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ABSTRACT

SZEMEREDI’'S REGULARITY THEOREM; FROM AN
ANALYTIC POINT OF VIEW

The aim of this thesis is to study Szemerédi’s Regularity Lemma from an an-
alytical point of view. We are going to explain how one can interpret the so-called
Szemeredi’s Regularity Lemma in the language of analysis. By using this language, we
are going to prove two analytical statements which imply several (both analytical and
graph theoretical) forms of Szemeredi’s Regularity Lemma. For the sake of complete-
ness, we will present a combinatorial proof of the standard form of this lemma in the

appendix.



OZET

ANALITIK YAKLASIMLA SZEMEREDI’NIN
REGULERITE YARDIMCI TEOREMI UZERINE
INCELEME

Szemerédi Regiilerite Yardimci Teoremi’nin, analiz dilinde nasil yorumlanabilecegini
agiklayacagiz. Daha sonra da, bu dili kullanarak Szemerédi Regiilerite Yardimeci1 Teo-
remi’nin degisik versiyonlarini ve bunlari1 gerektiren bazi teoremler kanitlayacagiz. Bir
biittiinsellik saglamasi i¢in, bu yardimci teoremin kombinatorik kanitini da ek kisimda

sunacagiz.
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1. INTRODUCTION

In 1975, the result that every set of the natural numbers with positive upper
density contains arbitrarily long arithmetic progressions was proved. A lemma which
is an ingredient in proving this theorem, turned out to be of vital importance in solving
a great variety of extremal problems so that a special name is granted to it. Today, it is
known as Szemeredi’s Regularity Lemma. (Due its importance, some mathematicians
are naming it as theorem). This Lemma, roughly says that for a given graph G with
vertex set V' and the set of edges E, there exists a partition of V' into V;,V5...,V} such
that for almost every pair (7,j), the induced bipartite graph G(V;,V;) behaves like a
typical random graph of the same density.

There are some combinatorial proofs, even in some textbooks. Within the last
decade, a numerous well-known mathematicians (eg. T. Tao, T. Gowers, H. Fursten-
berg, B. Green, L. Lovazs) tried to simplify the proof, find other proofs or apply the
results of the lemma to the other branches of mathematics (Graph Property Testing,

Extremal Graph Theory, Combinatorial Number Theory, etc.).

In his complicated proof, Tao used probability and information theory (Tao,
2006). Gowers’ combinatorial proof was very complicated (Gowers, 2007). Even if

their proofs were applicable to other forms, they are still unclear how to.

Our goal is to try to understand Szemeredi’s Regularity Lemma using the lan-
guage of functional analysis. It is because we know functional analysis better and it
seems that some geometric statements in the language of functional analysis imply
several forms of The Regularity Lemma. In fact, a functional analytic proof was given
by Lovazs and Szegedy (Lovasz and Szegedy, 2007). However this article is not clear
to understand, at least for us. In our opinion, examining this article thoroughly will
provide us a strong tool to attack the problem of generalizing this theorem to higher

dimensions. For the time being, this is beyond the scope of our study.



Graph theoretical version can be considered well known. In this project, in ad-
dition to a standard combinatorial proof, two proofs from the analytical point of view
are given. We hope that this kind of understanding could shed some light on higher

dimensional cases (version for the hypergraphs), which seems to be mysterious.



2. GRAPH THEORETICAL VERSIONS OF
SZEMEREDI’S REGULARITY LEMMA

Firstly, we need to have some notations and definitions:

Given a graph G = (V, E) and a pair (X,Y) of disjoint non-empty subsets of V,
denote the number of X —Y edges of G by e (X,Y) = e (X,Y) and we write

e(X,Y)

d(X,Y)=ds(X,Y) :W

for the density of the X — Y edges of G.

Definition 2.1. Given a graph G = (V, E) and a pair (X,Y) of disjoint non-empty
subsets of V, (X,Y) is said to be an € — regular pair if |d(U,W) —d(X,Y)| < ¢
whenever U C X and W C 'Y are with the condition that |U| > ¢ -|X| > 0 and
[W|>e-|Y]>D0.

Definition 2.2. A partition {Cy,C4,...,Cr} of the vertex set V is said to be an
equitable partition with exceptional class Cy if |C1| = |Cs| = ... = |Ck|.

Definition 2.3. An equitable partition P = (C’i)fzo 1s said to be an e —regular partition
if the exceptional class Cy has at most - |V| vertices and with all but at most € - k?

pairs, the pairs (C;, C;) where 1 <1i < j <k are e-regular.

Definition 2.4. Let G be a bipartite graph with bipartition {U,W}. Irreqularity be-

tween U, W 1is given as follows;

irrege (U, W) = max |leq(X,Y)—d | X]||Y]].

XCUYCW

Definition 2.5. For a partition P = {Vi, ..V} of V, define d;; = eﬁ/(ﬁv]') For any
i1V



two sets S, T C V(G), expected number of edges of G connecting S to T is

k k

p(ST) =" dy [VinS||[V;NT].

i=1 j=1

Lemma 2.6 (Usual form). For every ¢ > 0 and m > 0, there is an integer M =
M(e,m) such that every graph G = (V, E) on at least k nodes has an equipartition
{Vi, Vo, . Vi.} withm < k < M such that for all but ek* pairs of indices 1 <i < j <k,
the bipartite graph G [V;,V;] is e-regular.

Lemma 2.7 (Second form). For every e > 0, there is a k() > 0 such that every graph
G = (V, E) has an equipartition P into k < k(e) classes Vi, ..., Vi, such that

Z irrege (Vi, V;) < e|V|*.

1<i<j<k

For the next version, which is called as third form, we need to introduce two more

functions on the set vertices V/;
Definition 2.8. Let G = (V, E) be a graph. For u,v € E let
1, ifuwekF

ag(u,v) =
0, otherwise

Definition 2.9. For a partition P = {Vi,...,Vk} of V and u,v € V, let ap(u,v) =
de(V;, V;) where w € V; and v € Vj.

Lemma 2.10 (Third form). For every e > 0, there is a k () > 0 such that every graph
G = (V, E) has an equipartition P into k (¢) classes Vi, ...,V such that

Z (ag(u,v) —ap(u,v))| <e

uweE(H)

for every graph H on 'V that is the union of at most k* complete bipartite graphs.



Lemma 2.11 (Weak Regularity Lemma). For everye > 0 and every graph G = (V, E),
V' has a partition P into k < 22/5* classes Vi, .., Vi such that for all S, T CV we have
lec(S,T) — e,(S,T)| < e|V]2.

Claim: 7)Lemma 2.6(Usual form) = Lemma 2.7(SecondForm)

it)Lemma 2.10(ThirdForm) = Lemma?2.7(SecondForm)

Fact: Let A, B be two disjoint subsets of vertices of a graph G = (V| FE) and
X C A, and Y C B. We have the following;

RS Y]
|d(A,B) —d(X,Y)| <1——+1—-—.
A | B
et XD Yl _
Proof of the fact: Let W =a>0and B~ B > 0. Then

e(A4,B) —e(X,Y) < [|A[(IB] - [Y])+[B|(|A] - |X])
= |AlB[(1-a+1-0).

By using this, we have

e(A, B) B e(X,Y)
[A[[B| | X[|Y]
e(A,B) —e(X,Y)
| Al |B|
(1-a+1-p)]A[|B|
Al |B|
= l—a+1-0.

d(A,B) — d(X,Y) =

IN

IA




So,

| X Y|
d<AaB)_d(X?Y> < l——+1- ="
Al | B

Now, let G¢ denote the complement of the graph G = (V, E). Then

d(X,Y) —d(A,B) = 1—da(X,Y)— (1 —dg(A, B))

= dge(A, B) — dge(X,Y)

< B, oM
- |Al [B|

Therefore,

RY Y]
d(A, B) —d(X,Y)| <1— 1 41—
|A] |BI

Proof. (Usual Form = Second form) Using the fact above, for a pair (V;,V;) in an
equipartition with X C V; and Y C Vj, we have
Ry Yl

+1-

d(X,Y) = (Vi V;) <1 — o 41— 1L
J vl W

So

X Y
CEY) = AK€ (1= 5+ 1= ) X1V

!XI)!XI Y1\ YT
1- ViIlY T+ {1~ Vil 1XT -
( Vil J Vil Vil) vl

Put




1
It is clear that (1 — «)a attains its maximum when o = 7 Since V;, V; are the parts

of the same equipartition, |V;| = |V}|. So,

1 1
e(X,Y) —d(Vi, Vi) IXIIY]] < 2 Vil IY ]+ 7 [Vil |X]

1

< V(X1 +Y))
1

< S IVI(Vil+ )
1

< VIVl

Now, let us analyze the irregularity of the pairs of an equipartition. For an € —regular
pair (V;,Vj), we have [e(X,Y) —d(V;, Vj) | X[ V|| < e [X] Y] < e |[Vi[ [V}] . TE (Vi, V) is

not € — regular, then by the inequality we found above, we have
1
(X, Y) — d(Vi, Vi) [XTY]| < 5 [Vil V31 -

—1)

The number of all the distinct pairs for the partition is and (by our assump-

tion) the total number of not € — regular pairs is at most k%, we have

> odmego (Vi V) = > dmegg (Vi Vi) + > rregg (Vi, V)
1<i<j<k 1<i<j<k 1<i<j<k
(Vi,Vj) e-regular (Vi,Vj) not e-regular
k*—k 1
< (555) emimit+ ey
< ek* Vi V)]
< eV,

Proof. (Third form = Second Form) Let us assume that The Third Form is true. For
a pair (V;,V;) in the equipartition, let X C V; and Y C V; attain the maximum in the
definition of irregs(Vi, V;). Also, let H;; be a complete bipartite graph between X and



Y. Then, we have

> (ac(w,v) —ap(u,v)| = lea(X,Y) —d-|X][Y]|
u’UEE(H—L'j)
= max eg (X,Y) —dg(Vi, Vj)- | X[ Y]]

XCV,YCV;

= irrega(Vi, Vj).

By our assumption,

Z (ag(u,v) —ap(u,v))| <e.

’U,UEE(HU)
We know that there are

k(k — 1)
2

distint pairs (V;, V;) in the equipartition and for each pair we have a complete bipartite
graph H;; constructed above which implies the corresponding pair’s irregularity is less
than or equal to . So,

k(k—1) k2

Z irrega(V;, V;) < 5 e < 55 <e¢ |V|2.

1<i<j<k



3. ANALYTIC LANGUAGE

We want to translate the problem in functional analysis. Let W be the space of
all bounded symmetric measurable functions W : [0,1]> — R. Let W, denote the
subspace of W whose values are in [0, 1]. We call a function U a step function with at
most n steps if there is a partition {51, Ss,...,S,} of [0, 1] such that U is constant on
cach S; x §;. From the analytic point of view, we consider graphs as 0 — 1 valued step

functions in W, such that all .S;’s have the same measure.

Every W € W can be considered as a kernel operator on the Hilbert space

L*([0,1]%) defined by

W(f)() = /0 W (a, 9) £ (y)dy.

We have some standard norms on W: L' and L?*-norms. We also have

W] = sup W(x,mdxdy'

ST

where the supremum is taken over all the pair of measurable subsets S, T C [0, 1].

Note. We are interested in non-oriented and simple graphs. In order build up

some intuition, as an example, consider the following figures;

2

Figure 3.1. Graph G(V, E)
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1 2 3 4
1 *o 0 1 c;
> 0 0 0 1
3 1 0 0 0
4 0 1 0 0

Figure 3.2. Adjacency matrix of the graph G

1
0 0 1 0
3/4
0 0 0 1
1/2
1 0 0 0
14
0 1 0| 0
0 v4e U2 34 1

Figure 3.3. W¢ 1 [0,1] x [0,1] — R

For the function corresponding to the given graph in Figure 3.3, we divide [0, 1]
into equal parts with the partition size equal to |V|. There is a one to one corre-
spondence between the vertices of the graph and the parts of [0,1]. We assign that
corresponce with respect to the adjacency matrix. As you see, this function, whose
graph appears in Figure 3.3, is defined on parts and it is a characteristic function on
each part. We have values 0 or 1, depending on whether or not there exist an edge

between the corresponding vertices.

3.1. Norms on W

(i) Since each F € W is bounded and p([0,1]*) = 1 < oo, we have F' € L'([0,1]).
Hence we may consider W as a subspace of L*([0,1]). When we write |IV]|, we

mean the norm of W as an element of L'([0, 1]).



11

(ii) Similarly, one has

/ |F|*dp < oc.
[0,1)2

Hence, we may consider W as a subspace of L*([0,1]) as well.

(iii) Finally, the most important norm for us is the so-called cut norm. It is defined

as follows:
|Fllg:= sup / F(m,y)dxdy‘ :
s,1co,1] |JsxT
To show that ||. |5 is indeed a norm, it is obvious that verifying the triangle

inequality would be enough;

If F;G € W and £ > 0, then (by definition) there exist some measurable sets
S,T C [0, 1] such that

|F+Glg—¢e<

/S P+ G)(x,y)da:dy‘ |

Now, it is straightforward to verify that

/ (F + G)(J:,y)dxdy‘ = / F(x,y)dxdy—l—/ G(m,y)dxdy‘
SxT SxT SxT

/S » Gz, y)dmdy'

IN

/ F(x, y)dmdy‘ +
SxT

< [Flla+1Glg
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because

IFllg+1Glg=sup
S, TC[0,1]

/ F(x,y)dxdy’ + sup / G(x,y)dxdy‘ :
SxT SxT

S.7C[0,1]

Since € > 0 was arbitrary, this shows that [|[F'+ G||5 < ||Fll5 + |G|l &

3.2. Some Facts About |. |5

(i)
[Fllg==sup [{f, Fg)|
£,9:[0,1]—[0,1]
(ii)
sup  [(f,Fg)l> sup |(f,F[)|.
£,9:[0,1]—[0,1] £:[0,1]—[0,1]
(iii)
[(f, Fg)| > Sup/ F(fc,y)dfvdy‘~
5Co,1] |Jsxs
(iv)
1
sup F(z,y)dedy| = 5||Fllp-
SQ[O,I] SxS




Proof of (i) and (iii):

(i)
(f, Fg)| = / f(2)F(g)dx
- [ ( / F(x,wg(y)dy) iz
< sw / F(z,y) f(2)g(y)dydz
f,g:[O,l]—>[0,1] 0 0
Therefore

1 1 1
ww [ @@t = s [Py = Pl
) 0 JO 0

frg:(0,1]— S,7C[0,1]

(iii)

(e Fxa)) = / xo(2), F(xa) (2)de

— /01 Xs(2) [/01 F(x7y)(xs(y)dy] I

- 1 / Py xs(v)dyd

- / F(%?J)Xsm(x,y)dxdy‘ .
SxS

This implies

sup  [(xs, F'(Xs))| > sup
Xs:[0,1]—10,1] SCJ0,1]

/ F(x, y)da:dy‘
SxS

13
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So

sup  [(f, F'(f))| = sup
£:10,1]—[0,1] SCl0,1]

/ F(x,y)dxdy’ :
SxS

A version of the Szemeredi’s Regularity Lemma can be formulated in this language

as follows:

Lemma 3.1 (Weak Regularity Lemma, analytic form). For every W € Wy and e > 0
there is a step function W' € Wy with at most (22/521 steps such that ||[W — W'||5 <e.

For every W € W and every measurable partition P of [0, 1], let Wp : [0,1]* — R
denote the step function obtained by replacing its value at (z,y) € P; x P; with the

average of W over P; x P;.

One can formulate the strong regularity lemma in this language as follows:

Lemma 3.2 (Strong Regularity Lemma, analytic form). For every € > 0 there is an
integer k such that for every function W € W, there is a partition P of [0,1] into k
sets of equal measure with the following property: For every set R C [0,1]? that is the

union of at most k* rectangles, we have

/(W — Wp)d:cdy‘ <e.
R
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4. REGULARITY IN HILBERT SPACE

Lemma 4.1. Let K1, K>,...,K,,..., be an arbitrary collection of nonempty subsets
of a Hilbert Space H. For each n, let A(n) ={>_",vfi: fi € K; and v; € R}. Then,
for every e > 0 and f € H there is an m < [1/e?] and f € A(m) such that for every

g € K1 we have

(9.1 = B| <l gl

The lemma is interesting in itself. As an application, consider the following case:
Let H = L?([0,1]). For each n let K, be the set of all polynomials of degree at most

2". When we apply this lemma to this case, we get

Corollary 4.2. Let ¢ > 0 and f € L?*([0,1]). Then, there exists some polynomial
p € Rlz] of degree d < 21'/<°1 such that

{9,f = p) <ellfIlllgll

for every polynomial g of degree at most 2d.

Proof of the lemma. Let € >0 and f € H. For each positive integer k, define

. 2 _ 2
an =it {1/ = ol | € AW} = nf 17 =l

For each k, by the very definition of A(k), zero function is in A(k). Therefore, ||f]| €

{If =¢l’ | ¢ € A(k)}. First, we observe that A(1) C A(2) C A(3) C ... C A(k) C

A(k +1). We then have

IfIP>ar>a> ... > > apyy... > 0.
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We claim that there is some m < [1/¢?] such that

U < Ay + 2| FII-

Observe that («y,) is a decreasing sequence of real numbers bounded by 0 from
below. Since oy < ||f||*, for each p € N we have ay — a4 < || f|°.
Suppose that our claim is not true. In other words, let us assume that for each m <

[1/%] we have vy, > et + 2| f|]>. Now put p = [1/£2]. So

ar > az + 2| f|°

as > az + 7| f|*

Qp-1 = o+ 52||f||2

ap > apr + 27| f|

Adding these inequalities side by side and simplify (together with the inequality
from the note above), we have || f||> > oy — a1 > p-€2||f]|%, which implies p < [1/&2].
This contradiction implies that our claim is true. So, there is some m < [1/e%] such
that am < amyr + €2||f]|°. This means that (by the definition of ay,), there is some

¢ € A(m) such that

If = oll* < qmer + 2|1 FI1

Now consider any g € K,, 1. By the definition of o, 1, we have

If = (0 +t9)lI* = amar = [If = ¢lI” = 2| fII”
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for every t € R. Hence we have

lglI*#* = 2(g, f = )t + | " > 0

for every real t. It follows that

4g, f —@)* <4 fINlgll”

which implies that

(9, f = &) < IFIP Nl

This is the required result.

4.1. RLHS Implies WRL

Let H = L*([0,1]?) and let K,, denote the set of characteristic functions of mea-
surable squares in [0, 1]%. If f € W), then ¢ € A(k) is a step function with at most 2*
steps. Hence if W € W), we get a step function W* with at most 2/’ (k = [1/£2])
steps such that for every measurable set S C [0, 1], by the previous lemma, we have

Vg € Kpy1, (g, W = WH)| < e|[W]| - |lg]|. Putting g = xsxs implies that

/ (W — W*)dzdy| < e.
SxS

(Here, we consider the characteristic function of S x S as an element of K}, ; and use

the definition of the inner product.)
From Lovazs-Szegedy (also on Section 3.2, fact (iv)), we know that

sup
SC[0,1]

1
W(x,wdxdy' > Lo
SxS 2
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So

W —=W*||5 <2 sup
SC[0,1]

/ (W — W*)dxdy' < 2¢,
SxS

and this implies that for any two measurable subsets S,T" of [0, 1], we have

/ (W — W*)dxdy’ < 2e.
SxT
Clearly, this implies the Weak Regularity Lemma.
4.2. The Graph Theoretical Version of The WRL

Let G = (V. E) be a graph on n vertices. Let A = (a;;) be the corresponding
adjacency matrix of G. For each entry a;;, depending on whether or not there is an
edge between the corresponding vertices, we have 0 or 1. Now replace each entry a;;
by a square of size % X % with the constant function a,; on this square. This is a step
function which will be represented as Wg. Let A be the algebra of subsets of [0, 1]
generated by the intervals corresponding to the vertices of G. Let K, be the set of
characteristic functions of S x S where S € A. Analogously to the proof of the RLHS,
we get a partition P = {57, Ss, ..., S, } of [0, 1] into sets in A such that

/s T(WG(x’y) — (We)p(z,y))dady| < 2¢

for all 5,7 € A. Since, we define the step function (Wg)p on a pair (5;,5;) € P as
the average of W over (5;,5;), if we call the set of vertices corresponding to S; as V;,

then the value of (Wg)p on S; x S; is

1
fsixsj We(z,y) ﬁe(‘/i,‘/j) _e(Vi, V)

= = d(V;, V).
Si S. 1 iy V)
R

Az
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Now, assume that analytic form of WRL is true. Let Wg € W, be the function
which was defined as above. By Alon et al., 2003, we can replace W' by (Wg)p at the
cost of increasing the error by a factor of at most 2. For a given € > 0, for all S,T C V

let S,, T, € A be the corresponding elements. Then,

11
WG(xa y)dl’dy = 5560(57 T)

SaxTy

and

/ (We)p(y)dzdy —
SaxXTy

VR
G

3
I
M

3
I

/ We)p (. y)dwdy>
S; ﬂSa S ﬂTa

ZZWV“VJ 15,1 S,] 1S, N Tl
WVillvsl e

n n

1
= dVQ,Vg |Viﬂ5|ﬁ|VjﬂT|

1 I
LSS avapmasivn
i=1 j=1
1
= _2679(57T)

So,

1
| W= (Wepldudy| = e(5.T) — ep(5.7)] < 2=
SaxTy

Therefore, |e(S,T) — ep(S,T)| < 2en? < e |V|*.
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Note: It is reasonable to assume that |V| > 1/2-|P|. Otherwise many elements of

the partition must be singletons.
4.3. SRL as a Result of RLHS

Let us define a sequence (a;);en+ of positive integers as follows; a; = 1 and
@1 = 2%%+1 and then apply RLHS to the Hilbert Space Ly([0,1]2) and W be a
function as before, but choose K, to be the set of step functions with at most a,, steps.
RLHS gives us a function W*, which is a step function with at most m = ajas...ax
steps. Let Sy, ...59,, be these steps. Then, this step function has the property that for

every step function U with at most ax; steps, we have

’ UMW —W*)dzdy| < e.
[0,1]2

1
Let us further partition each .5; into an appropriate number of sets of measure — and
m

1
so we will have a remainder with measure less than —- If we combine all the remain-
m

1 1
ders into a single set, its measure will be less than m— = —. Again we partition this
m m

set into sets of size % There will be at most m such sets. Call them recyled sets.
In this way, we get a partition P = {71, ..., T;,2} of [0,1] into m? parts of equal size.
Note that exactly m parts of them are recyled ones. Now, let R C [0,1]? be a set that
is the union of at most m? rectangles. From R, if we remove all the points in T} x T}
where either T; or T} is a recycled set, the remaining set R’ is again he union of at most
m? rectangles and since the sum of the measure of such T; x T}’s is Zm% = % <,
measure of R\ R is less than e.

Clearly, the characteristic function of R’ is a step function with at most 2™ < s(k+1)

steps, so by RLHS we have

/ (W — W*)d:z:dy‘ <e.
R/
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Now, consider

/ (Wp — W*)dzdy| .
R/

If none of T;, T} is a recyled set, then both W* and Wp are constant on 7; x T}, so
including or excluding 7; x 7} from R will not decrease the value we are consider.
Doing this for every pair of such T;,7T}’s, we obtain a set R" which is the union of some
certain T; x Tj’s where none of T;,T}’s are recycled. By the definiton of Wp and the
result of RLHS we have

/ (Wp — W*)dxdy’ =
R//

/ (W — W*)dzdy‘ <e
R//

and so

/ (Wp — W*)dxdy‘ <e.
R/

Therefore

[ v - %)dwdy‘ <
R/

/ (W — W*)dxdy’ +
R/

/ (Wp — W*)dzdy| < 2e.
R/

Hence

/R(W - Wp)dxdy' < 3e.

Given € > 0 in the state of analytic form of SRL, take % in the state of RLHS. This

concludes the proof.
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5. REGULARITY LEMMA BY COVERING BALLS

In this chapter, by a distance function we mean a semi-metric.

First, we recall what a weak Szemeredi Partition is: A measurable partition P of

[0, 1] is said to be a Weak Szemeredi Partition for W with error ¢ if

sup
5C[0,1]

<e.

Weak Regularity Lemma (analytic form) says that every W has a Weak Szemeredi

Partition with error ¢ in at most |2%/<°| classes. If W € W, x1, 5 € [0,1] define

1 1/2
(o, o=l Wean, ) = Weoa) o= [ W Go10) = Waan) Py
0
and this implies dj;; is a distance function on [0, 1].
dyy (z1, ) =|| W(x1,-) — W(xa,-) ||2 is a semi-metric.

W € W can be considered in several ways. As in chapter 3, W can be identified

with an operator

W(f)(x) = / W e, y)f (y)dy.

Tw(:= W) : L*([0,1]) — L*([0, 1]). We remark that Ty o Ty is an operator of the form

Ty First let us find a W such that dy = dl: .



23

1

(Tw o Tw(f)(x) = W (2, y)Tw (f)(y)dy

Wiay) ( / 1 W(z,wf(y)dz) dy

W(m,y>w<z,y>f<z>dy) 0z

1

o— — T —
S— >—

I
(

W(x,y>W(z,y>dy) f(2)dz

Therefore we should consider

Wz, z) = /01 Wz, y)W(z,y)dy.

Now we have

e = e ) = </01<W<l‘7y> S0 )

which is equal to

(/01 </°1 e /01 W', 2)W (v, z)d2)2 dy> -

Therefore df;, = dy is also a semi-metric on [0, 1.
Now we formulate the following;
Theorem 5.1. Let W € Wy and let P be a partition of [0,1] into measurable sets.
(i) If P is a weak Szemeredi partition with error €*/8, then there is a set S C [0,1]

with 1(S) < e such that, for each partition class, P; — S has diameter at most e

i the dy metric.
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(ii) If there is a set S C [0, 1] with u(S) < (g/5)* such that, for each partition class,
P;— S has diameter at most (¢/5)* in the dy metric, then P is a weak Szemeredi

partition with error €.

Proof. (i) Suppose that P is a Weak Szemeredi Partition with error £2/8. This
means that |W — Wp||g <e. Let R=W — Wp. If x € [0,1], define

2

Flz) = /0 1 < /0 1 R(x,s)W(s,z)ds) dz.

Let us consider

/OIF(I)dI - /01 /01 /01 /01 R(z,t)R(x, s)W (s, 2)W(t, z)dzdsdtdz.

If we fix z and ¢, since —1 < R(z,t) <1 and 0 < W(s, z) < 1, we have

/o1 /01 R(x,t)R(x,s)W (s, z)dzds < €2 /4.

This implies that fol F(z)dx < €*/4. Hence, by the Tchebychev inequality, pu({z €
0,1] : F(z) > ¢/4}) < 4 [} F(z)de < e. Let S = {x € [0,1] : F(z) > e/4}. We
then have F(z) < /4 for every x € [0,1] — S. Therefore, if z,y € [0,1] — S are
two points in the same partition class of P, then Wp(z,s) = Wp(y, s) for every

s € [0, 1], and hence

wiw = [ (| 1<W<x,s>—W(y,s>>w<s,z>ds)2dz

2

_ /0 1 ( /0 I(R(x,s)—R(y,s))W(s,z)ds) 0
_ /01 </01 R(z, 5)W (s, 2)ds — /01 R(y. s)W(s,z)ds)Zdz
< 2/01 (/01 R(:U,S)W(s,z)ds)2

= 2F(x)+2F(y)

2

dz + 2/01 (/01 R(y, S)W(s,z)ds) dz

< g2
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(i) We want to show that ||[IW — Wp||5 < e. For this, it is enough to prove that for

any 0 — 1 valued function f, we have

(F.(W = Wp)) < ge.

First, we write f = fp 4+ g where fp(z) is obtained by replacing the average of f
over the partition class containing x. Then, according to [Lovazs-Szegedy| which

we have fact (i) on Section 3.2 here, one has

(fs(W =Wp)f) =(f+ fr,Wg).

By the Cauchy-Schwarz inequality, we have

(f+fp. Wa) <\ + frllaWall, < 2[Wyll,.

Here, to say that || f + fpll, < 2, we use the definition of fp and the fact that f
is 0 — 1 valued.
We need to understand ||Wg|| better. First, we recall that W is symmetric. Hence

we can write

Wy = (g, W?g) = / g()W (z,y)W (y, 2)g(z)dxdydz.

[0,1]3
Let P ={P, Py, ..., P} beour partition. Let i € [1,k]. If P, € S, let z; € P,—S
be a fixed element. Otherwise define z; to be 0. In this way, we get a function
o(z) =x; if x € P,

This function is clearly measurable. In fact, it is a simple function. If we put

Wz, y)W(y, z) = W(z,y)W(y,2) = W(x,y)W(y, d(2)) + W(x,y)W(y, 4(2)),
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we get that

/[;) s g<x)W($, y)W(y, Z)Q(Z)dzdydz

is equal to the sum of

/[0 3 9@)(W(z,y)W(y,z) = W(z, y)W(y, ¢(2)))g(z)dzdydz

and

/[0 13 g(ZE)W<J]7 y>W<y’ ¢(2))9(2)d$dydz

Let us first consider the second summand. By Fubini, we first integrate with

respect to z. In this case, we can write

/[01}2 (Z /P, (@)W, y)W(y, ¢(z))9(2)d2> dzdy.

Let us recall that ¢ is constant on each partition class. Hence the second summand

is equal to

k

>

=1

g()W (2, )W (3, 7, /

Py

g(z)dz) dxdy.

But, by its definition ¢ = f — fp has integral zero over each P;,. Therefore the
second summand is equal to 0. Moreover, by the Cauchy-Schwarz inequality, the

first summand is smaller than

(/ g(a:)Qg(z)dedydz) </ a(x,y,z)Qda:dydz)
0,1 [0,1]®

where a(z,y,z) = W(z,y)W(y, 2) =W (z,y)W (y, ¢(2)) for all z,y, 2 € [0,1]. Now
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we have

1
/ a(x,y, z)*dvdydz = / </ a(x,y, z)dedy) dz
[0,1]3 0 [0,1]2

which is equal to

/01 dw (2, ¢(2))*dz = 4)71]_3 dW(Z7¢(Z))2dZ+/dW(z, (2))2d>.

S

By hypothesis, if z € [0, 1] — S, we have dy (z, ¢(2)) < (%)2 and if z € S, we have

dw (2, ¢(2)) < 1. If we combine these with the fact that u(S) < (£)*, we see that

4
/ a(x,y, z)*dedydz < 2 (E> ,
[0,1]3 5
We also note that
/ g(x)?g(2)*dedydz < 1.
[0,1]3

Combining all of these we get

/[0’1}3 g )W (z,y)W (y, 2)g(z)dxdydz < 0} (§>2

This means that

Wyl < =27 < Ze.

NG

We go back and get

—_

(f+ fp,Wg) <2||Wgl|, < ze.

[\
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Hence, we have

(f,(W—=Wp)f) <

DO ™

and this finishes the proof.

By the weak regularity lemma, we know that there always exist Weak Szemeredi

Partitions If we apply this fact, we get the following

Corollary 5.2. For every function W € W and every € > 0, there is a partition
P ={Py, P,..., P} of [0,1] into measurable sets with k < 2521 such that u(Py) <e

and, for 1 <1 <k, P; has diameter at most € in the dy metric.



29

6. CONCLUSION

We worked out the details of some parts of the [Lovasz and Szegedy]. So far,
we have two proofs of Regularity Lemma in the analytic language. We also realized
that some analytic versions of the Regularity Lemma implies some graph theoretical
versions. Our motivation was and is to develop enough intuition to attack the same
problems in the higher rank cases. What we mean by this can be explained as follows:
A graph can contain two types of data, namely vertices and edges. KEdges can be
considered as a set of pairs of vertices. In a hypergraph, we have more general tuples.
For example, a hypergraph of next level (say, 2) could contain vertices, edges, and
triangles. Triangles could be represented by triples of vertices. This way, a hypergraph
of rank 2 could be expressed as a stepfunction on [0,1]? instead of [0,1]%. The cut
norm can also be defined for this case. Just replace rectangles by generalized ones. In
the analytic language, we believe some hypergraph version of the Regularity Lemma
can be proved. But to do so, first an appropriate statement regarding to it should be
produced and this needs further study. Furthermore, the relation between hypergraph
version of a Regularity Lemma and the analytic form can be considered as a topic for

further research.
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APPENDIX:
SZEMEREDI’S REGULARITY LEMMA:
A COMBINATORIAL PROOF

Theorem .1 (Szemeredi’s Regularity Lemma). For every m € NT and € > 0, there
are integers M = M (e,m) and K such that every graph (V, E) of order greater than
or equal to K has an € — regular partition P = (C,Vy,...V) with m < k < M (Every
graph has an € —regular partition with a bounded number of classes). i.e This partition

needs to satisfy the following properties;

(i) [C] <e-[V]
(i) Vi = [Va = ... = Vi

(i) m<k<M

(iv) At most € - k* pairs (V;,V;) are not € — regular.

Definition .2. Let G = (V, E) be a graph. We will define a function

¢ {X.Y)|XCV,YCV,XNY =z} —[0,1]

X|- Y X,Y)?
dory) = B aon vy = 550

VI XY

Note: Since d(X,Y) <1, we have

XY
q’(X,Y)§| |V| |<1.
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Definition .3. For an equitable partition P = (C,V1,...Vy) of the graph G = (V, E),
define

g(P)i="> ¢V

1<i<j<k

Note:

Vil - [Vl _ k(k = 1) [Wi[?
Py < > VP <= |V|2<

DO | —

1<i<j<k

and this is an upper bound no matter what the partition size is.

Lemma .4. Let X,Y be two disjoint subsets of V such that X =J, X; andY = Uj Y;

where X|s and Y]s are both pairwise disjoint and the unions are finite. Then, we have
"(X,Y) < Zq i Y5)

Proof. By Cauchy-Shwarz Inequality, we have

(o) = (20)-(24).
S0

2 Zk g bk)
Z L SR

Let us assume |P(X)| = s and |P(Y)| = t. Now, for each integer k with 1 < k < s-¢,

after ordering those pairs (X;,Y;), put ap = /| Xi| - |Y;| and b, = /| X| - |Y;|- (X, Y))

into the previous inequality, we would have

S X Y- V)R > (Sl il v)
1 J 1 7] - ZZJ |XZ||Y7| .

]
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ZQ/(XZ,Y]) = |V| <Z\X! Y| - d( X, j)>
/[:7‘7
1 (Sl mde )
B |V|2 Z”‘Xz,‘yﬂ

L (Ze )
VI X X T

B 1 e(X,Y)Q_ ,
= R vy &Y

Quality Partition Refinement

Suppose we have an equipartition P, = {C,, Vi, ..., V},, } that is not e —regular.(ie.
For each 1 <i < n,, |Vi| = s, and assume |Cy| < 5 |V|.) For a fixed ¢ where 1 <14 <n,,
consider (V;,V;) where 1 < j <n, but j # i. For an € — regular pair, put W;; = @. If
(V;,V;) is not € — regular, then let W;; be a subset of V; that violates the definition of
the € — regularity of this pair.(In this situation, of course W;; will be a proper subset
of V;. For a fixed i, the number of all (V;,V;)’s, above is n, — 1. For this V;, consider

the set of all those W;;’s that are non-empty. Let

where D;; = W;; or D;; = V;\W,;. Now let U; be the set of all those u;;’s. The total
number of elements of U is at most 2" ~!, each element in this set is a subset of V;
and u;;’s are pairwise disjoint. In this way, we form a partition of V;. Suppose we do
this for all other V;’s in the same way and form their partitions. When we collect all of

them, we come up a refinement P’ of P,. It is clear that |P'| < n,-2"~1. At this point,
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it is possible that not all the parts of P! are of equal size. So we will pick some size s,
which we will be determined later. Cut through each element of P/ into pieces of size
sy+1 and send the left over elements to C, to form C,,;. Renaming or reenumerating

pieces of size s, 1, we end up our nextcoming partition P,,; = {Cr+17 Vi, Vo, ., Vi, +1} )

Lemma .5. Let V,,,V, be two disjoint pieces in P, that are not € —regular. Moreover,
let Xi,...,X, and Yi,.... Y}, are all the new pieces in P, so that X = |J_, X; C V,
and Y = U?Il Y, CV,. Then

S ((XaY) 2 g (X.¥) 1 5
ST 2 |V

1<5<h

Proof. Since V,,V, are not € — regular, there exists W, C V,,, W, C V,, with |W,| >
eVl [W,| > €|V,| such that |d(W,, W,) —d(V,,V,)| > e. (Note that W,, W, are
among the W;,’s when we are constructing P’). Now, let w,,w, be the number of
new pieces from P,;; that fall within W,, W, respectively. By the very construction of

these sets, we have;

(i) The number of vertices thrown from V,,V,, W, and W, to C, are equal to
Ve — X[, |Ww =Y/, [W, — s,qw,| and |W,, — s,41w,| respectively.
(ii) Clearly, |W, — s,p1w,| < |V, — X| and |W,, — s,1qw,| < |V, = Y.

1+ 2o+ ...+,
- .

Now, for a finite sequence of real numbers z1,...x,, put u =

Then we have

(This is easy to verify, so we are skipping the proof of it) In this expression, if we put

z, = e(X;,Y;), we will have

Yoo y)= Y (e(Xi Y) - %)19- h. (e<§’2/>>2.

1<i<g 1<i<g
1<j<h 1<j<h



34

This implies

Z q/(Xl,Y}) — ; Z B(Xi,Y')Q

20 VP
1<i<g s VT 52,
12j<h 1252k

1 e(X,Y)\? e(X,Y)?
- 2 e Z (e(Xi>Y')— ( h )) (2 : 2
s |V g ghs; |V

1<i<g
1<j<h

Note: Since, by our definition

e(X,Y)?
q/(X; Y) — %7
g h- Sr+1 |V|

the last term in the previous sum is nothing but ¢'(X,Y).

By Quality Partition Refinement, we have

1<i<g X, eWg
1<j<h Yjewy

e(X,Y)

o b, = 1, then by Cauchy-Shwarz Inequality we
g.

and if we put =y, = e(X;,Y;) —

have

5 (on-spy, Sl L)

YjEWy

Now using basic counting principles, we have
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(Sya (cenm- (X—hY)>)

view, g _ < 1 )(e(W W)_wxwye(X,Y)>2
Yy 1 Wty y gh
((G(vawy) e(X,Y))Q
= wwy, —
W Wy gh
(e(W,,W,) (X, Y)\?
= wxwysﬁﬂ( 2 W _ 2 h)
Sr1Wa Wy Sr+19
1 (e(W,,W,) e(X,Y)\?
> Gl st (Sen -
2 ST WL ] (XY
1
2 §|Wm||WY|312~+152
1
> 55’Vx|'5|%|3£+152
1
= 5548383+1.
Therefore,
1 1 X,Y)?
Z q/(Xi,Y') 2 ﬁ'—648$82+1+%
1<i<g Sr—i—l ’V’ 2 ghsr—i—l ’V’
1<5<h
o lets? e(X,Y)?
2[vIP VP IX]|Y]
o lets? +d(X,Y)sf
2vP PP
et 52
> —— +{(X,Y).

Proof. (Szemeredi’s Regularity Lemma) If P. needs to be refined, a nextcoming re-
fined partition will be P,y and |Cryq| — |Cr] < 801 [P'(r)] < spy1n.2"71, pick

S, SpThy |V
o So |Cra] — |Cry| < il S ol Therefore |Cyyq] — |Co|l < |V -

1 1 1 1
( +—+..+ > < |V|]. For a given £ > 0, if we choose ng such that

Sr4+1 =

onot1 | Qnitl ono+1 | = 9no
v
g, then [Cyan| < |Co| + 2 <§m+g|vy — 2 |V|. (Here the

€ 1
‘C(]’ <§’V| and270< 270
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value ng gives us a lower bound m for the partition size.)

For a not e —regular pair (X,Y’) in a partition P, of V', we know from the lemma

A5 that

If the last condition of the lemma does not hold, in other words, there are at least

en? pairs in the partition P,, we make a quality refinement partition P.,;. When we
4

compare ¢(P,;1) and ¢(P,), for each not € — regular pair % needs to be added. So,
4 5

1

q(Pry1) > q(P,) +en?- % =q(P,) + % We know that ¢ is bounded from above by 5

Since q(Pry1) — q(Py) > %, there can not be more than
1
2 _1
e® &b
2

quality partition refinements of V. This means that the total number of quality partition

refinements is less than or equal to |1/£°].

What can we say about an upper bound M?

NSy . Sp
. By our choice of s,,1 = —

Sp41 4nr ’
we have n,,; < n,4". Let us consider a function f defined on the set of natural num-

Since n,.s, > N,115.11, this implies that n,; <

bers, such that for each z € N, f(x) = x4”. For our problem, let § = |1/£°]. Obviously,
the number of quality partition refinements needed is < 6. Since n; < f(ng),ny <

f(n1),...,ng < f(ng—1), we have ng < f(f(ng—2)) < .. < (fofo..of)(ng). Hence,
~————

composition 6 times

clearly M = (f o fo...of)(ng) works as an upper bound for the size of the partitions.
~————

composition 6 times



Note. We have the following remarks:

(i) This value M is of tower type.

(ii) In most of the cases, it may be possible to find smaller upper bounds.

(iii) The upper bound M depends on m = ng and €. So K > M will be fine.

37
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