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ABSTRACT

THE MEAN VALUES OF THE FUNCTIONAL EQUATION
FACTOR Yy, AT THE ZEROS OF (¥ (s) AND L¥)(s, 1)

In this work, we calculate some mean values of the functional equation factor y.,

at the zeros of derivatives of Riemann zeta function and Dirichlet L-functions.



OZET

FONKSIYONEL DENKLEM CARPANI y,’NIN (¥ (s) VE
L®) (s,1h9)’NIN SIFIRLARINDAKI ORTALAMA
DEGERLERI

Bu calismada fonksiyonel denklem carpani x, nin Riemann zeta fonksiyonu ve
Dirichlet L-fonksiyonlarimin tiirevlerinin sifirlarindaki ortalama degerleri hesaplanmak-

tadir.
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1. INTRODUCTION AND STATEMENT OF RESULTS

First, we state some well-known results about the Riemann zeta function and

Dirichlet L-functions. These results can be found in [1H7].

1.1. The Riemann Zeta Function

For a complex number s = o 4+ it, ¢ > 1, the Riemann zeta function is defined as

Riemann, in his only paper on the theory of numbers, proved two main results: The
function ((s) can be analytically continued over the complex plane, and the resulting
function is meromorphic having only a simple pole at s = 1 with residue 1. Thus, the

Laurent expansion of {(s) around s =1 is

s—1

1 - .
((s) = +> (s — 1),
i=0
and by differentiation, we have

(-1

¢U)(s) = erOj(l), (s = 1). (1.1)

Moreover, ((s) satisfies the functional equation:

From the functional equation, it can be inferred that the only zeros of ((s) for ¢ < 0
are at the poles of I'() that is at the negative even integers. These are called the

trivial zeros of the Riemann zeta function.



In this work we use the notation:

Throughout this work, N(T) denotes the number of zeros of the k'™ derivative
of ((s) inside the horizontal strip 0 < ., < T It is known that (See Chapter 10 in [3])

T T
No(T) = o log 7 T O(logT). (1.2)

Moreover, by the work of Berndt [8], it is known that for & > 1

T T

The famous Riemann Hypothesis (RH) asserts that all the zeros of the function

((s) in the the strip 0 < o < 1, are on the line o = 1.

[\

1.2. Dirichlet L-functions

Let ¢ > 1 be a given integer. Dirichlet character ¢ (mod ¢) is a complex valued,
totally multiplicative arithmetic function with the following properties: |i)(n)| =1 or
0, ¥(n) = ¥(m) if n = m (mod q), ¥(n) = 0 if and only if (n,q) > 1. There exist
©(q) distinct Dirichlet characters (mod ¢), and they form an abelian group under
multiplication of functions. Let ¢ be a positive integer and let ¢ (n) be a Dirichlet
character (mod q). If for the values 1(n) restricted to n with (n,q) = 1 have a period
less than g, then v is said to be an imprimitive character (mod ¢). Otherwise v is said
to be a primitive character (mod ¢). A special character is the principal character,
denoted by ¥y(n), defined by ¥y(n) = 1 if (n,q) = 1, and zero otherwise. Note that if

q > 1, the principal character 1)y is not primitive. Dirichlet characters (mod ¢) satisfy



the relations:

and

S ) = e(q) ifn=1 (mod q),
W (mod ) 0 if n %1 (mod q),

that gives an important identity for a given residue class a (mod ¢), where (a, q) = 1:

S Bay(n) = p(q) ifn=a (mod g),

o (mod q) 0 if n #Z a (mod q).

For a Dirichlet character ¢ (mod ¢), the Gauss sum 7(¢)) is defined as

() = ;:wn)e (%)

where e(a) := >, Note that (1)) = ¢)(—=1)7(z)). In particular, we have

(1) = gdfo(“)e (g) -y (g) ~ 1(a).

For a given Dirichlet character ¢ (mod ¢), the Dirichlet L-function is defined for

s=o0+1it, 0 >1, as:

L(s, ) = Z%.

For a primitive Dirichlet character ¢ (mod ¢q), L(s, 1)) satisfies the functional equation



(see Chapter 9 in [2]):

(z>—é<s+a> - B(S . a)] Lis. ) = Tw) (E)_%(Hw r Bu — 5+ a)] L(1 —s,9),

q

where a is defined as

From the functional equation it can be inferred that for o < 0, L(s,) has zeros
at the poles of F(%s +a), that is when %(s +a) is a negative integer. These are called
the trivial zeros of L(s,1). The trivial zeros of L(s,1) are the negative even integers
if (—1) = 1, and are the negative odd integers if ¢(—1) = —1.

In this work we will use the notation:

. idq% q
X¢'(S) - —%(S-l-a) . 9
(2) T [L(s +a)]
so that
Lilf’) (E) F[%(l_s)] if ¢(_1) -1
Xu(s) = qz \1 T3] 7
P

We know that (see Section 10.2 in [5])

S=Py Py

Lo 25 (559) - It £ (1) oo

and

RB(1)) = —Zé}ei. (1.5)



The Generalized Riemann Hypothesis (GRH) asserts that all the zeros of the
function L(s, ) in the strip 0 < o < 1 are on the line o = 3. For a primitive Dirichlet
character ¢ modulo ¢ > 3, if we denote the number of zeros of L(s, ) in the rectangle
0<o<1,|t|<T by No(T,), then it is known that (see [2]),

T qT
No(T,¢) = —log — log ¢qT).
o) = Tiog 4 Oftog g1)
In 9], Yildirim proved that for any § > 0, IM = M (k, §,a) such that there is no zero
of L™)(s,1)) in the region |s| > ¢™, o < =4, |t| > 6. Moreover, there exists sufficiently
large oy, such that L®*) (s, ) has no zero in o > 0. Now, for k > 1, let Nj(T', 1)) denote
the number of zeros of L) (s,%) in —¢® < o < oy, |t| < T. It is shown in [9] that

Ny(T, ) = %log 0 (FlogT), (T — o0) (1.6)

2rem

where m denotes the smallest prime number that does not divide gq.
1.3. Motivation

In [10], Conrey and Ghosh studied the sum ZOQC <7 Xc(pex), and in [11] the

above sum is calculated as:

Z xc(per) = Ak% + Oy <%> , (T — 00), (1.7)

0<ye x<T

where

Ap = — i(—l)“i <i) ) (huzk>

u=0 v=1 11+...Fig=u
01,0 20

i W E\™ (=1)¥(v + 1)!
% H(_l) w!(w) (iy + 20y + ... + kig + )V




In [11], it is also shown that

k
A, =— <]€+1—Z€ZT>,
r=1

where z,., 7 = 1, ..., k are the zeros of Py(z) := Z?:o “;—],, and Ag = —1. In this work,

following the method in [11], we calculate the following generalizations of the sum in

CD:

> xulpex)  and > Xewlpua)-

0<v¢,,k<T 0<yyq b <T

1.4. Statement of Results

Theorem 1.1. Assume that the Generalized Riemann Hypothesis is true. Let k > 1 be
a fixed integer, q be a fized odd prime number, 1 be a non-principal Dirichlet character
(mod q), and xy(s) is the factor in the functional equation of L(s,1). Moreover, let

pcx denote a non-real zero of the k™ derivative ™ (s) of ((s) and Ve i = Spe k- Then

Z Xo(pek) = — T(_zﬁ)lAk% + Oy (%) , (T'— ). (1.8)

0<ye x<T q

Theorem 1.2. Assume that the Generalized Riemann Hypothesis is true. Let k > 1
be a fized integer, qi,qo be distinct fized odd prime numbers. Let 1y be a non-principal
Dirichlet character (mod q;) and 1o be a non-principal Dirichlet character (mod qo),
and Xy, (s) is the factor in the functional equation of L(s,1s). Moreover, let py, i
denote a non-real zero of the k™ derivative L™ (s,1,) of L(s,1) and vy, x := Spy, k-
Then

I
Z X (Do k) Khgrge T 292 T log Tloglog T, (T — 00). (1.9)

0<yypy e <T



We should mention here that the assumption of GRH in both Theorems can be

removed, but this would mean larger and more involved calculations.



2. LEMMAS

The first two lemmas are well-known in the literature (see, for example [12]).

Lemma 2.1. For any real numbers a and (3,

o= (1) e (o L+ ) (10 (1)) e

uniformly in o < o < S, |t| = 1, where

1 f t>0,
sgn(t):=4q 0 if t=0,
-1 i t<O.

Lemma 2.2. For any real numbers o and (3,

'
X¢
X¢

(s)=—lo |2t| +0 <|:;,) (2.2)

uniformly in o < o < B, [t| = 1. Moreover, for a positive integer m and for |t| > 1

we have

(&) S < (2.3

X¢

Lemma 2.3. For a positive integer m, and for |t| = 1, we have

Co-(uleo@) e

Proof. The proof proceeds by induction on m. When m = 1 we have (2.2)). Assume



that the statement . holds for m > 1. By the identity

(s)=— | =) | +——(s) =,
X¢ ds \ X¢ X¢ T X¢

and the induction hypothesis, we then have

(m+1)

£ et of3) o)
(o () (ot ofi)
(o)

Thus by the induction principle, the result follows. O

The following two lemmas can be found in [6].

Lemma 2.4. (Lemma 2.1 in [6]) Let ¢ be a primitive Dirichlet character modulo
q = 3. In any fized half-strip a < o < B, t > 0 > 0, where § is an arbitrary small

positive number, we have

and

=

W= T (7 () (o0 (D)) e

Lemma 2.5. (Lemma 2.2 in [6]) For any fized o, and |t| > 1,

i a0 (1), o)

X
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Lemma 2.6. For a positive integer m, and for |t| > 1, we have

Proof. The proof proceeds by induction on m. When m = 1 we have (2.7)). Assume
that the statement (2.8) holds for m > 1. By the identity

(m+1) (m) (m) /
X d [x X X
L (s) = o [ = (s) | + =2 (9)=2,
X ds \ Xy Xy Xu

and the induction hypothesis, we then have

(m+1) m—1
Xy o 1o 42 1 1
o “”"( o 2w+0(|t|)> O(!tl)

o0 21 TN (. 1
+< log 27T+O(|t|)> ( log 27T+O i
e M i m+41
‘( o 2W+O(|t|)) |

Thus by the induction principle, the result follows. O

The following is a result from literature, see pp. 119-120 in [13].

Lemma 2.7. (Vinogradov-Korobov, 1958) There exists a positive absolute constant §,

such that ((s) # 0 throughout the region

o>1— 251 -t =3,
(log [t[)® (loglog [t[)®
wmn which one has
/ 2 1
Z(S) < (log |t])® (loglog |t])® .

Our next lemma is Theorem 2 in [9].
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Lemma 2.8. Let ¢ be a primitive Dirichlet character modulo q, ¢ > 3, and m be
the smallest prime number that does not divide q. Then |L¥) (s, )| > (1°2g72 for
0>1+m<1+ 1+ 22 )

nﬂogm

Proof. Since m is the smallest prime number that does not divide ¢, m is the smallest

natural number n > 1 such that ¢(n) # 0. Thus we have

— ¥(n)(1
L® (s, 4 ’fz wln)(logn)® Ogn (o > 0).
and
(*) (logm)* <~ (logn)*
L (s,)| > ———— — Z > (c>1)
m n=m+1 n
1 k (1 k k
_ (logm)" _ / tos2) 1 (o> )
me m x° logm
log m)¥ M=kl = ((0 — 1)logm)
- - k+1 Z q] '
me (c—1) = J!
Now we put z := (0 — 1) logm. If (bgm) — (Um:)?fl =0 jj, > 0, then we obtain the
desired result. Note that
(logm)* m! k! i Z m7kl [ (logm)¥(o — 1) B i J
2me (o = 1)+t = ! (o — 1)k 2mk! el
mi— k! Sh+1 ki
" (o= 1)1\ Kl 2mlogm jZO 41

and there is only one z € RT such that MZ—J{OIM - Z?:o ‘;—J, = 0 ( |14] Part III, Problem

16). We can assume o > 1+ , so that z > k. Then

bg

j k k k—1 k+1

Z_;— SVE © , (2.9)

kE'2mlogm

I\z

the last inequality being true for z¥2mlogm + z*~'k?2mlog m < z*+! which is equiv-
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alent to 0 < 2% — (2mlogm)z — 2k?*mlogm. Here the discriminant of the quadratic

expression 22 — (2mlogm)z — 2k*mlogm in z is A = 4m?log® m + 8k*mlogm. Thus,

for z > mlogm+v/m2log?m + 2k>mlogm = mlogm (1 + 4/ m?f;m> or in terms

of o, foroc >1+m (1 +4/1+ mlog ) the result follows. O

We state the following and refer to [5] for the details:

Lemma 2.9. (Riesz Typical Mean) For a sequence {ay}n>1,a positive integer k, a

positive real x, we have

1 oo+ico

o Zan log m a(s) s ds.

" n<e 00 —100

where as) = Y7 % and o9 > max{0,0.}, 0. being the abscissa of convergence of

the Dirichlet series » -

n= lns'

The following is an exercise in [5] (See page 444):

Lemma 2.10. Suppose that L(s,1) # 0 for o > 1/2 i.e., assume GRH. Then

/

L (5,0) < ((log qr)** + 1) min (

7 log log QT) ,

1
o —1J"

uniformly for 1/2+ 1/loglogqr < o < 3/2 where T := |t| + 4.

Proof. Suppose that L(s,1) # 0 for o > 1/2.

For x > 2 and y > 2, define

1 if 1 <u<ux,
w(u) :==4¢ 1— 1ogg§ if o <u<ay
0 if u > xy.
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Now, consider the sum

ns ns ns ns logy
n<ry n<x r<n<TyY <Ny
3 A(n)y(n) 1 3 A(n)y(n) log Z
ns logy ns ’
n<ry <Ny

where A(n) is the von Mangoldt function.

Since the Dirichlet coefficients of %(s, ) are given by A(n)y(n), we use Lemma

29 to get

A(n)y(n 1 [foofice [/ xy)®
S e [ T
= n Tl J go—ico w

and

1 An)p(n T 1 An)p(n T 1 A(n)(n x
3 (W()log_: 3 (n)y(n) 3 (n)y(n)

log — — log —
logy e ns n logy =, ns n logy o ns n
1 An)y(n) . zy A(n)y(n)
log —=
log y n<2wy ns n nz@:y ns
1 A
_ Z (n)y(n) log &
logy — ns n
1 og+ioco L/ (xy)w
= —— d
27ilogy /GO_Z-OO L (s +w,9) w2 Y
1 op+1i00 L/ (xy)w
- — - d
27TZ 0-077:00 L (S+'LU7¢) w
1 oo+i00 L/ (:L,)w
— - —— dw.
2ilogy /Uoioo L (s +w,9) w2 Y

Combining these,

w(n)A(n)(n 1 ootico 1/ xy)? — v
$ wmAm) _ [ ()" — 2"

ns ~ 2rilogy f(s+w,¢) w? v

0—100
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Now, using Cauchy’s residue theorem,

1 004100 Ll (l.y)w — W
- ~ Wy = g
271 log y /J L (s +w,9) w? v

L (ey)ro> —are
—— T =Y
)72 ooy

0—100

> —2k—s —2k—s
) —

(zy
-1 —a)]; Ok + 52 logy

)72]{‘4’1*8 —2k+1-s

— X

(zy
a; (2k — 1+ s)?logy

If o > 1/2 then |y?»=* — 1| < 2. Thus, for o > 1/2 we have

Z (y)Pe—s — gPv=* < Qpl/2—o 1
(py—5)?logy | = logy <= s —pyl*’

Py

From ((1.4) and (1.5]), it follows that

1 1 1 1
O L ey

_ 2
|s — pyl o

:%Zl

oy O PY

L 11V [(s+a 1 q
—R(= el “loo L
§R(L<S’w>+2r< 2 )+2 0g7r>
L 1 1 q
—%f(s,w)+§log7'+§log%+0(1).

So we have for a complex number 6 with |0] < 1,

40 (M) _ (2.10)
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Thus if

2 <e<ld, 211
(0 —3)logy (211)

then we have

1
x2 % logqr
(0 —3)logy

We take

< 1 ) (log q7)?
Yy = exp , T=-—
o Yy

Note that o < 3/2 implies y > 2. Now we have ,

1—0’

2x2

1-20
(0 —3)logy

= 2e(log q7)

Thus for 0 > 3 + —— and ¢ = 2, inequality |D holds. We observe that

loglog gt

3 YA 5

n<xy n<(log gr)?

. Thus we obtain

l\)l»—t

uniformly for o >

!

7 (5,9) <loggr, (2.12)

uniformly for 1/2 + 1/loglog ¢ < o < 3/2. By using (2.12)) in (2.10)), we get

%(W)‘g >, $+O<<logqf)2‘2"> (2.13)

n<(log gr)?

uniformly for 1/2 4+ 1/loglogqr < o < 3/2.
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Now we write

y Mooy oy A (2.14)

n<(log gr)? 0<k<2loglogqr ek<n<ek+1

By Chebyshev’s estimate on the von-Mangoldt function ) _. A(n) = 2, we get

> % < ef1=o), (2.15)

ek<n<ek+1

and
Z "= <« (log q7)*~%,
0<k<2loglog qT
if o is away from 1 in the sense that ﬁ < loglog g7. If, on the other hand, o is close

to 1 such that ﬁ > loglog g7, then on the right hand side of (2.14)) we sum at most

2loglog g7 terms which are < 1 by (2.15). Combining these results, we obtain

/

5(3, ¥) < ((log ¢7)*7%7 + 1) min (

7 | ,log log q7’> ,

1
lo—1
uniformly for 1/2 + 1/loglogqr < o < 3/2. O

Lemma 2.11. (Perron’s Formula) Let A(s)=>"" a,n"* converge absolutely for o =
Rs > 1 and let |a,| < CP(n) where C > 0 and for x > xy, ®(x) is monotonically
increasing. Let further Y 7 la,n™® < (0 —1)7* as 0 — 1T for some a > 0. If

w=u-+iv (u; v real) is arbitrary, b >0, T > 0, u+b > 1, then

1 oHT 5 2
Y =— A —ds+0 | 77—
Za " 271 Jy_ir (s +w) s ot (T(u—i—b— 1)°‘)

n<x
1—u
Lo (@(w)x log2x) Lo (@(Qx)) ’
T ¥

and the estimate is uniform in x, T, b, and u provided that b and u are bounded.
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Lemma 2.12. For k,iy,1s,...,i € N, v € {0,1,...,k}, and 0 > 1, define

n=1

Then for a Dirichlet character v modulo ¢ > 1 and for o > 1,

- n(’L yeeeyd ,U)Q/J(n) [(v+1) k I,w) w
Z 1 nf T (371/])}_[1 (T(S,@D)) .

n=1

Proof. For a natural number r, we have

C(T) o) — ") . 1 r logn 9]
£ =) = ( )(Z )
i , (o >1), (2.16)

Mg

where A,(n) := (p*log")(n) = >_,, u(d)(log(n/d))". So, we have

k 3 o) ; i %
(““) C(w v K1 Apy1 x AT % o A (n)
e —1

where for a natural number ¢, A,.(n)™ denote the ¢ times Dirichlet convolution of A,.(n)

with itself and K := iy + 2is+ ...+ kix +v. Similarly, by using the total multiplicativity
of ¥(n), we have

-1y ni S () log(n/d)(n )
n=1 d\n
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Thus, by using the total multiplicativity of ¢)(n) again,

L T () S Ny < APk A
e I (F o) = g 3 et A A0

ns

n=1

ibn W1y eees zk, )¢(n)7 (0> 1).

n=1

]

Lemma 2.13. For k,iy,is,...,5x € N, v € {0,1,...,k}, ¥ a Dirichlet character modulo

g1 > 1 and o > 1, define

X by, ey g V; I,(o+D) k) »
Z (i1 nik v; 1) =7 (s,%)H <T(s,¢1)) ,

n=1 w=1
Then for a Dirichlet character 1y modulo ¢ > 1 and o > 1,

k

o0 (v+1
an 21,.. Zk,’U ¢1)¢2( ) _ L 77011/}2 H (

w

L

n=1 w=1

wm) |

Proof. The proof uses the total multiplicativity of Dirichlet characters and it is almost

the same proof as in Lemma [2.12] hence it is omitted. O

Lemma 2.14. For k,iy,ig,....i5,n € N, v € {0,1, ..., k}, we have
Apyr % A 5 % A (n) < (logn)® T,

where K := 11 + 21y + ... + ki, + v.

Proof. From ([2.16|)

> Ap(n)n™ = (1) T(s) (o0 >1), (2.17)



where Ay(n) =3, 1(d)(log 2)k. By the Mobius inversion formula, we have

(logn)* Z Ax(d

dln

19

(2.18)

Taking £ = 1 in (2.17) shows that A;(n) = A(n) for any natural number n. By

considering the coefficients of the identity

¢® ’_C(k+1) _g(k) g
(Tcs)) - S

we see

Mg (n) = A(n)logn + 3 Ac(d) (n/d)

din

By definition A;(n) < logn. Thus,

Agy1(n) < Ag(n)logn + logn Z Ax(d)
din

= Ag(n)logn + (logn)F+!

< 2(logn)™*,

if we assume that Aj(n) < (logn)*. This induction argument shows that

Ar(n) < (logn)k,

for any natural number k. Now, we observe that for any natural numbers m, ¢

A # Ay(n) = A (d)As(n/d)

dln
< (logn)" >~ A (d)
dln

= (logn)™*.

(2.19)

(2.20)

(2.21)
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Hence by an induction argument again, the desired result can easily be obtained. [

The following is Lemma 2 in [12]:

Lemma 2.15. For large A and A <r < B < 24,
B 1
t\“?
/exp (@t log — ) ( ) dt
2
A
= (2m)' e T 4 E(r, A, B),
where a s fized and where

L ACH-% BCL+§
E(r,A,B)=0(A""2)+ 0| ——— |+ O | — | .
|A—r|+ A2 |B —r|+ B2

Forr < Aorr>B,

B —_=

/exp (ztlog > < t ) dt = E(r, A, B).
2

A

[

The following is Lemma 2.1 in [11]:

Lemma 2.16. Let A be large and m € Z with |m| = o(log A). We have, for A <r <
B <24,

B 1
/ex itlo AN lo i mdt
p g o g27r
A
_ 1—a,.a —ir+in/4 L m m
(2m) e (bgzﬁ) + E(r, A, B)(log A)™,

while forr < A orr > B,

B 1

t\“? t\" L iml m
/exp (ztlog ) (2#) (log 27T> dt = K, 'E(r, A, B)(log A)™.
A
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Here

Aa—i—% Ba+§
E(r,A,B)=0(A"2)+0| — < | +0 | ———— ],
|A —r|+ Az |B —r|+ B*

the constants implied in the O-terms do not depend on m, Ky can be taken to be any

fixed number > 1 when m is negative and to be 1 when m is non-negative.

Now we restate Lemma [2.16|with a slight modification, and give the proof because

the proof is not given in [11].

Lemma 2.17. Let A be large and m € Z with |m| = o(log A). We have, for A <
B < 24,

I L
q\

B 1
t\ [t \" 2 AN
/ exp | it log L) (= log =)
re) \2m 2
A
= ¢ (2n) "% Tt <log L>m +E (i,A,B) (loggA)™,
q

21

whileforg <A 07’§>B,

B 1
t\" 2 t\"™"
/exp ztlog— — logq— dt:K(‘)m‘E C,A,B (loggA)™
2w 2 q
A
Here

; Ats Btz
E(f,A,B)z()(A“—z)w A Vso[ ),
q |A —r|+ Az |B —r|+ B=

the constants implied in the O-terms do not depend on m, Ky can be taken to be any

fized number > 1 when m is negative and to be 1 when m is non-negative.

Proof. The case when m is a positive integer is covered by [6]. The case when m = 0

can be easily obtained from Lemma by replacing r with (fl. Thus, we will only
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consider the case when m is negative. For m = —1, we have

B a—1 -1
1 t t 2 t t
— /exp <z’t log q_) (—) log i <log q_) dt, (2.22)
log (#) re 2 r 2m
A

since (log %)71 = (log #)71 (1 — bg*) The first integral on the right hand side

log 4 3

of (2.22)) is just the case when m = 0. We apply integration by parts to the second
integral on the right hand side of (2.22)) and obtain

+ ! /ex (itlo t) e a—l— ! dt
g () ] TP\ e ) Tog () em) 2 "7 2 7 log (&)
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B 1
Now, let I,,, := [ exp (itlog f—z) (%)aii (log q—fr)fm dt, then
A

1
t\"2 t t\ "
log — /exp (zt log —) (2—> log a (log §_> dt. (2.23)
T r T

A

Using % (exp (it log f—z)) =1 (eXp (z’t log Z—z)) log and integration by parts, we see that
the last term in (2.23)) is

. a1 “m]B
=i (10g %) [exp (it log é) (%) (10g %) ]
B —3/2 —m —1
—1 (log L>1 /exp (zt log qt) ﬂ (log q_t) [a — 1 —-m <log q_t) ]
2T J (2m)a—1/2 2 2 21
r\ 1 a—1 —m
< ‘ <10g %) ‘ A% (log g A)

Thus the induction principle completes the proof. O

The following lemma is Lemma 2.13 in [6].

Lemma 2.18. Let A be large and A < B < 2A, E(r, A, B) be defined as in Lemma

. Assume that (b,)n>1 s a sequence of complex numbers such that b, < n¢ for any
e > 0. Then if a > 1,

o0 bn
ZEE 2mn/q, A, B) <, A“2
n=1

Lemma 2.19. Let T be large, 1) be a primitive Dirichlet character modulo ¢ > 3 and
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(bn)n>1 be a sequence of complex numbers such that b, < n® for any € > 0. Form € Z

with |m| = o(logT) as T — oo and a > 1, we have

n=1

T
! o~ b | L
% (Z na—f—it) Xl/)(l — (a -+ lt)) (log %) dt
T/2

WS, (10g ) e + O, (KJ" T (log T)™).

qT
41r< n<

Proof. By Lemma we have

n=1

T

T(¢)€_T/ — bn gt \"? Looqt t\"

= E . — tlog— | (log— | dt
2mq 3 ( natit 2m L (5 veos & or

T2 "=l

T
1 o~ _bn | L
% (Z na+it> Xw(l — (a + Zt)) (log %> dt
T/2

T

+o,| |

T/2

00 bn
2

n=1

t9=2 (log t)™dt (2.24)

Since b, < n° and a > 1, we have
o0 bn
>l
n=1 ne

So the error term in ([2.24)) is < T“*%(log T)™. The main term in (2.24) is

T( Je~ t\" , qt
= log — 1
27qu Z na / <27T) (og o ) exp (zt og 27rne) dt

T/2

changing the order of summation and integration is justified by the absolute conver-

gence of the above series.

By taking A=1T/2,B =T and r = #* in Lemma | we get,
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=l gy,
T(@/})e ZI q° ! bn 1 2mn —2min 4 mi 2mn\ "
— o (om)ime (11 T (log ——
27T Z na( ) q ? Og q27T

T\" b 2mn T
log — 2El=— =T 2.2
+Oq<(og2) ;na ( b )> (2.25)

Now applying Lemma [2.18]it follows that the last expression in [2.25] is

_ () S, <log Z>me—2’;w + 0 (T* 2 (log T)™).

R o
Hence the result follows. O

Lemma 2.20. Let ¢ > 1 be an integer and 1o be a primitive Dirichlet character
modulo g2 > 3 and (b,)n,>1 be a sequence of complex numbers such that b, < n¢ for

any € > 0. Form € Z with |/m| = o(logT) as T'— oo and a > 1, we have

T
]_ > bn . qltm
— E , 1— t)) |log — | dt
e <n:1nwﬂt>x¢2< (a-%Z))<<x§2ﬂ)

)y bn(logw> o
T

©T a0 42

4 = 27

+ Oy o (K T2 (log T)™).

Proof. The proof is quite similar to the proof of Lemma [2.19]
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By Lemma [2.4] we have

T
1 = b, . ot
% (Z na+it> X¢2(1 - ((l + Zt)) (log QL) dt
T/2

n=1
s T o0 b a—l m
1 n t 2 . t t
:M/ S ) (25 T e (irtog 28 ) (10a 28 at
912 notit 27 2me 27
7Tq2 T/2 n=1
T o )
+ Oy, / E n—z ta_%(log qit)"dt
n=1

T/2

1bn|
n=1 no

Since b, < n¢ and a > 1, we have > >~ < 1. So the error term above is <, 4,

T2 (log T)™. The main term of the last expression is

it a—

_ir a—1% " N
—T(%)e 41q2 g / exp it log @ loqu dt |,
202 ne o 2mne 27

qs

=l 7

changing the order of summation and integration is justified by the absolute conver-

gence of the series > >°

n= 1na'

Weput A=T/2, B=T,q=q, 7= ql;;m in Lemma [2.17 and we get,

2! ) (10g ﬂ) it
ne 2T

T(1o)e” T g5t bn 1o (27 _zmin mi @2mn\"
_\WR)C "9 On opyi-a (211 T (1
2w Z n“( ) ¢ 8 Q027

%@g% q2
7’(7»/12)6_%@(21_1 T\" <= b, o2mn T
W) 2% (1pg Dnp (2L
+ 2 %85 ; ne g 2
:T(¢2) Z b, (log C]1_> 67%
q2 T 0T 42
4 = 27
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where the last equation follows by Lemma [2.18. Hence the result follows. O

Lemma 2.21. Let qq, g2 be two positive integers. Let 1) be a primitive Dirichlet char-

acter (mod q,). For § >0, and for large A and B with A < B < 24,

B
/Xw — it) log (2 ) dt <gp4 A2 0 Jog A.
T
A
Proof. We take m =1, by =1 and b, = 0 for n > 1 in Lemma [2.20] O

Lemma 2.22. Assume GRH. Let ¢ be an odd prime and i be a primitive Dirichlet
character modulo q. For k,iq,19,....,1 € N, v € {0,1,...,k}, K :=1i1+2is+...+ ki +v

and o > 1, define

(v+1)

Dy, ..y i 03 0) L L \™
Sl = e D [T ()

n=1

If ' is a Dirichlet character modulo q such that ' # 1, then we have

> balit, i v 0) (n) = O(a' W81 (log 2)(A(k) log log g (= + 4)) ¥ +1).

n<x

Moreover, we have (unconditionally),

> balin, ik v;0)(n) = S(in, ooy ig; 0)z(log ) + By(in, ..., ik ),

n<lz

where

—1)FH (o + DITTE L, (w!)e
SO p—— (HK), Ul

Eb(il, ...,ik;v) ;:Oq ((A(k:)K) ((log:c)K” 4 I(logx)K—l N x(logx)(§+6)(K+3>>> |

(K —1)! 01 (k)(log z) 5

Proof. Let ¢’ be a Dirichlet character modulo ¢ such that ¢’ # . By Lemma [2.13]
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we have

v+1)

ibn i1, .. zk,v )Y (n ) L<

Foll (o)

n=1

for o > 1. By Lemma [2.14] we know that |b, (i1, ..., iz, v; )¢ (n)| < (logn)%+!. Thus,

we have

4 iy iz ( 1) . ) .
_ 1 L vil) LW \™ g
: - ’ _
Ebn(lla”wlkuval/})w <n> _% / Ul ( )) ;ds
n=e 14 g iz w=
+ O ((A(k) log z)"*2) (2.26)

by Lemma . Note that 17 is a non-principal Dirichlet character modulo ¢. Thus,
the integrand in has no poles inside the rectangle with vertices 1+ log —ix, 1+

logx +ix, 1 — W + 1z and 1 — m —1x. Now, by the residue theorem,
we have
Z bn(ila ) ika U»E)w/(”) = [1 + [2 + I3 + 0 ((A(k) log x)K+2)
n<x
where
*ﬁ+ix
og log q(x
1 L(v+1) . k L(w) . s
I = —— s, S )—ds
= G =i ds
1+$+ix w=
1~ ogTog qaFa) ~*%
s 1 L(U+1) k L(w :L‘S ay
= —— S
2T om 1}_[1 L s
1~ TogTog ae¥ ) T
1+loé$—i:c
1 L(U—H k L w) s
I3 = —— —_— — ds.
3 271 / 1;[ L S s
1 TogTog a¥D) 2
. . . . o . . 1
Along the line of integration in I, we have s = o+ix with 1—m o< 1+logm

Note that for large x, % + m <1-— m. Thus, we can use Lemma |2.10
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and get

L 1
f (57 ¢¢,) < ((IOg qT)2_20 + ]‘) min <m7 IOg log QT)

< ((log g(z +4))*7>" + 1) loglog g(x + 4)
< ((log g(x + 4))272(171/10?31%(“4)) + 1) loglog q(z + 4)

< loglogq(x + 4).

By Cauchy’s theorem, for r := 1/loglog(x + 4),

dr, — 1 2 (s, 00) loglog(x +4) 2
/|w—s|:7“ yP— dw < ————=1r = (loglog(x +4))~,

%f(s’ ) =5 (w—s) r2

= o

and
" o d L o / o 2
Eww) = 2600+ (Feaw)

< (loglog g(z +4))* + (loglog g(x + 4))?

< (loglog q(z + 4))%

(w+1) (w) (w) I/ . . .
L —— = (LT)’ + L2 L0 and induction on w, we obtain

Now by using the identity 7

(w)
L (s, 50') < (loglog (e + 4))", (2.27)

L

along the line of integration in [;. Since ]%| < 1 along this line, we have
I < (A(k)loglog q(x + 4))* .

By symmetry, we also have

I; < (A(k)loglog g(z + 4))* .

Now, we will find an upper bound for I5. Along the upper part of the line of integration
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in I, we have s =1 — + 1t with 0 <t < x. Note that for large x, we have

1
log log q(z+4)

% + % <1-— m and clearly, the inequality 1 3

to t > 23—y Thus, for ¢ >

1 1 - .
+ loglog q(t+4) <1 3T 318 equivalent

=: tg, we can use Lemma [2.10, We

exp(exp3) 4‘
q

split the upper part of the integral in Iy as foto + ft‘z Note that for t > t;, we have

!/

o1 1
7 (5,00) < ((log g7)* " l°g1°gq(“4>)+1)mm< . ,loglogq7>

1~ oegrny — 1
< ((logg(x + 4)) e To8 4 ) + 1)(loglog g(x + 4))

< loglogg(z +4),

by Lemma and the same argument as in (2.27)) shows that

Lw

(5, YY) <y (loglog q(z 4 4))”,

for t > ty. Thus, the part ftj in I, is

_ dt
< (A(K)loglog g(x + 4))5+1z! TogTog 4o ) /
(t—)2 4 12
exp(exp3) _ 4 log log q(z+4)
q

. 1
< (A(k)loglog gz + 4)) g~ memeata <1og <\/10g o g(r - ) )2 + 22 + :c))

< o'~ (log ) (A(k) log log gz + 4))*.

On the part foto in I, we have s = 1 — +it, 0 <t < ty.

1
log log q(z+4)

i L(“’ — xs 1
H - R << x " Toglog q(z+4) .
L 7

w=1

L(v+1)

1
Thus, the part foto in I, is < z' Telea@rn . Combining the results for foto and ftgg and

using symmetry for the lower part of Iy, we obtain

I, <« :L’lfloglog1q<z+4> (log z)(A(k) loglog q(z + 4))K+1.
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Combining the results for I, I, and I35 finishes the proof of the first statement in the

lemma.

To prove the second statement in the lemma, we consider the sum
> n<e bnlin, o igv;)(n). Note that i) = 1)y where vy is the principal Dirichlet

character modulo ¢ and that

pS
plq
1
-y
(s) p
=:((s)A4(s), (o>1). (2.28)
By Lemma [2.13] we know
= by (i, .. d v DY L+ b L) &
EUEECLDILOEESERY | f ETAH) R )
n=1 w=1
By Lemma [2.14] and 2.11] we have
Ly i . ,

. ‘ o 1 L(v+1 Tw 5
Ebn(ll,--w@k;vﬂﬂ)wn) =5 / (s, %) 1_[1( (s,%0 ) ?ds
s 4 ks —ia =

+ O((A(k) log x)%+2).

Define 0, (k) := Qk where ¢, is the constant whose existence is given in Lemma and

let ¢ > 0 be a small fixed number. By the residue theorem, we have

1 L”+1) s
— )
2mi Je Yo H( (s %) s
L(v+1> k L<w o s
— Res,_ TV (2.2
s { H( ) "L )

where C'is the positively oriented boundary of the rectangle with vertices 1+

logz -,
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91 (k)
3+eo

o1 (k)
(log ) (log )5 <0

integrand in ([2.29) inside C'is at s = 1 and the order of this pole is K + 1. Thus, for

14+ 24— 4z, 1— +izand 1 —

g7 — ix. Note that the only pole of the

1——ak) 4,
e kg pw) i
LY L\ Yot
0._
ne= [ Sew I (Frew) T
1+@+im =
1—751“;) —iT
(logz)3+€0 k .
L(U+1) L(w) tw s
pe [ Al (ew) S
1——a® 4y w=t
(logz)%+60
I ga i o) i »
L+ L "
L o [T (Fem) s
R S () B— W=l

we have

_ (v+1) kL) s
an(il, ey ;03 0)0(n) = Resg—y {L 17 (s, %) H (LT(Sa@/)O)) %}

n<x w=1

(I + I3 + IJ) + O((A(k) log )" ). (2.30)

2mi

First we will find some upper bounds for 7, I, I and then evaluate the above

residue. By (2.28)) and Lemma 2.7, we have

! ! A, 2 1 2
T (s0) = £+ 5406) < (og ) (oglog i)} <, Qg (231

in the region

01
(log |t])® (loglog |t])

c>1- |t = 3. (2.32)

W=

1
((log ¢]) 3 (log log [¢]) )

By (2.31)) and Cauchy’s theorem for r = , we obtain
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d L 1 L (s,4) (log [¢]) 37 2o
£f<5’¢°):ﬁ/| R rer b (R R

Lw +1> _ (ﬂ)/ Lw) r/ and

L L L

in the region given in (2.32)). Now by using the identity

induction on w, we obtain

Lw)

01
Z(5,10) Zwg (log |G (g >1- >3-
L ! 2w (log |¢[) 50

Hence, on I?, I{ and the part of I3 of distance > 3 from the real line, we have

(W)
~—(5,) = Oy (log ) TF0". (2.33)

Since |£-| < 1 on the the horizontal parts of the contour, we get

19 <, (A(k) log ) G o+

19 <, (A(k) log &) G Heo) 4D

For I2, by symmetry it is enough to consider the part above the real axis which can be

split up as fog + [;- By |D the second part is

<z I0EN I (4 () 1gg )G HOI D / td
t
3

< xe—él(k)(logx)tli—io (A(k)log x)(§+eo)(K+3)‘

By (2.28), for o > 1, we have L®)(s,1) = 3! (t)C(t*m)(s)Aém)(s), so that

L2 o0 = Z () ) >AZ (5), (234

=0
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and
(v+1) k () »
7 (s,¢o)g<7(s,¢o))
- (v A(’”" E( W) Am N\
:_0<m) ¢ EZ() )jq(s) ,

Thus, by (L.1) as s — 1.

51(’;)
(logz)3 +eo

L(v+1) k (w) b Cv+D) b b
(s, o) H ( s, Yo ) < c (s) <T(5))
w=1 w=1
A(k) K+1
o o
Hence, by (2.35)), the first part is
) ;
! (log z)%+60 3
< ~61(k)(log ) § <0 (A(k))*H! 45 (2.36)
xe P :
1— 31 (k)
(logx)%+€0
The integral in ([2.36]) is
61(k)
(10g.’z)%+€0 3
dt dt
< i 1R+1
)

Hence we have

I < xe"sl(k)(logx)%ieo (A(k) log x)(§+eo)(K+3) .

Now by (2.30),
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_ (v+1) ko Lw) s
an(il, ;030 (n) = Resg—y {L 7 (s,%0) H (LT(SN/JO)) %}

n<x w=1
+ O ((A(k) log z)"*?)
O (xe_‘sl(k)(logx)%_eo (A(k) log x)(%+€°)(K+3)> . (2.37)

The pole at s =1 is of order K + 1, so the residue in (2.37) is

k

1 d¥ L(v+1 L(w) wo s
=K1 deE {(5 -1 7 (s:%0) 11 (T(S,wo)) %}
s=1

w=1
1 K d’
_ﬁ Z (jl:j27j3> dsjl

Ntje+iz=K
Ji.92,93€N
L(v—i—l) k L(w fw s
x < (s —1)FH——— —
{< | IS g

d2 PR Ci; {1}81 (2.38)

Since j3 = K — j; — ja, the expresssion in (2.38)) is

din I,(v+1) k I,w) tw
Kl Z —J1— Jo)l ds { L (5, %) H (T(S’¢O)) }

<K ]1']2 it ol
@ (1)K (K, — jo)
% Z S]z { }5 1 { sK—j1—j2+1 L
Je<K—j1 s=
Jl di L(v+1 k () bw
: K Z T {(8 — 1>K+1 S 1/10 H (T wo))
11<K ! w=1 s=1
X Z {x (logz)™} _|
Je<K—j1
(_1)11 4ot (v—i-l (w) w
= (1" Y S e e TT (7
J1sK w=1 s=1

Z (_.1')j2 (log ). (2.39)

Je<K—j1 J2:

Now, we consider three special cases for i;,1 <t < k and v € N.



If 47 =iy = ... = i = v = 0, then the expression in ([2.39)) is
L/ C/
R O e e R )
s=1 g q s=1
If i1 =iy = ... = i = 0,v = 1, then the expression in (2.39) is

_ 1)1 gn (2) k (w) tw
=z(—1)" Z %jsh {(3 - 1)2%(5,%) H (%(s,%)) }

n<l
—1)J2 )
Z ( .1') (logx)”
Jo<1-j1 J2r
//A + 2 /A/ + A//
:(—:1:'—i—:z:logau‘){(5—1)ZC 1 CCA o ¢ q(s)}
q s=1

d {(s B 1)2C/IAq + 2<,Ag + CA;/ (3)}
s=1

T CA,

2A!
=2zlogz — 2z — z—2(1).
Aq

If iy =1,iy = i3 = ... = iy, = v = 0, then the expression in (2.39) is

Jl don

Ja!

1<l

:—x{(s— 1)? <L/(S 1/10))2} (1 —logx)

=1

+xd%{<s—1>2 (%mm)}
:_a;{(s— 1)? <%/+ j—i)Q(s)}
+:vd% {(3—1) (Cgl +j—:‘j)2(s)

/

=zl —x—22x-2(1).
zloge —x qu()

=1 j2<1-71

s=1
(1 —logz)

s=1

s=1

Now, we consider the general case.

R I L w}lzw

36



By (2.34), we have
I+ ko) s
Ress:l I (87 %) H (T(S? ¢0)) ?

37

Now we split the double sum over j;, jo into four parts: The term with j; =

0, jo = K (which gives the main term) and j; =0, jo = K — 1 and j; = 1, j»

and the remaining terms. Thus,

L(v+1) k L(w tw 5
Res,— —
CSg—1 ( 1;[ ( ) p

log = K 1” v+ 1\ ¢t=m) Aflm)
o) {<s—1> () (525

m=0 m C q

s=1

— K —

1
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0
—1)r o vtl 1 (v+1—m) At(lm)
+a-yr Y ED dsh{w D Sl i s
Ji<K

where

. 2, ifj;=0,1
a(]l) = {

J1, otherwise.

By (1.1) , we have

v wriom)  40m)
e S (A e

q

Thus,

log )"~ d st e (v 1) Al
+x<([§j1)!£{<s—n * Z( ) (55 ()
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s=1
(1) an Kl vtl v+ 1 C(v—i—l—m) A
k w w ((wfn) Al(ln) tw
AL () o5 )
y (1™ g 2y (2.40)

Instead of the sum over j, in (2.40)), we use Taylor remainder theorem and write

1 (_]_)K_a(jl)""l(log x)K_a(jl)'i'l
' (K —a(ji) +1)!

:L"e,

for some 6 € [0, 1]. Then the fourth term in (2.40]) can be bounded as

4 v+1 1 (v+1—m) Agm)
e R i S (M e S8

m=0

(M)A <s>)

k w w—n (n) .
w\ ¢ Ay
X H ( g (n> c (s) 1 (s)) (2.41)
By Cauchy’s estimate on a disk of radius 1 centered at s = 1, we have

i &= (v 41\ (wrtmm) Al
dsﬁ{w—l)“lz( s

m=0 m q
k w (w—n) A(") o
A(EC)0)
w= = s=1
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v

Jr

<t s
[s—1|=1

A m (5
T[> (1) et}

<, Jil(A(R))". (2.42)

3

1 v+1—-m m
(v + 1) C( +1-m) Ag )
C(

:w

X

(s)

1

By using (2.42), the fourth term in (2.40) can be majorized by

<(A(k)" [Z 1+ z(logz) 1y - (108;%)_.&(]'1)

= = n MK —a() + 1)

3(log z)~2 (log x )7
K + z(logz)* ™ (— + et
(K —1)! sk (K —j1+1)!

= (A(k))"

.. . . logz - .
The condition 71 + ... + i < Toglog implies

klogx

< 2.43
log log x ( )
so in the case that the last sum over j; is not void, we have
Z (logz)™  (logz)~® _1+K—2+(K—2)(K—3) (K —2)! 1
sk (K—j+1! (K=2)!| log x (log )2 " (logx)K-3

log )3 [ 2% 2% \?

o Uoga) ™, + + o

(K 2)! loglog loglog

2(log z)~3 3(log z)~2

(K —2)! (K —1)!loglogz’
for large x. Thus, the expression in (2.41)) is

Alk K 1 K-1

(K —1)!

By ([2.42)), the upper bound in ([2.44]) dominates the second and third terms in the right-
hand side of (2.40) with an appropriate A(k). Combining (2.37)), (2.40) and (2.44) we

obtain the desired result. O
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Lemma 2.23. Let ) be a primitive Dirichlet character modulo q, ¢ > 3. Fork,i1,19,...,1 €

N,ve{0,1,...k}, K =143+ 2is+ ... + kix, + v and 0 > 1, define

(i, i @) LW pw) i
Sttt B T (F D)

n=1 w=1

If ¢' is a Dirichlet character modulo q such that 1" # 1), then we have

b1,y i3 03 0 () _ o (@' FT (A(K) log log g(@ + 4)) !
Z (logn)K B (log z)K—1 '

x

log x
loglogx’

Moreover, if also i1 + ... + i < then we have

(i1, ..y ;03 )0 () o N Ey(i1, ..., g v)
Z (logn)K —S(Zl,...,lk,v)§+0(w> y

z

where S(iq, ..., ik;v) and Ey(iy, ..., i;0) are as in Lemma[2.29

Proof. We apply partial summation to Lemma O]

Lemma 2.24. For k,iy,is,....,0 € N, v € {0,1,...,k}, K :=1i1+2is+ ...+ kip+v and

o>1, put

- by (i1, vy ig; ) o C(U'H) k C(w) iw
ORI

n=1 w=1

If 1 is a nonprincipal Dirichlet character modulo q then we have

S b i, ey i ) (n) = O T (log ) (A(K) log log gz + 4) ).

n<zx

log x

Toglog s’ then we have

Moreover, if also 11 + ... + i <

Zb i1y ey g, 0)0(0) = S(iy, .. ig; v)2(log 2)% + By(iy, ..., ix; v),

n<x
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where S(i1,...,ix;v) and Ey(iy, ..., ik, v) are as in Lemma .

Proof. This is a result of Lemma together with Lemma [2.12] O]

Lemma 2.25. For k,iy,is,....,7x € N, v € {0,1,....k}, K =141+ 2is+ ...+ kip+v and

o>1, put

> belntiin) S0 H (o o)

n=1

If ¢ is a nonprincipal Dirichlet character modulo q then we have (unconditionally),

5 bn(i1,<...,ik,v)w(n) o (:cl—logloglqw (A(k) loglog gz + 4))K+l> |

log 7)¥ - (logz)& — 1

T
F<n<z

log ©
loglogx’

Moreover, if also 11 + ... + 1 < then we have (unconditionally),

bn(ily "'7ikuv>w0<n) _ . -, E Eb<i17 72]971))
2 (log ) = 8, )5 + 0 ( (log )% ) ’

x
F<n<z

where S(i1,...,ix;v) and Ey(iy, ..., ix;v) are as in Lemma .

Proof. We apply partial summation to Lemma

by (i1, ey ik, 0)0(0)
2 (log 2)%

x
s<n<z

:(IOgg) Zb (11, oy g, 0) ()
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. . log ) . .
=S(11, .., Ug; v)x(g—)K — S(i1, ey ik v)g—K
<log %) <log 2%)

Eb(ilv ) Zkv U)
0 ( (log ) )

T log q " logg :
=S(ir, yini0)s (2( 14— ) (1
(Zla 721671))2( ( +logg;—logq> ( +1Og$—10gq—log2> >
L0, (b(“?—’i’;’”)>

(log )
. . x Eb(il,...7ik;v)
=S5(i1, .., ig;0)= + Oy | ——F7— | -
(Zla 721671))2 + q ( (logx)K
Hence, we obtain the desired result. O]

Lemma 2.26. Assume GRH. Let q1, g2 be two distinct and fixed odd prime numbers,

Yy be a primitive Dirichlet character modulo g and 1 4, denote the principal Dirichlet

character modulo q.

For k,iy,ig,....ix € Nyo € {0,1,....k}, K =11+ 2is+ ...+ kip +v and o > 1,
define

N k) N
Z bn 217" Zk,'U 7701) = 17 (S;wl) H <LT(S7¢1)) ’

n=1 w=1

Then,

D bulin, s 0391 Y0,05 (0) = Oy (2 #5750 (log ) (A(K) log log qu ( +4) ).

n<x

Proof. By Lemma [2.13] we have

= by (i, .y z,vw 0.4 L(”“) b — e
P hilbon(n) _ (5, 1to) H (s, P1thog,) |
n=1 w=1

for o > 1.

By Lemma [2.14} we know that |b, (i1, ..., ix; v;01)%0.4, ()] < (logn)X+!. Thus,



we have

an(il, ey U5 U5 E)W),qz (n)

n<x

14 L

log =

1 /
o

1 .
1+@ 1T

+ Oy ((A(K) log 2)*2) |

+ix
L(v+1)

44

k

N w) . tw g
S, V110,4,) H( 1/11%,(12)) %ds

w=1

(2.45)

by Lemma [2.11] By Euler product, we see that for o > 1

L v =T] (1 -

» p

Ewﬁﬂh (p )

s

B (1 ) w_q<q>> 11 (1 - M))_l = Fi o (5)L(s, 00).

p

Thus, the integrand in (2.45) has no poles inside the rectangle with vertices 1+

1
" loglog q1 (z+4)

theorem, for

1 .
log log g1 (z+4) T

1 L(v+1)
I = ——
21
1+$+ix
1 .
1- oglogqq (z+4) %
1 L(U+1)
IQ =
211
1 .
I TogTozar e T
1+loé‘ziix
1 L(U+1)
[3 =
211
- i

log log g1 (z+4)

we have

> balins ey

n<x

+iz and 1 —

pS

1 —
log x
m —1x. Now, by the residue
Eorw) ,
wlq/}OCIZ H L S ¢1¢0’q2)? dS’
w=1

s

k 'LU
— T
¢1¢0q2 HT S ¢1¢0,q2); ds,

'LU S

k
5. D1t (5, Prilo.g,) — ds
140 U];_J; L 140 s

i3 0; 01 )0, (n) = Iy + I + Is + O((A(k) log z) " +2).
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Along the line of integration in I, we have s = o + iz with 1 — m <
1 1 1 1
2 S 1+ @. Note that for large xZ, 5 —+ W S 1— W. ThUS, we can

use Lemma [2.10] and get

/ F ’ .
T Bt = () + 3 ()

V1,92
1/)1((]2) log CI2
wl(fh)

1
<4 ((logi7)*72° + 1) min (m, log log qlT)

+ 2

g ((log g (z +4))*77 + 1) loglog g1 (x + 4)
<g ((log g (z + 4))>2( 7 leglosalet4) 4 1) loglog ¢ (2 + 4)

<y loglogqi(x +4).

By Cauchy’s theorem, for r := 1/loglog ¢;(x + 4),

L ! Bt log1 4
i—(s,@/}%,@):—/ (s Uivoe) . logloggi(z+4)
|w—s|

ds L 270 (w—s)? ® 72
=(loglog qi(z +4))?,
and

"

f(saawo,qz) ¢ L

- 2
d I ( ¢1¢0 qz) (E(S, ¢1¢0,q2))
<q, (loglog qi(z +4))? + (loglog g1 (z + 4))?

<y, (loglog i (z + 4))*.

Now by using the identity L +1) = (L(Lw)) + w% and induction on w, we obtain

(w)
5, Bt0,) o (loglog an(a +4))", (2.46)

along the line of integration in .
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Since |£| < 1 along this line, we have
I <4, (A(k)loglog qi(z + 4))5 L.
By symmetry, we also have
I; <, (A(K)loglog qi(x + 4))% 1.

Now, we will find an upper bound for I5. Along the upper part of the line of integration

in I, we have s =1 — L pwry + 1t with 0 <t < x. Note that for large x, we have

loglog g1 (
% + % <1- and clearly, the inequality % + L ) < % + % is equivalent

1
log log q1 (z+4) log log q1 (t+4

exp(exp 3) 4] =

o : tg, we can use Lemma [2.10, We

totZeXp(qe%g)—él. Thus, for t >

split the upper part of the integral in 5 as f(fo + ftﬁ Note that for ¢t > ¢y, we have

L, — 2 21— —1 . 1
—(8,91%0,4,) g ((logqi7) Peloea @HD” + 1) min T ,loglog qi 7
L ’ 11— e — 1

oglog q1(z+4)

2
<4 ((logqi(x + 4))eersaF + 1)(loglog q1( + 4))

<y, loglogqi(z +4),

by Lemma and the same argument as in (2.46)) shows that

L)

T (S’ Eqﬁo,lp) <<w,q2 (log lOg (h ($ + 4))11)’

for t > ty. Thus, the part fti in I is

N S ’ dt
<<q2 (A(k) log log q1 (13 + 4))K+1$1 108108;1(w+4) / -
1 N2 42
exp(exp3) \/(bg 10gQ1(x+4)) +i

q1

o 1
A(K) log1 ANEH s (] 9 4 .2
g (A(k)loglog qi(x +4))" i og loglogql(:v+4)) 424z

<o &' T (log ) (A(K) log log g1 (z +4)) %,
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On the part foto in I, we have s = 1 — +it, 0 <t < ty.

1
log log q1(z+4)

L(v—i—l)

L

S

k
L - X P S
8 wlwo ,q2 H T w1¢07q2)? <Lz loglog q1 (z+4) |

1
Thus, the part foto in I, is < z' ®eeeae+0 . Combining the results for fgo and ftgg and

using symmetry for the lower part of Iy, we obtain
I AT T TR e e K+1
I, <, & Teelea@t ) (log ) (A(k) loglog i (z +4))" .

Combining the results for I, I, and I3 finishes the proof. O

Lemma 2.27. With the notations in Lemma|2.26, we have

Z b (i1, ooy iy 0 1) 000 (R) 0 T e (A(k)loglog qi(x + 4))%+1
Z<n<az (log q1n> e (log )1

Proof. We apply partial summation to the result of Lemma [2.26) n
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3. PROOF OF THEOREM 1.1

As mentioned in [11], the work of Titchmarsh (Theorem 11.5C in [3]) (for k = 1)
and the work of Spira [15] (for k > 2) give the existence of zero-free half-planes o > oy,

(k+1)

for ¢ (s). Hence, we can find o, > o such that QCW(J;C +it) <, 1. By the work
of Levinson and Montgomery [16] (Theorem 9), there are no non-real zeros of ¢'(s) in
the left half plane. Also Spira [15] showed that for each 6 > 0 there exists an 7 such

that () (s) # 0 in the region defined by o < —4, |t| > 6, |s| > 7}.

We will use the same contour as in the proof of Theorem 1 in [11]. Let R be the
rectangle with vertices o, 44, o}, +iB, —6 +iB and —d + iA , with a fixed § such
that 0 < § < % and let C' be the positively oriented contour on the boundary of R. By

the residue theorem, for large A, A < B < 2A, we have

1 C(k+1)
SAB) = 30 wloas) = 5 [ el () s
A<ve r<B C
We want that the horizontal parts of the contour to be in a distance > @ from any
zero of ¢ (k)(s), which we can have by adjusting A and B by an amount of < 1. For
such suitably chosen, large A, A < B < 2A, we have, on the horizontal parts of the
contour C, C?(—:;)(s) <5, (log A)? and y,(s) <, A2t0. Moreover, on the right side of
the contour C, (the line from o, 4 iA to o, + iB), we have C(Ck(—:)l)(s) < 1 and from

Lemma [2.4] we see that y,(s) <, A3,

We put

1 (k+1) 146 2
h=o / Xy (8) C(m'(s) ds <pq A>7(log A)7,
—0+iA
o;—i-iB
b=y / X (8) 7 (8) ds g A2 g A2,



—0+iB

1 (k+1) 145 2
]3 :2—m / Xw(S)W(S) dS <<k,q Az (IOg A) s
o, +iB
] —0+iA C(k+1)
1y =9 / Xw(s) c) (s)ds
—0+iB
Now,
B
1 . C(k+1) '
A
B
1 PN VS
A
B
1 ) C(k:-f—l) .
_ _%/Xw(l (464 10) (1= (16 i)
A
14+6+iB
1 C(k’-i—l)
1+6+1A

Thus we have

C(k-{-l)

=—— / XE(l - S)W(l —s)ds + Ok,q(A%—M(lOg A)g)‘

N |—=

Il
> |l
()
N
. T
~__
|
—
s
4
=
Iy
©
/|\
~
_|_
@)
N
=| =
S~
N~
I
=
L
—
|
=
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el (140 () ) (-4 %)kcu ~s), 3.1)

where £ = log 5 1 Tf we put

Gr(s,z) = <z + d%) C(s) = 2"C(s) + kzk_lg/(s) + ..+ C(k)(s),

where the differentiation in G is with respect to s, then by differentiating both sides
of (3.1) we see that

=== (gen) (o))

We have

%< ) 2R () + k2RI (s) 4+ (D (s)
G, 52 = 2KC(s) + k2P (8) + ... + () (s)
_ (¢ (s) + ke (s) 4+ 27 HCHHD(s))
ZR(C(s) + k271 (s) + .. + 27R(R)(s))

(s
o ()L s)

(3.2)

Since Q(s) < 1for 0 > 143, we have Y8 _, (Z)ig(s) <y, @, which gives

¢ o
G(s€)<<k1f0ra >1+60and A<t< B. So we get
1+6+iB ¢
Si(A,B) = — Xg(1 = 8) =2 (s,0) ds + O(A2010g? A), (3.3)
211 Gk
1+6+iA

by Lemma [2.21]
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Asin [11], for 0 > 1+ 0, A < t < B for large A, we can write

<1 +Z (Z)}%u) - 3 (Z (Z)}%H)

_ u}; (—1)* (i (Z)%%@)) L0 (%) .

— loglog A

(3.4)

We first combine (3.2)) and (3.4)), and put the result in the equation (3.3)), then we get

> i<—1>“(’i) RN (B

logA =0 =1
us loglog A

11 ,,,,, zk20
k i
1 C(w w C(v—i—l) ‘
— (1 1
><27r H( +5—|—zt)> : (140 +it) dt
A =
+ OR(A7H010g? A),

ns : ¢
for o > 1. We put A = %, B =T, and by Lemma , we get

s(3r)= . sev() £ ()T

where K = iy + 2is+ ... + ki, +v. Define > 7 | ba(iyminiv) . (D) ()T (M(s)> h

u< w=1
\loglogT D1 5eees 1k20
1 — (g, ey i 0)
“ o / log <n21 arver |
5
+ O g(T2 " 10g” T)
k k 7
u E\™
-2 yer() 2 (I
u< log T =0 ’Ll+ Aipr=u w=1
\loglogT 1] 5eees i =0

XT? 3 Me<—_n)

K
gy (los)

+ Op (T2 10g? T). (3.5)
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Note that every natural number n with % <n< % is congruent a number a (mod ¢q).

Moreover if n = a (mod ¢), then e(—%) = e(—2).

Using the orthogonality property of Dirichlet characters for n with (n,¢) = 1 and
the fact that e(—%) =1 for (n,q) > 1, we get

2min

Z bn<i1,...,’ik,v)€_ a
n\K
(log 7)

qT qT
ar <n<on

_ 2min

B b (i1, ...y i, v)E a
S

a (mod q) < <‘1T

n a (mod q)
o Z bn("[;h...,ik,v)
= QK
oo (log 2)
qln
1 Tia —_ bn ) 3y . Y '
tog X Y e 3 el L))
P\ a (mod q) Y’ (mod q) %<n§% (log %)
_ Z bn(il,...,ik,v) . Z bn(i17-'-7ik7v>¢0<n)
o (log )t P (log )%
4 — 27 4 — 27
1 _ 2mia — bn(ilw-'ailmv)w,(n)
+— e V'(a)
T S gy bty
a (mod q) ¢’ (mod q) 9L ep<dt 0g 7,
= Z bn(ih”'uikuv) _ Z bn(ih”"ik’U)I/}O(n)
9L pn<dt <10g§>K 9L pn<dt (log %)K
4 27 47 — 27
N (1) Z 67¥%(a) Z bn(zl,...,zk,vz(wo(n)
a (mod q) %<n§% (10g %)
1 _ 2mia —_ bn(ilw"vihv)d/(n)
FLY Y e Y KO
¥ a (mod q) ¥’ (mod q) %<n§% (10g %)
Y'#o

where in the last line we split the sum over characters modulo ¢ into two parts: The

term with ¢’ = 1y and the term with ' 2 ).

Now we use (3.6)) in (3.5)),
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e 2 yl) 2 ()

i1+ Fig=u
— loglog T 11 4eeeyi >0

(log )% (log )%

X@ 3 bu(in, ik, 0) 3 b (i1, .y ik, v) o (1)

9T qT
4w <7’LS 27

1 _ 2nia b (i1, ..., ik, ) (N
bs O R Yy el
) nod o) T cn<dl (log g)
+ Eyrpgy + O g(T7 1og? T), (3.7)
where
k ! " ki
o= 2 () X (" )I())
ug% v=0 i1+ i =u L w=1
og log B1,eeyt >0
T (¢ _ 2ria — b (it ..., 15, 0)Y (N
G S N D M VR LG U
a (mod g) W'#o (mod q) oL n<dl <log %)

By Lemma with x = %
kg " AN
IS SYRED DD (U> 2 (z’l, Zk) 1}:[1 (w)

u< —log T v=0 i1t Fip=u
— loglog q(T'+4) 21,...,0 >0
. T~ rerzam i (A(k) log log q(T + 4))K+!
(log T)K~1

ST e (loglog (T + 4))?

< R() T () ()

logT =0
— loglog T i1,..., i, >0

g T (log log (T + 4))°

C oy (MeEen) Ty () 2 (L)

log T v=0 M+...+ip=u
< logT 1 k
U TogTog q(T+4) 11 ,eeeyige >0
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<<k,qT17m (loglog q(T + 4))?

X Z (A(k)loglogq(T+4)>U—1

log T’

log T
U= loglog T

<<k,qu_m (loglog q(T + 4))?

< > (A(k)loglogq(T—irél))“_lku

u< log T logT

—loglog T

T A(k) log log ¢(T +4)\ "™
g5 (loglog g(T + 4))F S ( (k) & 0g (T + >>
log T OgT
—loglog T
— og o c(TF TS log T’ 1
Tl loglog q(T+4) 1 1 T 4 2
<rg (loglog a(T +4)) o T 1 1 = AR logTog (70
< T
Mog T

So we have

w=1
’Ll ..... 7/k>0

Z bn(il,...,ik,v) _ Z bn(i17°";ikav)¢0(n)
¢ \ =, (ogP)k o (log )%
w<n=iz ! w<nsiz 7

Z bn(il,...,ik,vz(wg(n)
a <n§% (lOg %)
T

- = er(l) 2 (L))

’Ll ..... Zk>0

bu(in, oy ig,v) b (i1, .oy 1k, V)0(12)
T U i D Dl

log Q)K
I <nS5p 9T p<dl q

— 27
Z bn(ih...,ik,ﬂ)wo(n)
K
9T <n< T (log @)

q
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- = aer() 2 (I

i1+...+ig=u
— loglog T i1,..., i, >0

LT 3 bu(it, yin, 0) 3 b (i1, .., i, v)ho(n)

L (og TR (log )<

27

[N
A
N

IN

aT aT
4m <TLS 27

11(q) bu(i1, -y ig, v)tho(n)
+_
v(q) Tg;; (108 g)K

We use Lemma 2.5 in [11], and Lemma with z = 2L, and we get

-0 (5 5 ) [ ()

q) u=0 u>1 lolgTT v=0
k 7
u I\ (—1)(v + 1)!
—1)*w! A A
< 2 (Gl e (G))
t1+...+Fig=u w=1
i1,y >0
T
+ E1 + EQ + E3 + Ok,q (@) s say. (38)

Using Lemma [2.24] Lemma [2.25 and ([2.43)) we have

Bl <pglog?T Y i(i) 3 (iliik)(A(k))K

u<log T v=0 it =u
loglog T By i, >0

log T 2 Uu
g (A(k))®e108T log® T Z Z (ih-..,ik)

u< logT 41+...+ip=u
loglog T i1,eeey i >0

Cpg (A(R)) BT log?T 3 f

log T
us loglog T

g (A(R))P52T log? T

<<k,q TG?
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and
ST O ity i) (K — 1]
ug log v=0 11+ Aip=u
Sloglog T 1] 4eeey 15 >0
T (A(k))" u
"4 log T %T (u—l)!.Jr; U1y ey U
uS bt T o
Ak
S o (150 () <oy o

and

(]

K
T(log T)>+* - (k> ( u ) A(k)
E < _— . .
3 k,q 1. Z ) 21+;k Y 2Ly ey Uk (logT)%—e

661 (k) (IOg T) logT =0
ugloglogT Tl yeeey i, >0

T(lOg T)2+36 A(k;) “ U
k,q W Z (1 T 1—c Z ) 1

e’l & < logT 0g ) i1+ Fig=u Ly Tk

loglog T 1] 4eeey 15, >0

T(log T)?+3¢ 1

k?
1 e(h(k)(logT)fli_e 1 — A(k)(log T)_%jLe
The sum over u > log 7'/ loglog T in (3.8)) is
(A(k?)) [log T/ loglog T 2log log log T
g T Z;T <<k al [log T'/loglog T'|! S L Teme
u> logologT

by Stirling’s formula. Thus we get

Su(T/2,T) _7 () ia) [— > (=1

T
Oka (log T)

T W) mlq) Ay, T T
a0 () &)
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Note that u(q) = —1 and ¢(q) = ¢ — 1, since q is assumed to be prime.

Observe that from ([1.3]) and (2.5) we have the trival estimate

Se(0,VT) <, T2 log T. (3.10)

Now, using the result ‘) for Si(T'/2,T) with T replaced by %, %, ... down to
almost /T, then adding up, and also using the trivial estimate 1) we obtain

T(w) I T
E = — A.— + O - T .
Xw(/)c,k) k2 k,q (1 T) ) ( — oo), upon GRH

—1
0<ye x<T q
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4. PROOF OF THEOREM 1.2

Let ¢; and ¢o be two distinct fixed odd prime numbers, k£ > 1 be an integer, 1,
be a non-principal Dirichlet character (mod ¢;) and 1y be a nonprincipal Dirichlet
character (mod ¢o). Note that since ¢; and ¢y are odd prime numbers, 1 and 1)y are

primitive Dirichlet characters modulo ¢, ¢2, respectively. By the residue theorem, for

large A, A< B <2A,

1 Lk+1)
Scnn(AB) = 3 valpan) = 57 [ e e ds @D

A<y, k<B

for a suitable contour C.

By Lemma foro > oy 4 =142 (1 +4/1+ ﬁfgz?) > 1, we have |L®)(s,1))| >
(1§§+21)’“_ In [9](Theorem 3), Yildirim showed that for any § > 0 there exists M =
M (k,d,a) such that L*)(s,4);) # 0 in the region o < —6, [t| > 4, |s| > ¢™. So let C be

the positively oriented rectangle with vertices o}, , +1iA4, 0}, +iB,—6 +iB,—0 +iA

for a fixed real number § with 0 < ¢ < ¢ and for a fixed o, > Opq, -

Following the argument in the proof of Theorem 1 in [11], we note that by (1.6)),

we can take horizontal sides of the rectangle to be a distance of > from any

1
log A
zero of L¥)(s,41) by adjusting A and B by an amount of < 1. In view of (2.4)), this
means adding or deleting O(log A) number of terms each of size <, 4, A2t Such an
adjustment ensures Lé(k) (s,71) < (log A)? on the horizontal parts of C. On the right
vertical line of C, we have %(3, Y1) < 1, also by 1) the contribution from this

line is <4 45 Az. So the contributions from the horizontal lines and from the right

vertical line are <, 4, A2*%log® A. We have

—0+iA B

1 I,(k+1) 1 I,(k+1) .
% / X¢2( ) (k) ( 7/}1 ds - W/Xt/& 5"’” (k) (_5+Zta¢1)dt

—0+iB A




29

B
1 N Aan)) e
A
B
1 L) o
= —g/xwz(l—(1+5+zt>>W(1—(1+5+zt),¢1)dt
A
1+5+iB
1 L (k+1) o
= _% / X%(l - S) JO) (1 -5 ¢1) ds.
14+8+iA
So,
| 1+6+iB (b41) B o
Sk (A, B) = T om / Xz (1 — S)W(l —$,11)ds + Ok gy 40 <A2 log A> :
145+iA

From the functional equation of the L-function, and from Lemma we get for o < %

L®)(s,0) =Y (k> (XD (s) LD (1 — 5, 9)

() e

oY (e (ero (1)) eva -

Il
I = 1
[e)
N
k‘
~__
|
[
S~—
T
Xs.
s
S
/T\
~
+
@

qlt]

where £ = log 55 —. We put
e d\"
G_]g(s’z’w> - <Z+%) L(S7¢)

= P L(s,9) + k2F L' (5,9) + ... + LB (s,4)),

where the differentiation in G' is with respect to s.



60

Then by differentiating both sides of (4.2)), we see that

L(k+1) o el e

Now, we have

/ k kY 1 (v+1)
%(S,Z,E) Zv =0 (v) : L(u(]) wl) (43)
k 1 + Zw 1 (w) ( wl)
Since L )( 1) < 1, when o > 14§ we get
k
K\ 1 L0 1
2 () T < 15 (44)
and
4 —
G—k(s,£,¢1) <pl, (60>14+5§A<t<B). (4.5)
k
Thus we get,

1+6+iB
(k+1)

L _
X%(l — 8) L(k) (1 — S,wl) ds

1+6+iA
B

~ [rtco-in (- (e+ gavssmei) (1+0(3)))
A

Now using (4.5)), together with Lemma [2.21} we get

1+6+iB

- 1
Sk,fILCIz(Av B) = 2_ / Xwiz<1 -

Yy’

!/

)G—’;@, 0,01) ds 4 Opgr.a0 (A7 l0g? A). (4.6)

1+6+iA

In order to approximate & (s ¢,41) by a Dirichlet series, we expand the denominator

of (4.3 as a power series in the region 0 > 1, A <t < B, for large A where (4.4] holds.
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Thus,

(g ()m) S

u=0 w=1

kN 1 L®)
= 2 (Xly)m e
uglolgofgogA w=1

co(1). o

Now we combine (4.3)), (4.6) and (4.7)), and for K := iy + 2is + ... + kiy + v, we get

em= £ () T ()0

logA  v=0

—loglog A B genes 1 2>0
1 [P xg(=0 —it) L (L@ O\ L —
“ o ), (K El g Hotitvn) | == (404t )

+ Okgr.a2 (A%—Hs 10g2 A).

We put A =T/2,B =T and use Lemma to get

2= £ 3er() 2 )I)

(73
logT  v=0 w=1
—loglog T Zl ..... 7‘k>0
— 2min
T(l/)Q) bn(h, Zk,’U ¢1) a2 1. 9
0 Z (log th”)K + Okgr.0 (T2 log™ T),

112T a2T
<n S 27

(4.8)

where

i by (i1, T,Zzsk,v,a) _ L(v+1) U < )z’w'

n=1

Now we split the sum over n in into two parts: the terms with ¢|n and the terms
with g5 1 n.
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The first part is equal to

R 2mwin R
Z bn(it, ..., ik vihr)e = Z b (1 oy a5 V3 1)

qn qn
q2T< < a2l (log ) (IOg )

S3n EE NN
q2|n q2|n

B b (i, ooy g v321)
e (log L)X

qu 92T
<n S 27

_ Z b (i, -, ik ;901
an
yr otor (log %)%

amn

b (i1, o, i V3 U1)
2 " logmr

q2T q2T
<n S 27

b, (i1, ..., @'k;v'_l 0,92 (10
. ( (logqli/f))w () 49

qu 2T
<n S 2w

where we used the fact that the condition g, { n is equivalent to (n,gs) = 1 since ¢ is

a prime number.

In the the second part, i.e., in the part with gz { n, every natural number n with

2L < n < 2L and (n,qo) = 1 is congruent a number a (mod ¢) with (a,¢) = 1.
—27n —2ma
Noting that e 2 = e % for such n, we can can use the cancellation property of

Dirichlet characters and write

_ _ 2min
Z bn<21, ’ik;U’Z/Jl) 92
(log )%

qu 92T
<n S 27

(n q2)=1

_ 2min

. Z Z bn('ll, Z]ﬁUE) q
- qn
a (mod q) qf:" cn< @2l (log )

— 27

(a ,qz) 1 n=a (mod g2)

_ 1 3 o EOEDS bn(il,--',ik;v;@)w(n).

(P(Q2> a((mO()i qlg) ¥ (mod ¢2) %<n§% <10g (I1n>
a,q2 )=

(4.10)
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For the sum over ¢ (mod ¢,) in (4.10]), we will consider the principal character modulo
¢ separately. We will denote the principal character modulo ¢ as g 4,. Combining

(4.9) and (4.10)), we obtain that the sum over n in (4.8) is equal to

3 b (i1, -+, ;03 1) L (_1+M(Q2)) 3 b (i, - ik V5 1) 0., (1)

@K )
yr otor (log £%) ©(g2) w1t (log %%)
1 _ 27ia —_ b (217 )lk’ U’E)¢(n>
T ey gy by,
PRE2) , (tnod g2) ¥ (mod g2) BT T <10g qq_n>
(a,q2)=1 V7#10,q5 47T m ’

where p1(g2) comes from considering g4, separately in (4.10) and from the fact that

_ 27ia

Y a (mod g € 2 = p1(q2). Note that p(gs) = —1 since g, is a prime number.
(a,q2)=1

Now, the first term in (4.11)) can be calculated by Lemma and the second
term in (4.11) can be calculated by Lemma [2.27] In the third term of (4.11]), since

Y # 10,4, and 1 and 1 are primitive characters modulo ¢; and ¢, respectively, the

character 11 is a primitive character modulo ¢;q, (see Lemma 9.3 in [5]). In view

of Lemma [2.13] the third term in (4.11)) can be calculated by Lemma by taking
q = q1q2. Combining these all, for large 1", we obtain

e T 50,2 ()00

log T v=0 11+ Fil=u
u< —logT 1 k
= Tog log(T+4) 01 yeeesie >0

T et (A(k) log log(T + 4K+,

St T T log T(log log(T + 4))

<2 () 2 ()

log T v=0 w=1
—loglog T 1] yeeey 1,20
A(k)loglog(T + 4)\ ¥
y (k) loglog(T + 4) L Th log? T
logT

RO R (T log T'(loglog (T + 4))

A(k)loglog(T + 4\ ™ 1.5
X Z ( log T +T2"log" T

log T
ng log?gg(T) +k
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Char.o T 55750 log T log log(T + 4). (4.12)

Observe that from ((1.6)) and (2.4)) we have the trival estimate

Staraa (0, VT) gpw T3 log T (4.13)

Now, using the result (4.12)) for S g, 4,(T/2,T) with T replaced by Z,Z, ... down

204
to almost /7, then adding them up, and also using the trivial estimate l’ we

obtain

Z X2 (p¢1,k) Lkoa1,02 T llogT log T'loglog T, (T - OO),

0<’7w1 K<

upon GRH.
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5. CONCLUSION

For the sum > . 7 Xu(pck), We obtained a main term. On the other hand,
in view of Theorem 1.2, we could not obtain a main term for the average value
D0y, < Xit2 (o) Of Xy, (s) at the zeros of the k" derivative of L(s,1);), where

the involved Dirichlet characters are of distinct moduli.

One quick observation is that when the Dirichlet characters are of distinct mod-
uli, Xy, does not know much about the zeros py, . of L®¥(s,4;), however x,, is aware

of the zeros p¢, of (¥)(s).
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