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ABSTRACT

TOPOLOGICAL STRING THEORY AND BPS COUNTING

This thesis covers topological string theory, Seiberg-Witten theory, and instan-
ton counting which provide insights into the interplay between geometry, topology, and
quantum field theory. The target space interpretation of topological strings is explored,
including its connections to physical string theory and geometric engineering. Along
with that, M-theory compactification on a circle provides a target space interpretation
for topological strings, leading to the discovery of new integer invariants known as
Gopakumar-Vafa invariants. Seiberg-Witten theory plays a central role in understand-
ing the dynamics of supersymmetric gauge theories. The moduli space of vacua offers
a comprehensive description of the possible vacuum states of these theories, and the
effective field theory approach enables the derivation of the quantum prepotential. The
Seiberg-Witten solution provides exact results for various quantities in these theories
and is examined in the context of elliptic curves. Then the Nekrasov partition function
is used to study instantons in /' = 2 super Yang-Mills theory and the resolution of sin-
gularities and equivariant cohomology techniques are used to address non-compactness
issues and subtleties arising from singularities. The role of Nekrasov factors in cap-
turing contributions from different sectors of the instanton moduli space has been
explored. The five-dimensional lift of Nekrasov partition function is introduced and
studied through the connection to the Gopakumar-Vafa expansion of topological string

theory.



OZET

TOPOLOJIK SICIM TEORISI VE BPS SAYIMI

Bu tez, geometri, topoloji ve kuantum alan teorisi arasindaki etkilegimi saglayan
topolojik sicim teorisi ve Seiberg-Witten teorisi ile instanton sayimini ele almaktadir.
Fiziksel sicim teorisi ve geometrik miihendislikle baglantilar1 da dahil olmak tizere
topolojik sicimlerin hedef uzay yorumu incelenmektedir. Bir daire iizerine M-teorisi
kompaktlastirilmasi, topolojik sicimler i¢in bir hedef uzay yorumu saglar ve Gopakumar-
Vafa degismezleri olarak bilinen yeni tamsay1 degismezlerinin kegfedilmesine yol acar.
Seiberg-Witten teorisi, siipersimetrik ayar teorilerinin dinamiklerini anlamada merkezi
bir rol oynar. Modiil uzay1 vakumlari bu teorilerin olas1 vakum durumlarinin kapsaml
bir agiklamasini sunar ve efektif alan teorisi yaklagimi kuantum onpotansiyeli elde etme
imkan1 saglar. Seiberg-Witten ¢oziimii, bu teorilerde cesitli biiyiikliikler i¢in kesin
sonuclar saglar ve eliptik egriler baglaminda incelenir. Daha sonra N = 2 siiper Yang-
Mills teorisindeki instantonlar1 incelemek i¢in Nekrasov boliigtim fonksiyonu kullanilir
ve tekilliklerin ¢oztimi ve egsdeger kohomoloji teknikleri, kompakt olmama sorunlarini
ve tekilliklerden kaynaklanan durumlari ele almak icin kullanilmigtir. Beg boyutlu
Nekrasov boliigiim fonksiyonu, topolojik sicim teorisinin Gopakumar-Vafa acilimina

baglant1 yoluyla tanitilmistir ve incelenmistir.
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1. INTRODUCTION

Topological string theory and Seiberg-Witten theory are two fascinating areas
of research that provide deep insights into the interplay between geometry, topology,
and quantum field theory. This thesis aims to comprehensively explore various topics,
including their theoretical foundations, mathematical frameworks, and applications in

both physics and mathematics.

The historical background of topological string theory can be traced back to the
pioneering work of Edward Witten in the late 1980s [1]. Witten’s groundbreaking
insights laid the foundation for this field, as he introduced the notion of topological
twist and formulated the A and B models within the framework of two-dimensional
N = (2,2) supersymmetric theories [2]. The study of topological string theory gained
further momentum with the discovery of its profound connections to physical string
theory [10,11] along with entering the branes in the picture and the discovering of the
M-theory [12,13]. The target space interpretation of topological strings was realized
through the examination of M-theory compactification on a circle [24,25]. This interpre-
tation shed light on revealing intriguing new integer invariants known as Gopakumar-
Vafa invariants. The invariants introduced by Rajesh Gopakumar and Cumrun Vafa
hold great significance as they provide insight into the geometric properties of Calabi-
Yau threefolds and capture the spin degeneracies of the BPS (Bogomol'nyi-Prasad-
Sommerfield) states coming from wrapped M2 branes. In parallel, Seiberg-Witten
theory emerged as a powerful framework for understanding the dynamics of supersym-
metric gauge theories [34]. This theory originated from the seminal work of Nathan
Seiberg and Edward Witten in the mid-1990s, which uncovered a wealth of exact re-
sults and deep mathematical structures underlying these theories. The investigation
of N' = 2 supersymmetric gauge theories and their moduli space of vacua provided a
comprehensive understanding of the possible vacuum states and their behavior. The
Seiberg-Witten solution, which originated from the study of elliptic curves illuminates

the complex relationship between algebraic geometry and the dynamical features of



the supersymmetric gauge theories. The study of instantons in Yang-Mills theory rep-
resents another essential aspect of this thesis. Instantons are nonperturbative field
configurations that significantly contribute to the dynamics of gauge theories. Simon
Donaldson constructed some topological invariants out of instanton moduli space and
the resulting theory, the so-called Donaldson theory provides a powerful framework for
studying the topology of four-dimensional manifolds. The moduli space of instantons,
representing the space of all gauge field configurations satisfying the instanton equa-
tions, plays a central role in Donaldson theory, resulting in a deep understanding of the
differentiable structures, characteristic classes, and the existence of various geometric
invariants of four-manifolds [38]. After that, Witten introduced a new way to write
a topological quantum field theory version of N' = 2 supersymmetric gauge theory
through topological twisting [3]. The Donaldson-Witten theory provides perturbative
techniques for calculating the Donaldson invariants. Non-perturbative techniques were
later implemented in the context of Seiberg and Witten’s work on N' = 2 supersym-
metric Yang-Mills theory [39]. This application resulted in an unexpected relationship
between Donaldson invariants and a new set of topological invariants known as Seiberg-
Witten invariants. However, those interrelations between the N = 2 supersymmetric
gauge theories and the topological invariants are not the only important phenomena.
The solution of the Seiberg-Witten theory requires that further instanton contribu-
tions in the prepotential and these non-perturbative corrections can be obtained by
the topological twisted version of the N = 2 super Yang-Mills theory. This theory
is not the same as the original theory, but some observables are the same. In par-
ticular, the analytic prepotential is thought to be one of these observables due to its
holomorphicity. Furthermore, the properly defined partition function of the twisted
theory or the five-dimensional lift of the Nekrasov partition function determines not
only space-time instantons but the higher derivative “gravitational” F-terms with a
suitable background inducing “non-commutativity” [49,51]. The Nekrasov partition
function offers a powerful tool for studying these instantons. By employing techniques
from the equivariant cohomology, significant progress has been made in understanding

the dynamics of instantons and their connection to topological invariants.



The first part of this thesis focuses on topological string theory, which provides a
unique perspective on the interplay between geometry and quantum field theories. We
introduce the notion of two-dimensional N' = (2, 2) supersymmetry and its relevance in
topological string theory. This supersymmetry plays a crucial role in maintaining the
delicate balance between bosonic and fermionic degrees of freedom in the theory. To
construct topological string models, we explore the concept of topological twist, which
modifies the supersymmetry transformations and yields new mathematical structures.
We investigate the twisting procedure in detail, both in the general context and its
specific manifestations such as the A and B models. These twisted models capture
different aspects of topological string theory and offer unique perspectives on the un-
derlying geometry. The A-model focuses on counting holomorphic curves, while the
B-model explores classical geometry, such as the generalization of the Ray-Singer tor-
sion to the loop space of Kdhler manifolds. With a solid foundation in place, we probe
the formalism of topological string theory. By coupling the twisted models to world-
sheet gravity, we obtain topological string theories. These theories possess remarkable
properties, and their free energies serve as crucial observables that encode valuable
information about the underlying geometry. In particular, we explore the connection
between the free energies of topological strings and the counting of holomorphic curves
embedded in Calabi-Yau manifolds. These curve counts, known as Gromov-Witten
invariants, provide deep insights into the interplay between algebraic geometry, topo-
logical invariants, and topological quantum field theories. In addition to the formalism
of topological string theory, we investigate the target space interpretation of topological
strings. We discover the profound connections between topological strings and physical
string theory. One intriguing aspect is the study of M-theory compactification on a cir-
cle, which provides a target space interpretation for topological strings. Leveraging this
interpretation, we reveal new integer invariants known as Gopakumar-Vafa invariants

which offer valuable insights into the geometric properties of Calabi-Yau threefolds.

The second part of this thesis revolves around Seiberg-Witten theory, which plays
a central role in understanding the dynamics of supersymmetric gauge theories. We

begin by exploring N' = 2 supersymmetric gauge theories and the rich structure of their



moduli space of vacua. This moduli space provides a comprehensive description of the
possible vacuum states of these theories, capturing the behavior of the gauge fields
and scalar fields. We investigate various aspects, such as the breaking of R-symmetry,
the inclusion of central charges, and the establishment of a BPS (Bogomol'nyi-Prasad-
Sommerfield) bound that characterizes the stability of these vacua. We explore the
effective field theory approach to study deeper into the properties of N' = 2 supersym-
metric gauge theories. This approach allows us to derive the quantum prepotential,
which encodes the low-energy dynamics and the exact results of various observables
in these theories. We investigate the concept of electric-magnetic duality, which de-
tects dual descriptions of these theories and highlights their sophisticated connection
to geometry and topology. Building upon the foundations laid in N/ = 2 supersym-
metric gauge theories, we explore the Seiberg-Witten solution. This solution provides
exact results for various quantities in these theories, offering profound insights into
their dynamics and properties. We examine the breaking of R-symmetry and its im-
plications, uncovering the significance of singularities in the moduli space of vacua.
We analyze the role of monopoles and dyons in characterizing the behavior of these
theories, revealing the interplay between gauge fields and scalar fields. To provide a
more concrete understanding, we scrutinize the Seiberg-Witten solution in the context
of elliptic curves. This approach allows us to obtain exact results through the iden-
tification of these curves with the moduli space of vacua. By employing techniques
from algebraic geometry, we disclose the rich mathematical structure underlying the
Seiberg-Witten solution. This study enhances our comprehension of the connection

between geometry, topology, and supersymmetric gauge theory.

The third part of this thesis will be on the Nekrasov partition function, which
plays a crucial role in the study of instantons in Yang-Mills theory. We begin by inves-
tigating the concept of instantons, which are nonperturbative field configurations that
contribute to the dynamics of gauge theories. We study the process of twisting N = 2
super Yang-Mills theory, which modifies the theory and allows us to investigate instan-
tons in a topological setting. After that, the ADHM (Atiyah-Drinfeld-Hitchin-Manin)

construction of instantons is introduced, and to handle the singular and non-compact



properties of instanton moduli space, we utilize methods such as the resolution of singu-
larities and equivariant cohomology. These tools allow us to overcome non-compactness
issues and address the subtleties arising from the presence of singularities. We explore
equivariant localization on the instanton moduli space, a powerful technique that al-
lows us to perform explicit computations. By integrating out the ADHM variables, we
extract the non-perturbative part of the prepotential. In addition to the prepotential,
we investigate the role of Nekrasov factors, which capture the poles of the partition
function in terms of Young diagrams. Furthermore, we explore the intriguing concept
of the five-dimensional lift, which provides a bridge between the topological string the-
ory amplitudes and the partition function of five-dimensional N' = 1 supersymmetric
gauge theory on the (2-background. Finally, we will calculate the 5d Nekrasov parti-
tion function for a A/ = 1 supersymmetric gauge theory with a gauge group of G,

considering up to two instantons.

Throughout this thesis, our aim is to provide a comprehensive overview of topo-
logical string theory, Seiberg-Witten theory, and the Nekrasov partition function. By
examining the theoretical foundations, mathematical frameworks, and applications in
physics and mathematics, we strive to contribute to the ongoing research and under-

standing of these captivating fields.



2. TOPOLOGICAL STRING THEORY

This chapter provides a brief overview of topological string theory, starting with
an introduction to the necessary tools. We summarize the concepts of two-dimensional
N = (2,2) supersymmetry, Calabi-Yau threefolds, index theorems, and counting zero
modes using simple examples. We then introduce the concept of a topological quantum
field theory (TQFT) and the topological twisting of the supersymmetric non-linear
sigma model, which results in the A-model and B-model. Finally, we discuss coupling
these models to 2-dimensional gravity to achieve topological string theory. We will

cover some parts of the references [1,2], [4-9].

2.1. Two dimensional N = (2,2) supersymmetry

We begin with two-dimensional NV = (2, 2) supersymmetric quantum field theory.
Firstly, we introduce the supersymmetry algebra along with the Poincaré algebra at 2
dimensions. The corresponding conserved charges for the Poincare algebra are given by
H, P, M where they stand for the Hamiltonian, momentum, and angular momentum
respectively. The additional conserved charges for N' = (2, 2) supersymmetry are called

supercharges as

Q4. Q-, Q.. Q. (2.1)
The symbols + and — represent the left and right chiralities of the corresponding left
and right sectors, respectively. The bar indicates complex conjugation. In addition
to these symmetries, there are R-symmetries that act on supercharges. Two types of
U(1) R-symmetries, with corresponding conserved charges represented by Fj, and Fp,

will be introduced. For convenience, we can write them in a combined way
Fy=F,+ Fr, Fy=F,—Fg, (2.2)

where Fy, and F)4 are called vector and axial R-symmetries. Finally, commutation and

anticommutation relations of all of these charges generate the N' = (2, 2) supersymme-

try algebra given by



QR =Q*=0.=Q =0,
{0,.Q_} ={Q+.Q-} =0,
{Q-,0,}={Q,Q_} =0,

[iM,Q+] = FQx, [IM,Q.] =FQ.,
[iFv, Qi) = —iQx, [iFv,Q.] =iQ.,

[iFa, Qi) = FiQx, [iFa, Q1] = £iQ, .
One can reach the supersymmetry algebra by the use of superspace formalism. In this

(2.3)

formalism, we can write down supersymmetric actions on the superspace manifestly.
The N = (2,2) superspace has four fermionic coordinates in addition to the bosonic
spacetime coordinates xg, 1 for the two-dimensional case

00,070, (2.4)
where these fermionic coordinates are called Grassmannian coordinates. Superfields
Fl(x,, Qi,gi) will be function taking values on the superspace. Due to the nature of
the Grassmannian variable coordinates, a Taylor expansion of the superfield F in terms
of 9% and @ contains a finite number of terms,

Fla 05,8 = fo (e) + 0" o (@) + 07 f— (2,) +8 T (@) +

+ 070 fr (x,)+ -
One can also write the integration measure on the superspace together with represent-

(2.5)

ing the spacetime coordinates (z°, z') as complex coordinates (z,7)
dzdzd0tdo=do di = d®zd*0 . (2.6)
As a consequence, the action called D-terms can be written as
Sp = / d?zd*0 K (F"), (2.7)
where K is a scalar function of a set of fields F. From this construction, it can be
seen that if one writes the Lagrangian density in terms of K (F?) integrated over whole
superspace, the action respects N = (2,2) supersymmetry manifestly. The infinite-
dimensional representation of the supercharges can be obtained by the action of the
supercharges written as differential operators acting on superfields,
Q. = % +if 0y,

- ) (2.8)
Q:I: =T ——_F — i@iai .



0. stands for the partial derivatives with respect to % = 2% + 2'. The superfield is
acted upon by the axial U(1)4 and vector U(1)y R-symmetries
gietv . F (x“,@i,§i> — el F (x“,e_iagi,eia§i> ,
(2.9)
eBra . F <x“,0i,5i> — P <x“, eqciﬁ@i,eiiﬁ@i) ,
where ¢y and g4 are real numbers and they are called vector R-charge and axial R-
charge of the superfield F respectively. Although the expansion of F in Equation (2.5)
has 2% degrees of freedom, they are not independent. Constraints can be applied to

F to reduce the degrees of freedom. This can be achieved by using a super-covariant

derivative, which is another differential operator. They are given by

0
D:t 8Qi ZQ a:t,

_ o (2.10)
_D:t — —— + ieiaj: .

00
One can notice that the super-covariant derivatives just differ from the infinite-dimensional
representation of the supercharges Equation (2.10) by signs. By the use of super-

covariant derivatives, we can define chiral superfield ¢ as
D.®=0, (2.11)
and for anti-chiral superfield, we have D;® = 0. Thanks to the condition of the chiral
superfield, it can be expanded
P=0+0%+0T0"F. (2.12)
The chiral superfield consists of scalar field ¢, two Weyl fermions 1)1, and non-dynamical
auxiliary field F', which together form the degrees of freedom. To determine the su-
persymmetric transformations of these component fields, one can act supercharges on
® and obtain the resulting supersymmetry transformations
00 =erth- — ety
0y = £20€:0+0 + 4 I, (2.13)
OF = —2i€,0_ 1, — 2ie_0,¢_
At this point, Based on the Kahler potential K of the target space X, we can now
write the action for the N' = (2,2) nonlinear sigma model as
Sp = Sin = / 2z / dOK (01,3 (2.14)
The Skin is evidently supersymmetric with A" = (2,2). Another way to express this is

through the F-term,



Sp = % (/ dQZ/dQGW (@) + c.c.) . (2.15)

The function W (®"), also known as the superpotential, is holomorphic with respect
to ®!, and its complex conjugate is denoted by c.c.. The F-term is over half of the
superspace. By utilizing the equation Q. = D+ — 2i#* 0., we can demonstrate the
invariance of the action under @,

€ / d?2d?0Q W (®") = € / d?2d?0(D+ — 2i00.)W (") = 0. (2.16)
The chirality property of the fields has been utilized in the aforementioned equation.
As the fields vanish at infinity, the right-hand side of the equation gives a null result.
Generally, the total action comprises of the D-term and F-term. It is necessary to
ensure that the two different types of U(1) R-symmetries are preserved beside the in-
variance of the total action under the supersymmetry transformations. From a classical
perspective, the integration measure of Sp and Sz change only the overall phase under
the R-symmetry transformations, thus, the two terms can be analyzed separately. The
D-term includes df* and its superspace measure is invariant under both R-symmetry
transformations according to Equation (2.9). Therefore, it can be concluded that Sk,
is invariant under both symmetries if the integrand or Kéhler potential K (P, 52) also
does not change under the R-symmetry transformations. The invariance of the D-term
can be achieved by setting ¢, and g4 of ®* to be zero, which gives the total vectorial
and axial charge of K (@i,?) as zero. In the case of the F-term, U(1)4 R-charge of
df? vanishes and we can set g4 of ® to zero. U(1)y R-charge of d6? is equal to minus
two, and the superpotential must transform with R-symmetry vector charge ¢,y = 2 in
order to preserve the U(1)y symmetry. Therefore, from a classical perspective, U(1)
is always preserved since g4 can be chosen as zero for all ®*. Nevertheless, the vectorial
R-symmetry U(1)y is not anomalous for specific types of W. At the quantum level,
a careful analysis of the zero modes and index theorems is required for a more subtle
story. We can keep in mind that the K is a scalar function of chiral fields and it is

defined up to the transformations

K@) = K(®,8) + f(2) + f(@), (2.17)
where f(®) is the holomorphic function of the chiral superfields and f(®) is the complex

conjugate of it. We can write the corresponding action for the D-term in terms of
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component fields after doing the integration on superspace coordinates

Skin [(I)i7 61 = &’z [—gf@%"@uaj + igf@ivfwi + igi"Ej—erW_
R’ ’ ’ ’ (2.18)
i kI Tl i i = ikl
Rt 00+ g5 (F = Tk ) (F - T )|
where g;; = 0;0;K, and '}, and R; stand for the connection coefficients and Riemann

curvature tensor respectively. The V is the covariant derivative of the target space X,
Vil = 0.k + 0,07yt (2.19)
One can see that the kinetic terms are non-singular since the metric is positive definite.

Similarly, we can write the F-term in terms of the component fields

1 - 1 oW LW T,
5 me(q))d 0d°x + c.c. = / { 95 Yy 0600 d*x +cc., (2.20)

and we can set the auxiliary field F' by using the equation of motion

) ) 1 -~ —
P = Dbl — L0,

and finally, the total action turns out to be
Sioi] = | | [~05000,0 + iogLV v+ iogi Vaut + Rt ]
—1gi5aiwa-W - lviaW@z)M - lvi&w_@ﬁ_m} &
This action is invariant under the infinitesimal supersymmetry transformations (2.21)
0" = ey’ —e Y, 0§ = —e ) +e @Z}Jﬂ

SYy = £2i20.¢" + eL F" 5@ = :F2z'e¢ai¢ +@j .
The nonlinear sigma model action is defined with W = 0 and the target space X is the

(2.22)

Kéhler manifold and the coordinates of it are given by the complex scalar fields (¢, 52)
The case of W # 0 is called the Landau-Ginzburg model. If we consider the general
two-dimensional metric instead of the flat one, we can change d?z — vhd?z, and
gg@“(ﬁia”a; — gijh“”8u¢iﬁyaj. We also need to have a worldsheet spin connection in
the fermion kinetic term since worldsheet geometry is nontrivial in which the complex
plane is replaced by the general Riemann surface . In that case, it is possible to write
two-dimensional metrics locally as

h = hy(v)datds” = e*((dz')? + (dz?)?), (2.23)
and this means that Riemann surfaces are always conformally flat. The complex co-
ordinates ((bi,a%) which is defined on a coordinate patch U of a Kéahler manifold X.
The supersymmetric sigma model can be thought of as a map ¢ : ¥ — U and the

worldsheet fermions are sections of the following bundle structures
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vy €T (8,08 (THOM)Y® Sy) , Py €D (Z,65(TOVM) ® Sy) | (2.24)
where Sy are left-spin and right-spin bundles on the Riemann surface ¥ and 7Y X and
T X denotes holomorphic and anti-holomorphic tangent bundles of Kihler manifold

X. The global R-symmetries act on the chiral superfield
Ul)y:® <$i,0i,§i) > e210P (xi, e’io‘ei,emgi> ,
. 4 . (2.25)
Ul)a:® <xi,0i,9 ) — @ (:vi,ej“ﬁ@i,eiﬁ& > :
At the quantum level, classical symmetries may not be preserved due to the potential
non-invariance of the path integral measure under certain transformations. Specifically,
R-transformations may not preserve the measure while still preserving the classical
action. To determine whether the U(1), and U(1)4 symmetries are anomalous, we

can examine the case of a single massless charged Dirac fermion ¢ on a torus T? with

a background gauge field A € E governed by the given action

S =i / 2 [V Dby +_Dxp_] d*z, (2.26)
where z = x + 14y is a local coordqirnate on the torus T?, D, = 0,4+ A, and Dz = 0:+ As
are the covariant derivatives with respect to the gauge field. This action is invariant
under global transformations of the fermions classically. The quantum story needs

more attention. In order to do that consider the following quantity

1
= E) = — F 2.2
k /Wcl( ) 2W/TQ >0, (2.27)

where ¢ (E) is the first Chern class of the vector bundle E. The above equation means
that the gauge field A has a non-zero instanton number k and it can be written in a

different form by the Atiyah-Singer index theorem
dim ker Dz — dimker D, = / a(E)=k>0, (2.28)

2
where dim ker D, represents the number of 1, zgro modes and dim ker D~ the number
of 1¥_ zero modes. Observe that complex conjugation operation changes the sign of
the U(1) charge of a fermion. Then, we have (¢, )" =t _, and (¢_)" = ¢,. Therefore,
the number of ©)_ zero modes is the same as the number of + zero modes. Under
this observation, the path integral measure [D)] which is nothing but the integration
over all modes of the fields 1. and ¥, is transformed as [Dy)] — **[D1)]. Note that

the U(1)y transformations of all the non-zero modes cancel, that is, the vector U(1)

transformation 11 — e ")y is preserved at the quantum level. On the other hand
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the axial U(1) symmetry, ¢+ — eT#1). is broken by the non-zero instanton number,
i.e., k # 0. Therefore there must be some of the fermion fields must have zero modes.
However, the zero modes do not contribute to the action by the definition, then the
partition function on a torus T? is equal to the zero. Hence we are faced with the
situation that the non-trivial observables are the correlation functions rather than the
path integral since the presence of the fermions is compulsory to cancel the effect of
the zero-modes on the path integral. Due to the difference between the number of v
and 1_ zero modes leading to non-zero instanton number k on T?, we will need the
insertion of the fermions which saturate the contributions of the zero modes to have

non-vanishing correlation function

<¢+ (21) (U (22) ey (Zk) E_ (wl)E_ (wz) e ‘J— (wk)> ) (2~29)

where we have inserted fermions at points {z1, ..., 2, wy, ..., wx } € T?. Finally, it can

be concluded that the anomalies in global symmetries give selection rules that restrict

the types of correlation functions. Now we can move into the non-linear sigma model
on a Kahler manifold X. The fermion terms in the action are given by

i [ o500t + 950, Tt | . (2.30)

where the vector bundle £ is replaced by the tangent bundle T'X and v#V, coupled to

the pullback of the holomorphic tangent bundle ¢* (7% X). Then, the index theorem

gives the instanton number

b= [ @ox) = - [um), (2.31)
where R is the curvature 2-form which is the analog of the field strength of the gauge
theory and the trace is taken with respect to the spinor indices. The relation between
the difference of zero-modes and the instanton number holds for the non-linear sigma
model too. If the symmetry is respected at the quantum level, we have a condition
on the target space. That is, the instanton number must be zero and this gives the
fact that tr(R) = 0. The Kéhler manifold X with the tr(R) = 0 is what is called the
Calabi-Yau manifold.
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2.2. Topological Twist

A field theory is defined on a manifold X with a given metric h. In typical
quantum field theories, the background manifold X is flat and the physical observables,
such as correlation functions, depend on the relative position between the points rather
than the explicit coordinate dependence. However, more general versions of these
theories exist and are important for cases such as quantum gravity. One of the most
fundamental quantities for computing physical observables for a quantum field theory

is the partition function Z and physical operators O; can be computed using

<Ol (xl) e On ($n>>h s (232)

where the subscript A means that the correlation functions are computed for a fixed
background metric. A topological quantum field theory (TQFT) can be classified into
two types: Schwarz type and Witten-type (or cohomological type). The former has
no explicit metric dependence on the classical action, making it a manifestly topolog-
ical theory. The Chern-Simons theory is an example of Schwarz-type TQFTs. Our
focus is on the latter, which allows for metric dependence in the classical Lagrangian
and physical operators, but correlation functions remain independent of the metric.
TQFT is a special type of quantum field theory with both the classical action and cor-
relation functions being independent of the background metric or having deformation
invariance. Correlation functions may have a background dependence, where operators
depend on insertion points on the manifold, which has important topological implica-
tions. The Witten-type TQFT can be constructed in the following. First of all, there
is a fermionic or nilpotent Noether charge operator ). By nilpotency, we must have
Q*=0. (2.33)

The symmetry generated by this type of operator is called sometimes BRST-symmetry,
like in the case of non-abelian gauge theories. The anti-commutator of () with the
physical operators brings about the symmetry transformation as

0.0; = 1e{Q, 0;} . (2.34)
The vacuum of the theory |0) must also respect this Q-symmetry or in other words,
the symmetry is not spontaneously broken

Q|0) =0. (2.35)
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The second ingredient for having Witten-type TQFTs is that it is necessary for the

physical operators O; to be both metric-independent and invariant under this symme-

try,
0.0, ={Q,0;} =0. (2.36)
This property results that the physical operators are in the equivalence class of the @
O, ~0; +{Q,A}, (2.37)
where A is some operator for the underlying theory. The final property of Witten-type

TQFTs is that the deformation invariance or in other words the energy-momentum

tensor is @Q-exact. The energy-momentum tensor is defined as

08
TMV = hwj {Q Guy} (238)

for some operator GG,,,. By using these requirements, we can show that the correlation

functions are independent of background metric h,

) 0 i
S (O1---0,) = S (/ D¢O; - - Oye s[¢])

/D¢Ol hw/ 25[¢]

—Z 01 O {Q GMV}>
=i (Q0 - 0,G,) +1(0;---0,G Q)

(2.39)

=0.
In the third equality, we have utilized the Q-exactness property of the energy-momentum
tensor. The fourth one employs Equation (2.36). The last condition assumes that the
vacuum respects (Q-symmetry. It is worth noting that the operator () is nilpotent, and
any observable that can be expressed as O; = {Q, A} is Q-exact, as it satisfies the nilpo-
tency condition. Moreover, all physical observables are @-closed, since {Q,O;} = 0.
The correlation function is proven to be zero if any of the operators can be written as

Q-exact,

(00, -+ 0. {Q, A}O;

i1 PN

0;,10) = (0[O, - -- O3, (QA = AQ) Oy, -+ O;,|0), (2.40)

and

(00, --- 0, QAO;

i1 ..

= £(0[Q0;, - - O;;AO; O, 10) (2.41)

i1

=0.
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Thus, this shows that the correlation functions which are constructed by the Q-exact
operators are trivial and The physical operators correspond uniquely to the elements

in ()-cohomology,
HQ o {chosed operators} (242)

B {Qexac‘c operators} '

Now, we can return to the supersymmetric non-linear sigma model. Getting the topo-

logical quantum field theory out of the non-linear sigma model can be attained from
the topological twisting which is made by the redefinitions of some of the fields of the
theory or equivalently the redefinitions of the energy-momentum tensor resulting in
gauging the global R-symmetries. Recall that The non-linear sigma model was de-
fined on a flat two-dimensional surface. However, if we consider it on a general curved
Riemann surface ¥, the action may not be supersymmetric. This can be observed by
examining the variation of the supersymmetric non-linear sigma model action under a
supersymmetry transformation [9]

08 = / (Ve G* — Ve G — V,&,G" +V,2 G} ) Vhdz. (2.43)
Here e;and €4 are tie infinitesimal are spinor-valued paramters on the Riemann surface
>l. When the Riemann surface is flat, it is possible to find covariantly constant spinors
V,é+ =V, €. = 0. Thus we can conclude that the Lagrangian is supersymmetric, i.e.,
0S5 = 0. On the other hand, for a curved ¥, the covariantly constant condition may not
be satisfied and this breaks the supersymmetric invariance of the action. In order to re-
solve this problem for a general Riemann surface, the topological twisting is introduced
by [1,2]. The idea is simple, recall that for the supersymmetric transformation, we have
0. = €@, then we need to change the spinorial structure of the infinitesimal parameter
€ to the scalar since there is always covariantly constant spinor as we have mentioned
and this also leads to change the spinorial nature of the supercharge (). Before we
move on to explain what we have meant above, we will change the Minkowskian signa-
ture to the Euclidean one by performing the Wick rotation o = —ixy. We also define
complex coordinate z = x1 + tx3. Then the two-dimensional Lorentz group turns out
to be the Euclidean rotation group, SO(2)g = U(1)g with the following identification

Mg =iM. Then, the commutation relations or Equations (2.3) becomes that
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Table 2.1. C, VK and K refer to the trivial, spinor, and canonical line bundles.

b
ala =|in

L
L
S EIEER
=)
=lalals
(@]

.
=
|

[}
=

(Mg, Q=] = FQ=, [ME7@i] = :F@:I: )
[Fv.Qi]=—-Qx, [Fv,Qi] =0Q, (2.44)
[Fa,Q4] = FQx, [Fa,Q.] =+Q..
The topological twisting means that we redefine the Euclidean rotation by the use of
mixing the diagonal part of the U(1)g x U(1)g with R-symmetry charges. There are

two feasible ways to obtain this, namely

A —twist : Mg = Mg + Fy,
(2.45)
B —twist : MEZ = Mg + F,.

As we have stressed there is another equivalent way to make the topological twisting
which is to gauge the Lagrangian by adding either the U(1)y or the U(1) 4 R-symmetry
current into the spin connection. The topological twisting results in a change in the
flavor index to the spinor index, therefore the new fields after the twisting of the spin
of the component fields are changed. Let us look at them more closely, consider chiral
superfield ® which has zero R-charges

D=+ 0 +0 Y +0 h, +--- . (2.46)
The Weyl fermion v, possesses a Mg charge of -1, a U(1)y charge of ¢y = —1, and a
U(1)4 charge of g4 = —1, based on the transformations of the superspace coordinates
under the global R-symmetry group. As a result of its My charge being -1, the Weyl
fermion 1, belongs to the section of the anti-spinor bundle S over the Riemann surface
Y. After the topological twisting, such as the A-twist, its M}, charge becomes -2, and
it transforms into an anti-holomorphic one-form over . Similarly, for the B-twist, it
also has an M7, charge of -2 and is an anti-holomorphic one-form. Similarly, the Weyl

fermion ¢_ changes its charge properties.
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Table 2.2. Effect of the topological twisting on the component fields.

Uy (UM | Mg | £ | MEA| £ | MB|L
b 0 0 o/l C |0 /|C|] o0 |C
Vo | —1 1 1 |[VK| 0 |C| 2 |K
o, 1 1 |-1|VvVK|l o |cCc]| o |C
b 1 -1 1 |VK| 2 |K| 0 |C
vy | -1 -1 | -1 | VK| 2 |K| =2 |K

Prior to the twist, it carries a Mg charge of +1, a U(1)y charge of ¢y = —1, and
a U(1)a charge of g4 = 1. However, after the A-twist, it now has a M}, charge of 0
and is a scalar field in C. The B-twist also causes changes in charge properties, as the
Weyl fermion v + becomes a scalar field with a zero charge under the new Euclidean
rotation group Mg, due to its Mg + g4 = —1 + 1 = 0 charge. The other cases can be

found by similar logic and the final field content can be seen in Table 2.2.
2.2.1. A-Model

Now we will show that after the twisting, the N' = (2,2) supersymmetric sigma
model becomes a topological field theory. After the twisting, we observe that Q 4 and
(Q_ become scalars. We have the option to select the fermionic or BRST symmetry

charge.

Qa=0Q, +Q_. (2.47)
and the Weyl fermions, specifically ¢_ and +, transform into scalar quantities. On
the other hand, ¢, and ¢_, which were originally part of the spinor and anti-spinor
bundles, respectively, are now represented by holomorphic and anti-holomorphic one-
forms. We can redefine the fields to see the new bundle structure of the component
fields after the twisting

Ve XA . wf’ (2.48)
po=v, pri=vl
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By introducing a U(1)y R-symmetry current into the spin connection of the original

D-term, a twisted action can be obtained as

) - - ) ) = 1 =
Sa = /sz (gij (h’“’\/EaMW@W —iplVax' + i,OZszX]> - éRiij;XJP];Xl) . (2.49)

Furthermore, the supersymmetry transformation becomes:

00’ =ex’, 66 =ex',

o' =0, 0p. = —2icd,d— EX;F%pE, (2.50)

ox' =0, OpL=20:0' — ex'Tiypk,
where we have set e =€, =0 and ¢, = €_ = e. We can show that the A-model is in
fact topological quantum field theory. First, we assume that the vacuum respects the
fermionic/BRST symmetry. Secondly, the square of the fermionic symmetry charge Q4
is zero since {Q,,Q_} = 0. Finally, it is required to show that the energy-momentum
tensor can be written as a () 4-exact form. This is true for the A-model and the A-model

action can be rewritten as () 4-exact [2],

SA:/E d?2{Qa,V} + : ¢*(w), (2.51)

g

where V' is given by

V=g, (pié%gz&f + angfpg;) . (2.52)
V' is commonly referred to as the gauge fermion due to its association with the gauging
of the global U(1)r symmetry. Additionally, [, ¢*(w) represents the pullback of the
Kahler form of X, and its value is dependent solely on the cohomology class of w. Hence,
it respects the deformation invariance and it has no dependence on the Riemann surface
metric h at all. Furthermore, it can be seen that the A-twisted non-linear sigma model
depends only on the Kahler moduli of target space X since it is characterized by the
cohomology class of w which parametrizes the Kahler moduli of target space X rather
than the complex structure moduli of X. Now, we can find the cohomology classes
of physical operators. If we act Q4 on the most general physical operator which is

constructed by the combination of the component fields, we have
@a {An,miﬁy-iq(d))Xil X 'qu} -
(B0, g, X Dy X)X
We can see that x* and X’T can be identified with dz* and dz* respectively. Therefore,

(2.53)

(@ 4 acts on the physical operators as an exterior derivative d with respect to the target
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space X, and The @) 4-cohomology is equivalent to the de Rham cohomology of the
target space X,

{ physical operators } ~ {Hg,} , (2.54)

and there is a one-to-one correspondence between the physical operators or the Hilbert
space of the theory and the topological structure of the target space manifold X. A
more geometrical interpretation of this correspondence can be made by the following
observation. There is a dual representative class of the ()4-cohomology class which
is determined by the Poincare duality. According to the Poincare duality, for every
cohomology class, there is a dual homology class whose basis is given by the homology
class [D] € H"(X), where r represents the real codimension of the dual homology class.
The element of the homology class D acts as a delta function on the dual element of
the cohomology r-form O,. The operator O, which is inserted at the point x € X
vanishes if the point x lies outside of the dual homology cycle D, which is nothing but
the definition of the delta function. In other words, the insertion points of the physical
operators have a meaning of the intersection of the homology cycles. In the guidance
of the above setup, the general correlation function can be constructed by means of

the twisted fields,
(O1---04) = /'ngDpDXol 070 (2.55)
The path integral receives the contribution of all possible maps ¢ : ¥, — X and the

whole family of them is called the moduli space. The particular map can be classified

by the homology class of the image of the map
6 = ¢*[Zg] € HQ(X7 Z) ) (256)
and the path integral can be rewritten in terms of summing over these topological

sectors

(01--0) = ) / D¢DpDXO; - - Oge™54 (2.57)
BGHQ(X,Z) P [Zg]:ﬁ
Now we can turn to the anomaly problem that we faced before. The A-twisted ac-

tion respects the classical U(1)y and U(1)4 symmetries, however, we need to check
that quantum effects do not spoil them. More precisely, the correlation functions
must respect R-symmetries. Just in the case of the non-linear sigma model, the non-

anomalous condition for the vector and axial symmetries can be determined by the
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index theorem and zero mode analysis. Consider an operator which has holomorphic
and anti-holomorphic degrees given by

O; = w; € HP(X). (2.58)
The relation between the U(1) charges and degrees of the particular operator is given
by qv = —p; + ¢; and g4 = p; + ¢;- This relation comes from reading the R-symmetry
charges of the twisted component fields. The vector R-symmetry is not anomalous
since we can always set ¢y = 0, then the non-vanishing condition on the correlation
function gives the following constraint > .. p; = » ;_;¢. On the other hand, the
axial R-symmetry begs the scrutiny of the fermion zero modes. The new zero mode
condition can be written by looking at the differential operators for the fermions in the
twisted action Equation (2.51), k& = Xyero modes — fPzero modes Where the instanton number
is given by

k= | ¢ci(X)+dimeX (1 - g)
., (2.59)
= 1(X) - B+ dimeX(1 - g).

The ¢ stands for the genus of the Riemann surface 3,. Recall that the axial rotation
on the correlation function gives a phase factor e??*?, then for a fixed degree for the
homology class f = ¢.[Z,], one can write > ., pi + ¢ = 2k. Together with the

condition on the vector R-symmetry, the resulting selection rule is given by
> pi=) gi=2a(X)f+2dimcX(1—g), (2.60)
i=1 i=1

where dim¢ means the complex dimension of target space. If X is a Calabi-Yau mani-

fold, then the first Chern class is zero, ¢1(X) = 0 and the right-hand side turns out to
be

S S
> pi=) g =2dimcX(1—g). (2.61)
i=1 i=1
After the derivation of the selection rule, we can compute the path integral. Note that

the resulting theory is topological and it has deformation invariance. Then the value
of the path integral is not sensitive to the background parameters, in other words,
classical computation is exact. Therefore, the dominant contributions come from the
fixed loci of the fermionic symmetry ()4 since they correspond to the solutions of the
equation of motion. This type of phenomenon is called localization. The vanishing of

the fermionic symmetry of twisted component fields dpL and § pz gives the equations
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ds0' = 0.1 = 0. (2.62)

These conditions give rise to the fact that the map ¢ : ¥, — X is holomorphic and

they are called worldsheet instantons. The bosonic part of the action at the fixed loci
can be expressed as

S0 [ 95 (0005 + 0:60.5) 2

Yo (2.63)

g9
where we have used Equation (2.62) at the second line. It can be seen that the bosonic

= 2/ gz‘jaéébiazajd% + Pw = Prw=w-p,
b)) )3 b

part of the action at fixed loci is nothing but the volume of the image of the genus
g Riemann surface ;. Let us return to the selection rule. If we choose the complex
dimension of the Calabi-Yau manifold as three, we can see that the first non-trivial
example comes from the genus zero Riemann surface which is S?, and the physical
operators O; of type (p = 1,q = 1). These operators are identified with d-closed form
w;. As we have mentioned, the Poincare dual is given by D and the resulting correlation
function is just a three-point function. For S = 0 topological sector, the image of the
sphere S? is just a point on X and the moduli space of worldsheet instantons is nothing
but the Calabi-Yau X itself. According to the geometric interpretation that we have
discussed before, there is a relation between the insertion points and the intersection of
the homology cycles and this relation gives the three-point function as the intersection
of the three distinct divisors D; which are the holomorphic submanifolds of X, at the
trivial topological part. If we include the non-trivial topological maps 8 # 0, we can

get the result
<010203> = (Dl N D2 N Dg) + Z [()73,5 (wl, (.Uz,bdg) Qﬁ . (264)

/BEHQ(XvZ)
The homology class 5 can be expressed in terms of a basis {3;} of the second ho-

mology group Hy(X,Z) of the Calabi-Yau threefold. This can be achieved through a

mathematical construction resulting in the sum ZZ nt;.

t,-—/w, P= 1 bo(X), (2.65)

A

where b; is the second Betti number of X and one can choose another dual basis for

the 2-cycles {S;} in Hy(X,IR) in a way
S

J
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It is possible to expand S in terms of these new dual bases {S;}. Therefore we have

/wi:an/ w; =N, . (2.67)
B j S;

As it was mentioned, the first term at (2.64) represents the classical intersection number
of the three divisors. The second term uses the relation Q? = e=“# = ¢~ 2initi This
second term is the quantum correction to the classical geometry and the coefficient

Iy 3.5 (w1, ws, w3) is given by

107370 (wl,OJg,UJg) :/\/b,g/wl/wQ/w;z,. (268)
B B B

The number of holomorphic maps of a genus-zero Riemann surface, 32, into a two-cycle
of homology class 3, is denoted by N s which counts the genus-zero holomorphic curves
that can be embedded into the Calabi-Yau threefold, X. These enumerative invariants
are referred to as genus zero Gromov-Witten (GW) invariants and are the topological
invariants of X. We can gather all these numbers through the generating function Fj

which is called the A-model prepotential

Fy(t) = Z No,,@@ﬁ7 (2.69)
BGHQ(X»Z)
and observe that
OFy(t; 0 "
8015(- .- > Nosg e = = —niFo(t) (2.70)
J J
BEHZ(sz)

Then one can write that Equation (2.64) directly in terms of the A-model prepotential
Fy by using the fact that fﬁ wj = ny,

PFy
Ot10t20t3
The A-model prepotential Fy(t;) can be found by integrating Equation (2.71) through

(010,03) = (D1 N Dy N D3) — (2.71)
the three-point correlation function along with the computation of the intersection
product of the three divisors D; which can be made by the classical algebraic geometry.
Note that the selection rule does not forbid higher genus contribution, for instance, for
g = 1, all correlation functions vanish except the partition function, and for g > 1
all of them are zero. This means that it is not possible to holomorphically embed the
Riemann surface 3, with g > 1 into the Calabi-Yau threefold X while keeping the fixed
metric on 3,. This problem can be resolved by thinking of all possible metrics on the
¥, and this type of reasoning leads to coupling the A-model to the worldsheet gravity.

Then, the selection rule is modified and we can get higher genus contributions from
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the generating function F,(t;) from the topological string theory. On the other hand,
the generating functional of higher genus Gromov-Witten invariants can be defined by

summing over instanton sectors

Fyt)= > NysQ®. (2.72)
BGHQ(X’Z)
As a final remark, the Gromov-Witten invariants are rational numbers in general,

since they include multi-covering and bubbling effects which we will discuss and re-
turn these geometric effects when we define another topological invariant, the so-called

Gopakumar-Vafa invariants.
2.2.2. B-Model

The fermionic/BRST symmetry charge can be expressed as a scalar when con-
sidering the B-twist. Specifically, recall that Q 4 and ()_ also become scalars in this

context

Qp=0Q,+Q_. (2.73)
The fermions 1) + and 1_ transform into scalar fields, while the spinor and anti-spinor
fields ¥ and 1, become holomorphic and anti-holomorphic one-forms according to
Table 2.1. Similarly for the A-model, the fields are relabeled to clearly observe the

effect of the B-twist.
pL=1t, pL=1l,

n == (V. +90), (2.74)
990; =9_ =4,
and the new supersymmetry transformation can be found by setting e, = e_ = 0 and

€4 = €_ =,
dpi, = £2i€0, 9",
§¢" =0, 90, =0, (2.75)
65{ = En{, 577{ =0.
In order to determine if the B model meets the necessary conditions for being a topolog-
ical quantum field theory, certain criteria must be considered as before. Firstly, it must

possess a fermionic symmetry ) g invariant vacuum. Secondly, the fermionic symmetry



24

charge Q5 squares to zero, due to all supercharges being nilpotent and {Q + Q_}=0.
Finally, the energy-momentum tensor for the B-model can be expressed as ()g-exact,

as the action is ()g-exact except for an additional term,

SB:/dZZ{QB,V}—F/W, (276)
b b
where V' and W are given by

V=ygs (1)23%(25; + P%@&) ; (2.77)

D is defined as the exterior derivative on genus ¢ Riemann surface and W has no
dependence on the worldsheet metric g. These give rise to the fact that the energy-
momentum tensor for the B-model is @) g-exact. According to the [2], the effect of the
transformation of the Kéhler metric on the W can be rewritten as éW = {@p, -},
then the action is independent of the Kahler moduli of X in contrast to the A-model.
However, the B-model depends on the complex structure moduli of X since the in-

finitesimal symmetry transformations depend on it.

The correlation functions are determined from ¢, ¢, 7" and 6, and the Hilbert
space of theory is identified with the () g-cohomology. Then, there is a correspondence
between the geometric data of the Calabi-Yau threefold X and the twisted component
fields with the following identifications

N d7
0 (2.79)
0; +— — .
0zt
The most general physical operator is constructed out of the component fields
Billziq (¢>ni1 .. .nipgjl .. qu . (280)

One can show that the above physical operator is ()p-closed and it acts an anti-

holomorphic p-form which takes the values in AYT'X

B i (g)dz - dziv o 0

TR

AT X denotes the ¢ exterior power of the holomorphic tangent bundle Tx and the

(2.81)

above physical operator is 0 closed. Therefore, we can conclude that the the Hilbert

space of the physical operators is given the Dolbeault cohomology group of X
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{physical operators } ~ @ HY (X, \NTX) (2.82)
p,q=0
where n is the dimension of the X. If we go back to the correlation function, the most

general correlation function for the operators {O;} is given by inserting the twisted
fields through the path integral
(O)---0,) = / DDyDIO; - - - O e 5 (2.83)
Similarly for the A-model, the B-model satisfies the conditions for being topological
quantum field theory and it is exact in the sense of being theory is independent of
the background parameters and we can make the exact computations at the classical
level. Therefore, we can compute the path integral at loci of ) and they are given by
setting the dp = 0 which results in
9,0" = 0. (2.84)
The solution of the above equation gives the constant function and the whole space of
maps from the Riemann surface to the Calabi-Yau X is nothing but the constant map
¢ : Xy — X. Therefore, we can see that the path integral is equivalent to an integral
over X. This observation gives rise that the A-model and the B-model are different,
the fixed loci of the B-model is just the Calabi-Yau manifold X while the fixed loci of
the A-model is the moduli space of all holomorphic maps as we have seen. Hence, the
computations at the B-model is simpler than the A-model. We can elobarate again
the U(1) R-symmetries, the U(1)y gives Y ;_ p; = > .;_, ¢;- and U(1)4 anomaly gives
S pi+ ¢ = 2dime X (1 — g) differently, then the selection rule for the B-model turns

out to be

Zpi = ZQi = 2dimc X (1 —g). (2.85)
i=1 i=1
So unlike the A-model, there is no Chern class term that determines the underlying

target space X. As an example, we can consider ¢ = 0 along with the selection rule
for s physical operators O;(i = 1,---,s). One can choose X to be a Calabi-Yau
threefold,dimc X = 3. This condition gives that the line bundle or the corresponding
cohomology group H*°(X) is trivial and there exist a nowhere vanishing closed holo-
morphic (3,0)-form Q = Y Q;;,dz* Adz? Adz"* globally. Consider the physical operator
which corresponds to the complex structure deformations of the moduli space of the

Calabi-Yau threefold X. The infinitesimal deformation of the complex structure of
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Calabi-Yau X is determined by the the Beltrami differentials, pu, € H*! (X, TX) and

they are given as

=0
R k =
Ha = (pa)7 42" 5 (2.86)
Thanks to the selection rule and the above mathematical machinery, the three-

point function can be attained from the 6 zero modes in the path integral [1]
(0,0,05) = / (i A i A g, Q) A Q)
X o (2.87)
= [} )] (s Tzt 2.
It is clear that the (O10203) doe)s( depend only on the complex structure moduli instead
of the Kahler moduli. Just in the case of the A-model, there is a connection between
the three-point function and the prepotential of the B—model Fy. As it understood
that there are two distinct moduli spaces for Calabi-Yau manifolds: the Kéhler moduli
space Mg and the complex structure moduli space M. The latter M is the space
of all possible complex deformations on the Calabi-Yau manifold. To be more clear, a
point on M represents a fixed complex structure on X and at that particular point
where nowhere vanishing holomorphic form € sits. The variation of complex structure
has the line bundle £ structure since as we move along the M, the holomorphicity of
() changes point by point and at a different point, we have a new holomorphic form Q.
Therefore, this type of construction is nothing but the line bundle and this line bundle
is characterized by complex structure deformations. Note that all different (2’s still be
closed due to the fact that the exterior derivative that we introduced is independent of
the complex structure deformations of the Calabi-Yau. The metric on this line bundle
L is given by
h[;:HQHQ:i/ QAQ, (2.88)
where Q A Q is a (3,3) form and its integral al)(()ng the X does not give zero globally.
Note that €2 is defined up to a nonzero scaling function, it is possible to multiply
Q) with a globally non-zero holomorphic function e/. This gives the fact that the
metric transform as hy — ||ef } |?h, and this type of transformation can be achieved

by introducing the Kahler potential
K:—logHQW:—log/Q/\ﬁ. (2.89)
X
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Note that K is transformed as K — K — f — f and then by this Kihler potential, we

can construct a globally well-defined Kéahler metric
PK

ot 0ty
on M. Therefore the complex structure moduli space M is Kahler manifold. This

gaE = (290)

type of relationship is sometimes called special geometry [9,11].

Now we can turn to another mathematical construction which is called a variation
of the Hodge structure. According to the Hodge decomposition theorem, the vector
space H3(X,C) contains H3°(X) and from this, the change in the 2 by moving along
the complex structure moduli space M can be understood as the vector bundle. To
be more precise, the vector spaces H?(X, C) which sit at the points of M¢ has a vector
bundle structure V on M x and this vector bundle is called Hodge bundle. The Hodge
bundle also includes the line bundle £ as a sub-bundle. Then the variation of the Hodge
structure can be stated as the variation of the line bundle £ which is a sub-bundle of V,
or equivalently variation of the Hodge decomposition on the Calabi-Yau threefold X.
This can be accomplished by using a special type of coordinates, the so-called period,
on the line bundle £. Similarly for the line bundle that we have defined above, there is
also a Hermitian metric on the vector ¥V which is given by the following inner product

(u,v) :i/ pAT, (2.91)
where pu,v € H3(X,C). Apart from that, ong can write the symplectic-basis of the by
the following integral of three-forms ay, 3° where a,b runs over from 1 to h3(X)/2 =
h*1(X) + 1. h'is the i Hodge number of the Calabi-Yau threefold X and we have
used the Hodge decomposition theorem. These three forms satisfy

(aayop) = (8%,8°) =0, and (o, B") =id,, (2.92)
and these basis are invariant under the symplectic transformations Sp (2h%! + 2, R).

One can also introduce the Poincaré duals of oy, ° given by A%, By. Then the periods

qa:/ Q, pb:/ Q. (2.93)
a Bb

This gives the fact that it is possible to expand €2 in terms of the symplectic basis,

can be written as

Q= ¢"a, — p3°. (2.94)
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The periods (¢%, py) depend on the complex structure of the moduli space of X and
they are functions defined on M. They are not quite independent from each other
since the dimension of the complex structure moduli space M is h?! rather than the
2h*!+2 that is the correct degrees of freedom for the symplectic group Sp (2h%1 + 2, R).
Therefore, the p,’s are nontrivial functions of ¢* or vice versa. Furthermore, ¢*’s are
called complex projective coordinates at the complex geometry, and by using this fact
we can eliminate one of them. Let us choose ¢/, to introduce the inhomogeneous ones

T et (2.95)

la
where we resummed to h*! instead of h?' + 1. Hence the periods are the coordinates
on the line bundle £ from the variation of the Hodge structures. In order to express
the three-point function through the B-model prepotential Fj, one can use Griffith

transversality relation from the algebraic geometry

o0}
QAN =0. 2.96
|oanss (2.96)
This can be shown by taking the first order of variation of
o0
= (3,0) form + (2,1) form
ot (2.97)

= ko2 + Xq -

The only surviving term Yy, is in the type of (2, 1) at the leading order since the variation
of a holomorphic (1,0)-form dz brings along (1,0) and (0, 1) pieces and k, are some

holomorphic functions on M. Furthermore, one can introduce the prepotential Fj as

1
Fy = §paq“, (2.98)

then we can write p. = 0F,/0q° and this gives rise to Iy being homogeneous of degree
2 function with respect to the ¢°. Moreover, it is not hard to see that there is a one-
to-one correspondence between the x, and the Beltrami differential p, if we contract

the Beltrami differentials with the nowhere vanishing holomorphic (3, 0)-form €2,

- 0 -
fa = (f1a)5 A7 Xa = (ta)’ QumndZ A d2™ A d2". (2.99)

To find the relation between the prepotential and the three-point function, consider

the term

Q)
QN 2.100
/X Dt10t201 (2.100)

and by using the fact that Equation (2.99), the above expression can be written as
930

0Ll (3,0)form + (2,1) form + (1,2) form + (0,3) form . (2.101)
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Therefore, (0, 3) form is nothing but (s;) (u2)§ (,ug)% Qi;rdz dz dz* since it contains the
3 anti-holomorphic coordinates. Furthermore, there is no other term rather than this
term that contributes to the integral, since the integral is taken over the Calabi-Yau
threefold X whose complex dimension is three. Consequently, this term is equal to the
three-point function for the B-model. Apart from this observation, one can show that

by using the Equation (2.94) and the Fy = p,q®/2 the above expression can also be

rewritten as

9%Q) 9*F,
QA - . 2.102
/X Ot,0t,0ts  Ot,0ta0t5 (2.102)

On that account, the three-point function of the B-model is equivalent to the third
derivative of the Fy with respect to the inhomogeneous coordinates t*

Claz = (010,05) = %. (2.103)
Note that there is an important difference between the A and B-models according
to the above construction. In the B-model there are no infinitely many worldsheet
instanton corrections to the three-point function or the three-point function can be
expressed as purely classical geometric data contrary to the A-model since Fjy encodes
the all information about them. Although the computations at the B-model is plainer

than the A-model, the A-model is much more interesting than its counterpart since it

includes the quantum corrections in the classical geometry.
2.3. Topological String Theory

So far, we have only been interested in fixed two-dimensional background field
theories. On the other hand, we can take the background to be dynamical rather than
fixed and it plays a huge role in the resulting physics. The ordinary string theory
has such a property where the worldsheet metric enters the path integral of the string
theory and one has to consider not only the integration of the path integral over
the maps ¢’ to the target space and the fermions but also a path integral over the
degrees of freedom of the worldsheet metric h,,. Furthermore, We have also seen that
N = (2,2) supersymmetric nonlinear sigma model along with the twisted versions have
not enough information about the geometry of target spacetimes since the selection

rules constrained all correlation functions in the sense that only some of them are
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non-vanishing, namely partition function at ¢ = 1 and the three-point function at
g = 0. Therefore, in order to resolve this issue, the A-model and the B-model should
be coupled with two-dimensional gravity. The resulting theory is called N' = (2,2)
topological string theory which is an analog of the usual string theories. Consider
a general quantum field theory but its background metric is dynamical, or quantum
gravity, and one needs to take into account the fact that the path integral is integrated
over the space of all metrics. Gravity can be considered as some sort of gauge theory
and the idea of the Faddeev-Popov mechanism is valid as we will see. There are at least
two possible considerations when gravity is quantum mechanically dynamical. Firstly,
the action or the Lagrangian of the theory must be written in a covariant way, which
means that ordinary derivatives turn out to the covariant derivatives and spacetime

volume factor changes by
‘/d%w—+/ﬁ%wﬁah, (2.104)

and it is necessary to include the Einstein-Hilbert term in the action, along with some
diffeomorphism invariant terms. To proceed, the next step involves integrating the

path integral of the final theory over all possible background metrics.

For our purpose, we will not be interested in covariance-related issues, then our
main concern is integrating the path integral measure. Similarly, for the gauge theories,
diffeomorphism invariance puts a volume factor in front of the path integral as diffeo-
morphisms are redundant. Therefore, it is important to ensure that each configuration

is counted only once. The path integral is written as
1

%mg/DWﬂW;ZWUv (2.105)
where hf, stands for the arbitrary background metric and Vol(G) is the volume of
the gauge transformations, in our case, they are diffeomorphisms. On the other hand,
this construction can be problematic since there can be large diffeomorphisms resulting
that there can be some metric configuration that cannot be obtained by the continu-
ous transformations. Secondly, there can be anomalies leading to breaking the validity
of the conclusion that all the configurations in a gauge group orbit are equivalent.

Furthermore, conformal anomalies can also occur. For instance, in the usual bosonic

string theory, the two-dimensional non-linear sigma model has an additional conformal
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symmetry and this makes the energy-momentum tensor traceless. This case should
be taken into consideration when evaluating the path integral. Accordingly, we can
conclude that there are two types of symmetry factors associated with two-dimensional
diffeomorphisms and conformal symmetry. Firstly one has to integrate over all con-
formally equivalent metrics and after that integrate over the quotient space which is
known as the Teichmiiller space. Note that the two-dimensional conformal group is

large, however, Teichmiiller space is finite-dimensional.

Before we move on to the effect of the topological twisting on these issues, we
will first study them alone and we will begin with the first one, a conformal anomaly
from an algebraic point of view. As we have mentioned, there are four different con-
served charges for the sigma model on the plane, the first conserved Noether current,
an integrated version of the Hamiltonian, associated with global translations on C
is the energy-momentum tensor 7),. According to the conformal field theory, the
energy-momentum tensor satisfies the traceless condition T,z = T3, = 0, and it is also
conserved 0,7} = 0. These two conditions give the fact that 7T, and 7% depends on
z and Z respectively, in other words 7., = T'(z) is holomorphic while 7%z = T(Z) is
anti-holomorphic. In two dimensions, the mode expansion of the energy-momentum

tensor 7),, and its anti-holomorphic counterpart can be made by the Laurent expansion

T(2) = Lmz "7, TE) =Y L,z "7, (2.106)
where L,, are the generators of Virasoro algebra. They satisfy the following commu-

tation relations, central extension of the Witt algebra of the conformal field theory

[Lyns L] = (m — ) Lypn + T(;m(nﬂ D)6 pin - (2.107)

c is called a central charge and it is a quantum mechanical effect. There is a relation
between the central charge and the conformal anomaly as we will see. As we have
remarked above, the conformal symmetry puts a constraint on the energy-momentum

tensor

05
dhwv

Furthermore, this restriction must act as an operator on the Hilbert space of the

—T,=0. (2.108)

conformal field theory after the quantization, or in other words, the physical states |1)

must satisfy



32

Lolt) =0 VmeZ. (2.109)

It can be seen that this condition cannot be satisfied due to the central charge term,
the right-hand-side gives zero trivially while the central charge term gives non-zero
contribution d,,4,[)) # 0. Thus the central charge must be zero in order not to
have a conformal anomaly. This type of conformal anomaly can be gotten rid of by
means of choosing the dimension of the target spacetime for the sting theory. Now,
we can return to the topological twisted theories. As we have discussed that there
are further the global R-symmetries of the ' = (2,2) theory. The same consideration
above can be made for the global U(1) R-symmetries. The corresponding Noether
current for the global U(1) R-symmetries .J,. Similarly, due to the conservation law,
J. is holomorphic while .J; is anti-holomorphic. This can be also understood from the
closed string theory point of view in which the left-moving and the right-moving modes
are decoupled. Then, we can separate the global U(1) R-symmetries as the left- and
right-moving terms with the corresponding Noether charges F and Fg. Similarly, we

can make the expansion as

J(2) =Y Jpz ™ (2.110)
with the corresponding Virasoro Algebras

[Lin, Ln] = (m —n) Ly + %m(m2 — Ddmin,

[Lins Jn) = =1 (2.111)
[T, Jo] = §m5m+n.
The central charge c breaks the classical commutation relations in the J- and the L-
commutators. The conserved current for R-symmetries can be obtained as a contour
integral,
J=Fp = 7{ J(2)dz = 2midy . (2.112)
2=0

By using this and the similar for the right movers’ mode, we can calculate the new

Lorentz conserved charges by the topological twisting which we have introduced

ME =M + Fy = F + Fg,
(2.113)
ME =M+ F, =F, — Fg,

where M is the generator of Lorentz transformations given by M = 2mi(Lo — Lg) from

the two dimensional conformal field theory. Note that this conserved charge is actually
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associated with the translation invariance. However, it can also be interpreted as the
rotations at z-plane since z-plane is equivalent to the cylinder under the compactifi-
cation of the time direction, where time direction is simply S'. Combining M with
topological twisting results in the fact that the energy-momentum tensor is modified
by

A-model : T—>f:TA:T—|—%8J ,T—)%:TA:T—%W,

~ 1 _ ~ _ 1—
B-model : T—>T:TB:T—§8J ,T—)T:TB:T—ﬁ(?J.

From this perspective, it can be also seen that the spin of the field is changed and the

(2.114)

new energy-momentum tensors are still conserved, 0T = 0 due to the holomorphicity.
Furthermore, the Virasoro algebra is modified and they are given by the new modes
L

(L, L] = (m — 1) Ly - (2.115)
Finally, we can conclude that the topological twisting mechanism causes the new Vira-
soro algebra to be modified and the new central charge is zero. The topological string

theory is free of conformal anomaly and it is defined on any dimension of the target

manifold.

The second step involves the understanding of the integration of the path inte-
gral over all possible metrics. As in the case of the string theory, the integration of
all possible metrics is reduced to the conformal equivalence metrics. As we have men-
tioned, this can be understood that conformal equivalence classes are mapped to the
possible complex structures of the Riemann surfaces >, with a fixed genus. Therefore
the moduli space of all possible metrics is nothing but the moduli space of complex
structures on the Riemann surface ¥, and it is denoted as M. The dimension of M,
can be computed by the Riemann-Roch theorem and for g = 0, it is zero-dimensional,
and for ¢ = 1 the complex dimension of the moduli space is one-dimensional. The cor-
responding moduli space is the fundamental domain of the torus. For genus is greater
than one, the dimension of the moduli space of complex structures on the Riemann

surface X, is given by

dimeMy =39 — 3. (2.116)
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After we gave a little summary of what we need for the effects of coupling two-
dimensional gravity to the twisted sigma models, we can return to our original issue.
The bosonic string theory is a two-dimensional conformal field theory with a fermionic

BRST current jprsr, which has a spin 1 with the associated charge

QBRrsT = ]{ jersrd’z, with Q%per =0. (2.117)
This type of BRST symmetry iszcalled ghost symmetry which is generated by Qgrsr
and it results in a ghost number anomaly 3g — 3 on the Riemann surface ¥,. Moreover,
in addition to the field X* on the Riemann surface, there exists a spin 2 antighost field
b with the charge under the ghost symmetry is —1 with its zero modes satisfies b2 = 0.
The energy-momentum tensor for the ghost and the matter part of the conformal field

theory is given by the anti-ghost field b

T(z) = {Qprsr,b(2)} . (2.118)
Note that we only discussed the left-mover sector, the right-mover part is straightfor-
ward, and all of the physical quantities are replaced by the barred ones. Note that we
used the same symbols for the fields b and their corresponding zero modes by. The more
precise statement is that the energy-momentum tensor is 7'(2) = {Qprsr, bo(2)}.Just
like the topological field theory that we have discussed, the physical operators of the
bosonic string theory are determined by the cohomology group of Qgrsr. As we have
formulated, The moduli space of such a complex curve is a complex 3g — 3 dimensional
space M,. The infinitesimal transformations on the complex structure are associated
by with Beltrami differentials pZ which are nothing but the tangent vectors on this
Riemann surface with genus g. The space of Beltrami differentials have a complex
dimension 3g — 3 for ¢ > 1. Now, one can define the following holomorphic and

anti-holomorphic measure on the M, by using the fact that b is has spin 2

[ b= [ btz (2.119)

Therefore, the free energy of the bosonic string theory at genus g > 1 is defined by
39—3

F= [ (T ([ ), 2120
g k=1 VX b))
where <>2 stands for the conformal field theory correlators. Note that the inte-

gration is meaningful since the dimension of the M, and the total number of b(yy)

which is integrated over the M, are matched. Nevertheless, the ghost current must
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have an anomaly to have nontrivial Fj since there are 3g — 3 anti-ghost b fields which
create a ghost anomaly in the definition of F,. This anomaly must be canceled by a
total 3g — 3 ghost charge and these 3g — 3 units of ghost charge are already included
in the path-integral measure of the CFT correlator at Equation (2.120). Thus the
whole construction of F, makes sense and the total ghost charge is zero. Now, we can
use the machinery above to discuss the twisted non-linear sigma model. Recall that
we constructed the conserved currents from the Noether charges that we mentioned
before, there are four(left-mover) conserved currents
T, JGY G, (2.121)
where the conserved currents are energy-momentum tensor, U(1) R-symmetry current
and G* are the two supercurrents with charge 1 under J and their spins are given
by 2,1 and %, respectively. Recall that the energy-momentum tensor can be twisted
by the amount of
T—T=T- %aj, (2.122)
for the B-twist. We discussed that 7" satisfies the Virasoro algebra and twisting from
TtoT changes the spin of every field by —1/2 its global U(1) R-symmetry charge.
Then, according to the twisted energy-momentum tensor, the spin of supercurrent
G becomes 1 while the spin of G~ turns out to be 2. Remind that twisted energy-
momentum tensor has no central charge, similar to the bosonic string theory in which
the central charge of the underlying conformal field theory is canceled by the contri-
butions of the ghost fields. By motivating with these observations, it is natural to
make the following identifications between the bosonic string theory and the twisted
N = (2,2) supersymmetric non-linear sigma model
T—T ,
jBrst — G,
(2.123)
b— G,
Jghost = J .
Since these two algebra is isomorphic, then the free energy of topological string theory

can be defined as
39—3

=] [T |6 [ & ), (2124)
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To determine whether vector and axial anomalies occur in the given definition, we must

first express the measure in terms of the supercurrents explicitly as

[Gw= [ Gutmr  [Om)=[eamz  a2)
) ) b b

where GG,, and G5 are the corresponding supercurrents for the supercharges @), and
Q_, respectively. They also generate the holomorphic and anti-holomorphic piece of

the energy-momentum tensor

T..={Qs,G::}, T=={Qp,G=}. (2.126)
Therefore, we can read their vector and axial charge from the supercharges Q. and @Q_
and both of them have axial charge is —1, while Q. ’s vector charge is —1 and Q_’s
vector charge is 1. Then the insertion of GG, and G5 into the path integral gives a net
zero vector charge, so Fy is free of the vector R-symmetry anomaly. On the other hand,
the total axial charge is non-zero since the axial charge of the F, is (3 — 3¢,3 — 3¢)
with respect to the holomorphic and anti-holomorphic sector, total there are 6 — 6g¢
axial charges. It can be seen that the ghost charge is mapped to the axial charge and
similarly for the bosonic string, in order not to have trivially zero free energy of the
topological string theory, the measure of Fj, has the right number of anomalies which
cancels the axial charge anomaly. Then, we find that the selection rule for the B-model

is modified

> pi=) ¢i=06(g—1)—2dimcX(g—1). (2.127)
i=1 =1

It can be seen that if we choose the target space that has a complex dimension of three
the axial charge of the measure is zero for any ¢, and hence the B-model partition
function or free energy is non-trivial for every genus g > 1. On the other hand, the

selection rule for the A-model becomes

> pi=) q=06(g—1)—2dimcX(g—1)+2 [ ¢ (ar(X)). (2.128)
i=1 =1 2,
If we choose the target space as the Calabi-Yau threefold, ¢;(X) = 0 and dim¢ X = 3,

we find that exactly the same condition at ¢ > 1. For ¢ = 0 and g = 1 cases that need
special care which we shall discuss later. We can also write the F; for the B-model
given by

F = %/% Tr(—1)! Fp Fretrghe (2.129)
where ¢ = €2™7. The integration over the fundamental domain is the moduli space of T?
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and (Hp, Hg) denote the Hamiltonian of the left and right moving sectors, respectively.
The form of F; can be deduced by the insertion of the one physical operator @ which
has axial charge (1,1) in order to cancel the (—1, —1) axial charge from the insertion
of (G..,Gz). The B-model free energy for higher genus Fj>, can be determined by
the “holomorphic anomaly equation” which we will not discuss [11]. The story for the
A-model free energy for the ¢ = 0,1 and g > 2 is more subtle since the worldsheet

instantons complicate their calculations of them.

2.4. Target Space Interpretation and Gopakumar-Vafa Invariants

In this part, we will give a different approach to the topological string theory.
All we have done so far is construct the topological string theory from two-dimensional
field theories on Riemann surface X, however, it is also possible to find the topological
string theory amplitudes from the target space where the two-dimensional field theory
lives on. This type of interpretation lies on the superstring theory compactifed on the
ten-dimensional background which is a type of Calabi-Yau threefold is fibered over the
four-dimensional spacetime. There are five different string theories that are related
by dualities and according to their low energy particle content, they are called Type
I, Type II-A, Type II-B, Heterotic SO(32) and Heterotic Fg x FEg. These theories
live in ten-dimensional spacetime and eleven-dimensional M-theory gives a unifying
perspective in a way that all of these theories can be seen as special configurations of

space of all possible and consistent string theories.

In particular, we will be interested in Type II-A and Type II-B. They are both
closed string theories with left-moving and right-moving sectors with an additional
supersymmetry AN = (1,1) and N' = (2,0) on their worldsheet. They are similar to
the bosonic string in a way that they can be considered as all possible maps ¥ — M0
of Riemann surfaces to some ten-dimensional Poincare invariant spacetime M. The
excitations of the string correspond to particle states which live in ten-dimensional
Poincare invariant spacetime M1°, and there are infinitely many particle states and

each excitation is determined by the mass of the string. Apart from the infinitely
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many particle species which sit on the string theory spectrum unlike the usual field
theory, there is a further crucial difference between them. One of the excitations of
the string theory, so-called dilaton ¢, determines the interaction between the strings in
a way that e/® = X\, where ) is the string coupling constant and (---) stands for the
vacuum expectation value of the dilaton. Now, we can give a more precise meaning
of compactification. Consider the following manifold which is the product of a four-
dimensional Minkowski space with a six-dimensional compact internal manifold which

is general Calabi—Yau threefold
R* x X . (2.130)

Then we can make the Kaluza-Klein ansatz for the ten-dimensional background metric
as

ds® = n,(z)dz"dz” + gi;(y) dy'dy’ (2.131)
where 7, u,v = 0,...,3 is a four-dimensional Minkowski metric and g¢;;,4,7 = 1...3
is the Calabi-Yau metric. Part of the four-dimensional fields arise as variations around
this background metric of the Calabi-Yau threefold, if we assume that the internal
compact manifold X is small compared with the four-dimensional spacetime and the
total spacetime can be seen as macroscopically four-dimensional. The geometric data
of the Calabi-Yau threefold encodes the particle content as well as the interactions
between them as we will see. For simplicity, we can consider a single massless scalar
field ¢ in ten dimensions that satisfy the following Laplace’s equation:

Viaoy®(z",y") =0, (2.132)
where z# are coordinates on four-dimensional spacetime and 3* are coordinates on the
internal space. We can separate the Laplacian operator as a four-dimensional part and
a six-dimensional part, we can write

(Vg +m*)®(x) =0, (2.133)
with the assumption we made ®(z,y) = ®4)(2)Pe)(y), it can be seen that the above
equation is nothing but the Laplace equation on the internal space and @ is an
eigenfunction with corresponding eigenvalue m?. Moreover, four dimensional observer
interprets Equation (2.133) as a field equation for @4 with the mass m. The Laplacian

operator scales as 1/R? where R determines the size of the internal space, then it is
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possible to ignore the effect of the massive modes when we take the internal space as
sufficiently small. On the other hand, there are also massless modes which are survived
after taking the internal space is not large as the four-dimensional spacetime and these
modes are the zero modes of the Laplacian operator of the internal space X. The other
types of particles, gauge fields, fermions, and gravity can be analyzed by the same

method, they are zero modes of certain differential operators on the internal space.

Now, we can be more specific, and consider ten-dimensional Type II-A super-
gravity, which is a low energy limit of Type II-A string theory, or in other words, it
contains the massless modes of the Type II-A string theory. This theory has a maximal
supersymmetry in ten spacetime dimensions, and it has two different sectors accord-
ing to the particle species the NS-NS sector and R-R sector. The spectrum of Type
I1-A supergravity consists of two gravitinos of opposite chirality as well as the bosonic
fields which are the dilaton ®, the ten-dimensional metric Gy, and the two-form
Bs in the NS-NS sector. the R-R sector of the Type II-A supergravity has the one-
and three-forms C4,C5. Calabi-Yau compactification of Type II-A supergravity to a
four-dimensional theory can be made via the ansatz Equation (2.131). The two ten-
dimensional gravitinos can be decomposed into covariantly constant spinor times some
four-dimensional spinor by using the fact that the Calabi-Yau threefold has one covari-
antly constant spinor. The resulting theory has two gravitinos in four dimensions and
it is the N/ = 2 supergravity theory in four spacetime dimensions. The other bosonic
fields can be expanded in terms of harmonic forms of the Calabi-Yau threefold X and
the geometric deformations of the internal metric, which is the moduli space of X, to-
gether with the expansion of the fields of the Type II-A supergravity can be gathered

LD vector mul-

into a gravity multiplet(graviton and U(1) gauge field graviphoton), A/
tiplets(vector field and complex scalars) and h>!) + 1 hypermultiplets(complex scalars
and dilaton). Hence, since it is known that the zero modes of the differential operators
on the Calabi-Yau X are in one-to-one correspondence with the harmonic forms on X,
the full field content is the massless four dimensional N' = 2 supergravity multiplets.

Type II-B compactifications on Calabi-Yau spaces can be studied similarly. Type II-B

supergravity has also N/ = 2 supersymmetry with two chiral gravitinos.
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Table 2.3. The number of massless modes of Type II-A(B) compactifications.

vector hyper gravity

Type II-A on X | AMY(X) | h2H(X) +1 1
Type I[I-Bon X | (X)) | AMY(X) +1 1

Type II-B supergravity possesses the same NS-NS fields as Type ITA and contrary
to Type II-A it consists of even forms, the axion Cy, a two-form C5, and a four-form
C, in the R-R sector. As in the case of Type II-A compactifications on the Calabi-
Yau threefold, we use the ansatz Equation (2.131) for the ten-dimensional background.
However, there is an essential difference, although there is a gravity multiplet again, the
Calabi-Yau compactification of Type II-B has h(>Y) vector multiplets(vector field and
complex scalars) and h(>!) + 1 hypermultiplets(complex scalars and dilaton). To sum-
marize, if we compactify Type-IIA/B on X, the resulting low energy descriptions are
given by N' = 2 four-dimensional supergravity theories. The massless field content of
them can be classified as (h''!/h%1) vector multiplets (h*!+1/h%! 4 1) hypermultiplets
and 1 gravity multiplet for both of them. Note that the number of vector multiplets
matches the dimension of Kahler structure moduli and complex structure moduli of
the Calabi-Yau threefold X and four-dimensional Type II-A(B) supergravity vector

multiplets parametrize the Kahler structure moduli(complex structure moduli).

Now, we can go back to the relation between the topological string amplitudes and
the Calabi-Yau compactifications of Type-1IA/B string theory. The resulting theory,
N = 2 supergravity can be constructed from N = 2 superspace action. Firstly, the
four-dimensional theory has A/ = 2 supersymmetry and has the superspace coordinates
d®6 which leads to D-terms which we have seen in the two-dimensional supersymmetric
non-linear sigma model. Similarly, there are two different F-terms and the superspace
coordinates of them are d*6 and d*f. Furthermore, all different supermultiplets have
different F-term contributions to the effective action of the four-dimensional N = 2
supergravity. The reason for this is that the Calabi-Yau has two different moduli: the

Kahler structure moduli and the complex structure moduli, they are decoupled at the
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classical level. However, there can be loop corrections due to the interactions of the
strings, and these loop corrections can be obtained by the topological string theory
amplitudes. Now we can understand the topological string theory amplitudes from a
perspective of four-dimensional N/ = 2 supergravity multiples. In order to accomplish
this task, it is necessary to have the appropriate equipment for the construction of
these multiplets in the superfield formalism. In the superfield formalism, there are two
superfields for this content, Weyl and matter chiral superfields.
Wo(x,0) = F,, — %prgeagﬁaa,\ﬁﬁ +
(2.134)
®'(z,0) =X+ |
where o, 3 =1,2,1=0,1,--- ,h"Y and F,, is a self-dual field strength of graviphoton,
which is the lowest component of gravity multiplet and R, is the Riemann tensor. X I
is the scalar field that parametrizes the Kéhler structure moduli or complex structure
moduli of the Calabi-Yau threefold X. We can construct the scalar chiral superfield W?
from Weyl chiral superfield and collect into a single holomorphic degree two functions
that are generalized pre-potential
P W?) =Y F(ehw», (2.135)
9=0

where F,(X7) is is homogeneous of degree 2 — 2g function. After performing the 6
integration, one can write the bosonic part of the effective action of the four-dimensional
N = 2 supergravity in terms of components
Sepr = / d*zd*OF (O, W?)
92F 00 _ (2.135)
- [ et ARl X [ RO R

where F', is the self-dual part of gravipghoton Fy = F 4+ xF and R? is the contrac-
tion of the self-dual part of the Riemann tensor. Let us consider only the Type II-A
string theory in the following. As in the case of the projective coordinates which are
introduced in the B-model, we can make the relabeling the scalar fields in terms of the

complexified Kéhler class for the A-model
t; :/ wHiBy =X /X" i=1,... ALY, (2.136)
The field By € H*(X,R) is nothing but the NS two-form, and the complexification of

the Kéhler form is natural from the Type II-A string theory point of view. It can be
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shown that the unspecified couplings ﬁg is nothing but the A-model topological string
theory genus g free energy Fy [10,11]. Then we can write Equation (2.135) in terms of

topological string amplitudes
Ky i j - 2g—2
Sers = / d4xatiatj Fenfit ; / d'aFy(t) R+ (2.137)

The first term is the three-level(classical) action associated with the kinetic term of

the graviphoton field. If we compare with the gauge field kinetic term, we see that the
gauge coupling constant can be determined by the genus g topological free energy or

the prepotential
B 0*Fy
- Otot;

The second term Fg(ti)RiF_Eg_Q corresponds to the higher genus gravitational correc-

Tij (2.138)
tions to the vector multiplets and this coupling is also exact nonperturbatively in a
sense that it has no dilaton(string coupling) dependence thanks to the fact that di-
lation belongs to the hypermultiplet rather than the vector multiplet. Accordingly,
the topological string theory computes the strength of scattering amplitude between
2 gravitons and 2g — 2 graviphotons. If we turn on a self-dual, constant graviphoton
field strength by giving the vacuum expectation value A = (F,), we can write the

gravitational corrections to the F-term as
( > Fg(ti)FiH) R? = (Z Fg(tiwg?) R? = F(t;, \)R*, (2.139)
9=0 g=0

where we have defined the total free energy as

F(ti, A) =Y N92F,(t:). (2.140)
g=0
We rewritten the whole coupling in terms of genus expansion of the total free energy. All

we have to do is compute the full free energy through the target space physics. This type
of computation is given by the celebrated work of Gopakumar and Vafa [24,25]. The
coupling which is given by Equation (2.140) can be interpreted employing integrating
out of some solitonic states of the string theory and the resulting theory gives the
effective action which we have discussed. These solitonic states are solutions of the
supergravity equations of motion, charged under the R-R fields and they resemble the
black hole solutions or higher dimensional generalizations of them, i.e. black-brane
solutions [13]. Furthermore, these states are also equivalent to some other objects

which are called Dp-branes which is a p + 1 dimensional wall and open strings can be
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attached with their endpoints on it [12]. The reason for Dp brane being solitonic is that
their masses are proportional to the inverse string coupling, M, oc 1/AET! where [ is
the string length. These solitonic objects are hidden in the perturbative expansion of
the string theory since their masses are very large compared with the other modes of the
string theory which we have discussed early. When we go to the strongly coupled regime
or non-perturbative regime, A > 1, they are quite light, the perturbative description
of the string theory breaks down and a new picture emerges. These solitonic states
are quite special in the sense that their masses are equal to their charges, or in other
words, they satisfy the BPS property. From a supersymmetric point of view, the BPS
states are the short multiplets of the corresponding supersymmetry algebra and they
preserved half of the supersymmetry. As long as the supersymmetry is not broken
their masses/charges are protected from the various quantum effects. This means that
at generic points in the moduli space of couplings of the underlying supersymmetric
theory, they are stable and still have degrees of freedom of the underlying theory. A
general Dp brane which wraps a p-cycle in a general spacetime gives a particle that has
zero spatial extensions and the mass of this particle is determined by the integration of
the tension of Dp brane along the p-cycle. If Dp brane is BPS or supersymmetric, the
mass saturates the BPS bound and the mass of the particle is equal to its charge. Let
us consider Type II-A string theory. Type II-A string theory has Dp branes, where p
is an even number, as well as the magnetic dual of them since they are charged under
the R-R gauge fields C,C5. This picture can also be enlarged to what is called M-
theory [13]. M-theory is the non-perturbative completion of Type II-A string theory.
This can be obtained by the dimensional reduction of eleven-dimensional supergravity,
which is the low energy limit of the M-theory, to the ten-dimensional supergravity or
equivalently, compactification of the M-theory on circle St leads to Type II-A string
theory. The corresponding map between these two different theories is given by the
relation between the radius of the eleventh compact dimension, S*, and the coupling

constant of the Type II-A string theory
Ry = M3, (2.141)
where [, is the eleven-dimensional Planck length and when A is small, the radius is

small then we have the perturbative string theory description. However, when A is
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large and this gives the fact that the circle is decompactified, then we are in the M-
theory regime. M-theory has also solitonic objects like string theory and they are the
soliton-like solutions of the eleven-dimensional supergravity, namely M2 brane and its
magnetic dual M5 brane. We can also relate the M-theory branes with Type II-A
branes by matching their tensions/masses via Equation (2.141). For instance, the M2
brane which wraps the M-theory circle S' gives the DO branes as the Kaluza-Klein
modes of the M2 brane, and the M2 brane which does not wrap the M-theory circle S!
corresponds to the D2 brane. It can be seen that the M-theory unifies different objects
into a single one. The above construction can also hold when we compactify the Type
II-A string theory on the Calavi-Yau threefold X and this configuration is equivalent
to the compactification of M-theory on X x S!. As we have mentioned, wrapped Dp
branes around p-cycles give the particles. In our case, the bound state of the wrapped
D2 brane around the two-cycle of the Calabi-Yau threefold with DO branes turns out
to be a charged particle in four dimensions. Hence, from a four-dimensional point of
view, the effects of the solitonic states on the graviphoton field strength can be inte-
grated out and this gives the effective action which involves the coupling between the
graviphoton and the gravity. This type of computation is very similar to the Schwinger
computation which we will discuss in the following. The Schwinger computation is the
evaluation of the one-loop free energy by integrating out the scalar fields which are
charged under the self-dual U(1) gauge field in two dimensions. The Schwinger com-
putation has one subtle difference compared with our case, that is our background is
supersymmetric while the Schwinger computation has no supersymmetry at all and
there are no gravitons too in the original Schwinger model. However, they are equiv-
alent due to the fact that the existing hypermultiplets come from the wrapped D2
branes. These hypermultiplets have a crucial effect when we take into account the
gravitational corrections since their presence of cancels the contribution of the grav-
ity R to the coupling RiFigfz. In other words, the integrating out of the charged
particles with a constant graviphoton field strength in the supersymmetric background
with gravity turns out to be non-supersymmetric Schwinger computation. As we have
discussed, these BPS particles come in spin multiples, and their spin content is given

by the little group of massive representations of the five-dimensional spatial rotation
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group SO(4) = SU(2)r x SU(2)g. Then we can make a conjecture that the BPS

content of these particles is given by

1 i R) (- -
[(5, 0) ©2(0,0)] ® Z NEI (1, jr) - (2.142)
jL’jR
Né“’m) are the BPS degeneracies of various supersymmetric multiplets which come

from the wrapped branes. Due to the self-duality condition for the graviphoton field
strength, only the particles that have left spin couple to the constant graviphoton field,

then we can sum over right spins by supersymmetric index
> NYRIR(—1)R(2) 4+ 1) = NJY | (2.143)
JR

This index does not depend on the complex structure deformations of the Calabi-Yau
threefold X. The relevant branes which wrap the 2-cycles, f € Hy(X,Z) are D2
branes in addition to DO-branes since we think of the compactification of Type II-A
string theory where we have taken the size of the internal manifold is larger than the
string length and the other D-branes are much heavier than the D2 and DO branes due
to the fact that M, oc 1/AET!. Since these particles are BPS, this means that their

masses are equal to their charges

m=e= %(tl + 2imn), (2.144)
where e is the charge of the particle. The first term ¢; = f 5w+ 1Bg is the volume
of 2-cycle which is wrapped by the D2 brane and the second one is the number of
DO branes which are bounded to the D2 brane. From the M-theory perspective, the
first one is the volume of the 2-cycle wrapped by the M2 brane and the second term
corresponds to the momentum of the M2 brane in the compactified circle direction.

The integrating out at one loop of one charged particle which has left and right spins
(Jr, Jr) is given by Schwinger one-loop free energy formula [24,25]

 ds Tr(j, jp(—1) TR s(Bwt2min) o=2s(or +or))
FSChWinger(JL7JR) = —
€

j
The trace is taken over the left and right spins and oy, is the Lie-algebra representa-

s (2sinh(sA/2))? (2.145)

tions of the SU(2)r,r respectively. The integration variable s is the parameter of the

loop that we consider.

We have all gatherings to write the gravitational corrections in a simple compact

form. Before doing that let us summarize the all arguments we have used so far.
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The coupling R? F; 2972 Joes not receive any stringy corrections, since dilaton does not
sit in the vector multiplet. So we can make calculations at strong coupling. At the
strong coupling, the main contributions come from the lightest states which are D-
branes. They give rise to BPS states which correspond to the charged particles in four
dimensions. The relevant configuration is the D2 branes which wrapped around cycles,
B = ¢u[2,] € Ha(X,Z), bound to DO branes and this is identical to the wrapped M2
branes when M-theory compactified on a circle. The integration of these BPS states
at one loop gives the amplitude that we want to compute. All we need is to integrate
out these charged particles which come from wrapped D2/D0 branes or M2 branes on
various cycles on the Calabi-Yau threefold, at one loop, in the presence of the constant
graviphoton background. To get full free energy, we have to sum over all possible cycles,
momentum, and left BPS states Fgv(t;, \) = ZﬂeHQ (X.2) Y onez ZjL NgL Fichwinger(Jy,0)
o1 p—s(B.wt2min) ,—2soL A\
Ra= 3 Y [ e

BEH2(X,Z) n€EZ jL
The sum over n can calculated by the Poisson resummation formula

D e =N "5(s — k), (2.147)
k

n

and this gives
o—kBwo—2kar A

Fev(ti )= ) ZZNJLTTJL QSmh(m/Q)) . (2.148)

BEH2(X,Z) k=1 jL
It is possible to define an another convenient basis for SU(2), representation
1\
I = <2(0) + (5)) : (2.149)

Then we have the following identity which transforms the left-spin content to the above

basis

> NI Znﬁlr : (2.150)

Jr
where nj are integers. We can write F' in terms of these integers
fkﬁ.w —2kop A
TI'[T

Fov(ti )= Y ZZ 251nh(k)\/2)) , (2.151)

BEH(X,Z) k=1 r=0
and we can evaluate the trace with respect to the new basis

2r
Ty, (—1)7e 2 = (Trp, (— 1)0Le—2’fm)7"=(QSmh(k;A/z)> :

Finally, the full free energy reads

Fav(ti, \) = Z ZZ T(2smh )\)2T2Qkﬂ, (2.152)

BeH(X,Z) k=1 r=0



47

where Q° = e as in the case of the Gromov-Witten invariants. The integers n
are called the Gopakumar-Vafa invariants of Calabi-Yau threefolds. Due to the super-
symmetric index which we have introduced, these integers do not depend on complex
structure deformations of the Calabi-Yau threefold. Note that Equation (2.152) does
not include contributions coming from constant maps, F, for ¢ > 2 as well as the
g = 0,1 ones. The former is independent of the Kahler class while this is not the
case for the latter. Let us begin with the former. Then we separate the whole sum as
F(t;, \) = F(t;,\) + Fgv(ti, \), where F(t;, A) denotes the constant map terms. The
genus g > 2 amplitudes can be written as a Hodge integral over the moduli space of

genus g curves [27]

Nyo = (-1) %/ 02717 g=>2, (2.153)
My

where N, o indicates the Gromov-Witten invariant associated with the constant maps
for the A-model topological string theory. The yx(X) is the Euler characteristic of the
Calabi-Yau manifold X and ¢, ; stands for the (g — 1)™ Chern class of the Hodge
bundle that is defined as the g-dimensional holomorphic vector bundle over the genus
g Riemann surface g > 1. The g > 2 constant map contributions can be found from

the computation of the integral of Chern class of the Hodge bundle [11], [24,27]

B B,_
/ A= g =, (2.154)
M, 29(29 — 2) (29 — 2)!

where By are the Bernoulli numbers. Therefore the constant map amplitudes whose

genus is greater than one are given by
- —1)9x(X)B,B,_
Bt = 0) = SZDXOB By (2.155)
49(29 — 2)(29 - 2)!

The above formula can be rewritten differently from the underlying physical perspec-

tive. These amplitudes can be understood from the unwrapped D2-branes since it
does not depend on the topological sector. Then the only contribution comes from the
momentum modes associated with the M-theory circle, given by m = 2win/\. By the
use the Schwinger-type formula [9], [24,25]. We have

/dS e m B Z A 292 (2 156)

s 2sin(s\/2)2 m) X '

Xg is the Euler characteristic of moduli space of genus g Riemann surfaces and it is
equal to (—1)97'B,/2g(2g — 2). Hence if sum all momentum modes, we will recover

the Equation (2.155) in terms of unwrapped D2-branes, [9], [24,25].
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It was mentioned that the genus ¢ constant map amplitudes do not depend on
t. On the other hand, the remaining constant map terms Fy and F} depend on the
Kahler class parameters nevertheless there are no wrapped D2-branes so the origin
of this dependence comes from massless particles. This behavior can be explained in
terms of the logarithmic expansion of genus-zero amplitude on the conifold point [26].

They are given as in the following,
~ 1 o
Fy(t) = —(Jl-jkﬁt]tk + Py(t),
A (2.157)
Fi(t;) =

where Cj;, represents the classical intersection number which comes through the de-

—cht; + const.

pendence of the A-model prepotential considered at Equation (2.71) before. Additional
term P»(t) is an ambiguous function and ¢, is the second Chern class of Calabi-Yau
threefold X. After considering the contributions of both wrapped and unwrapped
D2-branes on the topological string free energy, in addition to the contributions from
massless modes, the total A-model topological string theory amplitude can be written
as

F(t;,\) =

1
|:60ijktitjtk + PQ(t):| CQt + const.

A2

)\ 2r—2
_Z4g2g—2 29_2))\292+ ) ZZ (2smh2> Q.

BEH(X,Z) k=1 r=0
(2.158)

24

The summation over k represents the multi-covering effects that Gromov-Witten in-
variants suffice. We can compute the Gromov-Witten invariants from Gopakumar-Vafa
invariants by expanding free energy in powers of A and collecting the terms with power
A29-2 gives the corresponding Gromov-Witten invariants. Let us consider for simplicity,
the genus zero free energy. The total Fy(¢;) is found by expanding the string coupling
expansion, then we have sinh(kA/2) ~ kX\/2. We can see that the Fy(t;) corresponds
to the the Gopakumar-Vafa invariant with r = 0 together with the constant map

contribution as

1 o 13 kB
Fo(ti) = ¢ Cugetitsti + Po(t) + > Y 5@ (2.159)
BEH(X,Z) k>1
If we compare the above sum with Equation (2.69), we can realize that the sum of

genus zero Gopakumar-Vafa invariants comes with a multicovering effect through the

k dependence. Thus, the expansion Equation (2.159) has already included the rational
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nature of Gromov-Witten invariants. The more proper relation between the Gromov-
Witten invariants and the Gopakumar-Vafa invariants can be explained in the following
manner. Consider the map ¢ : S — S? with a holomorphic curve 3 € Hy(X,Z). We
can think of all map ¢ : S* — X with also given by the curves kf3, so the Gopakumar-
Vafa formalism gives this correction naturally. Therefore in order to count the actual
number of primitive curves, we should subtract the corresponding Gromov-Witten
invariants which come from lower degree d < k. The second geometric effect which we
should consider is the bubbling effect. Consider again, a map from Riemann surface to
Calabi-Yau threefold ¢ : 3, — X, if we glue X, to very small Riemann surface genus
h, we find another Riemann surface whose genus is ¢’ = g + h. Therefore, in order to
find actual curves at genus ¢’, we should take into account the fact that all ” primitive”

curves at genus g contribute to ¢’ > g.

The total free energy can be expanded on another basis, sometimes called BPS
state expansion of Gopakumar-Vafa formalism, by computing the trace with respect
to the spins of the fields directly

o —2kjL +2kjL
_ E: E:E: (4r) 2, [ 4 +..1q kB _ i
F(Q7q) - NBL (_1) JL( k’(qk/2 _ q_k/2)2 )Q ) q=c¢ .
BEH2(X,Z) k=1 jL
(2.160)

As we have mentioned, N [gjL’j #)’s are not invariants for general Calabi-Yau threefolds.
However, there are some special types of them which are called non-compact Calabi-
Yau threefolds which do not admit any complex structure deformations. Then, we have

the freedom to tune the full spin content N(CjL ) [28,63].

We can reach the same conclusion from a more physical setting, if M-theory is
compactified on non-compact toric Calabi-Yau threefold X times the circle S!, we
get five-dimensional A/ = 1 supersymmetric gauge theory. This theory has an addi-
tional U(1)r C SU(2)r R-symmetry at 5d which preserves supersymmetry in four
dimensions. This will be more clear when we study the Nekrasov partition function.
This allows us to turn on the non-self dual part of constant graviphoton field strength

F = Fyda!' A dz? + Fyda® A do*. We can write a refined version of free energy as
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FSchwinger(JL,JR) =

. . _ or+0oR —S(TB—‘,-QTK'TL?,/)\) —QSB(O'LF++O'RF,)
sTrj, jp(—1 e e

PIEDID IR / S (2smh(seF + /2))(25inh (seFy/2))

BEH(X,Z) n€Z jL,jr

(2.161)
We can follow the same steps where we calculate the unrefined free energy, one can

obtain
(]L JR) ( ]_)2]L+2]R

F(Q,q,t) = Z Z Z L —t k/2)(gh/?2 — q_k/z)Qkﬁ

BEH2(X,Z) k=1 jL,jr (2.162)
x ((tq)k“ ot (tq)”““) ((5> ot (5) ) :

where ¢ = e t = 2. Tt can be seen that the parameters /gt and \/_ couple with

SU(2), and SU(2)g spin and the full spin content information can be acquired by

computing the full free energy and extracting the degeneracies of BPS states N; (L.dr)rg

from the Equation (2.162).
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3. SEIBERG-WITTEN THEORY

In this chapter, we will introduce N’ = 2 supersymmetric gauge theory and
its moduli space of vacua, which describes the possible vacuum states of the theory.
The central charges and the establishment of the BPS bound, which characterizes the
stability of these vacua will be discussed. We will explore the effective field theory
approach to N/ = 2 supersymmetric gauge theories, providing a description of their
low-energy dynamics. Discusses the breaking of R-symmetry and its implications for
the theory is also introduced as well as the meaning of singularities in the moduli
space of vacua and their significance in the theory’s dynamics. We will focus on the
significance of monopoles and dyons in comprehending the behavior of N = 2 super-
symmetric gauge theories. The exact solution will be highlighted from elliptic curves
via the Seiberg-Witten approach, providing valuable insights into the dynamics of
these theories. Overall, this chapter presents a comprehensive analysis of the Seiberg-
Witten theory, including its mathematical underpinnings and practical applications
in comprehending the dynamics and characteristics of N' = 2 supersymmetric gauge

theories [32-35].
3.1. N =2 Supersymmetric Gauge Theory and Moduli Space of Vacua

In this section, we shall give a review of the four-dimensional N = 2 supersym-
metric gauge theories and how they can be studied in terms of Seiberg-Witten theory.
In order to achieve this, we start the central extension of the 4d N/ = 2 super-Poincare

algebra which is an extension of the 4d Poincare algebra (P,, M, ) by two supercharges

Q.Q
{qu QﬁJ} = ZUgBP#6§7
{Q1,Q5) = 2V2e5 2", (3.1)
{@ab éﬁj} = QﬂﬁaBZ;J,
where o = {1,0'} are the four-dimensional chiral representation of the Poincare al-

gebra with a, 8 = 1,2, €/ is the Levi-Civita tensor and P, corresponds to the four-
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dimensional translation symmetry. The superscripts I, J denote the SU(2)z symmetry
indices and Z denotes the central charge which extends the ordinary supersymmetry
algebra. Let us ignore the central extension for the moment. We can construct a four-
dimensional AN/ = 2 supersymmetric Lagrangian with irreducible representations of the
N = 2 supersymmetry algebra of the gauge theory with a gauge group G. According
to this fact, there are two distinct supermultiplets which are the vector multiplet and
the hypermultiplet. The vector multiplet V—s includes one complex scalar ¢, complex
Weyl gaugino (\,, Xd), Weyl fermions (¢, @Za) and the field strength of the gauge group
(. Since all these fields are in the same multiplet with the gauge field A, they must
be in the adjoint representation of the gauge group G, in order to be compatible with
gauge invariance. The above fields can be obtained from the supersymmetry algebra,

one can start with the scalar field ¢ which satisfies

Q'¢) =0, I=1,2. (3.2)
Notice that complex scalar is annihilated by the supercharges in the chiral representa-
tion. The other fields are obtained by acting with anti-chiral supercharges @I |p) o< A
and further action of @I give the field strength of the gauge group G. The scalar field
¢ has charge two under the U(1)z symmetry and A/, A, have charge one-half and zero
under the U(1)r symmetry, respectively. On the other hand, the hypermultiplet Hx—o
has two complex scalars (¢, q) and Weyl fermions (¢, Jg) The scalars are annihilated
by the supercharges which have different chiralities,
Q'la) = Q') = Q'19) = Q'|7) = 0. (3.3)
Analogously, we can act with the other supercharges to get the supersymmetric de-
scendants and in this case, the single action of supercharges gives the Weyl fermions.
Although the hypermultiplet complex scalars do not transform under the U(1)z sym-
metry, (q,q") transform as doublet under SU(2)r. The U(1)r charges of the hyper-
multiplet fermions is +1/2 and they are neutral under SU(2)x symmetry.

After the construction of the field content of the four-dimensional N' = 2 super-
symmetry algebra for the gauge theories, we can write the corresponding Lagrangian
by using the superfield formalism. Similarly for the N = (2,2) supersymmetry, the

extension of the spacetime coordinates to superspace with additional Grassmannian
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coordinates (0%, 0,) gives what we needed for this goal. The relevant superfield for our
purpose is the N’ = 1 the real vector superfield V since it is possible to write down
the whole vector multiplet which contains the complex scalar, Weyl fermion A, and a
vector field A, in a simple way. The real vector superfield V' is given by

V = —ifo"0 A, + 000X\ — i00ON + %99%1} : (3.4)
where D is an auxiliary field. The matter part of the four-dimensional N' = 1 is given
by chiral multiplet with the corresponding chiral superfield Q

Q" = ¢ +iyl0 + FA99 (3.5)
where A denotes the flavor index and F4 is an auxiliary field. F and D can be
eliminated by the equations of motion. We can write an N' = 2 vector multiplet in
terms of the A/ = 1 vector superfield and the N’ = 1 chiral superfield:
A +— A, N =1 vector multiplet

¢ +—— P e N =1 chiral multiplet
where the chiral superfield ®,r—; includes the complex scalar and Weyl Fermion (¢, ).

= V=2 = (V. @), , (3.6)

The decomposition of N' = 2 and N = 1 for the vector multiplet, N = 2 hypermultiplet

can be rewritten by means of two A/ = 1 chiral superfields

Qo 1Y, N =1 chiral multiplet
0o Qf N = 1 antichiral multiplet

q

— Hy—s — (Q, Q)n=1 -

(3.7)
Just in the case of the supersymmetric non-linear sigma model, the whole superspace
Lagrangian can be expressed in terms of the superpotential for the chiral superfields
and Kéahler potential which corresponds to the interaction between chiral superfields
and the real vector superfield V'
Lar—g = L5 4 Lhatter (3.8)
The action consists of two terms: the first term is associated with the four-dimensional
N = 2 vector multiplets, while the second term corresponds to the N/ = 2 hypermul-
tiplets and their coupling with the vector multiplet. One can express the action in
a gauge invariant way as the real vector superfield V' does not explicitly include the
gauge field strength F},,. This can be achieved by rewriting the vector multiplet V' into
a gaugino superfield W, similar to the Weyl superfield for supergravity:

Wa = —ida +iF,,(0"0) 0 + Dby + 00(0"9u)s) - (3.9)
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The lowest component of Equation (3.9) is the Weyl gaugino and one can find the

gaugino superfield from the real vector superfield V' via

1—.
W, = —ZDQDQV. (3.10)

It can be seen that according to Equation (3.6) N = 2 vector multiplet has two pieces,
namely an N' = 1 gaugino superfield W, and an N' = 1 chiral superfield ®. Then we

can write down N = 2 supersymmetric Yang-Mills Lagrangian in the superspace as

L5 = % / d*OTr (TW,W* + c.c.) + % / d*0d*0Tr (@7 VD) . (3.11)
The meaning of the 7 will be clear after doing the superspace integrals and c.c. means
that complex conjugation. The first term gives the kinetic Yang-Mills term for the
N =1 as we will see and the second term corresponds to the A/ = 1 kinetic term for
the chiral superfield coupled with the vector superfield. Note that the chiral superfield
is in the adjoint representation of the gauge group G. We can perform the superspace

integrals and expand the above Lagrangian in terms of component fields

1 1 0 ~ 1
L = T — “FuF" + Guzs s Fu ™ + (Vu0)'VH o — (o7, 6]

— APV — iV b — V2 [\ 0] o — V2 [N, ) ¢) :
where FHv = e P F,5/2, it is the Hodge dual operation in four dimensions. Note we
have eliminated the auxiliary fields D and F' by using the equations of motion. The
gauge covariant derivative is denoted by V, = 0,A —ig[A,, A]. It is easy to see that T
is nothing but the complexified gauge coupling which includes the Yang-Mills coupling

and the theta angle,

47 GYM
T=—5—+ .
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The N = 2 supersymmetric Lagrangian for the hypermultiplets has the kinetic terms

(3.13)

for (Q, Q) of (3.7) and the coupling with the real vector superfield V' in the represen-
tation of the gauge group G rep,and if we add the corresponding masses,
NayT = /d29d2§ [QTerepG(WQ + QTe@GQ} +/d29 (QrG(CD)Q + uQQ) + cc..
(3.14)
The N = 2 supersymmetry can also be acquired by using A/ = 2 superspace notation in

a more manifest way. To do so, one can introduce further anticommuting Grassmannian

coordinates 0,, 04 in addition to the anticommuting Grassmannian variables of N' =1

supersymmetry, 0, 0,. Then, we can write a new chiral superfield in terms of N = 2
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U = B(7,0) + V20 W, (7,0) + 0°0.G (7, 0) (3.15)

where 7 = 2* + 0o + i000 — Yyt + i006 and (y,0) is given by
G(7,0) = —% / &0 [ (7 — 000, 0,8)]" el -20V G000 (3.16)
®(z,0,0) is chiral superfield, ®(y, 0) is the transformed chiral superfield and W (y, ) is

the gaugino superfield which we have discussed before. Then the action of the N = 2

supersymmetric Yang-Mills theory in the N/ = 2 superspace formalism reads

S T L/d‘l POTr D 3.17
analogously with N' = (2,2) supersymmetric non-linear sigma model, we can define

more general supersymmetric action in the AV = 2 superspace language as

SSM Ty [16% / d4md29d25f(\11)} , (3.18)
where F () is so-called the N' = 2 prepotential and it has dependence on ¥ solely. This
type of holomorphic dependence of prepotential has great importance for examining
the dynamics of N' = 2 supersymmetric gauge theories. Note that if we compare
Equation (3.17) with Equation (3.18), we find that the classical prepotential of the
N = 2 supersymmetric Yang-Mills action as

F(0) = Fuaa(W) = 3 Te{r0?}. (3.19)

The prepotential is referred to as a classical one since once we take into account the
quantum corrections to the effective actions which are constructed from the micro-
scopic gauge theory, the general form of F changes by means of the perturbative and
nonperturbative contributions as we shall see. The general action of the N’ = 2 super-
symmetric Yang-Mills theory that we have discussed above can be rewritten in terms
of N' =1 supersymmetry by integrating out the second Grassmannian coordinate ]
~ i OF (D)

6;(@) % j o -
SV =——1Im [ d'z { / PO ogi WV + / a0 (o eV ) =

(3.20)

3.1.1. Moduli Space of Vacua of N' = 2 Supersymmetry

In this section, we begin to discuss one of the most important concepts of the
supersymmetric field theories, the moduli space of the vacua of the corresponding
supersymmetric gauge theory. The moduli space of the vacua can be found from

the scalar potential V(¢,q,q). The general scalar potential, including hypermultiplet
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contributions as well, can be found from the Lagrangian Equation (3.8) by using the
classical values of the other fields, in other words, one needs to use equations of motion
for the auxiliary fields and eliminate them. Therefore, the classical scalar potential V'

is a sum of squares of the auxiliary fields,

1
V(bq,q) = 5T (D*) + F'F, (3.21)
as we emphasized above, the auxiliary fields D and F' depend on the physical scalar
fields ¢, ¢, ¢ through the equations of motion. The moduli space of supersymmetric

vacua is the zero loci of the scalar potential,

Mclassical _ {¢’ q, ’quv(¢7 q, a') — 0} , (322)

where the vacuum(classically) is defined as the minima of the scalar potential similar
to the nonsupersymmetric quantum field theories. Since V(¢,q,q) includes positive
definite pieces, the necessary and the sufficient condition for supersymmetric vacua

can be rephrased as

D(¢.q,q) = F(,q,q) = 0. (3.23)

As an example, consider the N/ = 2 supersymmetric Yang-Mills theory with the gauge

group is given by G' = SU(N) and with N; matter fields Hi}_,, A =1,..., N; in the

fundamental representation of SU(N) with the generators 7%, wherei =1,--- , N2 —1.
The condition for the auxiliary field D is given by

D(.0.D) = = 0.6 + (aala”) - @)T) @ =0. (329

along with F-term conditions. The supersymmetric moduli space of the classical vacua

can be found by the following equations

[¢.0'] =0,

(9a(¢®)" = (30)17%) (T3 =0,

q4q° (T3 =0, (3.25)
bqa =q'¢" =0,

O'qa=q"'¢=0.

Note that ¢ transforms under adjoint representation of the gauge group SU(N) and g4
(g*) are the scalar components of the matter part which is given by the hypermultiplets.
The solutions of these equations are characterized by three different conditions and

according to that they are called Coulomb Branch, Higgs Branch in the literature.
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The Coulomb Branch (CB) M¢p is defined in a way that scalar fields that sit in the
hypermultiplet ¢ and ¢ have zero classical value, or from a quantum field theoretical
language, they have no vacuum expectation value(VEV). Therefore we are left with

the equation for the general gauge group

Mcp = { [6,01] =0 }/ {G — gauge transformation} . (3.26)
This equation has non-trivial solutions when scalar fields commute, resulting in ¢
belonging to the Cartan subalgebra of the gauge group with the Lie-algebra g modulo
gauge transformations. The number of independent commuting fields determines the
set of solutions, which is equivalent to the rank of the gauge group. This determines
the dimension of the moduli space Mg of the Coulomb Branch as
dim¢(Mep) = rank(G), (3.27)
and the corresponding coordinates for the Mg are given by the VEVs of the gauge
invariant combinations of the set of fields in the Coulomb Branch. If we return to our
particular case, G = SU(N), the coordinates of the moduli space are given by the chiral
Coulomb Branch fields, Tr(¢*), for k = 2,..., N, as well as the anti-chiral counterparts,
are equal to the Tr(g_bk). As we have mentioned, the non-trivial solutions admit VEVs
and they give rise to break the gauge group G to the maximal torus subgroup U(1)",
where r = rank(G). This means that the low-energy effective behavior of the Coulomb
Branch is determined by the AN/ = 2 supersymmetric gauge theory whose gauge group
is given by U(1)". The Higgs branch (HB) of the moduli space is defined by the
condition in which the hypermultiplet scalars ¢ and ¢ have non-trivial VEV and the

vector multiplet scalar ¢ has a zero VEV. Therefore, we have:

tB _ A ~B Tz A 0
Myg = (449 qu, )5 /{G — gauge transformation},  (3.28)
<Qaab) (TZ)ICJL =0

with the complex dimensions of the Higgs branch of the moduli space

dim¢(Mpg) = 2(ng — nv), (3.29)
where ny and ny denote the number of hypermultiplets and vector multiplets that
respectively in the Higgs phase and note that the Higgs branch (HB) of the moduli
space also corresponds to gauge inequivalent vacua. The Mixed Branch is the phase of
theory where vector multiplet and hypermultiplet scalars have non-zero VEV. We will

not discuss them further.
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3.1.2. Adding Central Charges and BPS bound

In the previous section, we ignored the central extension of the supersymme-
try algebra, however, the central charges play an important role in the dynamics of
the supersymmetry field theories since they correspond to the BPS states which are
somewhat very special as we will see. The extended supersymmetry algebra which is
obtained by adding the central charges can be given as

{ iw @dd} = QOZdPH5§7
{QL.Q1} = 2V2¢052" (3.30)
{@dh @B]} = 2\/§EQBZ}‘}7
where the Z!7 is called the central charge matrix and it is purely antisymmetric. By
definition, it commutes with the other observables of the theory and for that reason, the
central charges can be thought of as the additional conserved charges. If the number
of supersymmetry A is an even number, the central charge matrix can be made as
the skew-diagonalized matrix. Then we can write that the central charge matrix as
Z = e¢® D, where D stands for the A//2 dimensional diagonal matrix and the € is the
two-dimensional Levi-Civita tensor. Therefore, the supersymmetry algebra in terms of
this decomposition turns out to be
{QL Qur} = 204,10
{Q2, Q%) = 2V2e,56"Z (3.31)
{@daa @db} = 2V2es56 2"
where Z is a complex number and it commutes with the other observables. Let
us choose the rest frame to find an irreducible representation of the above algebra,
P, = (M,0,0,0). This causes the Lorentz symmetry group SO(3,1) to break the spa-
tial rotation group SO(3) at four dimensions. Therefore, we can define creation and
annihilation operators A and B which is a general linear combination of the supersym-

metric generators Q! and Q%

A= (@ @) B (Q-eran@)) e

where e is just a phase. Since we separate the dotted and undotted spinor indices,

I ].

the only non-trivial commutator is given by
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(ALY = HLQL+ e (@) ((QY)] + e oes@D)”)

= 5M§U (M +v2Re (e_iSOZJ)> )
We have used the following identity, €,g€ys = day08s — das0py, in the second line. The

(3.33)

same form can be deduced from the other supercharge B,
(B!, B} = 6,,6" (M — V2Re (e—iSOZJ)) . (3.35)
Furthermore, let us consider an operator A with the following property {4, AT} = ¢

where ¢ is a positive definite constant. If we choose a state |1)) which the operator A

acts on, we have that

2
AT + [AJ) ? = (0| AAT|Y) + (Y| ATAY) = c(y[y) (3.36)
this gives the fact that ¢ > 0. Now we can identify the operator A with A. This results

from the following relation
M > Re(e 7). (3.37)
Since the phase term is nothing but the rotation of the Z in the complex plane can be
concluded that
M >V2|Z|. (3.38)
This relation between the central charges and the masses is the celebrated Bogomol'nyi-
Prasad-Sommerfield bound or BPS bound. The BPS bound is one of the most impor-
tant properties of the supersymmetric field theories since their mass-charge relation is
protected by supersymmetry. There are two distinct cases for the unitary irreducible
representations of the supersymmetry algebra in the context of the BPS bound. They
are massless and massive representations. For the sake of an argument, let us consider
the generic case with AN supersymmetry. One can start with the supersymmetric vac-
uum with the assumption of no supersymmetry breaking at all. The supersymmetric
vacuum, |Q), is annihilated by the A’ and we can find the higher level supersym-
metric states by acting with the creation operators A!Y. The number of states that

are acquired by acting creation operators are (27/1\[ ), where the n denotes the oscillator

2N

level of particular excitation. Therefore, total number of states is given by the >~/

(2/\/’

- ) which splits into bosonic and fermionic excitations. Recall that the central charge

matrix is skew-diagonalized and there are two different creation annihilation operators

according to the definition we made at Equation (3.32). If the bound saturates, we have
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the fact that all Z,’s are equal to VoM , where 0 < r < AN//2, and due to mass-charge
saturation, 2r of the B-oscillators are zero and we are left with 2N — 2r times creation
and annihilation operators. Therefore, the number of massive states that saturate the

22N=2r When r is equal to the N/2, the corresponding multiplet

bound is equal to
is called short BPS multiplet. In the remaining case, 0 < r < AN/2, are called as
intermediate or long BPS multiplets. The short multiplets are special in the sense that

they are free of quantum corrections as long as the supersymmetry is broken.

Recall that one can usually determine the corresponding Hilbert spaces, coupling
constants, and masses as well as their quantum-corrected versions when the coupling
constant is small by the machinery of perturbation theory. When we move along the
space of coupling constants to the strongly coupled regime, it is generally not possible
to do that since the perturbation theory breaks down. On the other hand, the short
BPS multiplets remain BPS since they cannot disintegrate into some other states which
leads to violation of the saturation of the BPS bound. In other words, if there are no
further states which can mix the short multiplets into the long ones as the coupling
constant varies, the mass-charge relation is protected. The BPS states can still live in
the strongly coupled regime of the moduli space of the coupling constants and they
are non-perturbative objects. Let us return to the massless case. We can choose a
particular frame for the massless states as P, = (—FE,0,0,E). The supersymmetry

algebra turns out to be
o~ E 0 ;
{Qn: Qua} =2 00 07, (3.39)

where the other (anti-)commutators are zero. By using this, we can see that Q2 @;
must be zero since they anti-commute. We can define the creation and annihilation

operators out of A/ surviving supercharges
A @ g @
2WE’ 2VE

The dimension of the massless representation is simply 2V which coincides with the

(3.40)

dimension of the Hilbert space of massive short multiplets. Hence, they respect the

BPS bound trivially.
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To sum up, the BPS states are very special their quantum numbers are con-
strained by the supersymmetry algebra as we have seen. Their masses are completely
determined by their charges as well as the other parameters of the supersymmetric field
theories. The mass-charge relation is nonperturbatively exact unless supersymmetry

is broken or the short multiplets become long multiplets.
3.1.3. Effective Field Theory approach to N = 2 Theories

In this section, we will look at the dynamical behavior of the A/ = 2 supersym-
metric gauge theories through the Coulomb branch effective field theory. We have
introduced that the microscopic (UV) gauge group is broken to the U(1)", where r is
the rank of the gauge group. The relevant degrees of the freedom of theory in terms
of low energy counterpart is given by the r times N' = 2 Abelian vector multiplets and
the Coulomb Branch of the moduli space is parametrized by the complex scalar fields,
U(1)" gauge fields and the supersymmetric fermionic partners. After the Higgsing of
the non-Abelian vector multiplets, we have the Abelian vector multiplets which are the
Cartan generators of the gauge group G with a rank r. Remind that the non-Abelian
vector multiplet scalar admits a VEV (¢). If the gauge group is G = SU(r+1), modulo

gauge transformations, the VEV of the ¢ is given by diagonal entries of the r x r matrix

(¢) = diag (al, a’,...,at =~ Zcf) : (3.41)
i=1

The values a’ lead W-bosons to gain mass by the Higgs mechanism my ~ |a' — a/]
and their masses are determined by my; ~ |a’|/g? in whiche g; stands for the Abelian
gauge theory couplings in the IR. Note that we are interested in the behavior of a
field theory at energies lower than some momentum cutoff A, that is the characteristic
energy scale of the theory in the UV. This can be done by the Wilsonian approach to
finding effective action which governs the low energy dynamics of the theory with the
lower cutoff A. The idea of getting the Wilsonian effective action is to integrate out
higher-momentum modes, k£ > A, to have the effective field theory. Then the resulting
theory is insensitive to the microscopic physics. This is a very hard task in general,

however, N/ = 2 supersymmetry has stronger constraints on the form of the effective
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field theory Lagrangian on the Coulomb Branch due to holomorphicity for instance.

The corresponding Wilsonian effective action is given by [34]

1 1 F(P) =i 2 LOPF(@) o1
St = Im/d U O o +/d R T b= LT
(3.42)

®" and W! are chiral and gaugino superfields in the A" = 2 Abelian vector multiplets
and they attain a VEV through the a’, i.e., ¢* — a* As we shall see that the moduli
space of Coulomb Branch is nothing but the Kahler manifold. To see this, let us
denote the scalar fields with the corresponding VEVs, we can write the second term of

Equation (3.42):

PF(a) ;5
Im (8ai8aj da daj) : (3.43)
Furthermore, we can expand the first term of the Wilsonian effective action
1 1, [PF ) o T i
Elm/dx[ﬁaiﬁﬁ MQSV“QS Za]@z)a“v,ﬂ/; +... . (3.44)

Recall that this has the same form of the Kahler potential in the case of the non-linear

sigma model. Then the second derivative of the prepotential gives a metric on the

Kahler manifold

ds3,,, = gda'da’ = 0,0;K = Tm (aalfa(;)) . (3.45)
Additionally, together with some physical requirements, such as unitarity necessitates
the scalar kinetic term of to be positive, thus the prepotential F(a) is constrained such
that the sigma model metric (3.45) is positive-definite. Therefore, we have a natural
metric structure on the Coulomb Branch moduli space Mg which are parametrized
by the scalar fields and it is governed by the Kahler potential analogously the Kéhler
manifold. If we expand the second term on the RHS of (3.42) we will find that the

standard kinetic term for the U(1)" gauge fields as

1 82‘F(a) i vy % vj S
Loay = 7= Im (Waaj) [FWF“ R J] =1, ... (3.46)

We can also identify the coupling constants of the U(1)" gauge fields with the help of

prepotential F(a) since it determines the field-dependent complexified gauge coupling

in the low energy regime(IR). Recall that the complexified gauge coupling is given by

0 471
TR = — | 3.47
27 9\2(1\/1 ( )
and we find that
0*F(a)
IR/ N\ _
Ty (@) = daidal

(3.48)
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We can see that the imaginary part of complexified low energy gauge coupling is the
same as the moduli space of the Coulomb Branch metric Equation (3.83) and similarly
positive definite property of the Coulomb Branch metric forces coupling constants of
the abelian low energy gauge theory to be positive. Thus we have a well-defined and
consistent map between them. To summarize the main points above, we can deduce
that the unitarity of the gauge theory requires the moduli space metric to be positive
definite and the moduli space of the Coulomb Branch being the K&hler manifold gives

the gauge couplings must be a positive quantity.

Note that so far the vacuum expectation values, a' and a’ are taken as coordinates
on the moduli space of the Coulomb Branch. However, this is not quite true since it is
defined in a way that the whole vacua of the underlying supersymmetric gauge theory
must consist of gauge inequivalent pieces, and the coordinates a’ and a’ are not gauge
invariant. This can be seen from the simplest case, i.e., the gauge group G = SU(2).
As we discussed in the previous section, these non-zero vacuum expectation values
break the gauge group of the N' = 2 super Yang-Mills theory as SU(2) — U(1) and
there is a corresponding potential term in the N' = 2 super Yang-Mills theory

V(9) = 5 Tr[s,¢']" . (3.49)
YM

and the classical vacua are determined by the zeroes of the above potential. This

condition does not necessarily require that ¢ vanish and the necessary and sufficient
condition is that ¢ and ¢’ commute. For the gauge group SU(2), we have three
generators T°, ¢ = 1,2,3 and they are given by the Pauli matrices 7" = 30°. We can
identify ¢ with %CLO’g by performing a gauge rotation without loss of generality, where
a is a complex Coulomb Branch parameter. Due to the presence of a nonzero VEV in
the direction of the third generator, there will be two abelian vector multiplets which
give rise to massive W bosons and their masses are given by the Coulomb Branch

parameter.

In the remaining direction, we have massless U (1) gauge theory. However, there is
also discrete gauge rotation around the unbroken directions of SU(2) which results from

a transformation on the Coulomb Branch parameter, i.e. a to —a. Thus, due to this
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ambiguity, the correct gauge invariant quantity that parametrizes gauge inequivalent
vacua is a?/2 rather than a. Then, we can write
u= <Tr ¢2> , (3.50)
where the trace is taken over Lie-algebra indices and, classically we have u = a?/2.
Hence, the parameter u is the complex coordinate on the moduli space of the SU(2)
N = 2 gauge theory. The generalization of the above case to a higher-rank gauge
group is straightforward. The complex coordinates on the moduli space of the SU(N)
N = 2 gauge theory is given by
u=Tr (™), i=1,...,r. (3.51)
The complex coordinates u’ are gauge invariant operators which parametrize Mcp
and r is the rank of the gauge group, SU(r + 1). Similarly, the Coulomb Branch
parameters {a'} are not gauge invariant since they do change under the Weyl group
Syy1 of G = SU(r 4+ 1). Note that for SU(2) case, Weyl group is just a reflection

symmetry.

Accordingly, the moduli space of vacua, M¢cpg, can be thought of as the differen-
tiable manifold with an inherited Kahler structure, and the coordinates {a'} are only
defined on it locally, and as we have stressed that they are not free from the gauge
transformations. Furthermore, there is an additional ambiguity that we did not dis-
cuss so far, they also respect duality transformations from one patch of M¢cp to the
other patch as we shall see in a moment. This redundancy comes from the non-unique
property of the microscopic theory in the IR and there is a family of effective field
theories which connect by the electric-magnetic duality. Furthermore, this duality is
an exact nonperturbative duality, since elementary degrees of freedom of the effective
Lagrangian in one duality frame transform to the solitonic states of the other equivalent

low energy effective theory in the IR.
3.1.4. Electric-Magnetic Duality

We have seen that the effective field theory on the Coulomb Branch is given by the

Lagrangian (3.42) for the Abelian vector multiplets. As we have discussed, there are
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many but equivalent low-energy effective Lagrangians, and their fundamental degrees
of freedom change from one duality frame to another by the electric-magnetic duality.
In our case, it is always possible to find a particular weakly coupled effective field
theory on Mg locally. Nevertheless, the global story is different since the Coulomb
Branch effective field theory enjoys non-trivial duality transformations and one can
determine the whole supersymmetric vacua by gluing the local patches of Mg via
duality transformations. To find the explicit duality transformations, we can focus on
the gauge field terms in the low-energy effective action. Let us consider only U(1)
gauge theory for simplicity, however, we shall discuss the supersymmetric version of
the higher-rank case later. We can rewrite the kinetic and theta term of Abelian gauge

theory as a more compact form

1 ~
Suay = ~ 33 Im7(F +iF)?, (3.52)

where F corresponds the the Hodge dual of F', i.e. P = guvaB F, /2 and we suppressed

the integration variables in the action. We can expand the corresponding Lagrangian

of the gauge term by using the fact that (F)? = — [
1 ~ 1 ~
—o [ mr(F +iF) = —Im7 <F2 n @FF)
1
= ——F,F"
492, " * 3272
We find the usual form of the kinetic and theta term of U(1) gauge field without

(3.53)

F, B

surprise. Firstly, duality affects not only the classical Lagrangian but also the path
integral of theory. The path integral of the Abelian gauge field together with the theta

term is given by
1 0 ~
_ 4 v v
7 = /DAMexp {/d T <—4932(MFWFM + 327r2F“VFM )}

_ /DAu exp {—32% /ImT(F + if)Q)} |

In order to perform the duality transformation, it is more convenient to consider the

(3.54)

field strength as a fundamental variable of the classical action and the path integral,
rather than the gauge field A, itself. However, a constraint in the form of the Bianchi
identity dF = 0 needs to be imposed on the action. This can be achieved by adding a
Lagrangian multiplier to the original action. The dualized U(1) vector field Ap,, with
the field strength F'p,, = 0,Ap, — 0, Ap, corresponds to the Lagrange multiplier field.

The Lagrange multiplier can be introduced by coupling the vector field to a magnetic
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monopole, which satisfies the constraint that is taken into account as an equation of

motion for the dual theory
P9, By, = 810®) (1 — x0) (3.55)

where z is the location of the monopole. Hence, the Lagrange multiplier term can be

written as
1 Vpo 1 Vpo
g ADNEN P apra — —g\/ﬁu P aVAD}LFpO'
1
K e (@LAD,, — 8,,ADM) F
1” (3.56)
16_7]' E'LWPO—FD/JVFPU
1
FpF.
87r b

Note that in the first line, we eliminate the boundary term and in the second line, we
have used the antisymmetry property of the Levi-Civita tensor. Now we can write the
term F pF as

8% /ﬁDF = 16% ln/(FD +iFp)(F +iF), (3.57)
where we have used that FpF = FpF. This can be seen from the fact that the Hodge
star property x> = 1. Then, if we add the Lagrange multiplier term to the action Sy 1)
and complete the square, we find that
— Im <—T(F +iF)? + 2(Fp + iFp)(F + z’ﬁ)) -
B 1 _\Z 1 _ (3.58)
— —ﬂ_lm <(\/F(F +iF) — W(FD + iFD)> - ;(FD + iFD)2> :
Note that the first term is nothing but the shift of the field strength £}, and the dual
field strength can be considered as a dummy variable in the path integral, then we can

relabel it

=1 =\ 1 =
Z = /[DF][DAD] exp [37 Im (\/F(F—l—zF) - F(FD +1FD)> — ;(FD +iFp)

7 = / [DF ] exp {32% Im / (Fnew)2] / [DAp] exp l_i%i? / Im 1(FD +iFp) ]

_N/ [DAp) exp {——/Im L(Fp + i) } .

(3.59)
We integrated out the original field strength part of the integral by relabeling the
integration variable of the path integral due to it being quadratic in field strength
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and the resulting is just a normalization constant for the remaining part since it is
independent of the dual theory. Now if we look at the integrand of the resulting path

integral closely, the dual action is given by

Sty = 32% Tm %(FD +iFp)?. (3.60)
Hence, we have a new dual theory in terms of the Lagrange multiplier gauge field having
the same functional form as the original gauge field with one crucial difference. As we
have discussed, the duality maps a gauge field that is coupled with electric charges to a
dual gauge field that is coupled with magnetic monopoles. If we define a dual complex

coupling constant as 7p = —1/7, we can write

1
T D= (3.61)

Then, the electric-magnetic duality simply exchanges the dynamics of the theory in a
way that the weakly coupled description becomes the strongly coupled one, this is the
reason why electric-magnetic is a special form of S-duality, i.e., strong-weak duality.
The above construction can be made for N/ = 2 supersymmetry supersymmetric gauge
theories. Since the scalar complex field a; is in the same supermultiplet as the gauge
field A;, they also respect electric-magnetic duality. Note that Im (TinR) is defined lo-
cally, and the global structure of the classical vacua is not free of perturbative and
non-perturbative quantum effects. These quantum contributions may affect the clas-
sical moduli space. We will discuss these relations which are between the geometric
properties of M¢p and the dynamical properties of the AN/ = 2 supersymmetric gauge
theories in terms of the Seiberg-Witten solution. If we define another coordinate as
0F(a)

ap = W s (362)

then the metric on the Coulomb Branch moduli space becomes
ds®* = Imdapda = —% (dapda — dadap) . (3.63)
The coordinates a and ap are holomorphic functions of v = Tr (%) on Mcp and we
can write the more general duality transformation by SL(2,Z) acting on (a,ap) as
ap A B ap

— : (3.64)
a C D a

where A, B, C, D € Z and the determinant of the matrix equal to one. The group
SL(2,7Z) is so-called the special linear group of rank 2 over the integers. There are two

generators of SL(2,7Z), which are given by the S and T' matrices. One can obtain any
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element of SL(2,7Z) with a finite operation of S and 7" matrices. These building blocks

for SL(2,Z) transformations given by

0 1 11
S = T = . (3.65)
-1 0 01
The SL(2,Z) acts on the complex plane:
az+0b
. 3.66
cz+d’ (3.66)

which is nothing but the Mobius transformation. Returning to our discussion of duality

we can see the action of SL(2,Z) on our theory. The above transformation does not

act upon the metric (3.63) and it acts on the effective coupling 7/% as

IR AR 4+ B

T T AR D (3.67)
where we have used
0
=22 (3.68)

The duality transformation which we have discussed above is the same as the SL(2,7Z)
transformation, in other words, the duality group is given by SL(2,Z). One can be
skeptical about why the duality group is given by SL(2,7Z) instead of SL(2,IR). The
first argument comes from the theta term effective coupling. In order to have well-
defined transformation law on the theta term, which is the integer shift on theta term
0 — 0+ 27 B, the corresponding parameter must be an integer. The other reason which
is related to the former but more concrete one is the Dirac quantization condition which
is the quantization of the electromagnetic charges of elementary particle states. In order
to have a well-defined duality transformation on the path integral such a transformation
must respect the quantization of quantum numbers of corresponding states. Therefore,

the full duality group is reduced by means of the quantum effects.

Let us return to the discussion of how other fields belong to the A/ = 2 vector
multiplet with respect to the duality group. The coordinates which are defined in
different patches of Mcg,

(a,ap) , (3.69)
are sometimes called special coordinates just in the case of periods in the B-model.

The reason for this will become clear as we will examine the geometric meaning when

we study the Seiberg-Witten curve.
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Recall that the coordinate a stands for the scalar component in an N' = 2 vector
multiple. The other coordinate ap is the magnetic dual of a which sits on the dual
N = 2 vector multiplet. One can also have another but equivalent picture of the
dynamics of the gauge theory in terms of ap by using the prepotential F via Equation
(3.62). Then the prepotential has central importance for capturing all ingredients
to determine the dynamical behavior of the underlying theory. Recall that the local
structure of the moduli space of the Coulomb Branch of the effective field theory can
be encoded through the pair of coordinates (a,ap). Moreover, the global structure
of M¢p needs a more sophisticated consideration since there can be singular points

where such a local description cannot be enlarged to the global one as we will see. The

dap
da

gauge coupling can be determined via the relation gyz; ~ Im 222, According to this
relation, there are some regions where the effective field theory behaves weakly and
one can go to another region in which the effective field theory is written in terms of
another doublet (d’,a’,) may become strongly interacting. All of these descriptions
can be provided with the SL(2,Z) duality group transformation properties. As a final
remark, from a mathematical perspective, the coordinates (a,ap) are the holomorphic
section of an SL(2,7Z) bundle over the moduli space of the Coulomb Branch and duality
transformations can be thought of as the transition functions of SL(2,7Z). On the other
hand, global duality transformations can suffer from monodromies associated with the
singular points of Mcp. We can also generalize the above story to a higher rank-r
gauge theory. The corresponding Mg becomes an r complex dimensional space and

the dual also respect Sp(2r,Z) and the special coordinates @ and dp transforms under

Sp(2r,7Z) as an r-dimensional vector.
3.1.5. The Quantum Prepotential

Recall that the N = 2 Wilsonian low energy effective action in AV = 1 superspace

notation is given by

1 1t OF () /2 102F(®) .
47T1m[/d9<1> TRl e e UA UG (3.70)

The holomorphic function F is called the prepotential and it is purely classical. it con-

trols the kinetic terms of the low-energy Abelian theory. However, there can be pertur-
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bative quantum corrections to the classical prepotential as well as the non-perturbative
contributions, such as instantons. Note that when we write the low energy effective
action, there are no massive degrees of freedom in the IR since all of them are inte-
grated out. However, the resulting Wilsonian effective action still includes interactions
between the low energy massless fields and off-shell massive states since the massive
modes that are integrated out are on-shell. Hence, we can conclude that F.. receives
from both perturbative and non-perturbative quantum corrections. This is the stage

where A/ = 2 supersymmetry helps us due to the non-renormalization theorem [33].

The ( function for the coupling constant 7 is exact at the one-loop level since
the higher order loops are zero due to the fermionic compensation of the bosonic loop
integrals. The relation between the effective coupling constant is given by 7(®) =
O?F /0®? and if we find that the form of one-loop correction to the effective coupling,
we can determine the corresponding perturbative contribution to F. However, we will
take an alternative approach to this by using the global U(1)z-symmetry anomaly since
we want to find the prepotential directly. We will need the form of effective coupling
when we consider the nonperturbative instanton corrections. Recall that there is an
additional U(1)x symmetry of the microscopic theory and it is possible that this global
symmetry is broken by the chiral anomaly due to the quantum effects which come from
the loop integrals. We will not derive this and only quote the resulting anomaly relation
for the N/ =2 SU(2) gauge theory is given by

8, Jt = —%Fwﬁ‘“’. (3.71)

Furthermore, the N' = 1 chiral superfield ® transforms under the global U(1)z, ® —

e?®® and this leads that the effective Lagrangian has the additional counterterm in
order to be anomaly free:

Lo = —4%21??. (3.72)

We see that the above counterterm to the L.g has a quadratic dependence on the field

strength. Thus the relevant effect comes from only the kinetic term and the theta term

in the Ly1). Then, under the global U(1)z-symmetry we have the following relation
1 O?F (e*®) 1 I {82}"(@)

(—F%+iFF)| - -~ FF.

Tm 67 | 0dod Ar?
(3.73)

_— 2 ) [ —
167 goos T HFF)]
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This gives the following differential equation

O*F (e¥®)  PF(P) 4a
000>  0Pod T (3.74)

If we take the derivative with respect to o at the point o = 0, we find that the following

equation
PF 2
3 7d
The integration with respect to the chiral superfield ® and setting the non-trivial VEV

(3.75)

to the scalar component of it, i.e. ¢ — a gives that the one-loop correction to the

prepotential

7 a?
Fiaoop(A,a) = —a’log [ — | , 3.76
i 0) = - log () (3.70
where A denotes the dynamical energy scale which comes from the dimensional trans-
mutation of SU(2) gauge theory. Although the prepotential is one-loop exact in pertur-
bation theory due to the supersymmetry, there are further non-perturbative corrections

due to instanton effects [33]. In order to see this, we should incorporate one-loop run-
ning complexified gauge coupling. It is given by [33]
7 a
——Z10g (%) - 3.77
T=——log (% (3.77)
We can also write the dual counterpart which is written terms of the dual coordinate

ap

Tp = —% log (%) : (3.78)

The nonperturbative part of the prepotential can be found as follows. The general
instanton contribution which sits in the theta term in component field expansion of
our supersymmetric gauge theory is given by e~ 8m°k/ Q%M, where k denotes the number
of instantons and ¢ is the gauge coupling. We will give a more detailed discussion

about the instantons in the next chapter.

We can use the one-loop complexified gauge coupling Equation (3.77) in order to

show that the k-instanton part can be rewritten as

4k
(ST g _ (§> | (3.79)

a
In order to have non-broken U(1)zr symmetry, U(1)g charge of A must be 2 since

® — e?*®. Then the prepotential transforms under U(1)r symmetry as F — et @F

due to the one-loop form of it or in other words, the instanton correction term has a
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quadratic dependence on a. If we sum up all of these perturbative and non-perturbative
corrections to the classical prepotential, we find that
i a? - A

F(A a) = Fauss + 5_a" log (F) + ’; Fi (g) a? (3.80)
The supersymmetry ensures that the instanton Coefﬁ(:ients Fi. are independent of the
fields. Therefore, determining these coefficients is necessary to obtain the complete
quantum prepotential, and note that we ignored the negative k contributions since
the prepotential is a holomorphic function depending on instantons rather than anti-
instantons. The first coefficient F; was calculated in [33] and it is not an easy task
to find the higher order coefficients. Note that if one can find the all coefficients,
the theory is completely solved and the Wilsonian low-energy effective action can be
computed exactly. One way of getting higher order instanton coefficients can be made
by the celebrated work of Seiberg and Witten [34,35] and we will discuss their method
at the end of this chapter. Besides, there is a more direct way of getting higher order
instantons, which is the instanton counting method. Nekrasov has been successful to
write the exact form the instanton partition functions of the N/ = 2 supersymmetric
gauge theories by placing them in the €2 background in order to determine the exact
form of the Seiberg-Witten prepotential [51]. We shall discuss his approach in the next
chapter. Let us return to the determination of the prepotential via Seiberg-Witten
theory. This approach requires understanding the global structure of the moduli space
of vacua in terms of Coulomb Branch moduli a(u), where u is the complex coordinate of
Mg as we have stressed out before. Note that if we can determine the prepotential,
we can also find the dual theory which is expressed in terms of ap(u) through the
definition of ap = 0F/0a. Before we close this section, we can make a comment on
the prepotential of higher-rank gauge groups. The higher rank gauge groups can be

classified in terms of root vector @, and the one-loop prepotential is given by

Froop(08) = = 37 (@) log ((& - ) | (3.81)

47

a>0
and the nonperturbative part can be found by the same reasoning above which is by

reading the global R-symmetry charges of the theory.
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3.2. Seiberg-Witten Solution in N/ = 2 Supersymmetric Gauge Theories

In order to understand the effects of monodromies around the various singular
points of the moduli space of vacua of SU(2) supersymmetric gauge theory, we first need
to analyze the property of these singularities as well as their physical interpretations
of them. Note that the moduli space can have nontrivial global topology due to the
existence of singularities. Firstly, consider the large VEV of the scalar field limit which
corresponds to a — oco. This type of limit is sometimes called the semiclassical or weak
coupling limit as it will be clear later on. In this semiclassical limit, the dominant
contributions to the holomorphic prepotential F come from the perturbative one-loop

2—4k

correction since nonperturbative effects are suppressed due to the presence of a at

the nonpertubative part of Equation (3.80). Thus at large a, the prepotential becomes

™

A S
-Fsemi—cl( 7(1) = 2—(1 0og P . (382)
The metric obtained by Fyemi-ci(a) is perturbatively one-loop exact. In the semiclassical

limit, we can determine the metric on the Coulomb Branch moduli space by using the

relation
1 a
152 = Tm = (2og H +3) dada
T A
(3.83)
2 a 3 -
=|(—log|—|+ — | dada.
0 Al 7w

Note that, the metric must be positive definite and it can be seen that the metric
in the semi-classical or weak coupling region is positive when the VEV |a| is large.
However, when the |a| is smaller and smaller, the metric which we found above turns
out to be negative. Then, we can conclude that the metric which is the weakly coupled
region of Mg cannot be the well-defined entire moduli space. To see why the above
reasoning fails, the following argument can be given. Note that F is a holomorphic
function then the metric, Im 9*F/0a? is a harmonic function. On the other hand,
harmonic functions cannot have a global minimum. Therefore, the globally defined
metric cannot be positive definite. But we know that the metric must be positive
definite and this gives a clue that the moduli space has a highly nontrivial global

structure and there must exist some singular points on M¢p.
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3.2.1. Breaking of R-symmetry

Note that we have discussed the R-symmetry of gauge theory is broken due to
Higgsing of the underlying microscopic theory and quantum corrections. From classical
perspective, the global R-symmetry of SU(N) gauge theory is given by SU(2)gr xU(1)r
where SU(2)r corresponds to the transformation of (¢, \) in the N/ = 1 chiral multiplet
and U(1)r rotates the superspace coordinates. Due to presence of quantum effects,
U(1)r is broken to a discrete subgroup by means of the addition of counterterms to
the classical Lagrangian. Here, we shall give an alternative method to this issue. We
can compute the corresponding anomaly for the gauge group SU(N) by using the
index theorem like in the case of the supersymmetric non-linear sigma model. Each
2N instanton comes with the zero-modes for each left-handed fermion in the adjoint
representation of the vector multiplet. To compute the correlation function, one needs
to consider integration over the fermionic collective coordinates of these zero-modes.
Therefore, for a nontrivial correlator, there must be enough fermion insertions on the

path integral to soak the corresponding zero-modes. Then we have

G(ry,- - o,y yen) = (A@) - Maan)¥(y) - - P(an))) - (3.84)
Under the global U(1)g, the correlator transforms by recalling that (X, 1) — €™(\, 1))

G — NG, (3.85)

It can be seen that U(1)g is broken to the discrete group Z,y. Then the corresponding
discrete subgroup is denoted by e?™® where a =n/4N ,n =1,---4N. The full global
symmetry group is given by SU(2)g X Zyn. Furthermore, note that n = 2N correspond-
ing term is nothing but the center of SU(2)z, which commutes with all other elements
of SU(2)% and the center is also an element of discrete subgroup Z,n. So we need to
mod out the center. Then the true symmetry group is given by (SU(2)r X Zyn) /Zs.
Recall that Higgsing the microscopic theory also leads to the further broken effect
of the above global R-symmetry group. The field ¢ has charge 4 under Z,y since
¢ — e*™¢. Hence ¢? transforms under the discrete subgroup as ¢? — e*™™/N 2. The
remaining invariance preserved only where n takes the values, n = N,2N, 3N 4N. If
there is non-zero VEV for ¢ or we are in the Higgs vacuum, then Z,y is further broken

to Z4. Therefore, the residual global symmetry acts on ¢? as Z, : ¢*> — —¢? and the
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surviving R-symmetry group for the N' = 2 supersymmetric SU(2) gauge theory is

given by
SU(2)R X Z4

7. (3.86)

3.2.2. The Meaning of Singularities

We have seen that u represents a good coordinate for inequivalent vacua of the
Coulomb Branch in AN/ = 2 supersymmetric gauge theory. Let us choose the gauge
group G as SU(2). Note that there can be regions on the Mg, semi-classically, one has
an unbroken U(1) gauge symmetry since it is enhanced to SU(2). This enhancement
appears due to the fact that the Higgsing parameter goes to zero, i.e. u = 0. On the
other hand, in order to find Wilsonian effective Lagrangian description of the theory,
we need to expand the Lagrangian around any point u = ug. This low-energy effective
Lagrangian can be determined by integrating out all massive modes above some cut-
off (A = a). In our case, the relevant massive modes are the charged massive gauge
bosons W=. The resulting low-energy effective action only contains the neutral gauge
multiplet at the semi-classical region. However, the origin point is problematic since the
enhanced gauge symmetry leads the W bosons to become massless. Therefore, from
a semi-classical point of view, the Wilsonian effective action is valid only neighborhood
of u = 0 on the moduli space of vacua. This gives the fact that v = 0 is a singular
point. This SU(2) enhancement point can be shifted via quantum correction as we will
see. The charged W-bosons must be added separately to obtain well-defined Wilsonian
low-energy effective action around the origin u = 0. As we have discussed, the other
singular point u = oo for large a is associated with a weak coupling region. All in all,
these singular points and the corresponding monodromies on Mg are correlated with

the properties of the supersymmetric multiplet which becomes massless.
3.2.3. Monopoles and Dyons

Note that we have analyzed the moduli space in terms of classical considerations

with possible quantum effects of singularities on Mcp. We can argue that the U(1)
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gauge symmetry is enhanced to the unbroken nonabelian symmetry at some partic-
ular point u = (Tr¢?) # 0 where massive fields become massless in addition to the
W-bosons being restored at © = 0. In that scenario, perturbative or nonperturbative
corrections would change the point in which the gauge symmetry is enhanced to u # 0.
Whereas Seiberg and Witten [34, 35] concluded that such a situation cannot exist in
N = 2 supersymmetric theory that is, resulting enhancement cannot be achieved from
the low energy behavior of the field theory. The massive modes which become massless
at some non-zero u are not elementary gauge fields but composite objects which cannot
be coupled to elementary multiplets in the local description. We will elaborate on this
type of argumentation in the following. It was discussed that the presence of breaking
of the U(1)% to the Z, leads to the singularities of moduli space coming in pairs around
the point v = 0 and let us assume for a moment that the singularities arise from extra
massless gauge bosons. These extra massless gauge bosons require that the IR fixed
point must correspond to conformal field theory. There are no dimensionful parameters
for any conformal field theory, then the operator Tr ¢* must have dimension zero if the
theory is conformal. On the other hand, there is only one dimension zero operator for
any unitary quantum field theory, which is nothing but the identity operator. Fur-
thermore, the identity operator is even under the broken Z, symmetry while Tr ¢? is
odd, therefore two operators have different behavior. This is the reason why the full
global symmetry of microscopic theory is just NV = 2 supersymmetry rather than a
superconformal one. Moreover, there is also a related argument that such an IR fixed
point cannot be represented by conformal symmetry. That is, the full superconformal
algebra respects the U(1)z and there is no way to break via instanton effect. In other
words, the global chiral symmetry would not be anomalous for superconformal field
theory, but it is broken by the F F as we have seen in N = 2 supersymmetry. Thus,
we are forced to conclude that the singularities come from massive spin s < 1/2 fields
which become massless at particular points: u # 0 on the moduli space of vacua. Since
we are interested in AV = 2 global supersymmetry, we ignored higher spins s < 2, such
as supergravity. N = 2 supersymmetry highly restricts the leftover possibilities of
such a supermultiplet, therefore, the particles with spin s < 1/2 can be represented by

hypermultiplets. Nevertheless, our original theory is the pure N/ = 2 supersymmetric
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gauge theory, there is no such a hypermultiplet that we can consider as an elementary
field in the Lagrangian. Then, the remaining possibility is that they are composite
non-perturbative objects which are ignored in the semi-classical regime as their masses
are huge. The only such hypermultiplets which respect the N’ = 2 supersymmetry
are monopoles or more generally dyons carrying both electric and magnetic charges.
These non-perturbative degrees of freedom are nothing but the BPS states for the
N = 2 supersymmetry algebra. They saturate the BPS bound on the massive mul-
tiplets M > v/2|Z|, where Z is the corresponding central charge. Let us discuss the

monopole solution first. The BPS bound for the monopole solution [32] is

A
M, > V2n,——a, (3.87)

Iym
where n,, € Z is so-called the winding number and a is the non-trivial vacuum value
for the adjoint scalar in the supermultiplet. We can see that the mass of the monopole
depends on the coupling constant ¢2,;. When the theory is strongly coupled, the
monopoles become light and turn out to be elementary degrees of freedom. The other
way around, in the strongly coupled regime, gyy > 1, the monopole is very heavy and

it can be integrated out from the local Lagrangian description. We can also write the

BPS bound formula for the dyon [32] by using the

1 .
Qele - - \/d?’wai(FaOZAa) = gne,
“gf M o i (3.88)
Qmag = — /d?’:c@i(FaOlA“) = —Ny,,
agym g

and the extended supersymmetry algebra Equation (3.31). Then the central charge for

the dyons can be written as

i
Z =nea+ #nma. (3.89)
Ivym

We can also add the §FF term which leads to the change in the electric charge of the
dyon, then the electric charge becomes Que = gymne + (093 / 87T2)Qmag. At the end
of the day, the central charge of the dyon is given

Zelass = Ne@ + Ny Telass@ (3.90)
where we replaced the term 6/27 + 4mi/ g%y, with Tu.ss. We should keep in mind that
the complex gauge coupling constant is classical at this point. Moreover, it is possible
to write an exact central charge which is free from quantum corrections. This can be

carried out by coupling magnetic charge or central charge without any electric degrees
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of freedom to the vector multiplet in the dual description and the central charge is
written in terms of dual parameter, i.e., Z = n,,ap. Then, we have

M =2|Z|, Z = ane + apny, . (3.91)
It can be seen that the central charge in this form respects an electric-magnetic duality
in which exchanging a with ap and n, with n,, leaves the spectrum that does not alter.
Thus the saturation of the bound demonstrates that the central charges or masses of

BPS states are exact at all points in the moduli space of vacua.

3.2.4. Exploring Monodromies in the Moduli Space of Vacua

Recall that the global properties of the moduli space of vacua are determined
by the nontrivial transformations of the coordinates a and ap under monodromies
associated with singular points. This behavior plays a crucial role in governing the
complete form of the prepotential of the N = 2 supersymmetric gauge theory. We
discussed that the vacuum expectation value of the adjoint scalar goes to infinity in
the semiclassical regime. This can be explained in the following. Let us take the gauge
group as SU(2) and consider the Higgs scale a where the gauge symmetry is reduced
to the U(1). If the Higgs value a is very large, this corresponds that the Higgs scale is
larger than the strong coupling energy scale, A, i.e., a > A = A_,. Therefore, the
theory is asymptotically free at energies higher than a. On the other hand, the scale
which is smaller than the Higgs scale A_,, the theory has abelian gauge symmetry,
resulting in the coupling either does not change with respect to the energy scale or the
theory is free in the IR. Then, the energy scale A, corresponds to the strongly coupled
realm and this leads to the fact that a — oo is in tune with the coupling being small.

Under this argument we will simply analyze the various monodromy transformations.

Firstly, we need to find an expression for dual variables in order to see the effects
of the monodromy transformations on the (a(u),ap(u)). The moduli space is in the
form of a complex plane before adding the point at the infinity [34,35]. Let us start
with the monodromy around the infinity corresponding to the limit a > A. The reason

why we begin the point at infinity is that we have already a local expression for the
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low-energy effective action. In this limit, u is determined by the classical value u = a?/2
and the holomorphic prepotential is computed from the Equation (3.82). This gives
rise to the calculation of the dual variable as

ap = W = 22—alog (%) + %. (3.92)
The correspondent monodromy to the large value of u can be expressed by selecting a
closed loop on the complex plane that covers both the origin and the point at infinity.
Choosing the counterclockwise contour on this closed loop results in the monodromy

21

transformation given by u — e*™u. Then a transforms as a — €a = —a and the dual

coordinate ap undergoes the following transformation
2ia a 1a
ap = — 2 1og (—) M %a= —ap + 2a, (3.93)
T A T
and the monodromy transformations can be written in compact form as
a -1 2 a
R P (3.94)
a 0 -1 a

Hence, the associated monodromy matrix for the singularity at infinity is given by M.:

) -1 2
M, =PI == , (3.95)

0 -1
where P corresponds to the negative of the identity element in SL(2,Z) and T is the
one of the basis elements of the SL(2,Z) group as it is introduced before Equation
(3.103). We know that there is a classical singular point located at u = oo with a
corresponding monodromy matrix M,,. However, it is important to consider whether

there could be other singular points besides infinity. Recall that the ap can also be

rewritten in terms of u by substituting the classical value of a, then we can write

ap = —% 2u (log % + 1) | (3.96)
As we can see, the point u = oo is a branch point of ap due to the fact that it is a
logarithmic singularity. Furthermore, since the moduli space has Z, global symmetry,
the other singularities(if they exist) come in pairs around u = 0, then we have fu.
The presence of Zsy global symmetry gives rise to the fact that there are two fixed
points on Mg they are u = 0 and u = oco. If there are no further singular points

rather than v = oo, the other one would have to be located at © = 0. However, if

this is the case then the moduli space metric in the semiclassical limit is globally well-
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defined, and a is a good global coordinate. We know that this is not true since the
globally defined metric is not positive-definite. Let us assume that there are at least
three singularities at ug, —ug, and co. We know that the counterclockwise loop which
covers both finite monodromies should give the monodromy at infinity with the help of
contour deformation, resulting in M, = M, ,M_,,. As we discussed, quantum effects
can shift the classical singular point u = 0. classically, the SU(2) gauge symmetry is
recovered at u = 0 and the gluons become massless since their masses are determined
by a. If we take into account the quantum contributions, the Higgs value a can be
smaller than the cut-off scale. In other words, we do not take the semi-classical limit
and the theory turns out to be strongly coupled. Therefore, a = 0 does not correlate

with u = 0 on the quantum moduli space. Recall that the masses of dyons are given by

M = \/§\Z| = ﬁ\nma[) + nea| and zero value of a as well as the ap = g‘gﬁa —ap =20
cause that dyons become massless and we ignore the #-term at this point. Nevertheless,
BPS states cannot be affected by perturbative or non-perturbative corrections and they
are still present at the strongly coupled region of Mcp. Then, we can conclude that

the singularity at « = 0 in the classical moduli does not exist in the quantum moduli

space.

Now we have three singular points on the exact moduli space of vacua and our next
task is to compute the remaining monodromies associated with the points v = +uy.
This can be made by coupling the dyonic states to N/ = 2 low energy effective field
theory. Notice that we identified the points uy with A? from the classical relation,
ur~ A u=1a® - uy = 1A% Remind that we start with the pure SU(2) gauge
theory without hypermultiplets. Then the only hypermultiplets that we will couple
to vector multiplet in IR are the monopoles or dyons. The coupling can be made by
leveraging the duality property of our theory and we can go to the dual perspective
in which the monopoles become the elementary degrees of freedom. This brings about
an abelian NV = 2 gauge theory coupled with the monopole hypermultiplet, which
provides an equivalent low-energy description. One can compute the monodromies
in order to write Lagrangian of the low energy effective theory. Let us take a point

ug on the moduli space in which the masses of the monopoles become zero, we have
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ap(ug) = 0 and we can move to the dual description in which we integrate out the
massive monopoles around this point. The resulting theory is given by the low-energy
effective theory which is weakly coupled U(1) gauge theory. Then we can use the

corresponding one-loop running gauge coupling

1 a
D= log (f) . (3.97)
Furthermore, from 7 = dap/da, we obtain that
1 a 7
a = ag+ ;CI,D IOg (KD> - ;GD s (398)

where ag is some non-zero constant. If this constant is zero, then all electric objects
turn out to be massless states at uy and this contradicts the assumption that we have
abelian N’ = 2 gauge theory coupled with monopole hypermultiplet. We can expand
the dual coordinate around the ug at the linear order, then ap & ¢o (u — ug) in which
co is some complex constant. If we plug this into a, then we have
azao—f—%co(u—uo)log(u—uo)—i-... : (3.99)
where the higher order terms in w are suppressed due to the fact that w is very
small. Now we can write the monodromy by choosing a counterclockwise loop around
ug : (u—up) — €™ (u—ug), the (ap,a) transforms under the monodromy as ap —

ap,a — a — 2ap. Then the monodromy matrix becomes

1 0
M,, = . (3.100)
-2 1
Apart from that the monodromies are related by the monodromy at infinity by M., =
My, M_,,, the monodromy matrix associated with the point u = —u, can be found
from
. -1 2
M_yy =M, My = . (3.101)
-2 3

Notice that the order of matrices matters since the monodromy matrices do not com-
mute. On the other hand, this is not an ambiguity since the monodromies depend on
the representation of the fundamental group on the moduli space. The correct way of
defining them comes with choosing a base point P. For instance, it is possible to start
with the M_,, due to the presence of Z, global symmetry and this leads to the fact
that M., = M_,, M, corresponds to choosing the other base point, given by —P. Let

us write the general form of monodromy matrix for a (n,,,n.) dyon as [32]
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a 1+ 2n.n, 2n? a
R P (3.102)
a —Zn?n 1—2n.mn,, a

Observe that monodromy at ug corresponds to the point in which the monopole be-
comes massless since the winding number is one and n, = 0 while the M_,,, monodromy
corresponds to the (n.,n,,) = (1, —1) massless dyon. The monodromy at infinity does
not correspond to any massless state. As we mentioned above, one can also begin with
the base point at —P, and the monodromy matrix M_,, = MM, ! gives a massless
(1,1) dyon. This shows that these points are related to each other by global symmetry.
See for a more detailed discussion about the effect of global Zs; on the moduli space of
vacua [32]. Before we move on to the Seiberg-Witten solution, we necessitate discussing
the one issue that is swept under the rug. Note that we made a minimal assumption
that we have at least three singularities which are given by u = oo, +1,—1 and the
question is whether there are further strongly coupled singular points. Assume that
there are k singularities at uj, ug,...u, and semiclassical singularity at infinity. Then
we know that the monodromy at infinity is given by the product of the monodromies
corresponding to the singularities Mo, = M,, M,, ... M,, . It is known for k > 2 there

is no such solution to this factorization problem, therefore we have three singularities.

3.2.5. Exact Solution from Elliptic Curves via Seiberg-Witten

Based on our calculations of the monodromies, we can now obtain the low-energy

effective action by computing the a(u) and ap(u). We find that there are three singular

points ug and —ug as v = 1 and u = —1 with the monodromies
-1 2 10 -1 2
Moo - 5 M1 = 5 M,1 = . (3103)
0 -1 -2 1 -2 3

Seiberg and Witten constructed a family of elliptic curves in order to solve the model
[34,35]. Recall that the metric must be a positive definite quantity and the monodromy
matrices are the elements of the subgroup I'(2) of SL(2,7Z). Seiberg and Witten defined
an elliptic curve F, at each point v on the moduli space or in other words, the elliptic
curve is in the form of fibration over the base space which is the moduli space of vacua.

The quantities (ap(u),a(u)) are the holomorphic section of the bundle SL(2,Z) and
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the elliptic curve for SU(2) gauge theory is given by
v’ = (r—1)(z+1)(z —u), (3.104)

where (z,y) are the complex numbers. This elliptic curve is sometimes called the
Seiberg-Witten curve. As we will see, the elliptic curve FE, is a torus with two non-trivial
cycles and these 2-cycles shrink to zero sizes where the singularities occur. Therefore
the base space has some punctures associated with the elliptic curve. Let us return to
the strongly coupled singularities. We determined (ap(u), a(u))

a2\ 2u,

U R 00 ! ap ~ 1
fracy/2un{log u, (3.105)
ap ~ co(u—1),

a = ag+ t aplog ap .

The metric on the moduli space is proportional to the imaginary part of the complex

coupling constant as
dap  dap/du
da  da/du

The coupling constant gains meaning in terms of the complex structure modulus of the

T = (3.106)
elliptic curve as we shall see. The elliptic curve in the above can be expressed as genus
one Riemann surface. This can be understood in terms of the following. One can draw
a circle ¢; on a torus by translating it along the other independent circle c;. These
circles can be exhibited as the line segments [; and l5. Therefore we have two different
parts of the torus which are attached by the /; and [ where those line segments are
the branch cuts. A loop that encircles one of the two cuts on a torus creates a cycle on
the torus. Another loop that goes around the points 1 and u results in another cycle.
When two branch points come together, they cause one of those cycles on the curve
to shrink down to zero size. As a result, the curve becomes singular. In the family of
curves represented by F,, the first cycle decreases in size as u goes to infinity, while the
latter cycle shrinks when u approaches 1. Thus we can see that at certain points on the
u-plane, a vanishing cycle appears as a singularity in the curve. Now we can give an
understanding of ap and a in terms of this construction. Let us take two independent

cycles 7, and 79, normalized such that their intersection number is one.

(11:72) =1, (3.107)
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and they are elements of the the first homology group of F,. Recall that every cycle
has a dual form A which belongs to the first cohomology group and this relation can

be represented by

v ]{ A (3.108)
Y
where A is called a Seiberg-Witten meromorphic differential. We can choose the fol-

lowing two holomorphic differentials basis for the cohomology group
d d
M= = (3.109)
) Y

Moreover, we can write by the use of pairing

b1 - f )\1, b2 - % )\1. (31].0)
71 Y2

At this point, we can see that the elliptic curve can be determined by the following

parameter

Ty = b1 /by, with  Im(7,) > 0. (3.111)
The section pair of the SL(2,Z) bundle can be written in terms of the independent
cycles and the Seiberg-Witten differential

aD:f)\, az}l{)\, (3.112)
Y1 Y2

where A is in the form of A = a;(u)A; + az(u)Aa. We can also take the differentiation

with respect to wu:

d d\ d d\
dap _ g 24 a4 A (3.113)
du o du du v du
Note that there A is defined up to some function which can be fixed by using the
condition Im 7 > 0 for the metric on M¢p in Equation (3.108). Let us consider the

following generalization:
d\

@:

where f(u) is the function of only u. Now we know that the torus has a parameter

dx
f(U)? : (3.114)

T, = b1 /by in which the imaginary part of it is greater than zero. Then, we can write
dap/du _ $, f(wh b 5115
T dafdu  § flwh by " (3:115)
It is evident that for the metric to be positive definite, Im7 > 0, we must also have

Im7, > 0, which is already satisfied. Therefore, the function has no effect on the
mapping between the complex u-plane and the coupling constant. The value of the

function f(u) can be fixed by the behavior of the theory near the singularities on
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the u-plane, and the correct choice is given by f(u) = —v/2/47 [34,35]. Then we can
compute the Seiberg-Witten differential by integrating the Equation (3.114) along with

the replacement y by the algebraic equation for the elliptic curve
\/_ / \/_ dx\/m —u
T\ (22=1)J) /(z—u) o i1

Now we can calculate a and ap. The former can be found by identifying v, with the

(3.116)

circle ¢; which corresponds to the line traversing from —1 to 1 along the branch cut.

This approach enables us to integrate A along this cut
j{/\_ d:m/x—u V2 (Ydrr—u
vV T )1 Vaz-—1 '

Note that the integral over ¢ is contributed frorn both segments (—1,1) and (1,—1)

(3.117)

and they have equal contributions. Similarly, for ap(u), we can identify the other

independent cycle v; with the loop surrounding the cut from 1 to u
\/_ / dr\/r —u
N

The next step is to assess the accuracy of the behavror at the monodromies by ex-

(3.118)

amining the derived expressions for a(u) and ap(u). We can start by exploring the
monodromy at infinity, where we are in the regime of large u. By calculating a(u) in

this limit, we observe the emergence of the anticipated semiclassical relationship
(1) = \/_ ldx\/x—u Vou ! dx
a(u
-1 VI — ™ 1VZI

As we have expected, we ﬁnd that u = §a2 from the obtained expression. Furthermore,

2u . (3.119)

we can proceed to compute ap(u) in the regime of large U
\/_/ dx\/x—u vV 2u dz\/z—l
1u A/ 22 — 1/u2

where we made the redefinition for the 1ntegral Variable as x = uz. This integral has

(3.120)

a logarithmic divergence when we take the limit w — oo near z = 0. In this region,
the main contribution comes from the lower bound of the integral, then the numerator
becomes v/ —1 and the denominator turns out to be z. Therefore, the above integral

can be expressed as a logarithmic function
2u

ap(u) ~ logu . (3.121)
This logarithmic behavior gives the asymptotic freedom property of N' = 2 gauge the-
ory in the semiclassical limit. Moreover, if we take the monodromy transformation

u — e*™q, which encloses the singularity at infinity, we observe the following trans-

formations for our expressions a and ap: a transforms to —a, and ap transforms to
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—ap + 2a. Remarkably, these transformations are precisely the expected monodromy
transformation. Let us consider the finite monodromy at the point v = 1. First of all,

a(u) becomes when u =1

1 I 1
_ V2 [ldva o1 V2 v _ 4 (3.122)

™) Vii-1 7 JaVr+l 7«

The expression for a(u) around the singular point u = 0 can be obtained by the first-

a(u=1)

order term of the expansion of a(u) as it would be a more sufficient approximation for
our purpose. To accomplish this, we resorted to differentiating with respect to u and

subsequently evaluating the limit as u approaches one

da V2 [t dx
R S ) 3.123
du 27 /_1 \/(x2—1)(x—u) ( )

Notice that the integral is logarithmically divergent when v — 1 through (z — 1) factor

in the denominator. If we evaluate the integral by putting x = 1, we find that

da _ 1 / dx
dul,.,  2v) Ja-T)(z—u)| _,
1
== 2_1082(2:1:— I —u+2vVr — 1z —u) (3.124)
T =1
! log(1 — u)
= ——log(l—u).
2m &
Finally, we can write the expansion near the point u = 1
4 1
= (u—1)log(u—1)+... 3.125
¢ 0 27T<u Jlog(u —1) + ’ ( )

additionally, the dual coordinate ap can be calculated at the point u = 1. Observe

that in the limit as v — 1 the integral is divergent which is originated from the z —u™!

term at the denominator. Then, we can write the first term as z + v~ ! ~ 2u since

u— 1,z — 1+ z ~ u, we have
Vou [V dz/z—1 2u/1 dzv/z — 1
a = —_— =
Y T Jiju /22— 1 u? T JiuVzt+uWz—ul
) (3.126)
1 dzv/z — 1
TSz —1]u

The second line of Equation (3.126) can be evaluated and in the limit u — 1, we finally

reach the expression for ap as [34]

1 1 0
=—(1-=)~==(u—-1). 3.127
=3 (1)~ 5 (3.127)
We can conclude that by encircling the singularity located at w = 1 through the
loop u — e?™™, the transformations ap — ap and a — a — 2ap accurately give the

monodromy transformations which we discussed before.
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The higher rank generalization of the above solution as well as the addition of
matter hypermultiplet can be made similarly, however, the Seiberg-Witten curve be-
comes more sophisticated [32,36]. Furthermore, the Seiberg-Witten geometry can also
be studied in terms of the geometry of Calabi-Yau threefolds through string theory
construction, by means of the singularities of Calabi-Yau threefolds corresponding to
the simply laced Lie groups of ADE-type [37]. On the dual side of this framework,
via mirror symmetry, the Seiberg-Witten curve has genuine geometric meaning rather

than being an auxiliary Riemann surface.
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4. NEKRASOV PARTITION FUNCTION

In this chapter, we will study A/ = 2 supersymmetric gauge theories in terms
of instanton counting method [51]. Recall that the Seiberg-Witten solution can be
obtained via some auxiliary Riemann surface and this elliptic curve determines the
dynamics of low energy of N’ = 2 supersymmetric gauge theory from monodromies on
the moduli of Coulomb Branch. Here we shall calculate the instanton contributions
to the prepotential through supersymmetric localization or equivariant localization
[3], [47,48], [51-54]. We will twist the Lagrangian of N' = 2 supersymmetric gauge
theory just like what we did with the supersymmetric non-linear sigma model before.
Similarly, we redefine the quantum numbers of the Lorentz group or supercharges via
the R-symmetry of our gauge theory. This gives the topological quantum field theory.
This topological twisted gauge theory or Donaldson theory can be used for computing
certain topological invariants of underlying manifold through the partition function
being localized on the instantons. In a more general situation with the Abelian gauge
group, the corresponding solution is the instanton equation with the matter fields,
called as the Seiberg-Witten monopole equation. By using localization of the path
integral to instanton contribution, the computation of path integral turns out to the
integration of the moduli space of instantons. From a more precise mathematical point
of view, the partition function computes the integral of the equivariant Euler class
over the moduli space. Before we move on to the above problem, we will review the

instantons in the usual gauge theory.

4.1. Instantons of Yang-Mills Theory

The Yang-Mills theory can be constructed from a principal bundle with the struc-
ture group GG. Similarly, for the affine connection for the Riemannian manifold, there
is a connection that is Lie-algebra valued for the G-bundle along with g = Lie(G). The

corresponding curvature two-form for the connection A is given by

F=dA+ANA, (4.1)
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where F' is the corresponding connection. The gauge transformations lead to the

following transformations on the Lie algebra valued connection and curvature two-form

Ar— gAgi1 + gdg*1

for gedG. (4.2)
Note that F' naturally sits in the adjoint representation of the gauge group G since

F +—— gFg~!. One can write the action of the Yang-Mills theory:
1
Sym[A] = 5 [ Tr (F AXEF) (4.3)

Iym
where % is the Hodge star operator on the base space. Equation of motion for the

action (4.3) gives
VxF =0, (4.4)
where V = d + A is the covariant derivative for the corresponding gauge group. The
differential Equation (4.4) is second order at the connection. There are many solutions
for this partial differential equation. however, we will focus on the following particular
solution which is first order at the field strength. Let us take the dimension of the
base space as d = 4 and recall that the square of the Hodge star operation is equal to
one. This gives the fact it is possible to separate the gauge field into the self-dual and
anti-self-dual parts, then we can write the curvature of the G-bundle as
Py = % (F++F) — +F.—+F,, (4.5)
where F stands for the anti-self-dual or self-dual part. We will be interested in the

self-dual part since it is associated with the positive instanton number. Then the
self-dual condition gives
F,=0 <= xF=-F. (4.6)
The corresponding connection for the self-dual curvature is called the self-dual connec-
tion. Note that the self-dual part also solves the equation of motion, we can see that
in the following way
VxF=-VF=0. (4.7)
The equation of motion is satisfied regardless of whether the curvature is self-dual, as
Bianchi’s identity (i.e., VF = 0) holds. Therefore, the self-dual part of F' solves the

equation of motion. Then we can write the Yang-Mills action as in the following
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1
Sym|A4] = 5 /Tr(F—*F)/\*(F—*F)+2—/Tr(F/\F)
29vym Jx 9ym Jx (4 8)
2 8m2k _ 8m?|k| '
= —5— Tr(F- AxF_) + 5— = —5 ,
9ym Jx 9vym 9vym

where we denoted the topological charge of the field configuration as k € Z, so-called
the instanton number or winding number. The instanton number is also equal to the
integral of the second Chern class

kz@[é\f]z#/XTr(F/\F), (4.9)
where X is the base of the principal bundle. Note that the instanton number k is
positive since we picked the self-dual part of the curvature. On the other hand, the
anti-self-dual field configuration gives the anti-instantons which have negative instanton
number. Recall that we can also add another topological term to the Yang-Mills action,

i.e., f-term given by
0
So[A] = ——— | Te(F AF). (4.10)
87T2 X
Since this term is not dynamical and it has no effect on the equation of motion, the

instanton solution does not change

Stot [A] = Sym[A] + Sp[A]

=5 | T(F-AX )+ | 5— — 55 /Tr(F/\F).
Ivwm Jx gym 8T X
Therefore we can write the total action as being the sum of k-instanton part and the
fluctuation part, A = Ai(fs)t + 0A, we have
872

Siot[A] = (2— — i@) |k| + /d4x[(terms quadratic in JA) + (higher terms)]. (4.12)
Iym
The first relevant term is the quadratic at the fluctuated gauge connection. We can

also introduce the instanton fugacity parameter as

. 8m?

q := exp (2miT) = exp | ——5— + 0 | , (4.13)
Iym

where 7 is the complex gauge coupling constant that we introduced before. Now we

can write the partition function of the instanton solution as
mm:/wma%w

[e.9]

=Ya [ DAl s s
My

k=0

(4.14)

It can be seen that the total gauge field configuration has two different parts the

instanton part and the fluctuation part. The path integral measure associated with
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the instantons DAi(I]fS)t can be rephrased in terms of moduli space of instantons with the
gauge group G, i.e. M and instanton moduli space contains all possible instanton

configurations with the instanton number k.
4.2. Twisting N =2 Super Yang-Mills Theory

Now we can turn our discussion into N' = 2 supersymmetric gauge theory and
how it can be written as a topological field theory after the topological twisting. As
it was discussed, the topological twisting means the redefinition of the Lorentz group
structure. For d = 4, X = R* = C?, the Lorentz group can be written as SO(4) =
SU(2) x SU(2)g. The relevant R-symmetry group is the SU(2)z for our construction.
Recall that the NV = 2 supersymmetric gauge theory has eight following conserved
supercharges and they transform under SU(2), x SU(2)g x SU(2)g. The topological
twist leads to bosons and fermions to transform under the subgroup SU(2),xSU(2)p C
SU(2)p x SU(2)r x SU(2)% in a similar way, where D denotes the diagonal subgroup
of SU(2)r x SU(2)g. Note that under SU(2), x SU(2)p transformations, the two
Weyl fermions transform as a four-vector, 1, € (1/2,1/2) transform as a singlet,
7 € (0,0) transform as a scalar and Y, € (0,1) transforms as a self-dual tensor.
After the twist, the new spins of the fields (j.,jp) are given by the representation of
the SU(2);, x SU(2)p and the superspace coordinates 6 — Hu,g:;,,@ and the chiral
superfield ® have a new expansion together with the other fields

: : +
Fermions : ¢, x,,,, 7,

+ =

Superspace : 6", gw, 6,

(4.15)
Superfield : & = ¢ + 0"y, + 010" F,, + ...,
Supercharges : Q,Q},,G,, .

The supercharge @ = ¥ Q,; is a scalar and can be used as the topological BRST
charge. The N/ = 2 super-Yang-Mills action turns out to be

SSTha= [ AP +{Quoda + B +abdl}. (@10
This theory is called D:()naldson—Witten theory [39]. The first term of the above action

is topological and the latter is written as an exact term with respect to the twisted

supercharge. Note that the full action is invariant under the BRST transformation of



92

Q since the first term is topological and the second term is Q-exact. Similarly with the
twisted N = 2 sigma model, the domain of the whole path integral of Donaldson-Witten
theory is finite-dimensional. Twisted supercharges have a special property, they can be
represented as closed Kéhler forms for defining hyperkéahler manifolds [3]. The form of
this twisted supercharge can also be enlarged via Q-deformation as follows. The N' = 2
supersymmetric gauge theory can be obtained from the dimensional reduction of the

N = 1 Super-Yang-Mills theory, living on the IR* x T? with the following Q-deformed

metric [52]
4 . . — 2
A% formea = VOUT2)dzdz + Y (da' + Qaddz + Waldz) (4.17)
i=1
where z!,..., 2% are coordinates on Euclidean space and z,Z are complex conjugate

coordinates on torus. The Q; and ﬁ; correspond to the non-commutative deformation

of IR* and given by

0 & 0 O

A - 0 0 0
Qi = , (4.18)

0 0 0 €9

0 0 —e O

where €; and €, are deformation parameters. Furthermore, the (2-deformation can be
defined in a way that the background IR* x T? can be thought of as a non-trivial
vector bundle as in the form of (IR4 X ]R2) /Zs. The Re) and Im (2 are generators of
the quotient of Z,. Geometrically, the parameters describe the rotations in two non-
intersecting complex planes, (z1, z5) about their axes. This action is identified as the
fixed points of the assoicated vector field V(E) € SO(4) where the parameters €, €
denote these fixed points. Note that the deformation can break all supersymmetry
of the N' = 2 theory due to non-trivial vector bundle structure. However, the
matrices can be chosen in such a way that the Donaldson-Witten supercharge has
an additional deformation and this deformed supercharge preserves the topological
structure of Donaldson-Witten theory [42,51]. The deformed supercharge is called an
equivariant supercharge

Qp = Q+ EVoa'G", (4.19)
where the vector fields Vi, = —V7 are the generators of the corresponding Euclidean

rotation group SO(4) with the associated symmetry parameters E, along with
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V(E) = _31821 + zl&z1 - 22822 + ZZaEQ . (420)
21, %o are the coordinates of C2 22 IR*. One can construct the equivariant p-form with

the help of the supercharges

UE) =) QE)=>_ > %de A ... dzi (4.21)
- !

p ’L'ly"'zip

Q(FE) transforms under the spatial rotations as RQ(FE) = Q(R™'ER), where R € SO(4)
and the equivariant exterior derivative is given by
D :=d+ v, (4.22)
and D can play the same role as the scalar supercharge or BRST operator. vy (g is
the operator used for the contraction with the vector field V(E) = E,V;,x*G”. The
exterior equivariant derivative acts on the equivariant p—form as D2, = d€), + 1y (g)(2,.
It can be seen that the action of D on a p-form gives (p + 1)-form d€2, and a (p — 1)-
form ty(g)€2,. As we have mentioned the topological observables can be obtained
from the equivariant form and exterior derivative, however in the IR* background, all
topological observables are trivial if one can start with the Q(F) and D, see more
detailed discussion [51]. To achieve non-trivial correlation functions, we can use the
subgroup of the spatial rotational group of R*, B € U(2),, C SO(4), where U(2),, is
the stability group with respect to the Kahler form
w = dx' A de? + do® A da? (4.23)
and it is closed, dw = 0. The corresponding Lie derivative which is generated by the
vector field is given by V(E), Ly(g) := diyg) + tv(pyd. By using this relation, the
equivariance property can be stated in terms of the vanishing of the Lie derivative of

w, as we will see in a moment, then we have
Ly pyw = d(typyw) + tymdw = 0. (4.24)
Since w is closed, this gives the fact that we can write vy (gyw = dp(E), where p(FE) is
the so-called moment map, so we have
D(w—pu(E)) =0, (4.25)
which results that w — u(F) is equivariantly closed. One can write the moment map
((E) in terms of 't Hooft symbols 71, h(z) = p° = ata” and p* = 3 _ 0, ot z”.

Like in the case of the vector field V(E), the Kéhler form w can be rewritten in terms

of complex coordinates, w = dz; A dz; + dzs A dzs. All of these constructions give
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rise to fact that the moduli space of instantons have a hyperKahler structure inherited
from the isometries of IR*. By using the above reparameterization, the Hamiltonian
associated with the vector field V' (E) can be expressed in terms of a real moment map

H = pur(E) = €1|21]* + €2]22]* where ugr(F) is given by

1 1
pm(B) = S +e)(2,7) + 50 — )iz 7). (4.26)
The complex moment map is given as uc = u' + ip?. By using the above Kahler
form and the Hamiltonian, the topological observables or in other words, Qpg-closed

observables can be determined by the following partition function [51]
1

Z(a, €, €) = <exp{W/R4NCQ [w/\Tr(¢F+ %W\W — %HTr(F/\F)] }> ,

a

(4.27)
where a denotes the vacuum expectation value of scalar component of the N/ = 2
vector multiplet. We summarized the main idea about the equivariant localization
of the twisted N' = 2. The significance of topological twisting is that it allows us
to compute the certain sub-sectors of the original N' = 2 supersymmetric Yang-Mills
theory. In particular, the twisted version encodes all the instanton corrections to the
prepotential F(a, A). Apart from that, higher gravitational F-term corrections to the
prepotential can be found from the five-dimensional lift of Equation (4.27) from the Q-
background, C? _ =~ R?

e c,- This last statement has a counterpart in Gopakumar-Vafa

picture of the topological string theory. The topological string theory computes the
coupling RiFig*Q in the N/ = 2 supergravity theory, so there is a map between these
two cases. The relation between two different pictures is the core part of this thesis

and we will elaborate on it in the last part of this chapter.
4.3. ADHM Construction of Instantons

In this part, we will see that the moduli space of instanton can be obtained by
the ADHM construction [47]. Atiyah, Drinfeld, Hitchin and Manin observed that the
instanton moduli space can be written as hyperKahler the quotient of a vector space,
so-called ADHM data. Note that we wrote the pure gauge theory in a flat background
while the ADHM construction of the moduli space of instantons is made for the four-

sphere S*. This can be resolved by adding a point to IR* 22 C? at infinity, S* = R*Uoo.
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The relevant action for the instantons is finite, so we are interested in the vacuum in
which F' = 0 at the infinity or the boundary of IR*. This gives the constraint on the

L at the boundary. Furthermore,

connection such that A is a pure gauge, then A — gdg~
there is also rigid gauge transformation at infinity, that is the global gauge symmetry.
This residual transformation is called the framing of instanton with the gauge group G,
rotating the instantons at infinity. Let us start with the SU(2) gauge theory with one
instanton in order to illuminate the properties of the moduli space before we construct

it in terms of ADHM variables. The k = 1 instanton solution in SU(2) gauge theory

is given by:

Ay = = X;Ef;_i?} ey T (90°97") (4.28)

where o', i = 1,2, 3 are the Pauli matrices which corresponds to the Lie(SU(2)) and

7' are three 4 x 4 anti-self-dual 't Hooft matrices. The other parameters, z, X and
p so-called collective coordinates and they parameterize the instanton moduli space.
There are three different types of collective parameters for the SU(2) one instanton
solution. The first one is the translation of the one instanton and there are four of
them, X,. The single instanton is localized around the point z, = X, where z, € R*.
The second parameter is a scale of the instanton which is denoted by p. The reason
why it is called a scale comes from the fact that rescaling of x and X in the above
solution does not alter. The remaining collective coordinates are the three global gauge

transformations g € SU(2) which act on instanton configuration at infinity.

Note that there is a singularity which is located at z, = X, and it is related to
the redundancy of our description, then it is not physical. In the p — 0 limit, the
gauge connection turns out to be zero for every part of IR* and the instanton shrinks
to zero size. This type of singularity is called a small instanton singularity. The story
for multi-instantons or instantons on generic four-manifolds is more subtle compared
to the one-instanton configuration however it is possible to one out of k-instanton can

be made shrunken to zero sizes.

All in all, we have 8 collective coordinates for one instanton with gauge group

SU(2). Higher rank gauge groups can be studied similarly by embedding the one
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instanton SU(2) solution in the SU(N) gauge group. For instance, we can embed one
instanton solution in the upper left-hand corner of an N x N matrix for SU(N) gauge
theory. Furthermore, the global part of SU (V) gauge symmetry rotates this particular
solution into another embedding. Then there are N? — 1 rotations and we need to
mod out (N — 2)? rotations since our one instanton solutions sit in the 2 x 2 block
of N x N matrix and it is not affected by (N — 2)? rotations. Hence, the number of
remaining parameters is given by 4N — 5. If we add the parameter that controls the
size of the instanton and 4 positions, we find that there are 4N collective coordinates
for the k = 1 solution. The multi-instanton solution can be rearranged in the following.
We can construct such a solution by taking & — 1-instantons which are separated and
add them as corrections to the Equation (4.6). It seems that this operation is linear
one, however, the resulting equations are non-linear. As a result, there will be 4Nk
parameters, in other words, the dimension of the instanton moduli space is given by [43]
dimMy, = 4Nk. (4.29)
One can also compute the numbers of collective coordinates by adding fermions in
the instanton background and using the state of the art of the index theorems. The
above argument can be made in a more constructive way by studying the zero modes
of self-dual connections and computing the metric of the instanton moduli space from
them. We will not discuss this, see [40]. Let us illustrate the SU(2) case to see
the form of the one-instanton moduli space. The metric component associated with
the spacetime translations and scale symmetry is proportional to the finite instanton
action. The remaining one which corresponds to the SU(2) gauge rotations at the
infinity has p dependence and goes with p?. This statement can be explained by the
incorporation of SU(2) gauge rotations and scale symmetry in IR". This results in
R* = S*UIR™, where we have used the fact that SU(2) gauge group manifold is in the
form of S3. Furthermore, recall that the gauge field undergoes a transformation in the
adjoint representation of SU(2). Additionally, it remains untouched under the discrete
subgroup of SU(2), which is represented by Zy C SU(2). As a result, we obtain S/Z,.
Together with position of single instanton IR*, the moduli space of a one instanton for
SU(2) gauge theory is given by
My =R x RY/Z,, (4.30)
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where we combined the IR™ and S3/Z,. We can see that small instanton singularity
is nothing but the orbifold singularity, ]R4/Z2. Note that this moduli space is non-
compact and singular due to the presence of IR* and the small size of instantons,
respectively. The multi-instanton configuration has also non-compactness and singular
behaviors thus some sort of regularization scheme should come into play in order to

evaluate the partition function whose domain is given by instanton moduli space.
4.3.1. ADHM Variables

Before we discuss ADHM construction, let us review some aspects of the hy-
perKahler quotient. The Kéhler manifold X is a complex manifold together with a
hermitian metric g and two-form or Kéhler form w(-,-) = ¢(I,-) which is closed and
the complex structure I, is covariantly constant VI = 0, with respect to the Levi-
Civita connection V. Along the same lines, a hyperKéhler manifold X is defined such
that there are three covariantly constant complex structures 7, J, K in which they sat-
isfy I? = J> = K> = IJK = —1. If we have a compact group(for our purpose, we
take it as U(k)) which acts on a symplectic or Kéhler manifold (X, w) and it preserves
the symplectic and complex structure, we can define a reduced space whose symplectic
two-form is inherited from X. This can be achieved by introducing equivariant moment
map p : X — uj, where u; corresponds to dual of the the Lie algebra of U(k). Then
the equivariance condition on moment map is given by d{u, {) = ty,w where § € u; and
Ve € Vect(X) is the Hamiltonian generating vector field. Then the quotient is deter-
mined by the condition u(v - z) = v~ 'u(z)v for any v € U(k). Then the hyperKahler
quotient X///U(k) = [~*(0)/U(k), where fi~' € X. Note that the reduction is also
hyperKahler manifold since the U(k) preserves the three complex structures as well as
the symplectic structure and the moment map is also extended for hyperKéhler case,
ie. ji = X — u;®R? One can also deform the i~*(0)/U(k) in u~*(0) by (in w R
From the supersymmetric point of view, these modifications correspond to the Fayet-
[liopoulos terms and they have also meaning in terms of turning of Neveu-Schwarz
2-form field in brane constructions of the Higgs branch of moduli space of vacua of

supersymmetric gauge theories. The deformed quotient can be understood as a moduli



98

space of non-commutative instantons [40]. Let us return to the ADHM construction.
We will look upon the gauge group G = U(N) and the ADHM construction for the
k-instanton solution in unitary gauge theory can be made by the following complex

vector spaces:
v==Cct, w=cV, (4.31)
and with the following homomorphisms between the above complex vector spaces
X = Hom(V,V) ® Hom(V, V) ® Hom(W, V) @ Hom(V, W) . (4.32)
The corresponding linear maps (By 2, [, J) € X are the ADHM data:
Bys € Hom(V,V) = End(V), [ € Hom(W,V), Je& Hom(V,W), (4.33)
and they satisfy the celebrated ADHM equations
pr =0, pc=0. (4.34)
The moment maps that generate the Hamiltonian group action on X with respect to

the three hyperKahler forms
g = [By, B]] + [Ba, Bi| + IT" — JtJ,

(4.35)
HC = [BlaBQ] +[‘]7
and p; = (g, pc) : X — uf ® R?. The ADHM variables are defined as:
v(Bio, I, J) = (vBiv vl Juh), veU(k). (4.36)

There is also framing on the instantons as we mentioned, G = U(N) associated with
the gauge transformation of U(N) gauge theory at infinity:

9(Bia,1,J) = (Bia,Ig"},9J), g€ U(N). (4.37)
This rigid gauge transformation acts on the ADHM variables as a global symmetry. The
ADHM variables are the coordinates for the configuration of the instantons. Therefore

the ADHM instanton moduli space can be defined as a hyperKéahler quotient as follows

My = {(31,2,[, J) | (pw, pc) = (0,0)}///U(k)

— 15 (0) N g (0) /U (k).
where the hyperKahler condition is comprehended in terms of three conditions on the

(4.38)

moment maps, (ug (0), Re uz'(0), Im 12" (0)) as we have seen before. Hence the moduli

space of instantons is the hyperKéahler manifold.
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4.4. Curing non-compactness and resolution of singularities

We have discussed that the moduli space of instantons exhibits non-smooth be-
havior due to the presence of small instanton singularities (UV) and the unbounded
range of collective coordinates (IR). The first one comes from the fact that the instan-
tons can be made as small as possible and the latter corresponds to the non-compactness
of R*. The issue of UV non-compactness can be addressed through the use of Uhlen-
beck compactification. This is achieved by introducing a point-like instanton to the

instanton moduli space for the unitary gauge group. in the following sense

.K/lv]v,k = MN,]@ U MN,k—l x IR UMN,k_Q X Sym2 (]R4) U---u Symk (]R4) (4.39)
e - , - 9 N N

1 zero-size 2 zero-size k zero-size

instanton instantons instantons
where Sym* (IR4) denotes the k™ symmetric product of IR*, associated with the point-
like instanton since they are not distinguishable. The Uhlenbeck compactification
allows us to add the solutions of k£ — 1-instantons in which their centers are separated.
However, there are still singular points in M ~. For instance, consider the first com-
pactified part My ;1 x IR*: The associated (k — 1)-moduli space is smooth, while the
presence of one remaining instanton gives rise to a singular point on My ;_; X R*.
Consequently, the Uhlenbeck compactification gives the fact that instantons that are
point-like are located only in a specific part of the compactified moduli space in which
there are no singularities but the resulting compactified space is still problematic due

to the addition of zero-size instantons.

As a further step, we need to resolve such a singularity. Recall that the hy-
perKéhler quotient of ADHM vector space X at zero level set, u~'(0)/U (k) is nothing
but the moduli of instantons. We can also generalize the above quotient for some non-
zero parameters. In algebraic geometry, the moduli space of instantons is isomorphic
to the moduli of framed torsion-free sheaves on CIP?. The deformation occurs due to
a change in the level set of CIP? at infinity, where C? is equivalent to CIP?/l,,. and
the singular points can be blow-up and replaced with exceptional divisors. Ultimately,

small instanton singularities are resolved. Physically, Nekrasov and Schwarz gave a
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physical understanding of this blowing as an non-commutative extension in terms of
instantons which live on non-commutative IR* 2 C? [49]. Therefore, for unitary gauge

groups the deformation can be done by improving the ADHM equation (4.34) as [49]:

pr =Cly, pc=0. (4.40)
The moduli space of instantons becomes
My =N /UK), (4.41)

where i = (ur, Re puc, Im pc) and (= (C1y,0,0). We will not give detailed deriva-
tion for other gauge groups in which such a procedure is not possible. The instanton
partition function for non-unitary gauge groups can be rewritten in terms of character
formula in a way that the resulting partition function is well-defined even if the instan-
ton moduli space is singular, see [56]. The deformation parameters are given in terms
of the two complex coordinates [z;, %] = ¢; (i = 1,2) with { = {; + (s, corresponding

to the coordinates of IR* = C2.

The next issue is to regularize the volume of deformed moduli space. Since the
IR non-compactness gives infinity when it is integrated all over the IR*, the resulting

answer turns out to be infinity

/ d*2d?z = 0. (4.42)
R*2C2
Therefore, one should introduce a regularization term for a finite answer
/ d221d22’2 N d2zld22267(e1|21\2+ez\z2|2) o L 7 (443)
C2 C2 €1€2

where €, €5 are real equivariant parameters for the Hamiltonian, H = €121 |* + €2]22|?
that is introduced before. This Hamiltonian generates a vector field for the T? action
on X and it has a moment map p acting on the element & = (€1, €23) € t where t is the
Lie algebra of the torus action. Thus T? action deletes IR non-compactness and one

can use localization techniques since the above integral converges at long distances.

Before we end the discussion, it is essential to make a remark about the deforma-
tion of the hyperKéhler quotient. As it was mentioned that one can compute equiv-
ariant volumes of deformed M?Vk by using the closed symplectic two-form w inherited
from M ~ & and the relevant symplectic form is the Kahler form. However, there can be

extra contributions due to the volumes of exceptional divisors. Fortunately, these divi-
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sors have complex dimension two in our case, and the restricted Kahler form vanishes
on them. This means that the exceptional divisors do not give any extra contributions

to the original moduli space of commutative gauge theory.

4.4.1. Equivariant cohomology

In this discussion, we will provide a concise explanation of how equivariant vol-
umes are integrated by utilizing the equivariant group action on a manifold. By intro-
ducing singularities and regularization of the underlying symplectic manifold, we can
apply the equivariant integral formula, which localizes on fixed point loci under the
equivariant group action. This is made possible thanks to the well-known Duistermaat-
Heckman’s formula. Duistermaat-Heckman’s theorem stands as a prominent example
of this localization principle concerning a compact symplectic manifold that has a U(1)
action linked to the moment map. It is worth accentuating that while the localization
formula primarily holds for a compact manifold, it remains applicable even in cases
of non-compactness and infinite-dimensional integrals, provided that the equivariant
fixed point still has equivariant compactness. From the quantum field theory point of
view, the equivariant localization or the Berline-Vergne localization theorem formula
has found widespread use in path integrals with the identification of the BRST super-
charge with the equivariant derivative. To provide a concise overview, let us delve into

the equivariant group action and explore its cohomological property.

Consider X, a manifold endowed with a free group operation G. In such a sce-
nario, the G-equivariant cohomologies of X manifest isomorphism with the de Rham
cohomologies of X/G

H{L(X) = H(X/G). (4.44)
In the event that the group action G on manifold X is not free, the resulting quo-
tient X/G ceases to be a conventional manifold. Consequently, in such cases, the
G-equivariant cohomology can be defined with the help of the universal bundle FG,

which undergoes free action from the group G:

H(X) = H*(X x¢ EG) = H*((X x EG)/G). (4.45)
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Significantly, when considering the scenario where X reduces to a single point, we have
H{(pt) = H*(BG), where BG = EG/G is so-called the classifying space [44]. Let us
return the case of the group action is free. The construction proceeds as follows. Let
g = Lie(G), and define the G-equivariant differential forms as 27,(X),and we can write
the G-invariant complex:
Q(X) = ((X) @ Clg])® . (4.46)
The induced action on a(X) € QF(X), where X € g, can be obtained via the pullback
operation:
g*a(X) = a(g'Xyg) for  Vged. (4.47)
Consider the vector field V(X) which belongs to the Lie algebra on X. Then, the Lie
derivative is defined as Ly : Q*(X) — Q*(X) : Ly = diy + tyd, where vy : Q7(X) —
O*1(X) stands for the contraction. Additionally, the equivariant exterior derivative
D : Q5(X) — Q(X) is defined incorporating the interior multiplication ¢y
D=d+ .y, (4.48)
with nilpotency i.e., D*> = Ly. The Lie derivative on the equivariant forms a(X) €
Q5 (X) gives the fact that Ly a(X) = 0. the equivariant cohomology is defined based

on the nilpotent equivariant derivative:

_ KerD
~ ImD
For our purpose, the symplectic manifold is the moduli space of instantons and the

HE(X) (4.49)

group action is given by U(k) as we shall see.

4.5. Equivariant localization on instanton moduli space

According to the Equation (4.27) the Nekrasov partition function Z(a, €y, €s) is
the partition function of the Qp twisted N = 2 supersymmetric gauge theory that is
evaluated in a non-trivial background a corresponding to the vacuum state |0),. Notice
that before the spontaneous symmetry breaking of the gauge group of supersymmetric
gauge theory, there is no vacuum expectation value for the adjoint scalar in the vector
multiplet. In other words, all observables are evaluated from the expectation value

of the pure vacuum, (0]1|0). However, in perturbation theory, we should choose a
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perturbed vacuum state |0), in the presence of the non-trivial classical value for the
adjoint scalar and therefore we need to evaluate all observables from |0),, as well as
the partition function itself, after the Higgsing. Furthermore, one can also deform
the trivial observable by any observable of form 1 + QrO by using the topological
BRST invariance of the Qp twisted theory. Then it is possible to write the equivalent
version of the Nekrasov partition function by making such an identification. In order
to do that, let us consider twisted N = 2 supersymmetric gauge theory with the gauge

groups G on IR* 2 C? with the following observable

O(¢, 9,9, A) = <exp {@ /mg(cz {w ATr(pF + %@b ANp) = %H Tr(F A F)} }>

(4.50)
Additional terms come from highest-ghost-number operators of the twisted Yang-Mills
theory through quadratic Casimir invariants in addition to the first quadratic term

that is proportional to Tr(¢?) [46],

4%# Tr(oF + %@Z) AY), (4.51)
where ¢, 1 and A denote the content of vector multiplet and w is the complex structure
of R* with the Hamiltonian H. With the help of Qp twisting or Q-deformation, we
can use the equivariant localization for the original partition function as the twisted
theory is topological and the partition function does not alter under the change of
coupling constants. Then the partition function can be computed in the UV limit,
where the classical solutions dominate the vacuum. To put it in another way, the
partition function is reduced to an integral over the moduli space of instantons. First of

all, we write the partition function of undeformed theory by summing all over instanton

sectors
Z(afa 617€2q) = quzk(a761762) 9 (452)
k=0

where Zi(a, €1, €) = fMg 1 and 1 stands for the localization of the pushforward of
N,k

a single point on G x T?-equivariant cohomology of moduli space of instantons. The

torus action for the equivariant parameters of the {2-background lF{f162 is denoted by

T? = U(1) x U(1). We can replace 1 by a cohomologically equal form to the ¢ 1

7{ 1 —s 0. (4.53)
M

¢ ¢
N,k MN,k
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Then the partition function becomes

Z(a, €1, €q) Zq / . (4.54)

N k
Let us consider the only instanton sectors in the observables O, ., in which ¢ = a and

Y =0,
1
0(a,0,0,A) = ( exp —/ wA Tr(¢F)| — 2kH dvolgs , (4.55)
(271)? JRasce u
where we have used the fact that k = g5 [s Tr(F A F) and dvolga is the volume of
the Euclidean spacetime. The partition function in the UV limit where the instantons

dominate is given by

Z(a, €1, €29) Zq / <exp{ﬁ/w~cz [w/\Tr(qu)] —2kHdvolR4}>a .

(4.56)

We can also write the Nekrasov partition function in terms of moment maps

Z(a, €1, €2q) Z q / exp {w + pug(a) — prz (e1,€2)} (4.57)

N k
where pg(a) and prz (€1, €2) are the moment maps corresponding to the global gauge

rotation of the instantons at infinity, i.e A = g~'dg, and the maximal torus action for
the SO(4) rotations of IR* introduced before through the Hamiltonian action on the
Mf\,k Note that we rewrite the field strength F' in terms of Cartan subalgebra of G
in the instanton background, the gauge connection is trivial at the infinity and the
adjoint complex scalar is given by the a. To illustrate this fact, consider the gauge
group G is given by SU(N). In the background of a nontrivial vacuum expectation
value of ¢, which breaks the gauge symmetry from SU(N) to its maximal torus can
be written as U(1)¥~!. Then the instanton configuration A, can be chosen to be in
the Cartan subalgebra of the suy = Lie(SU(N)) and the gauge potential A, can be
diagonalized and written in terms of N — 1 diagonal elements, a1, as, ..., ax_1, where
a; corresponds to the i generator of the Cartan subalgebra. In this background, the
field strength tensor can be expressed as F), = 9,4, — 0,4, + [A,, A,]. When A, is
diagonal, one can write A, = diag(ay,as,...,an_1), where a; corresponds to the ith
generator of the Cartan subalgebra. Then

F,; = 0;A; — 0;A; + [Ai, Aj] = 0;a; — 0;a; + [a;, a;] = i(a; — aj), (4.58)
where 7,5 =1,2,..., N—1. The off-diagonal components vanish because A,, is diagonal.

Therefore, the non-zero components of F),, are given by F;; = —F}; = i(a; — a;), where
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i,7=1,2,...,N — 1. The trace of ¢F},, in this background can then be written as

N-1 N-1
Fu)= Z GijFijg =1 Z ij(a; — aj). (4.59)

ij=1 ij=1
Thus the moment map associated with the rigid gauge transformation at infinity de-

pends only on the vacuum expectation value a.

The Equation (4.57) is the final form that we should evaluate but in order to
do that we should use equivariant localization with respect to these moment maps
by using the Duistermaat-Heckman formula as follows. Let (X?* w) be a symplectic
manifold with a Hamiltonian action of a torus T", i : X — t* with the corresponding
moment map € t = Lie(T) the action generator, V¢ € Vect(X) the vector field on
X corresponding to the T action generated by Hamiltonian vector field £ and f € X
a fixed point of the action, and w;[¢](f) are the corresponding weights of the T action
on tangent space, i.e. TyX. Then the Duistermaat- Heckman formula states:

L= ¥ mmm (400

f:Ve(f)=0
where w A -+ Aw = w™ and w;[¢](f) are the weights of the torus action on the tangent
—_—
n-times

space at the fixed point T}X. For our purpose, X = /\/l§\,,C and 7 = N + 2 so that

N+2 with the associated parameters &€ = (a, €1, €3).

the full torus action is given by U(1)
It can be seen that the w-dependent part comes from the expansion of the f e¥ since
the only highest form in the series expansion makes sense due to integration over 2n-
dimensional space. As an example of the illustration of how the remaining moment
maps contribute to the partition function, consider the only spacetime torus action
with corresponding parameters given by & = (e, €2). The only fixed point f is the
origin of IR*, where (u(f),e;) = 0 whereby the Hamiltonian is zero, i.e., z; = 2z = 0.

Therefore, the localization with respect to the T? action forbids the contributions of

instantons that run off to infinity.

Let us take a closer look at the equivariant action on the ADHM moduli space
and its associated fixed points. In ADHM construction, we observed that the ADHM
coordinates are subject to group actions by G¥ = U(k) and G = U(N), as described
in Equation (4.36) and Equation (4.37). Here, the symbol V indicates the dual of the
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gauge group in the context of the ADHM construction. In addition, there is a Lorentz
rotation of C? that operates on the quadruples of ADHM construction
(e,e?) - (By, By, I,J) = (e ' By,e By, I, e~ @+ J) | (4.61)
where (e, e®) € T? := U(1) x U(1) € SO(4). To use the localization formula, it
is necessary to define the fixed point in the equivariant action. We will thoroughly
investigate the fixed point within the ADHM moduli space, specifically by analyzing
the group actions of U(NN) and U (k) given by
g =€, v=e?. (4.62)
Those group actions are parametrized by the Lie algebras of U(N) and U(k). i.e.
a € uy = Lie(U(N)) and ¢ € u, = Lie(U(k)). We can linearize the ADHM equations
with the infinitesimal version of the above transformations to find the fixed point
equations:
¢By — Bip = €1By
¢By — Byp = 2B,
(4.63)
ol —Ia=0,
aJ —Jp=(e1+€)J .
We have used the fact that the complex part of the moment map is zero, puc = 0 as we
evaluate it at the fixed point. Note that the elements of the U(N) group is diagonalized
with the help of the Lie algebra parameters a € uy and they are determined by
the Cartan subalgebra. This can be seen in the following the last two fixed point
equations transform under U(N) as, a + hah™', where h € U(N), we have ¢l —
I(hah™) =0 —» ¢I — Ia = 0, in which I = Ih. Same argumentation applies to .J,
thah™J —J¢—(e1+€e)J =0, aJ — Jp— (e1 +€)J = 0 with J = h~1J. Accordingly,

diagonalization arises in terms of parameters, a € uy

N
a=a. (4.64)
I=1

Similarly, the half part of the quadruple (1, J) can be also decomposed with respect to
the torus action of U(N) or SU(N), I =1,®---@® Iy and J = J;@---® Jy. Then the
eigenvalue equations together with the eigenvectors of ¢ I; and J/s can be obtained by

using the fixed point equations under the full torus action TV*2 = U(1)N+2

ol = aly,  Jip= (a — (e1+ €2))J. (4.65)
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Hence we can observe that the different eigenvalues do not match for non-zero -
background parameters €1, €3 and, a; # ay + €; + € where [,I’ runs from 1 to N.
This leads to the conclusion that the eigenvectors which have different eigenvalues are

orthogonal: J; Iy = 0.

This orthogonality condition implies that B; and By commutes at the fixed point
[By, Ba] = 0 by the use of uc = [By, Be] +IJ =0 and IJ = 0. Expanding the ADHM
variables in terms of eigenvectors of the gauge group and spacetime torus action, by

multiplying the above equations with the eigenvectors (I, J;);=1. n, the fixed point

equations can be expressed as follows:

¢B11; = B1¢pl, + €. B1I;, = (a; + €1)B1 1,

¢Bol; = Bopl; + €2B1 1) = (a; + €3) B2 1y,

(4.66)
JiB1¢ = i¢B1 — e1Jo By = JiBi(a; — €1 — €2 — €1)
JiByp = JipBy — €3Jo By = JiBi(a; — €1 — €3 — €3) .
The most general version of the above equations can be written recursively [50]
¢ (BB L) = (a+ (i — e+ (j — Deo) (BB L) (467
(IB'ByY) ¢ = (@ —ier — jeo) (JIBIT' By,
for (i,7) € (1,...,00). Note that formally, there are an infinite number of linearly

independent eigenvectors. However, k of them are independent because the rank of ¢
is equal to k. The above construction can also be rephrased in terms of partitions in the
following sense [51,52]. Let s = (4, j) be a partition, then the fixed point is determined
by the N-tuple partition ¥ = (V;,---,Y)) with |Y] = SV Vi = k, and each Y] is
characterized by Y, = (Ap1 > Ap2 > -+ > 0). The partition s = (4, j) corresponds to
a box [J € Y; whose location is identified with ¢’th row and j’th column of ['th Young

! with

diagram. Each box s = (i,7) € Y] can be represented with a monomial zi_lzg_
ie(l,...,00), 7€ (1,...,Y;). Each box O € ¥, has an associated eigenvalue of ¢,

which is denoted by ¢; and can be found using Equation (4.67) [51]
Y — ¢r(a,s) =ar+ (i — Der + (j — Dea. (4.68)
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4.5.1. Integrating out ADHM variables

In this part, we will integrate the ADHM coordinates using the path integral of
the twisted N' = 2 gauge theory with a gauge group G. To begin with, the ADHM mod-
uli space My, is defined as X = Hom(V, V)@ Hom(W, W)@®Hom(W, V) @Hom(V, W),
where the coordinates are (B2, I, J). In this moduli space, the group G¥ = U(k) acts
on the ADHM quadruple. Furthermore, the deformed ADHM moduli space is obtained
by taking the quotient of the level set §71(0) C X as M?Vk = 571(0)/G" in which the
section is defined as § = i — f with 5 = (¢,0,0). The ADHM equations can be in-
corporated into equivariant integration using the Mathai-Quillen formalism [53, 54].
We have two coordinate types: bosonic and fermionic. The former represents the
ADHM construction coordinates, while the latter is obtained by applying the equiv-
ariant derivative (scalar supercharge) D := Qp, associated with the anti-commuting
one-forms (¥, ,, ¥7, ¥ ). Following the Mathai-Quillen formalism, it is necessary to
introduce anti-ghost multiplets ()Z = (XR,XC),F[ = (HR,HC)) and (¢,n), arising
from the gauge-fixing condition. Note that these anti-ghost multiplets are fiber bun-
dles of X with a section s, and they belong to u; = LieGY. Ensuring compatibility
between topological BRST transformation and equivariant action is crucial. Hence, all

transformations must be suitably defined [51].

QEB1,2 = ‘I’Bl,z, QE\PBLz = [625, Bl,z] - 61,231,2,
Qpl =y, QpV; = ¢l — Ia,
QpJ =Yy, QpV,;=—-Jo+al — (e +€)J,
Qpxr = Hr, QrHr = [¢, Xr]
Qrxc = Hc, QpHc = [¢, xc] + (a1 + €2)xc, (4.69)
QE% =1, Qpn = W@] )
QEBI,Q = EBLQ, QEWBLQ = —[o, BI,z] + 61,231727
Qpl' =V, QpV; = —I"¢p+all,
QpJi =T, QE@J:ngT—JTaqL(el—I—eQ)JT.

It can be understood that the fixed point Equations (4.69) are translated into the
condition QpVp, , 15 = QEEBL%I’J = 0. Therefore, the fixed points exhibit the nilpo-
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tency of the equivariant derivative on M?Vk To carry out an integral over the moduli
space of instantons, it is necessary to map the equivariant cohomology on X to the or-
dinary cohomology on M§Vk = 571(0)/GY by using the inclusion map i : §71(0) — X.
This is accomplished by defining the map I o 7* in which the pullback is given by
i* : Hiv(X) — HEv(571(0)) and the isomorphism [ : HE, (571(0)) = H*(571(0)/GY)
where we assume that the GY-action is free on §7'(0). The cohomology class in
§71(0)/G" is determined as & = [ oi*a(¢), where a(¢) is equivariant differential form,
i.e., Da(¢) = 0, the element of QF, (X). Hence, the integral of this equivariant form,
Jx a(¢) is nothing bu the the pushforward map Q¢ (X) — Qv (pt), which descends

After all this mathematical machinery, we can evaluate the path integral over
the regularized equivariant volume of the moduli space /\/l§V - Remember that we can
compute the path integral in the weak coupling limit in which the relevant contributions
come from the instanton configurations. The instanton sector of the path integral can
be written as [51,55]

Zy(a, €, €) ::jq{ . 1
M, (4.70)

- / DDFDHDYDYDUDBDID.J¢ 2 H(FBLI bl wv ()3, nio.3])

Y

where Y - § = xrur + xcpc and Y - H = XrRHR + XcHc. The remaining term is

determined by the V(¢), which is the dual group flow vector field which is generated

by the dual group action G":

- V(a) = \IJBl [57 Bl] + \IJBZ [Q_ba BQ] + \Ijlg_b[ - JE‘I’J - EBl [57 BI] (4 71)

— Up,[6, BY] — I'¢T; + T,
We can see that the action is written as the Qpg-exact form, and as we shall see in a
moment, it is independent of the coupling constants that we introduced. As a further

step, we can add the corresponding quadratic or kinetic terms for (B o, 1, J) without

altering the action since it is Qpg-exact [55]
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Lqua — _ _
qu QEtl" [BI,Z\I}Bla — \IIBLQBL? + IT\D[ — ‘I/[I + JT\IIJ — ‘I/JJ]

— tquaa 1 | Bl5 (16, Bra] — e12B12) + 11 (6] = Ta) + J' (~J6 + aJ — (e + 2)])
+ tquad tT [V, , U, + U 0+ 0,0, .

(4.72)
The BRST transformations were used to derive the second line of the Equation (4.72).
As mentioned earlier, we can evaluate the path integral within the semiclassical regime,
i.e. tquaa — 00. Consequently, this results in the inclusion of the aforementioned term,
along with y - H , as crucial components in the path integral. To accomplish this, it
becomes necessary to diagonalize (¢, a) according to Equation (4.73) and Equation

(4.64). Upon expressing ¢ using that basis, the expansion becomes:

¢ = diag(opy, ..., k) - (4.73)
Note that there is an additional subtlety, which is to fix the path integral measure in
terms of a constant factor. This stems from the translation invariance of g¥. We can
approach this as follows: The group GV is naturally isomorphic to the tangent space
to the identity element of GV, which is the Lie algebra of GV, denoted as g'. The
corresponding invariant volume element of the group, known as the Haar measure on
GV, defines a measure on GV. Now, we can select an arbitrary Haar measure on GV as
@1, ...,0r in a manner that this measure d¢,d¢s . .. d¢, on the group is equal to the
chosen Haar measure at the identity of G¥. The subsequent measure is then as follows,

the measure

deoy .. .doy
volGVY
is a natural measure on G, where vol GV denotes the total volume of Haar measure.

(4.74)

Note that Equation (4.74) is independent of the chosen Haar measure on GV. Hence, we
can describe the equivariant integral as an integral over X x gV with the above setting.

The corresponding Haar measure is obtained via the Vandermonde determinant:

d 1 dér - 1 dé; < )
vol(?(k) - y% [1(er =) _>D¢:EH (2i¢) [T =007 (475)

I£J T I=1 I#J

where we utilized the fact that DM = Hle dN\A(N)? with A(N) = [Tic;(Ai — Aj) and
M represents the k x k matrix defined as M = UAUT where A = diag(\y,..., \p)

and U corresponds to the unitary matrix. Consequently, we can calculate the bosonic

component of the quadratic Qg term
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tquad tr [BI,Z ([(b’ Bl,Q] - 61,281,2>:| = tquad Z (¢IJ - 6m)’Bm,IJ|2 9

1<1,J<k
m=1,2

tquad [IT (gb[ - I(l)} - tquad Z (¢I - al>|IIl|27

I=1,..k
I=1,..,N

tquad tr [JT (=J ¢ + aJ — (e1 + €2)J) | = tquad § (—¢r +ar— (&1 + €))|Jul?,
I=1,..k
=1, N

(4.76)
with ¢;;7 = ¢; — ¢;. Therefore, the total of the three terms is equal to

Y b= BuulP+ Y (br—a)llnf+ Y (—drta—(ate))Jul®. (4.77)

J<k I=1,...k I=1,..k
2 I=1,.,N I=1,..,N
All three terms are quadratic and we can perform the path integral of the corresponding
degrees of freedom by noticing that all of them are bosonic. For instance, the vari-
able By 5 can be integrated out [ ], _, , dBjm exp (tk2 S i<rg<k(Prs — em)|Bm7”|2) o
’ m=1,2

=+ [Ti<ru<k(érs — €m) . If we do the same computations, we find that

tc;f:d_QNk H (¢rs — €m)”"! H (pr —a) H(—¢r +a— (e1+ €))7 (4.78)
1< J<k I=1,...k
m=1, =1,....N

The fermionic counterparts of the B; o, I, J can also be achieved by performing fermionic
Gaussian integral and the final result depends on tﬁi:d?N ¥ rather than the (U Bios V1, V).
Fermionic integration is fixed by [ dWdV exp(¥W) = 1, and an appropriate constant
factor comes out as the inverse of the bosonic one. Therefore, the final answer has

no dependence on the coupling constants as we anticipated before. The other relevant

term can be dealt with along the same lines:

tyQptrX - H =ty tr [H]RH]R + ngHC + XRr[0, XR] + X(Tc ([¢, xc] — (e1 + €2)xc)

(4.79)
The quadratic terms for the H and Xc can be made similarly
trrtr XE ([ xc] — (@1 + €2)xc) = tn Z (61 — (&1 + €2)Ixes (4.80)
1<I,J<k
and if we carry out the Gaussian integral, we find that the result
k k
th [ (61 — (&1 + &) =15 (—(er + ) [ [ (01 — (1 + &) . (4.81)
1,J I#J

Note that the y¢ term is fermionic, contrary to the H¢ term. The Gaussian integral

of xc yields the factor t’fj . Consequently, this is compensated by the Gaussian integral
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of Hg, resulting in no dependence on the coupling constant. The yr term provides:

k
2
tr tr Xk ([0, XR]) = tn Z (ér0)Ixw1a)* — H Ory - (4.82)
1<I1,J<k I#£J
The Gaussian integral of Hg gives the inverse power of the coupling constant, so the

result is independent of ¢ again. The full path integral of the ADHM variables can be
expressed as a multivariable contour integral by combining equations Equation (4.75),
Equation (4.78), and Equation (4.81) together with the Vandermonde determinants.
The equivariant integral over the instanton moduli space, given by Equation (4.70), is

then localized on this contour integral through equivariant localization [51,53], [54]

(1 +6)" ¢1,(01, — (1 + €2)°)
Z a, €, )
a1, 0) = k' (2mieren)* 7{1_[ P(¢1)P ¢1 + €1+ €) II;IJ (67, — €)(¢1, — &)
(4.83)
where P(z) = [[,(z — a;) and note that we absorb the two —1 that come from the

determinant associated with J and xc. The integral (4.83) can be interpreted as the
contour integral, taking into account the poles located at the denominator. This means
that these poles are identified with the eigenvalue of the infinitesimal equivariant full
torus action Te X Tev x T? on the ADHM variables as

(¢r — ¢y —€m) for By, 1y, (m=1,2)

(o1 — ay) for I,

(a; — ¢r — (e1 + €2)) for Jyy

(or — s — (a1 +€)) for xcrs-
The denominators correspond to the weights of the equivariant actions at the fixed

(4.84)

point. This can be seen by looking at the torus action on the y-term since it is the

counterpart of the moment map. Then we have that

pers [, puc] + (61 + e2)uc @) (01 — g — (1 + €)) pc,1s - (4.85)

The equivariant localization can be simplified by initially localizing about the groups
U(k)x G xT? that act on the vector space of ADHM matrices. Afterward, the U(k) part
of the localization multiplet can be integrated to include the quotient. We should also
remark on the contour integration. To one must shift the poles located at ¢;; = %€ 2 by
either altering the contour or adjusting €; o — €; 24140, where 6 < 1. Likewise, to avoid
the zeroes of P(¢;) in the denominator, we should set a; — a; + I4’. Hence, the origin

of these poles can be described through the application of the Duistermaat-Heckman
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formula and everything is consistent. When matter fields are present in the moduli
space in terms of fundamental or antifundamental representation of the gauge group,
the path integral localizes on the Weyl zero mode locus. This solution can be described
by additional fermionic variables, namely (), f){::ﬁj::;;ng and (Xfl){jll’j::;;gjvaf, as discussed
in [55]. We can utilize the path integral formalism by defining multiplets, together
with equivariant torus actions Ty = U(1)N' € U(N') and Ty = U(D)N™ € U(N)
stands for the Cartan subalgebra of the flavor symmetry groups and the corresponding
parameters are the masses, m = (my,--- ,my;) and m = (mq,--- ,my,,). See more

detailed expression and derivation [51,52], [55].

Note that the entire discussion is based on the gauge group U(N) so far and we
can express the instanton part of the partition function in its most general form using
a geometric perspective as

Zy, (a,m, m, €1, €3) = ]fMG Eugsrzxu(vy)xvva)(V @ M @ M). (4.86)
K

Here the torus action of the symmetry groups is represented by G xT?xU (N;)xU(Nqy),
which is a combination of the flavor group, gauge group, rigid gauge transformations,
and the (2-deformation. The bundles over the instanton moduli space have fibers
given by the vector spaces (V, M, M ), and their equivariant Euler class is denoted
by Eugxr2xu(Np)xU (N, p)- We can also add the adjoint matter as well as the quiver

generalizations of the instanton part of the Nekrasov partition function, we will discuss

this when we write the instanton partition function in terms of partitions.
4.6. Extracting The Prepotential

We can make use of the prepotential by establishing a connection between the
partition function and the prepotential. This can be achieved through the following
approach:

Z (CL, €1, E2A) = <1>(l = /'DX@Smicro(X) — D)?efseﬂr()z)
|k|<A
1

= exp {E Im % / d*rd*0F (—2v/2a, Az, 9))} (4.87)

1
=exp —F (a, €1, e) .
€1€2
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This correspondence can be demonstrated in the following manner. Firstly, consider
the case in which there is no matter. In the first line of Equation (4.87), we integrated
out the massive degrees of freedom in a Wilsonian sense and localized the integral
to the zero modes, which are parametrized by the vacuum expectation value of the
adjoint scalar. The resulting function becomes dependent on the cutoff scale A. That
is because the coupling is superspace dependent and related, causing the cut-off scale
to also be superspace dependent, i.e., H(z,6) = H(x)+ %w,ﬂ,é’“ﬁ”. Then we can replace
the prepotential in terms of superspace dependent prepotential, F(a, Ae~ ) and we can

expand as
2

0 1 0
—Hy _ —H —Hy | L 242 —H
Fla,Ae™ ) = Fla,Ae™ ") 4w AaA.F(a,Ae )+ = A 8A2'F<a’Ae ). (4.88)

Upon rescaling the metric of R* by a factor of coupling constant ¢ and taking the limit
as t — oo, the main contribution comes from the third term of Equation (4.27) [51].

This gives together with the fact that the derivatives of H with respect to z; and 2y,

are proportional to €; o
1 O?F(a, Ae™ ™)
Z(a,€1,€) = exp {—2<2m>2 /R4w w—alogAQ } + O(ey, €2)
Enst(aa A) + O<€17 62)

~ exp R
€1€2

where the instanton part of the prepotential of the low-energy theory is given by
> 92 F(a, Ae™H)

«Enst(aa A) = /(; T HdH . (490)

We can evaluate the Seiberg-Witten prepotential by turning off the (2-background and

(4.89)

obtaining the quantities in IR*. Hence, we have derived a formula that can be used to

evaluate the prepotential along with the fundamental matter

lim L €162 log Z (a,m, €1, €a\) = Fingt (@, m, €1, €a\) . (4.91)

€1,62—>
Accordingly, instanton part of the prepotential of the A/ = 2 supersymmetric gauge
theory with fundamental hypermultiplets are given by the logarithm of the Nekrasov

partition function at €; = €5 = 0, which recovers the Seiberg-Witten prepotential.

4.7. Nekrasov Factors

In the previous discussion, we uncovered that the equivariant torus actions at

the fixed points of the instanton moduli space can be expressed in terms of partitions.
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This section will delve into this topic with a more comprehensive approach. Let us
consider a Young tableau Y; = (A1 > N2 > --- > 0) denotes the height of the i-
th column. If ¢ is greater than the width of the tableau, then we set ¥, = 0. Let
YlT = (/\Z1 > )\;2 > ... > 0) be the transpose of Y. For a box s located at the
coordinate (i,7), we define its arm-length ay(s) and leg-length [y (s) with respect to
the tableau Y’

ay(s) =N —j.  Lly(s) =\ -1, (4.92)
where ay (s) stands for the distance from the partition to the right end of the Y and
ly(s) gives the distance from s to the bottom of the Young diagram. The Nekrasov
factor is defined as [57]

Eyv,v,(a,s) = a — €1y, (s) + ea(ay, (s) + 1). (4.93)
where we have denoted @ as (ai,...,ay). Then, the SU(N) vector multiplet from the

fixed points f labeled by an N-tuple of Young diagrams Y can be written as [57]
N
1

e ey, Bvivi (@ = an, 8) Tliey (60 + €2 = Ev,vi(a — an, 1)) 7

and the following formula gives the matter part in fundamental representation with Ny

Zvect (da }_}) =

(4.94)

flavors

qund H H al, —m—+ € + 62) . (495)

=1 seY;
The anti-fundamental hypermultiplet can be determined from the fundamental one as

Zantitand (@, Y ;) = Zpna(@, Y, €1 + € —m) , (4.96)
where ¢(a;,s) is defined at Equation (4.68). In the context of a gauge group that
comprises two distinct groups, namely SU(N;) and SU(N;), a field that is charged
under both groups sits in the bifundamental representation. The contribution of the

bifundamental part can be expressed as follows [57], [65-67]

N, N
Zituna (@, Y b, Wm H H H (Ey,w, (a ,8) — M)
I=1 n=1 sev; (4.97)
X H (61 —+ €y — EWnYl (bn — ay, t) — mbf) s
teW,,

where we have denoted Coulomb branch parameters for SU(N;) and SU(Ns) as @ and

l;, respectively. The adjoint hypermultiplet can be determined by

—

Zadj (67 Y7 0) = 1/Zvect0r<67 Yf’) . (498)
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Additionally, Z,q;(a, Y,0) is obtained by setting @ = b in the bifundamental part
Zoai(@,Y ,m) = Ziiguna(@, Y, a,Y,m). (4.99)

We can glue all of those different contributions as [51,66]

|Y(1 B |}7(1v171)|
7 — Z Z : (q(M 1))

Y(l) V(M—1)

X H Zvect( 7 a) H Zblfund a _’( ) (a—&—l)’}}’(a-s—l)’mE)sz,OHrl)) (4100)
Ny

X H qund q M= 7}7(M b mN+5 H Zantlfund( (1)a ?(1); mif)y
y=1

and the Coulomb branch moduli parameters and Young diagrams for the gauge group

factors can be found by

@ =@, &) and Y@ =Y ... V¥, (4.101)
The index a = 1,..., M is employed to enumerate nodes of the hypermultiplets along

the quiver gauge group with the associated instanton parameters (.
4.8. The Five-Dimensional Lift

In this part, we will give a genuine correspondence between the Gopakumar-Vafa
formalism and the five-dimensional lift of the Nekrasov partition function. This relation
can be understood in terms of various approaches. To begin with, the instanton part of
the prepotential of N' = 2 supersymmetric gauge theory can be expressed as the one-
loop corrections in the 5d A/ = 1 theory when the circle shrinks to the zero size. The
five-dimensional theory lives on the IR* x S! background [58,59]. To better understand
this fact, it is necessary to review some basic facts about five-dimensional N = 1
supersymmetry. Let us recall the spinor representation of SO(4,1). The supercharges
of 5d N = 1 supersymmetry are transformed in the pseudo-Majorana representation
and after Kaluza-Klein reduction around the circle, the supercharges decompose to
the N' = 2 supersymmetry in four dimensions. This can be understood from the fact
that the supercharge is decomposed under the little group SO(4) = SU(2), x SU(2)r

resulting the following supercharge

1
Qo = Pa . (4.102)
%,B(Q%)T
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The anticommutation relations can be written bu using the above decompostion
{Q Q) = cuc? (Z +iPs)
N
{Qm Qi } = fysbpﬂ ’

Z is a hermitian central charge in four dimensions and the four-dimensional N' = 2

(4.103)

supersymmetry Equation (3.30) can be read from by noticing that the remaining part
of the four-dimensional central charge comes from the momentum along the circle
direction S! up to some coefficients. As in the case of A/ = 2 supersymmetry, 5d
N = 1 has vector multiplets and hypermultiplets. However, the vector multiplets
of N = 1 have some difference compared to the four-dimensional vector multiplet
in terms of their spins. The scalar fields in five dimensions are real contrary to the
four dimensions. Under Kaluza-Klein reduction, four-dimensional complex scalar field
¢ € t can be obtained by the combination of real adjoint scalar in five dimensions
¢ with the Wilson line along the circle direction. This brings about that we have
asq = ge? in which the Wilson line is given by the holonomy g = fsl Asq € T of
the gauge field around the S' at infinity of IR*. Furthermore, we are interested in
the twisted version of the AN/ = 2 supersymmetry in four dimensions and dimensional
reduction must be compatible with that. The twisting gives rise to the fact the IR* is
rotated in a nontrivial way if one goes around the circle, R* — IR‘:162 or more precisely
the spacetime is fibered over the circle. This implies that the loop wrapping the S!
localizes at the origin of spacetime. Hence, regularization for the equivariant volume
integral naturally emerges, with the localization of instantons being equivalent to the
loop corrections affecting the prepotential of the 5d. The partition function of the five-
dimensional (Q-background) N' = 1 supersymmetric gauge theory can be computed
by the supersymmetric quantum mechanics which lives on the instanton moduli space.
The degrees of freedom can be implemented from the quantization of the moduli space
of collective coordinates. Then, the partition function is given by the following Witten
index [24,25], [51]
Z(a,m, €1, €28) = Try (=128 exp [— e (JP+ Tp) —ea(Js+J3) —a-Q+m-F — BH]
(4.104)
J1, Jy are the two Cartans of SO(4) which rotate the spatial IR* and they are related
by the left and right part of the SO(4), i.e., Jp, Rby Jgr = (J1+J2)/2 J, = (J1— J2)/2.
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The generator for the Cartan subgroup of the five-dimensional SU(2)zr R-symmetry is
given by Jr. The H is the Hamiltonian of the supersymmetric quantum mechanics, the
parameter 3 is linked with the size of the circle, and the trace is taken with respect to
the Hilbert space of the supersymmetric quantum states. ) and F' are the gauge and
the flavor charges associated with a and m are the four-dimensional chemical potentials
for the gauge and the flavor symmetries, respectively and the sums are represented as
a-Q=>%,_,uQ andm-F = Zi\[:fl msFs. Note that we evaluate the gauge field at the
infinity in such a way that a belongs to the complexified Cartan torus, Tc, including
the holonomy factor that we stated before. The construction mentioned above can
be explained through the effective gauge coupling constant from a physical perspec-
tive. The five-dimensional coupling constant is running due to one-loop contributions
which come from BPS states as well as their bound states of them. Consequently,
five-dimensional W-bosons correspond to four-dimensional instanton solutions and the
effective coupling constant depends on the various charges, masses, and spin degenera-
cies of the BPS particles which are running on the loops [58,59]. The relation between
the four-dimensional partition function and the above Witten index can be determined
by taking the limit 8 — 0, which means the size of the circle of the 2 background
goes to zero. Additionally, after compactification on S!, the resulting preserved su-
persymmetry is given by the twisted supercharge Qg. The four-dimensional limit can
be taken while €1, €5, a and the masses are kept finite. This results from the fact that
the five-dimensional partition function is reduced to a four-dimensional one with a fac-
tor oc f~R(G) =Rk [57] Where 2hY(G)k stands for the complex dimension of the
moduli space of instantons with a given gauge group by G and k(R)k is the complex
dimension of the hypermultiplets with a given representation R of the gauge group.
The k(R) is the so-called quadratic Casimir and this factor affects the four-dimensional

instanton parameters as
872
954
where the four-dimensional instanton fugacity is fixed. On the other hand, dimensional

= (2hY(G) — k(R))log(—iB) + logq, (4.105)

reduction along the circle gives rise to the connection between the four-dimensional

coupling g44 and the five-dimensional coupling gsg
8m?  8r*p

°r (4.106)
gid g?xd
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We can see that upon variation of 3, the above relation gives that the logarithmic one-
loop running of the four-dimensional coupling constant can be understood in terms of
UV cut-off scale 37! since the one-loop beta function is determined the dynamically

generated scale A through q = A2 (G)—k(R),

Let us return to the geometric side of this story from string theory construction.
As we have mentioned, the twist for the five-dimensional supersymmetric gauge theory
results in that the noncompact four-dimensional part of the flat five-dimensional space-
time turns out to be ]Rf162 or the total space X,,, becomes the IR* is fibration over the
base space S'. According to the Geometric Engineering, the five-dimensional gauge
theory can be obtained by the M-theory compactification on non-compact Calabi-Yau
threefold which is given by the Asymptotically Locally Euclidean space(ALE). This can
be rephrased in terms of the local neighborhood of the K3 fibered over IP*, non-compact
Calabi-Yau threefold [60]. Recall that Type II-A string theory is the perturbative limit
of the M-theory in a way that the M-theory circle S},, dictates the string coupling. If
the M-theory circle goes to zero size, we recover the Type II-A string theory. Then if the
M-theory circle is chosen as the base circle of X, .,, the four-dimensional limit can be
studied in terms of string theory. This configuration is similar to the Gopakumar-Vafa
background, then the graviphoton field strength which comes from compactification of
the ten-dimensional metric along the non-compact Calabi-Yau threefold is identified
with
F = eida* A da® + eada® A da* . (4.107)
This is the same field strength after the complexification of IR* that we discussed in
the refinement of the topological string free energy of the Gopakumar-Vafa formalism,
surely this is not a coincidence. Since the five-dimensional particles running on the
loops wrapping the base circle become the four-dimensional particles coupled to the
graviphoton field strength. Hence this story is the same as the Gopakumar-Vafa case.
This leads to the conclusion that the two pictures are equivalent and we can write the

relation between the partition function and the free energy schematically as

1
logZ(a,m, 617625) = EF(Q(MQHMQJ» ) (4108)

where ¢ and t are defined as ¢ = e and t = e, and @), and @),, are Kahler parameters



120

for the associated 2-cycles wrapped by branes. The general map between the geometric
engineering parameters and field theory ones is more subtle, but we made this simpli-
fication for clarity. The right-hand side of Equation (4.108) can be computed via the
state-of-the-art topological vertex [63,64]. On the other hand, one can compute the
partition function without relying on any geometric construction, and it is possible to
compute the refined Gopakumar-Vafa invariants from the Nekrasov partition function
of the five-dimensional supersymmetric gauge theory on the (2-background directly.

Nevertheless, the mapping between them is generally not trivial.

We can also extend this remarkable result to the worldsheet instantons as well
as the higher genus corrections by means of the genus expansion of topological string
theory. Let us ignore the effect of the 2-background by setting ¢, = —ey = A, then we

can expand the logarithm of the partition function as
[e.e]

log Z(a, h, —hf3) = —%F(a, h,—h) =Y _h**F,(a). (4.109)
The parameter A can be thought of as string coupling g(;)onstant A. Therefore, the pre-
potential of the gauge theory engineered by underlying local toric Calabi-Yau geometry
can be achieved by the genus zero worldsheet instanton contribution. Furthermore, the
gravitational couplings R% F_Eg ~? can also be found from the expansion Equation (4.109)
in which F'; and R, is self-dual part of the graviphoton field strength and Riemann
curvature tensor, respectively. Let us discuss the more general case for €; + €5 # 0. In
that case the Nekrasov partition function also has gravitational couplings through the
coefficients of R2F29-2 terms in the effective action. The gravitational couplings can

be computed by the expansion of the Nekrasov’s partition function around small €, €5

parameters [61,62]

o0

log Z(a,e1,28) = > _ (€1 + €)™ (e162)? " Frg(a). (4.110)

g,n=0
Note that this expansion is not unique [61,62]. So far, we consider the relation be-

tween the Nekrasov partition function and the topological string theory free energy.
However, we did not discuss how the five-dimensional Nekrasov partition function can
be computed explicitly. Let us take the five-dimensional SU(N) gauge theory with
eight supercharges. The partition function of this theory can be constructed by the
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five-dimensional lift of the four-dimensional Nekrasov factor that we introduced. The

five-dimensional Nekrasov factor is given by:

Ny,v, (a1 — ag, s,t) = H (1 — etre)a—(ay, (S)+1)62+a1_a2)
s€Y;

(4.111)
% H (1 . e—(ﬁyl(t)+1)61+ay2(t)62+a1—a2) .

Then, the five-dimensional SU(N) vector multiplet with eight supercharges can be

written as
. N 1
Zvec _)a Y)= . 4.112
t(a ) Lne=1 NYlYn(al_a’nasvt) ( )
Additionally, the five-dimensional bifundamental part can be found from
N1 N
Zblfund( b Wm H H NYLWH — My, S, t) . (4113)
=1 n=1

The other contributions, such as fundamental, antifundamental or adjoint hypermul-
tiplet ones can be determined as in the four-dimensional story without any further

modification, then we can write the general partition function which has all such con-

tributions
Vs M — (M —
g Z Z ( 51+62 )) >N(1)|Y(1)| N (eielgq (q(Ml))2>N( NP (M=1)]
Y(l) Y(]\J 1)
M—1
< I Zueer(@®, ¥ H Ziitana (@), V(@) ot t) Ylott) el
a=1
Ny Naj
X H qund(c_i(M_l)7 Y(M_1)7 m§V+5) H Zantifund(6(1)7 Y(1)7 m:f) .
6=1 v=1

(4.114)
Note that each instanton parameter is multiplied by the additional factor which de-

pends on the 2-background parameters.

4.9. Refined GG; Instanton Sum

In this section, we shall give a brief review of [70], in particular the computation
of the refined G5 instanton partition function from “ADHM-like” formalism. Classical
gauge theories admit ADHM description and one can understand the dynamics of
moduli space of instantons via ADHM [47]. By using ADHM construction, It is possible

to write down closed expressions for partition functions of ABC D-type gauge theories
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in terms of contour integrals, and residues of these integrals are nothing but Jeffrey-
Kirwan residues [56,69]. On the other hand, these contour integrals can be written as
a residue sum only for A-type gauge theories in which fixed points of the equivariant
action match with ordered sets of Young diagrams, and the instanton sum can be made
by the combinatorics of Young diagrams. Apart from that, there is little known about
exceptional gauge theories, however, as discussed in [70], one can get a closed formula
for SO(7) and G5 gauge theories from colored Young diagrams of SU(4) and SU(3)
respectively. The ADHM construction for exceptional instantons is the following firstly,
consider d dimensional gauge theory with a gauge group G, whose rank is given by
r and H, is classical gauge group as a subgroup of G,. The relevant phase for this
construction is the Coulomb phase rather than the symmetric phase of the exceptional
gauge theory. In the Coulomb phase, the moduli space of instantons of G, are lifted to
the saddle points and these saddle points are instanton moduli space of classical gauge
group H,. These saddle points are identified by massive parameters since we are in the
Coulomb phase. When G, is an exceptional gauge theory, there is no standard ADHM
construction. However, when the GG, and H, have the same rank, in some cases, it is
tractable to separate the whole moduli into the instanton moduli space of H, which
admits the standard ADHM formalism and the moduli which comes from the extra
fields. To sum up, there are two moduli, the first one comes from the vector multiplets
of H,, and the second one comes from the extra light degrees of freedom in UV. The
latter one is crucial to capture the full dynamics of the moduli space of instantons
of GG,.. In group theoretical language, this means that adjoint representation vector

multiplet in G, decomposes as

adj(G) — adj(H) @ Ri(H), (4.115)
where adj(H) and R;(H) stand for vector multi;olet of classical gauge group and extra
fields respectively. When G, = G, then H, = SU(3) we have

SUBB)CGy:14 -+8®3D3, (4.116)
where the first part of the decomposition corresponds to SU(3) and the remainder
is the extra moduli. In standard ADHM formalism, d dimensional gauge theory can

be represented by d — 4 dimensional gauge theory. In our case, d = 5 and with Q-

background deformations, 5d N' = 1 G5 gauge theory is reduced to supersymmetric



123

quantum mechanics on the moduli space of & SU(3) instantons with extra vector
multiplets. The field content for standard ADHM given by SU(3) [70]
Ay Xo, AN =(0,4) U(k) vector multiplet ,
@.q:(k3)+(k3) (1=1,23), (4.117)
Gadj, Gadj * (adj, 1).
The 2-dimensional gauge field is denoted by A, = (Ap, A1), ¢ and ¢' are hypermulti-
plets with bosonic fields which sit in (k, 3) + (k, 3). The hypermultiplets with bosonic
fields that sit in (adj, 1) labeled by gagj, adqj- The extra bosonic field content can be
expressed as [70]

¢;, b4 : chiral bosonic fields in (k, 3) J=1 7+ (k,1),_ 1,

b, b : chiral bosonic fields in (antiy, 1) J=1,

) (4.118)
A : Fermi fields in (sym,, 1),-0,
A : Fermi fields in (symy, 1),—_; .
J is defined as the generators of the symmetry group SU(2), x SU(2)g
Jr+J
J = % . (4.119)

Jr and Jg are the Cartan’s of SU(2)g and SU(2)g, where SU(2)% is the R-symnmetry
of the five dimensions. The matter can also be added to the above field content by
introducing extra Fermi multiplets. However, since we are interested only pure G,
gauge theory, thus we ignore these fields. There are also left-right symmetry SO(4) =
SU(2)r x SU(2) 1, of the gauge group in 5d Q-background which is C? x St. The SO(4)
group acts on the spatial part of Q-background, C? = IR*. The partition function for
the above field contour, in other words, the refined pure G5 instanton index with an
instanton number k£ can be written as the Witten index. This index can be expressed

as contour mtegral [70]

2e
7G2 _ ]Idﬁbl ) HI#stlnh HIJQSmh =L ¢1J
ko 21 Hk H 2sinh e+t (dr—ar) | H 2 Slnh €1,2+¢rg
I=1 =1 2 1,J —2

HISJ (2 sinh % - 2sinh —¢’+¢;_26+)
I (H?Zl 2sinh MTI_C” - 2sinh %) -TI,.,2sinh 61,2—<§z—¢J

where ¢r; = ¢r—¢ and ex = (e1€3)/2. £ and € » means that all terms are multiplied.

(4.120)

X

The chemical potentials of the SU(3) gauge theory are given by the parameters a; with
the constraint 327 | a; = 0.
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The integrand on the first line represents the standard SU(3) ADHM fields
(¢, @, Qadj, Gaa;) and U (k) vector multiplet fermions. The second line indicates the extra
vector multiples. The poles with non-zero residue contributions to the contour inte-
gral, Jeffrey-Kirwan residues, come from only the first line of Equation (4.120) and
the relevant pole locations for ¢; are given by colored SU(3) Young diagrams. There
are three distinct Young diagrams Y = (Y7, Y3, Y3) and every Y, contains the number
of boxes running from 1 to instanton number k. Let s = (i,j) be a partition and the
partition s = (4, 7) represents a box [ € Y; whose location is identified with i’th row
and j’th column of I'th Young diagram. The correspondent pole to Y(s) is specified
by

os)=a—e,—(i—-1ea—(G—1e , s=(G,7)ey (1=1,23). (4.121)
One can get the residue sum by using the pole specification for Equation (4.121),

772 =

<_1)k Z H 3

PVt [=1 s€Y; (2 sinh 2l 9 ginh Pmle) =2 9 ginpy %) (4.121)
1

j:
3
]I 11
I<n 51 €Y ns1<sn

Epn(s) is defined with Equation (4.93)

2sinh ¢(s) - 2sinh(e; — ¢(s)) - 2sinh 6Jrizd)(S)

2 sinh Le0t0(n) g gy Ao t(sn)-2e,

2 sinh —61’2_¢(821)_¢(8")

Ein(s) = a; — a, — e1ly, (s) + e2(ay,(s) + 1), (4.123)

where s; < s, means that

s < s, if l=n, i <jn (4.124)

l:n7 Iy = in, jl<jn‘
The Coulomb branch parameters are given by e % = A; and we switch to Kéhler

parameters via [71]

Al - QQ )
Ay = Q1Qa, (4.125)
As =Qr'Q5%.
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We compute the refined G5 instanton partition function that is Equation (4.121)
up to 3 instantons and presents 1 instanton and 2 instanton results for simplicity. The
partition function for the k£ = 1 instanton and k£ = 2 instanton sectors are given by

777 = !

(1-q)(1-1)

) FQIQH (00,108 + 1)
(QIQ% —1) (Q%Q% —1)(qQ2 — 1) (qQ1Q2 — t) (QQlQ% —t) (QQ%Qg —t)

) PN (4 + Qat)

(Q1—1) (Ql@% — 1) (qQ1 — 1) (¢Q:1Q2 — 1) (¢ — O %t) (q — QlQ%t)
n ¢ Q3Q5t* (q + Q1Qst)

(@1 —1)(Q1Q3 — 1) (¢ — @1t) (¢Q2 — t) (¢ — Q1Q31) (¢ — QIQ5t) |

(4.126)
o doo #t- 1)
2 (-2t =12\ (g + 1)(Q1 — 1)(@:1Q3 — 1)(qQ1 — 1)(g — Q1Q3)

y (4% + Qat)

(gt = 1)(qQ1 — t)(¢*Q1 — t)(q — Qat)(¢Q1Q2 — 1)
y (¢* — Q3t%)

(?Q1Q2 — t)(q — %ﬂ(flz - Q1 %t)(q - Ql@%t)((f - Q1Q%t)
B (¢— 1)t

(Q1 = D)(@1Q5 — 1)(t+1)(gt — 1)(t — Q1)

(g + Qat?)

“(01Q8 — D — 4@ — Q1) @t — ) — 401Q2) (4 127)
. (@ - Qi)

(tQ - QQ1Q2)(Q1Q%t - Q)(Q1Q3t2 - Q)(Qng’t - Q)(Q1Q§t2 - Q)

Q3(q + Qat)

Q1 — D(Q3Q3 — 1)(q — Q%) (¢Q:1Q3 — 1)(t — Q:Q3)
(PQ1Q2 — t?)
(@Q1Q3t — 1)(qQ1 — 1)(qQ2 — 1)(qQ1Q2 — t)(qQ1 Qs — 2)
(¢@:1Q3 + 1) 4.
(?Q1Q2 — t)(q — Q1Q3%)(¢QIQ3 — t) 7

X

X

where we set ¢ = e~ and t = e®.
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5. CONCLUSION

In conclusion, this thesis delves into the intriguing areas of research that con-
nect geometry, topology, and quantum field theory, namely topological string theory,
Seiberg-Witten theory, and the Nekrasov partition function. In the first part, the focus
is on topological string theory. The concept of two-dimensional N' = (2,2) supersym-
metry is introduced, and the A-model and B-model are explored through the process
of topological twist. The target space interpretation and Gopakumar-Vafa invariants,
providing insights into Calabi-Yau threefold, are also discussed. The second chapter
explores Seiberg-Witten theory, which provides a robust framework for comprehend-
ing supersymmetric gauge theories. It delves into topics such as the moduli space of
vacua, breaking of R-symmetry, and electric-magnetic duality, culminating in the exact
results obtained through the Seiberg-Witten solution. Furthermore, the importance of
monopoles and dyons in characterizing gauge theory behavior is emphasized. Finally,
the third part focuses on the Nekrasov partition function and its role in studying in-
stantons in supersymmetric Yang-Mills theory. The ADHM construction of instantons,
non-compactness, and resolution of singularities are explored, leading to the obtaining

of the prepotential and the study of four and five-dimensional Nekrasov factors.
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