates can

be found in Ref. (15).
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RESULTS AND DISCUSSION

The theorefical solutions of fully developed laminar
forced convection under the conditions of constant
heat flux in axial direction and Unifdrm peripheral
wall temperature are obtained for square, equilateral
triangular .and elliptical pipes. Also the geometry.

described by x"+ y'= a"

is solved approximately.
To test the validity of the results obtained by
Biharmonic Solutions, Variational and Complex
Variable Methods, the resuits are comparéd,with the
solutions available in the literature and the
numerical results evaluated by Finite Element
Method. The flow and heat transfer characteristics
are found for all cross sections. All the results
are plotted in nondimensionalized form. Velocity
and temperature profiles are parabolic and reach
their maximum values at the center of the cross-
section. The profiles decrease near the walls due
to the no-slip condition and prescribed constant

wall temperature at the walls respectively.
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A. SQUARE PIPES

Biharmonic Solutions are directly applied to square
pipes. Based on the known solutions of thin plate
problem, velocity and temperature distributions

are determined which are in good agreement with

the solutions obtained by the Variational Method. .
/These éolutions are then compared with the numerical
results of the Finite Element Method. The subdivision
of the square pipe into triangular finite elements
can be done in many different ways. Two possible
divisions are shown in Figure C.l1 (with elements of
“unequal size) and Figure C.2(with elements of

equal size). Figure VII.1 and Figure VIL 2-show the
comparison of the theoretical and the numerical
results of velocity and -temperature fields respectively.
"It is observed thatvnumerical results converge to

the exact values as more nodes are used. The

Nusselt number obtained both by Biharmonic Solution
and Variational Method is 3.60 which agrees with

the numerical result of 3.63 obtained by Clark, S.H.,
W.M.Kays(11l) and with 3.80 given in (12). '

B.EQUILATERAL TRIANGULAR PIPES

similar to square pipes, known solutions of thin plate
theory are again éxisting. Same solutions are

obtained by Complex Variable Method. These solutions
ére compared with Finite Element Solutions.

Two possible division of the pipe is shown in

Figure C.3 and Figure C.4. The division scheme

found to be most convenient to descretize’the pipe

in finite elements with shapes similar to the cross-

- section.
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, — Theoretical
Finite element
. A 49 nodes
028 : v C e
0.21
014 ¢
007

0 0125 .25 375 5 625 75 .875 10
Figure VIL! _ Velocity profiles along axis of symmetry (x=0)

Y4
006 — Theoretical
Finite e_lement
. A 49 nodes
005 81
004 1
0.03
002
0.01

—
Cad

0 0125 25 375 5 625 5 .85 10
. Figure VIL.2 _ Temperature profiles along axis of symmetry (x=0)
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Comparison of the theoretical and numerical results
are shown in Figure VII.3 and Figure VII.4. As |
observed from the figures, convergence of the results
is achieved more rapidly as more nodal points are

) used. The Nusselt number is calculated to be 3.11 .

It is in gooa agreement with the numerical result
of 3.00 obtained by Clark, S.H.W.M.Kays(ll) and
3.1 given in (12).

C. ELLIPTICAL PIPES

The theoretical solutions for this pipe are obtained
by Complex Variable Method. For numerical solution
only one subdivision is presented for the aspect

ratio s=§=0.5 as shown in Figure C.5 . Figure

VII.5 and Figure VII.6 show the theoretical and

numerical distributions of the velocity and the

temperature respectively. The Nusselt number is cal-

‘culated for s between 0.1 and 1.0 . These results

are given in table VII.1 and shown in Figure VII.7.

"It is observed that for the limiting case s=1,

Nusselt number is equal to 4.363 which corresponds
to the Nusselt nurber of the circle. But for the

other limiting case of s=0(either b=0 or a=« ),

the Nusselt number has no physical meaning because

considering equations (V.50) and (V.51), 0y and g

are either zero or g is infinite.

0.1 | 0.2 ¢.3] o0.4| 0.5{ 0.6| 0.7} 0.8} 09

10

5.123 14.96214.802|4.666[4.55814.477{4.421|4.387/4.370

4363

Table VII.1l
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0035 » “ — Theoretical

003

0025

002

00151

0.01

0005

000047

- 00003
00002

00001

A  Finite element 55 nodes
o 66

Y

w51 2 .3 4 .5 6 7 8 98510
Figure YIT.3 Velocity distributions along axis of symmetry (Y=0)
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2 — Theoretical
Finite element
& 55 nodes
o 66 "

2y ~
—tay

A

ol 2 3 4 5 8 7 8 99510

Figure VIL.4 Temperature .distrib‘utions along axis of symmetry (Y=0)
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— Theoretical

.080 £ Finite element
_ 55 nodes
.064
048 ¢
032
.036. 2

X

0. 1 2 3 4L 5 6 7. 8 .8 10
. Figure VII.54Velocity piofile along axis of

-symmetry (y =0 ) for s=0.5
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of svmmetrv (y=0) for s=0.5
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D. PIPE DESCRIBED BY x"+ y*= a*

The solution for this pipe is analyzed by Cémplex
Variable Method. This method perﬁits exact solution
for the velocity field. Expansion of the boﬁndary '

- equation by Binomial Expansioﬁ provides approximate
solution for the teﬁperature field. The discretization
scheme of this geometry is shown in Figure C.6 . It

is observed that theoretical results for the tempera-
ture field agree with the nﬁmericalﬁresults well
within |z|=vx%+ y? <1. For |z|>1 further terms must
be included in Binomial Expansion. But in this case
the method is not applicable anymore. Considering

the Finite Element resuits to be true (with about 3%
difference from actual results) we intuitively add

one suitable term to the theoretical solution which
makes the theoretiqal and numerical results comparable.
Another approximation is needed to calculate the
average velocity and the bulk temperature. This
approximation does not disturb the accuracy much since
enough terms are taken by Binomial Expansion of the
velocityvfield. Also the expanded velocity field is
compared with the exact velocity field to test the
accuracy induced by this approxinatioﬁ. Figure'VII.S
and Figure VII.9 show theoretical and numerical
distributions of the velocity and temperature fields'
respectively. The Nusselt number is calculated to |
be 4.197 which lies between the value of 3.60 and 4.363

for square and circular pipes respectively.
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"
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Q028 Finite element
5 75 nodes
021 1
0.14 ;
0071
N N N N . " . A, _=x-
0 125 25 35 .5 - 825 75 85 1.0
" Figure VII.S8- Velbcity profile along axis ‘of
~ symmetry (y=0)
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Q035
0024
0012 |
> X

0 155 25 35 5 625 75 875 1D

Figure VII.9- Temperature profile along axis of

symmetry (Y=0)
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'CONCLUSION

The problem of fully developed laminar flow forced
convection under the conditions of constant heat
flux in axial direction and uniform peripheral

- wall temperature has been studied for square,
triangular and elliptical pipes using Biharmonic
solutions, Variational, Complex Variable and Finite
Element Methods. Also approximate solutions are
obtained for the pipe described by x*+y*=a" by
Complex Variable Methods.

The following conclusions may be drawn:
1.Biharmonic solutions are convenient to use for
any pipe geometry provided its solutions are

known in the thin plate theory.

2. Variational Method although lengthy and approximate
leads to accurate results with any desired degree of

‘accuracy for the sguare pipes.

3. Complex Variable Method can be adopted to studies
of certain family of'pipes with uniform cross—secti;
onal area, bounded by a closed curve such that the
equation of the boundary is expressible as
zz=h(z)+h(z). The solutions for the velocity and
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temperature fields are then deducible directly
from the boundary conditions.

4. For laminar flow in pipes the Nusselt number is
greatly influenced by the shape of the pipe}
Interesting feature of the solutions for shapes
with sharp corners, 1like the square, is the fact
that the heat flux varies around the periphery

and approaches zero at the corners.

‘Other factor which influences the Nusselt number
is the hydraulic diameter.

5. The highest Nusselt number is obtained for the -

elliptical pipe depending on the aspect ratio. Two
limiting cases are observed for this pipe, that is
the Nusselt number at s = 1 corresponds to that

of circular pipe and that at s=0 has no physical

meaning. S

6. Nusselt number for the pipe given by x"+y*= a*

lies between the square and the circular pipe.
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APPENDIX A

1-Tabulated values of the Perimeter for Elliptical .
Pipes '

The values of the Perimeter P is given in
Referance(16) as follows:

) - P

a a
0.1 4.0640
0.2 | 4.2020
0.3 | - 4.3860
0.4 4.6026
0.5 4.8442
0.6 5.1054
0.7 5.3824
0.8 5.6723
0.9 5.9723

1.0 2n
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2-Solution of some Trigoncmetric Integrals

General Solutions for some trigonometric integ-

-rals are given in Referance(l6) as follows:

cost 51nn_lt n-1

“fsin"tdt= fsin  “t at
fcosntdt—Sint cosn—lt +n—l fcpsn-lt ;t
Then
{T@Sihztdt= % ) {iécosztdt= %
{@651n tdt—%% , {mecos tdt= ig
{TQSln tdt—g% s {Técos tdt= ig
{ﬂ/zsm tdt—% , {ﬂ/zcos tdt= 222
Also
{Técdszt sin tdt—526
{Eecoszt sin®tdt g%
fﬁésinzt cos?tdt= ;%
{tecosst sinztdt=%%€

m
ffécos“t sin tdt—ga
0

™
/2 4 37
J “cos’t sin “tdat= 35€
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APPENDIX B
1-Values of some Gamma and Beta-Functicns

In reference(3), the values of some Gamma-

Functions are given as

5, 3,_ 7, _
T(4)—0.9F)6, .T(z)—0.886, T(Z)_—0.919

Noting that T (n+1)=nT(n)

1 1

T (3)=3.6240 ,  T(3)=1.6120
1"(%)=1.2.253 ,  T(3)=1.1325
rdh=1.6080 r3)=1.3290
7 9
1‘(5)=3.3225 s T(5)=ll.6287

r(%)=52.3294 , I‘(14—3)=2.5-481

T (323) =287.8115

i  or . T(m)T(n)
Now using the relation B(m’n)=8(n’m’=__TTEIHT
one obtains
L 33,
B(Z)Z)_7-4116 ; 8(4,4)—1.6946
5 5 77
i) = —,+)=0.2542
8(4,4) 0.6176 ’ 8(4,4) ‘ 54
9 9 11 11, _
B(Z)'Z)=O~1362 JB(4} 4) 0.0494
13 13 13, _
B »—3)=0-0225 »  B(g,7)=4.4406
15 3 3y,
B(Z’Z)_=3'7058 ’ 8(4,4) 1.1101
5 7 ’ 7 9
=0.4: —,~)=0.1735
BEZ,Z)—O.4163 , 8(4f4).0 173



9 11,
8(4,—4—)—0.0759

11 13

) B(4’4

})=0.0341

"2—Detai1es of Integration corresponding to

Chapter Vv

By definition

B(n,m)= B(m,n)=f1xm"l(1—x)n'ldx
0

Letting x=sin?8

1
{ 2cos/zes:.n/zﬁde—% J(1-%) /dx—
0
{ cos “?8sin 26d6=3 Tx ™ (1-x)" dx=5
, . 0

, l-x=cos?8

-3
fh -1

1
2

1

3

8 (_)

¢

4

1
4

The solution of the following integrals

can be found in the same manner as

i

b

o

il

k

o

w

h

o=

1 1
Aecoé@de—EB E’
3
4

b]w »th

&Gco%%de—%s( s

/Zecoé?/e —B( 3

7 7

zsin‘yzecos C'ie:%B (Z’Z)

9 9

7 7,
/2 2o2 2
n’“6cos d6—28(4,4)

11 11

&Gcos de——8(4 v

=)
13 13
/Zeco%ede——ﬁ T'_ll—)

3
/Zecoé?ede——s(3,5

2

1
4

3
4

=)

)
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™ 3 5 .
£ 2 . 1 5 7
{ sin ’%g s /29d9=58 (Z:,z
m 5 7 o
o . 1.7 9
,(I)' “sin /%0 s/2ede=33(z,.4_)
™ 7 9
Ve Y
{ Zsin 26 /Zede__e(ll 143)

3-Calculation of the_Area and the Petimeter of
the Cross-section given by xt+yt= a2t - -2
a. Calculation of.fhe Area:
a 2
A=4] 1'v/al'—x'+ dx
0

Substituting x2=a2cos9 one gets

A= 2a2f /2 /zecos /26d8

Also letting x= sin’6 , l-x=cos?8 , it follows that

]l 1
Ix /‘*(1 x)/ dx=a28(§,l)=3. 7:058a2

Aa0 oy

b. Calculation of the'Perimeter:

Letting x=§, Y=§ , one gets by definition

. 1 = - v
p=4f /1+(2X)? ax
0 ax A
This integral can be approximated by

P=4. OZO ¥ 1+é— AX

. n=) AX A
4
= = - = -X
where AX=0.01 , Ay g_l Yn ) Yn /1A N’
= = ) = +AX
Y, 1, x0 0 and xn xn_l

The calculation is done in Computer using Couble
Precision and the perimeter is obtained as

P=7.0168.
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"APPENDIX C

Discretization of the Domains

'.l. Square Pipe _ 4

The subdivision of this geometry is done in

two different ways. In the first'study, a grid

of 72 triangular elements of unequal size with

49 nodes (Figure C.1l) and in the secohd study,

a grid. of 128 triangular elements of equal size
with 81 nodes (Figure C.2) is used. |

2. Equilateral Triangular Pipe

The division of this pipe geometry is also done in
two different ways. First it is devided ihto 81
triangular elements of unequal size with 55 nodes
(Figure C.3) and then in 100 triangular elements of

equal size with 66 nodes(Figure C.4)

3. Elliptical Pipe .
The discretization of this pipe domain is done with
82 triangdlar elements and 55 nodes (Figure C.5)

4. Pipe Described by x"+y*= a*

This geometry is devided into 119 triangular elements:
with 75 nodes (Figure C.6) ,

Equatlons of each pipe geometries are dlmen51onallzed'
by x= ’ Y—z - and only necessary parts of the

domalns are descretlzed due to axial symmetry.
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. Figure C.1l- Subdivision of a Square Pipe into

Triangular Finite Elements of unequal Size

2
44 ,
. 45 46 L7 46 L0
61 63 65 67 s |7
62 | /64 66 68 0| 72|
35 42
49 51 53 55 57 /|59 /
50| /52 54 56 Cs 50
" 29 35
37 39 41 43 45/ |47
38 | /10 42 44 46 | /48
22 ’ 28
25 / |27 29 31 32 / |35
26 | /28 30 32 34| /35
15 ' 21
13 15 17 19 21 /| 23
1% 16 18 20 21 2
8 1% -
1 3 5 7 9 n /]
2 L 6 8 0| 12
2 3 ; 5 6 7
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64
55
46
| 37
28
19

10

F

63

2 T - —
7
A .,
L——2a |
74 75 76 77 78 i 80 81
137 1157 |17,/ 1119,/ |121 123/ 125/ 127
14 16| 118 120 /1221 124 | /126 | /128 ’
97 99 101 103,105 10771109,/ |11
98 00| /102 104 | 108) /108 110 | 112
‘ : 63
81 83. /| 85 87 89 /| 91 93 95
82 84 | /86 88 90 92 94 96
' 54
65 /| 67 69 71 73 75 77/ 19
66 68 70 72 7% 76 78 80
45
49 51 53 55 57 59 61 63 ;
50 52 54 56 58 / 60 62 64
36
33 35 37 39 N1463.71 65| 47
34| /36| /38 | /40 42 44 46 42 )7
17 /119 21 123 25 /| 21/ | 29 31
18 | /20 22 24 26| /28 30 32 o
1 3 5 7 9 1 13 15 .
2 4 6 8 10|/ 12 14 16
2 2 4 6 8 9

Figure C.2- Subdivision of a Square Pipe into Trian-

gular Finite Elements of equal Size
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- Figure C.3-Subdivision of a Equiiateral Triangular Pipe
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- APPENDIX D

- 1. COMPUTER PROGRAM FLOWCHART.

START

. |READ INPUT DATA

COMPUTE THE ELEMENT
STIFFNESS MATRIX

COMPUTE THE ELEMENT
FORCE MATRIX

ASSEMBLY THE SYSTEM
FORCE MATRIX

ASSEMBLY.  THE SYSTEM
STIFFNESS MATRIX

SOLVE THE SYSTEM
MATRIX

PRINT

68
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‘2. COMPUTER PROGRAM LOGIC

The computer program con51sts of a main program
and two subroutines.

MAIN PROGRAM: Reads some parameters, necessary
constants and the boundary conditions as input
data, determines the element stiffness matrix and
the element force matrix. The system force matrix and
the system stiffness matrix are assembled by the
use of code'numbers. It prints out the results
and stops the program.

SUBROUTINE POW: This subroutine formsthe element
force matrix.

SUBROUTINE GAUSS: This subroutlne solves the

system matrix.

Definition of the variable names used in the Program:

MST - Degree of freedom-

NJ - Number of nodes at each element .

MS - Number of unknowns at each element

MEN - A control parameter. It takes the values 0,1,2,3
for square, equilateral triangular, elliptical

pipes and the pipe described by x“+y“= a*

respectively.
ME - Total number of elements
NNO - Total number of nodes
N - Total number of unknowns

DEF - A control parameter. It takes the value "0"
on the boundaries. Otherwise it numbers the
unknowns. ‘

IDEF- It labelles the unknowns at the nodes

RR -~ System force matrix corresponding to momentum

equation
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s - System Stiffness matrix

M - Specific node number

\Y/ - Reads node numbérs of each element
NCODE-Code numbers

SM - Element Stiffness matrlx

R PW- Element force matrix correspondlng to momentum
equation

THV - Theoretical velocity distribution

ERV - Absolute error SR

D - Numerlcal velocity distribution

TEMP- Assembly velocity vector for each element

ST - Convection related matrix ]

RS - Element force matrix corresponding to energy equation
RT - System force matrix corresponding to energy equatibn
THT - Theoretical temperature distribution

TT - Numerical témperature distribution



Input Description:

1. The first number given in this. setf is a control
parameter. It takes the values 0,1,2,3 for square,
equilateral triangular, elliptical pipes and the
pipe described by x“+y"= a" respectively. .

The second number gives total number of elements.
The third number gives total number of nodes.
Format: (3 I 3)

2. The first number labelles the nodes.

The second and the third numbers give the x and

y coordinates of nodal points respectively.

The forth is a control parameter. It takes the .
value "O0" on the boundaries. Otherwise it numbers
the unknowns. The fifth prepares x-coordinates for
graphical distribution of the resuits.

Format: ( 3F8.0, F4.0, F5.0)

3. The first number indicateés specific node number.
The other numbers are node numbers of each element.
Format: (I3,3F5.0) B

On the output nodal values of the theoretical and
numerical velocity and temperature with the correspon-
ding absolﬁte error are listed.

Format: (l14x,F4.0,7x,F12.8,7x,F12.8,10%x,F12.8)

All results are plotted by Graph 4 Libary Bu*Bulib.
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