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ABSTRACT

The integrability of non-linear differential equations are studied on the basis of Lax
and bi-Hamiltonian formulations. The relations between the Lax formalism and bi-
Hamiltonian structures are analysed and illustrated with well known examples such
as the KdV system. Various methods resulting from this analysis are then applied to

multicomponent KdV equations.



KISA OZET

Lineer olmayan diferansiyel denklemlerin integre edilebilirligi Lax ve bi-Hamiltonyen
formalizmi ¢ercevesinde ¢ahigilmigtir. Lax formalizmi ve bi-Hamiltonyen yapilar arasindaki
iliskiler incelenmis ve KdV sistemi gibi iyi bilinen 6rnekler ile agiklanmistir. Bu in-

celemeden elde edilen yontemler ¢ok bilegenli KAV denklemlerine uygulanmistir.
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LIST OF SYMBOLS

A second operator of the Lax pair
drS [u] Fréchet derivative of S[u]

H Hamiltonian density

H Hamiltonian integral

L Lax operator

Lps(S[ul) Lie derivative of S[u] with respect to (P#8)
L Lagrangian density

P first Hamiltonian operator

Q second Hamiltonian operator
R recursion operator

R R-matrix operator

Res(A) residue of the operator A

Su] functional of u

u(x,t) dynamical variable

U; 1th velocity potential

x spatial coordinate

t ’ time

Tr(A) trace of A

A spectral parameter

A exterior product

¢; ;1 =1,...,N multicomponent KdV field, N being a positive integer
T4 projection operators
IL; canonical momentum conjugate to ¢;

functional bi-vector

0 a uni-vector



1. INTRODUCTION

In the year 1895 D.J. Korteweg and his student G. deVries derived the equation

Up = Ugzy + UUy (1])

in their study of shallow water waves [1]. This is a (141) dimensional nonlinear partial
differential equation admitting aitravelling wave solution u(z,t) = 3csech2>é—g(af + ct),
with the constant ¢ > 0 being the speed of the wave. These solutions are called
“solitons” and their properties were discovered numerically in the early sixtees. A
formal method for solving the KdV equation was introduced by Clifford S. Gardner,
John M. Greene, Martin D. Kruskal, and Robert M. Miura in 1967 [2]. Later this
method became a standart tool for solving nonlinear systems and formed the basis of
inverse scattering theory.

In 1968 Peter D. Lax developed a beautiful formulat.ion of integrable systems and
showed that (1.1) is just one member of an infinite hierarchy of equations [3]. More
interest was shown to KdV and other nonlinear models when their integrability con-
ditions were seen to lead to new mathematical properties such as the bi-Hamiltonian
structure [4].

A general review of the integrability of the KdV equation is given in Chapter 2.
For this purpose the concept of infinite number of conserved quantities is presented
in section 2.1. A motivation of the Lax formalism concerning the linear eigenvalue
problem connection is the subject of section 2.2. In section 2.3 the Lax representation
is analysed on the basis of Lax’s original approach to the KdV equation [3]. As a second
example, nonlinear Schrodinger equation with matrix Lax pair is discussed. Section
2.4 is on the bi-Hamiltonian formalism and its application to the proof of integrability

of the KdV equation. This section also completes the concept of infinite conservation
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laws.

The third chapter is devoted to the relationship between the Lax formalism and
the bi-Hamiltonian formalism. The first attempt is to find a Lax representation of a
system that admits bi-Hamiltonian structure. For this purpose the recursion operator
technique is introduced in section 3.1. The next section is about the Gelfand-Dickii
bracket method which can be used as a tool for calculating the Hamiltonian operators
starting from a Lax operator. The r-matrix bracket connection is given in section 3.3.
A method of finding the second Hamiltonian operator using the Lax-Nijenhuis equation
is also mentioned in section 3.4. These methods are illustrated with various well known
systems such as the Boussinesq and Kaup-Broer equations.

The last part of this work is on the multicomponent KdV equations which is already
known to be bi-Hamiltonian [5] [6]. A Lax operator is constructed for this system
and 1t is shown that it can be used to calculate the second Hamiltonian operator.
An alternative Lax representation which is achieved through the use of the recursion

operator is given in section 4.5.



2. INTEGRABILITY OF KdV EQUATION

2.1. Infinite Number of Conservation Laws

Let us consider the equation (1.1) assuming that u is zero at infinity. A conserved

quantity (also called a constant of motion) of this system will satisfy

iQ
=0 (2.1)

where () is an integral of a density, Q@ = [T T'dx such that

d
= /Tdm - /Ttd:c —0. (2.2)

This implies a conservation law of the form (so called the continuity equation)

where — X [u] is called the fluz. If both X and T are polynomials in « and its z deriva-
tives and not dependent explicitly on z and ¢, this is called a polynomial conservation
law.

A conservation law for the KdV equation (1.1) is easily obtained if one writes it as

1
Uy = (Upe + §u2)$ (2.4)

So the conserved density is u and the flux is —ug, — Lu?.



The second constant of motion is given by [ tu?dr with the flux —iu® + tul —
Ulzy. Three more polynomial conserved densities were found by Whitham, Kruskal
and Zabusky just by brute force and five additional ones were computed by Miura et
al ([7] and references therein). Finally it was understood that in fact there were an

infinite number of them [1].

To construct the conserved quantities let us introduce the Miura transformation [8]

u(z,t) = v¥(z,t) + iv6u, (2.5)

which maps a solution of the modified KdV (mKdV) equation

V; = Ugpr + 020, (2.6)

into a solution of the KdV equation. However mKdV equation is not Galilean invariant,
under the Galilean transformation t — ¢, ¢ — z + %t, u— u+t 2—?—2—, and v — 7%1) + 52@
mKdV goes to
- 62
Vy = Uggpe + VU + Ev2vx (27)

which is called the Gardner equation. Here € is a real parameter. A solution of this

equation is mapped into a solution of the KdV equation by the Gardner transformation

U= —v%+ v+ iev,. (2.8)

(2.5) and (2.8) are related to each other by the Galilean transformation given above.
The Gardner equation (2.7) is a generalized one, i.e., it reduces to the KdV equation

when ¢ = 0, and if € — oo, under a rescaling v — —\;Ev it becomes the mKdV equation.



We can write (2.7) in the form of a continuity equation
3, 1o N
vy = (-=v° + SU Vez )z (2.9)

which means that v(z,t) can be regarded as a density and its integral is a conserved

quantity of the Gardner equation.

%/vdw = 0. (2.10)

We can invert the map (2.8) and expand v in terms of u as

v= f: €" hn[u] (2.11)

n=0

then

= 0
vide =0 = € | —h,luldz 2.12
[ 3 e [ gl ‘» (2:12)

leads to an infinite number of conservation laws for the KdV equation. But if some
hyu] ’s are themselves total derivatives the corresponding conservation laws will be
trivial. In fact the following analysis shows that only the terms with even n in the
expansion (2.11) provide nontrivial conservation laws.

First let us note that pure polynomial terms in u cannot be written as total deriva-
tives. And it is obvious that ignoring iev, in (2.8) will not affect the existence of such

terms in the inversion of (2.8). Then v = v + %vz leads to

v o= 3 [(1+ 32—62?1,)% —1]

e
= u— le2uQ + 164u3 — .. (2.13)
4 8



It is seen that the monomials in u are the coeflicients of €2 terms.
We do not know whether the odd powers of ¢ are total derivatives yet. But if we

set v = y + 1z, u(z,t) becomes

z 62 2

O LT SR 9Y L s 2.14
u=(y 6a$+6(y ~))+Z(Z+6ax+3y) (2.14)

through the relation (2.8). The fact that u is real leads to vanishing of imaginary part

of u. Then we obtain

30 2

€
= ——=1 —
z 5 n(1 + 3 v)
d 1 1
= 5;(—63,1 + €€3y2 - 5659,/3 +...) (2.15)

which is a total derivative and involves odd power ¢ terms. To show that there are no
odd power terms in the real part of v we should analyse the scaling properties of the

Garduner transformation (2.8). The scaling dimensions of u, v, z, and € can be obtained

from
[u] = [262—112 + v + tevy]
- [66_21,2] — o] = [ievs]
= 20l + 200} =[] =[]+ [v] — [] (2.16)
which gives [u] = 1, [v] = 1, [z] = —3, [] = —3. Then one can show that (2.8) is

invariant under the transformations

U — au



-1

where « is a scaling parameter. So an odd power ¢ term should involve an odd number
of derivatives and since such a term must be imaginary due to the factor i in the

derivative term in (2.8) we conclude that the real terms are all of even powers of e.

Now let us construct the conserved quantities. If we substitute the expansion (2.11)

into the Gardner transformation, we obtain a recursion relation

Oh,y 172
h 4 - n—m—21m = 2.
n i +6mzzjoh 2hm =0 (2.17)

wheren > 0 and h_; = h_, =0, ho = u. Using this relation we find

hy = —tug (2.18)

hy = —-éuz— Urs (2.19)

ha = z(%u2 + Uy )z (2.20)
R R 1, .

We see that odd n terms are total derivatives and they are imaginary. Let us define

the nth conserved density as

Tn = 3(=1)"hss (2.22)



0

then the nth conserved quantity is
H, = 3(-1)" / hondz. (2.23)

Thus the first three conserved quantities are

Hy = 3/udac (2.24)
H = /(%uz)dm (2.25)
— l 3_1 2 92
Hy, = /(6u Su)de (2.26)

such that H; and H, are the first and the second Hamiltonian of the KdV system

respectively.

2.2. The Associated Eigenvalue Problem

In 1967 Gardner, Greene, Kruskal and Miura found a method for solving the KdV
equation which we now call the inverse scattering method [1] [2]. The most important
part of this discovery is that KdV is associated with a linear eigenvalue equation whose
scattering problem determines the required data for solving u(z,t) of (1.1). We will
not go through the details of this computation but give just the mentioned relation
between the two equations and it will be a motivation for the Lax formalism.

Consider the Sturm-Liouville equation

Ve + éuzb = =Xy (2.27)



with the eigenvalue A. This can also be wieved as a time independent Schrédinger
equation with a potential u which is a function of z and a parameter t [9]. A(t) is then
the energy eigenvalue and (z,1) is the corresponding eigenfunction [1]. Now let us

make an assumption that u(z,t) evolves according to the KdV equation and write

d’z‘r

u=—6(\+ "

) (2.28)

using (2.27). Then the KdV equation (1.1) becomes

Ab? — [*(
in terms of the eigenfunction of (2.27). Assuming 1 is zero at £ = +oc one obtains
M =0 (2.30)

by integrating eq.(2.29) over z, i.e., the eigenvalues are constant when u is a solution of
the KdV equation. Then it is said that the Schrodinger equation (2.27) is isospectral.
A linearization of the Miura transformation (2.5) leads to the eigenvalue problem.

This can be achieved by means of the Cole-Hopf transformation [7] [10]

. 8 . T
v= zx/é(—a;(lm,b) = z\/(_i% (2.31)

Then eq.(2.5) becomes

Yy + éuz/) =0. (2.32)

One can rederive eq.(2.27) by using the Galilean invariance of KdV with the transfor-

mation u — u + 6.
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2.3. The Lax Representation

A general principle for associating nonlinear evolution equations with linear operators

was presented by Peter D. Lax [3]. Let u change with ¢ according to the equation

us = K[u] (2.33)

where K is a function of u and its = derivatives. We want to find self-adjoint operators

L(t)" = L(t) which remain unitarily equivalent when (2.33) holds. In other words

U™ LU (L) = L(0). (2.34)

U~' = U' is a unitary operator and satisfies a differential equation of the form

U, = AU (2.35)

with AT = —A. Differentiating both sides of (2.34) with respect to ¢ one obtains

— U WU LU+ U LU+ U LU, = 0. (2.36)

Substitution of (2.35) into this and multiplication by U on the left and by U~! on the
right gives
Li=AL—-LA=[A L] (2.37)

One expects this operator equation to be related to the evolution equation (2.33) since
the problem was to find u dependent operators which remain unitarily equivalent as u

evolves according to equation (2.33).
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Now let us write the eigenvalue problem for the operator L namely

L = —A(t)p. (2.38)

Here t appears only as a parameter. Remembering the discussion of the previous section

one can differentiate this with respect to ¢

Lap+ Liby = —Mtp — Mpy (2.39)

and find

(AL — LAY + Lipy = —Aab — A, (2.40)

using (2.37). Since (1) is unitarily related to its value at ¢t = 0 ,i.e. , (1) = U(1)¥(0),

dv(1) oU(t)

g - ot $(0)
= A@QU)$(0)
= A(t)(1). (2.41)
Substituting this into (2.40)
(AL — LAY 4+ LAY = —A\p — AAY (2.42)

and using (2.38) to cancel the AL term, it is seen that



As we have seen in the previous section the eigenvalues of the Schrédinger equation

(0* + —u)yp = =\ (2.44)

are mvariant if u is a solution to the KdV equation. Here J is a shorthand for the

derivative operator a%' So let us choose

L =08+ -u. (2.45)

Then the left hand side of the “Lax equation” (2.37) is simply a multiplication which
is Ly = tu;. In order to have a multiplication on the right hand side, the operator
At = — A should involve 0 terms. Furthermore they should be in odd powers of 9 since

0t = —0. The first choice is obviously

A= 0. (2.46)
The commutator is
arnz L 5 1
1 1 1
Pt 4 tuH 8 =
= 0+ 6u1 4+ 6u8 Jd 6u6
= —é—uz (2.47)

where we have used the fact that Ju = (Gu) + ud = uz + ud. So (2.37) reads
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Secondly one can try

A =3+ a(z,t)0 4 Oa(z,t) (2.49)

where a(z,t) is a coefficient to be determined. This form is adequate for 4 to be

anti-Hermitian since (ad)' = —a [11]. The commutator is calculated as
3 2, 1 2, L oyio3 '
[A,L] = (0°+ad+ da)(0*+ gu) —(0°+ é—u)(d + ad + da)
1 1
= (—4a, + um)a + (1um 4a,,.)0 + éumx + gauz — Appe- (2.50)

Since [A, L] should be simply a multiplication, one eliminates the @ terms by choosing

a= %u. Then the calculation of the commutator leads to a familiar result

AL =~

51 (Ugrr + Utly). (2.51)

Indeed after a rescaling A — 4A one obtains the KdV equation (1.1). But this is not

the whole story. A can be generalized to

A, = 94! +Z (z,1)0% 71 + 0% taj(z, 1)) (2.52)

in order to get higher order equations of the form

e = K,[u] (2.53)

which is called the KdV hierarchy. So (2.48) is the first member of this hierarchy with

g =0 and (1.1) is the second with ¢ = 1.
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An alternative method of deriving the operators A, uses formal operator techniques.

First we introduce the inverse of @ as

070 =00"" = 1. (2.54)

The square root of L = 0%+ %u is defined to be an infinite series in powers of 971, i.e.,

L1/2 = 8 + Qg + ala_l + (128_2 + ‘s (255)

where a; are functionals of u. These coefficients can be determined up to any order by
squaring the series and requiring it to be equal to L up to that order. A, is identified
2941

with (L), where the subscript + stands for the non-negative powers of 8. Then

the calculation of

(L*57)4, L) = [L,(L7%7) ] (2.56)

gives us K [u] up to a multiplicative constant.

Suppose that one attempts to determine the series (2.55) up to the third order.

Then

LM =04 ag+ a107" 4+ 307 + 0307 (

[\
Lt
-1
g

and

L = (0+a+ a0 +a07% +a307°) (0 + a0+ @107 + a207% + a3077)
= 82 + 2(1()8 + CLO,:L' + 20'1 + a'g + (a’l,r + 20’2 + 2&0&])8—1

+(ag,y + 2a3 + a2 + 2a9a3 — a3a0,,)07* + O(07%). (2.58)
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Comparing this with (2.45) a set of equations is obtained:

%6 = 0 (2.59)

a0y + 20y + al = %u (2.60)

a1,z + 209 + 2a0a7 = 0 (2.61)

asp + 2a3 + al + 2apay — 100, = 0. (2.62)

Solving these equations for ag, @1, a2, and a3 and substituting them into (2.55) one

gets

Lo Loy Lo, - %u?)a—s +067Y.  (2.63)

L1/2 —
o+ 12 24 48

According to our identification, A3 is (L%/2), and can be calculated as

(L), = (DL,

. .. 1 1 _ B
P TR O STUE TR S e
= (0°+ 4u6+ Sux + 12um8 + .0
= P+ é(au + ud) (2.64)

which is the same as the previous result.

In 1972, Zakharov and Shabat obtained the Lax-pair operators L and A for the

nonlinear Schrédinger equation (NSE) [12] [13]

i = —Qor + 2k(¢7q)q,  —147 = —qC, + 2k(q7q)q" (2.65)
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described in terms of the complex variable g(z,f). These are matrix valued operators

(14 )0 *
_ s ! (2.66)
q (1 - 3)0
and
180% — 92 :
ao| PP @ (2.67)
~q, ik0? +

1-5
where k = 2/(1 — 3?). Then L; = [A, L] implies (2.65).
Historically the NSE was the second example of an integrable nonlinear partial
differential equation after the discovery of the KdV equation [12]. The Lax process

became a powerful method in the search for other integrable nonlinear systems.

2.4. Bi-Hamiltonian Structure

So far we have seen that the KdV equation possesses infinitely many conservation laws
and there exists a KdV hierarchy described by the Lax equation. Now Hamiltonian
structure of the KdV system will be analysed to explain its integraBility from another
point of view.

- The Hamiltonian formulation of mechanics can be found in many texts on classical
mechanics (see [14] for example). This description uses N generalized coordinates and
N generalized momenta as dynamical variables which parametrize a 2N dimensional
phase space. A theorem by Liouville states that the volume in the phase space remains
unchanged during the time evolution of the system. The change in the coordinates and
momenta during the motion may be regarded as canonical transformations. Now as-
sume that there exist N functionally independent conserved quantities for this system.
These conserved quantities can be thought as new momenta obtained as a result of a

canonical transformation, if their Poisson brackets with one another vanish (i.e., they



17

are in involution). These are calléd the action variables. This transformation gives
us the coordinates called the angle variables. The Hamilton’s equations in terms of
the action-angle variables can be integrated to obtain solutions for the angle variables.
Then the inversion of the solutions will lead to the evolution equations. Although the
determination of these canonical transformations may be practically impossible, our
assumption at the beginning asserts the existence of solutions. So we phrase the follow-
ing {1]: A Hamiltonian system whose phase space is 2N dimensional is integrable by
the method of quadratures if and only if there exist exactly N functionally independent
conserved quantities which are in involution.

A covariant description can be achieved using 2NV generalized coordinates y* half of
which are the generalized coordinates and half of which are the generalized momenta.

Then the Hamilton’s equations can be written covariantly as

yi = {y", H} = {y",v"}

oH
2.68
" (2.68)

7]
where H is the Hamiltonian and curly brackets represent Poisson brackets. In the case
of the continuum systems such as the KdV equation, there is an infinite number of

degrees of freedom. So one should replace y* with the dynamical variable u(z,t) and

the partial derivatives with functional derivatives. Then (2.68) reads

o= o) = [ dyfulo)u)b o (2:69)

The Hamiltonian is an integral H = [ dzH[u] where H|u] is a function of u,u,... ,

and the functional derivative of H is computed using the formula

oH g a9 g* 0

Su (—8;— —a—xaux + 0z? Mgy o

)H[u]. (2.70)



The operator acting on the density H is called the “Euler” operator [11].
Eq. (2.69) may also be written as u; = P§H where § is a shorthand for the func-

tional derivative (2.70). P is called the Hamiltonian operator. Then the fundamental

Poisson bracket is

{u(z),u(y)} = Pé(z — y). (2.71)

We will use the terms Poisson bracket structure and Hamiltonian operator interchange-
ably. Before going on further, as an example let us try to formulate the KdV equation

this way. Let P = 0 and H = H, = [ dz(}u® — 1u2). Then

fH 1, @

_— = Yy — —(— 9
du 2" 5:6( tz) (2.72)
and
d &H
g = W U (2.73)

Consequently {u(z),u(y)} = d6(z —y) .
A skew—synimetric operator P! = —P is a Hamiltonian operator if and only if its

Lie derivative acting on the associated functional bi-vector ©p = £ [# A (P8)dz is zero

(Jacobi identity) [11]

Lpe(Op) = 0. (2.74)

Here Lpg is the Lie derivative with respect to (P8), 8 # 8[u] being a uni-vector, given

by the formula

OR OR
Lpo(Rlu]) = 5=(P0) +

3%(’?9)7: T (2.75)

where R[u] is any function of u,ug,...etc. The property (2.74) is also known as the
Jacobi identity of the Hamiltonian operators. So for the KdV equation ©p = % (A

6.dr and its Lie derivative is zero since there is no v dependence.



19

It is well known that the KdV equation admits bi-Hamiltonian structure [4] [1],

that is, it can be written in Hamiltonian form in two different ways:
uy = POH = QOH' (2.76)
where the second Hamiltonian operator Q is

Q = P+ %(8u+u8)
2

= &
T3

Fa 1 T
ud + le (2.77)

and the corresponding Hamiltonian is H' = H; = f(iu?)dz. Then %—' = u and
(Qu) = Ugge + utty. The proof that Q@ is a Hamiltonian operator is as follows: The

functional bi-vector is

0o = %/9/\ (00)da
1 .
%/9 A (0pr + %u@x + gumﬂ)dx
2
_ % / (0N Or + 08 A 0,)d (2.78)

P

Applying the Lie derivative (2.75) we get

1
Loi(0g) = gfcgg(u) A A b, da

1

- %/am AO A Opdz (2.79)



since § A ¢ terms are zero. Integrating by parts
/6”? AOAGde = — / Ou NOs MOy — [0, NONOrsd (2:50)
The operators P and Q form a Hamiltonian pair if and only if they satisfy
Lpe(Og) + Los(Op) =0 (2.81)

[11]. It is easy to see that this condition holds for the Hamiltonian operators of KdV
since ©p = £ [ § AB.dx has no u dependence and O is just 3 [ ud Af.dx which results

in

Lps = %/(PG)/\BAﬂmdm
- %/Hx/\ﬂ/\ﬁxdm

= 0. : (2.82)
The two Poisson brackets corresponding to P and Q are respectively

{u(e),u(y)}r = dé(z—y) (2.83)

{u(z),u(y)}s = (I°+ %u@—{- %—uz) §(z —y). (2.84)

Now let us turn back to the question of integrability of KdV equation. Since it
is a continuum system, according to the discussion we made in the beginning of this

section, there should exist an infinite number of conserved quantities. Moreover they
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should be independent and in involution with one another. We have seen in section
2.2 that the KdV system indeed possesses infinitely many conservation laws but we do
not know whether the conserved quantities are independent or not. In order to exhibit

the independence of these quantities we may investigate the scaling behaviour of the

recursion relation of equation (2.17)

ha] = i

= —+1 (2.85)

where we have used [ho] = [u] = 1 at the last step. Then

lpn] = [h2n] = n + 1. (2.86)

so each ‘o_f the conserved quantities scales with a different integef power law which
clearly indicates that they are independent.

The last requirement still needed to be shown is that the conserved quantities are
all in involution.

Let us recall that vby (2.76) there are two Hamiltonian operators for the KdV equa-
tion satisfying

If we act Q on §Ho = £(3 [ udz) = 3 we get

1



N
8]

which is exactly P6H; = (du). So we suspect that we should have a recursion relation

in the form

P6H, = Q6H,_, (2.89)

for all n [11] . Therefore

{H. Hp) = / §H,PSH, dx

fl

~ / §H, PSH,dx

il

- / §H, Q6 H,_,dz

- / §H, QS§H, dz

il

/ SHoyPEH, 1y da

- {Hn-—la Hm+1}1

il

{HOa an+n}1
= {H-la Hm+n+l }1

=0 (2.90)

since H_q is zero. Similarly it can be shown that

{H71~,H7n}2 = 0. (291)

So H., which is conserved through the relation

dH,
dt

={H,, Hy}y = {Hn,H1}2 =0 (2.92)

is also in involution with all other H,,.
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Since each of the conserved quantities can be thought of as a Hamiltonian we have

a hierarchy of evolution equations

Uy = I(n[u] = {U, Hn}? = {uv H7L+]}1' (293)

The first three equations in the hierarchy are

U = Uy (2.94)

U = Uggpr + UL, (2.95)
5 1

U = Uggger + g‘uurzx + ?Ou.ruacm + guzuz (296)

Eq. (2.93) provides the evolution equations of so-called the KdV hierarchy.
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3. RELATIONS BETWEEN FORMULATIONS

3.1. The Recursion Operator

We have seen that the Lax equation (2.37) results in a hierarchy of equations
up = Kofu] q=1,2,3,... (3.1)

The recursion operator (R) is used to obtain the ¢ + 1 th equation in this hieararchy
if K, is known, i.e.,

Ko = (RK,). (3.2)

In the case of bi-Hamiltonian systems the recursion operator is given by [11] [15]
R=QP! (3.3)

where P and Q are the first and second Hamiltonian operators respectively. According

to this formula the recursion operator for the KdV equation is

R = (84 2ud + 3u)(07)

;
= Pt s %ura—l. (3.4)

Now action of this operator on the right hand side of the first equation of the KdV

hierarchy (2.94) gives

2
—u
3
= Ugpr + Uls (3.5)

|
(RKy) = (0%us)+ ur+§ux(8'luf)
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where we have used the the fact that (0~'u,) = u. Similarly we can calculate K;[u] of

(2.94) as

i

(RE2) = (0% + Sut 300 (uewe + 1))

3

5

1 5
= Ugrgre T TUUggg + *guruxx + —1L2U1-. (36)

3 3 6

Clearly we have used that (07 'uu,) = u®. Eq.(3.2) can also be expressed in terms of

the Hamiltonians as

§Hnyy = (RYSH,). (3.7)

Now if the bi-Hamiltonian structure of an equation of the form

is known, then the operators
R=0Q0P ! | B = dpK[u] (3.9)

form a Lax pair [16] [17] ,where dpK[u] is called the Fréchet derivative of K{u] and
defined by

dF]([u]('u> = (—é]\'[u + 61)])

3.10
o (3.10)

e=0"

The operators B and R satisfy the equation

R: = [B,R] (3.11)



which implies eq. (3.8). In fact (3.10) is the action of the operator

dr Kfu] = afli + ai(% oK

.2 ¢
T A au”a +... (3.12)

on v. To illustrate this let us take the KdV equation where K = uz,, + uu, as an

example. Then

d ,
drK(v) = (—C-Z—e—[umz + €Vppr + (u + ev)(u, + wr)])

= Uppr F UV + VU, (3.13)

or

dp K = 0% 4+ ud + u, (3.14)

which can also be directly calculated using (3.12). A straightforward calculation of

eq.(3.11) leads to

2 1 2 1.

from which we get the KdV equation after comparing the coefficients of 9° and 9!
terms.

Secondly we study the Kaup-Broer system [18] which is given by
Ly = {(L*)»1, 1] (3.16)

with the Lax operator L = d + v+ 07'¥. (> 1 indicates the 9" terms with n > 1).
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Then
(LQ)ZI = (0®4+ v, 4+ 200+ U +0? + 000
+0TWO+ 07 v + 07 W)y,
= 0*42vd (3.17)
and
Ly=v,+ 07", (3.18)
[(L%)51, L] = 2o + 200, + 20, + 207100 + 207100, — 5710, (3.19)

So after equating 0° and 9~! terms we obtain the coupled system

Vi = Uge + 2W, + 2vv,

U, = -V, +20vY),. (3.20)
which can be written in Hamiltonian form in two different ways:

U, = K[U] = P§H, = Q8H, (3.21)

v
where U = . Now the Hamiltonian operators are 2 X 2 matrix diferential

\

operators so (3.21) is a matrix equation of the form

Uy 0 8 6H‘2/5U
0, o 0 bH,[6W

29 8+ dv §Hy /6 r
= (3.22)
—9 4 v0 OV + U0 | \ 6H, /60




[\
o0

with the Hamiltonian functions

o, = /d:c(vlll) (3.23)

H, = /dr(vxlll + 020 4 P2, (3.24)
The recursion operator is then

R = gp!
20 0% + Ov 0 o1
—0?+v0 0¥ + VI o' 0

Jd+v.0" +o 2
= (3.25)

V.0 1420 —d40

In this case K[U] is a vector

Ugr + 2, + 200,
(K;) = | (3.26)
-V + 2(’0\101‘

so we calculate its Fréchet derivative according to the formula

oK, OK; 5 oK, 5?

ki = 505 g’ aui.

(3.27)

to obtain
9% + v, + 200 20
208+ 20,  —0* + 20, + 200
Then eq.(3.11) leads to eq.(3.20) which shows that R and B form a matrix Lax pair

for the Kaup-Broer system besides L and (L?)>1.



3.2. Gelfand-Dikii Brackets

Having seen that it is possible to obtain a Lax description through the use of the
recursion operator when one knows the bi-Hamiltonian structure, it is natural to ask
the following question: Is there any solution for the reverse problem, or how can the
knowledge of Lax operator formalism help to investigate the bi-Hamiltonian structure?

The present section is devoted to this question. For this aim the Gelfand-Dikii brackets

will be employed.

Let us introduce the generalized Lax operator

L = 8” + U_lan_l + ann—z + v + Up-—-2 (329)

where the coefficients u_y, ug, ... are functions of z. We also introduce two operators

() and V with negative powers of 9 as

Q = 07"q1+0 " @+ g+ 40 g

Vo= 07" 0 g+ 07 P 4.+ 0 (3.30)

These are auxillary operators which will be used during the construction of the Hamil-
tonian structures.
Before going on further, let us define the residue and the trace of differential oper-

ators. For a general (pseudo-)differential operator of the form

A= Zaiai (3.31)



30

the residue is defined as the coefficient of the 9! term

Res(A) = a_;. (3.32)

Then the trace is defined as

Te(A) = / dzRes(A) (3.33)

with the property that for any two pseudo-differential operators A and B
Tr[A,B] =0 (3.34)

where [A, Bl = AB - BA .
The two Hamiltonian structures associated with the Lax operator L of (3.29) are

identified from the Gelfand-Dikii brackets [19]:

[Fo(L), (Ll = Te(LIV,Q]) | (3.35)
(Fo(L), Fv(D)} = TH{LQ(LV), — QL(VL)s) (3.36)
where
Fo(L) = Tr(L@Q) (3.37)
and
Fy(L) = Te(LV). (3.38)

For the KdV equation the Lax operator is given in the eq.(2.45) so according to

our convention n = 2, u_; = 0, and ug = su. Then the operators given in egs.(3.30)
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become

Q = 0—29—1+a—1QO~,

Vio= 072 + 07 (3.39)

and the calculation of (3.37) and (3.38) gives

Foll) = [ de(zugo) (3.40)

Fy(L) = ]dm(éuvo). (3.41)

One sees that there is no ¢; or v; dependence. Now let’s calculate the first bracket

according to the formulae (3.35)

T(LV.Q) = [ deRes((@ + %u)(3-217_10"2q_1
| +0 20107 g0 + 0 e 07 qoy + 07 od g0
—07 g1 Moy — 87210 vg — 07 qed " 2v4
)
_ / drRes(v_10~"qo + Ov0d~2q_1 + Dved g0
10 vo — Bged vy — B o)

= /dw(vo,rqo — qoxV0) (3.42)

It is once more seen that the absence or presence of a 972 term in (3.39) has no

effect. The first bracket is only dependent on go and vo. In order to find the Hamiltonian
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operator from the information above one should remember the formula

‘{FQ(L),FV(L)} = /d:l:dyégf((f;){u(m).,u(y)}égy((f)/) (3.43)
and its antisymmetry property
(B0, B} = 3 [ a8 o),y S
_OFv(L) wle) SFp(L)
Fage] @)} (3.44)

Then it 1s easy to see that

{FolL), Fr(L)h = = [ dedy[aofule) uly) o — vofu(@), uly)ho]- (3.45)

If this is compared with (3.42), the first fundamental Poisson bracket can be identified

as

{u(z),u(y)h =720 6(z —y) (3.46)

which is equal to (2.83) up to a multiplicative constant.
Now using the property of trace given in (3.34), one can rewrite the second bracket

as

{Fo(L), Fv(L)}2 = Te[((LV)4 L = L(VL)1)Q). (3.47)

A straightforward calculation yields the integral

1 1

{FQ(L), FV(L)}Q = /Cb’w(gvo,zu% + EUOUIQO — V-1,2290 + V0,2x290

"‘2’0—1,1@—1 + vO,qu—l)- (34:8)



Now besides go and vy, the result contains the functions v_; and g_1. Since for KdV
u_q = 0, neither Fo(L) nor Fy(L) contain these functions therefore their bracket also
should not be dependent on them. Remember that the presence or absence of a 9~%¢_;

or 0~2v_y term in (3.39) had no effect in the first bracket. In order to obtain such a

situation in the second bracket, one imposes the following constraint

T((LV), L — L(VL),)87? = 0. (3.49)

This guarantees that there will be no 0 term in (LV); L — L{V L), which is equivalent

to saying that there will be no ¢g_; in the second bracket.

Eq.(3.49) reads

— -'}U—],a: + Vo,zr = 0 (350)
or
v Vo,z. .
1 9 0,

The use of this relation in the integral (3.48) leads to

1 1 1
{FQ(L)a FV(L)}:Z = dfl’(gvo,xu% + 6’00“:(]0 + E’Uo,quO)
| 1 1 1
- / dedyd(x = y)do 0zez + FUv0s + pucve)-  (352)

If this is compared with

(Fo(L), Fy(L)): = [ dady W ful), ()}g«st((L;

-/ dwdy(g‘lo){u(x)vu(y)}z(é%) (353)
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the second fundamental Poisson bracket is identified as
3 2 1 A
{ule) u()h = 18 (0° + Sud + Lu) o(z — ). (3.54)

The brackets (3.35) are often written in a shorter form called the Adler-Gelfand-

Dickey brackets [20]. Let « be a pseudo-differential operator
a=0"og+0 %01 +... +0 " an_1. (3.55)

Then the two Poisson structures corresponding to the first and second Hamiltonian

operators associated with the Lax operator (3.29) are given respectively as

Pula) = [o, L]y (3.56)

Qrla) = Lal)y — (La)i L (3.57)

These are called the first and the second Adler-Gelfand-Dickey brackets and they are
simply the action of the Hamiltonian operators on .

- For the KdV example Pr(a) is
la, Ly = 200, (3.58)

so the first Hamiltonian operator is equal to & up to a constant. The calculation of the

second structure leads to

1 1

QL(Q) = (—Oéo,m + 2(11@)8 — Xozrx + al,m: - guaﬂ,x — "6—a0ur (359)
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Since this should be just a multiplication, the coefficient of & term has to be set equal

to zero. This condition gives

1

o] = 5&0@ (360)
then
1 2 1
QL(a) = -_';;(Q'O,xx.t + guao,z + guacCYO) (361)

which is the action of the second Hamiltonian operator 9% + %ua + —é—uz on « multiplied

by a constant.

3.3. The R-matrix Bracket

An algebraic approach to integrable systems is the R-matrix bracket [21] which enables
one to find the fundamental Poisson brackets if the Lax operator is known. These
brackets are the generalized forms of the Adler-Gelfand-Dickey brackets.

Let us introduce the modified Lie bracket
[X,Y]r =[RX, Y]+ [X, RY]. (3.62)

The linear operator R is called a classical R-matrix if the bracket satisfies the Jacobi
identity,

[Z,]X,Y]Rr]gr + cyclic permutation = 0, (3.63)

and anti-symmetry property

[X,Y]r=—[¥,X]r (3.64)

It is also possible to express (3.63) as

[Z,[RX,RY] = R([X,Y]p)] + c.p. = 0 (3.65)
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This is obvious when the second entry is just a scalar multiple of the original Lie bracket
[RX, RY] ~ R(X,Y]r) = —[X.V]. (3.66)

The case 8 =1 is called the modified classical Yang-Baxter equation [20] [21] [22].

The two Poisson strutures associated with the Lax operator (3.29) are defined by

Pr(a) = R([L,a])-[L, Ra] (3.67)

Qula) = LR(aL)— R(La)L (3.68)

where o is the pseudo-differential operator given in (3.55).
The connection between (3.67) and (3.35) is as follows. Let X = X + X_ be any

pseudo-differential operator. Define the projection operators 7, and 7_ as
T+ X = Xg (3.69)

and set

R= —(ry —7_). (3.70)

It is straightforward to check that this choice for the R-matrix operator satisfies the
modified classical Yang-Baxter equation. Now using (3.70), the first bracket (3.67)

becomes

(1L.als ~ (o) = 5{L 0, — ]

L

(L, o)y = [L,0]- + (L,aly +[L,a]-)

R(L,a)) ~[L,Ra] =

(SR NR Y ]

N
™~
L,
+

(3.71)
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where we have used the fact that e, = 0 and therefore o = «v_.

Similarly the second R-matrix bracket reduces to

Qu(e) = LR(al) - R(La)L

- %((Lam, ~(La)-L - L{aL); + L(aL).)

= %((La)JrL —[La — (Lo}, )L — L{aL),
- Hlfel - (aL),])
= L{al); — (La)y L. (3.72)

It is seen that the Adler-Gelfand-Dickey brackets are in fact a particular case of the
R-matrix brackets (3.67).

All these brackets are associated with standart Lax operators of the form (3.29).
There also exist nonstandart Lax operators which include 9! terms [23] . A gener-
alization of the Gelfand-Dickii brackets for the case of nonstandart Lax equations is

discussed in [24] .

3.4. The Lax-Nijenhuis Equation

In order to investigate the relationship between the Lax formulation of an integrable
system and the bi-Hamiltonian structure, Magri and Kosmann-Schwarzbach introduced

the so-called “Lax-Nijenhuis equation” [20]:

Loo(L) = —;—Efpa(L?) +[L, 1] (3.73)

where Loq(L) is the Lie derivative (2.75) of the Lax operator L with respect to (Qa). P

and Q are the first and the second (higher order) Hamiltonian operators, respectively.



If L is a differential operator of order " then I is

L= 210"+ 0 00" 2+ .+ A ’ (3.74)

where the coefficients A; are functions of a(z).
This equation enables one to find the second Hamiltonian operator Q if P and L

are known. L is an auxiliary operator and its coefficients will be determined during

the calculation.

The Lax operator L and the first Hamiltonian operator P of the KdV equation are

1
L = 82+6u (3.75)

P = 0. (3.76)

Then the left hand side of eq.(3.73) is

Loa(L) = Loa(zu) = £(Qa) ' (3.77)

where Q is the second Hamiltonian operator to be determined. The squaring of the

Lax operator yields

1 1 1 1
2 _ gty tog2 t 224 7
L*=0"+ 3u8 + 3uma+ T t gl (3.78)
The Lie derivative of (3.78) is
L (Lz) - lo: % + la o+ —-1 uo, + 1ozmm. (3.79)
Po T 3° 3777 18 6



Since L is a second order differential operator we choose I as
.i/ = /\1(? + /\0
whose commutator with L gives

[L, i] = 2/\1,;382 + ()\sz + 2)\()@)8 + /\O,xa: - é—)\lux.
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(3.80)

(3.81)

Now by inserting (3.77), (3.79), and (3.81) into (3.73), one can find the coefficients

A1 and X¢. By matching the coefficients of 0? terms, one gets
9 1
3 . 0= gaz + 2)\171;

which has the solution

1
)\1 = —1—2—(1.
Xo can be found by matching the J terms,
i
0: 0 = gazz + Al,rx + 2}‘0,1?
1
= — 200,
12az‘x + 0,
SO
1
)\0 = —'—220/35.

Finally equating the coefficients of J° terms, one gets

1 1
A E(Qa) = }é(i%uar + gag:xz') + Aogr — 'é/\luz

(3.82)

(3.83)

(3.84)

(3.85)



40

_ 1, 1 1
= 35 Oz + 5q Yree + 75 Otk (3.86)
or
1 2 1
(Qa) = 1((83 +gud + guz)a). (3.87)

This is the familiar form of the second Hamiltonian structure of the KdV equation.

As a second example let us consider the Boussinesq equation:

1
Ugy = —g(umlC + Buuy ). - (3.88)

Introducing the variable v(z, t), this equation may also be written in the following form

Uy = Vg

1
vy = —guzm—g—uux (3.89)

then Eq.(3.88) is just a result of the consistency relation
Vig = Ugie (3.90)
The Boussinesq system can be expressed in Hamiltonian form as

U, = P6H, (3.91)

where ,
u 0 o
U= P = (3.92)
v o 0



and
1 4 o
H, = /(gui — §u3 + % 2)dz.
Then (3.91) gives
Uy 0 0 6H:/6u
Vg 0 0 ) §H, /v
0 a _%uzz - %UZ
0 0 / v
v(L'
-%uxrm - §ng;

3

The Boussinesq equation is known to have a Lax formulation
Lt - [‘4, L]
with the pair of operators

L = P+2ud+u, +v

A = 0+ i;-u
Then Eq.(3.95) reads

' 1 8
2u 0 + Ug + V1 = —§umx + vgp + 20,0 — guux.

The comparison of the coefficients of A and 8° terms gives Eq.(3.88).
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(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)
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Now suppose that, having the Lax operator (3.96) and the Hamiltonian operator

(3.92) in hand, one wishes to calculate the second Hamiltonian operator -if it exists-

through the use of Lax-Nijenhuis equation

Loo(L) = %ﬁm(m +{L, 0], (3.99)

The squaring of the Lax operator leads to

L? = 9% 4 4ud* + (8ug + 20)0° + (Yugyr + v, + 4u?)0* +
H(DUgrr + Buty + vz + 4uv)0 + Uszrr + Vozr + 2Ulgy

+2uv, + 2ugv + ul 4 v (3.100)

Since L is a third order differential operator, I, should be chosen as a second order

differential operator with arbitrary coefficients:

~

L = u(2)0* + n(2)d + Mz). (3.101)
The commutator on the right hand side of eq.(3.99) can be calculated as

+(779:z-1' + 3/\1'1' + 21”71 - 4ﬂurr - QHUT — 27]“;;)(9

)‘z;zz + 2“’/\.’17 - ﬁurrx - iwvo::v - 77“3::0 — Vg (3102)

The Hamiltonian operators are now matrices so the definition of the Lie derivative



given by Eq.(2.75) should be generalized to

OR OR
;C’pg(R[U]) = g a—Ui(Pijﬂj) + ‘5@:;(7)1']‘0]')3: + ...
If 0y = o and 8, = 3 then
0 0
(Ph) = .
g 0 B Q.
SO
OR OR OR OR
L R =T 570 T P T O
polfilu,v]) = G+ Goa t gu e ¥ gy 0ne
e.g.
L'Pf?(u) = Bx
ﬁ?’@(vx) = Qgr
Lpg(uv) = vfB +ua,  ete...
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(3.103)

(3.104)

(3.105)

(3.106)

Now using (3.100) and (3.102) , one may rewrite the Lax-Nijenhuis equation and

match the coefficients of " terms on both sides. Since the coefficient of the 9% term

in L? is one, its Lie derivative is zero, so the leading terms are of fourth degree:

i
a*: 0 = 5£p9(4u) + 3#1

1
0 = 5(4ﬂz)+3l‘r

whose solution for g is

(3.107)

(3.108)
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Similarly
1
83 : 0 = '2_£P9(8uir + 20) + 3#:11‘ + 37}1‘
1 2
Then
2 1
D=~2f~3a (3.110)

In order to obtain a solution for A, one needs to match the 92 terms,

1
% 0 = 5£p9(9um + vz + 4u?) 4 3000 + foee + e + 2up, — dpug

1 2 1
0 = '2_(9/813xa: + 3am: + SUﬂI) + 3(”§/3er - '3_aa:z')

2 2 2
11 1 8 .
and therefore
11 1 8
= ——f — —a, — —uf. ‘ 3.112
A= —33fe = gow = gul (3.112)

So the three coefficients of the operator L are found. If we go one step further and

work with the 0 term, we find

]
d: Log(2u) = 55%(5%” + 8uuy + vy, + 4uv)

+7793$z + 3/\xx + Q‘UT]I - 4/“1':61‘ - Qﬂvr - 2771141- (3113)

Since g, 7, and A are known in terms of « and f, a straightforward calculation yields

2 1 2
EQG(U) = ';'aa:xz + guar + gura + UIBI + '3‘”:1:,3 (3114)
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Now remembering the formula (3.103) one can write

Log(u) = (Q1191)+(Q1292)

= (QHOI) + (Ql?ﬂ) (3.115)

A comparison of eq.(3.114) with eq.(3.115) shows that

1
n = §(33 + 2ud + u,)
1

Qi = 3(3’03-!-2'03;). (3.116)

The last part of this task is to match the 8° terms which will give

. 1
80 : CQQ(UZ -+ 'U) = §£’P6(uz‘m:$ + Uzgr + 2uuz‘ar + 2UU:E + QU’IU + ui + '02)

FAzzr + 2UAy — PlUprr — U — NUgr — UL (3.117)
Now perférming the algebra in a similar fashion of the previous case and using

Los(uz) = Y (Q195)s

J

= (Los(u))s (3.118)
one obtains
1 1 10
EQ@(’U) = voy + 'S‘Uxa - §,Bzxzm: —~ UgzBr — B‘Uﬁrzr
16 16
_’?uxﬂrx - gumﬂ — —uugf — —u’ By (3.119)

3 9 9 9
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Then

1
Qo = §(3va+%) (3.120)

1. ..
Qs = —§[3° + 5(ud® + 9Pu) — 3(uged + Otigy) + 16udul. (3.121)

In order to check that this is correct, let us calculate the second Hamiltonian struc-
ture by means of the Adler-Gelfand-Dickey bracket of section 3.2. The Lax operator
is

L =0+ ugd + v (3.122)

where ug = 2u and u; = u; + v. The Hamiltonian operator can be extracted from L

by the relation [25]

Li = (La)y L — L{aL)s (3.123)
where
a=0%_1+0 %+ 0 'ay. (3.124)
Equation (3.123) will lead to
up; = (Aooeo)+ (Aorar) (3.125)
uy = (Ao} + (Anar) (3.126)

and the Poisson brackets are defined in terms of A;; by

{ui(z),u;(y)} = Aijb(z — y) (3.127)

where 7,7 = 1,2.



After a straightforward calculation eq.(3.123) becomes

200 4+ Ug + vy
= (_al,GC(L’:l' + SQO,a:I - 3a—1,1- - QUGLT — 20 Ur)az
+(2a1 Uy — 3a—1,xr - 2a1,zzra: + 500,:1:1'17 — 200 Upy — 40113«1-’11
=301 Uy + Uz + 300 + duag )0
+a1vxz + Qotze + QpUz + zal,zvz - M zgerr 6a1,1‘ru:c
+2a0,xzxr — Q- 1gze — duugoq — 4u2a1,x + 4ua0,av:c - Qua—l,i‘

—QiUggy — 4u1‘xa1,x + 3Uxa0,z + 30&0@ — 4u05111$1~ (3128)

Obviously the coefficient of 9% term is zero,

0= — 1 rxe + 3aO,amr - 3@_1,_7; - 2ua1,x — 200U, (3129)

and its solution for a_; is

1 2
a_1 = Qor — ;e — FUAL. (3130)

3 3

The next equation obtained from matching the & terms is, with a_; equal to (3.130),

[y [
2u; = —O1gzex + 200,111 - Zualvm" Uz

+2uza0 + 4uap s + 2v-01 + 3V g (3.131)



&~

Then according to (3.125),

A = 20% 4+ 2u, + 4ud

App = —0* = 2u0* — w0 + 2v, + 300.
Similarly @° terms give

8
Ut $ VT~ gar + 2U0gy — JUUOL — vl .
—guxxzal + A rxzr — 'g‘al,z;z::czr - 4u:ﬂal,xr

—Qurral,x + VOl + Ugr o + (218 1)

+2U$a1,:c + 3ura0,z + 3’0&0@.

Then

A = 2ud*+ 0"+ 3u 0+ 30 + upx
8 8 8 1

Ay = ——ud® — cuu, — Fu’0 — QUzzz

3 3 3 3
{)
—%65 — 4, 0% — QUpy0 + Vg + 20,0.

Now according to the definition given in (3.127)
{uo(z), uo(y)} = Acod(z —y)
and since {ug(z),uo(y)} = A{u(z),u(y)} one obtains

(u(z)uly)} = 5(0° + 200+ us)6(z —v)

48

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)
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The next one is

{uo(z) ui(y)} = Amé(a*r— ) (3.137)
where
{uo(z),wa(y)} = {2u,u + v}
= 2{u,u'} +2{u, v}
= —Q{u,u}8+2{u,v}. (3.138)

Here the primes denote the first derivatives. Comparing this with eq.(3.137) and using

(3.136) and (3.132) one obtains

{u(z), v(y)} = %(3173 +20.)8(z — 1) (3.139)
Similarly
{wr (), uol(y)} = Awod(z —y) | (3.140)
where
{ur(z),uo(y)} = {u'+v,2u}
= 2{u,u} +2{v,u}
= 20{u,u} + 2{v,u}. (3.141)
Then

{o(e),uly)} = 5{300+ v)éla — ) (3.142)



Note that this may also be obtained by calculating the adjoint of {u(z).v(y)}. i.c..

{u.v} = {v,u}t (3.143)

The last bracket is

{ul(:c), Ul(y)} = AH(S(;IZ — y) (3144)

which can be decomposed to

[ (@) )} = 4o +o)
= {v,u'} + {u v} + {v,u'} + {v,v}

= —0{u,u}d+ du,v} — {v,u}d+ {v,v} (3.145)

If this is compared with eq.(3.144), using (3.134), (3.136), (3.139) and (3.142) one

obtains
(ole)o@)] = —g(0° 4 1000 + 150,0° + 1600+ 9used
s + 160 )6(2 — y) (3.146)
o
(ol)o@)} = —gl0 + 5" + 5) = B{uss) + Bus)

+16udu)é(z — y). (3.147)
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5o the second Hamiltonian operator is a matrix of the form

1] Qun G2
Q= 5 (3.148)
T\ Qa Qo
where

Qu = P+ 2+u,

ng = 31)(9 + 2UI

le = 3vo + vy

1
Qe = —5[85 + 5(ud® + 8°u) — 3(uged + Ouyy) + 16udu] (3.149)

If this is rescaled with 2, eqs.(3.116) and (3.120) are obtained.
The Hamiltonian of the Boussinesq equation associated with the second Hamilto-

nian operator @ = (Q,;) is rather simple. An easy calculation shows that

Uy = QoH, (3.150)
implies (3.89) where
H, :/;vd:c. (3.151)

It is seen that the Lax-Nijenhuis equation is a suitable tool in the calculation of the
second Hamiltonian operator of an integrable system if the Lax operator and the first
Hamiltonian operator are known. But the reverse problem, i.e., the investigation of ‘a

Lax operator by using the Lax-Nijenhuis equation with the bi-Hamiltonian structure

in hand, is an open question.



4. MULTICOMPONENT KdV EQUATIONS

So far the relations between the Lax formulation of an integrable system and its bi-
Hamiltonian structure are analysed. Two different Lax representations are directly
related to the same Hamiltonian operator pair. These are the recursion operator rep-
resentation and the formulation with the Lax operator which gives the Hamiltonian
operators through Gelfand-Dickii brackets or Lax-Nijenhuis equation. So in this point
of view they are especially of interest among the other possible Lax representations,

and as a final example we will analyse the multicomponent KdV equations in the light

of this fact.

4.1. The Lagrangian and Equations of Motion

Now consider the Lagrangian density written in terms of an N-component field, ¢; =

(z)i(xﬂt)a

1 1 1
L= 50ii¢ia0se + 5 biiGiwePjze = 3 Ciikiadsa Pk (4.1)
Here b;; and ¢;;; are completely symmetric constant coefficients with subindices 7, j, k =
1...N. The multicomponent KdV action is defined as the integral of (4.1),

S = /Hé@z,@,xr,@,t}dwdt (42)

The principle of least action 65 = 0 leads to the Lagrange equation of motion

0 oL 0 oL 9* oL
L L =0 4.3
ot a¢i,t + dz 8¢i,x Jz? a(ﬁi,xz ( )
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if the variations é¢;

are zero at the boundaries. Using the symmetry properties of the

coeflicients b;; and ¢;;; one can easily calculate that

1 »
06, 2% (4.4)
aL 1, | )
Jo. T 5%t T Ciik®iePre (4.5)
oL

0b: ve = bij®jaa. (4.6)

Then the equation of motion (4.3) can be written as

¢i,1¢t = bij¢j,:c.7:m: + Cijk(¢j,m¢k,x)z' (47)
Defining the velocity potentials u; = ¢; , one can rewrite eq.(4.7) as
Uit = byt ore + Ciji(UjuL) e (4.8)

which will be referred as the multicomponent KdV equation [5].

4.2. The Lax Pair

A matrix valued Lax operator for the multicomponent KdV equation is given as [26]
2, | ,
Lij = bi;0° + 5 Ciik k- (4.9)
It is proper to choose the second operator of the Lax pair as



When b;; and ¢;j; satisfy the following constraints

bijeit — bixeii = 0
CijkCimn — CimkCijn, = 0 (4.11)
the Lax equation
L= (A I] (4.12)
reads
CijkUk,t = bimCrmjtthl ooz + 2Cimk Cm ikl o- (4.13)

Again by using eqs.(4.11) the multicomponent KdV equations (4.8) are obtained.

4.3. The Hamiltonian Formulation

Using the Lagrangian given in eq.(4.1) one can obtain the canonical momentum variable

conjugate to ¢; formally as

oL 1.
i = Er = 5@:’@- (4.14)
Then the Hamiltonian is
H = / (6,15, — L)de

| 1
= /("§bij¢z’,m¢j,m + gcijk@i,x¢j,x¢k,r)dx

1 1
= /(——‘)—bijumuj-yz + gcijkuz'ujuk)da:. (4_15)

The functional derivative of Hj is

§H,y OH, 8 0Hy | 0* O0Hi

6um a’ll,m oz 5um,z Jz? aum,m?

= CpjkUjUk T b ez (4.16)
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The Hamiltonian formulation of the system is achieved if one finds a matrix operator

P;; such that

o0 H,y
it = Pij—o. 417
u 13 J 6’LL] (4 1()
It is obvious that the proper choice is
P =6;0 (4.18)
then (4.17) reads
i = (bt e + CijkUjUk ) (4.19)

which is the desired result.

Having the Hamiltonian operator in hand the fundamental Poisson bracket can be

written as

{wi(@), ui(y)} = 06(z — y)éy;. (4.20)

4.4. The Second Hamiltonian Structure

The second Hamiltonian operator will be calculated using the Lax-Nijenhuis equation
1 -
LaolLij) = §£PQ(L?J-) +[L, LY (4.21)
The square of the Lax operator given in (4.9) is

L2 = LinLm;

ij
g, 2 2, 2 9
= bimbmja + —?;bz-mcmjkuka +§bimcquuq~m
1

1
+§bimcmjkuk,rx + —CimkCmjqUkUq- (422)

9



Let the operator L-j be

A

Lij = Xij(x) + pij(2)0 (4.23)

where X;; and i are symmetric coefficients. Then the commutator in the Lax-

Nijenhuis equation can be calculated as

[Lﬁ L]Z] = LszmJ - LimLmj

= (bim,umj - 'Ufz'mbmj)aB

+(bimAmj - /\imbmj + Qbimﬂmj,x)a2

1 1
+(Qbim)\mj,:c + bimﬂmj,zz‘ +.§Cimkﬂmjuk - gcmjkll'imuk)a

1 1
+0im Az + é‘cimk}\mjuk — g/\z’mcmjkuk — g HimCm ik U,z (4.24)

The Lie derivatives are calculated according to the generalized formula given in

eq.(3.103), e.g.,

5uk
,Cpo,(uk) = —8—&—'(1)@0]‘) = 6ki6ijaj,z = Qpx
‘CPoz(uk,z) = Ofzx
Lpo(Urtm) = Cgolm + UpQpm, €bc... (4.25)

Now let us rewrite Lax-Nijenhuis equation using equations (4.22) and (4.24), and

match the &” terms. The first one will be

a9° - 0 = bipftm; — bmjlhim - (4.26)



The next equation is

, 1
d2.: 0= E);bimcmjkak,z + bim/\'mj + 2bi'm/J“mj,r - /\imbmj' (42’”

Assuming that

bim/\mj - bmj)\im =0 (428)
eq.(4.27) can be solved for pi,,;,
1
fimg = ——écmjkak. (4.29)

With this solution (4.26) is nothing but the first constraint of equations (4.11). The

matching of 0 terms leads to

1
0: 0 = gbimcmjkak,mz + 2bim>\m,j,z + bimﬂmj,a?m )

1

+ gcimkﬂmjuk - guimcmjkuk

1

= gbimcmjkak,xa: + 2bim)\mj,z - gb'imcmjkak,xz
1

— == CimkCmigQAqUk T+ = Crm ik Cimg Uk Oy

18 18
= —é—bimcmjkak,;pz -+ Qbim)\mj,r (430)

whose solution for A,,; is

1 :
>‘mj = _“1_2'ijkak,r- (431)

Then the assumption (4.28) is just a reexpression of the second constraint given in

eq.(4.11).



The final step is to equate the 8° terms which gives

1 1.1 1
0 . S . 1
9" 3C.ZJk£Qf¥(uk) - '2_(§bimcmjkak,zxr + §Cimkcquak,ruq + §Cimkcquukaq,x)
1
+bim(_ﬁcmjkak,rx.r) + gcimk(_ﬁcquaq,r)uk
1 1
B B Y x)C kUL — l(—lc O )Cr ikt
a1, myk Uk tmgQq }CmzkUk r
30 12 37 6
1
- Ebikckjmam,rzz + §Cikmcquuqam,a: + 1_8‘Cichkjm Um 2Oy
1

- Ebmkckjiam,xa:r + S CikjClomqUqOip, ¢

9

+_1§cikjckqmum,zaq (4.32)

or

1 1 1
EQa(uk) - Zbkmam,zrr + gckmquqam,z + gckmqum,raq (433)

By definition Lg,(ur) is

Buk
8uz~

(Qa); = 0kiQimam = Qrmam, (4.34)

so after comparing equations (4.33) and (4.34) the second Hamiltonian operator of the

multicomponent KdV equations can be identified as

1 1 4 1
ka = Zbkmas + ngmqurqd + ECkmq'uq.I. (435)

Scaling Q to 4Q one can find the following operator given in [5],

2 ) 4
ka = bkm83 + ngmq(auq + uqﬁ) (436)



The corresponding Hamiltonian is

1
HU = /(561"7"(1.,'11]‘)(1.’1‘ (—137)

In order to prove that Q;; is a Hamiltonian operator one should check the two

criteria stated in section 2.5. The first one is skew-symmetry and this is obvious since

2
QL = bij(“ag) + gCijk(—uka — 8uk)

= —Qi (4.38)

where we have used the fact that (Ju)! = —ud. Secondly, Q;; should satisfy the Jacobi
identity

Los(0g) = 0. (4.39)

The functional bivector Qg is

' 1
0y = 5/(Ji/\(cgijaj)dx

1 2
= /(%buﬂz A GMM + gcijkum()i A 9]' + gciﬂ.ukﬂi A er)dl‘ (4.40)

The second term is zero since it is a contraction of two objects, ¢;;; and 8; A 6; which

are symmetric and anti-symmetric in the indices 7 and 7, respectively. That is

il

=R N I R

cijelli N O; (cijudi A O; + ciub; A ;)
(cijii A 05 — cjixbi N 0;)

(4.41)
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then

| 1 2
®Q = /(ibwoi A ej,r:c:n + gcijkukgi A ijx)d'l (442)

The Lie derivative in eq.(4.39) can be calculated as

2
EQ()(@Q) = /gcijkEQe(uk) A6 A 9]&
2 4
= /(gbkncijken,xzx ANO; NG, + gcz'jkcknlul,zan N NG,

8
+§cijkcknlu10n,x ANO; N, )dx (4.43)

The last two terms are zero because ¢;;pcpn is symmetric in indices n and 4 by eq.(4.11).

And one can write

2 2
Lgo(Og) = f[gbkncijk(an,zx NOND; L) — '?;blcn,cijk()n,a:r ANz N0y

—%bknczjkﬁn’m N 91' A 01»,$I]da: (4.44)

which vaﬁishes by the fact that the first term is a total derivative and in the second
term ¢ is symmetric and bg,cijr = bgjcink. So the second Hamiltonian operator
satisfies the Jacobi identity. But one should also check if the operators F;; and Q;

form a Hamiltonian pair, so that the multicomponent KdV equations can be written

in bi-Hamiltonian form:
S, _, il

Upy = P’“}s—fl = Qs v (4.45)

The operators P;; and @;; form a Hamiltonian pair if and only if they satisfy

Lro(0q) + Los(Op) =0 (4.46)
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[11]. The first term vanishes by symmetry considerations

2
Lps(Bg) = / gcijk/;'pe(uk) AO; NO; o da
2
= / gcz'jkek,f ANO NG da

= 0. (4.47)

The vanishing of the second term is obvious since the bivector

1 ;
Op = 5/& A (Pijej)([fﬂ

1 .
= 5/ 0; A 0; .dz (4.48)

has no functional u; dependence and therefore its Lie derivative is zevo.
It is seen that the multicomponent KdV equations admit a Bi-Hamiltonian formu-
lation with the operators given in equations (4.18) and (4.36). The two corresponding

Poigson brackets are

{ui(x)a uj(y)}l = 57']'3(5(;]? — y)
5 2 s
{ui(e),u;(y)}e = [b;0° + gcijk(auk + wp0)}6(x — y). (4.49)

4.5. An Alternative Lax Representation

Tn this section the recursion operator method will be used to obtain a second Lax pair

for the multicomponent KdV equations

Ut = SZ’(U) = bijuj,.z;a:x + C’ijr’f(ujuk)l?- (450)
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The recursion operator for this svstem is

3

. 4 2
= bijdz + §ci]-kuk + -?;Ci]'kuk@8~1 (4.51)

4 2
- (bimaS + _cimkuka + gcimkuk,r)(émja_l)

Using this operator one may find higher order evolution equations and related conserved
quantities of the multicomponent KdV hierarchy [5]. Also a Lax pair representation is

possible by means of the recursion operator. The Lax equation is
Rij+ = [drS, R);; (4.52)

where dp S is the Fréchet derivative of Si(u),

8S; 89S a5;
. = _-'i . : 62 T
(drS)ij Ju; i (?uj,xa i ;e !

= bl-]-83 + 2cijkuk8 + 2cl~jkukyr. (453)

The commutator in eq.(4.52) can be calculated as

[dFS, R]” = (dFS>ivamA7 - Rim(dFS)mj

= gbimcmjlul,zzx + —CimkCmjithiUk

3

4 1 -2 -3
—‘gcz’mkcm]’luk,l‘(ula — uz,x@ -+ ulvxr(f) —.. )8

9 i B
+§bimcmjlul,rza:xa + gcimkcmjlukul,zxa

4 -1 -2
—gcimkcmﬂuk,z(ulvza — U0 )



4
= gbimcmjlul,a:zr + = Cimk Co i U U |

3

p £

+( gbimcmﬂul,rrl‘ + _Cimkcmjlukul,a')1'6—1

3

This 1s equal to

p

3

I ~1
Riji = —Cijptps + sCijktth 007

3

The 0° and 97! terms of (4.54) and (4.55) can be equated to give

CijkUkt = DimCmjiUizes + CimkCmji(WilL )z

which gives after using eqgs.(4.11)

Ut = byt zos + Chim (Wt )2
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(4.54)

So the operators (4.51) and (4.53) form a Lax pair for the multicomponent KdV

system.
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5. CONCLUSION

In this thesis we have studied various connections between the two basic properties of
integrable nonlinear partial differential equations, namely the Lax representation and
the bi-Hamiltonian structure. The analyses of these connections are mainly based on
practical purposes such as calculating the second Hamiltonian structure , rather than
a rigorous study involving differential geometry and group theory.

The Lax operator description of integrable systems is a worthy tool for many pur-
poses. As in the case of KdV equation, a hierarchy of evolution equations are best
understood within the Lax representation. Furthermore the linear problem associated
to the nonlinear equation is achieved through the use of the Lax operator. The lineariza-
tion scheme is a crucial step in solving the system via the so called inverse scattering
method. An interesting property of this representation is the non-uniqueness of the
Lax pair, as seen in the KdV and Kaup-Broer examples. The alternative Lax descrip-
tions often involve non-standart (pseudo-differential) Lax operators like the recursion
operator.

The existence of a bi-Hamiltonian structure is a perfect proof of the integrability
of a sysfe_m. Although the first Hamiltonian operator is usually oAbvious, the search
of a second compatible structure may not be so easy. The Lax-Nijenhuis equation is
quite helpful at this point, since we have the Lax operator in hand we can calculate
the second Hamiltonian operator. In this thesis this method worked succesfully in the
cases of the KdV, Boussinesq and multicomponent KdV equations. More examples
including the Toda system and n-dimensional rigid body can be found in [20].

The second technique of constructing the bi-Hamiltonian structure is Gelfand-Dickii
brackets. The advantage of this method is the simultaneous calculation of the two
Hamiltonian operators. But although the Lax operator used in this method is a gen-
eralized one, it has some restrictions. For example an operator with a leading order

n of the form L = f[u]d™ + sizn-t g;[u]0* is not suitable because of the coefficient



flu]. Another restriction comes from the fact that this generalized Lax operator is a
“scalar” operator. The application of this method to matrix valued Lax operators 18
an open question. The Gelfand-Dickii brackets or the similar Adler-Gelfand-Dickey
brackets are in fact particular cases of the R-matrix brackets and these brackets satisfy
the classical modified Yang-Baxter equation.

The multicomponent KdV equations are the last examples studied in this thesis.
These equations can be derived starting from a Lagrangian and the Hamiltonian for-
mulation is achieved using this Lagrangian. In order to formulate the multicomponent
KdV system in the Lax description, a matrix valued operator is introduced. Using this
operator and the Lax-Nijenhuis equation a second Hamiltonian operator is obtained.
It is shown that the new Hamiltonian operator satisfies the required properties like the
Jacobi identity. So the multicomponent KdV equations are both bi-Hamiltonian and
Lax representable. An alternative description concerning the recursion operator is also

presented.



APPENDIX A

The properties of J :

The operator 0 is defined as

Ou = (0u) + ud

where

(Ou) = ug.
The multiple action of J is

d...0=0"

S —'

p

and it is obvious that

gro? = ap+q'

Using egs.(A.1) and (A.3) one may easily find

0% = ugy + 2u.0 + ud®

and

OPu = Uppr + Szz0 + 3u.0° + ud®

etc. So the general rule is

ofu = Z C(p, k)ugz .. g0 F

k=0 k

where

p!
C(p,k‘) = (p_ k)'k"
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(A1)

(A.2)

(A.3)

(A4)

(A.5)

(A7)
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The operator 9! is defined as

07'0=00"=1. (A.9)

The analog of eq.(A.2) is

(0 ) = /dm (A.10)

but this is not equal to 0~ u in fact. In order to obtain an expression for the latter

one, first write eq.(A.1) as

ud = Ou — u, (A.11)

then multiply this with 9! on the right to get
u=0ud™t —u, 07 (A.12)
The action of 0=t on (A.12) gives
0y = ud™t — 9w, 0L, | (A.13)

Although this is a correct expression for 07'u it is not good for practical purposes just

because of the second term. But since

0 Y, = u, 07 — 0 g 07! (A.14)

one may iterate (A.13) and get

8']u = u@’l - (U:c8~1 - a—luzra—l)a—l



= ud™ ' —u 074 9 N, 072
The next iteration gives
0" =ud™ — u07? F up0 ™ — 0 g0t
Continuing this way one can always expand this up to a desired order
0w =ud"t — w0 w0 —. .+ (—1)”1@&%&8_"—1.

A similar analysis may be applied to 8~%u to get an expansion of the form

(A.15)

(A.16)

(A.17)

(A.18)
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