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ABSTRACT

A TWO-LAYER BOX MODEL FOR THE STRAIT OF ISTANBUL
USING RADIAL BASIS FUNCTION COLLOCATION

A one-dimensional, two-layer, depth averaged box model was developed to simulate
the surface gradient driven steady flow occurring in the Strait of Istanbul (Bosphorus). An
efficient meshless numerical scheme based on the Radial Basis Function Collocation

method has been employed in the model.

In the model, the currents are driven by the hydrostatic pressure gradient and the
bottom slope. Flow resistance is introduced through the bottom shear stress and interfacial
shear stress between the layers. Transfer of momentum in the vertical direction is

neglected.

The model was tested by specifying layer thickness and discharge values at the Black
‘Sea and the Sea of Marmara ends of the strait. The results, presented in the form of graphs
of layer depths and velocities along the length of the strait, were found to be in close
agreemént with those of previous studies and, where available, measurements. The Radial
Basis Function Collocation method was found to be a promising method for two- and

possibly three-dimensional models of the strait.



OZET

ISTANBUL BOGAZI AKINTILARININ RADYAL BAZ FONKSIYON
KOLLAKASYONU iLE iKi KATMANLI KUTU MODELI

Istanbul Bogazi’nda su yiizeyinin egimli olmas: sonucu olusan, zamanda degismeyen
yiizey akintisin1 simule etmek igin, tek boyutlu, iki katmanh ve derinlik boyunca ortalama
alinmis bir kutu model gelistirilmistir. Modelde, radyal baz fonksiyonlar: nokta atama

metodunu esas alan, verimli, agsiz bir sayisal sema kullamlmistir.

Modelde akintilar, hidrostatik basing degisimleri ve taban egimi ile hareket
etmektedirler. Taban siirtlinmesi ve katmanlar arasi sirtiinmeler akima Kargt

koymaktadirlar. Dikey yonde momentum transferi dikkate ahnmém1$t1r.

Model, Karadeniz ve Marmara Denizi girislerinde, katman kalinliklani ve akim
degerleri belirtilerek test edilmistir. Bogaz boyunca gizilen tabaka kalmhifi ve hz
grafiklerinden gikan sonuglar, daha dnceki galismalar ve elde olan dlgtimlerle yakin iligki
icindedirler. Radyal baz fonksiyonlar1 nokta atama yontemi iki ve muhtemelen ii¢ boyutlu

bogaz modelleri i¢in iimit vaadedici bulunmusgtur.
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1. INTRODUCTION

Two-layer exchange flows often occur when a constriction separates two bodies of
water with different densities. The density difference may arise owing to differences in
temperature, salinity and/or sediment concentration. Understanding exchange flow is
important when addressing water quality issues in semi-enclosed bodies such as bays,
fjords and inlets. A classic example is the exchange of more saline Mediterranean water
with Atlantic water through the Strait of Gibraltar (e.g. Armi and Farmer, 1988). Important
exchange flows occur in other straits including the Bosphorus and Dardanelles which
connect the Aegean and Black Seas via the Marmara Sea (Oguz and Sur, 1989; Grégg and
Ozsoy, 2002) and the Bab-el-Mandeb which connects the Indian Ocean to the Red Sea
(Murray and Johns, 1997). Understanding exchange flow can be important in engineering
problems. For example, the design of a bridge linking Denmark and Sweden required zero
reduction in exchange flow through the Great Belt between the Baltic and North Seas
(Ottesen Hansen and Moller, 1990). Another exchange of environmental concern is that of
heavily polluted water from Hamilton Harbor with Lake Ontario water through the
Burlington Ship Canal (Hamblin and Lawrence, 1990).

The Bosphorus Strait provides the only mechanism of communication between the
Black Sea and the Sea of Marmara. For this important reason, the geographic importance
has been recognized since the earliest times. In the 17th century, Count Marsilli was the
first one to make scientific observations in the Bosphorus and perform insightful
experiments establishing the existence of counter-currents underneath the surface currents.
Modern observations have revealed persistent exchange flows, specific and general
understanding of the flow patterns. A detailed chronological review of the oceanographic
investigations of the Turkish Straits can also be found in DAMOC Report (1971). A brief

account of these investigations will be presented in the appendices.

With the advancement of computers, numerical methods have been widely used in
flow modeling. The hydrodynamic-numerical models can be safely used to compute
dynamic processes when a close correlation between the numerical results and the results

of field measurements yields.



Meshfree methods for the solution of partial differential equations (PDEs) gained
much attention in recent years, not only in the engineering but also in the mathematics-
community. One of the reasons for this development is the fact that meshfree
discretizations and particle models are often better suited to cope with geometric changes
of the domain of interest, e.g. free surfaces and large deformations, than classical
discretization techniques such as finite differences, finite elements or finite volumes.
Another obvious advantage of meshfree discretizations is of course their independence of a
mesh. Mesh generation is still the most time consuming part of any mesh based numerical
simulation. Since meshfree discretization techniques are based only on a set of independent
points these costs of mesh generation are eliminated. Finally, the coupling of particle
models to continuous models gained enormous interest in recent years from a theoretical as

well as from a practical point of view.

Using Radial Basis Functions (RBFs) for the solutions of PDEs gained enormous
interest after Kansa (1990a; 1990b). Numerical computing with RBFs concentrates on the
rebuilding of unknown functions from known data. Data depended functions may be

solutions of PDEs. More advantages of RBFs are,

}'f-;;,;: e Decrease the computational time,
. Use with hyperbolic, elliptic and parabolic equations,
e Formulated easily in non-linear problems,
e Save time in adjustable domains,

e Use in irregular domains.

In this study, the depth averaged equations of motion and continuity, satisfying
certain additional conditions on the boundaries are presented. In the model developed here,
the shallow water equations (SWE) were driven by a free surface gradient between the
Black Sea and the Marmara Sea to determine both the velocity field and the variations of
layer thicknesses by a meshless method using RBF collocation method which is a

convergent new technique.



2. CHARACTERISTICS OF THE BOSPHORUS STRAIT

2.1. Geometrical Features

The Bosphorus is a meandering strait located at the northern part of the Turkish
Strait' System (Figure 2.1) which forms a passageway connecting the Black Sea to the
Mediterranean Sea. It is assumed that the Bosphorus is an ancestral valley which has
fo@ed under the control of joint sets and faults in the North West-South West and East
directions. It is also assumed that during the Pleistocene age it was drowned and became a
sea connection. From then to our time it has undergone some changes brought abouf by the
effects of surface and sea-bottom erosion. It can be characterized as a drowned ancestral

valley.

Figure 2.1. Northern part of the Turkish Strait System (NASA, 2003)



The length of the Bosphorus is about 35 km and its width varies between 600 and
3500 ‘m (Turkish Navy Department of Navigation, Hydrography and Oceanography
(TNHO) Map No: 2921 a, b). The Bosphorus is, therefore, one of the straits over the world
having the smallest width to length ratio. A small estuary, the Golden Horn, joins it at the

southern tip of the strait.
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Figure 2.2. Bathymetry and location chart of the Strait (Yiice, 1996)

The bottom topography of the Bosphorus changes significantly along both the lateral
and the longitudinal directions. The average depth is about 64.5 m and it tends to become

deeper towards the northern sections where depths greater than 100 m can be.observed.



There are twd sills in the Bosphorus. One is located at about 3 km north of the southern tip
of the strait and its depth is about 28 m. The other sill is located at about 4 km away from
the northern entrance and its depth is about 50 m. Both sills play a significant role on the |
flow*dynamics of the Bosphorus. However the effect of the sills is not included in the

present study.
2.2. Oceanographic Characteristics
2.2.1. Circulatory Features

A detailed coverage of the oceanographic characteristics of the Bosphorus was given
by Unliiata and Oguz (1983) and Tolmazin (1985). Only a brief account of these

characteristics will therefore be presented here.

It is a well-known fact that two-layer stratification and an associated two-layer
current system exists in the Bosphorus. Consequently, waters of Black Sea origin flow
towards the Sea of Marmara along the surface on top of the denser Maramara waters

flowing in the opposite direction.

The basic mechanism leading to such a two-layer current system is related to the
difference in the sea surface elevations and densities of the adjacent basins located at both
ends of the Bosphorus. The Black Sea possesses the characteristics of a dilution basin in
which the average gain due to the precipitation and river run off exceeds losses through
evaporation as compared to those observed in the Sea of Marmara. This fact results in a
higher sea surface elevation on the Black Sea side and the associated horizontal pressure

gradient drives a surface current in the southward direction through the Bosphorus.

~ On the other hand, the deeper section of the Sea of Marmara is occupied by denser
Mediterranean waters as compared with those observed in the Black Sea. The resulting
density gradient established aiong the Bosphorus reverses the sign of the horizontal
pressure gradient at deeper levels and thereby induces a northward flowing bottom current

along the Bosphorus.



The magnitude of velocities in each layer varies seasonally as well as with the
distance along the Bosphorus, and is further affected significantly by the short term
transient southerly and northerly wind episodes. The typical magnitudes of surface currents
are about 40-50 cm/s on the northern part of the Bosphorus. They become stronger near the
Marmara end and may reach up to about 250 cm/s (DAMOC Report, 1971: TNHO Map
No: 2921 A, B).

During strong northerly winds, the surface currents increase further in magnitude and
may attain values of about 100 cm/s and/350 cm/s respectively on the vicinity of the Black
Sea end the Sea of Marmara ends of the Bosphorﬁs (Black Sea Pilot, 1955). The southerly
winds, on the other hand, weaken the surface currents to a considerable extent and may
even change its direction leading to flow reversals observed frequently during winter
months (Pektas, 1953). Less is, however, known about the lower layer currents;
magnitudes of up to 100 cm/s in the southern sections of the Bosphorus are reported by
Moller (1928). Magnitudes in the range of 0-75 cm/s were measured near Cubuklu, located
midway between the two ends of the strait, at about 60 m depth in 1965 (DAMOC Report,
1971).

The water exchange through the Bosphorus varies seasonally depending on the water
balance of thé adjacent basins. It is reported by the U.S. Navy Hydrographic Office (1967)
that the flow rates in either direction vary between 3,000 — 30,000 m?¥/s. The first estimates
of the flow were given by Moller (1928). On the basis of available data, he estimated the
amount of flow entering the Bosphorus from the Black Sea as being 12,600 m?/s, whereas
the lower layer flow rate was found to be 6,100 m*/s. A more recent numerical study by
Siimer and Bakioglu (1981) proposes these values as 17,400 m?®s and 7,900 m%/s

respectively.

In the Madericha and Konstantinov’s study (2002), the calculated yearly mean level
difference between seas and volumetric flow rate in the upper layer and bottom layer were

Ah = 0.299 m,Q,=13,089 m® s, 0,=-6,459 m® s, respectively. As expressed in their

study, it was difficult to directly compare the results of seasonal simulations with short-
term measurement data that were given by Moller (1928) and Ozsoy et al. (1996) because

of synoptic scale variations of currents in time. Therefore in Figure 2.3 the volumetric flow



rates in the upper layer Q, and bottom layer O, of Bosphorus were plotted against the net
barotropic flow Q by Madericha and Konstantinov (2002). As seen in the figure the quasi-

stationary hydraulic model with simple topography well describes in a quantitative sense
the seasonal flow dynamics in the Strait with complicated topography and forcing. The
high values of the observed flow rates are connected with the short time variability of the
level difference along the strait, barometric pressure difference between the Black and

Marmara seas and local winds (Unliiata ef al., 1990; Ozsoy et al., 1996; Yiice, 1996).

The relation between seasonal Black Sea level deviation Ag, from the mean value
and seasonal deviation AQ, of the freshwater influx from the mean value is shown Figure

2.4, The variation of level lagged behind the freshwater influx with delay time of about 2
months. The computations were compared with the Black Sea data (Simonov and Altman,
1991) in Madericha and Konstantinov’s study (2002). The discrepancies were explained by
the sensitivity of the calculation to the Marmara Sea level that is aVeraged only over a short
period of 3 years (Alpar and Yiice, 1998).

The relation between the seasonal components of the barotropic net flow and the
fresh water influx into the sea is far from simple. At the same time the dependence of the
volumetric flows in the upper and bottom layer on the level difference between the Black

and Marmara seas is close to linear Figure 2.5.
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2.2.2. Hydrographic Features

In addition to the currents of the Bosphorus, salinity and temperature characteristics
- also show seasonal and spatial variations throughout the year. While a typical salinity near
the Black Sea end may be assumed to be about 17.5 parts per thousand (ppt), it decreases
down to the values of 16.5-17 ppt during the summer season corresponding to the period of
higher rate of surface inflow from the Black Sea. As the surface salinities do not show
significant changes along the northern half of the Bosphorus, a considerable vertical
mixing taking place near its southern end causes a 2-3 ppt increase in the surface salinities.
On the other hand, the lower layer salinities near the Marmara entrance attain values of
about 38-38.5 ppt and are further reduced to approximately 36.5 ppt as a result of mixing
with surface waters by the time they reach the Black Sea end of the Bosphorus.

As far as temperature variations are concerned, the winter season is characterized by
almost uniform, cold surface waters having temperatures of about 9-10°C above
relatively warmer bottom waters of Mediterranean origin with temperature values in the
range 14.5-15°C . This two-layer structure in temperature, however, starts to change
during the late spring and early summer months. Due to increased radiational heating, the
upper parts of the surface waters become warmer than the rest of the water column.
Consequently, a new temperature structure is formed with the surface layer consisting of
warm surface waters and cold waters of the Black Sea underneath which are further
separated by a sharp thermocline from the lower layer of Marmara waters. As the
radiational heating intensifies and affects also the lower parts of the upper layer, all of the
waters lying above the interface become eventually warmer than those in the lower layer
and a temperature structure opposite to the one observed in winter months results along the

Bosphorus during the late summer.

Moller’s (1928) studies as well as those carried out by Bogdanova (1965),
Giinnerson and Ozturgut (1974), Cegen et al. (1981) reveal the existence of a sharp density
transition between the surface and the bottom waters of the Bosphorus. The respective
average densities of the upper and lower layers are 1013 and 1028 g/cm?®, implying a
relative density difference of 0.014 g/cm®. The measured interface is essentially linear

along the Bosphorus. The typical interface slope estimated by Moller (1928) is 1.13m/km
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which is higher than the 0.97 m/km slope estimated by Cegen et al. (1981) and smaller \‘
than the DAMOC (1971) estimate of 1.6 m/km.

The thickness of the interface as well as the salinity, temperature, and pressure
difference between the two layers varies along the strait. Salinity, temperature, and
pressure difference affect the mixing characteristics and quantifying the density. As it is
noted before, considerable mixing across the interface evidently occurs along the strait.
The lack of reliable current data, however, prevents the computation of Richardson
numbers (ratio of the stabilizing forces-due to stratification- to the de-stabilizing forces-
due to the flow), and evaluation of the temporal and spatial mixing characteristicé. It is
worth pointing out also that lateral mixing resulting from meandering features of the strait
is well evident in the data that collected for DAMOC (1971).

2.2.3. Interaction with Black Sea and the Marmara Sea

The existence of the sill 4 km north of the Bosphorus - Black Sea junction (BBJ) at a
depth of 50 m plays a crucial role for the Mediterranean waters issuing from the
Bosphorus. Ullyott and Ilgaz (1943; 1946); Ullyott (1953) claim the return of 75% of the
Mediterranean waters back to the Bosphorus as a result of the blocking by the sill. Pektas
(1953; 1956) later proposed that the Ullyott-Ilgaz hypothesis should be partially valid for
only the March-August period coinciding with the times of increased outflows from the
Black Sea. Utilizing all the available data obtain for the BBJ region, Bogdanova (1961;
1969); Bogdanova and Stopanov (1974) and later Tolmazin (1985) show that the
Mediterranean waters in fact enter into the Black Sea throughout the year along the
bottom. They are not blocked by the sill, but flow over it and then turn northwestwards and

eventually are entrained into the Black Sea waters.

Measurements reported in Cegen et al. (1981); Bayazit and Siimer (1982) show that a
complete blockage may occur near BBJ at certain times of the year, corresponding to
periods of high rate Black Sea inflow into the Bosphorus. They report such a blockage
event in May 1981 about 3 km south of the Black Sea junction of the Bosphorus. The May
1981 blockage event is, however, the only case reported among the observations conducted

up to now in the BBJ . It may, therefore, be considered that the Mediterranean waters enter
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into the Black Sea continuously except at rare events such as the one observed in May

1981. However the role of southern winds was not stated in the reports.

Under calm weather conditions, the Black Sea waters emanating from the Bosphorus
tend to spread asymmetrically in the region just south of the Marmara end of the strait. The
surface currents first attach to the Anatolian coast and then curl around in the vicinity of
the Prince Islands and form an anticyclonic grye. While most of flow then procéeds
westwards, a branch of it flows towards the bay of Izmit. Evidence relating to the presence

of such a flow structure is reported in detail by Unliiata and Oguz (1983).
2.3. Studies on Various Physical Quantities
2.3.1. Wind Drag Coefficient

Wind stress is generaHy ptoportional to wind speed squared with a drag coefficient
which, in émpirical formulas, is merely a function of wiﬁd speed. According to Neumann
(1966), pure drift currents are bringing forth by the drag of the wind passing over
homogenous water. Horizontal pressure gradients within fhe water do not exist. The
driving force is the wind stress applied at the sea surface and frictional coupling between

individual layers of the medium. According to Kowalik and Murty (1993) summarized

wind drag coefficients, C,,, due to various researchers. Garratt (1977) analyzed available
measured data and concluded that C,, under a neutral atmospheric stability depends

linearly on the wind velocity. In the storm surge computations according to Henry and

Heaps (1976), the wind drag coefficient is usually set as constant.
2.3.2. Bottoni» Drag coefficient

For the bottom stress, commonly two assumptions, linear friction which is
mathematically simpler and quadratic friction which is physically more realistic are used.
According to Wang (1990) the friction coefficient can in certain flow regimes be related to
the Chezy coefficient or the Manning coefficient, however it generally depends on
roughness and Reynolds number as given by the Colebrook-White formula stated by Daily
and Harlemann (1996). According to Al-Rabeh and Giinay (1992), the friction coefficient
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should be computed locally using a fit based on local water depth and observed velocity.-
For bottom stress a drag coefficient, r, can also be used according to Kowalik and Murty
(1993). r is a function of the bottom roughness and the properties of the bottom boundary
layer as Komar (1976) has also stated. This coefficients magnitude is related to the

averaged flow condition.

Table 2.1. Dimensions L, H, frictional parameters, f,,and & for various straits (Zaremba

et al., 2003)
o= ,
L (km) | H(m) I £ HL Source
Bab el Mandeb 160 172 0.012 [11.2 [Defant (1961)
160 180 0.03 26.7 |Assaf &Hecht (1974)
160 180 0.012  |10.7 [Maderich & Efroimson (1990)
Bering Strait 100 50 0.002 (4.0 . [Pratt (1986)
Bosphorus 30 60 0.0046 2.3 Defant (1961)
30 60 0.03 15.0 |Assaf &Hecht (1974)
20 20 0.002 2.0  [Pratt (1986)
31 40 0.012 9.3 Maderich & Efroimson (1990)
30 50 0.0046 [2.8 Oguz et al. (1990)
Burlington Ship Canal|0.84 9.5 0.0052 0.5 Dick & Marsalek (1973)
Dardanelles 60 70 0.012 }10.3 |Defant (1961),
| 60 70 0.03 25.7 |Assaf &Hecht (1974)
65 55 10.0046 |54  |Oguzetal. (1990)
{Denmark Strait 500 500 0.002 2.0  [Pratt (1986)
Ecuador Trench 300 300 0.002 - |2.0 Pratt (1986)
{Gibraltar 60 300 0.012 [24  |Defant (1961)
60 350 0.03 5.1 Assaf &Hecht (1974)
20 200 [0.002 |02 |Pratt (1986)
50 300 0.012 2.0 Maderich & Efroimson (1990)
[celand-Faroe Ridge [400 400 0.002 2.0  |Pratt (1986)
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Schijf and Schonfeld (1953), was first, who considered the effect of friction on two-
layer flow by in their classic study of a salt wedge. Anati ef al, (1977) investigated the
relative importance of frictional and inertial forces in exchange flows in constant-width

channels.

Anati et al. (1977) classified the dynamic length of the channel by the parameter
J L/H, where f, is the friction coefficient, L is the channel length, and H is the channel

depth..In a short channel, f, L/H <1 and bottom friction can be neglected compared to
inertial forces. In a long channel, f,L/H > 1 and inertial forces can be neglected. In
channels of marginal length, f,L/H « 1, both terms need attention to take into

consideration. Estimates of f, L/H listed in Table 2.1 indicate that, in general, sea straits

are either marginal or long.
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3. THE MATHEMATICAL MODEL OF THE FLOW

3.1. Background

Although the Navier-Stokes equations are generally solved for determining the
circulation in water bodies, most numerical models used for modeling of coastal waters
and estuaries are based on SWE, obtained from the full three-dimensional hydrodynamical

equations by averaging over the vertical coordinate.

Coriolis force is a consequence of relative accelerations generated due to noninternal
nature of the rotating coordinate frame. Effect of the coriolis force is not significant in
Bosphorus Strait since the strait is not a large scale water body and is not included in the

two layer model.

Another such deviation from the conventional incompressible ‘Navier-Stokes
equations may be the inclusion of salinity effects, which introduce the density gradients in

the domain. In the present study, density is assumed to be constant for each layer.

One further simplification from the fully 3D Navier-Stokes equations is the so called
hydrostatic approximation. When the vertical motions are small, overwhelmed by
gravitational forces, and vertical frictional forces are small, the fluid acts as though under
static equilibrium as far as vertical motions are concerned. However, this approximation
fails when large salinity gradients exist in the domain. On the other hand, hydrostatic

approximation is generally accurate enough and applicable to handle numerically.

A review of such models with application of various numerical techniques is given
by Liu and Leendertse (1978) who gave examples of the,,implicit‘ finite difference method.
In fact, the current work may be introduced as a successor of the thesis by Bozoklar
(1990), in the respect that here, an efficient meshless numerical scheme baseci on RBFs are
used in order to approximate the spatial derivatives of the equations derived from the

model.
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3.2. Governing Equations of the System

- The governing equations of the proposed model are simplified version of the three
dimensional hydrodynamics model derived from the Navier-Stokes equations. The
| specification of incompressibility and constant density decouples the dynamics. The SWEs
developed may be adapted for use in modeling a flow system that has density stratification.
The simplest of these is the two layer system which may be thought of as the first

approximation to a full three dimensional model.

The flow of each layer will be governed by the SWE with éppropriate boundary and
matching conditions (in terms of normal and tangential stresses) at the interface of the,
layers. The two layer system is being driven by pressure gradients (atmospheric and
hydrostatic imposed by the tilted free surface and interface) and the momentum transferred

from the wind blowing over the free surface.

3.2.1. Three Dimensional Equations

The set of averaged equations of motion in rectangular system of coordinates by

observing the presence of the Reynolds stresses or the eddy coefficient are:

Du 10op 2
——fr=——""+4V’u 3.1
Dt P p Ox G-
%—fu = __l__gyll+ AV (3.2)
yo)
Dw__ 1%, 4y (3.3)
Dt p 0z :

where u, v and w are the mean velocity components in x-,y- and z- directions, respectively,

A is the eddy viscosity coefficient, p is the pressure and p is the density. The operator

D . ] .
Ft is the material derivative.
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—=—tU—+V—F+Ww— 34
In these equations, the Coriolis parameter,
f=2Qsin® (3.5)

is a function of the earth’s angular velocity Q=7.29%10s"" and the latitude, ® .

The two dimensional Laplace operator defined as,

2 2 )
v-2,9 - (3.6)
ox" oy
\ .
a—u+ua—u+vgl—‘—+wé-li—ﬁz=—la£+Az§—in+AhV2u' (3.7)
ot ox oy 0z p ox 0z
2 ,
LA A W 0 Aza—‘2’+ AV (3.8)
o0 ox Oy Oz p Oy 0z
. 2
2w—+u@+v@+w§v—v—+fu=—la—p—<g,r+Aza—y:+AhV2w 3.9
ot Ox oy 0z p oy Oz

where the parameters 4, and 4, are the horizontal and vertical eddy viscosity coefficients,

respectively.

If the flow is considered to be predominantly horizontal and the vertical acceleration
is small compared to the gravitational acceleration, such as in coastal and estuarine-flows,

the equation of vertical motion can be reduced to the hydrostatic law.

—QP——;/:O‘ ' (3.10)
0z
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Equation (3.10) indicates that the pressure variation in the vertical direction is

hydrostatic. By integrating Equation (3.10), from any depth z to the free surface

z=n (x,y,t) for a fluid with density variations,

n

|dp =—”jg(p0 +p')dz (3.11)

where p, is the density of the water and p’ is the density fluctuation of the water.

P=DpotD

0 7 3.12)°
P'=P.-Po+8|pde+gpy(n-2)+g[p'de

where p, is the atmospheric pressure. In Equation (3.12), by the integration of Equation

(3.10) the unknown pressure variations as a sum of terms related to the atmospheric

pressure p, and hydrostatic pressure p, have been obtained.

Using the Boussinesq approximation which describes the way the density variation

enter into the equation of motion, Equation (3.1) becomes

| Du 6(p0+p') 0 , ou 2
+ o) —=-FPAl=e———_ b — 4 —+ A4V 3.13
(P9 p)(Dt ) ox oz oz " ” (3.13)

or more simplified equation in the Boussinesq form can be written by neglecting

variational terms,

Du a(po), 0  ou 5
o | —— ﬁ; =l 4 i+ 4V 3.14
0(Dz‘ ) ox 0z ‘oz nY U ( )

Combining Equations (3.12) and (3.14) with Boussinesq or hydrostatic
approximation and using Equation (3.12), and applying similar conditions to the conditions

of motion along y coordinate, the system of equations becomes,
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) n
_%_ﬂ=_i(5_l’a_]_ga_’7_gi jp'dz+i(-a—Aza—”+A,,V2u) (3.15)
Dt Po\ Ox Oox — Ox; Po\Oz ~ 0Oz

apa 677 ' . 0 a_u 2
Bt Beegi-ag owr{Zageav) oo

The SWEs are composed of the depth integrated horizontal components of the

momentum equation and the continuity equation. Both the sea surface, z = 7 (x,y,t), and |

the sea bottom, z =-h (x,y,t) may in general/ be functions of x,y andt. At both these

locations kinematic surface conditions that assumes a fluid particle remains on the surface,

must be satisfied and gives

win)=d1 o0, on 3 ondy_on L, 0n . on (3.17)

i o o o o lox oy

At the bottom, z = —h(x, y,t), the kinematic bottom condition requires that the flow

be parallel to the bottom. Equation (3.17) then becomes

dh _ 0 ox O oy

W("'h)= dt at‘(—) —( h)—+— —h)-é? (3.18)
0 0 0
=2 (R ru (R v 2 (-h) (3.19)

The momentum conservation or the dynamic condition states that the forces acting
on the fluid at the free surface is in equilibrium. As there is a steady flow assumption,
differentiating the depth of water in time will give zero. Therefore the Equation (3.19) is

rewritten

w(-h)=-u%(h)-v%(@) (3.20)
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At the bed, a no slip condition is applied. Due to viscous effects, the velocity of fluid

is the velocity of the bed, assuming the velocity of bed zero, no élip boundary condition for
viscous flow can be applied.

u=v=w=0 (3.21)

where z=-h(x,y).

Integrating the Equation (3.15) term by term

T 0 6u] ' ‘
—| A —|dz=75=? 3.22
pO_'}[ 62( z aZ Z x x ( )
) ov s
Po__!:a(Az a) dz=t1,-71, . (3.23)

where rf s rf is the bottom shear stresses, 7, , rj is the wind induced surface shear stress in
the x-direction and y- direction respectively. The components of the stress are defined as,
Y

8 ov
N a—z =7, and pN,—=1 (3.24)

Applying Leibnitz rule (Appendix B) to the horizontal acceleration term in Equation
(3.15),

n au a n a 677
—dz=— d Y on
! o 6t_£u 2 u h)at( h)=u(n) Py (3.25)

where

u(~h)=(-") =0 | (3.26)
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and differentiating the depth of water in time is zero because steady flow assumption is

adopted.

The convective horizontal acceleration term in Equation (3.15) transformed as,

Tow, 8%,. T ou. ., \0n .. o(-h
_{u—ﬁdz=gx-—_[u dz—:l’:ua—zdz—u (n)—a—Z—u (—h)% (3.27)
:Iv%dz = %:‘:uvdz—;[u %dz 1 (n)%—uv (—h)? (3.28)

and

n
= J %’Z"dz (3.29)
~h

The combination of the Equations from (3.27) to (3.29) is,

on on on Y (ou ov ow
Ul —+u—+v—= - —+—+—|d: - .
[(at u— vaijL” :,[u o 6y+6z z+wu|z=” wul . (3.30)
First term of Equation (3.30) is
|, 0n, on on)l _
I:u (E+ua+v5ﬂz=” = —[uv]m] (3.31)
and
“ (ou v ow),
Ul —+—+v—|dz=0 .
{ (ax % vazJ 2 | (3.32)

Solely the Equation (3.33) is the continuity equation.
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The last term of the Equation (3.30) is,

-wul_ =0 - (3.3

since the definition of the bottom boundary condition stated in Equation (3.21).

Combining Equations (3.25), (3.27), (3.28), (3.30), the Equation (3.15) become,

2 ’].udz +— qudz+—a— juvdz f Ivdz

ot - a2 B

T 1 ap, on . g

,_{p—o—dx dz—__l[ggdz - {j ' dods (3.35)

n n
+ Ii 4, %z + IAhVZudz
5dz "0z 5

where;
1 op 1 6p
——dz=——"2(h+ 3.36
—'l':po ox p, O ( ) ( )
T on on
—dz=g—(h
_',':g6x 'z gax( +17) (3.37)
and
242ty s
12\ %% PR (3.38)

Finally, the total depth is defined as,

d=h+n (339
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and then Equation (3.35) turns to,

1 n n n
2 Iudz +i qudz+£ juvdz—f Ivdz =
\at-—h ax—h ay ~-h ~h
d op on Tt hop
———2 4 gd—- ——dzdz 3.40
P ox O ax ngix 40

(-2

Po

+

+ j A,Vudz
Also, with similar applications Equation (3.16) can be written as,

% ']'vdz +% ,i[vzdz _6% ']‘uvdz+f Iudz =
~h

-h

-h
_ nn '
M—ai’i—garﬁ’l—gjjaidzarz (3.41)
Pe Oy 2 A
7)) 7
M+ IA,,Vzvdz
Po -

+

Starting using Equations (3.40) and (3.41), applying the nonlinear and horizontal
terms in Equation (3.40), and defining the depth averaged velocities as,

~ 17 ~ 1"
u=—JJ‘udz and v=—(;jvdz
-h -

(3.42)
where d is the total depth from the bed to the surface.
— J.uzdz+—§— Iuvdz =3uud+iuvd (3.43)
Y Ox Ay
’] -~
[(4V?u)dz = d4,v?u (3.44)
-h
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SWESs are now presented as,

b
)+ 2 piv) =2 on %5 1 p, A,V (3.45)

aat(po ) aax(pou )+5(pouv)=— a;_gp0§+/70f;+r;

b

9 =2 p, 2
=P _ _fae Ty L+ pyd,V?u (346
ay(m) o gpoay fu d PV u (3.46)

—~—

2 (pyiv) +

(e

al

Above two equations are the depth averaged momentum equations representing SWEs in

the Eulerian form along the x and y directions, respectively.

The depth averaged form of the continuity equation is obtained by integrating three

dimensional continuity equation over depth using the Leibnitz Rule (Appendix B),

n 7
%dz=i udz—uéz —u—a—}i 3.47)
5 o0x Ox 3, x|,  Ox|y
n
142 jvdz-v?ﬂ - (3.48)
s s o, ol
n ' .
ow
{ — dz=wl,-w, (3.49)
Using the boundary conditions given in Equations (3.17), (3.19) and (3.20),
w -, = 27Z+u—a—7l+va—77 + u%+v—a—h— (3.50).
g ot ox oy 2o & oy _,

Inserting the terms in Equation (3.47), (3.48) and (3.49) into the continuity equation,
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. ;

9 Iudz—ua—ﬂ —uéﬁ +

Ox 5 %\, Ol

7

9 vdz—va—ﬂ ——v% + o (3.51)
\ a.y—h a-y z=1 a'y z==h

91121, 01 0 [0, 00

ot ox oy 2 Ox i

Rewriting Equation (3.51),

n 7 ‘ .
iJ‘udz+i Ivdz+a—77 —ua—ﬂ +ua—77 —u% +u%
ox -h ay -h ot z=7 ox z=7] ox z=7} ox z==h z=~h (352)
-—v@]— + va—n o + v% =0
».., o, o, .,
 Simplifying Equation (3.52),
) 7 n
ijudﬂi jvdz+a—’7 =0 (3.53)
0x 3 oy 3 ot 2=
and integrating Equation (3.53) yields,
o, 4%, 4% o (3.54)
ot ox Oy

which is the depth averaged form of the continuity Equation.

Thus, the depth averaged two dimensional momentum and the continuity equations -
are obtained. =

b

~,0f( ~2\ 0 [ ~~ ) 0 ~ T —T ~
E;(pou)+a(pou )+5(p0uv)=—ﬁ—gpo—z+pofv+ "d £ +p0AhV2u(3.55)

Ox ox

AL Daeaiel Mnivarcitact Kitiinhanpsi £,
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s b _
%(p0;)+§x—(p0;;)+§y—(po;z)=—a§;’ —ng%—f&+Ty & + p,4,V?u (3.56)
a(z?d) . a(Sd) o 65

Ox %
3.2.2. Theoretical Development of Stratified Flow

Fluid motions in a gravitational field which are originated or influenced By variations
~ in density within the fluid are characterized by the term stratified flow (two-layer flow).
The density differences are therefore due to temperature gradients and variations in solute
concentrations. The SWE developed in section 3.2.1. may be adapted for use in modeling a

flow system that has density stratification.

Starting from one layer, for p is constant and with the vertical coordinate z located

at the still water level

1 x__ X
Z_“+ %+ %-ﬂ:—p—%— ZZ+%+N,,V214 (3.58)
0
' Y _ Y
AN LA S S ./ BN ki WY VA (3.59)
0 Ox oy Py Oy oy pd
od 8 8
E-i—a(“d)'i'-a;(\)d)———o (360)

where N, =4,/p.
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d=n+h

Figure 3.1. A typical vertical cross section and definitions of basic parameters

With the vertical coordinates located below the bottom, as shown in the Figure 3.1

above, one can rewrite the equations in terms of the variation of the total flow depth d. to
this end,

z=n—>s=d+H
6_77_8d 6H6_77 6d+6H (3.61)

& o ox oy oy oy

OH

Defining, S, == and S7 =—-%{ where is bottom slope in the x and y directions,

respectively. H is the elevation from the datum plane to the bed,

=35 .
% o oy oy | (3.62)
and Equation (3.61) yields
ou Ou oOu 1dp od f—1
—y— - —_—— 9 __o_-_ SX_*_ s b 2
P vay i o or S 8% +N,Viy (3.63)
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Y _ )
%+u%+v2y—u+ﬁl=—l%—g%+gS{+T‘ % 4 N,V (3.64)
p
%‘i+i(ud)+_(vd) 0 (3.65)

When two reservoirs filled with liquids of different densities are connected with a
channel, a two directional flow occurs in the channel. The liquid from the low density
reservoir flows into the high density reservoir through an upper layer and the liquid from
the high density reservoir flows in the opposite direction through a bottom layer. In
| erhphasizing thin similarity with familiar stratified flow, represents an important
simplification in analysis which is very often useful in rapidly estimating orders of

magnitude for velocities and depths.

Py d2

Figure 3.2. Vertical cross section of a two layer flow and definitions of basic parameters

~ The simplest of a flow system that has density stratification is the two layer system
which may be thought of as the first approximation to a full three dimensional model. The
flow of each layer will be governed by the SWE with appropriate boundary and matching

conditions (in terms of normal and tangential stresses) at the interface of the layers. The
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two layer system shown above is being driven by pressure gradients (atmospheric and
hydrostatic imposed by the tilted free surface and interface) and the momentum transferred
from the wind blowing over the free surface. In the developments that follow, we will

make use of the SWE with the vertical coordinate placed below the bottom.

For the upper layer, in view of the single layer system, the bottom of the upper layer

is now located at the interface, that is at s = H +d, and the flow resistance at this location

is provided by the interfacial shear, 7, with these points in mind, one can modify the SWE

to read,

o(d, +d 7
Dul . 1a§a_g (l; ), g7 4 = BNV (3.66)
b M
o(d +d z
Dv, NP R (d+dy) roS?+ +Nv;§u, (3.67)
p 0, dy pldl
%+'§‘(uld1 ) +i(vldl) =0 (3.68)
ox )

where D/Dt stands for the material derivative.

For the lower layer, the matching condition of the normal stresses at the interface
introduces the horizontal gradients of the hydrostatic pressure of the upper layer pgvd,,

into the equations.

Du, 1 9p od, p, 0d, -
e L i S St B ¥ Wi NP PN /3 +NV2 _
Dt T e e S s oud, wh o (3.69)
Dv, 10p, od, p od v —1

+ —-——ra _ — i + SJ’+ l NV2 )
r Ju, pza_gay gzay g p2d2+ 2u, (3.70)
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#"‘a(“zdz)'*'gy—(vz‘é):o (3.71)

where subscript index 1 denotes the quantities for the upper layer and index 2 denotes the
quantities for the upper layer. Hence, the momentum equations and the continuity equation

can be summarized in conservation forms.

In the presented study, applying the same analogy stated in Appendix C to the two

dimensional, two layer SWE (for constant width) is obtained for one dimension.

o(d +d ot 2
u, oy : ( 1 2) - gS; ,.M (3.72)
ox ox pldl
6(u,d,)
M N VA ( )
6u2 6d2 pl 6dl S* T'x T; 4
2 ox Ox p, Ox ’ P, ( )
6(u2d2)

3.2.3. Bottom Shear Stress

The bottom shear stress is the shear stress on the bed of the Strait. A quadratic shear

formulation is commonly adopted for the bottom shear stress. This formulation is

expressed as,
7. = pyrlV|u and 7} = p,r|V|v | (3.76)

where p, is the lower layer denéity. The magnitude of the fluid velocity is
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Vi|= Vi +v? (3.77)

The bottom drag coefficient, r, is a function of the bottom roughness and the
properties of the bottom boundary layer (Komar, 1976) and is usually taken in the rang of
2-4 107

Another form for the bottom shear stress is,

z';’ =i§IK|u and ry” =£ﬁ|

= v (3.78)

| where C is the Chezy coefficient.
Gerritsen and Bijlsma (1988) suggest a depth dependent form for C

65,1 <40m
C=1h+2540<h<65m (3.79)
90, > 65m

Komar’s (1976) r will be used in the present study, in the value of 0.003

3.2.4. Interfacial Shear Stress

The interfacial shear stress is the shear stress between heavier saline lower layer and
the less saline upper layer Thus, the momentum transfer from the upper layer to lower

layer can be achieved by the interfacial shear stress,
T, = pk(ul _uz)l(ul "'uz)l . (3.80)

where p= (P +p,)/2 is the average density and k is the interfacial friction coefficient.

For the purpose of this present study interfacial coefficient was taken as 0.0007 after
Stimer and Bakioglu (1981).
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3.2.5. Wind Shear Stress

The wind shear stress, 7, , is usually expressed through a quadratic form contéining a
resistance coefficient called wind drag coefficient, C,,, the air density, p, and the wind
velocity, W =(Wx,Wy). In a depth averaged model, the surface wind stress appears as

body force as the can be no distinction of vertical position.

W w\w, (3.81)

Wx and T;' =C10pa

w
7, =Cyp,

where |7, the wind speeed is

7|=, W2+ w} (3.82)
and p, =1.2kg/m>.
The value of C, is based on wind velocity 10m above the surface. C,, depicts the

resistance of the underlying surface. For flow over water, the sea surface roughness can

vary with the wind speed. A brief summary of a variety of values or formulations is below:

Neuman (1952) suggests using a value of 0.9 for all wind speeds. Heaps (1965)

suggested a relationship where C,, is based on wind speed,
C, =0.565 10" W<5m/s (3.83)
Cpp =(-0.12+0.137W)*107 5<W<19.22m/s - (3.84)

C, =0.56510° W>5m/s (3.85)
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Ekman (1905) reported in Neumann and Pierson (1966) suggested the factor as 2.6

for all wind speeds. Garratt (1977) analyzed measured data and concluded that C,, under a
neutral atmospheric stability depends linearly on the wind velocity as

Cio =(0.75+0.067*%10w)*10” , C,, =2.7x10 (3.86)

where the wind velocity is expressed in centimeters per second.

In this study, Garrat (1977)’s C,, will be used.
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4. THE NUMERICAL MODEL OF THE FLOW

4.1. Background

Mathematical models have been widely used to predict the hydrodynamics and
transport processes of real life problems. Modeling real life problems usually involves
solving a set of governing differential equations subject to realistic boundéry conditions.
To reflect the real physical characteristics, a three-dimensional model is usually needed to
obtain an accurate approximation. However, this usually means the development of a
- complex code and is demanding in terms of computer resources when dealing with large-
scale problems. A compromise is to use a system, which converts a three dimensional
problem into a number of related two or one dimensional problems by splitting the domain
into different horizontal and vertical layers. Each layer consists of its own distinct

properties and the flow rate across adjacent layers.

However, as domain or boundary meshing is required the accuracy of the solutions is
affected by the quality of the mesh. On the other hand, recent improvements in the
development of meshless methods have caused interest in applying these methods to solve
linear and non-linear engineering problems. Some examples of meshless methods are the
meshless local Petrov-Galerkin and local boundary integral equations methods by Atluri
(Atluri et al., 1999; Atluri and Zhu, 2000). This chapter discusses a truly meshless
algorithm based on RBFs for solving steady PDEs derived from SWEs.

RBF approximation was initially devised for scattered geographical data
interpolation by Hardy (1971). He introduced a class of RBFs called multhuadrlc
functions (MQ). A review of several types of RBFs for scattered data interpolation was
presented by Franke (1982). Franke and Schaback (1998) showed that MQ have the best
- performance in terms of accuracy among the methods tested. An intensive study on the

theory of the RBFs approximation had been presented by Powell (1992).

Kansa (1900a; 1990b; 1992) refined the Hardy's MQ approximation method for

solving elliptic, parabolic and hyperbolic PDEs problems over irregular regions. A number

e i . .k R At AL e At m A Ae A etttk e ea.
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of experiments of the method had been carried out and applied to solve a various scientific
and engineering problems over the last decade; however most of these applications deal
with hypothetical examples. Recently some attempts of the RBFs method have been made
successfully to solve more complex initial-boundary time-dependent PDEs problems for
real-life applications. The good prospect for the RBFs method attracts attention of more

researchers in developing the theory of RBFs as well as applying in solving PDEs.
4.2. RBF Interpolation and Collocation Method

There are an infinite number of possible RBFs. Denoting » by the Euclidean

distance between any pair of points in the domainQ, some of the more commonly

employed RBFs are:

¢(r)=r"log(r) m™ Order spline

#(r)=-r”,j<(0,2) Power spline

#(r)= N Hardy's multiquadric

¢(r)=1/ Jrirc®  Inverse multiquadric

d(r)=e* : Exponential spline D
¢ (r) =e " Gaussian spline
¢(r)=e“K,(cr)  Matern spline

¢(r)=(1- r)':p(r) Compactly supported spline

Here K, is the modified Bessel function of orderv, and p(r) is a polynomial of the
compactly Supported spline (CS-RBF) (Wendland, 1995).

The idea of RBFs is establishing linear combinations of translates of one function
¢(r)of one real variable which is centered at “data centre” and approximating an unknown

function by

s(x)=§ﬂk¢(llx-xkll)+p(x) @2)
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where p is an appended polynomial of degree m-1 or less. The data centers, x, can be

chosen arbitrarily in the domain of interest, hence creating a truly meshfree method.

The interpolation problem is to find 4, and p(-) such that the interpolant s(x) passes

through all given data, s(x;) = f;. In matrix form, it becomes

) B[ e

- where (A¢),~,- =¢(x,. —xj),Bj =p;(x),j=1..,N and the set {pj} . RBF requires a distinct

set of data points, and a RBF requires any set of data points that is not co-linear in order to

guarantee an invertible matrix system.

According to Hardy (1990), one of the most powerful methods is the RBF method

based on MQ basis function given as,
B(r)=Artc 4.4)

To specify a MQ basis, one must specify the centers x; and the MQ shape parameter
¢ or ¢;. Most authors use the collocation points as centers for the MQ. Fornberg e al..

(2002) showed some observations of different data centers and collocation points

placements near boundary. Too large or too small shape parameters ¢ ' make the MQ basis -

too flat or too peaked, respectively, and should both be avoided. Hardy (1971) suggested a
constant shape parameter c=0.815 times mean(d j), where d , is the distance from the
™ point to its nearest neighbor. Moody and Darken (1989) suggested a simple varied
* shape parameters ¢ ,=0d;, where >0 is a constant factor. Other shape parameters were
employed by Kansa et al. (1990a; 1990b; 1992). Hon et al. (1997, 1999) uses c=4 times
mean (d j). Wang and Liu (2002) studied the effect of shape parameters on the numerical

accuracy of MQ.
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The history of using RBF in solving PDEs is relatively short. Kahsa (1990a; 1990b;
Kansa and Hon, 2000) pioneered the use of RBF for the solving numerical solution of the
Navier-Stokes equations of flow. Applications of RBF arise commonly in various ordinary
differential equations and PDEs. To name a few, they include initial value problem (Hon et
al., 1997), nonlinear Burgers’ equation (Hon and Mao, 1998), operator splitting-RBF
(Balakrishnan et al., 2002), boundary layer problems (Hon et al., 1999), surface wind
field approximation (Hickernell and Hon, 1998), biphasic and triphasic models of
mixtures (Hon et al., 1997; 1999), and the SWE (Hon et al., 1999; Wong et al., 2002). |

To introduce RBF collocation methods, we consider a boundary value problem given

in the form

Lu=f(x) inQ c R*
/() (4.5)
Bu =g (x) on oQ
where d is the dimension, éQ denotes the boundary of the domain, Q, L is the
differential operator that operates on the interior, and B is an operator that specifies the
boundary conditions of the type of Dirichlet, Neumann or mixed. Both f and g are given

functions mapping on RY - R.

There is more than sufficient evidence that RBFs, especially MQ-RBFs, offer many
computational advantages over traditional methods. Some of the advantages of RBFs are
their truly mesh-free nature and their very high order rates of convergence; see Golberg et
al. (1996), Fedoseyev et al. (2002). One of the disadvantages of RBF is the problem of ill-
conditioned lérge systems of equations. However, finite differences, finite elements, and
finite volumes also suffer from ill-conditioning when dimension of the system becomes
very large. . | | f

4.3. Numerical Formulation

The steady, two layer, one dimension governing Equations 3.67-3.69 of the present

study are,



o(d, +d 2
u1%=—g—( ‘ 2)+gSJ+—-T‘” -
Ox Ox P,
a(u,d,)=

Ox
o g0 PO e TT
ox Ox p, Ox Prd,
6(u2d2)=0
Ox
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- (46)

@.7

(4.8)

4.9)

Given a parameter ¢ at a node i specified in a domainQ2, one can present its value

using RBF-MQ or RBF-4" order spline (4"0S) as such,

2
r= (x,.—xj)

Table 4.1. System matrix and its derivatives

RBF-MQ | RBF-4"0S

F rt+c? rilnr

! J

2 + (x"_xf)
7 (x—xj)r (2lnr 1) *f

{u} =[F]{a"'}

{m} =[F]{au'}

(4.10)

4.11)
4.12)

(4.13)



39
{4} =[F]{a*} (4.14)

where an entry of u,, u,, d, and d,denotes the upper and lower layer velocities and

depths at a collocation point, respectively. F is the system matrix with its ii™ component
defined by the relationship given in Table 4.1. depending on the type of the RBF, and their

derivatives are given as,

ke 19
Pt @19
ek e e
o1 [ B

Similarly, F* is the system matrix with its ijth component defined by the relationship

given in Table 4.1. Upper layer momentum Equation (4.6) becomes,

X

()= T ol Yo LYoo {52

g P8

where U, is the matrix containing » on its main diagonal and zero elsewhere The wind
shear stress Equation (4.20) and interface shear stress Equation (4.21) terms can be

demonstrated as,

70 =Ciop,W* (4.20)

ul u2

T =;k[F]|:(a“1 - -«

] 4.21)
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and at the first node the boundary condition Equation (4.22) is used.

d)=Fafj=1,.n (4.22)

7

The upper layer continuity equation discritised as,

(D] F]+[ o] (FIHe"} ={0} . 423)
u,(n) = F;,jaf j=1.,n (4.24)

where D, and D are the matrices containing d, and 4 on its main diagonal and zero

elsewhere, respectively. At the last node the boundary condition Equation (4.24) is used.

Similar approach can be applied to the lower layer of the stratified flow,

=L T Ml e} 20 Y s {25 s

P8 2

where U, is the matrix containing u, on its main diagonal and zero elsewhere The interface

shear stress Equation (4.26) and the bottom shear stress Equation (4.27) terms can be
demonstrated as,

1 u2

T} =;k[F][(a'” e -«

[ (4.26)

u 2 ' ‘
73 = pyr[[Fla* ] (4.27)
and at the last node the boundary condition Equation (4.28) is used as,

dy(n) = F;y'aj J=L.,n (4.28)
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The lower layer continuity equation discritised as,

(D] 7]+ D5 F e} = {0} (4.29)
u,()=F 0! j=1,..,n - (4.30)

where D, and D; are the matrices containing d, and *%4 on its main diagonal and zero

elsewhere, respectively. At the first node the boundary condition Equation (4.30) is used.
4.4. Boundary Conditions

In the present study, the boundary conditions are expressions of the same physical
principals in the set of governing equations such as no slip boundary condition and
kinematic and dynamic boundary conditions which are briefly explained and used in

section 3.2.1.

The upper layer boundary condition for the first node is the upper layer thickness and
for the last node the upper laver velocity Equations (4.22) and (4.24). The lower layer
boundary condition for the first node is the lower layer velocity and for the last node the

lower layer thickness Equations (4.28) and (4.30).

Initial conditions of the depths and velocities are evaluated by conducted previous

studies in order to start the successive iteration.
4.5. Solution Strategy and Convergence

The upper léyer momentum equation clearly determines the uppef layer thickness.
The only way to determine the upper layer velocity is by continuity equation, which infect
will be used in the lower layer equations. The lower layer momentum equation clearly
determines the lower layer thickness. Similarly, lower layer velocities computed by using

lower layer continuity equation.
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In the present study, in order to solve the layer velocities and thicknesses, an iterative
solution strategy is needed because of the non-linearity in the momentum equations. The
algorithm starts with an initial guess of velocities and thicknesses. The discretised
momentum equation is solved to find new upper layer thicknesses in all nodes of domain.
Using the new quantities, new upper layer velocities computed by the continuity equation.
Successively the same algorithm applied to the lower layer discretised equations. Updating
the iteratively improved quantities, solution process computed until the convergence

criteria satisfied.

In fact there is not an exact value of convergence criteria; the convergence of the
process constructed with the difference of the new and pre-iterated discharge values. In the

test runs, the model has taken minimum two and maximum five iterations to converge.

If the node number is selected too large or too small, this may cause oscillatory or
divergent iterative solutions. However, the system cannot suffer from ill-conditioning if the

node number is higher than to some extent.
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S. DISCUSSION OF THE RESULTS

The main purpose of this study was to develop a model which could simulate and
- predict currents and the variation of layer thicknesses within the Istanbul Strait, results of
the model were compared with those of Siimer and Bakioglu (1981) and of Madeﬁcha and
Konstantinov (2002).

To facilitate comparisons with Siimer and Bakioglu (1981), the wind stress term was
neglected and similar boundary conditions were defined. Since there are four PDEs to be
solved four boundary conditions were defined. The thicknesses of both layers at the two
ends and the velocities of both layers at the two ends the Bosphorus Strait were used as

boundary conditions.

As mentioned before, the strait has a length of 31.25 km so in the computations; it is
divided into 25 cross-sectional areas of 1,250 m apart. For discharge computations the
average width of the Bosphorus was taken as 907 m and the depth of the water column was
taken as 64.5 m. Several cases were run to calibrate the model. In the studies regarding the
Bosphorus Strait, the sea level difference between the two ends of the strait is given within
the range of 0.15-0.40 meters, in these simulations, similarly, those values were taken as

0.15, 0.20, 0.25, 0.30, 0.33, 0.35 and 0.40 m, respectively.

In the simulation runs, the sea level differences decreased the discharge values of the
upper layer also decreased as expected. The lower layer discharge values, however,
increased with decreased sea level differences. In both studies this trend was similar. The
interface obtained for the average decline in the surface elevation betWeen the two ends of
the Bosphorus, Ak =33 'cm, is illustrated in Figure 5.9 and Figure 5.10 The agreement
between the present finding and the DAMOC (1971) data appears to be fairly good as the

slope of the interface concerns.

In the simulation runs, the bottom drag coefficient was 0.003 which gave the
reasonable accordance with the studies. Comparison of the discharge values (for different

sea level differences) of this present study and of Stimer and Bakioglu (198 1) are shown in
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Table 5.1. where average discharge values of the computations are presented. In Madericha
and Konstantinov (2002) study, there is a shifting as seen in Figure 5.15 and Figure 5.16
due to the discharges of different cross sections in their numerical model. For that reason
the two models cannot be compared by error norms. Errors involved, however, are given as

the relative L, error norm (Shu et al.., 2004), which defined as

N 2
Z Qcompuled _QS&BI

=l | (5.1)

;lgs&sl’

From Table 5.2, it can be seen that the error percentage of the lower layer increases
with increasing sea level difference due to the fact that upper layer converges faster than

the lower layer as the boundary conditions concerns. In the tables (), is the discharge of the
upper layer, while O, represents the lower layer flow rate. Both values are given in m%s.

The sea level difference is denoted by A4 in meters. Although over predicting values of
the layer discharges the values of this study were found within the maximum and minimum

values as reported in U.S. Navy Oceanographic Office (1967) as stated in Chapter 2.

Despite the uncertainties involved in the numerical values of the various input
quantities due to insufficient data (particularly that in the decline in surface elevation
between the two ends of the Bosphorus Strait) and also the assumption in connection with
the shépe of the interface. The results seem to be satisfactory when compared with the
available information. In summary, the hydrodynamic model has been tested with Siimer
and Bakioglu’s (1981) study and Madericha and Konstantinov (2002). It can be concluded

that the results are relatively correct and reasonable.
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(c=5000)
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Figure 5.15. Calculated discharge by RBF-MQ versus surface elevation
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Table 5.1. Comparison of discharges with previous studies

Stimer & Madericha &
Present Study
F(x) (m) ws) Bakioglu (1981) | Konstantinov (2002)
m3/s
(m3/s) (m?/s)
RBF | Ah | AvgQ | AvgQ: | O Q. Q Q2

MQ | 0.15 | 3180 | 23444 | 3091 | 22839 4247 10987

4%0s | 0.15 | 3214 | 23582 | 3091 | 22839 4247 10987

MQ | 0.20 | 7635 18108 | 7512 | 17523 6860 9160

4M0S | 020 | 7684 | 18226 | 7512 | 17523 6860 9160

MQ | 025 | 12047 | 13561 | 11873 | 13016 9933 7477

4"0S | 025 | 12110 | 13659 | 11873 | 13016 9933 7477

MQ | 030 | 16644 | 9470 | 16406 | 8943 13540 5797

4M0S | 0.30 | 16720 | 9551 | 16406 | 8943 | 13540 5797

MQ | 033 | 20024 | 7340 | 19731 | 6822 | 15623 4883

4"0s | 0.33 | 20111 7413 | 19731 | 6822 15623 4883

‘MQ | 0.35 | 21953 | 6133 | 21632 | 5619 17076 4297

480S | 035 | 22046 | 6201 | 21632 | 5619 | 17076 | 4297

MQ | 0.40 | 26789 | 3289 | 26391 | 2757 | 23996 3012

4%0S | 0.40 | 26894 | 3348 | 26391 | 2757 | 2399 | 3012
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Table 5.2. Relative error norm L, (Equation 5.1) of the upper and lower layer flow rates

L, Normj{L, Norm
RBF TYPE |Ah(m)] Upper | Lower
Layer | Layer
IMQ 015 | 294 | 265
4108 0.15 | 4.01 | 3.25
MQ 020 | 1.66 | 3.34
408 020 | 230 | 4.01
MQ 025 | 1.48 | 4.19
4108 025 | 2.00 | 4.94
MQ 030 | 1.45 | 5.90
4™0S 030 | 1.91 | 6.80.
MQ 033 | 1.48 | 7.63
4™"0S 033 | 192 | 8.67
MQ 035 | 149 | 9.18
450 035 | 191 | 10.37
MQ 040 | 1.51 | 19.35
4"0S 040 | 191 | 21.45
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6. CONCLUSIONS

In this study, a two- layer model is adopted; the dynamic equations are integrated to
d;te@ine the flow rates and depths, with particular application to the Bosphorus Strait.
The model takes into consideration the wind stress on the surface because of its short-term
character. It neglects the side-wall effects as it assumes very large aspect ratios (e.g. the
latter is about 1:30 for the Bosphorus). Results of the model were compared with those of
Stimer and Bakioglu (1981).

The model has been solved for the Bosphorus with the assumption that the interface
has a linear shape. The interface obtained appeared to be in fairly good agreement with the
DAMOC data (1971) and in accordance with Stimer and Bakioglu’s study (1981). Thus

relatively realistic results have been obtained in the simulations.

Pointing out the considerable influence of the decline in surface elevation between
the two ends of the strait, h, upon the flow is of importance. This implies that changes in h
throughout the year (depending on various effects such as wind, runoff, pressure etc.) will
result in drastic changes in the two-layer current system. In thjs connection, one poses the

following questions:

e How long is the surface elevation present to maintain the presence of the decline?

e How does the two-layer system respond to changes in h, and how long does is take
for the two-layer system to reach a new state of equilibrium?

e How does the latter period of time compare with the time duration during which h is

persistent?

Time-dependent solutions are needed to answer these questions, which, in author’s

opinion, are of great importance as to the dynamics of sea straits.

Moreover, the two-layer currents in opposite directions create Secondary currents
flowing vertically. Therefore for the development of the present study, starting with a

reasonable intermediate state 2D, 2-layer model than steady state assumption by a 3D
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model should be more realistic. Since in three-dimensional modeling, there are no
limitations and the full momentum and continuity equations are solved. This greatly A
improves the computed results quantitatively and qualitatively. But this additional
dimension requires a very long additional computational time and space. Thus the
philosophy of this study is bring to a more elaborate, advanced, living model in the future

tﬂat can be updated and modified.

In order to develop the present study, the physical quantities such as wind drag
coefficient, bottom drag coefficient and interfacial drag coefﬁcierﬁ should be measured or
calculated from field or laboratory experiments. The absence of long term salinity,
temperature, wind and current data, also unavoidably prevent to make qualitative and
quantitative testes in the Strait where is very important for militarily purposes. For that
reason, regular monitoring data can be publicly accessible to industry and academic

environment,

Significant importance must also be given to hydrodynamic modeling as a highly
invaluable tool to preserve and protect water bodies from effects of urban and industrial

developments.
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APPENDIX A: CHORONOLOGICAL REVIEW OF THE
OCEANOGRAPHIC INVESTIGATIONS OF THE TURKISH
STRAITS

The straits being the only passage between the Mediterranean and the Black sea, and
forming a bridge between Europe and the Near East has attracted the scientists to
investigate the conditions of the area. The biggest emphasis was given to the geological
evolution of the straits. But the oceanographic features and the exchange of water,
including the current systems of the area became also very important for oversea
transportation and military purposes. Thus, a growing interest for scientific investigations

dated back to as early as 1861.

In 1681, the first written evidence of the existence of the two-directional currents of
the Bosphorus and a description of the undercurrent was given in Count Marsilli’s letters to
Queen Christina of Sweden. Count Marsilli thought that a counter current was physically
essential under the existing upper current forces. Further, he made observations on the
changes of the water level in the Sea of Marmara and on the surface currents of the
Bosphorus. In order to back his physically sound two directional current theory for the
straits, he prepared a chart showing the current systems in the Bosphorus with a main
surface current towards the Sea of Marmara and the eddy currents in some of the bays such
as the Galata — Ortakdy Bay, off Uskiidar and Anadolu Kavak Bay. The theory of Count
Marsilli was regarded for a long time as being doubtful. Only after two hundred years from

Marsilli’s work new interest were directed to his undercurrent theory (Marsilli, 1861).

In 1870, Captain Spratt started to inve§tigate the hydrography of the Bosphorus with
current-anchors and also measured the salinity. He came to the conclusion that no
undercurrent can exist in the strait and that the observed heavy and saline water in the
deeper parts of the Bosphorus can only be transported by strong wind driven surface water

from the Aegean towards the Black Sea in autumn and winter periods (Spratt, 1870).
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In 1872, British Admiral Wharton on board the vessel Shear Water performed careful
drogue studies, density measurements (with aerometer) and temperature readings (with A
reversing thermometers.). He studied the hydrographic conditions of the Bosphorus at two

cross-sections and those of the Dardanelles at three cross-sections.

In contrast to the statements of Captain Spratt, Admiral Wharton came to the
conclusion that an undercurrent existed below the surface current layer all the way from
Aegean to the Black Sea and that the velocity and strength of this undercurrent was
dependent on the velocity of the surface current. According to hlS findings, the interface
between these two opposite currents at the northern end (Black Sea entrance) was at 37 m
and at the southern end of the Bosphorus (Marmara) at 18 m. But that the interface
(thermo-halocline) between the Black Sea and Marmara water layers was recorded at 48
and 27 m. His measurements in August 1872 indicated a temperature minima
(thermocline) of between 35 m and 47 m. At the same time he measured at the surface and
at a depth of 60 m. This condition forming the thermocline was absent in October 1872.
His observations showed that the velocity of the surface current was ranging from 125 cm /
s. to 225 cm/s. depending on the site of the measurement. For the lower current, the
measured velocities were ranging from 13 to 55 cm/s. In the Dardanelles off Gelibolu, the
current interface was found at 33 m and at the Aegean end of the strait it ranged from 16 to
22 m. The interface of the Black Sea and Mediterranean water layers was between 18-36
m. He also recorded that the extraordinarily variable current velocities at the surface were
on the average 75 cm/s. with a maximum of 150 cm/s and the undercurrent with a
maximum velocity of 40 cm/s. He related the wind forces to the sea level changes,
reaching 70 cm over the average water level and he pointed out to the prolongation of the
lunar tides which may cause an elevation of 10 ¢cm at the surface. He also pointed out the
importance of the winds, their direction and speed to the surface flow from the Black Sea.
But he ignored the effect of the density differences between the Black Sea and
Mediterranean (Wharton, 1886).

In 1881, Makaroff from the Russian Navy carried out winter hydrographic -

investigations in the Turkish Straits on board the Russian ship Taman.
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In order to solve the problem of the undercurrent, he performed approximately 1000
current readings and 4000 temperature and density measurements. Without prior ’
knowledge of previous studies in the area, he came to the same conclusion as Marsilli and
Wharton. He proved trough careful temperature and density measurements that the water
column in the straits consisted of two layers, with an interface inclining towards the Black
Séa. His findings should be regarded as a qualitative picture of the hydrographic conditions

in the straits. His results may be summarized as follows:

o A two directional current system, with an upper and undercurrent is present in the
straits.

e The strength of these currents depends on the density differences between the two
layers and to the water level conditions in the Black Sea and the Sea of Marmara.

e The interface between these two layers consists of a water layer with a large gradient
of density and is motionless. He recorded the depth of this layer as being 42.1 m at
Biiyiikdere, 49.4 m at Rumelihisar, 34.8 m at Anadoluhisar, 25.6 m at Arnavutkdy,
and 20.1 m at Sarayburnu located at the southern end of the strait.

e The depth of the interface was dependent on the water level changes in the Black Sea

and also on the wind forces.

Makaroff’s current measurements indicate different characteristics for the upper and
the undercurrents. The undercurrent flows following the density gradient and is affected by
the configuration of the sea bed, but not always filling completely the narrow channel. The
velocity of this flow shows in cross-sections some differences like those in different parts
of a river. The maximum velocities were obtained approximately 5.5 m below the current
interface, ranging from 0.6 to 1.1 m/s. By hourly current measurements, he recorded some
periodic fluctuations in the velocities of the surface current. Like the undercurrent the
surface current flowing in the opposite direction did not fill all the surface area of the
channel, giving way to eddies in the bays along the strait. The maximum velocity of the
surface current was just at the surface with an-average of 1 m/s. Deviations from this
average were observed at different locations and the maximum was observed at
Arnavutkoy with 1.9 m/s. Off Biiyiikdere, the current ran at only 0.35 m/s. Based on his
current and density measurements, he estimated the water budget of the Black Sea and the

extent of the exchange of water between two seas. He estimated a level difference of 0.52
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m between the Black Sea and the Marmara Sea. Taking the calculated average velocities of
the upper (0.78 m/s.) and the undercurrent (0.63 m/s.) he estimated the Black Sea outflow '
9990 m*/s. and the inflow amounting to 5400 m?/s. The difference of the out and the inflow
amounting to 4590 m?/s. gives the runoff from the rivers and precipitation minus the
evaporation. He stated that this difference may change from year to year and/or seasonally
dépending on the meteorological conditions of the area, as well as on the density of the
water mass (Makaroff, 1885).

Ih 1884, Magnaghi started his observations on board the ship Washington with a
magnetic current meter and established 6 stations in the Dardanelles and 7 stations in the
Bosphorus. He recorded velocities and the directions of the current at different depths. At
the same time, he made temperature readings in order to locate the position of the interface
between the two layers. He found the current interface at the northern end at 45 m and at
the southern end at 15 m. He observed also that the velocity of the surface current was
increasing from 30 cm/s due to shallowing of the upper current depth. At the same time the
undercurrent velocity was decreasing towards the Black Sea from 84 cm/s to 42 cm/s. In
the Dardanelles the current interface was recorded at Nagra Burnu at 8 m depth and the
Aegean Sea at 12'm. In the Dardanelles the surface velocities were ranging from 100 to

130 cm/s. and the undercurrent velocities from 10 to 55 cm/s (Magnaghi, 1894).

In 1886, Gueydon on board the ship Petrel performed some current velocity and
direction measurements along with some temperature and density readings at different
depths and locations. His investigations led Gueydon to the conclﬁsion that the volume of
the undercurrent was much greater compared with that of the surface flow from the Black
Sea (at least during the period of his observations). Although his conclusions are not
acceptable, the data collected by him, by some very simple methods fits fairly well into the
overall picture of the Bosphorus hydrography. He located the boundary between the
currents at 15-18 m and another current interface between 30-45 m. During his 48 hour
velocity measuremeht off Tophane in March 1886, he was able to track some fluctuations
in the undercurrent velocities 9 m above the bottom. During his 48 hour velocity -
measurement off Tophane in March 1886 he was able to track some fluctuations on the

undercurrent velocities 9 m below the bottom (Gueydon, 1886).
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In 1892, Wolf and Luksch on board the ship Pola carried out temperature, salinity
and current measurements in the Dardanelles. They located the thermohaline interface at
12 m depth. During their eight day observations, they tried to prove the effects of the winds
on the distribution of temperature and salinity at the surface layers (Lulksch and Wolf,
1892).

In 1894, Natterer on board the ship Taurus made chemically oriented oceanographic
observations at 42 stations, located on N-S profiles of the Sea of Marmara with two
additional stations in the Dardanelles. The standard depths for sainpling were 0.5, 10, 50
and 100 m. He measured important variables of the Sea of Marmara water like

temperature, salinity, dissolved oxygen and CO, but was not able to trace the actual

location of the thermohaline interface with his standard depths. Temperature readings were
obtained by deep-sea thermometers, salinity by calculations from the aerometer density

readings, dissolved oxygen and CO, by titrations. In May 1894, he recorded temperatures

of the upper layers of the Sea of Marmara ranging from 10°C to 12°C . The salinities were
higher than those of the Bosphorus during the same period and he attributed this salinity
elevation to the mixing processes between two water masses, rather than the evaporation in
the Marmara. The temperatures recorded at the lower water layer were ranging from
14.1°C to 14.6°C; The vertical mixing of these two layers was attributed to the bottom
relief of the Sea of Marmara. During his investigations he frequently observed “lenses” of
water with higher salinity than the surrounding water. The distribution of the dissolved

gases such as O, and CO, also proved the vertical mixing. No H,S was detected and the
O, content below 50 m was 50% of the surface concentrations. His work may be

considered as the first mile-stone for the discovery of the chemistry of the Straits (Natterer,

- 1894),

In 1894, Spindler began his investigations on board the Turkish ship Selanik in the
Sea of Marmara. One of his aims was to complete the bathymetric charting of the area,
started earlier by Admiral Wharton. He estimated the average depth of the Sea of Marmara .
to be 289 m. To investigate the temperature and salinity distributions of the sea, he utilized
a total of 61 hydrographic stations of which 52 were located in the Sea of Marmara, 8 in

the Dardanelles and one station in the Bosphorus. He distinguished the following four
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different layers with different hydrographic features in the Bosphprus and the Dardanelles
Strait:

e A homohaline (25.5 ppt S) and homotherm (19.5°C) surface layers with a thickness
of 11 m.

o Below this “cover” from 11 to 25 m depth a layer with a temperature decrease of
2°C and salinity increase of 10 ppt S. /

e A deeper layer extending from 25 to 200 m depth with a temperature of 15°C and
38.1 ppt S.

e A deep layer below 200 m down to the bottom (1400 m) a homothermic (14.2°C)
and homohaline (38.4 ppt S) deep water layer.

The water carried by the surface current from the Black Sea with 18.1 ppt S and the
water carried by the undercurrent from the Mediterranean with 38.8 ppt S and the rate of
their mixing play a role on the formation of these four layers. But the characteristics of
these two different waters are already changed before they enter into the Marmara proper
by intensive mixing in the channels. The interface between the upper and undercurrents
located in the Sea of Marmara was on average at 13 to 14 m depth. At the Aegean entrance
of the Dardanelles at 11-18.6 m. and at the entrance to the Sea of Marmara 12 to 16.5 m. In
the Bosphorus it was located at 14 m. Current velocities in the Sea of Marmara, between
the Princes Islands were 0.25 m/s. and in the bays across the prince Islands were 0.03 m/s.
Spindler also tried to estimate the water exchange trough the Bosphorus and calculated the

outflow as 14500 m*/s (Spindler, 1894).

In August of 1910, Nielsen on board the ship Thor carried out investigations at a
number of stations in the Straits and the Black Sea. He observed, at the Black Sea entrance
of the Bosphorus, a homohaline (17.5 ppt) and homotherm (24°C) upper layer with a
thickness of 17.5 m. Below this “cover layer” a transition zone both for salinity and
temperature was present on which a temperature minimum of 7.3°C’ was recorded at 85 m.
Approaching the Bosphorus entrance, a rapid rise of this temperature minimum layer up to
40 m depth was observed. For this layer the salinity was 19 ppt, below this thermocline
both the temperature and salinity rose to 15.32°C and 36 ppt S. In the Bosphorus, the

interface between the upper and the undercurrent was detected at 30-40 m at the northern
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end, and at 20-25 m at the southern end. In the Sea of Marmara, the salinity distribution
down to 10-15 m was almost constant around 22 ppt S. Below this layer, an increase of
salinity was observed rising up to 37.5 ppt. The temperature in the upper layer was
decreasing and reached its maximum of 16 to 16.5°C at 30 m depth. Below 600 m the
temperature was constant at 14.15°C . From these observations it was concluded, that the
dg;ep basin of the Sea of Marmara was filled with heavier “winter water” of the
Mediterranean and the relatively lighter “summer water” from the Mediterranean was
above this water mass. Measurements of dissolved oxygen provided support for this
assumption, because the oxygen concentration in the deeper layer was higher than that of
the summer water layer. During this expedition a six-hourly observation on the fluctuation
of the current interface based on temperature and salinity measurements was performed.
No correlation was detected with the tidal oscillations and fluctuation of the current. On
the surface strong fluctuations of the current velocity and formation of eddy currents were
observed (Nielsen, 1912).

In 1917, Merz on board the yacht Adelgunde began his investigations of the
hydrogfahpy of the Bosphorus and the Dardanelles. The surface investigation was made at
two different times. The first trip was in September/October 1917 and the second from

May to July 1918. His investigations included the following observations:

e Depth soundings at 300 points.

e Metrological observations and analysis of the data collected from the meteorological
stations (barometric pressure and wind).

¢ Clorinity measurement by Mohr titrimetry, salinity calculations from the clorinity
data using Knudsen’s tables and seawater temperature readings were done.

e Current measurements were done by Ekman magnetic currentmeters.

e Studies on the Morphology and Geology of the straits were done.

Merz carried out his measurements at 18 cross sections in the Bosphorus and 16
cross sections in the Dardanelles with a great number of hydrographic stations along the -
coasts of the straits. In total he used 310 stations with 2067 current measurements, 723

temprature readings and 623 water samples for clorinity titrations. Because of the death of
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Merz, Moeller analyzed the hydrographic data compiled and came to the following

conclusions:

e The distance for the travel of the water mass carried by the upper and undercurrent,
described by the early researchers, is approximately 300 km. Taking the average
velocities of these streams the time for the travel of the upper current is 2 months
and the undercurrent 2 % months. ,

o The hydrographic structure of the Black Sea and the Aegean leads to a characteristic
stratification of the water layer along the straits. Below the lbw—saline “cover layer”,
a water mass with high salinity exists and the two are separated by a sharp halocline,
mostly accompanied by a sharp thermocline. This thermohaline interface is at 100-
150 m in the Black Sea and at the northern entrance of the Bosphorus it rises to 50 m.
In the channel this rise is more pronounced and reaches a value of 15-20 m at the
South end. Its depth changes only at the cross section Nagra in the Dardanelles where
it rises to 10 m depth. Affected mainly by the water level changes in the Black Sea,
the yearly changes in the position of the interface are very slight. Under the
conditions of high water level in the spring the interface in the straits is deeper. A
difference of 2.7 m water level was recorded in September/October 1917.

e Depth of the current interface was rising from north to south. The depth of the
current interface at the north end of the Bosphorus wés detected 7 m above the
thermohaline interface and at the south end 4 m below it. In the Dardanelles, at the
north end the current interface was 0.5 m above and at the south end 6 m below the
thermohaline interface. This indicated that in the northern parts of the channels a
portion of the under water mass flowed back with the upper current. This
phenomenon is attributed to the vertical distribution of the water pressure, peculiar to
this typical stratification. |

e The surface water salinities at the north entrance of the Bosphorus were 16-18 ppt
and at the south end of the Dardanelles 26-28 ppt. The gain of salt in the Bosphorus
is 2 ppt, in the Sea of Marmara 5 ppt and in the Dardanelles 3 ppt. These figures
indicate that no great exchange between the upper-and lower layers can be expected.
The vertical distribution of the temperature may also be considered as a proof of this

_ statement. In the summer period a thermal stratification is found at the upper water

mass. A sharp thermocline as a minimum temperature layer may be followed from
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the Black Sea to the South end of the Dardanelles. In contrary the upper water layer
in winter period is homotherm. The salt content of the deeper water entering the Sea
of Marmara, up to the south entrance of the Bosphorus is almost constant. In the
Bosphorus due to the intensive mixing, the salt content drops by 3-5 ppt, i.e. to a
level of 33-35 ppt. The salinity of the deep water layer entering the Black Sea
decreases to 22-25 ppt as it leaves the Bosphorus. The density of the deep watef
entering Dardanelles is 1029 g/cm?and decreases to 1024 g/cm?®by the time it reaches
the Black Sea. |
The upper current with an average velocity of 40-50 cm/s flows as a shallow band
through the Bosphorus and the Dardanelles. Its velocity increases at the south ends of
the both channels reaching values of up to 150 cm/s. The decrease in the vertical
distribution of the upper current velocity is slow at the north ends and extraordinarily
rapid at the south ends of both channels. The interface between the currents is 2-10 m
thick in the Bosphorus and 2-7 m in the Dardanelles. The velocity of the current
within the interface does not approach zero, but is in the average 8 cm/s in the
Dardanelles and 14 c¢cm/s in the Bosphorus. The turning of the current directions at
the transition zone is caused by a diversion of the upper current toward the coast as a
cross-circulation. As it is seen in the northern parts of the Bosphorus and in the
northern and southern parts of the Dardanelles, wherever the surface current
approaches the European coast the current direction sofemnly against, from SW to
NE, and wherever it approaches the Asiatic coast, as seen in the southern parts of the
Bosphorus it solemnly turns. In the narrow parts of the channels these rules are not
valid. In the Bosphorus the current interface is 10 m thick and instead of a simple
turning of the direction from one side to the other, a back and forth swinging is
happened.

The undercurrent following the topography of the channel more strictly than the
upper current. The undercurrent is not always flowing under the upper current. They
follow mostly different pathways in the channel. Because of the presence of a
mixing-zone between the two currents, the minimum velocity of the undercurrent is
detected on the average at 8 m below the thermohaline boundary surface in the -

Bosphorus, and at 16 m below in the Dardanelles.
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e The current systems in the channels are subject to different types of fluctuations;
yearly periodic fluctuations due to the sea level changes, periodic fluctuations due to
the tidal forces, fluctuations due to the self-swinging of the stratified water mass.

o The effect of winds and air pressure changes to the currents are also discussed in

details.

The observations of Merz and the evaluation of the results by Moeller is another milestone

for the discovery of the hydrography of the straits (Merz, 1921; 1928).

Ullyott and Pektas (1952) evaluated the data, collected from 1944 to 1952, on the
yearly temperature and salinity cycles in the straits. They noticed that the winter conditions
in the straits were especially important. Their observations had shown that there was a
large difference between the water leaving the Sea of Marmara in the summer and in the
winter. The winter salinity values were about 6 ppt higher than in summer, indicating a
degree of mixing more than 100 0/0 greater during the winter than in summer. They stated
that, as long as the surface waters of the Sea of Marmara were at a high temperature, the
outflow past Canakkale was of relatively low salinity (23-24 ppt), but as soon as the
surface water began to cool down, the salinity began to rise. The increase of salinity was
accompanied by a drop in temperature. At the beginning of April, with the first sign of
warming, the salinity drop became noticeable. This decrease i)f salinity can be followed
until the summer conditions attained, the end of June. They concluded from the density
differences that the salinity of the Marmara out flow depends on the stability or instability
of the discontinuity layer, separating the upper and lower water of the Sea. In the
Bosphorus, in the Sea of Marmara and in the Dardanelles a process of mixing occurs
between the upper and the lower waters trough the discontinuity layer. The dominant factor

governing the hydrographic events in the straits is the stability of the discontinuity layer.

Pektas (1953), in his study of the Bosphorus undercurrent and mixing of water gives
together with a review of the previous studies a presentation of his observations made in
the period 1951-1954. His conclusions are based on observations spread over a relatively
long time span; covering all seasons of tiie year. He was able to track the monthly and
yearly variations on the hydrographic conditions and current behavior. His conclusions

may be summarized as follows:
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e The connection between the Aegean and the Sea of Marmara forms the first stage of
the link between the Mediterranean and the Black Sea and allows, during all seasons,
both the layers to flow without any obstruction. Therefore in every season in the
depths of the Sea of Marmara, the typical Mediterranean water is found. This is the
indication of the presence of a normal open sea — basin connection. v

e The salinity stratification in the Sea of Marmara is subject to seasonal variations. The
thickness of the surface layer in the Sea of Marmara formed by mixing of the Black
Sea waters, is in June at its greatest and in November at its lowest level. One of the
most important factors affecting the behavior of the Bosphorus undercurrent is the
difference of surface elevation between the Black Sea and the Sea of Marmara.

e Connection between the Sea of Marmara and the Bosphorus is restricted by the so
called “Southern Sill”, extending between Sarayburnu and Uskiidar. The sill plays an
important role on the water exchange. Water entering over the southern sill into the
deeper channel of the Bosphorus meets the surface current flowing from the Black
Sea and is forced to return back to the Sea of Marmara. This is one of the most
important factors controlling the flow of the Mediterranean water into the Black Sea
basin.

e Meteorological changes and any variations in the water budget of the Black Sea are
the main factors governing the water exchange through the Bosphorus.

e Some evidence supporting the hypothesis set by Ullyott and Ilgaz regarding the
“return flow of the deeper water mass” was found during the surveys under some
special occasions but not always. Therefore, it was suggested that this return flow
should not be overemphasized.

e In the narrowest part of the Bosphorus, due to the speed of the surface current, some
locations of low pressure were formed where upwelling of the deep water may be

observed.

During his observations Pektas found evidence that due to the changes of the salinity
stratification of the surface water and the seasonal fluctuations of the surface currents, the
undercurrent does not reach the Black Sea basin during a period of six months (March to |
August), but during the other half of the year (August to March) it passes over the
“Northern sill”” of the Bosphorus into the Black Sea (Pektas, 1954).



76

Pektas (1956), in his work on the “Hydrographical Peculiarities of the Seas
Surrounding Turkey” states that the exit of the deep current from the Bosphorus is possible
when the surface level of the Black Sea is low, but not when it is high. As a consequence,
the mass of water contained in the Bosphorus is not of the same origin everywhere and
during every season. Stratification can often be detected, with an upper most layer of pure
Black Sea water, a lowest most layer of pure Marmara water and a mixture of the two as in
the intermediate layer. During the winter and the spring it is not rare that the northern part

of the Bosphorus consists of Black Sea water only.

Uyguner (1957) in his work on the Nitrite ( NO, — N ) concentrations of the waters of

the Bosphorus, Dardanelles and off Trabzon, gives an account of his observations
performed during April 1955 to January 1956. He studied horizontal and vertical
distribution of nitrite and its yearly variations. He found a maximum of 7 mg/m® in the
surface waters of the Bosphorus; however he recorded 3.3 mg/m® at 70 m depth. In the
Dardanelles at the surface layers the maximum concentration recorded was 2.3 mg/m® and

in the deepwater it was 8 mg/m’.

In 1962, Artuz on board the R/S “ARAR” measured, at 57 hydrographic stations
covering the Sea of Marmara, the temperature distribution in the different layers together
with salinity and dissolved oxygen measurements. Monthly measurements were performed
at these stations. The largest seasonal variation of the temperature was found at the surface
layer (0-0.5 m) with a mean value of 14.9°C. At greater depths, the variation decreased
and reached a minimum of 0.1°C at 200 m. The temperature data collected on these
surveys was used to explain the fluctuations on the abundance of pelagic fishes in the Sea

of Marmara (Artuz, 1962).

In 1967, DAMOC (which is a consortium of consultant companies) investigations for
the Master Plan for the marine outfalls for Istanbul Metropolitan area has been performed
for World Health Organization (WHO)supported by United Nations Development
Programme (UNDP). Physical and chemical oceanographic data collected by the Turkish -
Navy Hydrographic Office are presented in the documents of this work. The observations
were conducted during the period September 1967 to February 1968. Measurements

performed during this program are collected under the titles Temperature Measurement,
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Salinity, Dissolved Oxygen, Transparency, Current Measurements, Sea Level
Measurements, Biological Observations, Trace Metal Analyses and Meteorological
Observations (DAMOC, 1971).

Cegen et al. (1981) carried out investigations on the hydrographic conditions of the
Bésphorus in order to determine the water mass transport of the undercurrent. In their final
report submitted to Turkish National Science foundation (TUBITAK), the basic
mechanism of the two layer current in the Bosphorus is explained as originating from fhe

differences of the hydrographical conditions of the Sea of Marmara and the Black Sea.

During joint surveys together with the Turkish Navy Hydrographic and
Oceanographic Office, salinity and temperature profiles were determined in the Bosphorus
throughout 1980. Interface profiles based on these observations revealed that the slope of
the interface is large in the winter and especially in the spring, whereas it is smaller in the
summer and fall. A blockage of Marmara water occurs in the spring at the northern parts of
the Bosphorus. In the report, the possibility of the construction of a mathematical model

for the Bosphorus current system is discussed. Bayazit and Siimer (1982) carried out some
| additional measurements in order to explain the properties of the two-layered flow and
have submitted a report as an addendum to the first report. In their report, the results of the
measurements performed along four vertical cross-sections of the Bosphorus near the
Black Sea entrance are presented. The evaluation of these measurements has shown that
the lower layer which enters from the Marmara does not always reach this section. It was
concluded that flow in the lower layer could not reach the Black Sea basin in the spring
when the discharge entering the Bosphorus from the Black Sea takes large values due to |
the increase of the runoff volumes. In this report, a two-layer model taking both the
interfacial and bottom friction into account has been adopted. Their results appear to be in

fair agreement with the available field data.
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APPENDIX B: DIFFERENTIATION OF INTEGRALS CONTAINING
A PARAMETER; LEIBNITZ’S RULE

The integral

b(8) ,
= [ £(x.B)x | (B.1)

a(B)

has a function of the parameter # which is not a function of x, solely a dummy integration

variable.

b(8)

[ £(x.B) dx B2)

a(8)

I'(p)= d,B

In principle, evaluating the integral and then taking d /da have to be done; in
practice, however, inverting the order of integration and differentiation can be

advantageous. The difference quotient is,

I(B+AB)-1(B) 1 [P
( Aﬂ) ( LM{ML f(x,8+Ap) dx-J’f(x B) dx} (B.3)
Jf(x ﬂ+Ai,)/3 F(56) s L ﬁb+jbf(x,ﬁ+Aﬂ) dx -Al—ﬂ a+jaf(x,a+Aa) dx (B.4)
If(x,ﬂﬂﬂ) f(xﬂ)d +f(b p+a5) 20 -f( wpeaf) 22 @)

A Continuous function, f, is constant over the inﬁnitesimal intervals from
b<x<b+Ab to a<x<a+Aa.Formally, letting Acx — 0, the Leibnitz rule is obtained

as;



79

r(p)= 1 250 o (o0 AESOVIF B

o(p)

Equation (B.1) is valid if &f/98 be continuous in the rectangularA X, and the
derivatives 8f /88, ob/0f and da/op all exist.
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APPENDIX C: WIDTH INTEGRATION OF SHALLOW WATER

EQUATIONS

Assuming the steady flow, neglecting the Colioris force and pressure variations,

- Equation (3.58) becomes,

B(x) B(x) x_ X
w2y e (=g 5% o N Vo |y (C.1)
o ox d h
A(x) = oy A(®) P

and the continuity equation becomes,

5 5 d ' |
j é—x—(ud)+5(vd) dy=0 (C2)

A(x) T .

By definition

B(x) _
I udy =ub (C.3)

A(x)

where b is the width at that cross section and the integral limits are the coordinates of the

opposite sides. Bar denotes the width averaged quantities.

B(x) — ’
[wdy=sud (C.4)

A(x)

where ¢ is the kinetic energy factor taken as 1.05 for turbulent flows.



81

B(x)

[ ndy=nb (C3)

A(x)

B(x) :
j ddy = Db (C.6)

A(x)
where D denotes the total depth

For determinihg the equations used in the box model have been width integrated term

by term as follows;

First term,

B(x) B(x) —
I(ua_“]dyz_a_ [ wdy~u(B) 2 +u(4) 2= 2-(ou'p) (€7)
A(x) Ox axf’(x) Ox ox  Ox

Second term is

& 6uj 0 °®@ OB ad 0"
v— |dy=— | wvdy—v(B)—+v(4d)—=— | (uv)dy =0 (C.8)
j( 2 Jut (BT = | ()

and 7, lateral mixing is approximated as zero.

Third term is

50 oy o 2@ B 04 3(519) —ob

o 197 4ol & pay (B (A) A | = | 2 _ 590

g/,i)axdy & ax,,([)” y\”( )6xv,ﬂ( )ax, 8l "o " | P
~(B-4)

Fourth term is
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ji:[rsg;r: ) b _TSD(r,; b%) €10
Fifth term is
NZIZ g;i+g;i dy = (a G —[l |+|rB|])
¥
a=B(x)822 & =iBT)—qI—l—dy o aB+6u 4 0 (L:b) 1D
al) OX OX 40y OX ax ox  ox|, o ox
b= [ 2% -2 Lo fefell=o

Lateral boundary shear stresses can be approximated as zero since model does not take the

sides effects into consideration. No slip condition applied.

Sixth term is

B(x) B(x)

0 04 a(qu)
—(ud)dy =— | dudy —ud(B —+ ud(A (C.12)
)= 2 ]y (8) 3 rua (=2
Seventh term is
B 5 B :
[ —(vd)dy=vd|, =0 (C.13)

' A(x)

Collecting all the terms and rearranging them the with integrated one dimensional

equations for the box model the momentum equation becomes

o |o(m) - 2
2 (s b)=—g'—(571—)—77%§}+ ‘D(’; bG)+ N, (aa(f“)J (C.14)



83
and the continuity equation becomes

d(uDb) _ 0

C.15
™ (C.15)
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