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ABSTRACT

SCHUBERT VARIETIES OF GRASSMANNIANS

In this endeavor, studying Grassmannians in affine and projective space is es-
sential. We firstly present Grassmannians as varieties then divide Grassmannians into
disjoint Schubert cells and apply Pliicker embedding to realize Grassmannian as a sub-
variety of projective space. We also briefly introduce the similar concepts for Flag
manifolds. In this thesis, one of our aim is to expand the underlying ideas behind
the Schubert calculus. For this purpose, we introduce some enumerative problems.
We also review the Schubert polynomials and Schur functions. Finally, we associate
the ring of symmetric polynomials with the cohomology ring of Grassmannians by in-
dexing the Schubert class of cohomology ring of Grassmannians with Schur functions.
To understand the product of Schur functions Pieri’s formula is given. Moreover, we
associate the products of Schur functions with the intersection of Schubert varieties of
Grassmannians. Similarly, to understand the product of Schubert polynomials Monk’s
rule is given. Then the Schubert class of cohomology ring of Flag manifold is indexed
by Schubert polynomials and we associate the products of Schubert polynomials with

the intersection of Schubert varieties of Flag manifold.
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OZET

GRASSMANN COKKATLISININ SCHUBERT
VARYETELERI

Bu galismada, afin ve izdiigtimsel uzaylarda Grassmann ¢okkatlisini caligmak esas
almmigtir. Oncelikle Grassmann’m bir varyete oldugunu fark edip sonra onu ayrigik
Schubert hiicrelerine boldiik ve Pliicker gommesini Grassmann ¢okkatlisini izdiigiimsel
uzayin altvaryetesi olarak fark etmek icin uyguladik. Benzer konseptleri kisaca Flag
gokkatlisi icin de tanmittik. Bu tezde, amaclarimizdan biri de Schubert kalkiiliisiin ana
fikirlerini agmak oldu. Bu amagla, baz1 enumerative problemler tanittik. Ayni za-
manda Schubert polinomlar: ve Schur fonksiyonlar: icin bir tekrar yaptik. Son olarak
da Grassmann cokkatlisinin esbenzeti halkasinin Schubert smiflarini Schur fonksiy-
onlariyla indeksleyerek simetrik polinomlar halkasi Grassmann ¢okkatlisinin egbenzeti
halkasiyla iligkilendirildi. Schur fonksiyonlarinin ¢arpmasini anlamak igin Pieri formiilii
verildi. Dahas1 Schur fonksiyonlarinin ¢carpmasiyla Grassmann ¢ok katlisinin esbenzeti
halkasinin Schubert simiflarinin kesigimi arasinda bir iliski kuruldu. Benzer sekilde,
Schubert polinomlarinin ¢arpmasini anlamak i¢in Monk’s kurali verildi. Daha sonra
Flag cokkatlisinin esbenzeti halkasinin Schubert simiflar1 Schubert polinomlari ile indek-
slendi ve Schubert polinomlarinin ¢arpmasi Flag ¢okkatlisinin Schubert varyetelerinin

kesigimiyle ilgkilendirldi.
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1. INTRODUCTION

In 1874, Schubert coped with finding the number of geometric objects such as
lines and planes which satisfy the certain conditions. Let’s try to understand first ideas
by examples in the three dimensional spaces. For instance, ‘How many lines exist in
three dimensional space which intersect with four lines?’” is one of the enumerative
question. Schubert tries to solve this question by adding some specifications to the
four lines as following: ‘We are given four lines such that first two intersects and the
remainig two intersect with each other. Under these conditions how many lines exist
which intersect these four lines?” First of all, intersecting lines can be seen on the
same planes. The line which joins the intersection point of first two lines and the
intersection point of the third and fourth lines will cross the four lines simultaneously.
Moreover, there is a line which lies in the intersection of these two planes. This line
also crosses the four given lines. According to Schubert, we can generalize the number
of solutions as 2 by ‘Principle of Conservation of Number’. However, we encounter with
some problems in affine case. What if these two planes are parallel? Then the answer
becomes 1. Or what if third and fourth lines are parallel and planes lying 3rd and
4th lines are parallel to the planes lying first and second lines? Then there is no line
which intersects all four lines at the same time. As a result, to solve such enumerative
geometric problems we prefer projective space, P" because all parallel objects have an

intersecting point at infinity.

In the preliminaries chapter, the Schubert polynomials and Schur functions are
mentioned. Some properties are given. Pieri’s Formula for Schur functions and Monk’s

Rule for Schubert polynomials are introduced.

In the third chapter, first of all we introduce the Grassmannians G,, , as a set of
m-dimenisonal subspaces of C"*" and realize them as geometric objects in P(A™C™*™),
that is to say, as a root of certain polynomials with (m:;”) -variables thanks to Pliicker

embedding.



Then, we examined the set of d-dimensional subspaces of P"* which is denoted as G,.
The Pliicker embedding also defined for this set and Gy, is realized as geometric object

n+1

in P(d+1)71.

In the fourth chapter, we start to develop algebraic methods to solve enumerative
problems. First of all, the intersection of lines in projective space is discussed. Then, to
understand Grassmannian manifold in a better way we divide it to disjoint pieces called
as Schubert cells. Moreover, the closure of a Schubert cell is defined as Schubert variety
and their intersection problems is conveyed to the combinatoric problems. Moreover,
we construct a relation between the ring of symmetric polynomials and the cohomology

ring of Grassmannian manifold thanks to Pieri formula.

In the final chapter, the Grassmannian is generalized as Flag manifold and the
similar concepts are reviewed for Flag manifold. The cup product of Schubert cycles
in the cohomology ring of Falg manifold is given by Monk’s formula. Moreover, one
can define a relation between the polynomial ring and the cohomology ring of Flag

manifold thanks to Monk’s formula.

I hope that the thesis provides a good overview to understand how algebraic ge-

ometry, combinatoric and algebraic topology cooperate to solve enumerative problems.



2. PRELIMINARIES

2.1. Schur Functions

We can define the Schur functions in a various way. One of the oldest version is
made by Jacobi in 1850. First of all, we define an antisymmetric polynomial in the

following way:

a, = Z e(w)z ™. (2.1)

’UJES’n

For w € 5, consider the shorthest string such that sy s, ... s, =w where s;’s are
transpositions. Then we call ¢q1¢qs . . . g as a reduced word for w and k is the length of w
denoted with ¢(w). Remember that p(xy,...,x,) is called as antisymmetric polynomial

if p(z1,...,2,) equals to (—1)"p(zy,, ..., Ty, ).

In this formula, e(w) denotes the signature of the permutation and z“®) =

Hap(1)

2y "™ for an n-tuple p = (jiq, ..., ftn) Where p1;’s are natural numbers. To under-

stand better, let’s make a few observations on example.

Example 2.1. Let = (5,4,2) n=3 then

a(5,4,2) = Z e(w);pw(uwzus)

weS3

_ 5,402 4,5, 2 2,45 5.2, 4 2,5, 4 4,25
= X|Xyx3 — T{TyT3 — T]Tols — T]T5T3 + TITT3 + T X505
_2,2.2(.3 2 3,.2 2,.3 3,2 2,3 2,3

= xiwyrs(xies + Toxs + xirs — TIT; — TRX — TIT).

Note that for ' = (5,4,4) a,» = 0. In general, for the partitions which has equal parts,
the antisymmetric polynomial becomes zero.
Also note that for (" = (5,2,4):

_ .2.2.2/ .32 .39 2.3, 39 9.3 9 3
U(5,2,4) = T1T5303(—T725 — T3 — TITR + 1903 + 1503 + XITY) = —a(5,4,2)-



As we observed in the example, in general a, polynomial remains same under S,
action on partition, up to sign. Therefore, we can restrict our analysis on polynomials
which can be indexed by strictly decreasing partitions. Any strictly decreasing partition
can be decomposed as largest strictly decreasing part § = (n—1,n—2,...,1,0) and the

remaining partition. For example, v = (8,4, 3,2) = (5,2,2,2) + (3,2, 1,0).

Moreover, by using these antisymmetric polynomials, we can obtain symmetric

functions which is firstly introduced by Jacobi, called Schur functions.

Definition 2.2. (Jacobi’s Schur function) For a partition A,

arys  det(z}"7)
Sy = = — (22)
as det(x;™7)

for1 <i,7 <n.

Let’s make some observations on a,. Since we can obtain Schur functions by
using these polynomials, we can use these informations to understand Schur functions.
For instance, ay,s is zero whenever \ + ¢ have equal components imply that s, equals
to zero. Moreover, if there exists a partiton A and a permutation w which satisfies
a+d = w(A+3) then s, = e(w)s,. So, when « is not a partition we obtain same Schur
function up to sign. As a result, we can restrict our Schur function definition just for

partition.

Remark 2.3. e as is a homogenous polynomial with degree n(n-1)/2 and degree of
axis equals to \i+.. .+ \,+n(n—1)—n(n—1)/2 = M +.. .+ \,+n(n—1)/2. Then
degree of Schur function is M +...+ X, +n(n—1)/2—n(n—1)/2 = A\ +...+ \,.

e si= I 2= [ (xi+uy).

1<i<j<n 1<i<j<n

..... 1) =ep= 5 Tiy ... x;, where (1,...,1) is a partition consists of k
1<i1<...<ip<n

components and ey, is called as elementary symmetric functions.



® Spy=hi= E Tiy ... T, where hy is called as complete symmetric func-
1<ir <..<ip<n
k

Theorem 2.4. (The Fundamental Theorem of Symmetric Funtions) Schur functions
form a basis for symmetric functions in n variable as A varies through the partitions

having at most n-length.

In the following theorem, we are going to see a general formula to understand the
product of Schur functions with the complete and elementary symmetric polynomials,

which is called as Pieri’s formula.

Theorem 2.5. With the preceding notation;

s\ep = Z S, Syhg = Z S, (2.3)

veAR1h VEARYG

where A ® 1" denotes the set of partitions obtained by adding h many bozes at most
one per row and A ® g denotes the set of partitions obtained by adding g many boxes

at most one per column.

Proof. To understand the product of sy and e, let’s check aysep.

_ w(A+0
Ay is€n = E e(w)x (A+9) E Ty ... T,

wESy 1< <..<ip<n

weS, 1<i1<...<ip<n

= E A)ta+5-

ae{0,1}"



Then,

_ Gx466n Artats _
Sxep = Y _— = Sy.
5

a,
ac{0,1}n J vEAR1R

For the second formula we obtain the similar identity;

CL/\+5hg: E Ax4-a+d

lal=g

where |a| = a; +...4+a, and @;’s are not necessarily decreasing. We need to show that
in the summation we just end up with partitions whose result in adding one box per
column. In one of the summand, let a;,; such that a1 > A\; — A1 for some partiton
which satisfies || = g. Define a sequence « such that v, = ;11 — (A — A\iyp + 1) and
Vi1 = 0+ (N — Aip1 +1) also v; = a; for all ¢ # j. Note that the summation of v;’s is
again g since Vi1 +7 = a;+ (N — N+ D)+ — (N — A1 +1) = a;+ a1 Then,
by properties of antisymmetric polynomial a, we have ayyq4+5 = —axr4445. Therefore,
cancellation occurs between such summands in the summation and the ones stem from

addition one box per-column survive. O

2.2. Schubert Polynomials

Let p be a polynomial in the polynomial ring with infinite set of variables. Let’s

define a simple reflection operator r; by the following action:

(rep) (@15 s Tis Tigr, o) 1= P(TL, oy Tig1, Ty o). (2.4)

So, p is symmetric in z;,z;41 if p = r;.p i.e., under the change of z;, z;1, variables

polynomial remains same, or equivalently (1 — r;).p = 0.



Let p—ryp=gqthenr,.q=rip—rip) =rip—p=—(p—rip) = —q. Then,

ri-qg = —4q
(21, ooy Tig1, Ty o) = —q(T1, ooy Tjy Tig 1, ...
q(x1, .y Ty iy ) = —q(T1, oo, Ty, T, L)

q(z1, .., iy iy ..) = 0.

So, q is an antisymmetric polynomial. By using the long division algorithm for poly-
nomials, ¢(xi...,x;,...) = (¥; — x;31)qd + k where deg(k) < deg(x; — x;41) . Since
deg(x; — xi41) = 1, deg(k) = O.e. k € Z. For (z; = x441), we will obtain 0=0+k
which implies that £ = 0.

Therefore, q(x1..., z;, ...) = (z; — x;11)¢’ and the following actions on polynomials

results in a polynomial again:

p—="i.p

@p = .
Ty — Ti41

(2.5)
Also we call “0” as divided difference operator. We are going to introduce some prop-

erties of divided difference operators.

Proposition 2.6. 1) 9;(pq) = (0;p)q + (r:p)0iq.
2) If O;p = 0, then 0i(pq) = pdiq.

3) 92 =0.

4) 0;0; = 0;0; if |1 —j |>1.

) 0;0410; = 0i410;0;41.

Let s; denotes the transposition that replace the " and (i + 1) entries when

acts on a permutation from right.



Remember that sq,...,s, generate the symmetric group on n-elements S,, with

the following braid relations:

Si2 =1
sisj = 8j8; for |i—j| >1 (2.6)

S;8i415i = Si4+15iSi+1-

Since r;’s satisfies the braid relations, 0 operator satisfies the above properties

and the following proposition.

Proposition 2.7. Let 7 € S, and qy ... qyx) 15 the reduced word of m then

87r = 8ql 0, " (27)

Moreover, this equation is independent of reduced word and 0, is well-defined.

Definition 2.8. (Schubert polynomials with divided difference operators)
Let wy = [n,n — 1,n — 2,...] be the longest element in S,.

Then we define the Schubert polynomial which is indexed by w, ¥, as following:

Dy = Oty Vo (2.8)

where 0y, = o7 tah 2 2l

We can discuss whether this is an appropriate definiton or not since definition
depends on n. If w is the element of S, then it is also element of S,,.;. Then we may

: _ _n.n—1 1 _n—1_n-2 1
start with 9, = 2Jz5" " ..x, or ¥y, = 27 x5 "...7,_,

to compute Schubert polynomial
for the same w. Does it make any difference in the resulting polynomial 4,,7 Or even
if we can obtain a Schubert polynomial after this operation, each Schubert polynomial

can be obtainable by this operation? Answers are given by Theorem 2.9.



Theorem 2.9. There exists a unique way of indexing Schubert polynomials with © €

Sso such that ;3 = 1 and

Dros, ifm(i (e
aim:{ o ifm() > w(i+ 1)
0 ifm(i) <m(i+1).

Example 2.10. o Uy =21 +12+ ...+
o Let’s show that 9,0 = 1.
Via = OupVw, for wy = [n,n — 1, ..., 1] with one line notation.
:8%1—1(9”,18”,2...81(x?’lxg’? zl ) forwi Tt =n—1,n-2,..1]

1
LTy

2. n-2 1
:8w3718n_13n_2...82(x7f xh xk )

:81”3_1(1'?’295’21’3...3:2_1).
Observe that this is the Schubert polynomial in S, _1 indezed by identity. By in-

duction, ¥;q = 81”(3_1)(37:{’_%;’_3) =0 o (2729) = 01 (1) = (21— 22) /(21 —22) = 1.
0 0

Schubert polynomials may be constructed from the diagrams by using some al-
gorithms. Fomin and Kirillov [1993] introduced a set of diagrams that encode the
Schubert polynomials which is called as RC-graph(reduced word compatible sequence
graph). Besides, Coskun and Tagkin [2013] introduced the Tower tableaux to encode
Schubert polynomials, see [4]. There are other diagrams and algorithms to obtain

Schubert polynomials.

Theorem 2.11. The Schubert polynomials form an integral basis for Z[xq,xs, ...].

For the detailed proof of Theorem 2.11, see [3].

Now, a generalization for Pieri’s formula will be given, which is Monk’s Rule. The

following form of this rule is used to understand the product of Schubert polynomials.
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Theorem 2.12. (Monk’s Rule) For all permutations w € Sy, and for all natural

numbers n,

Dy X 0, = > Dt (2.9)

J<n<k, (wt;k)=l(w)+1

One of the nicest proof of Monk’s Rule which uses RC-Graphs can be seen in [2].
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3. GRASSMANNIANS AS ALGEBRAIC VARIETIES

Complex Grassmannian is a set of linear subspaces of dimension m in C™*",
denoted as G, ,. We can define a right group action of GL(m+n,C) on G, ,,. Since for
all x, y € G, , one can obtain g € GL(m+n,C) such that xg=y, right action is transitive
and G,,, consists of one orbit under this action. Also, let F,,, be the subgroup of

GL(m+n,C) which stabilizes the first m vectors of the canonical basis of C™*". Then,

Gmn = GL(Mm+n,C)/Fpp.

)

We are going to analyze the relations between the elements in the same Grass-
mannian. Let V € G,,,, and vy,...,v,, be a basis of this space. Extend this basis to
a basis of C™™" with vectors v,,41, ..., Um+n and denote the space spanned by these
vectors by V. Let W € Gy, such that W N V+ = {0}. Then the basis of W can be

written as the following form:
n
wi:Ui+inij+j 1 Slém
j=1

We can see W as a space which is spanneed by the rows of the following matrix:

1 0o ... .. 0 11 T1in
0 1 ... .. 0 21 Ton
0O 0 ... ... 1 xp1 ... ZTym

Then the set of all possible W’s is isomorphic to C™". Take another m-plane
(C C™) in the neighborhood of W, say V. Since the change of basis equations between
W and V are affine maps, the Grassmannian has the structure of complex algebraic

variety.
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In the next section, we will see the ideal of Grassmannian variety is defined by
quadratic relations stem from Pliicker embedding. For more detailed explanation about

ideal of a variety, see Appendix A.

3.1. Pliicker Embedding

In this part, we will see how one can realize Grassmannian G,,, as a projective

subvariety. First of all, let’s define Pliicker embedding ¢ in the following way:
¢ : G — P(AC™)
where A™C™*" denotes the m!" exterior power of C™*". Let W be an arbitrary element

in Grassmannian, in other words, an m dimensional subspace in C™*™ which can be

represented as:

T11 12 . .. L1, m+n

i1 L1 - e X2m+4n
W =

Tml Tm2 -+ o Tmm+n

Then, the homogenous coordinates of the image of W under ¢ is defined as the minors
of order m in W and denoted as:
Pil,‘-ﬂ'm = d€t<xp,iq)1§p,q§m A< <<ty <m+n.

In other words, m columns from mx (m+n) matrix in Grassmannians are choosen
and the determinant of this mxm matrix is taken as one coordinate of the image point.
Then, we order these determinants lexicographically to find ¢(W). Let P, , and
P’L’l ..o be two Pliicker coordinates of W. In lexicographic order P;, ;. comes before
Py, if iy <4}, and vice versa. If i; = 4} then we go on until finding first unequal

ones and compare them.
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At that point one question arises: “Do the Pliicker coordinates remain same
if we use different basis for W?”7. To answer it let’s fix two basis of W and com-
pare the corresponding Pliicker coordinates. Let P; = (p;(1),...,pi(m + n)) and Q; =
(gi(1), ..., qi(m 4+ n)) be two basis for i=1,...,m.

Then there is an A € GL(m,C) such that [¢;(j)] = A[p:i(j)]. Then Q4. ., =
det(A)P;, ., holds. As a result, lexicographic order of these two determinants define

points (...,P,

i17'~7im

o) and (oo, Qi i )=(...,det(A) Py, 4 ....) which is same point in
m—+n

p(""). Therefore, the Pliicker coordinates do not change even if we use the different

basis for m-dimensional subspaces in G, ,,.

We know that G, ,, is a compact, connected manifold whose points correspond to
m-dimensional subspaces of C™*". Let us consider how one can obtain the dimension
of manifold by using this fact. Each m-dimensional subspaces of C™*" can be reduced

to the folowing form by using the linear algebra tools:

1 o ... .. 0 T11 Tin
0 1 ... .. 0 921 Ton
0O 0 ... ... 1 xp1 ... ZTym

where each z;; € C. So, the question about the dimension of G,, ,, turns into that “In
how many ways the matrix in the above form can be constructed?”. The answer will
be given by the number of free coordinates which is mn. Therefore, the dimension of

Gy,n 1s mn, that is to say, G, is isomorphic to C™".

Proposition 3.1. ¢ is an embedding, which is called Plicker embedding.

Proof. To prove that the map ¢ is an embedding, we need to show that the map itself
and its differential at each point is one-to-one. Let V € G,,,, and vy, ..., v, be a basis

of this space. Let v,,41, ..., Untn be the basis of an orthogonal complement of V.
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And suppose that W € G,,,, represented with a matrix with respect to the

previous basis such that;

1 0o ... .. 0 T11 T1n
0 1 ... .. 0 21 Ton
0O 0 ... ... 1T xp1 ... Zym

where z;; € C. Then we get Pi ;1 m+jit+1,..m = Zi; by choosing the

(1,...,i—1,m+j,i+1,...,m)" coordinates of ¢(W). If ¢(W) = ¢(V) then all z;;’s
must be the nonzero multiple of the (1,...,i —1,m+j,i+1,...,m)" coordinate of
#(V). In the matrix representation of V with the given basis, all the coordinates in
the position of z;;’s are zero. Therefore, ¢(W) # ¢(V) if all z;; are not same with
the coordinates of ¢(V') in the position of z;;. Then, ¢ is injective. Moreover, the
differential of ¢ is a (m;;") X (mn) matrix and Py ;—1mtjit1,..m = T;; implies also
that in the (1,...,i — 1,m+j,i+1,...,m)™" position 1 occurs for each ZL‘ZL row. Then
the rank of this matrix mn since the position of 1 is different from each other which

result in the injectivity of differential of ¢. m

The Pliicker embedding pave the way for the polynomials which are used to con-
struct the Grassmannian as an algebraic subvariety and these polynomials are given

by the following quadratic relations.

Theorem 3.2. Let jy, ..., Jm and ky, ..., k,, be two sets of integers between 1 and m+n
and take a fix integer i between 1 and m. Then on Grassmannian G,,, we have the

quadratic relation:

Z €<w)le,---,ji—17w(ji) ----- w(jm)Pw(kl) ----- w(ks)kix1,.km — 0 (31)
weS/ S/ xS

where S” is the group of permutations of the symbols k1, . .., k;, S" that of j1, ..., jm and

Sthat of ki,.... ki, J1,-..,Jm. These quadratic relations are called as Pliicker relations.
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Moreover, the Grassmannian is completely determined by the Pliicker relations

and these relations generate the ideal of Grassmannian variety.

After this point we will focus on the set of d-dimensional linear subspaces in n-
dimensional projective space which will be denoted as G,,. As we mentioned in the
introduction, counting intersection points in projective space has several adventages
such as parallel linear objects have intersection point at infinity. Besides, we will give

the proof of Theorem 3.2 for the projective correspondent.

In the projective space, d-planes are spanned by d+1 points A; = (a;(0), ..., a;(n))
with ¢ = 0,...,d. So, for the projective case the matrix representation of d-plane in
P" has dimension (d + 1) x (n + 1). For this matrix Pliicker coordinates are obtained

similarly as in the affine case and satisfies the quadratic relations for projective case.
Definition 3.3. Quadratic relations are defined on Plicker coordinates as following:

d+1

> (=1)*p(o---Jarka)plko...Fox.. kas1) = 0 (3.2)
A=0
Jos -y Ja—1 and ko, ..., kqy1 are any sequences of integers for 0 < j,, k, < n where
p(Jos - - -+ ja) denotes the determinant of the (d+1) x (d+1) matriz with 0 < jop < ... <

Ja < n.

We can move one more step and by restricting the codomain of Pliicker embedding

we can obtain a bijective map.

Theorem 3.4. There is a bijective correspondence between the d-planes in P™ and the

points of PGS whose coordinates satisfy the quadratic relations.

Proof. First of all we need to show that Pliicker coordinates of d planes should satisfy

the quadratic relations (3.2).
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More precisely, we want to put the relations among the determinants.

Consider the following polynomial in Pliicker coordinates:

dt1 : : Co e Be(k)
DG o piGar) pika)
A= : : : Pa(ky)

If we expand the first determinants along the last column then we get,

d+1 : 5 T pO(k'/\) T pO(kd+l)
2:(_”A S (—1) pi(jo) -+ Bi(ja—1)| Pi(kr) : :
= : ' pa(ky) - pa(kasr)

Then, if we group the terms related with A in one summation and the terms containing

1’ in another one;

J - ~ Po(kx) -+ po(kat1)
Z (D™ 15:GGo) -+ Bilja—) (=D pi(ky) :
= : : pa(ky) -+ palkarr)

Now, one can realize that first summation comes from the determinantal expansion of

Pz‘(lfx)

. Polkx . . . .
the matrix, 0<' ) . The determinant of this matrix equals to zero since

pa(ky)

two rows are equal.

As a result, Pliicker coordinates of a d-plane in P" satisfy the quadratic relations.
Conversely, to prove that any point in P(i51)~! whose coordinates satisfying the
quadratic relations match with a unique d-plane in P", we are going to solve the

quadratic relations.
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First of all, assume that p(ko...kq) is not zero. Under this assumption, we want
to show that (Zﬁ) many Pliicker coordinates determined by the [(d41)(n-d)+1] many
coordinates of the form p(kg...l;:,\...kdja), in other words by the coordinates p(ip...i4)
with at most one of i, ..., iy not among ky, ..., kg. Observe that (kg...];?)\...k'dja) sequence
can be constructed (d+1)[(n+1)-(d+1)]+1 many ways since ky can be choosen d+1
many ways and if j, will be different from £;’s it can be choosen (n+1)-(d+1) many.

There is also one more way to obtain nonzero determinant which is omitting k,; and

add to sequence ky again in place of j, (+1 in the formula).

Let’s examine the quadratic relations which arise from such coordinates. Let
ly...Lq and ky...kq be two sequences of integers where 0 < /,,, k, < n. They might have
uncommon terms, say t many and also let ¢, be one of these terms. The quadratic

relation for the sequences Eo...la...ﬁd and ky...kql;

d+1
0="> (=1)*p(lo...05...Lak)p(ko...Kix... Kal,)
o (3.3)
Fp(lo-. by Laly)p(ko.. ko) =Y (=1)p(lo..0..Lakn)p(ko...Ex..Kal).
A=0

Then if k) is among ¢; sequence p({y-- -y ---Laky) = 0. If ky is not one of the ¢;’s,
in the (EO...!%...EdkA) sequence there are exactly t-1 many terms which are not among
ko,...,kqg. If t=1, the summation in the quadratic relation just have one nonzero

summand and quadratic equation becomes:

Fp(lo- . gl )p(ko...Kq) = p(Lo...0y...Lakn)p(Ko...Fx...kal,)

where k) is the sole noncommon term of sequence. So, one can obtain other Pliicker
coordinates thanks to p(ko...kq), p(k:g...l%A...kdév) and the quadratic relations.

The left-hand side of (3.3) becomes p({y...0q)p(ko...kq) for v = d. If t > 2, this product
can be expressed in terms of the coordinates p(iy, . .., i4) with at most (t-1) of 4o, ..., ig

not among ko, ..., kq.
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Now multiply the equation with p(ko, ..., kq) and obtain;

Fp(lo--La)p(ko--ka)p (Ko ka) =D (=1)Mp(lo...L5...Lakn)p(ko...ka) }p(Ko...x... kaly).

Apply the quadratic relation for {p(éo...577...€dk,\)p(k0...kd)}. We will see that we
can express Fp(lo...Lq)p(ko...kq)p(ko...kq) in terms of coordinates p(ig, .. .,iq) with at
most t-2 many i, . .. ,ig not among ko, ..., kq. If we go on multiplying with p(kq...kg)
and expressing the terms in the summation with quadratic relations, at last step we see
that p(fo...Lq)p(ko...kq)" ™' can be seen as a polynomial in the coordinates p(ig, - . ., iq)
with at most one of ig,...,7q not among ko,...,ks. As a result, we have proved
that, when ko, . .., k4 is nonzero [(d+1)(n-d)41] many coordinates determine the other

Pliicker coordinates thanks to quadratic relations.

Secondly, without loss of generality assume that p(kq---kq) = 1. To show the
existence of a d-plane in P", we are going to construct a d-plane whose Pliicker coor-
dinates corresponds to a point in P(i) =1, Let pi(j) = plko - ki_1jkiy1 - - kq) with
i=20,---,dand j = 0,---,n. More precisely, p;(j) equals to the determinant of a
matrix whose columns are k,’s for p = 0,--- ,i — 1,4+ 1,--- ,d and has j' column
in place of i column. If o # i then p;(k,) = 0 since we have the same columns in
the square matrix, determinant equals to zero. By the assumption p(ko---kq) = 1,
pi(k;) = 1. Therefore, (p;(0),--- ,pi(n)) with ¢ =0,--- ,d are linearly independent set
of vectors. Observe that, (p;(0),---,p;(n)) is a vector such that in the k" position
there is ‘1’, in the kfyh positions for v # ¢ there are zeroes and in the other positions
there might be any real number. So, this set of vectors span a d-plane in P", say K. Up
to this point we constructed a d-plane K just considering one coordinate of p(ati )71, SO
also we need to show that this plane determines the rest of the coordinates satisfying

quadratic relations.

Now consider the Pliicker coordinates of K and observe that they coincide with
the coordinates satisfying quadratic relations. Let p'(¢y...¢4) be the Pliicker coordinate

of K.
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This Pliicker coordinate is defined as the determinant of matrix [p;(¢g)] for 4, 5 =
0,...,d. Therefore, if we have (g = kg for 8 # X this (d + 1) x (d + 1) square matrix

coincides with the identity matrix except the A* column. In other words,

po(ko) .. po(€n) ... po(kq)
pi(ko) .. pi(€y) ... pi(kg)

pd(k‘o) pd(g)\) pd(kd)

(3.4)
1. polly) ... 0

:(:) pl(:f)\) ?sz(A).
0 ... pall) ... 1

Since p(ko ... kq) = 1, for the sequence (... ¢; where the at most one of ¢;s not
among ko . .. kg, pa(€x) = p(fo ... ¢4) holds. As a result, one of the Pliicker coordinate
of the d-plane K equals to the coordinate satifying quadratic relation in the p(iti)-1,
Previously, we proved that these coordinates determine the rest ones. So, p'({y ... ¢4)

mi)

equals to p({y ... ¢y) for all sequences. Thus, the point (...,p(¢y...43),...) in p(iti

arises from d-plane K in P".

Finally, we will show that there is a unique d-plane in P" whose Pliicker coor-
dinates corresponds to given point in P(i51)-1 Let’s assume that K’ another d-plane
matching with the same point and P/ = (p(0),---,pi(n)) for i=0,---,d spans K.
Then, the (d+1)x(d+1)-matrix [p;(ks)] is invertible for ¢, 5 =0, - - - , d because its de-
terminant is a nonzero multiple of p(kg,--- ,kq) = 1. Multiplying P/ with the inverse

matrix of P/, we get [p.(k,)| is the identity matrix.

Then for any sequence (. .. ¢4 the determinant det[p;(¢3)] equals to p({o, ... {4).
Now fix v and ¢ for 0 <y < d and 0 < ¢ < n, and put g = kg for 8 # v and £, = /.
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Then similar with the previous case [p;(¢3)] coincides with the identity matrix

outside the «-th column.

As a result we have;

P, (j) = det[pi(js)] = p(Lo - . - La) = py(j)-

Since we reached that K’ and K have same coordinates in their matrix repre-
sentation, they are spanned with same d+1 points. In other words, P, = Pv, and so

K’'=K. [l

In this proof, the assumption of p(kq...ks) = 1 can be changed with p(ko ... kq)
is a nonzero real number. In this case, we will choose the entries of d-plane K as

pi(j) = plko- - ki—1jkiv1-- - ka)/p(ko ... kq) and revise the proof.

In the previous parts, we discussed the dimension of Grassmannians for the
affine case and asserts that for the Grassmannian consists of m-dimensional subspaces
in C™*" the dimension is m((m+n)-m)=mn. Similarly, in the projective case, for
the Grassmannian consists of d-planes in P" the dimension equals to (d+1)((n+1)-
(d+1))=(d+1)(n-d). Particularly, one can say that d-planes in P" are represented by
the points of the (d+1)(n-d)-dimensional Grassmann manifold. For instance, the lines
in P? are represented by the points of 4-dimensional Grassmannian G; 3. By Theorem
3.4, the points of G, 3 can be seen as points in P(111)-1 — P5 whose coordinates p(igiq)

satisfy the quadratic relations.

Example 3.5. Let’s find the quadratic relations which is satisfied by the points of G4 3
using equation (3.2). For n=3 and d=1 two sequences j, and koki ke with 0 < jg,k, <3
can be choosen 4(;) = 16 many different ways. So, we may construct 16 summation
formulas but some of them may generate same quadratic relations and some of them

may not give new informations about coordinates in projective space.
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For jo = 0 and koki1ks = 012 the quadratic relation is;

p(00)p(12) — p(01)p(02) + p(02)p(01) = 0. (3.5)

Since p is an alternating function(precisely determinant) p(00)=0, equation becomes;

—p(01)p(02) + p(02)p(01) = 0. (3.6)

So, this relation gives no more information about the Pliicker coordinates. Note that
the main reason for this result is common 0 term in the sequences. So, to check whether
we can generalize the situation for the other sequences, consider the sequences jo = 0

and kokiko = 023 then quadratic relation is;

p(00)p(23) — p(02)p(03) 4 p(03)p(02) = 0. (3.7)

Then equivalently equation becomes;
—p(02)p(03) + p(03)p(02) = 0 for p(00) = 0. (3.8)

We obtained a similar result since jo completely lies in the kokiks sequence. So, to
get meaningful equations try non-intersect sequences. For j, = 0 and kokike = 123

quadratic relation is;

p(01)p(23) — p(02)p(13) 4 p(03)p(12) = 0. (3.9)

Let’s try to obtain different quadratic relations by choosing non-intersect sequences.

For jo =1 and koki ke = 023; p(10)p(23)-p(12)p(03)+p(13)p(02)=0.
For jo = 2 and kokike = 013; p(20)p(13)-p(21)p(03)+p(23)p(01)=0.
For jo = 3 and kok1ks = 012; p(30)p(12)-p(31)p(02)+p(32)p(01)=0.
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One can easily observe that last four possible cases generate the same equation.
Since the other possible sequences causes meaningless equations the sole quadratic

relation is;

p(01)p(23) — p(02)p(13) + p(03)p(12) = 0. (3.10)

Therefore; one point of G 3 can be represented as a point in P° which satisfies

the above quadratic relation.

In this example, we tried other possible sequences after finding one equation.
However; if we can guess the number of quadratic relations, we can stop before trying
all possible cases. To guess it, we will use some tools of linear algebra and Theorem

3.4.

Since we know that there is a bijective correspondence between the points of G4,

and Plitt )-1 whose coordinates satisfy the quadratic relations, we should obtain
n+1

dim(P(dH)*l)—dim(de):[(Zﬁ) — 1] = [(d + 1)(n — d)] many quadratic relations.

For our example n=3 and d=1, the number of quadratic relation equals to
(G =1 - [1+1DB-1)]=[(3) — 1] — [(2)(2)]=6-1-4=1. So, we should not look for

141
any other quadratic relation after finding one equation.
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4. SCHUBERT CALCULUS

4.1. Schubert Condition

Now, we will work on necessary and sufficient condition for a d-plane in P to

intersect a given sequence of linear spaces in P".

Definition 4.1. Let Ay C Ay C ... C Ay be a strictly increasing sequence of (d+1)
linear spaces in P™. A d-plane K satisfies Schubert condition if dim(A; NK) > i for all
i €40,...,d}. The set of all such d-planes K can be seen as a subset of G, denoted
as (Ao, ..., Ag).

For instance, take an arbitrary line as Ay C P? and A; = P3. For this case
d=1 and n=3 then Q(Aj, A;) is the subset of G; 3. The 1-dimensional elements K in
Q(Ag, Ay) should satisty dim(Ay N K) > 0 and dim(A; N K) > 1. All 1-dimensional
linear subspaces directly satisfies the second condition. By the first condition, we

derive that K’s in Q(Ag, A;) intersect with Ay at one point or infinitely many points

(K = A).

In the previous theorem, we have proved that d-planes of P" can be embedded
into P(i51)~. Remember that mainly our objective is to understand the intersection
of d-planes. To understand better the intersections of elements in Gg4,, it is better to

see them as the points of p(a)-1,

Proposition 4.2. Let 0 < ag < ... < ag < n be a strictly increasing sequence
of integers and A; be the a; — dimensional linear space in P™ consisting of points
of the form (p(0),...,p(a;),0...,0). Then, Q(Ao,...,Aq) includes exactly the points
(c..sply... la),...) in Ga,, satisfying p(ly ... Lq) = 0 when {; > a; for some 1.

Proof. Let K € Q(Ay,...,Aq).
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By definition, K should satisfy dim(A;NK) > i fori € {0,...,d}. Choose a point
P, = (pi(0),...,p;(n)) in A;N K for i=1,...,d so that P;’s are linearly independent. So,
{Py, ..., P;} construct a set of basis for K. Since P, € A; N K it also lies in A; and it

should be in the same form of points in A;. By assumption of this form, p;(j)’s are

zero for j = (a; + 1),...,n. Therefore the matrix representation of K is:
* .o.ox Opgot1 --- 0 0
X L. ... * 01,a1+1 0
_* el e * e * 0d+1,ad+1 O_ (d41)x (nt1)

where * might be zero also. d-plane K can be seen as a point of G, and its points are
represented in P(ii1) ! with coordinates p(ly ... Lg) = det|p;({y)] for i € {0,...,d} and
l, € {0,...,n}. Specifically, let’s choose d+1 columns of this matrix such that one of
these columns ¢;, which is indexed with v, greater than a; . Then, these d+1 columns

construct the square block matrix:

Py P
202 ] s+
where Pipis (Y+ 1) x (d+1—(y+1)) = (y+ 1) x (d — 7) zero matrix. If one
expand the determinant of this matrix along the last columns, it can be easily seen

that p(ly ... 4q) = det[p;(¢,)] = 0.

Conversely, pick a point on G,, which is represented with (... ,p(¢y...¢q),...)
satisfying p(¢y ... ¢s) = 0 when ¢; > a; for some i. Choose a right-most non-zero coor-
dinate p(ko, ..., kq). Since we use lexicographic order in this representation, Zizo ko
should be maximum among the nonzero coordinates. Since (...,p(l...~ls),...) is a
point in the projective space, we may replace p({y ... ¢3) with p({y...4q)/p(ko, ..., kq)

and also we may assume p(ko, ..., kq) = 1.
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We know from the previous results, (...,p(ly...44),...) represents the d-plane
K spanned by the points P, = (p;(0),...,pi(n)) where p;(j) = p(...4i—1jliy1). Fix a
j €40,...,n} such that j > a;.

We need to show that p;(j) = 0 to complete the proof. Since p(ko,...,kq) is
nonzero, k; < a; for alli € {0,...,d} and so k; < j. Asaresult, ZZ:O ko < j+za# ky,.
Since Zizo k. is the maximum among nonzero terms, p;(j) = p(... ki_1jkiz1...)
should be zero. Hence P; lies in A;. Py lies in Ay , P, lies in A; and Ay C A
implies that {Fy, P} C A; and so dim(K N Ay) > 1. Similarly, dim(K N A;) > i for all
i € {0,...,d}. Therefore, K satisfies the Schubert condition and (...,p(¢y...4),...)
satisfying p(¢y ... ¢3) = 0 when ¢; > a; lies in Q(Ay, ..., Ay). O

Now we will see that if there is a relation between two different set of linear

subspaces of P" then it causes a relation among corresponding (A, ..., Aq).

Proposition 4.3. Let Ay C ... C Ay, By C ... C By be two strictly increasing
sequences of linear spaces in P™ and assume dim(A;) = dim(B;) for alli € {0,...,d}.
Then there is an invertible linear transformation which carries Gg, C P(Zﬂ)_l mnto

itself such that (Ao, ..., Ayq) is mapped to Q(By, ..., By).

Proof. Equality of dim(A;) and dim(B;) causes the existence of an invertible (n+ 1) x
(n 4+ 1) matrix [¢;;] which carries B; onto A; for all i. Right multiplication of a point

in P" with [¢;;] = 7 map to a point into itsef as follows:

too tor --- ton

tio tin ... tip "L = .
(p(0),....p(n)] | - (Z O p(z)tm>.

tnO tnl tnn

Note that, T carries a d-plane K in P" into another d-plane T(K). Moreover, if
Ke Q(Ao, ..., As) K should satisfy Schubert condition and dim(A; N K) > i for all i.
Since T'(A;) = B; , dim(B; NT(K)) > i for all i.
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Let’s pick d+1 many linearly independent points P;(p;(0), ..., p;(n)) spanning K
for i=0,...,d. Then the image of these points under T |, T'(P;) = (¢;(0),...,¢;(n))’s span
T(K) and each ¢;(j) is of the form:

¢i(j) = ZP(”Y)% for 7=0,...,n.
v=0

This relation result in that Pliicker coordinates of T(K) for the sequence jj . .. jq

is a certain linear combination of Pliicker coordinates of K for the same sequence.

Therefore, there is a linear transformation 7[t;;] of PUE) "V into itself by mapping
Q(Ao, ..., Aq) to Q(By,...,By). Besides, invertibility of [¢;;] implies the invertibility
of T[tw] ]

Corollary 4.4. Let Ay C ... C Ay be a strictly increasing sequence of linear spaces
in P*. Then Q(Ao, ..., Aq) includes the points in G, whose coordinates p({y ... Lg)
satisfy certain linear equations; that is to say, Q(Ao, ..., Aq) is the intersection of Gg,,
and a certain linear spaces in pli)-1, Besides, the linear space is a hyperplane if and
only if dim(Ag) = (n—d—1) and dim(4;)) = (n—d+(i+1)—1) = (n —d+1) where
i=1,...,d.

Proof. Let A;’s be a;-dimensional linear spaces and B;’s are also linear spaces with
dim(A;) = dim(B;) = a; for all i € {0,...,d}. Pick B;’s such that they consists of
points of the form (p(0),...,p(a;),0,...,0). By Proposition 4.3 , there is a linear trans-
formation T of P(i1) ™ into itself such that Q(Ay,...,Aq) is mapped to Q(Bo, ..., By)
by I'. By proposition 4.2, the image of a point K in Q(Ao, ..., Ay) lies in Q(By, ..., By)
if and only if each coordinates of I'(K), q(jo, - - - , ja) equals to zero when j; > a; for some
i €{0,...,d}. As we observed in the previous proof, q(jo,...,Jq)’s are certain linear
combination of coordinates of K’s, p(jo,...,Ja)’s. Then, certain linear combination of

coordinates of K’s equal to zero whenever j; > a;.
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Since Q(By,...,By) exactly consists of d-planes whose coordinates satisfying
q(Jo, - - -, Ja) = 0 for some j; > a;, K lies in Q(Ay, ..., Ay) if and only if certain linear
combinations of p(jo,...,ja)’s equal to zero; in other words, (A, ..., Aq) is the in-
tersection of G4, and a certain linear space. Then the number of such equations are
equal to the number of sequences such that j; > a; for some i and also these linear

equations are linearly independent because I' is invertible.

Moreover, if our strictly increasing sequence of dimensions are ag = n —d — 1,
a; =n—d+1, ..., a; = n then strictly increasing sequence jo, . .., jq for q(jo, .- ., ja) =
0 can be constructed just one way as jo =n—d, j1 =n—d+1, ..., js = n where
Jjo > ag. Then, there is just one linearly independent eqution defining linear space

implies that linear space is a hyperplane. O

Let’s turn back to the first question in the introduction: “How many lines
in three dimensional space intersect with four given lines?”. In one of the previ-
ous examples, we noted that the lines in G; 3 can be seen as points of the form

(p(01),p(02),p(03),p(12),p(13),p(23)) in P* which satisfy solely the quadratic relation:

p(01)p(23) — p(02)p(13) + p(03)p(12) = 0.

We also observed that the set of lines which intersects a line A in P? is Q(A, P3).
Therefore, the set of lines which intersects four given lines Ly, Lg, L3, L4 can be

represented as:

M_ﬁm%Wy

=1

By Corollary 4.4, the linear spaces which are used to obtain Q(L;, P) are hyper-
planes since dim(L;)=(3-1-1)=1 and dim(P?) = (3 — 1+ 1) = 3 for n=3 and d=1.
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So, for each i we have Q(L;,P*)=G, 3 N H; for a proper hyperplane in p(i)-1 =

P5. Then;

4 4

M =()(Grs N H) = Gia N () 1)

i=1 =1

If H;’s are linearly independent hyperplanes then then their intersection is a line P,
say S. Then by using p(01)p(23) — p(02)p(13) + p(03)p(12) equals to zero for lines in
G1,3 and express M as the zeroes of a certain quadratic polynomial in parameter S. It
can be easily seen that M consists of 2 point which can be coincided when S is tangent
to Gy 3. If the H,’s are linearly dependent then the dimension of NH; can be higher
that one which causes the increasing in dimension of M. In that case dim(M) must be
infinite. As a result, the number of lines which intersect four given lines can be either

infinite or two or one.

As an example, take three lines Ly, Lo, L3 such that they do not intersect each
other and do not parallel i.e. skew lines. Fix a point P; on the first line L. Let g; be
the plane spanned by Ly and P also let g, be the plane spanned by L3 and P;. Surely,
g1 and go are different planes since L, and L3 are skew lines. Take L, as a line in the
intersection of g, and g, so L4 also passes through P;. It also intersects Lo in a point
P, and L3 in a point P3. Since Lq, Ly and Ls are skew lines, P, P, and P5 are distinct
points and any two of them can define Ly. Let L. be any line intersecting four of them
simultaneously. To understand the conditions L should satisfy to intersect four of them

let’s make case analysis.

Case 1: L conicides with L, if L passes through P, and P;. Since L, intersect

L1, Ly, L3 we are done.

Case 2: If L. does not pass through P,, L must lie in g; plane to intersect both Lo
and L. So L should pass through the intersection point of g; and L;, which is P; to
intersect L,. To intersect L3 also, L. should pass through intersection point of ¢g; and

L3, which is P3. Then, L pass through P, and P; implies that L coincides with L.
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Case 3: If L does not pass through P;, L must lie in the go plane to intersect
both L3 and L4. So, to intersect L; L should pass through the intersection point of g,
and Ly, which is P;. Since L should intersect Ly also L includes intersection point of

Ly and g, which is P. Then L passes through P, and P, implies that L is actually Ly.

Case 4: If L do not pass through P, and Ps, L cannot intersect all four lines at

the same time.

Therefore, L, is the sole line intersecting four given lines when Ly, Lo, L3 are
skew lines. Precisely, if one choose L4 as Ly itself, there will be infinite number of lines
intersecting four given lines. We can pick an L corresponding to each point of L;. One
can consider examples such that if four given lines pass through one point then there
are infinitely many lines intersecting all of them simultaneously or if all lie in the same
plane without considering they intersect each other or not one can assert that there

are infinitely many lines intersecting all of them.

In some special cases, as we see in the examples M can be infinite so we should
revise the ‘principle of conservation of numbers’ in the following fashion: ‘If the number
of solutions is finite in any special case of problem then the number of solutions is the
same in the general case also, up to multiplicities’. Schubert realized that something
must be conserved under specialization of the general problem which is exactly the

cohomology classes.

4.2. Schubert Varieties of Grassmannians

In projective space, linear subspaces can be seen as a celluler decomposition and
define the cohomology groups of the projective spaces. In Grassmannians, Schubert
varieties which can be encoded by certain partitions play a similar role. In this section
we will decompose Grassmannians by using Schubert cells and varieties then examine

their meaning in algebraic topology.
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Definition 4.5. Fiz a complete flag, F.

OZF()CFlC"'CFZ‘C"'CFn+m:C"+m

namely, strictly increasing sequence of vector subspaces of C"™™  where each F; is of
dimension 1. Let A be a partition contained in an mxn rectangle, that is, a nonincreas-
ing sequence of integers n> Ay > -+ > \,, > 0. For the fix flag F and a partition X\,
Schubert cell is defined as;

Also Schubert variety based on the same fix flag and partition defined as;

Note that in the previous section we defined (A, ..., As) in a similar manner
with €. However, to define Q(Ay, ..., Ag) we use (d+1)-many spaces and to define 2
we have used complete flag of C™*™. To better understand the definition let’s examine

a few examples.

Example 4.6. (i) Let A = &. Then;
Qp ={H € G, dim(HNF,4;) > 4,1 <i < m}. That means Qy consists of
all possible m dimensional subspaces of C™*™ which is Gy, p,.

(i) If \y = -+ = Ay = n then
Q) = 1H € G, dim(HN F;) > 4,1 < i <m} = F,.

(i1i) For a partition with just one nonzero part, say \ = (k)
Quy ={H € G, dim(H N Foy1-x) # 0 and dim(H N F,y;) >4 for 2<i<
m}.

(iv) Let A(r,t) be the partition which is the complement of r X t rectangle in m X n
rectangle. In other words, A\i(r,t) = -+ = Ap_p(r,t) =n  Ap_ppa(r,t) = -+ =

Am(r,t) =n —t.
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Dty ={H € G, dim(H N Fopiny)) >4, 1<i<m—1 and
dim(H N Foyicnpy) >4, m—r+1<i<m}.

Since for i=m-r, dim(H N F4;—n)) = dim(HNF,_,) > m—r and also for i=m,
dim(H N Fyym—(n—t)) = dim(H N F44) > m implies that;

Qrt*{HEGmna erHCFert}
Moreover, Q) ts isomorphic to G,;.
Let X\ be a partition contained in 6 X 7 rectangle such that \y =7, Ao =5, A3 =4

)\4 = 3, )\5 = 2, )‘6 = 2. Then;

Xesuas22 ={W €Ggr, dim(WNF;)=i if n+i—XN<j<n+i— A1}

i=1 dim(WNnF)=1if1<j<3,

i=2 dim(WNF)=2if4<j<5,

i=3 dim(WNF)=3if6<j<T,

i=4 dim(WNF)=4if8<;<09,

i=5 dim(WNF)=5if10<j <10,
)

i=6 dim(WnNF;)=6i11<j<13.
In other words,

dim(WNFy) =1, dm(WnFE)=1, dm(WnF;) =1,

( ) =
dim(W N Fy) =2, dim(W N F3) =2,
dim(W N Fg) = 3, dzm(W NnF;) =3,
dim(W N Fy) =4, dim(W N Fy) = 4,
dim(W N Fyp) =5,

Therefore, if W€ X (754322 there are jumps occuring at Iy, Fy, Fs, Fg, Fio, F1;
which is exactly Fry;_y, for each i € {1,...,6}. In general, these dimensional

Jumps occur at Fp iy, for eachi € {1,...,;m}.
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As a result matriz representation of Schubert cell is in the following form:

1 0 0 0 0 0 0 0 0 0 0 0 0

o * *¥ 1.0 0 0 0 0 0 0 0 0

o * * 0 * 1.0 0 0 0 0 0 0
X(754,322) =

o * * 0 * 0 * 1 0 0 0 0 0

o * * 0 * 0 * 0 * 1 0 0 0

o * * 0 * 0 * 0 * 0 1 0 0

6x(13)

for x € C. Also, observe that cell is isomorphic to C' where

19=(6x7)-(T+5+4+3+2+2) which is not just coincidence!

Definition 4.7. Let A = (A, -+, M), ;0 = (1, -+ , fn) be partitions and t=maz(k,n).
We say A C p if and only if Ay < p; for 1 <v <t.

Remark 4.8. To understand in a better way why Schubert variety and cells of Grass-
mannians can be indexed with partitions A C m X n one can also check the following
set up to define Schubert cells:

Let G(t, k) denotes the set of k-planes in C'. Then X; is defined as the following set;

* * 1y, 0 0 0 0 0
* * 0 * 12j2 0 0 0 0 . . .
:j:(jla"'ajk)a*e(j
L [F o F 0O * ... 0 * L. 1pj, 0 ... O_ )

In other words, we are indexing the cells with the position of 1’s. In comparison with
our orjinal notation,

n=t-k , m=k, m+n=t, j; =n-+1— N;. Let’s define ay := 5, — ¥ and ¢y : =t —k — a, for
¢ =1,...,k. Note that ¢ stands for the row number. So, a;, counts the number of stars
in each row and constitutes an increasing seuence means ¢, will be decreasing one so

that mazimum value of ¢y can be t-k=n. As a result, ¢, has to be partition of k xt — k.
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Similarly, in our case ¢y =t —k—ap=n—a,=n—(n+i— X\ —1) =X for

i =1,...,m. Therefore, X\ is a partition of m x n in our definition.

Proposition 4.9. For all partitions A C m X n,

(i) The Schubert variety Q0 is an algebraic subvariety of G,
(i) Xy o~ Cmn=I
(iii) Gy = | | X»

ACmxn

(Z’U) Q/\ = I_l XM
ACu

(v) Q, C Qy if and only if A C p
(vi) 0 =Xx=| | X,

ACp

Proof. (i) To prove that Schubert variety is an algebraic subvariety of G, ,, we need
to find the polynomial equations which is satisfied by Q. Let W € G,,,,. Then,
dim(W N F;) > j if and only if the rank of map W C C™™" — C™*"/F; is less
than or equal to m-j. If this map is expressed as a matrix then minors of order
m-j+1 are always vanishing and W is the root of these polynomials. Since the
Schubert variety is defined with such incidence conditions, it can be seen as a
subvariety of Gy, .

(ii) Let G € X,. Then this space admits a unique basis consisting of vectors such

that
9i = fnrioxn + ) Tij fj
1<j<n+i—\;,j#En+k—Ag fork<i
for 1 < i < m. Here we choose fi,..., fmin as a basis set of C™*" where

F,=(fi,... f;) foralli € {1,...,m}. Then, the existence of mn-|\| possible z;;
implies the existence of an isomorphism defined by z;; from X, to Cm™= where
A=A+ ...+ A So, Xy, =~ Cm I,

(iii) If W is an element of Grassmanian then the sequence of intersections W N F;

where i runs from 0 to m, increasing at most one dimension at each step.
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We can mark the jumping point as n + ¢ — pu; for the partition © C m x n. This

implies that

Gmn= [ Xu

pCmxn

If the dimension of W N F,,4;_», is greater than or equal to i then the first i
increasing in dimension occurs before n+¢— \;. Therefore, n+1—X\; > n+i—p;

implies that \; < p;. As a result,

O =[] X

ACu

If A C p then by (iv), it immediately follows that;

Q=[x cJ[x =

nCr ACv

and vice versa.

By (iv) or by definition, we may note that X, C Qy then X, C Q,. Since Q, is
a variety, it is Zariski closed which means Q, = Q,. Then X, C Q,.

By (ii), one can realize that X, consists of m dimensional subspaces which can

be represented in the following form:

* * 0 0 0
* * * 0 0
L 4 mx(m+n)

where each rightmost asterisk is nonzero and lies in (n + i — );)* position in
the " row and each * € C. Therefore, if u D A then X,, C X, C X . Then,
=X, clUX =X

HOA BOA

As a result, Q) = X . Moreover, [[ X, = Q, implies that [] X, = X,.

ACv ACv
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The Schubert varieties of Grassmannian G, ,, are projective varieties which can be
indexed with partitions of m x n rectangle. This nice property provides a combinatoric

way to determine geometric properties of Schubert variety.

One can also wonder that if we consider the (m+n)-dimensional subspace in
Cm+) ingstead of m-dimensional subspaces whether we will obtain a combinatoric
property of the set of full-ranked matrices to study geometric properties of object. The

answer will be given in the next chapter which is permutation.

4.3. Intersection of Schubert Varieties of Grassmannians

Up to now, we defined Schubert varieties as a family of subvarieties of Grass-
mannians which can be indexed by partitions of certain rectangle. The intersection
properties of these variables are very similar with the product properties of Schur func-
tions. The standard monomials defined for Schur functions pave the way for describing

the ideal of Schubert variety of Grassmannian.

By proposition 4.9. we know that Schubert variety consists of certain Schubert
cells. So, their intersection problem turns into whether Schubert cells they include
intersects or not. In this section, we will focus on the intersection of Schubert cells

whose reference flag different.

Let’s fix the flag of reference as {0} = Fy C -+ C Fu, = C™ and a basis
fi,+* , fman which respects this flag, that is, F; = (f1, -+, fi)-

Now, we will construct the new flag with the same basis which is called dual flag

as follows:

Fz‘/ = <fm+nf(i71)a T fm+n7(i7i)> = <fm+n—i+1a T fm+n>'
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Schubert cells and Schubert varieties corresponding to dual flag are denoted as X} and
2\, respectively. We know that each element in Schubert cell X can be reduced to

the following form:

* ... x 1 0 ... 0 ... ... 00...
* ... « 0 x ... 1 0 ... 00...
* * 0 * .0 x 10

mx (m+n)

where the position of 1 in the i** row is n44— ;. Similarly; an m-dimensional subspace

in Schubert cell X, should be in the following form:

0 0 1 = o 0 % 0 =
0 0 0 01 0 0 *
0 0O 0 0 . 0 0 1 x

mx(m+n)

where the position of 1 in the i row is piy41—; + 0.

If we take L € X N X, then L should satisfy both form of matrices in X, and
Xy. So, first row of m-plane in X, should be a linear combination of rows of m-plane
in X,. This implies that the position of 1 in the first row of m-plane in X seen in the
larger index than the position of 1 in the first row of m-plane in X, that is to say,

fmy1—1 +1 <n+1— X then Ay + pi, <.

To generalize, if we take i row of the m-plane in X it should be the combination
of the last m-(i-1)=m+1-i rows of m-plane in X,,. The position of 1 condition for the
it" row holds if the inequality ftmi1—i +7 < n+1— \; then \; + fmi1—; < n is satisfied.
Therefore, we may conclude that if X/, N X} is nonempty then p C A for A denotes the

complementary parition of A in an m X n rectangle.
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4.4. Pieri’s Formula

Schubert varieties of Grassmannian manifold can be indexed with partitions. The
cohomology ring of Grassmannian can be decomposed into Schubert classes which is
denoted as o and indexed with partitions (or equivalently Schur functions) and the
cup product of two Schubert classes is related with the product of Schur functions. In
section 2.1, the product of Schur functions is understood thanks to Pieri’s formula. To

prove the other form of Pieri’s formula we need following proposition in this set-up.

Proposition 4.10. Let v and « be two partitions lying in m X n rectangle, and suppose

that |y| + |a| = mn. Then,

Oy — 0o = 044. (4.3)

So, an element of cohomology ring of Grassmannian can be seen as following

summation:

T = Z (x — 05)0,. (4.4)

yEMXNn

As we did in Section 4.3 , if X N X, is nontrivial then u C ©. By Proposition
4.10., we may derive that for |v| + |u| = mn if v # i then ©, N €Y, is empty. Hence,
the cup product of Schubert classes indexed by p and v equals to zero. If v = [i then

Q, N, is nonempty and o, — 0, equals to 1.

Theorem 4.11. (Pieri’s Formula) If A C mXxn is a partition, and k is an integer

between 1 and n, then

o)\ — 0 = E gy.

vCmxn, VEARLk
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Proof. By using the above facts, Proposition 4.10 and Equation (4.4); it is enough to
show that if |A| + |u| = mn — k then o) — 0, — 05 = 1 when the following condition

is satisfied;

N—Am 21 2N — N1 2 2 2. 20— A 2> Uy

and the cup product is zero otherwise.

Remember that the nonempty intersection of X, and X;L occurs when \; +
tms1—i < m. So, for i=m this condition turns out that n — \,, > p; and for i=m-
1 it becomes n — \;,_1 > w2 and so on. Since the non-empty intersection of Schubert
cells implies non-empty intersection of varieties and it ends-up with non-zero cup prod-
uct of corresponding Schubert cycles, from now on we will assume that A\; + g1 < n

for all i, to obtain nonzero oy — o,. Let’s construct the following vector spaces;

K; = (Ul, ces 7Un+i—>\i> = Vnti—);
L; = </U#m+17i+i7 ce avm+ﬂ> = Vn/—i-m—i-l—i—um+1,i
Mi = <Uﬂ/m+17i+i’ e 7'Un+i—/\i> = Kz N Ll

Miv1 = (U, s4it1s - - Unritl—Assr ) = Kiy1 M Liyy.

These vector spaces are choosen in these forms since we will use them to define the
incidence conditions of €2, and QL Let’s compare M; and M, | to observe their inter-

section conditions. If they are non intersect vector spaces then,

holds, which is exactly the condition we want to prove.
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So, the above condition is satisfied if and only if M;’s are direct summands, that

is, if and only if the sum of their dimensions is,

m

S 4= A) — (i +8) = mn — A — ] = .

i=1
Then if D € 2,N €, by definition of Schubert variety we should have dim(D N K;) > i
and dim(DNL;) > m—i+1 ~ dim(DNL;11) > m—i. Since D is also an m-dimensional
subspace in C"™™", D C K; N L4, for all i. Then, D € ((K; + Lit1).

Now let E be a subspace of dimension n+1-k of C™"  as we did in the previous

sections Schubert variety corresponding to partition k is;
O(E)={D € Gy ,, DNE #0}.

If N, N (E) = @ then we know that o) — o} — 0, = 0. If the above condition
is not satisfied then dim(( K; + Li+1) < m+ k — 1 hence E can be choosen such that

(N K; + Lit1) N E intersects trivially which results in o) — o), — 0, = 0.

On the other hand, if dim(( K; + Liy1) = m + k then dim( K; + Ly N E)
has to be at least one since (n+1-k)+(m-+k)=m+n+1. Then, the triple intersection

QN Q, NQ(E) =W. Since their intersection is transverse o) — o} — 0, = 1. O

To understand the relation between being transverse and cup product operation,
see [1] page 158-159. In the preliminary chapter we have defined the ring of symmetric
polynomials with integral coefficients and denote it by A, if it contains symmetric
polynomials with n variables. Now, we are going to give a ring morphism between A,

and the cohomology ring of G, n, H*(Gpp)-
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Corollary 4.12. There is a surjective ring morphism,

Omm : Ny = H (Gy )

such that each Schur functions sy in A, is mapped to the Schubert class oy for A\ C mxn

and zero otherwise.

This corollary is of importance since it transports the problems in combinatorics

to algebraic toplogy.
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5. FLAG MANIFOLD

Let F, be a complete flag generated by (F, Fs, . .., F,) where dim(F;) = i for each
i€ {l,...,n}. For instance, F, = (4ej+3eq, 2e1+3e3, 8e1+e3+ey, €2) is a complete flag
with standard basis of C*. And let F,, be the set of complete flags of vector subspaces
of C". Then we call F,, as a flag manifold and each point of flag manifold corresponds
to a complete flag. Since there is an invertible matrix in GL(n,C) which transforms
a full-ranked matrix to a full-ranked matrix, the complex linear group GL(n,C) has a

transitive action on F,,. Therefore we have,
F, ~ GL(n,C)/L

where L denotes the set of invertible lower triangular matrices. Since the flag is full-
ranked when an arbitray flag in C” written in the canonical form then the position of
the leading 1’s correspond to a permutation in S,. So, we may use the permutations
to index the elements of flag varieties thanks to the uniqueness of canonical forms.
As in the Grassmannian variety, we may use the combinatorics on permutations to
understand the geometry of flag manifold and also we may define the Schubert varieties

and Schubert cell of flag manifold.
5.1. Schubert Varieties of a Flag Manifold

Let’s fix a complete flag G4 spanned by vectors gy, . .., g, in C" such that ¢, ..., g;
generates G;. If G} is spanned with g,,11_4, ..., g, and if H, € IF,, satisfies H;NG!_, =0

for all i then there exists a unique basis hq, ..., h, of C" such that;

hi:gi+2xijej, 1§@§n

j>i

where aech H; is spanned with hq, ..., h;.
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Then H, can be represented with the following matrix:

1 T12 v o o T1n
0 0 1 xnfl,n
0 0 0 1

for z;; € C". The number of free coordinates of matrixis (n — 1)+ (n—2)+...+1 =
(n—14+1)(n—1)/2 = n(n — 1)/2. Then the set of all possible such matrices F,, is

isomorphic to C*"~1/2,

As in the Grassmannian variety case, we may define Pliicker embedding on flag
variety. Note that all possible choices for the first row of F, is isomorphic to Gy,
and all possible choices for the first two rows of £, lie in G3,,_5. Then in the last case,
we may see the flag variety as a closed subvariety of Gy ,_1 X Gap_o X ... X G,_11

n
i

and on each G;,_; Plicker embedding can be seen as ¢; : G;,—; — IP’( )1 for each

ie{l,...,n—1}

Definition 5.1. Let w € S, then the rank function is defined as;

ro(p,q) = (G, w(@)) - i < p,w(i) < g} (5.1)
In other words; rank function r,, associates the point (p,q) with the number of 1
in the p x ¢ upper-left minor of matrix representation of F,.

Now, let’s define the Schubert cell and variety of the Flag manifold. Schubert

cell is defined as similar with Grassmannians.

Definition 5.2. The Schubert cell of Flag manifold is defined as

Xy ={F. €F,,dim(F,NG,) =14(p,q),1 <p,qg <n} (5.2)
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One may observe that the dimension of Schubert cell equals to the length of
permutation indexing Schubert cell. The Zariski closure of Schubert cell is Schubert

variety and defined as follows.

Definition 5.3.

Qu ={Fs € F,,dim(F, N Gy) > r4(p,q), 1 < p,q < n}. (5.3)

Schubert variety of a Flag manifold can be seen as a disjoint union of Schubert
cells and also as an algebraic subvariety of Flag manifold. More precisely, §2,, consists

of Schubert cells indexed with v < w where " <’ represents the Bruhat order.
5.2. Monk’s Rule

Schubert varieties of Flag manifold can be indexed with permutations. Since
Schubert polynomials are also indexed with permutations these polynomials can be
seen as representatives of Schubert classes in the cohomology of a flag manifold. More-
over, the product of Schubert polynomials are associated with the intersection of these
Schubert classes. In the section 2.2, we discussed the Monk’s Rule for the product of
Schubert polynomials. Now, we are going to see Monk’s Rule for the cup product of
Schubert cycles of Flag manifold where cycles denoted with o. Since Schubert cycles
of Flag manifold can be represented with Schubert polynomials, it is not surprise to

observe the similar formulas.

Theorem 5.4. (Monk’s Rule) For all permutations w € S, and all integers i < n, we

get

Ow = 0; = Z Tt .- (5.4)

j<i<k, l(wtjp)=l(w)+1
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Let @, be the ring of polynomials with integral coefficients in n variables. By
Theorem 2.11, we know that its basis are Schubert polynomials which causes the exis-
tense of followig ring morphism between the ring of polynomials and cohomology ring

of Flag manifold.

Corollary 5.5. The map 3, : p, — H*(F,,), defined by

{Jw ifw e S,

0 otherwise

1S a surjective ring morphism.

This corollary is important because it transports the questions in combinatorics

to algebraic topology.
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6. CONCLUSION

In this brief overview, we have started from combinatoric notions related with
Schubert polynomials and Schur functions. Then we realized Grassmannians as al-
gebraic projective subvarieties thanks to Pliicker embedding and sketch the Schubert
calculus. Our main objective was to see the connection between symmetric function
ring and cohomology ring of Grassmannians since this connection provides tools coming

from algebraic topology for problems in algebraic geometry.

To sum up, we have tried to enhance the explanations and proofs about the
topics and provide a good way to learn Schubert calculus for the students in the level
of master degree in mathematics. Next step may be working on well-written proofs in

Schubert calculus from algebraic topologic perspective.
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APPENDIX A: BASIC NOTIONS IN ALGEBRAIC
GEOMETRY

In this part, mostly we aim to introduce the meaning of the affine and projective

variety and Zariski closure of variety.

Definition A.1. Let k be a field, and let pq,...,ps be polynomials in k[xq,..., x,].
Then;

V(pry..ospr) = {(k1, .. kn) € K" ipi(ky, ..o kn) =0 forall 1 <<t} (A1)

We call V(p1,...,p) the affine variety defined by py,...,p. A subset C of k™ of the
form V(py,...,p) is said to be Zariski closed in k™.

In other words, V(p1,...,p:) C k™ is the set of all solutions of equations
pi(z1, ... 2,) = ... = p(x1,...,2,)=0. For instance, in R? V(z? + y*> — 1) is a circle

centered at the origin with radius 1.

Lemma A.2. If V,W C k™ are affine varieties, then so are VUW and V N W.

As a natural consequence of this lemma one can deduce that finite intersections

and unions of affine varieties are again affine varieties.

Definition A.3. The Zariski topology on k™ is the topology whose closed sets are the

Zariski closed.

It can be defined as topology since the followings are satisfied for two sets of

polynomials F, G C k[, ..., x,] ;

(i) V(o) = k"
(i) V(k[zy,...,z,]) =@
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(iii) V(FUG) = V(F)NV(G)
(iv) V(FG) = V(F) UV(G).

Definition A.4. Let W C k™ be an affine variety. Then;

IW)=Ape€klry,....;xn]: plk1,....,kn) =0 forall (ki,...,k,) e W}.  (A.2)

We call I(W) as the ideal of W.

Proposition A.5. Let V and W be affine varieties in k™. Then;
(1) V.C W if and only if I(V) D I(W)
(ii) V=W if and only if (V) =I(W).

Definition A.6. Let v = (v,...,v,) and w = (wy,...,w,) € Z%. “v” is called as
lexicographically smaller than “w” if in the vector difference v — w € Z" the left-most

nonzero entry 1s negative.

For instance, (5,4,8,7,2) is lexicographically smaller than (5,5,1,1,1) since
(5,4,8,7,2) — (5,5,1,1,1) = (0,—1,7,6,1) and first left-most nonzero entry is -1.

Theorem A.7. If [ = (p1,...,pr),J = {qu,...,qs) are ideals in klxy,...,x,|, then
V(I.J)=V(I)UV(J) where I.J = (pig; : 1 <i<r,1<j<s).

Definition A.8. . The Zariski closure of a subset of affine space S C k™ is the smallest
affine algebraic variety containing this set. The Zariski closure of S denoted as S and

also equals to V(I(S)).

Definition A.9. Let k be a field and let py,...,p; € k[xg,...,z,] be homogenous

polynomials. Then;

Vp,....p) = {(ko, ... ko) € P*(k) : pi(ko, ..., kn) =0 forall 1 <i<t}. (A.3)

V(p1,...,p) is called as projective variety defined by pq,. .., p;.
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APPENDIX B: BASIC CONCEPTS IN ALGEBRAIC
TOPOLOGY

Definition B.1. A cell complex is a toplogical space built inductively as follows:

e Pick a discrete set of points X© (or 0-skeleton), whose elements called as 0-cells
or vertices.

Construct n-skeleton X™ from X"™~! by attaching n-cells e by the following map:
¢ OD" = ST — X"
Hence,

X" =X""T] Di/x ~ ¢a(z) (B.1)

[0}

where x € DY and [] denotes the disjoint union and defined as
HDO‘ = U{(m,z) :x € Du}. One can easily observe that this map is not

necessarily one-to-one.

One can stop at some stage n to adding process or go on indefinitely then,

X = G bl (B.2)

In this case, a subset of X is open if and only if AN X" is open for all n. This
is called Weak topology on X. Such a complex is called as CW-complex where C

comes from closure finiteness and W comes from weak topology.

CW-structure is not unique. Let’s observe this fact on examples.
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Example B.2. (i) CW-structure for a circle is S' = e’ Ue!.
(ii) One may built two different CW-structure for S*:

2 00100 1ol 1ol 02102 — 20 02
S*=ejUeyUe; UesUei Ue; =e] Uer.

For the first CW-structure of S* one can consider that e}, e3, € and ey construct
the equator of the S* and €2 canstruct the upper hemisphere and €3 construct the
lower hemaisphere.
The attaching map for the second CW-structure defined as
¢y : 0D* = ST — X1 = {e%}.

(iii) Let’s consider the CW-structure of torus, T?. It is exactly €9 Ue} U el U €.
¢1:0D" = 0fer} — X° = {ef}
¢y 1 OD' = 0{ey} — XU = {e}}
% 0D* = ST — X!

(iv) Schubert cells constructs a CW-structure for the Grassmannian manifold.
o : Db = X" = X" [ Do/ ~ ¢ulz)
Ve 18 called as characteristic function of the n-cell. Moreover, if this characteristic

function is an embedding then the cell complex is reqular and regqular simlexes are

called as simplicial complexes.

n+l n+1
Definition B.3. A" = {Ztiei = (to,...,ty)| t; >0, Zti = 1} where e; denotes
i=1 i=1

the standard n-simplex for R

Definition B.4. Let X be a A-complex. A, (X) is a free abelian group with the open

n-simplices e, of X. Elements of \.(X) are called as r-chains.

Example B.5. (i) A= {tje;| t; >0, t; =1} = {e1}.
(ii) A is a line segment whose end points are (1,0) and (0,1) in R
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(111) A(X) and n-simplices decomposition for torus are:
T? =eYUeiUedUel Ue? Uel
No(T?) = Z{vg) = {nwvy|n € 3Z}
N (T?) = Z{ej, eb, ed) = {aneﬂm € Z}
No(T?) = Z{e2 e2) = {nle{j—lngeg\n €Z}.

Definition B.6. Boundary of simplex is defined as:

n

O[vo, v1, .- va]) = 3 _(=1)[vo, ..., Bi, ... v, (B.3)

=0

Moreover, naturally one can extend the boundary operator 0 to /A, (X).

Definition B.7. Take the following chain complex of X:
o= DN1(X) =2 An(X) = A (X) — o= A(X) = Ap(X) = 0

where each — between /i 1(X) and 2Ni(X) is given by Oiy1. The i™ simplicial homol-
ogy of X is defined as quotient group;

H2(X) = kerd;/ ITmd,,. (B.4)

)

Besides, elements of kerd; are called i-cycles on X and elements of Imd, 1 are called

i-boundaries on X.

Remark B.8. (i) As in the case of divided difference operator, 0 used to define
Schubert polynomial, 0% equals to zero for the boundary operator on n-simplices.
(11) Op © Opy1 = 0 if and only if Im0O, 1 C kerd,.
(111) Different cell structures for the same geometric object gives the same homology
groups.

(iv) If geometric object X is path-connected space then Hy(X) = Z. So, Hy(G,, ) = Z.

Example B.9. r-chain for torus occurs as follows;

0 — No(T?) = A (T?) — No(T?) — 0.
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Equivalently,

0>Z2Zb7Z >2ZDPZBZ — 7 — 0.

ol 2 11 1 2 1, 1 1 1,11
More precisely; O, maps e] to e3 —e; —e; and e5 to e; +e5 —es. Oy maps each eq, ey, e5

to eg —eqg = 0. Then;

kero,
Hy (T?) = Imaf =Z/{0} =Z
kerd, YAV A-Y/ YA Y A=Y/
HA(T?) = = = =77
(1) Imd, < (—1,-1,1),(1,1,-1) > < (1,1,-1) > ©
kero
HA(T?) = J:aj, =<2 +ed> {0} =Z.

Definition B.10. A continuous map f : S™ — S™ gives rise to corresponding map
fo : Hy(S™) — H,(S™) where H,(S™) denotes the reduced homology of S™ which is
equivalent to Z. Hence, f. is a map from Z to Z which is always multiplication by an

integer. This integer is called as degree of f and denoted with deg(f).

For instance, degree of identity function on S™ is 1 and degree of antipodal map

on S™ which sends x to -x is (—1)"".

To obtain cohomology groups, we will dualize the chain of A, (X)'s and 0 by
replacing them with Hom(A,(X),Z) and ¢ operator, respectively. Let’s denote the
A, (X)'s with C,’s and Hom(A,.(X),Z) with C™’s. Then C"’s construct cochain com-

plex as follows:

oo« Hom(Cy41,Z) < Hom(C,,Z) < Hom(Cy_1,Z) + ...

where each < between Hom(C,11,7) and Hom(C,,Z) is given by §" in other words
6" : C" — C"™ and take ¢ € Hom(C,,Z), 0 € Cyy1. Then, 6" (¥)(0) := ¥0,41(9).

Besides this chain complex is denoted as C..

Definition B.11. The n'* cohomology group H"(C,,Z) is defined by,

n ; ker(¢": C" — C™)
H"(C,, Z) := Hn(C7) = Im(or=1:Cr—1 — Cr)’
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One of the most important adventage of cohomology over homology is that it is

possible to define direct sum of cohomology groups:

HY(X) =P H"(X) (B.6)

and obtain the graded ring structure. By defining another operation on direct sum of

cohomology groups, we may extend the structure as ring. This operation is
—: H¥(X)® HY(X) = H"(X)

where ® denotes the cross product operation. This — operation will be cup product

and formally defined as follows.

Definition B.12. Let X be a topological space and fix a coefficient ring as Z. Let
¢ € C*(X,Z) and ¢ € CY(X,Z). The cup product of ¢ and 1 lies in C**(X,7Z) and
let o be k+l-simplex of X. Then cup product operation defined as,

(¢ —) = ¢<U|[vo ----- vk]>¢(0|[vk+1 ----- vk+z}) (B.7)

where the right-hand side is the product in Z.

An element of H,(X,Z) whose image in H,(X|z,Z) is a generator for all x is
called a fundamental class for X with coefficients in Z. This is the fundamental class

definition for homology group and it can be extended for the cohomology ring case.

In this appendix section to make easier the concepts, Z is used to define Hom/(C,., Z)

and cohomology. However, one can use an arbitrary abelian group in place of Z.





