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INTRODUCTION

In recent years, the dynamic analvsis‘-of- structures
has . seen more and more prominence in engineering design
fconsiderations, Having sufficient knowledge of dynamic stability

vof stuCtures enables us to prevent possible catastrophic
failure.- - _ | / , | ‘

- Parametric instability of columns under periodic axial
loads has been investigated by many authors[éd Recently,e_
much attention has been focused on the existence of combina-
tion »resonances in' addition to Vsimple parametric resonances ‘

[4] In most studies, however, only the horizontal accelerations
are considered as these would appear to dominate‘ over the
effects of the much smaller vertical accelerations ﬂﬂ Howeverp
these tvertical accelerations cause instability depending on
~the dimensions }of the system 'and the amplitude of the~exci-
tation frequency.,._. o _ | | |

A column, when excited along its longitudinal ;axis,y
may vibrate in a direction -transverse to }this' axis, under
‘small perturbaticns. For certain relations between ‘the para-
meters of the. system and those of the excitation, the amp-
litudes ‘of these transverse vibrations“w1ll become extremely
large, and the column will collapse. It should be emphasized
that »the kfailure' is caused bby the interaction Ofk'the
various properties of the structurev and 1its excitation
although it 1is a factor.' The dependence . of Athis resonance

‘behaviour- on the parameters of the syStemr'is' known as



" parametric 1resonance ",

A detailed literature survey on the dynamié étabilit‘

of elastic -systems is given in Bolotin's book[5] Bolotin

made the stability analysia according to the Floquet theory

which prevents wus to 1investigate the combination resonances

of a structure under dynamic loading. Reééntly;'Iwatsubo, Su-
glyama and Ogino D&]analyzed the stability of a uniform.
elastic column wunder periodié. axial loads @ for several seté.
of 'bouﬁdary' conditions. ILaura et. all.-E?]examined the vidbra-
tions of a horizontal .clampéd-free beam with s mass at
the free end, such a structure 1is also known as Beck s
- column. The effects of shear and rotatory:vinertia on Beck's
column were studied by Kounadis‘ and Katsikadelis.[S]; In all
these studies, analysis has been restricte@ to thése cases
where the structure 1is 1resting on a \stationary. foundation
and excited by a time dependent tangential or axial  load
at the free bend.‘ | A

In this work, the dynamic stability of an elastic
column with a large mass» ét the free end will Dbe studied
The ~excitation will be taken to be in the direction of
its longitudinal axis, simulating the vertical accelerations
§f earthquakes, and the éubséhuent motion of +the column
transverse to this Vaxis will Dbe investigated. The equation.
of motion will be derived in Chapter II. In Chapter III
we will considerr the case of <free vibrations and detérmine
the frequency equation of -the system. Stabllity anélysis
based on a method introduced by Hsu [£}will be given in



Chapter IV. Finally, experimental studies and results will
be presented in Chapter V. '



- CHAPTER - II-
. EQUATION OF MOTiON .-

II.I.Formalation of the Problems =

In +this séctioh,thé féouétion ”offimofioh’ govérning the
transverse vibrotions,due ‘tO, axial exmltation,of a structuré
~suppor£ing a largé.‘maSS:dwiil~~bé derlved.We will model the
structure as ~ai cantilevered delastic\‘column ‘with a large, ‘mass
at its - free end)(Fig;Q;I) | o | | ,d l-_;., BRI

. lThe,”pafameters*oof'ithe jsystem‘dwillv-be défiﬂéd fas':
follows, | | S o d‘v - |

M;Mass: of} the supported body 1

;Mass per unlt lengthd of the ooiumn},='

1:Length .of the ’colnmn';

E:Modulus :of elasticityw50f3‘tﬁo':oolumnhdﬁw

I:Moment ;of .inertia' of the column cross-section

A:Cross-sectional area of the column.

In.dthe :aoélysisd of the problem, the ‘effects of :the.d
rotatory inertia @ and sneard?aéformation -willﬂfbe‘~neglec£éa’ :
and the deflections of the ‘column will be taken to be |
small in ’comparison to the smallest dimension ofl the vstuc-iV

~ ture. The stability of the | system will be determined by the;:

: boundedness of the solutions to 'the transverse i.of,

- motion. That is, ‘the column will be said‘ 'o” be tunstable ff‘ﬂ‘

‘when the solutions grow indefinetely in |
‘Before we dErive the equation ,ofy motion, expressionsvﬁf
for the- longitudinal and’ mransverse- components of the acce-f

‘leration of a material partical will be given in the first_




part of the following section and +the equation of motion

will - be derived subsequently.
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II.2. The Equation of Motion

In order to arrivew at the transverse equation. of
motion ‘of thé column, Newton' s éné Law of Motion wiil_ be
applied to an element of tho column under .ihe ’aSSumptions
~of the oiassical Bernoulli-Euler theory. To this. ond, the |
kinetics of a partio@é' niong the column. wiil be discuosed
first and subsequently the equation of,‘motion will Dbe
derived. | |

2.1. Kinematics of a Material Particle - Velocity and Acceleration 3

Figure (2.2) shows the three successive positions of
the system. The fi;st one,'whioh will Ybe referred»»to as
reference configuration (undeformed configuiation) is the posi-
tion at t=0. The system is ‘at 'resfhfin 'thé¥ inertiai'-frame ‘
fixed to the ground. The second position, & “hypothetical one,
is the  one where the entire structure is rigidly Qisplaced i
vertically with a time dependency given by X (t). Finally, i
the +third position, deformed 'posifion, represents = the sfate .i
of the structure at any time t. f

The coordinates and the displaoenontsr.of an arbitrari

material' porticlé‘ in each aforementioned position are give1
below. The first term ropfesénts transverse ( horizontal )
directions. | |
(X,Y) : Locates a mnterial particle in the reference
configuration expreosed in a ooordinaté system
measured from a fixed inertial frame.

(%,7) : Coordinates of the material particle in the

hypothetical configuration (rigid body motion)
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measured from the origin of the fixed inertial

frame.

(§,7) sCoordinates of the material particle in the

deformed position relative to the fixed inertial

frame.

(x,y) :Locétes the material vparticlé in the wundeformed
state with zrespect +to the coorainate system
moving with the support; |

{(u;w) :Components of displacement of a material particle
relative to 1ts 1reference pbsition.l

The axial andﬂ the transverse components of displace-

ment in the hypothetical state can bYe written. as, (Fig.2.I)
u = ? = ? . )
W= 1] |

and the displacements with respect <to the 7reference 'positioni
\ ' 1

(2.I1.1I)

are

S :'%;i X=u+X ;
* (2.1.2)

L9
Sy::W="l—- Y

Note +that +the position of a material particle in ‘the fixed
inertial ' frame 1is determined Dby the coordinate X, and its

velocity 1is the rate of change of the displacement function |

Sx s holding X constant, l.e.,

s : |
Vx=-q¥;}{ | (2.1.3)

Since S is also =& function of ¥ and % , applying  the chain

rule of differentiation to S_ we get,



where . from Eq. (2.12)

S8 v X

¥t T 3t

Substituting valllvthésé]fieiéfioﬁs7 in‘fthé; expreQSion_ for. VQ,
Lk £ I T € VO I
Neglecting the axiai strain %S%ﬂ,'and “the ‘strain veloc::i.‘l;y.au

compared to 9( s the .éxpression for the’-axi&l, component . of
the velocity of that material particle reduces to °
Vx=’X(t)
Showing that  the majdrv’ébntribﬁtidn"to the motion 1is. due
fo the motibn of the support, that is
du /A
_'a’x“«'x ax*' «’X

Taking the time derivative of the equation,(Q,I.4) ﬁolding, E

X constant will yield the general expressibn'~for the >ion_
gitudiﬁal component of the acceleration,
8, =dV|_ OVx X OV,
) dt dt 29
or X

G U
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oo B Laa v, f

.Negleéting second and the higher order ”terms: the"‘above

eipression reduces to
For the transverse compbnents of velocity and acce-

leration of the material partic&e, going through the same
procedure yieldsf

\/ },t + B? 3+ L |

and. the general expression for the transverse compbnént ,6f'

the aCceléiation. is

vCOnsidering only the first two terms and neglecting the
remaining, the expression for the,,transverse: gccglexation 7:"
reduces to | | | :

'va ',3<~bvv . , | (‘_ ?:~
B‘l‘.l B? o : o 2.1.7),

Cl

2.2, The Equatibn of Motion

A differential material element of the column WEiéhf
s deformed due to the fbendihg momentv is‘.éhown in Fig,
(2.3) in a coordinate system (x,¥) moving with the support.
It will be assumed that shear deformation and rotatory

pre

inertia effects are ﬁegligible,,P s V and Mo represent . fhe
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T,

Differential Element of the Column

Fig.(2;3)
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inertial axial force, shear 'foree‘ and bending moment respec-
tively. : ‘ | v
o The 'equatlens of motion both along the x and y
directions obtained. by applying Newton_s _2nd

to the differential element of, the celumn are

l (2,é,I)

(2;2.2)

where we have used the fa6£f'fhat
-
07

"summihgf,up the‘-memenfs aboutf:an axisg’perpendicular'? s

to the “(%,¥) - plane and paSSins thrOﬁBh nfilni:weffééﬁi“{*

%’m«__va«_ Vv (4,0 _pdw Bw dx Ddw ¥

R Tie T ¢)=

vceneidering.lonlyf the vfirst ‘order terms and neglecting the f i

remelning{;oﬁégggwe.‘thain,vthe‘vequatlon 'of angular motion ‘of

the system .es o

B?c Boc

Recalll*fhe .rélation’ between the bending moment M ‘ and the

curvature at the same point for a beam in flextural motion»

=_Elln . R -
M, St S o (2.2.4)

Eliminating M, between the equations (2;2.3) end (2;2.4) we

get an equation for the shear force

Law of Motion"~

‘-(2,2;3):
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‘_jv___EI_?_"_‘/

(2.2.5)
_a_,?é?., o

'Differentiating the above' equation, with,;respecte to X and

using the .equations (2 2 I) and (2 2, 2) ;yields‘*

B c 3{2 = O o ) (2.2.6)

'Note that the axial force P is a function of X and t

and 1is given by | o | | | ’
P(x, t)—M(% -Q )+fm (% a )CJ,( e e

where g is the gravitational acceleration.

USubstituting ’X. for ax the above equationf reduces to‘

P(x, 4:)- [M +m (L 7(] (% 'X)

Since the beam considered is slender and thel mass - of the |
top weight 1is very large compared to that of column' |
( Mj»»m 1), inertial forces of the column can. be. neglected

Hence, the expression for the axial force reduces to _
Pli=M(q- %) - (e

which is only a function "of time.»The ,governing equation
of motion for the system described ‘is then obtained by ‘
substituting (2 2.7) into the equation (2 2.6)

y o
EI <X B +M(‘3 —'X) + cgr: O - (2.2.8)

This ~is a fourth order pa:tial 'differential ]equstion,'hence,’

there should be four boundary‘~conditions;fAtjnthe” lower end,
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the beam is “built into its .roundation;'maaning‘ that the

displaeementfiando the slops' must. vanihh,:i.e,,;,

Vo= ()‘n S ~‘  f}€fi¥ T - (2lg.9a)

(2 2. 9b)

The other end is free with a large mass. Hence‘, one of

the bonndary ,condition;~at x::l;,is :zero bending moment

(2 2. 90):i1

inertialj i

shear?,force at

is the remaining boundary condition. Substituting (2 2. 7) into s

(2 2 5) and evaluating at x= =1 will give us. the shear;forcef;§
- appearing on the 1eft-hand side of ths above eguation}aihns;g,;

»the above expression reduces to‘

"E]IB

b

In this work we will assume that the excitation is

._ZﬁYXEW,°" i(zééﬁl

a harmonic function of time , that is

X (4) = X Cos0t

- where Xo and (1. are constants corresponding to the amplitnde

and the frequency of the ‘forcing function.iThe ‘expression

for the acceleration of the base 18 then
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tions (2 2, 9) describes th : :of v the column
in the (x,y) plane Bu'b 16 - a  vertical c:‘-"‘9‘1'4&0:1 _"X(t).\ |
Si.nce we  will ’be o’hly‘-“ interested in “th’é""tét‘éady-state :

motion no initial conditions will be preséi’ibed “for this

1

problem. |
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CHAPTER‘VIiI“fnf
FREE VIBRAT IONS

In- this ;chapter, the’ 'general
‘equation of the system under considerat‘

’111 I.The - Equation of Motion and " Its Solu ion

ped ‘the forcing function ’)( (t) is taken as “zero in

the equation (2. 2 Io), the equation of motion describing the

v (3.1. I) '
 where e, ‘end ¥ are the quan'tiﬂes defined in (2 2. 11). The‘
boundary conditions, ( Eq.(2 2.9) ), can be written a8

w| =0 | (5.1.28)
B 7(..—__0 ’ . . ‘ ‘
S| =0 (3.1.20)
Y =P o eLae)
Pw  odw B _g'w>.zo e
(5%34-(3 g e T - ,(3-‘NI_°_2_d) -

The ‘g'en‘eral solution of equation (3 I. I) can be

obtained by applying the method ’oi’ separation of Variables.j

That is ' We assume a- solution of th :

\"/(’X;f) = \/(9() 8 (3.1 3)

Substituting the above equat* on’ into Eq_,(3.1. I),

the equation
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of motion reduces to an \ordingry differential' equetiono of
the form B L S v

A V(%) » X‘w .V(x)]_“. i 1,?(»'3.'Ij.4')

dz

where q) 19 thei natural frequency of the'\system. The ex-

.pressions in brackets must vanish in orde ‘tto have Eq.(3 I, 4)
,Lhold true for all time t Then the problem reduces to an

jffeigenvalue problem of the form N
L [V]A__w X \/

where i: is a 1inear differentialf operator'fdefinedugby?

(315)

L— dx‘/. +ﬁ dx (3.I 6)

Assuming

,ﬂ;(3.1 5) yields

the characteristicog4

’)\—\-‘5')\ wb‘ O o (3.127)

The roots of ‘this fourth ‘order equation can’ be written as

’>\,=‘% |<.;' R W

where e Y T . )
\ = _ @ + BU LY | = Be/eriuty
KT\ T 2 - 2 |

Hence the solution for v(ix) can be’ written: as’

V(“) HCosh \‘Ji + QSm\\k x+ Ccosk ')L+ OSm\( 9( ‘ ' (3. I 9)'
where A, By, C; and D are ‘the constants to be determined
from the four boundary condltions given by Eq. (3.1.2).

The general solution of the free vibrations case is then



| WA= [ACoh kx4 8BSk, x 4 Conkin 10l 6 5. 1.10)

| III.2. Self-adjointness of the - System s

Eq.(3.1-55 corre3ponding to the eigenvalue problem can_
be put into the non-dimensional form by intro&ucing the
variables z:gilk Z_Agﬁ:corresponding to. the non-dimensional _
1enght and t}me ieSPectively, m) is the nth natural frequency

of the system. Then the eigenvalue problem takes the form

L[v] (

with the boundary conditions

| 4(3'.2.'1)1

Vo= C(3.2.28)
V)= N S

70+ 3-\7’«)—‘_——(‘“))10(1) e
3 A

(3.2,24) =

where

o
s

|
Il
73>l

b\

and

<]
o
r—°"“|< Q_l

|
I

"oy

4|
N
€
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In . géneraI' an eigenvalna‘ pr‘oblém" "‘is"”said} to be self-

adgoint provided the following relations are satisfiedi,[g].;

f £ s]dz-i-z jrB Az——»j L r]c\a.'. |

f”’scji-\- f;C[S]Az——strdz—i-

0. Vo 0.

/

where T and are any two functions '/sa -_us ying the boundary
conditions, while Bj and C;] are operators appearing 4in’ the

s boundary conditions._ In our case these operators are -
5 __;; a B4 | .

2 BJE 32 i, 2 3

-It is » o'bvious that

.~on1y multiplications 'by const' ni

fied identically and there remains- only“ to show that the
operator L satisfies the , relation | RO _

f L[S]dz_j o(, r‘]dz

fr(§"o (”)&z__J d14:[rpd‘

o}

Intégrating the above mtegral‘s by parts we ~get,
(ds‘;}.g S _i'”__\_'(z,_d_"_

dz* = " da \d 23 |
[ ot sdus ﬁgéi s

Using the boundary condition. (3.2.26.')

2 B '('3'.2.35)'



. Thus the selfsadjoihtnéSS of the
it is a known fact that the

o (3.2.4)

o and 0 | :
S { I ’ when = i=§
iy . ”»i- i?ﬁj-v
Let qq(z) be ;the normalized form f?ﬁiii;u-,ngfaﬁf;Vi(Z)oéuoho7’
that R S .

Vi(z)

—

qi(z) . o (3ea2.5)
Ny e S
Then qi(z)' form -an Orthohormal-jset>'w1th '%hé’Apfopeffjﬁ

.»o'

III.3. The Eetermination of the Natural* Frequencies :_i"

Frequencyigequation of a ' btained by apply-;ﬁ

'ing the boundary conditions to of tthe equationfg
,;of motion. Thus, applying the boundary condition at x O yields

| w‘(O.t')é—-_O_ —-', — A=-C o (3;3,’-;"15)7‘?
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-

o x =0 BE=Tg 00D (3.3.’Ib)

the form

. w(x +)~ [H(thk x = Cosk 7c)+ B(Smkk”"f k ,)] (3.3‘2.)

‘,He‘nce, the solution given ‘by equation

Now applying the boundary condition at x—-l will yield two

-'equations ’ for the unknown constants A and B, that 15,

(\( CoshL ‘.+]< Cos)( U—\- B “< Sm\r\k l +\<'<Sm\< \_) . (3 3""33');_ )

| c> H[kVS&&l—kk5m&l+-§ufUh%kL chD.'

EW @ [\( \( C0$\1\< \_ -\- \( CoS‘(l,“'E' (S‘n © ""——Q'Sm\( \-) (3-3031))

Equations (3.3.3) can be written 1n'xmat’r1x'~‘ form as
Qn  Qu Q, o} (334)

where the coefficients

0

Q —-\< Coswuk cos\<\ R

Q \< Sm\'\k\.—\-k \<Sm\<\_

~L Q kk&&kt\ \&&L+3co( yk
L

g Q,=k l< Cos\»\< L+ k, Gosk L& —-%~ w (5'"‘1\<‘
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equation

In order to '_/have a non-trivialff;?‘"77""“‘":' o
(3 3. 4) 5

vanish, i -e.,

the determinant of thecoeffic f'v":‘.matrix must

~

’ Qll‘ o: Q22 .“ Q120Q21=0

Substitution of Qy (i,j 1, 2) :l.nto the‘ above equation will

y:\.eld ~the desired frequency equation CEDT e
2.[( w X’+ [k (\(q—fk )Cos.kl \/‘3 + L/UJ X k -——- szkL}

W3
smm 0 ~('3.3'.s>‘

Cos\w )(0[ +[ .i e i ‘_L‘ S"‘,k.l]
The equation (3 3.6) ‘solve »;;‘-_;_.num ’10&115, for -
W when the constants \< and k, are known for a spesific ‘ U 1

structure., The

are Ikmown as the natural frequencies of the beam-column

‘roots of +the frequency equation W ,; (3 /:1.,2,..'11)“’».41]
2
with a heavy t:.p mass at the free- end.. » (
The constants A ‘and. B are related to | é'é'chfbthér' SRy

with a comstant ratio = ' o
e Q' kS.nH+\<LSm¥<\
e &g Cosh ¥, L4\ c“k\

Therefore the complete solution to

vibration o » 1

pro’blem is
\x/(fx t)— z ﬂ [(Cos\'\\( 7( Cos\< 9()
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N ]

Each term in ‘thisj serieS‘iiSﬂxkn0wn as ‘the ~ﬁorma1 ,modé

of the free vibration.
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-éHArTEHL v
STAB I[.ITY ANALYSIS -

' In this chapter, we will find the unstable regiOns |
in which instability is ‘taken as the unboundedness of the :
solutions to the transverse equation of \motion; n Section
III.S, orthogonality - of the normal”modes Was proven“ for the
free vibration & problem, therefore the solution to the forced
vibration problem can be taken 'as"‘f superposition of these

ormal modes (eigenfunction expansion)[sa] < The ‘coefficient |
of»_each; term in this series expansion will be in general
a function of time. Such an approach ‘will  yield coupled
Matbieu equations to be solved. R

| The method generalized by C.'S."Hsju:[l!-]‘viill be used
in this chapter in  solving the 'above-mentioned*‘Mathieu, equa-
tions. This method ‘enables°lus to - observe both simple and

combination resonances while the one introducedv by VoV, o
Bolotin [f;] enables.' s to observe onlyi the former.-

‘In Hsu 8 method, the bounderies of the stable and
unstable regions are found using a combination 'of perturba--

tion and variation of parameters techniques.5

IV.I. Derivation of the Space Independent Equation z -

The general - equation of motion (2 2.10) ‘can  be written =

in terms of dimensionless _variables z and ‘Z’ ‘as ,'

-"S_{ [s+<>66(’5)] ve + 7T z‘z" O (LD

A
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her = (n)
w . © G(Z) - b Z:& Q)ﬂ- -l:
O -
Y=
i 1‘ N
X = ‘.0(.
N7 %
W= XL
L
Note that ‘the ith non-dimensional natural frequency w,; is
({) : :
. w
W, = (n)
w -
The solution to equation (4.I.I) can be assumed to be of
the form
Wiz, T)= ) ACK qi<z) (4.1.2)

N2

where qi(z) -is the ith

ormal mode and ﬁ (z) s its

corre8ponding time dependent amplitude. This assumption is

knovn as eigenfunction expansion[gl]. By substituting ;(4.1.2)
into the

equation (4,I,I) and fapplying Galerkins; method , a

equations whose

~system of coupled »Mathieu

‘determine ~thé1

stability' of the

system is

solutions

obtained.

‘Wil

j{: 950t

‘1(%) ”Z ¢(z)qm+

i=

o(G(‘Z)Z ¢cfz)q(s 0 (4. L. 3) |

C-{

(=% a—-

where

()=

Multiplying ‘the above equation by qj(z) and integrating over
. 0, I) and recalling the orthogonality relation (3.2 6),

we get “

{PHANES!

Ot
BoeMﬂiuwwsﬁnea&
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@(T) + Wy PT) + %.e(‘t)"z-_‘_'gé(t)fq‘{q d2 -0 (.1.4)
[4 i "____,‘ » O A“* 3 ' ~
Defining : 1,,‘ B
i : Eij::’/rqj(z)-. qi(z) dz

() ‘
‘the above equation takes the form

;2:5.(2).+wf7;§(?).+f€§_@(z)zE{.JQ?(Z)_—_:O | (4;1.5)

where

~and o 18 the amplitude of the excitation of
_the jsupﬁort; -

’Définihg»ithef fo11owingn;matriéiés )

A
A

am
HE
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equation (4.I.5) can be mritteng"inr‘metrim‘ form as

8+ [‘Z;Le’ée’(t)‘ﬁ]i"sé -9 R O A0

IV.2. The Stability of a System of - COupled Mathieu Equations :

The solution to the equation (4.1.5) ’ according to

the method introduced by C. S. Hsu[zi] 'is“ assumed to be -

| composed of  two parts. Since € is 'a‘ small parameter, the

first part of the solution will be the perturbation part.
The - second pert of the solution iscfound from the undeter-
mined‘ coeffiCients method and is of the form of the ‘solu-
tion to: be perturbed about . with><time"5dependent coefficients.

7$h system of equations_“(4{19533f” ;;;reduced to

first order system-~of equations by d'}

_,pfnew function-
h; (T) as

| ny=g;
hi+‘“1 ¢1_-eSG(z)ZEij ¢j

‘Note that if the small parameter éi'?tends7fto-;zero the
solution of (4 2.1) becomes e ‘ S
- 951("6)’=Ai CoswC+B; Sinw,T
By (T)=-why SinyTiwBiCoswe

| where -Ai and Bi are constants.'

For € =0, the above solutions- for ¢i and hi fcan';i*Y

 be assumed , to "be in ‘the form of perturbation 'about “the

above solutions with time dependent coefficients. Combining

the method of undetermined _coefficients with the perturbation f?

wen
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method we assume a solution of the; form

: (Q_)
85 (D) =4, (T) CoswyT+B; (@) Slnw'6+ZC¢ T) .
H q" (4’0202)
' 0 9 (q)
(Z)—_—LuAi(Z) Sli1w2+w}31('?;) Cosw’Z+ZE hy ()
' a) (q) |
where A.l and Bi as  well as- QSi and hi are all functions
of time. , 3 _ _ i |

Substitution of (4.2.2) in%o’ (4.2.1I) and applying

the method of undetermined coefficients yields

A3 (T) Coswz + B3 (T) SinwT=0 (4.2.3a)
. | . e 9,.,9
"‘UJ(Ai Smwﬁ@ + W B‘-Cosw‘.'z: + Z € (6& 1+ W, ¢ )
. .-.l

[A

_ ' 0 q @ |
=-cE6@ £, [QCOsLU'Z-}-@Smw(Z Zeq;é } (4.2.59)
. - ’J" N

Considering only the terms with coefficients upto the rirst
power of & ( first afproximation )}, and substltuting C(‘C) into
equation (4.2.3b) »yiéflds . a second order dlfferentlal equation
for the time dépendc"en’c cpefficients. Equating the terms

having € on both sides of the above equation | yields
o0 ) (1) |

- U.)f ¢ = - ES—Z E AJ [COS(LUJ—V)'Z.‘.COS((%_;_V) Z:] :
5 -

¢ )
+(?>J[S'm (wJ—v)'Z—&—Sif\ (wJ+V)'Z] (4.2.4)

Particular solution of the above equation 1is

© ) g N E
J¢L- — ——i' —-———~—-—~[Q Cos(w.l_)))lZ-}-e%m(w +V)Z]
P . T W, — (w Jrv)

[p Cos (0 V)Z4Q>5‘n(w V)Z] - (4.2.5)

E,
-}______—__————-
w— (w v)
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(1)

Note that ﬂi being the time dependent coefficient of the

solution to the equation (4,I1.I) will become infinetely
large as Iu&|—~4¢5103|and this corresponds to some sort of
a resonance phenomena. The essential.'featufe‘fof the method
we have wused is to aseociate resonance caueing terms with
the wvariational part of the solution 4j] These troublesome
terms can be removed from ' the perturbation part of the
solution. Now. let us consider several :esonance cases found

from the perturbation analysis,

case I Y= wk+w+“’ k;l;j (Mis a real finite number )
If we set i=k in (4. 2.5), it is ‘seen . that ‘when
th
the forcing frequency \) is given ~as ,above,ethe j__ term (j-g)

of 1the second expression on the right-hand“side ot the k
equation (4.2.5) will go to infinity as € 0. Similarly we
/,get the same Tresonance  case by interchanging the indicles |
as 1=7 and J=k in the summation, Sinoe 'resonance case is
related with the variational part, we obtain four differential
equations for Ak ’ Bk y Aji and Bj by considering only the
variational part of the equation ,(4-2;3)

by CoswTZ+By Sinw =0 o - | ‘;(4“'2f5?).

-—

. | . € NS -~f;7 o
LWy P‘é‘“wﬂ + wk%kCos w C=~ =2 6 Ekj [F)JCQS (w‘<+§9\>z

-BJSm (@»}367\)"5] (4.2.6b)

.
H
3
3
;
{
.
|
i
‘
i
;
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— “ HJ.S‘h ‘*ﬁt +Q\)_] éJCos wJ‘Z = ——-ez—g E-; [F) ‘Cos (UJ-t é?\)z
BJ ‘“(“’w“ @\)z] (4 2.70)
Solving (4.2.6) for Ak and Bk : we get

Bk=;%(% [g (Cos V/ Cos€7\7’ Cosy/gmyl S,ne’)\'t)

=0 (Cos‘FSunsU Cosél}\'t..;.coskfl Sin EIX‘Z)] (4 2. 8a)

Ak—é‘?;"E [9 (Cos W SmguCoseWz Sin’ yS,neA'z)

-8, (5,,, w coseo\z+cosgusmgusme?\‘t)] (4.2. &)

where ¥ = Wy T | R .

In o::vrde»r 'to ’s’implify the equatiOns.vr(4 2.8a - b), ﬁe take the
average values of the .
”"riod of 21r accordlng to the method f

to ‘},’( over a

Kryloff—Bogoliu‘bo f-Van der Pol [1] In that calculation Aj

and Bj are considered to be constants. In this way we get

Ak=_%%_ Ek | /qjs;,gez‘z +_%'Jc_os~ré9\z,_:! e
e R (4.2.92)
Bk;__L;—— Ek:y_ HJCos E:(}\'z - BJSm E%ZJ-

changes occurrlng in A;; and BJ'

rigﬁt;hand sides of them'with respect

‘Since e’)\«w \? rapid osc111at10ns do not contribute to the o
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Similarly for A 5 and B'J
hy=—£5 £, [A,Sn ENT + B cose?\‘z] S
| fw - (4.209v)
B,——£8 |
| P

s £, cht‘,s'eqz_g- Bksne Wt]' |

We will now ‘solve - tne coupled equations (4 2,9) for
A s By Aj and - Bj 5 then the stability problem reduces o

determining . when‘ these “time” dependent coefficients appearing

“ 4n the - solution -of the equation (4.I I) remain bounded or
increase indefinetely with time. _ , c, , | , |

- We will now define the: following functions in | order
to decouple the equations (4 2 9)

X,= Ak‘+ in Y,=A,+1B,

O SRS ' | - '(4,‘.2;10‘).
X,=A—iB, I . Yz—Aj'—iBj ‘» ., B

z,
Differentiating (4 2, IO) once ~with. respect to "C and su‘bstitutiné
(4 2.9) gives thev following system of first order differen- o
tial equations for X, X2 Y Q.nd Y | |

2 ¢ _ o
= b o E SR 4 2 11 )

11-, | 4w’k ‘*JY e g e { o
, : < - R
Iy= L= 4w EkJY L Lo (4.2 Il'b)v

: —469\'3 : - S S
Y = —C———— EJkX , (4.2,1Ic)
. es ‘ o

j'Consider the coupled equations (4 2. IIa) and (4 2. de)
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differentiating the <first with respect to C we get

‘e e . = ¢ C€’>\‘Z __ . - e
X -_LE..__S_ E\< Y e _ Y l-’ ?\t |
i ’ Qtuk S
Substituting now i2v ( Eq. 4.2.113 ) into';thé"above equation
yields ," | : SR :
. z - | ‘ - | =
+t6'>\ EFfF=-p
X1 16wkw ky T3k ‘O-_‘ e ,(4._2‘..12)

Similarly we obtain for the others

L zw_z L xﬂ,;,\”; - . .
; ) S -
Y . LED\TY; 16“" J kJ J" Y O PR | (4.2.13) =
‘6 Xz Iéw w kJ JkX O B R (4.2.14)
€ €5 rrsve | 2.15) |
Y+c %Y' féww EkJEJk'\ﬁ o) | (4.2 15)»

k™J
The 'genéral“formi,of  the"chéracteristic :éqﬁationSj'of, fhe"
second order differentisl equations (4.2"."12';‘-’:"15')- is
' : ,f'zféz '
€ b — O

YN
EA)m —
m +(L )m 16(,0“(1)3 I‘J» Jk

Vsolution of' these_ differén-

On the other hand, the gemeral

tial equations is of ‘the form
m m
and 02 are constants to be determined and mi

.where C,
of the characteristic equation which

and 'm2 are the roots



33
are in general complex numbers

‘with real and imaginary

parts., The 1Imaginary parts giving rise to ~oscillatory type

motion do not contribute instability ’ however s the

real part depending on its sign determines*

the’ stability

of the structure. Therefore , from equatidﬁf'(4;§iiﬁ)flw€ hhéve;

_Ak_;__< X+ 1, > Aj-_-.%.<y+ 1)

Be= ‘(xg—x ) : | Bj——- (YQ—Y )

Considering the 'equatiOns (4.1.2) > (4 2 5) and ‘the above i

- ones we get

We w(xl,xz,rl,r )

Hence , the instability_of the; system-

, Si,determined by the

real part of the roots m, and m, which is equal to

2.2 'g

_EN

&5 /AT
R E = : '
\ +t4wum_klék ty__I o

Al the terms except Ekj and Ejk“ are positive ’ therafore

the signs of the elements of. E matrix determine whether
the system .is stable orbbnot. If the sign' of the terms
under radicai sign 1is ynegative the solutions are stable,_

otherwise unstable.

A {0 —= Stable
I 70 — Unstable

It Ekj’ and ,Ejk are of opposite sigus, the quantity,;fj

under the radical sign is always negative and the system



is stable.

In the case - where nE:L* and E are of the Same '
Tk§ o Jk e

sign, the product of these terms will _alwayv

bef positive.

Then we have to examine the inequalitywr

| "**‘Eaz;; SR
Sl faﬁ?“ﬁ" -
Substituting é?\ V—- (w, +w) we ob‘fein, ‘the "b'DOUﬁdaff.iéé of the -

unstable_ regions as_'_,v‘

This resonance case is known as " combination :

’resOnence of ‘Suﬁ"ﬁ&pe'“[f)];i'

Case II : )) Zwk+e’>\ o i=3= e
In thisv case, when the forcing frequency is equal

to or nearly equal to

of -the system, the'l_'_kth term of: the second ‘expression on

'the right-hand side' of the. equation (4.2, 5) will be dinfi-
: netely 1erge. Following the same procedure as iﬁ"Ceée I , -

we remove the terms causing resonance phenomena from the :

equations (4.2. 3) ~and associate - them with the variational |

analysrs. Thus we obtain for Ak' ‘and Bk

twice any of the :natural frequenciesf
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0’1!

Ab—*-——‘ A &né%14-6(;wE%Z tk7 " o
4wy [ . ] "L]g(4,2¢16),

Bk——'%';* kk [QkCOS 67\?: BkSmE:'XC]

Differentiating Xl _and X,

to. C  once we get

h=-izbEXe 0 e

Elimination of X, and 'XQ ,between th'ese.'-'ﬁtﬁéiii‘r;f‘f’e,'qpa_.tions will
yield ' " ' BRI TN ,.
_ieng B x=0  h21)

'The real ‘part' of ‘the roots of the characteristic equatlon

of the above differential equations determines the -instability/

and 1is equal to ) "
2 2
(S

€ z '
4wakk =} AII ‘

Instability will occur when A >O or

LEE e 0

;€*+

By examining this second order . inequality_, iﬁstability‘ region

is obtained as

2’%"‘— uk<))< Zwk "z%kEkk"

defined in (4.2 IO) with respect

(42 )

) wfkk X3=o0 - - (4—_.}2‘.18)‘
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This region is known ‘a8 "principal .ins‘tabiiii:y‘

region ." [ 6 ]

Case IIT ¢ )) W, wk+69\ v )<753 3>\< -
When glle forcing frequency 1) approaches the above
values, the j - term ~of -,the second expression on the righi;—

ot ‘th
hand side of the k e‘quatibn'of (4 2. 5) and x term of

. the first expression on the right-hand side of the ;jth B
' equation of (4 2. 5) become unbounded. Removing these : resonance‘
‘causing terms from equations (4.2 4) and associating them

with the variational part of (4.2.3), as was done in the '
first two cases, will yield four di:f.’ferential equations for .

the' functions Ak By s AJ and ZB:J

By COSWT+B, - SinwB=0 BRI (4.2.208)

. €5 o e ,
-Ak-Sinw‘:E-ka.- Cosw,T=- m-Ekj ,[Aj‘Cos(wk—GNZ o

B .'s_in(wk'-'ek) Z] ~ (4‘.‘:2';2010)

S

Aj Coswt-s-]'aj-Sinw'C:O el (4.2..‘21’a)
. . __é_ R , .
-Aj Sinw"C-q.Bj OSWZ.—-- -z—u-g Ejk [Ak COS((AJ -\-e’)\)z

Bk'Sin(%f_E?})Z,].l ‘(4 2. 2Ib)

;Solving equations (4 2 20) and (4 2. 21) for‘f‘gk "’ Bk , A
and - B;j and averaging with respect to- SU and SU ‘ov.er. a

. period of 277’ ~yields -
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» s - (4.2, 22a)
Bk:—-% [Q Cosé’\‘z ggmef\ﬂ

j ‘__4_(5_ [ﬂksmem 6 Cosc%'C]
b= - Q , Jk [g 1 Cos EXT + By Sjr; é?x‘c]

' !»(4;2.é2b)~

I _-3ifa1‘1-é equations . (4 2 22) substituted into thederim_
'tiv_e's of (4 2'5"ib) e get ' .- S

e 5 E Y e e')«c

. ‘lwk
— iﬁ E Y’ "W
. L€ k_
R
Decoupling thess equa’clons)as before .we obtam

RS

e e :(4 2. 23b)
Est;»-‘?‘ \ B T ,(4 2 23c)

o L 4 . 223&)

oo B .E,:ii:r.f.x‘z"_x‘_v-":ofi:’f,f o (2.2
b B B 2 =0 (22

Y;ﬂé?\,Yﬁww, AEkEj By _,;Y.;—-_zo' ‘(»4,2.26).1

Once aéain , the real parts of the roots of" the char’aé:t'é:'r'i-s-» S

 tie .equations;}vof' the above equatlons arg the same, and
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~equal to

Instability will occur when Am>_O' or

\ =2
2,2 £ 5°
—E N E

: 'q.wwk Jk»EkJ >O

It is obvious = that when Ekj md Ejk are of .the same
sign there would be no insta'bility but if ‘they are of

opposite signs instability will occur in the following}' ._range :
sy ) : o :

(“"J“;‘*’k)"‘,z, ‘/ w: J; <)) < (w w) 66 V-

This resonance case is known as “"’ combination

: resonance of difference type " [6]

Case Vs ))=€'7\ e "—'J—l‘ o R ,.’ .
~ This ca's'vle corres_\ponds to very small forcing frequency. "_‘;'.'.;
: ~th S
The k term of the first and ~second expressiona on the :

right-hend side of the X equation of (5 2 5) will ‘become -

very 1arge. Following a similar procedure as in the previous . .

cases , differential equations for Ak and Bk are .obtained as

; E'VB-CosE?\"Zl’ : B
Ak:z,kkk-k oo
. eg 7\2: - (4.2.28
Similarly we get
6 Cosé')\?l X =0 | : (4—-2.29)

1 Z
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€8 | o
2™ 2w, Pk cOSE’XC x2=o | - (4.2.30)

By applying separatlon of variables method the above equa-

tions are solved ar;d the results bvecome

i5 . »

X, =0, exp (—mﬁgkk(sm,é%z) ! (4.2.31a)
B (5 . . |

X,= C,- exp (—_Zwk% By Sin€A7T) s : (4.2.-3Ib)

Upon examining (4.2.3I) , it is seen that for this
case instability wuccurs only if Ekk” or W, have imaginary
parts , thus the case of very small foréing frequecy does

not affect the stability of the structure.
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CHAPTER Vv
THEORETICAL and EXPERIMENTAL STUDIES ~

The stability criteria derived in Chapter IV will

now be applied to specific structures and the experiméntal

results will be compared with theory. The ioots} of the fre-

quency equations ‘are fouhd numerically and the elements of

£ matricies are evaluated by ‘numerical integrations. The boun-

daries .of the uﬁstable"regions .are' found“for each c&se
according to‘ the inequalities given in Cha@ter IV.‘Tﬁese ‘re-
gions will _then "be graphically presented. | o

‘y,I. Theoretical Calculations : - |

Circular steel and brass bars haVe  been selected
for the theoretical and experimental studies in order to
make easy 1interpretations of the results. All the bars are

in equal lenght and diameter supporting equal tip masses,

!

'The columns having diameters of 2 mm are tested with the

| weights of 90,I00,II0 ahd Izo,gr and fhg ‘ones with dla-
meters of 3 mm are tested’ with the weights of 250,300 and
350 gr. Modulus ,of“ elésticity of  the 'barS'\ére '

6 o 6 E )
. Es‘e¢l=«2' 1 Io kg/cm Ebro;;;:I‘ I2 IO kg/cm
‘and the corresponding densities . are
doa=1-8 &T/cn’ 4,,,=8.7 gr/en’

Lengths of the columns were L=270 mm in all cases.
,Theb natural frequencies of a given structure are
found from the equation (3.3.6) by giving wvalues +to w from

zero onward. A root is found each time the left-hand side

of "the frequency equation chances sign . Some of these
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roots are tabulated in Table (5. I)

The perturbation method is  valid it ESE &1 or
' L E, v M L

The  other restrlctlon on the crlteria developed in Chapter
1 i

IV is about the averaging technique which states that w‘.>>E>\'

. whereAis finite.Therefore the parameters of +the system

muast be ‘properly chosen - or the amplitude of the excitation
should be chosen as small as possible ‘in‘ order to preserve
the wvalidity of the above inequalities,

The elements of E matrix are computed from

e

o, [N @Y @ds

:oqu(z).qj(z)dz_—_ j'_z m j‘...z
| va(i)&] -L\é(’e)&]

A computer program is given in . the Appendix for the evalua-

tion of the elements of E by numerical integration wusing

i

the tropezoidal method. v _
The dlfference type of combination reSonance_ will not.
occur for this kind of systems due to the fact that +the

matrix E has no negative elements.The instability range 1is

€ [EuEu /. <5 [BE,
(wkwuj) 2 boy Wy <-\7 4 (wk+ w:,)—f 2 Wy Wy

If k] it 1is called combination resonance of sum type

then

“See Appendix for the computer programs used.



'and if k=j it is

known -as_ simp1e1_resonan¢e. The expected

:unstablé frequencies of the selected .modelé fare’-given in

‘Table (5.2).

The first four mode shapes for ther;speqiméns‘ are

" schematically shown below.

(a)

TITTTTRTIT

7

~(c5

Fig.(5.1)

(.

(a)

77777Y7777
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o fip | | BRASS
95‘9'@ Mass ZL&).{ (&){ 4 (’UZ 2/(})7_ (k){ N (*)S wz . wg .
(mm) | (gT)Tnme. Ex) The. Bx.| The. Exp.| The.  Exp.| The. _ Exp.
90 3.20 = 60.53 4‘1 117.86 115 194.20 215 251.53 260
, 100 |2.98 - | 60.26 40 | 117.54 110 | 193.92 210 | 251.20 255
1110 | 2.80 - | 60.05 37 | 117.26 105 | 193.67 205 | 250.90 250
120 | 2.60 - | 59.78 34 | 116.96 100 | 193.41 200 | 250.59 245
250 | 4.76 - | 91.72 55 | 178.68 150 | 292.99 - | 379.95 360
3 | 500 | 4.26 - | 91.24 50 | 178.22 144 | 292.47 - | 379.45 355
| 350 | 3.88 - | 90.82 45 | 177.76 140 | 292.03 - | 378.97 350
; -

Theoretical and experimental wunstable frequencies ( Hz )

_  zable ( 5.2)
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Theoretical unstable regions found <from the computer
program for <the case

Tip mass . : M=1I20 gr.r

Length of C, t L =270 mm.

Diameter of C: D —2mm.

Material of C: Brass o |
are 1llustrated in Fig.(5.2). The elements of Eij matrix

where 1 and j taken upto 3 are given»below.‘

(0.0046995 0.0185771 0.06II296]

E| =|0.0042487  0.0186938  0.0648045

0.0053405  0.0I78469 0.0675349

By chosing the first natural fr equency as the normaiizing
frequency the first three non’-dimensiyonai -natural frequencies
are v | S
U.)1 = I, ’ ‘ . | i
W, = 44.81T

W, = 147.207



vy

w1+w3=I4_8 <207

145.465

90,005

ZuQ=89.634

46, I27

45.514

2,002

2w1= 2.000

’Io 998

46

“~

T

’?

.02 0.06 0.1I0 0.I4 0.I8 0.22 €8

Fig.(5;2)
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/

‘Theoretical unstable regions for the case

Tip mass ¢ M=I20 gr‘.,
Length of ¢, .: L=270 mm."
Diameter 6f Cet D=2 mm.,
Materialouof.C,s Steel

are shown in the Fig.(5.3)

The elements of the Eij m‘ati‘ix aré,

[0.0054095 0.0I91745 0.0619598

E, ;=[0.0049742 0.0192865 0.0654339

0.,0040241 o 0.0184391 °°°68H3L

and the non-dimensional natural frequencies are
w, = I,
W, = 42,046

W, = 137.093




I41.044

| W+, =138.093

o

S I35.375 |

. B4.453 |

| 2w,=84.093

© 83.739

<

43,358

w1+ wz=430046 |

2.002
'zuﬁ=$2.000‘

1.997

‘%>‘

48

‘ Fig.(5.3?

0.I8 0.2

T

2C5
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V.2.I. Experimental Set-up :

The experimental apparatus is shown in Fig.( 5.4 ).
The arrangement depicted satiSfies ~the Yboundary conditions
described in analytical section, one end fixed the other is
free with a Jlarge mass. The time dépendeﬁt ’iéad'A(excitaﬁioh)
is applied to the column by means of a shaker as “shown.
Function Generaté;‘ ije} M 50I is connected to the input
of  the ©Power Amplifier T&pe 2706 whose -output supplies
sine wave with the required amplitude to tpe» Vibration

!

Exciter Type 4809.

y y '[\ - |
[ | 8 ) I r
Func’rion _ Power Vi \oro.{:'ton
Generator HmP\;Q-ier Exciter

l:l.% C 5-‘4') }




) éq?  Tip - STEEL
X | v
é»y"" Mass ANy Wy + Wy, Q/(\.Ug_ W+ W3 Wz + Wiy
(@m)‘ (&%) | the. Ex.| The. Ex.| The. Exp.| The. Exp.| The. Exp.
90 | 4.78 - |88.40 108 |172.02 155 | 282.07 315 | 365.69 350
2 100 | 4.54 - | 88.18 100 |171.82 150 | 281.82 305 | 365.46 347
110 | 4.24 - | 87.90 95 |171.56 145 | 281.53 295 | 365.19 345
120 | 4.06 - | 87.68 90 | 171.30 140 |’281.31 285 | 364.93 -342
250 | 6.80 =~ | 133.35 - | 259.90 205 | 424.87 - 551.42 -
3 300 | 6.16 - | 132.80 - | 259.44 200 | 424.31 - | 550.95 -
350 | 5.66 - | 132.66 - | 249.06 195 | 423.84 - | 550.54 -
Theoretical eu;.d‘ "experimen‘tal ‘unstable frequencies

Table ( 5.3 )

( 8z )
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V.2.2. Experiments :

Coordinates of the nodes bhange with the éonstant
§= M/m .1 . In the reference [7] , some of the non-dimensional
coordinates were given for the various values of 8 We have
found experimentally the éhange in coordinates of the nodes
with the inéreasingb tip méés M; It is ekperimentally verified

that the coordinate z increases as the tip mass . M increases.




Material:Brass
Length ~ :270mm
Dismeter: 2mm 3§
Tip mass:I20gr

Vib.Fre.: 34Hz §

i Material:Brass
Length :270mm
B Diameter: 2mm
‘Tip mass:I20gr
Vib,Fre.: 62Hz

es



e

Material :Brass
Tength $270mm
i Diameters 2mm
M 7ip mass:I208T
fl ib . Fre. s JOOHZ

Ins}a, [)ili}j |

Material:Brass .
Length :270mnm .
Diameters 2mm
Tip masssI20gr K

s



Material:Brass
-| Length $270mm
k| Diameters 2mm
Tip mass:I20gr
Vib,Fre.:440Hz

Material:Brass
Length :270mm
Diameter: 2mmg
Tip masssI20gr@y
Vib.Fre, $245H2z

Ins%abi[i{y _ C A ' MoJe s}mpe_

}

¥s
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| CHAPTER VI
CONCLUDING REMARKS

In; this;-WOrk, the:~importancef of zcombination resonances
on the stability of a 'structure composed of a ééntilevéred'
elastic column supporting a ‘large mass at the frée end and
subjected /to vertical harmonic’ excitation at the éupport has
been exémiped.Theoretical resultsb along with the experimental
results were presentéd and compared.' | ‘

It was found that for a system described in the
analytical section combination resonance of difference type
does not ocecur due' to the characteristics of the elements
of the coupiing métrix :g; :

Experiments showed that,internai @aterial damping allows
resonance phenomena fb' begin' at the higher valﬁeé. of €% suck

that (or excitation amplitude)

ot

S~ : Théoretical‘,

__ Experimental

!

; e Damping effect ]
The effects of the tip mass,Young Modulus of the
‘column and length of fhe column on the natural frequencies
and the stability of the column have been examinéd.Experi~
mentally found natural frequencies are more appropriéte to

the theoretical " ones than the frequencies cousing instability,

This is due to the fact that,we have made an additional
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approximation in the stability analysis.Rotatory inertia . and
shear deformation effects cause ~the differences between the

experimental and theoretical natural frequencies,
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" DOUBLE PRECISION UM,Z FZ,QUO S0, SI TI,T2, T3 T4 T5 T6, T7 oA,

$B,SQRT,DCOS,DSIN,DABS,ABSTOT,TOT,SAL
DIMENSION FZ(4I00),ABSFZ(4I00)
ROOTS OF FREQUENCY EQUATION : FZ
7 = NATURAL FREQUENCY

READ(5,%) G,AL,W,E,RHO,AI, AREA
EI=-ExAI '
UM=RHOxAREA/G

A=UM/EI

B=W/EI

J=0

z2=0. ,

DO Ioo I I1,4000.
QUO-DSQRT((Bx*2)+4.¥A*(Z**2))
 80=DSQRT( (-B-QU0)/2.)

S I=DSQRT( (B-QUO)/2.)
PI=2,%S0%A»(Z%x2)

SAL=S I«AL

12=50 %( (SO%x 4 )= (SI**4))*DCOS(SAL)
T3-QUOx(S0/SI)- (B/G)*(Z**Q)*DSIN(SAL)
XI=SO#AL

T4-(T2-T3)*COSH(XT)
P5=QUO#(B/G ) *(Zx%2)%DCOS (SAL)
T6=B#(S0%x2)*S I*DS IN(SAL)
P7=(T5~T6)%SINH(XI)

FZ(I)=T4-T7-TI

Z=Z-1,
- ABSFZ(I)=DABS(F2z(I))

IF(I.EQ.1) GO TO 100

J=I-1
| ABSTOT:ABSFZ(I)-ABSFZ(J)

" POT=DABS(Fz(I)-Fz(J))
IF(ABSTOT.GT.TOT) GO TO 80
GO- TO 100

0
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80 WRITE(G 60) z,Fz(J), FZ(I)
60 FORMAT(5X," 2 =" ,D28 16,10%,  Fz =" ,D28 16 SX Fzo=" ,D28 16,/)
100 CONTINUE g
STOP
END

59
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CALCULATION OF R-MATRIX BY NUMERICAL INTEGRATION
TRAPEZO IDAL METHOD

~ DIMENSION W(5),50(5),5 (5),BK(5) CK(s).AK(s) m(s) TT(5,5)

$QUO(5),U(5) E(5,5),0(5),V(5),F(5, 5).R(5 5) EF(S) »RR(5) BN (5)
- REAL MG ‘

S READ(B,*) (W(I)QI—-iQB)

'READ(5,%) G,AL,MG,S,RHO,AI,AREA

~ UM=RHO+*AREA/G

BI=SxAI
A-UM/EI
'B=MG/EI

- N=KUMBER . OF 'MODES CONS IDERED

‘M=NGMBER OF INTERVALS FOR INTEGRATION
H=DELTA Z :
N=3

+ M=5000

L=M=~1

" H=AL/5000.

DO 10 I= i,N

C Uo(I)—SQRT((B**z)-A ¢A%(V(I)**2))
- 80(I)=8qr7((~-B-QU0(I))/2.)

- 81(1)=SQRT((B-QUO(I))/2.)

. OBK(I)= (SO(I)**Q)*COSH(SO(I)*AL)+(Si(I)**Q)*COS(Si(I))*AL)
- CE(I)=(50(I)x»2)*S INH(SO(I)*AL)+50(I)+51 (I)*SIN(SL(I)*AL)
- AK(I)= BK(I)/CK(I) ~

10

CONTINUE |
DO iOO_I~i,N‘, L
DO 100 J=1,N

2=0.

" DO 200 K=1,L -
V(I)= COSH(SO(I)*Z)-COS(Si(I)¥Z)+AK(I)x(SINH(SO(I)*Z) (SO(I)/
S #SL(I))xsIN(S1(I)*2)) |
()= (SO(J)*%2)*COSH(SO(J)¢Z)+Si(J)x*2)*COS(Si(J)*Z)+AK(J)*(
K (SO(J);*2)*SINH(SO(J)*Z)+SO(J)*Si(J)*SIN(Si(J)*Z))
F(I,3)=v(I)*T(J)

FR(D=v(D)»v(I) -
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IF(Z.EQ.0.) GO TO 500
IF(Z.EQ.AL) GO TO 550
GO TO 600
500 T(I,J)=0.5+E(I,J)+T(I,J)
TP(I)=0.54FF(I)~001
GO TO 650
600 T(I,J)=F(I,J)+T(I,d)
PP(I)=FF(I)+TT(I)
650 CONTINUE
%=%-H
200 CONTINUE
R(I,J)=H#T(I,J)
RR(I)=H+TT(I)
PN(I)=SQRT(RR(I))
110 CONTINUE
100 CONTINUE
DO 75 I=1,3 -
75 WRITE(6,64) (R(I,J),d=1,3)
WRITE(6,66) (PN(I),I={,3)
66 FORMAT (5X, PN(1)=",Fi5.9,/,5X,PN(2)=",F15.9,/, PN(3)=",F15.9)
DO 400 I=-1,3
DO 400 J=1,3
E(I,J)=R(I,J)/PN(I)/PN(J)
400 CONTINUE ’
DO 40 I-4,3
40 WRITE(6,64) (E(I,J),d=1,3)
64 FORMAT(//,3(F 5.9,5X))
UNSTABLE REGION BOUNDARIES
DO 450 I=1,3
450 TW(I)=w(I)/5./w(4)
WRITE(6,68) (Uw(I),I=1,3)
68 FORMAT(/,5X, UW(1)=",F8.5,/, 5X," TW(2)=",F8.5,/,5%," UW(3)=",
$F8.5,/) | |
DO 800 I-4,3
DO 900 J-4,3
IF(I EQ.2.AND.J.EQ.1) GO TO 900



IF(I.EQ.1.AND.J.EQ.3) GO TO 900
IF(I.EQ.2.AND.J.EQ.3) GO TO 900
To=0w(I)-ow(J)
WRITE(6,67) I,d,UU _
67 FORMAT (10X, UU=Uw( *,I1,")smw(*,I1,*)=",F10.5)
EPSD=0. S ' ,
850 EPSD=EPSD-0.02
DEIA=SQRT(E(I, J)xE(J,I)/UW(I)/UW(J))
~ DEL2=SQRT(1i.-2. *(UW(I)-UW(J))*EPSD*DELl)
DEL3_SQRT(1 -2. *(UW(I)-UW(J))%EPSD*DELi)
ALTS =(DEL2- 1. )/EPSD/DEL
- UsTS=(4. -DELS)/EPSD/DEL
 WRITE(6,65) ALTS,USTS,EPSD \ | .
65 FORMAT(/,5X," ALT SINIR— yFl2, 8 iOX, ST SINIR— ,F12.8,5%,
3 EPSD=",F5.2)
- IF(EPSD.GT.0.2) GO TO 900
GO TO 850
900 CONTINUE
800 CONTINUE
STOP
© END

62
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INTRODUCTION

In recent years, the dynamic analvsis‘-of- structures
has . seen more and more prominence in engineering design
fconsiderations, Having sufficient knowledge of dynamic stability

vof stuCtures enables us to prevent possible catastrophic
failure.- - _ | / , | ‘

- Parametric instability of columns under periodic axial
loads has been investigated by many authors[éd Recently,e_
much attention has been focused on the existence of combina-
tion »resonances in' addition to Vsimple parametric resonances ‘

[4] In most studies, however, only the horizontal accelerations
are considered as these would appear to dominate‘ over the
effects of the much smaller vertical accelerations ﬂﬂ Howeverp
these tvertical accelerations cause instability depending on
~the dimensions }of the system 'and the amplitude of the~exci-
tation frequency.,._. o _ | | |

A column, when excited along its longitudinal ;axis,y
may vibrate in a direction -transverse to }this' axis, under
‘small perturbaticns. For certain relations between ‘the para-
meters of the. system and those of the excitation, the amp-
litudes ‘of these transverse vibrations“w1ll become extremely
large, and the column will collapse. It should be emphasized
that »the kfailure' is caused bby the interaction Ofk'the
various properties of the structurev and 1its excitation
although it 1is a factor.' The dependence . of Athis resonance

‘behaviour- on the parameters of the syStemr'is' known as



" parametric 1resonance ",

A detailed literature survey on the dynamié étabilit‘

of elastic -systems is given in Bolotin's book[5] Bolotin

made the stability analysia according to the Floquet theory

which prevents wus to 1investigate the combination resonances

of a structure under dynamic loading. Reééntly;'Iwatsubo, Su-
glyama and Ogino D&]analyzed the stability of a uniform.
elastic column wunder periodié. axial loads @ for several seté.
of 'bouﬁdary' conditions. ILaura et. all.-E?]examined the vidbra-
tions of a horizontal .clampéd-free beam with s mass at
the free end, such a structure 1is also known as Beck s
- column. The effects of shear and rotatory:vinertia on Beck's
column were studied by Kounadis‘ and Katsikadelis.[S]; In all
these studies, analysis has been restricte@ to thése cases
where the structure 1is 1resting on a \stationary. foundation
and excited by a time dependent tangential or axial  load
at the free bend.‘ | A

In this work, the dynamic stability of an elastic
column with a large mass» ét the free end will Dbe studied
The ~excitation will be taken to be in the direction of
its longitudinal axis, simulating the vertical accelerations
§f earthquakes, and the éubséhuent motion of +the column
transverse to this Vaxis will Dbe investigated. The equation.
of motion will be derived in Chapter II. In Chapter III
we will considerr the case of <free vibrations and detérmine
the frequency equation of -the system. Stabllity anélysis
based on a method introduced by Hsu [£}will be given in



Chapter IV. Finally, experimental studies and results will
be presented in Chapter V. '



- CHAPTER - II-
. EQUATION OF MOTiON .-

II.I.Formalation of the Problems =

In +this séctioh,thé féouétion ”offimofioh’ govérning the
transverse vibrotions,due ‘tO, axial exmltation,of a structuré
~suppor£ing a largé.‘maSS:dwiil~~bé derlved.We will model the
structure as ~ai cantilevered delastic\‘column ‘with a large, ‘mass
at its - free end)(Fig;Q;I) | o | | ,d l-_;., BRI

. lThe,”pafameters*oof'ithe jsystem‘dwillv-be défiﬂéd fas':
follows, | | S o d‘v - |

M;Mass: of} the supported body 1

;Mass per unlt lengthd of the ooiumn},='

1:Length .of the ’colnmn';

E:Modulus :of elasticityw50f3‘tﬁo':oolumnhdﬁw

I:Moment ;of .inertia' of the column cross-section

A:Cross-sectional area of the column.

In.dthe :aoélysisd of the problem, the ‘effects of :the.d
rotatory inertia @ and sneard?aéformation -willﬂfbe‘~neglec£éa’ :
and the deflections of the ‘column will be taken to be |
small in ’comparison to the smallest dimension ofl the vstuc-iV

~ ture. The stability of the | system will be determined by the;:

: boundedness of the solutions to 'the transverse i.of,

- motion. That is, ‘the column will be said‘ 'o” be tunstable ff‘ﬂ‘

‘when the solutions grow indefinetely in |
‘Before we dErive the equation ,ofy motion, expressionsvﬁf
for the- longitudinal and’ mransverse- components of the acce-f

‘leration of a material partical will be given in the first_




part of the following section and +the equation of motion

will - be derived subsequently.

v m,s E, I, A

I i
|

|t |
|
l
|
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II.2. The Equation of Motion

In order to arrivew at the transverse equation. of
motion ‘of thé column, Newton' s éné Law of Motion wiil_ be
applied to an element of tho column under .ihe ’aSSumptions
~of the oiassical Bernoulli-Euler theory. To this. ond, the |
kinetics of a partio@é' niong the column. wiil be discuosed
first and subsequently the equation of,‘motion will Dbe
derived. | |

2.1. Kinematics of a Material Particle - Velocity and Acceleration 3

Figure (2.2) shows the three successive positions of
the system. The fi;st one,'whioh will Ybe referred»»to as
reference configuration (undeformed configuiation) is the posi-
tion at t=0. The system is ‘at 'resfhfin 'thé¥ inertiai'-frame ‘
fixed to the ground. The second position, & “hypothetical one,
is the  one where the entire structure is rigidly Qisplaced i
vertically with a time dependency given by X (t). Finally, i
the +third position, deformed 'posifion, represents = the sfate .i
of the structure at any time t. f

The coordinates and the displaoenontsr.of an arbitrari

material' porticlé‘ in each aforementioned position are give1
below. The first term ropfesénts transverse ( horizontal )
directions. | |
(X,Y) : Locates a mnterial particle in the reference
configuration expreosed in a ooordinaté system
measured from a fixed inertial frame.

(%,7) : Coordinates of the material particle in the

hypothetical configuration (rigid body motion)
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measured from the origin of the fixed inertial

frame.

(§,7) sCoordinates of the material particle in the

deformed position relative to the fixed inertial

frame.

(x,y) :Locétes the material vparticlé in the wundeformed
state with zrespect +to the coorainate system
moving with the support; |

{(u;w) :Components of displacement of a material particle
relative to 1ts 1reference pbsition.l

The axial andﬂ the transverse components of displace-

ment in the hypothetical state can bYe written. as, (Fig.2.I)
u = ? = ? . )
W= 1] |

and the displacements with respect <to the 7reference 'positioni
\ ' 1

(2.I1.1I)

are

S :'%;i X=u+X ;
* (2.1.2)

L9
Sy::W="l—- Y

Note +that +the position of a material particle in ‘the fixed
inertial ' frame 1is determined Dby the coordinate X, and its

velocity 1is the rate of change of the displacement function |

Sx s holding X constant, l.e.,

s : |
Vx=-q¥;}{ | (2.1.3)

Since S is also =& function of ¥ and % , applying  the chain

rule of differentiation to S_ we get,



where . from Eq. (2.12)

S8 v X

¥t T 3t

Substituting valllvthésé]fieiéfioﬁs7 in‘fthé; expreQSion_ for. VQ,
Lk £ I T € VO I
Neglecting the axiai strain %S%ﬂ,'and “the ‘strain veloc::i.‘l;y.au

compared to 9( s the .éxpression for the’-axi&l, component . of
the velocity of that material particle reduces to °
Vx=’X(t)
Showing that  the majdrv’ébntribﬁtidn"to the motion 1is. due
fo the motibn of the support, that is
du /A
_'a’x“«'x ax*' «’X

Taking the time derivative of the equation,(Q,I.4) ﬁolding, E

X constant will yield the general expressibn'~for the >ion_
gitudiﬁal component of the acceleration,
8, =dV|_ OVx X OV,
) dt dt 29
or X

G U
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oo B Laa v, f

.Negleéting second and the higher order ”terms: the"‘above

eipression reduces to
For the transverse compbnents of velocity and acce-

leration of the material partic&e, going through the same
procedure yieldsf

\/ },t + B? 3+ L |

and. the general expression for the transverse compbnént ,6f'

the aCceléiation. is

vCOnsidering only the first two terms and neglecting the
remaining, the expression for the,,transverse: gccglexation 7:"
reduces to | | | :

'va ',3<~bvv . , | (‘_ ?:~
B‘l‘.l B? o : o 2.1.7),

Cl

2.2, The Equatibn of Motion

A differential material element of the column WEiéhf
s deformed due to the fbendihg momentv is‘.éhown in Fig,
(2.3) in a coordinate system (x,¥) moving with the support.
It will be assumed that shear deformation and rotatory

pre

inertia effects are ﬁegligible,,P s V and Mo represent . fhe
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T,

Differential Element of the Column

Fig.(2;3)
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inertial axial force, shear 'foree‘ and bending moment respec-
tively. : ‘ | v
o The 'equatlens of motion both along the x and y
directions obtained. by applying Newton_s _2nd

to the differential element of, the celumn are

l (2,é,I)

(2;2.2)

where we have used the fa6£f'fhat
-
07

"summihgf,up the‘-memenfs aboutf:an axisg’perpendicular'? s

to the “(%,¥) - plane and paSSins thrOﬁBh nfilni:weffééﬁi“{*

%’m«__va«_ Vv (4,0 _pdw Bw dx Ddw ¥

R Tie T ¢)=

vceneidering.lonlyf the vfirst ‘order terms and neglecting the f i

remelning{;oﬁégggwe.‘thain,vthe‘vequatlon 'of angular motion ‘of

the system .es o

B?c Boc

Recalll*fhe .rélation’ between the bending moment M ‘ and the

curvature at the same point for a beam in flextural motion»

=_Elln . R -
M, St S o (2.2.4)

Eliminating M, between the equations (2;2.3) end (2;2.4) we

get an equation for the shear force

Law of Motion"~

‘-(2,2;3):
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‘_jv___EI_?_"_‘/

(2.2.5)
_a_,?é?., o

'Differentiating the above' equation, with,;respecte to X and

using the .equations (2 2 I) and (2 2, 2) ;yields‘*

B c 3{2 = O o ) (2.2.6)

'Note that the axial force P is a function of X and t

and 1is given by | o | | | ’
P(x, t)—M(% -Q )+fm (% a )CJ,( e e

where g is the gravitational acceleration.

USubstituting ’X. for ax the above equationf reduces to‘

P(x, 4:)- [M +m (L 7(] (% 'X)

Since the beam considered is slender and thel mass - of the |
top weight 1is very large compared to that of column' |
( Mj»»m 1), inertial forces of the column can. be. neglected

Hence, the expression for the axial force reduces to _
Pli=M(q- %) - (e

which is only a function "of time.»The ,governing equation
of motion for the system described ‘is then obtained by ‘
substituting (2 2.7) into the equation (2 2.6)

y o
EI <X B +M(‘3 —'X) + cgr: O - (2.2.8)

This ~is a fourth order pa:tial 'differential ]equstion,'hence,’

there should be four boundary‘~conditions;fAtjnthe” lower end,
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the beam is “built into its .roundation;'maaning‘ that the

displaeementfiando the slops' must. vanihh,:i.e,,;,

Vo= ()‘n S ~‘  f}€fi¥ T - (2lg.9a)

(2 2. 9b)

The other end is free with a large mass. Hence‘, one of

the bonndary ,condition;~at x::l;,is :zero bending moment

(2 2. 90):i1

inertialj i

shear?,force at

is the remaining boundary condition. Substituting (2 2. 7) into s

(2 2 5) and evaluating at x= =1 will give us. the shear;forcef;§
- appearing on the 1eft-hand side of ths above eguation}aihns;g,;

»the above expression reduces to‘

"E]IB

b

In this work we will assume that the excitation is

._ZﬁYXEW,°" i(zééﬁl

a harmonic function of time , that is

X (4) = X Cos0t

- where Xo and (1. are constants corresponding to the amplitnde

and the frequency of the ‘forcing function.iThe ‘expression

for the acceleration of the base 18 then
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tions (2 2, 9) describes th : :of v the column
in the (x,y) plane Bu'b 16 - a  vertical c:‘-"‘9‘1'4&0:1 _"X(t).\ |
Si.nce we  will ’be o’hly‘-“ interested in “th’é""tét‘éady-state :

motion no initial conditions will be preséi’ibed “for this

1

problem. |
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CHAPTER‘VIiI“fnf
FREE VIBRAT IONS

In- this ;chapter, the’ 'general
‘equation of the system under considerat‘

’111 I.The - Equation of Motion and " Its Solu ion

ped ‘the forcing function ’)( (t) is taken as “zero in

the equation (2. 2 Io), the equation of motion describing the

v (3.1. I) '
 where e, ‘end ¥ are the quan'tiﬂes defined in (2 2. 11). The‘
boundary conditions, ( Eq.(2 2.9) ), can be written a8

w| =0 | (5.1.28)
B 7(..—__0 ’ . . ‘ ‘
S| =0 (3.1.20)
Y =P o eLae)
Pw  odw B _g'w>.zo e
(5%34-(3 g e T - ,(3-‘NI_°_2_d) -

The ‘g'en‘eral solution of equation (3 I. I) can be

obtained by applying the method ’oi’ separation of Variables.j

That is ' We assume a- solution of th :

\"/(’X;f) = \/(9() 8 (3.1 3)

Substituting the above equat* on’ into Eq_,(3.1. I),

the equation
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of motion reduces to an \ordingry differential' equetiono of
the form B L S v

A V(%) » X‘w .V(x)]_“. i 1,?(»'3.'Ij.4')

dz

where q) 19 thei natural frequency of the'\system. The ex-

.pressions in brackets must vanish in orde ‘tto have Eq.(3 I, 4)
,Lhold true for all time t Then the problem reduces to an

jffeigenvalue problem of the form N
L [V]A__w X \/

where i: is a 1inear differentialf operator'fdefinedugby?

(315)

L— dx‘/. +ﬁ dx (3.I 6)

Assuming

,ﬂ;(3.1 5) yields

the characteristicog4

’)\—\-‘5')\ wb‘ O o (3.127)

The roots of ‘this fourth ‘order equation can’ be written as

’>\,=‘% |<.;' R W

where e Y T . )
\ = _ @ + BU LY | = Be/eriuty
KT\ T 2 - 2 |

Hence the solution for v(ix) can be’ written: as’

V(“) HCosh \‘Ji + QSm\\k x+ Ccosk ')L+ OSm\( 9( ‘ ' (3. I 9)'
where A, By, C; and D are ‘the constants to be determined
from the four boundary condltions given by Eq. (3.1.2).

The general solution of the free vibrations case is then



| WA= [ACoh kx4 8BSk, x 4 Conkin 10l 6 5. 1.10)

| III.2. Self-adjointness of the - System s

Eq.(3.1-55 corre3ponding to the eigenvalue problem can_
be put into the non-dimensional form by intro&ucing the
variables z:gilk Z_Agﬁ:corresponding to. the non-dimensional _
1enght and t}me ieSPectively, m) is the nth natural frequency

of the system. Then the eigenvalue problem takes the form

L[v] (

with the boundary conditions

| 4(3'.2.'1)1

Vo= C(3.2.28)
V)= N S

70+ 3-\7’«)—‘_——(‘“))10(1) e
3 A

(3.2,24) =

where

o
s

|
Il
73>l

b\

and

<]
o
r—°"“|< Q_l

|
I

"oy

4|
N
€
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In . géneraI' an eigenvalna‘ pr‘oblém" "‘is"”said} to be self-

adgoint provided the following relations are satisfiedi,[g].;

f £ s]dz-i-z jrB Az——»j L r]c\a.'. |

f”’scji-\- f;C[S]Az——strdz—i-

0. Vo 0.

/

where T and are any two functions '/sa -_us ying the boundary
conditions, while Bj and C;] are operators appearing 4in’ the

s boundary conditions._ In our case these operators are -
5 __;; a B4 | .

2 BJE 32 i, 2 3

-It is » o'bvious that

.~on1y multiplications 'by const' ni

fied identically and there remains- only“ to show that the
operator L satisfies the , relation | RO _

f L[S]dz_j o(, r‘]dz

fr(§"o (”)&z__J d14:[rpd‘

o}

Intégrating the above mtegral‘s by parts we ~get,
(ds‘;}.g S _i'”__\_'(z,_d_"_

dz* = " da \d 23 |
[ ot sdus ﬁgéi s

Using the boundary condition. (3.2.26.')

2 B '('3'.2.35)'



. Thus the selfsadjoihtnéSS of the
it is a known fact that the

o (3.2.4)

o and 0 | :
S { I ’ when = i=§
iy . ”»i- i?ﬁj-v
Let qq(z) be ;the normalized form f?ﬁiii;u-,ngfaﬁf;Vi(Z)oéuoho7’
that R S .

Vi(z)

—

qi(z) . o (3ea2.5)
Ny e S
Then qi(z)' form -an Orthohormal-jset>'w1th '%hé’Apfopeffjﬁ

.»o'

III.3. The Eetermination of the Natural* Frequencies :_i"

Frequencyigequation of a ' btained by apply-;ﬁ

'ing the boundary conditions to of tthe equationfg
,;of motion. Thus, applying the boundary condition at x O yields

| w‘(O.t')é—-_O_ —-', — A=-C o (3;3,’-;"15)7‘?
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-

o x =0 BE=Tg 00D (3.3.’Ib)

the form

. w(x +)~ [H(thk x = Cosk 7c)+ B(Smkk”"f k ,)] (3.3‘2.)

‘,He‘nce, the solution given ‘by equation

Now applying the boundary condition at x—-l will yield two

-'equations ’ for the unknown constants A and B, that 15,

(\( CoshL ‘.+]< Cos)( U—\- B “< Sm\r\k l +\<'<Sm\< \_) . (3 3""33');_ )

| c> H[kVS&&l—kk5m&l+-§ufUh%kL chD.'

EW @ [\( \( C0$\1\< \_ -\- \( CoS‘(l,“'E' (S‘n © ""——Q'Sm\( \-) (3-3031))

Equations (3.3.3) can be written 1n'xmat’r1x'~‘ form as
Qn  Qu Q, o} (334)

where the coefficients

0

Q —-\< Coswuk cos\<\ R

Q \< Sm\'\k\.—\-k \<Sm\<\_

~L Q kk&&kt\ \&&L+3co( yk
L

g Q,=k l< Cos\»\< L+ k, Gosk L& —-%~ w (5'"‘1\<‘
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equation

In order to '_/have a non-trivialff;?‘"77""“‘":' o
(3 3. 4) 5

vanish, i -e.,

the determinant of thecoeffic f'v":‘.matrix must

~

’ Qll‘ o: Q22 .“ Q120Q21=0

Substitution of Qy (i,j 1, 2) :l.nto the‘ above equation will

y:\.eld ~the desired frequency equation CEDT e
2.[( w X’+ [k (\(q—fk )Cos.kl \/‘3 + L/UJ X k -——- szkL}

W3
smm 0 ~('3.3'.s>‘

Cos\w )(0[ +[ .i e i ‘_L‘ S"‘,k.l]
The equation (3 3.6) ‘solve »;;‘-_;_.num ’10&115, for -
W when the constants \< and k, are known for a spesific ‘ U 1

structure., The

are Ikmown as the natural frequencies of the beam-column

‘roots of +the frequency equation W ,; (3 /:1.,2,..'11)“’».41]
2
with a heavy t:.p mass at the free- end.. » (
The constants A ‘and. B are related to | é'é'chfbthér' SRy

with a comstant ratio = ' o
e Q' kS.nH+\<LSm¥<\
e &g Cosh ¥, L4\ c“k\

Therefore the complete solution to

vibration o » 1

pro’blem is
\x/(fx t)— z ﬂ [(Cos\'\\( 7( Cos\< 9()
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N ]

Each term in ‘thisj serieS‘iiSﬂxkn0wn as ‘the ~ﬁorma1 ,modé

of the free vibration.
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-éHArTEHL v
STAB I[.ITY ANALYSIS -

' In this chapter, we will find the unstable regiOns |
in which instability is ‘taken as the unboundedness of the :
solutions to the transverse equation of \motion; n Section
III.S, orthogonality - of the normal”modes Was proven“ for the
free vibration & problem, therefore the solution to the forced
vibration problem can be taken 'as"‘f superposition of these

ormal modes (eigenfunction expansion)[sa] < The ‘coefficient |
of»_each; term in this series expansion will be in general
a function of time. Such an approach ‘will  yield coupled
Matbieu equations to be solved. R

| The method generalized by C.'S."Hsju:[l!-]‘viill be used
in this chapter in  solving the 'above-mentioned*‘Mathieu, equa-
tions. This method ‘enables°lus to - observe both simple and

combination resonances while the one introducedv by VoV, o
Bolotin [f;] enables.' s to observe onlyi the former.-

‘In Hsu 8 method, the bounderies of the stable and
unstable regions are found using a combination 'of perturba--

tion and variation of parameters techniques.5

IV.I. Derivation of the Space Independent Equation z -

The general - equation of motion (2 2.10) ‘can  be written =

in terms of dimensionless _variables z and ‘Z’ ‘as ,'

-"S_{ [s+<>66(’5)] ve + 7T z‘z" O (LD

A
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her = (n)
w . © G(Z) - b Z:& Q)ﬂ- -l:
O -
Y=
i 1‘ N
X = ‘.0(.
N7 %
W= XL
L
Note that ‘the ith non-dimensional natural frequency w,; is
({) : :
. w
W, = (n)
w -
The solution to equation (4.I.I) can be assumed to be of
the form
Wiz, T)= ) ACK qi<z) (4.1.2)

N2

where qi(z) -is the ith

ormal mode and ﬁ (z) s its

corre8ponding time dependent amplitude. This assumption is

knovn as eigenfunction expansion[gl]. By substituting ;(4.1.2)
into the

equation (4,I,I) and fapplying Galerkins; method , a

equations whose

~system of coupled »Mathieu

‘determine ~thé1

stability' of the

system is

solutions

obtained.

‘Wil

j{: 950t

‘1(%) ”Z ¢(z)qm+

i=

o(G(‘Z)Z ¢cfz)q(s 0 (4. L. 3) |

C-{

(=% a—-

where

()=

Multiplying ‘the above equation by qj(z) and integrating over
. 0, I) and recalling the orthogonality relation (3.2 6),

we get “

{PHANES!

Ot
BoeMﬂiuwwsﬁnea&
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@(T) + Wy PT) + %.e(‘t)"z-_‘_'gé(t)fq‘{q d2 -0 (.1.4)
[4 i "____,‘ » O A“* 3 ' ~
Defining : 1,,‘ B
i : Eij::’/rqj(z)-. qi(z) dz

() ‘
‘the above equation takes the form

;2:5.(2).+wf7;§(?).+f€§_@(z)zE{.JQ?(Z)_—_:O | (4;1.5)

where

~and o 18 the amplitude of the excitation of
_the jsupﬁort; -

’Définihg»ithef fo11owingn;matriéiés )

A
A

am
HE




o7 i

equation (4.I.5) can be mritteng"inr‘metrim‘ form as

8+ [‘Z;Le’ée’(t)‘ﬁ]i"sé -9 R O A0

IV.2. The Stability of a System of - COupled Mathieu Equations :

The solution to the equation (4.1.5) ’ according to

the method introduced by C. S. Hsu[zi] 'is“ assumed to be -

| composed of  two parts. Since € is 'a‘ small parameter, the

first part of the solution will be the perturbation part.
The - second pert of the solution iscfound from the undeter-
mined‘ coeffiCients method and is of the form of the ‘solu-
tion to: be perturbed about . with><time"5dependent coefficients.

7$h system of equations_“(4{19533f” ;;;reduced to

first order system-~of equations by d'}

_,pfnew function-
h; (T) as

| ny=g;
hi+‘“1 ¢1_-eSG(z)ZEij ¢j

‘Note that if the small parameter éi'?tends7fto-;zero the
solution of (4 2.1) becomes e ‘ S
- 951("6)’=Ai CoswC+B; Sinw,T
By (T)=-why SinyTiwBiCoswe

| where -Ai and Bi are constants.'

For € =0, the above solutions- for ¢i and hi fcan';i*Y

 be assumed , to "be in ‘the form of perturbation 'about “the

above solutions with time dependent coefficients. Combining

the method of undetermined _coefficients with the perturbation f?

wen
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method we assume a solution of the; form

: (Q_)
85 (D) =4, (T) CoswyT+B; (@) Slnw'6+ZC¢ T) .
H q" (4’0202)
' 0 9 (q)
(Z)—_—LuAi(Z) Sli1w2+w}31('?;) Cosw’Z+ZE hy ()
' a) (q) |
where A.l and Bi as  well as- QSi and hi are all functions
of time. , 3 _ _ i |

Substitution of (4.2.2) in%o’ (4.2.1I) and applying

the method of undetermined coefficients yields

A3 (T) Coswz + B3 (T) SinwT=0 (4.2.3a)
. | . e 9,.,9
"‘UJ(Ai Smwﬁ@ + W B‘-Cosw‘.'z: + Z € (6& 1+ W, ¢ )
. .-.l

[A

_ ' 0 q @ |
=-cE6@ £, [QCOsLU'Z-}-@Smw(Z Zeq;é } (4.2.59)
. - ’J" N

Considering only the terms with coefficients upto the rirst
power of & ( first afproximation )}, and substltuting C(‘C) into
equation (4.2.3b) »yiéflds . a second order dlfferentlal equation
for the time dépendc"en’c cpefficients. Equating the terms

having € on both sides of the above equation | yields
o0 ) (1) |

- U.)f ¢ = - ES—Z E AJ [COS(LUJ—V)'Z.‘.COS((%_;_V) Z:] :
5 -

¢ )
+(?>J[S'm (wJ—v)'Z—&—Sif\ (wJ+V)'Z] (4.2.4)

Particular solution of the above equation 1is

© ) g N E
J¢L- — ——i' —-———~—-—~[Q Cos(w.l_)))lZ-}-e%m(w +V)Z]
P . T W, — (w Jrv)

[p Cos (0 V)Z4Q>5‘n(w V)Z] - (4.2.5)

E,
-}______—__————-
w— (w v)
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(1)

Note that ﬂi being the time dependent coefficient of the

solution to the equation (4,I1.I) will become infinetely
large as Iu&|—~4¢5103|and this corresponds to some sort of
a resonance phenomena. The essential.'featufe‘fof the method
we have wused is to aseociate resonance caueing terms with
the wvariational part of the solution 4j] These troublesome
terms can be removed from ' the perturbation part of the
solution. Now. let us consider several :esonance cases found

from the perturbation analysis,

case I Y= wk+w+“’ k;l;j (Mis a real finite number )
If we set i=k in (4. 2.5), it is ‘seen . that ‘when
th
the forcing frequency \) is given ~as ,above,ethe j__ term (j-g)

of 1the second expression on the right-hand“side ot the k
equation (4.2.5) will go to infinity as € 0. Similarly we
/,get the same Tresonance  case by interchanging the indicles |
as 1=7 and J=k in the summation, Sinoe 'resonance case is
related with the variational part, we obtain four differential
equations for Ak ’ Bk y Aji and Bj by considering only the
variational part of the equation ,(4-2;3)

by CoswTZ+By Sinw =0 o - | ‘;(4“'2f5?).

-—

. | . € NS -~f;7 o
LWy P‘é‘“wﬂ + wk%kCos w C=~ =2 6 Ekj [F)JCQS (w‘<+§9\>z

-BJSm (@»}367\)"5] (4.2.6b)

.
H
3
3
;
{
.
|
i
‘
i
;
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— “ HJ.S‘h ‘*ﬁt +Q\)_] éJCos wJ‘Z = ——-ez—g E-; [F) ‘Cos (UJ-t é?\)z
BJ ‘“(“’w“ @\)z] (4 2.70)
Solving (4.2.6) for Ak and Bk : we get

Bk=;%(% [g (Cos V/ Cos€7\7’ Cosy/gmyl S,ne’)\'t)

=0 (Cos‘FSunsU Cosél}\'t..;.coskfl Sin EIX‘Z)] (4 2. 8a)

Ak—é‘?;"E [9 (Cos W SmguCoseWz Sin’ yS,neA'z)

-8, (5,,, w coseo\z+cosgusmgusme?\‘t)] (4.2. &)

where ¥ = Wy T | R .

In o::vrde»r 'to ’s’implify the equatiOns.vr(4 2.8a - b), ﬁe take the
average values of the .
”"riod of 21r accordlng to the method f

to ‘},’( over a

Kryloff—Bogoliu‘bo f-Van der Pol [1] In that calculation Aj

and Bj are considered to be constants. In this way we get

Ak=_%%_ Ek | /qjs;,gez‘z +_%'Jc_os~ré9\z,_:! e
e R (4.2.92)
Bk;__L;—— Ek:y_ HJCos E:(}\'z - BJSm E%ZJ-

changes occurrlng in A;; and BJ'

rigﬁt;hand sides of them'with respect

‘Since e’)\«w \? rapid osc111at10ns do not contribute to the o
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Similarly for A 5 and B'J
hy=—£5 £, [A,Sn ENT + B cose?\‘z] S
| fw - (4.209v)
B,——£8 |
| P

s £, cht‘,s'eqz_g- Bksne Wt]' |

We will now ‘solve - tne coupled equations (4 2,9) for
A s By Aj and - Bj 5 then the stability problem reduces o

determining . when‘ these “time” dependent coefficients appearing

“ 4n the - solution -of the equation (4.I I) remain bounded or
increase indefinetely with time. _ , c, , | , |

- We will now define the: following functions in | order
to decouple the equations (4 2 9)

X,= Ak‘+ in Y,=A,+1B,

O SRS ' | - '(4,‘.2;10‘).
X,=A—iB, I . Yz—Aj'—iBj ‘» ., B

z,
Differentiating (4 2, IO) once ~with. respect to "C and su‘bstitutiné
(4 2.9) gives thev following system of first order differen- o
tial equations for X, X2 Y Q.nd Y | |

2 ¢ _ o
= b o E SR 4 2 11 )

11-, | 4w’k ‘*JY e g e { o
, : < - R
Iy= L= 4w EkJY L Lo (4.2 Il'b)v

: —469\'3 : - S S
Y = —C———— EJkX , (4.2,1Ic)
. es ‘ o

j'Consider the coupled equations (4 2. IIa) and (4 2. de)
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differentiating the <first with respect to C we get

‘e e . = ¢ C€’>\‘Z __ . - e
X -_LE..__S_ E\< Y e _ Y l-’ ?\t |
i ’ Qtuk S
Substituting now i2v ( Eq. 4.2.113 ) into';thé"above equation
yields ," | : SR :
. z - | ‘ - | =
+t6'>\ EFfF=-p
X1 16wkw ky T3k ‘O-_‘ e ,(4._2‘..12)

Similarly we obtain for the others

L zw_z L xﬂ,;,\”; - . .
; ) S -
Y . LED\TY; 16“" J kJ J" Y O PR | (4.2.13) =
‘6 Xz Iéw w kJ JkX O B R (4.2.14)
€ €5 rrsve | 2.15) |
Y+c %Y' féww EkJEJk'\ﬁ o) | (4.2 15)»

k™J
The 'genéral“formi,of  the"chéracteristic :éqﬁationSj'of, fhe"
second order differentisl equations (4.2"."12';‘-’:"15')- is
' : ,f'zféz '
€ b — O

YN
EA)m —
m +(L )m 16(,0“(1)3 I‘J» Jk

Vsolution of' these_ differén-

On the other hand, the gemeral

tial equations is of ‘the form
m m
and 02 are constants to be determined and mi

.where C,
of the characteristic equation which

and 'm2 are the roots
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are in general complex numbers

‘with real and imaginary

parts., The 1Imaginary parts giving rise to ~oscillatory type

motion do not contribute instability ’ however s the

real part depending on its sign determines*

the’ stability

of the structure. Therefore , from equatidﬁf'(4;§iiﬁ)flw€ hhéve;

_Ak_;__< X+ 1, > Aj-_-.%.<y+ 1)

Be= ‘(xg—x ) : | Bj——- (YQ—Y )

Considering the 'equatiOns (4.1.2) > (4 2 5) and ‘the above i

- ones we get

We w(xl,xz,rl,r )

Hence , the instability_of the; system-

, Si,determined by the

real part of the roots m, and m, which is equal to

2.2 'g

_EN

&5 /AT
R E = : '
\ +t4wum_klék ty__I o

Al the terms except Ekj and Ejk“ are positive ’ therafore

the signs of the elements of. E matrix determine whether
the system .is stable orbbnot. If the sign' of the terms
under radicai sign 1is ynegative the solutions are stable,_

otherwise unstable.

A {0 —= Stable
I 70 — Unstable

It Ekj’ and ,Ejk are of opposite sigus, the quantity,;fj

under the radical sign is always negative and the system



is stable.

In the case - where nE:L* and E are of the Same '
Tk§ o Jk e

sign, the product of these terms will _alwayv

bef positive.

Then we have to examine the inequalitywr

| "**‘Eaz;; SR
Sl faﬁ?“ﬁ" -
Substituting é?\ V—- (w, +w) we ob‘fein, ‘the "b'DOUﬁdaff.iéé of the -

unstable_ regions as_'_,v‘

This resonance case is known as " combination :

’resOnence of ‘Suﬁ"ﬁ&pe'“[f)];i'

Case II : )) Zwk+e’>\ o i=3= e
In thisv case, when the forcing frequency is equal

to or nearly equal to

of -the system, the'l_'_kth term of: the second ‘expression on

'the right-hand side' of the. equation (4.2, 5) will be dinfi-
: netely 1erge. Following the same procedure as iﬁ"Ceée I , -

we remove the terms causing resonance phenomena from the :

equations (4.2. 3) ~and associate - them with the variational |

analysrs. Thus we obtain for Ak' ‘and Bk

twice any of the :natural frequenciesf
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0’1!

Ab—*-——‘ A &né%14-6(;wE%Z tk7 " o
4wy [ . ] "L]g(4,2¢16),

Bk——'%';* kk [QkCOS 67\?: BkSmE:'XC]

Differentiating Xl _and X,

to. C  once we get

h=-izbEXe 0 e

Elimination of X, and 'XQ ,between th'ese.'-'ﬁtﬁéiii‘r;f‘f’e,'qpa_.tions will
yield ' " ' BRI TN ,.
_ieng B x=0  h21)

'The real ‘part' of ‘the roots of the characteristic equatlon

of the above differential equations determines the -instability/

and 1is equal to ) "
2 2
(S

€ z '
4wakk =} AII ‘

Instability will occur when A >O or

LEE e 0

;€*+

By examining this second order . inequality_, iﬁstability‘ region

is obtained as

2’%"‘— uk<))< Zwk "z%kEkk"

defined in (4.2 IO) with respect

(42 )

) wfkk X3=o0 - - (4—_.}2‘.18)‘
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This region is known ‘a8 "principal .ins‘tabiiii:y‘

region ." [ 6 ]

Case IIT ¢ )) W, wk+69\ v )<753 3>\< -
When glle forcing frequency 1) approaches the above
values, the j - term ~of -,the second expression on the righi;—

ot ‘th
hand side of the k e‘quatibn'of (4 2. 5) and x term of

. the first expression on the right-hand side of the ;jth B
' equation of (4 2. 5) become unbounded. Removing these : resonance‘
‘causing terms from equations (4.2 4) and associating them

with the variational part of (4.2.3), as was done in the '
first two cases, will yield four di:f.’ferential equations for .

the' functions Ak By s AJ and ZB:J

By COSWT+B, - SinwB=0 BRI (4.2.208)

. €5 o e ,
-Ak-Sinw‘:E-ka.- Cosw,T=- m-Ekj ,[Aj‘Cos(wk—GNZ o

B .'s_in(wk'-'ek) Z] ~ (4‘.‘:2';2010)

S

Aj Coswt-s-]'aj-Sinw'C:O el (4.2..‘21’a)
. . __é_ R , .
-Aj Sinw"C-q.Bj OSWZ.—-- -z—u-g Ejk [Ak COS((AJ -\-e’)\)z

Bk'Sin(%f_E?})Z,].l ‘(4 2. 2Ib)

;Solving equations (4 2 20) and (4 2. 21) for‘f‘gk "’ Bk , A
and - B;j and averaging with respect to- SU and SU ‘ov.er. a

. period of 277’ ~yields -
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» s - (4.2, 22a)
Bk:—-% [Q Cosé’\‘z ggmef\ﬂ

j ‘__4_(5_ [ﬂksmem 6 Cosc%'C]
b= - Q , Jk [g 1 Cos EXT + By Sjr; é?x‘c]

' !»(4;2.é2b)~

I _-3ifa1‘1-é equations . (4 2 22) substituted into thederim_
'tiv_e's of (4 2'5"ib) e get ' .- S

e 5 E Y e e')«c

. ‘lwk
— iﬁ E Y’ "W
. L€ k_
R
Decoupling thess equa’clons)as before .we obtam

RS

e e :(4 2. 23b)
Est;»-‘?‘ \ B T ,(4 2 23c)

o L 4 . 223&)

oo B .E,:ii:r.f.x‘z"_x‘_v-":ofi:’f,f o (2.2
b B B 2 =0 (22

Y;ﬂé?\,Yﬁww, AEkEj By _,;Y.;—-_zo' ‘(»4,2.26).1

Once aéain , the real parts of the roots of" the char’aé:t'é:'r'i-s-» S

 tie .equations;}vof' the above equatlons arg the same, and
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~equal to

Instability will occur when Am>_O' or

\ =2
2,2 £ 5°
—E N E

: 'q.wwk Jk»EkJ >O

It is obvious = that when Ekj md Ejk are of .the same
sign there would be no insta'bility but if ‘they are of

opposite signs instability will occur in the following}' ._range :
sy ) : o :

(“"J“;‘*’k)"‘,z, ‘/ w: J; <)) < (w w) 66 V-

This resonance case is known as “"’ combination

: resonance of difference type " [6]

Case Vs ))=€'7\ e "—'J—l‘ o R ,.’ .
~ This ca's'vle corres_\ponds to very small forcing frequency. "_‘;'.'.;
: ~th S
The k term of the first and ~second expressiona on the :

right-hend side of the X equation of (5 2 5) will ‘become -

very 1arge. Following a similar procedure as in the previous . .

cases , differential equations for Ak and Bk are .obtained as

; E'VB-CosE?\"Zl’ : B
Ak:z,kkk-k oo
. eg 7\2: - (4.2.28
Similarly we get
6 Cosé')\?l X =0 | : (4—-2.29)

1 Z
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€8 | o
2™ 2w, Pk cOSE’XC x2=o | - (4.2.30)

By applying separatlon of variables method the above equa-

tions are solved ar;d the results bvecome

i5 . »

X, =0, exp (—mﬁgkk(sm,é%z) ! (4.2.31a)
B (5 . . |

X,= C,- exp (—_Zwk% By Sin€A7T) s : (4.2.-3Ib)

Upon examining (4.2.3I) , it is seen that for this
case instability wuccurs only if Ekk” or W, have imaginary
parts , thus the case of very small foréing frequecy does

not affect the stability of the structure.
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CHAPTER Vv
THEORETICAL and EXPERIMENTAL STUDIES ~

The stability criteria derived in Chapter IV will

now be applied to specific structures and the experiméntal

results will be compared with theory. The ioots} of the fre-

quency equations ‘are fouhd numerically and the elements of

£ matricies are evaluated by ‘numerical integrations. The boun-

daries .of the uﬁstable"regions .are' found“for each c&se
according to‘ the inequalities given in Cha@ter IV.‘Tﬁese ‘re-
gions will _then "be graphically presented. | o

‘y,I. Theoretical Calculations : - |

Circular steel and brass bars haVe  been selected
for the theoretical and experimental studies in order to
make easy 1interpretations of the results. All the bars are

in equal lenght and diameter supporting equal tip masses,

!

'The columns having diameters of 2 mm are tested with the

| weights of 90,I00,II0 ahd Izo,gr and fhg ‘ones with dla-
meters of 3 mm are tested’ with the weights of 250,300 and
350 gr. Modulus ,of“ elésticity of  the 'barS'\ére '

6 o 6 E )
. Es‘e¢l=«2' 1 Io kg/cm Ebro;;;:I‘ I2 IO kg/cm
‘and the corresponding densities . are
doa=1-8 &T/cn’ 4,,,=8.7 gr/en’

Lengths of the columns were L=270 mm in all cases.
,Theb natural frequencies of a given structure are
found from the equation (3.3.6) by giving wvalues +to w from

zero onward. A root is found each time the left-hand side

of "the frequency equation chances sign . Some of these
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roots are tabulated in Table (5. I)

The perturbation method is  valid it ESE &1 or
' L E, v M L

The  other restrlctlon on the crlteria developed in Chapter
1 i

IV is about the averaging technique which states that w‘.>>E>\'

. whereAis finite.Therefore the parameters of +the system

muast be ‘properly chosen - or the amplitude of the excitation
should be chosen as small as possible ‘in‘ order to preserve
the wvalidity of the above inequalities,

The elements of E matrix are computed from

e

o, [N @Y @ds

:oqu(z).qj(z)dz_—_ j'_z m j‘...z
| va(i)&] -L\é(’e)&]

A computer program is given in . the Appendix for the evalua-

tion of the elements of E by numerical integration wusing

i

the tropezoidal method. v _
The dlfference type of combination reSonance_ will not.
occur for this kind of systems due to the fact that +the

matrix E has no negative elements.The instability range 1is

€ [EuEu /. <5 [BE,
(wkwuj) 2 boy Wy <-\7 4 (wk+ w:,)—f 2 Wy Wy

If k] it 1is called combination resonance of sum type

then

“See Appendix for the computer programs used.



'and if k=j it is

known -as_ simp1e1_resonan¢e. The expected

:unstablé frequencies of the selected .modelé fare’-given in

‘Table (5.2).

The first four mode shapes for ther;speqiméns‘ are

" schematically shown below.

(a)

TITTTTRTIT

7

~(c5

Fig.(5.1)

(.

(a)

77777Y7777
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o fip | | BRASS
95‘9'@ Mass ZL&).{ (&){ 4 (’UZ 2/(})7_ (k){ N (*)S wz . wg .
(mm) | (gT)Tnme. Ex) The. Bx.| The. Exp.| The.  Exp.| The. _ Exp.
90 3.20 = 60.53 4‘1 117.86 115 194.20 215 251.53 260
, 100 |2.98 - | 60.26 40 | 117.54 110 | 193.92 210 | 251.20 255
1110 | 2.80 - | 60.05 37 | 117.26 105 | 193.67 205 | 250.90 250
120 | 2.60 - | 59.78 34 | 116.96 100 | 193.41 200 | 250.59 245
250 | 4.76 - | 91.72 55 | 178.68 150 | 292.99 - | 379.95 360
3 | 500 | 4.26 - | 91.24 50 | 178.22 144 | 292.47 - | 379.45 355
| 350 | 3.88 - | 90.82 45 | 177.76 140 | 292.03 - | 378.97 350
; -

Theoretical and experimental wunstable frequencies ( Hz )

_  zable ( 5.2)
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Theoretical unstable regions found <from the computer
program for <the case

Tip mass . : M=1I20 gr.r

Length of C, t L =270 mm.

Diameter of C: D —2mm.

Material of C: Brass o |
are 1llustrated in Fig.(5.2). The elements of Eij matrix

where 1 and j taken upto 3 are given»below.‘

(0.0046995 0.0185771 0.06II296]

E| =|0.0042487  0.0186938  0.0648045

0.0053405  0.0I78469 0.0675349

By chosing the first natural fr equency as the normaiizing
frequency the first three non’-dimensiyonai -natural frequencies
are v | S
U.)1 = I, ’ ‘ . | i
W, = 44.81T

W, = 147.207



vy

w1+w3=I4_8 <207

145.465

90,005

ZuQ=89.634

46, I27

45.514

2,002

2w1= 2.000

’Io 998

46

“~

T

’?

.02 0.06 0.1I0 0.I4 0.I8 0.22 €8

Fig.(5;2)




47

/

‘Theoretical unstable regions for the case

Tip mass ¢ M=I20 gr‘.,
Length of ¢, .: L=270 mm."
Diameter 6f Cet D=2 mm.,
Materialouof.C,s Steel

are shown in the Fig.(5.3)

The elements of the Eij m‘ati‘ix aré,

[0.0054095 0.0I91745 0.0619598

E, ;=[0.0049742 0.0192865 0.0654339

0.,0040241 o 0.0184391 °°°68H3L

and the non-dimensional natural frequencies are
w, = I,
W, = 42,046

W, = 137.093




I41.044

| W+, =138.093

o

S I35.375 |

. B4.453 |

| 2w,=84.093

© 83.739

<

43,358

w1+ wz=430046 |

2.002
'zuﬁ=$2.000‘

1.997

‘%>‘

48

‘ Fig.(5.3?

0.I8 0.2

T

2C5
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V.2.I. Experimental Set-up :

The experimental apparatus is shown in Fig.( 5.4 ).
The arrangement depicted satiSfies ~the Yboundary conditions
described in analytical section, one end fixed the other is
free with a Jlarge mass. The time dépendeﬁt ’iéad'A(excitaﬁioh)
is applied to the column by means of a shaker as “shown.
Function Generaté;‘ ije} M 50I is connected to the input
of  the ©Power Amplifier T&pe 2706 whose -output supplies
sine wave with the required amplitude to tpe» Vibration

!

Exciter Type 4809.

y y '[\ - |
[ | 8 ) I r
Func’rion _ Power Vi \oro.{:'ton
Generator HmP\;Q-ier Exciter

l:l.% C 5-‘4') }




) éq?  Tip - STEEL
X | v
é»y"" Mass ANy Wy + Wy, Q/(\.Ug_ W+ W3 Wz + Wiy
(@m)‘ (&%) | the. Ex.| The. Ex.| The. Exp.| The. Exp.| The. Exp.
90 | 4.78 - |88.40 108 |172.02 155 | 282.07 315 | 365.69 350
2 100 | 4.54 - | 88.18 100 |171.82 150 | 281.82 305 | 365.46 347
110 | 4.24 - | 87.90 95 |171.56 145 | 281.53 295 | 365.19 345
120 | 4.06 - | 87.68 90 | 171.30 140 |’281.31 285 | 364.93 -342
250 | 6.80 =~ | 133.35 - | 259.90 205 | 424.87 - 551.42 -
3 300 | 6.16 - | 132.80 - | 259.44 200 | 424.31 - | 550.95 -
350 | 5.66 - | 132.66 - | 249.06 195 | 423.84 - | 550.54 -
Theoretical eu;.d‘ "experimen‘tal ‘unstable frequencies

Table ( 5.3 )

( 8z )

35
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V.2.2. Experiments :

Coordinates of the nodes bhange with the éonstant
§= M/m .1 . In the reference [7] , some of the non-dimensional
coordinates were given for the various values of 8 We have
found experimentally the éhange in coordinates of the nodes
with the inéreasingb tip méés M; It is ekperimentally verified

that the coordinate z increases as the tip mass . M increases.




Material:Brass
Length ~ :270mm
Dismeter: 2mm 3§
Tip mass:I20gr

Vib.Fre.: 34Hz §

i Material:Brass
Length :270mm
B Diameter: 2mm
‘Tip mass:I20gr
Vib,Fre.: 62Hz

es



e

Material :Brass
Tength $270mm
i Diameters 2mm
M 7ip mass:I208T
fl ib . Fre. s JOOHZ

Ins}a, [)ili}j |

Material:Brass .
Length :270mnm .
Diameters 2mm
Tip masssI20gr K

s



Material:Brass
-| Length $270mm
k| Diameters 2mm
Tip mass:I20gr
Vib,Fre.:440Hz

Material:Brass
Length :270mm
Diameter: 2mmg
Tip masssI20gr@y
Vib.Fre, $245H2z

Ins%abi[i{y _ C A ' MoJe s}mpe_

}

¥s
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| CHAPTER VI
CONCLUDING REMARKS

In; this;-WOrk, the:~importancef of zcombination resonances
on the stability of a 'structure composed of a ééntilevéred'
elastic column supporting a ‘large mass at the frée end and
subjected /to vertical harmonic’ excitation at the éupport has
been exémiped.Theoretical resultsb along with the experimental
results were presentéd and compared.' | ‘

It was found that for a system described in the
analytical section combination resonance of difference type
does not ocecur due' to the characteristics of the elements
of the coupiing métrix :g; :

Experiments showed that,internai @aterial damping allows
resonance phenomena fb' begin' at the higher valﬁeé. of €% suck

that (or excitation amplitude)

ot

S~ : Théoretical‘,

__ Experimental

!

; e Damping effect ]
The effects of the tip mass,Young Modulus of the
‘column and length of fhe column on the natural frequencies
and the stability of the column have been examinéd.Experi~
mentally found natural frequencies are more appropriéte to

the theoretical " ones than the frequencies cousing instability,

This is due to the fact that,we have made an additional
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approximation in the stability analysis.Rotatory inertia . and
shear deformation effects cause ~the differences between the

experimental and theoretical natural frequencies,



APPENDIX
COMPUTER PROGRAMS
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" DOUBLE PRECISION UM,Z FZ,QUO S0, SI TI,T2, T3 T4 T5 T6, T7 oA,

$B,SQRT,DCOS,DSIN,DABS,ABSTOT,TOT,SAL
DIMENSION FZ(4I00),ABSFZ(4I00)
ROOTS OF FREQUENCY EQUATION : FZ
7 = NATURAL FREQUENCY

READ(5,%) G,AL,W,E,RHO,AI, AREA
EI=-ExAI '
UM=RHOxAREA/G

A=UM/EI

B=W/EI

J=0

z2=0. ,

DO Ioo I I1,4000.
QUO-DSQRT((Bx*2)+4.¥A*(Z**2))
 80=DSQRT( (-B-QU0)/2.)

S I=DSQRT( (B-QUO)/2.)
PI=2,%S0%A»(Z%x2)

SAL=S I«AL

12=50 %( (SO%x 4 )= (SI**4))*DCOS(SAL)
T3-QUOx(S0/SI)- (B/G)*(Z**Q)*DSIN(SAL)
XI=SO#AL

T4-(T2-T3)*COSH(XT)
P5=QUO#(B/G ) *(Zx%2)%DCOS (SAL)
T6=B#(S0%x2)*S I*DS IN(SAL)
P7=(T5~T6)%SINH(XI)

FZ(I)=T4-T7-TI

Z=Z-1,
- ABSFZ(I)=DABS(F2z(I))

IF(I.EQ.1) GO TO 100

J=I-1
| ABSTOT:ABSFZ(I)-ABSFZ(J)

" POT=DABS(Fz(I)-Fz(J))
IF(ABSTOT.GT.TOT) GO TO 80
GO- TO 100

0

58



80 WRITE(G 60) z,Fz(J), FZ(I)
60 FORMAT(5X," 2 =" ,D28 16,10%,  Fz =" ,D28 16 SX Fzo=" ,D28 16,/)
100 CONTINUE g
STOP
END

59



Q
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CALCULATION OF R-MATRIX BY NUMERICAL INTEGRATION
TRAPEZO IDAL METHOD

~ DIMENSION W(5),50(5),5 (5),BK(5) CK(s).AK(s) m(s) TT(5,5)

$QUO(5),U(5) E(5,5),0(5),V(5),F(5, 5).R(5 5) EF(S) »RR(5) BN (5)
- REAL MG ‘

S READ(B,*) (W(I)QI—-iQB)

'READ(5,%) G,AL,MG,S,RHO,AI,AREA

~ UM=RHO+*AREA/G

BI=SxAI
A-UM/EI
'B=MG/EI

- N=KUMBER . OF 'MODES CONS IDERED

‘M=NGMBER OF INTERVALS FOR INTEGRATION
H=DELTA Z :
N=3

+ M=5000

L=M=~1

" H=AL/5000.

DO 10 I= i,N

C Uo(I)—SQRT((B**z)-A ¢A%(V(I)**2))
- 80(I)=8qr7((~-B-QU0(I))/2.)

- 81(1)=SQRT((B-QUO(I))/2.)

. OBK(I)= (SO(I)**Q)*COSH(SO(I)*AL)+(Si(I)**Q)*COS(Si(I))*AL)
- CE(I)=(50(I)x»2)*S INH(SO(I)*AL)+50(I)+51 (I)*SIN(SL(I)*AL)
- AK(I)= BK(I)/CK(I) ~

10

CONTINUE |
DO iOO_I~i,N‘, L
DO 100 J=1,N

2=0.

" DO 200 K=1,L -
V(I)= COSH(SO(I)*Z)-COS(Si(I)¥Z)+AK(I)x(SINH(SO(I)*Z) (SO(I)/
S #SL(I))xsIN(S1(I)*2)) |
()= (SO(J)*%2)*COSH(SO(J)¢Z)+Si(J)x*2)*COS(Si(J)*Z)+AK(J)*(
K (SO(J);*2)*SINH(SO(J)*Z)+SO(J)*Si(J)*SIN(Si(J)*Z))
F(I,3)=v(I)*T(J)

FR(D=v(D)»v(I) -
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IF(Z.EQ.0.) GO TO 500
IF(Z.EQ.AL) GO TO 550
GO TO 600
500 T(I,J)=0.5+E(I,J)+T(I,J)
TP(I)=0.54FF(I)~001
GO TO 650
600 T(I,J)=F(I,J)+T(I,d)
PP(I)=FF(I)+TT(I)
650 CONTINUE
%=%-H
200 CONTINUE
R(I,J)=H#T(I,J)
RR(I)=H+TT(I)
PN(I)=SQRT(RR(I))
110 CONTINUE
100 CONTINUE
DO 75 I=1,3 -
75 WRITE(6,64) (R(I,J),d=1,3)
WRITE(6,66) (PN(I),I={,3)
66 FORMAT (5X, PN(1)=",Fi5.9,/,5X,PN(2)=",F15.9,/, PN(3)=",F15.9)
DO 400 I=-1,3
DO 400 J=1,3
E(I,J)=R(I,J)/PN(I)/PN(J)
400 CONTINUE ’
DO 40 I-4,3
40 WRITE(6,64) (E(I,J),d=1,3)
64 FORMAT(//,3(F 5.9,5X))
UNSTABLE REGION BOUNDARIES
DO 450 I=1,3
450 TW(I)=w(I)/5./w(4)
WRITE(6,68) (Uw(I),I=1,3)
68 FORMAT(/,5X, UW(1)=",F8.5,/, 5X," TW(2)=",F8.5,/,5%," UW(3)=",
$F8.5,/) | |
DO 800 I-4,3
DO 900 J-4,3
IF(I EQ.2.AND.J.EQ.1) GO TO 900



IF(I.EQ.1.AND.J.EQ.3) GO TO 900
IF(I.EQ.2.AND.J.EQ.3) GO TO 900
To=0w(I)-ow(J)
WRITE(6,67) I,d,UU _
67 FORMAT (10X, UU=Uw( *,I1,")smw(*,I1,*)=",F10.5)
EPSD=0. S ' ,
850 EPSD=EPSD-0.02
DEIA=SQRT(E(I, J)xE(J,I)/UW(I)/UW(J))
~ DEL2=SQRT(1i.-2. *(UW(I)-UW(J))*EPSD*DELl)
DEL3_SQRT(1 -2. *(UW(I)-UW(J))%EPSD*DELi)
ALTS =(DEL2- 1. )/EPSD/DEL
- UsTS=(4. -DELS)/EPSD/DEL
 WRITE(6,65) ALTS,USTS,EPSD \ | .
65 FORMAT(/,5X," ALT SINIR— yFl2, 8 iOX, ST SINIR— ,F12.8,5%,
3 EPSD=",F5.2)
- IF(EPSD.GT.0.2) GO TO 900
GO TO 850
900 CONTINUE
800 CONTINUE
STOP
© END

62
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