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ABSTRACT 

The plane elastostatic problem of an isotropic elas­

tic half-pl~ne containing an:~rb~trary sy~tem of, crack~ is 

considered. Fouri~r trans~or~ technique is employed to 

obtain the edge dislocation' solutions. USing,the ':edge 

dislocation sol".ltions' as G'reen's functions,' the problem" 

is formulated in terms of a sys'temof sfngularintegral 

equations. The system of sin'gular fntegralequa'tions is 

solved humerically, for various crack 'combl.nations and 

external loads. The stress'intensity factors and the 

probably cleavage angles' are studied in detail!. 
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DZET 

\ 

Bu ~a11§mada, i~inde geli§i glizel olu§mu§ ~atlaklar 

bulunan isotrop, elastik bir yar1m dlizlemin elastost~tik 

problemi incelenmi§tir. Fourier integral transform tek-

nigi kullan1larak kenar dislakosyon ~ozlimleri bulunmu§tur. 

Kenar dislakasyon ~6zli~leri ~ekirdek fonksiyonlar1 olarak 

kullan1l1p, problem bir dizi tekil integral d~nklem~ in­

dirgenmi§ ve bu denkleml~r degi§ik ~atlak geometrileri 

ve .d1§ ylikler i~in nli~erik olarak ~ozlilmli§tlir. Gerilme 

§iddeti faktorleri ve muhtemel aY~11ma ylizeyleri detay11 

olarak incelenmi§tir. 
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CHAPTER 1 

INTRODUCTION 

One of the fundamental requirements of any·enginee-

ring structure is that it should not fail in service. 

This necesSltates a sufficient knowledge about materials 

containing cracks and the behavior of cracked structures. 
"' 

Crack problems do not only have practical importance 

in fracture mechanics but are also of mathematical int~-: 

rest. Many investigators have treated the problems in-

. volving cracks from different points of view. In this 

chapter, the practical importance of the problem is 

emphasized al.ong wi th the mathematical approach.-

Recent publications [5,14,15J indicate that frac-

ture phenomenon which is one of the possible modes of , 

mechanical failure is an important problem. The fracture 

behavior of materials has been considered in two groups 

as ductile and brittle fracture. Ductile fracture is 

characterized by appreciable plastic deformation and the 

amount of gross deformation which is usually presented 
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at the fracture surfaces of the body. The limiting case 

of flow until the cross section vanishes_may be called 

rupture. Griffith [llJ proposed that fracture in brittle 

solids arises from many fine- flaws in the surface of the 

material. Brittle fracture in metals is characterized by 

a rapid rate of crack propagation, with no gross deforma­

tion and very little or no microdeformation. Birttle 

fracture occurs without warning and usually causes disas-

.t rous consequences. 

Fracture occurs in characteristic ways, depending 

on the stat~ of stress, the rate of application of stress, 

and the temperature. In addition, more complex effects 

such as tors ion, fati gue, creep, low temperature, temper 

,~mbri ttlement, hydrogen embri ttlement and others may cause 

fracture. 

The most important cause of failure for all real 

structures is known to be due to th'e material imperfec­

tions which are already present inside the body or at the 

surface. This k:iind of imperfections may exist as flaws 

or cracks, the largest of which most likely causes the 

failure. 

The structural strength of ma~erials generally de­

pends on the material properties, the shape and the size 

of defects as well as together with the orientation of 
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flaws in the medium. In the application' of fracture me­

chanics, other kinds .·of imperfections due to manufacturing 

are part~cularly important, such. as flat cavities which, 

deve lop during c'as ting, small cracks -resulting from re­

sidual stresses in welded materials, and fatigue cracks 

under external loads. 

Thus, ina design dealing with materials, it is 

necessary to have a good estimate of the disturbed stress 

state. caused by these flaws. This general summary deals 

~with only a minute part of the available dnveiiigaticins 

in the theory and practice of fracture mechanics from . 

the macroscopic and microscopic points of view. Inaddi­

tion, to these investigatiunstherehas be~na large num­

ber of theoretical and mathematical studies on·the same 

subject. 

In the l~st few decades i cons~derable progress has 

been made in the application of linear elastic fracture 

mechan ics by employing plane e lastici ty theory. Many in­

finite plane problems containing cracks with arbitrary 

orientations and locations were solved. Various resear­

chers have also investigated the crack problems in a semi­

infinite medium. In general, the half-plane problems 

have been presen te'd with a boundary which is either' free .' 

or bounded to a second half-plane. 

' .. : 
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Among the recent publications deal ing with a system / 

of cracks the paper of Savruk and Datsyshin [17J deals 

wi th the problem on elas tic, _i~.-?,'t:!'Hpj<:~~,l!!"iI~i_~e~edi u~ 
_~>-:-,,,,-= __ -:""'lr.nrg-ai:DItTa-rily:::a~nged cuts. Thei--obt~ined the 

solutibn of cr~ck problems by means of singular integral 

equations. 

The problem of bonded half-planes containing an 
.. 

arbitrari~y oriented crack was first investigated by 

Erdogan and Aks6~an[8J. They redu~e the problem to a 

system, of .singular integral equation by using the Mellin 

transform tech~ique. The stress interisity factors and" 

the probable crack propagation angles for various crack 

orientatioti~ were given. Later on Ashbaugh [lJ solv~d 

the same problem by employing a different technique. 

A similar study was presented by Atkinson [2J who 

used stress field for an edge dislocation in bimetallic 
! 

medium given by Head [12J to generate integral equations 

for the dislocation densitites associated with cracks and 

dislocation pile ups. The integral equations were solved 

numerically. 

The problem of interaction between a circular in­

clusioll: and an arbitrarily' oriented crack has been solved 
, , 

by Erdo:gan, Gupta and Ratwani 17J .' They used"the existing 

solutions for the edge dislocations as Green's functions. 
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The integral equations for the line crack were 6btained ~ 
-c=c- ---.~-.-------------~ ----.--::---===-~-_ _:::::------_ ~-., -.:.-,_.- - ---~~...,.:---~ ---,-----, 

as a system of singular integral equations with simple· 

Cauchy kerhels. The problem w~s solved for various typi-
. . 

cal crack orientations arid thecorrespo~ding'~~ress in-
\ 

tehsity factors were given. Although there is no direct 

'similarity between the subject of this thesis and the 

paper [7J, the singular integral equation formulation, 

edge dislocations, Green's functions and the stress inten-

sity factors have the same important theoretical basis. 

Among the papers concerning crack problems in an 
1 ," 

elastic l).alf-plane the p'aper by Ioakimidis and Theocaris 

[13J presents a general formulation for' ~system of cur-
" 

. .' . ,'.,,', 

. vilinea~ ... crac}:s _by using complex variable methods. Even 
. " :1 

though the formulation is quite general the numerical 
, ",' " :: 

'. j •• , " .. 

examples are given only for' single straight or arc-shClped 

cracks. 

In this study, dislocation solutions are used as 

Green's functions to formulate the system of cra~ks prob­

lem. For this purpose first the stress field of an 

elastic half-plane due to a pair of edge dislocations with 

Burgers vectqrs parallel and perpendicular to the free 
, . 

surface are determined from the infinite plane solution 
.. 

by using the Fourier transform technique. The stress 

field due to an edge dislocation with a Burgers vector 

forming an angle with the free surface can be obtained by 
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resolving the Burgers vector into two components one 

parallel and the other being perpendicular to the! free 

surface and. summing the stresses setup by thesecompo:- . 

. nents; To simulate''{a line crack -in a 'given, direction 

stresS solutions foi a pair 6f edge disiocatid~s wfth 

Burgers vectors in the specified direction an'd in the di­

rection perpendicular to it can be' used as Green's func­

tions, Replacing Burgers vectors by di'slocation· dens.'ities 

and integrating these density functions along:the crdck'· 

yields the stresses creited by introducing the drac~. 

Stress· distributions due to se've'ral existing cnlcks can 

be superimpose·d, Expressing that' the total stresses on: 

the crack surfaces are equal to zero one obtairisa' sys­

tern of singular integral equations with dislocation den­

sities as unknown functions. If n is the numbe~ of cracks 

then there are Zn unknown functions and hence Zn singular 

integral equations can be expressed. A set of singular 

integral equations for a system of radial cracks can be 

readily obtained. HoweVer, for cracks whose axes do not 

intersect on the free surface, a translation of. axes is 

necessary to be able to express the singular integral 

equations. The system of singular integral equations are 

solved numerically by using the Gauss-Chebyshev integra­

tion formulas. Numerical results are fir~t obtained for 

a single crack problem. It is observed that the results 

match all the existin'g single crack solutions. Then to 

.characterize the crack interactions two crack problems 
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are solved by considering radial cracks and cracks per­

pendicular or parallel. to the ~re~ surface. The effect 

of variations of distances and angles between the cracks 

on the stress inten~ity facto~~ and cleavage angles are 

investigated. The system of singular integral equation5 

arG' solved for the cases of .symmetric and anti-symmetric 

un ifor111 tractions or uniform tension applied at infini ty) 

parallel to the free surface. In all the :above-mentioned 
. /' 

problems, cracks are located in the vicinity of the free 
,I ' ' 

stt:cface since the solu·tions for cracks away from -the free 
, , 

surface can be approximated by infinite plane solutions. 



CHAPTER 2-

FORMULATION OF THE PROBLEM 

First the stress field in an isotropic half-plane 

(which extends to the right of the free surface X=O) due 
< <, 

to a pair of edge dislocations at the point (X=a o ' Y~O) 

-+ -+ 
with Burgers vectors bX and by will be determined. The 

desired solution can be constructed by modifying the elas-

tic stress fields of edge dislocations in an infinite 

plate. 

-+ 
An edge dislocation, of Burgers vector bX' parallel 

to X axis, at the point - (ao'O) of an infinite plane (see 

Figure 1) has the following stress field [12J. 

DX y[y2 + 3(X - ao)2J 
* 
°XX = -

II [ (X - a )2 + y212 
0 J 

DX Y [(X ) 2 - y2 J - ao -;: 

0yy = IT y2 J 2 [ (X - a )2 + 
0 

Dx (X - ao) [eX - a ) 2 - y2] 
i; 0 

°XY = (la,b,c) 
II [(X <- ao)·2 + y2] 2 

8 < 
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/ 

o 

FIGURE L An Edge Dislocation at the Posi ti on (ao'O) with 
'+ ;,t 

Burgers vector bX in an infini te plane. 

where; DX = 
211b X 

(1+1<:) ~ \ ' 

3-4v for plane strain 
K = 

3-v for generalized plane stress l+v 

11 being shear modulus, v being Poisson's ratio. 

The residual loading problem for -the half-plane is 

formulated- in' terms of the biharmonic function U which 

satisfies 

(2) 

~ 

It is conveninet to express 

U(X,Y) = 2 fIX' <I>(X,ci) sinaYda (3) 
n 0 

,I,. 
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Substitution of (3) in (2) yie~ds 

(4) 

which has the solution 

¢ (X, a) (5) 

Since the stresses and displacements must be bounded at 

infini ty the Airy stress function yields as 

U(X,Y) 2 = n 

!Xl 

J(Al+XA2)~;aX siriaYda (6) 
o 

where Al(a) f A2(a) are unknown functions-to be determined 

from the boundary conditions. The stress components could 

be expressed as 

(7a,b,c) 
dX'dY 

Upon differentiation one obtains 

2 
00 -aX 

°X.X 
:: - If. I a 2 (Al+XA2)e sinaYda. 

0 

!Xl 

a[aA1+(aX-2)Az]e- aX 2 J sinaYda 0yy - IT 
0 

'\ : 
co 

1 -aX 2 J cosciYda, (8a,b,c) 
°XY = if a[aA1+(aX-I)AzJe -

0 
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Boundary conditions of the residual loading problem. are 

= -

.f. 

,"oXy(O,Y) = - 0Xy(O,Y) 

From these conditions one can express 

2 
IT 

2 
n 

<Xl 

o 

(9a,b) 

Multiplying Equation (9a) by sinaYdY, Equation (9b) by 

cosaYdY and integrating from zero to infinity gives 

DX <Xl y(y2+3a
o

2) 
-a2Al = f sinaYdY IT 2 

0 (a 2+y2) 
0 

DX <Xl a(a 2_y2) 
a 2A l aA2 

o 0 ' cosaYdY - = Ilf 2 , 
0 (a 2+y2) 

0 

evaluating the integrals appearing on the right yields 

Dx -aa 
= e 0 

"2 

from which'Al and A2 can be determined as 
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DX -aa 
Al = - e 0 (l+aao) 

2 a 2 

Dx -aa 
A2 = - - e 0 (1+2aa ) 

2a 
_ 0 

Hence substituting AI, A2 in Equations (8a,b,c) results 

in 

DX 00 . -a (X +ao) 
= n J [1+aao+aX(1+2aa o)]e sinaYda 

o 

DX oo-a (X+a ' ) 
n J [l+aa +(aX-Z)(l+Zaa )Je 0 sinaYda 
000 

DX 00 -a(X+a ) 
0XY = - IT J [l+aa~+(aX-l)(l+Zaao)]e' 0 cosaYda 

o 

DX 00 -a(X+a ) 00 -a(X+a) 
= IT [J e 0 sinaYda+(X+ao)J ae 0 sinaYda 

o 0 

00 -a(X+a) 
+ 2a X J a 2 e 0 sinaYda] , 
00' 

DX 00 -a(X+a ) oo-a(X+a) , 
(Tyy = [J e ' 0 sinaYdct+(3a -X)J,ae °sinaYda 

- IT 0 0 0 

00 - o.,rX+a ) . 
1.- 0 

- 2a X! a 2 e .. sinaYda] 
o 0 

DX 00, -a(X+a o) 
= T'l ,rCa -X) ! ae cosaYda 

.00 

- Za X ! o o 

00 - a (X+a) 
a2e 0 cosaYda] 
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and evaluation of infinite integrals (see Appendix) gives 

DX Y 2Y (X - 3 a ) (X + a ) 
:::: _ { . 0 0 

11 (X+a
o

)2+y2 [(x+a
o
)2+y2]2 

4a XY[3(X+a )2_y2] 
o 0 } 

[(X+a ) 2+y2] 3 
o 

(lOa, b, c) 

Thus the stress field of the half-plane can be obtained 
, 

by superposition of expressions Cla,b,c) and (lOa\,b,c) 

as 

2Y(X-3a ) eX+a ) o 0 
2 

f(X+a )2+y2] 
L- 0 . 

y 
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(lla,b,c) 

-~ 

An edge dislocation, of Burgers vector by, parallel 
I 

to Y axis, at the point (ao'O) of an infinite plane '(see 

Figure 2) has the following stress field [12J 

y 

° ~----,~--------+--- X 

FIGURE 2. An Edge Dislocation atthe Position (ao'O) 
-+ 

wi th Burgers Vector by in a.n 'lnfini te Plane. 

Dy ("'- ) frX_n )2;..y2J ,\,)' a o _I.. dO 

°XX == n [ ( X - a 0) 2 + y 2 J Z, 

Dy (X-a) I(X-a )2+3y 2J 
0-0 

0yy == n [(X-a) 2+y2] 2 ' 
0 
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Y [eX-a
o

) 2 _y2] 

[(X-ao) 2+y2] 2 
(12a,b,c) 

\,Again the residual loading'pr,obleni'will he formulated in ' 

terms of the biharmonic function U(X,Y) hThich may be 

expressed as 

U(X,Y) 

for this case. 

2 ex> 

= IT f $(X,a)cosaYda 
o 

Substitution of (13) fn (2) gives 

(13) 

A solution which is bounded at infinity can be substitu-

ted'in (13)~ 'Hence one'obtains-

2 
U(X~:Y) = IT 

o 

ex> 

J 

Again Al(~)' A2 (a) will be determined from the boundary 

conditions. The stress components are derivable from 

(7a,b,c) as 
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2 - - If 

00 . 

J a 2 (A 1+XA2)e- aX ~osaYda 
o 

00 , 

0YY = ~ J a [aA1 +(aX- 2)A;] e -aX cosaYda , 
o 

00 ' _ 

0XY'= - i J a[aA1+(aX-l)A2]e- aX sinaYda 
o 

(14a,b,c) 

Now expressing the boundary conditions of the residual 

loading problem 

one 

°XX(O,Y) 

.oXy(O,Y) 

obtains 

2 
TI 

2 
II 

o 

o 

00 

J 

= 

= 

-

-

= 

* °XX(O,Y) , 

* ,OXy(O,Y) 
. ,"" 

Dy a (a 2 _ y2) 
o 0 

IT 

(lSa,b) 

Multiplying Equation (lSa) by cosaYdY, Equation (lSb) by 

- sinaYdY and integrating both sides from zero to infinity 

gives 

Dy 00 a (a 2_y2) 

a 2A l J 
o 0 cosaYdY - = n 2 

0 (a
o

2+y2) 

Dy 00 yry2_a 2) 

a 2 A1 +aA2 J 
\. 0 

sinaYdY - = IT 2 
0 (a_ 2+y2) 
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evaluating the integrals appearing on the right yields 

- a,2 Al +aA2 
Dy -aa 

= e 0 
"2 

from which Al and A2 can be determined ~s 

Dy -aa 
Al = 0 a o e 

2a 

A2 
Dy -aao (1 2aao) = e -
2a 

Substitution of AI, A2 in Equations (14a,b,c) results in 

, :: 

OT 

D Y 
= 11 f 

o 

Dy 
= 11 f 

00 

L'C 

0, 

-a(X+a) I , 0" 
[aao+aX(2aao -1)]e cosaYd~ 

. -a(X+a)· 
• 0 

[3aao-2+aX(1-2aao)]e 'cosaYda 

Dy l-~) , - Ct, (X+a ) 
==]I J [aao+(etX-·l) (2aao-l)]e" 0 sinaYd~ 

C' 

\ 

.r 
-O',(X+a

o
) 

ae cosaYda 

+ ?a X 
~ 0 

00 -a(X+a) 
f a 2 e °cosaYdal ... 

o 

, 
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Dy 00 

= IT [-2 J 
-a(X+a ) 

° 

+ (X+3a ) o 

e . cosaYda 
o 

00 -a(X~.a) 

J ae °cosaYda 
o 

00 -a(X+a ) 
- 2a X 

o 
2' ° J a e cosaYda1 

o 

Dy 
= n [ J 

00 -a(X+a) , 
e 0 sinaYda 

o 

00 ,_a(X+a) 
- CX+a ) I 'J ae 0 sinaYda 

o o 

00 -a(X+a )'. , 
+ 2aoX' J a 2 e 0 sinciYda] 

o 
, , 

and evaluation of infinite integrals (see Appendix) O'iVe5 .0 

Dy 
= II {-2 

- '4a X 
o 

, (16a~b,c) 

Consequently the stress field of the half-pl~ne can ~e 
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obtained by superposition of expressions e12a, b ,c) and 

(16a,b,c) as 

2 Dy . [(X-a )2+3y 2J eX+a o) 
0yy = IT 

{(X-a) o. - 2 
o [(X-a

o
)2+y 2J2 (X+a )2+y2 

0 

[eX +a )2 _ y2] (X+a j [eX+a ) 2 -3y 2J 
+.(X+3a) 0 4a X .0 0 

.. 0 [(x+a
o

)2+y2]2 0 [(X+a
o

) 2 +y 2J 3 

+ 
.y 

} , 

(lia,b,c) 

A po~erful ~ethod o~ analysis is based on the re-

pre~entation of a crack by a con~inuous distribution of 
-",," ,.,;' .. ;.' ; 

dislocations. To simulate. a line crack ir.. s dil"ection 
. '. -' : _ .. ~ , " 
. ,'._' .. ,-._." "-: .. ':.,,' 

(see Figu-re 3) 5trGSS solnt::i ons d . .i::lo-
.. .::..."'- .... ~l.J~.,:~.,.: .-:;' -: ~ ....... " • -0- .+ 

cations with Eurgers vectors los and b q can be used as 
L:.~ r:~(i .} .. -: -+ 

Green's functions. Stress distributions due to band b· s q 
~""'~'. ;:."'~:, :.i .. J.' . 

,-can be obtained by resolving these vectors into components 

in X and Y directions and summing the stl:esses. set up by 



- 20 -

these components. 

y,Y 
-- -'- - ~ 

q 

I 

) 
( 

FIGURE 3. A Pair of Edge Dislocations with Burgers 
-+ -+ 

. ' ; -:'.~ . 

Vectors b s and bq in a H31f-P1ane . 

Hellce in t reducing the no tic) tim} 

case f3 
. ~ 

a. -- - S III\; : , 

2~! 2", 
D = bs 

" :::; ~ b , l_q q 5 1+1<: l+K 

we obtain the stresses due to edge disloca~ions with 
- ,-

" :', 



- 21 -

-- ._-- ~.-. - -- --- -~ ...... ~ ..... 

-+ -+ 
Burgers vectors b s and b

q 
as 

where 

;:: 1 r Q -

IT L(~D -aD )Gvv(x, y-Bt, ~+at) q s 1'..1\. 

- (SD +aD )FX·X(x, y-Bt, d+at)] , sq. 

-(SDS+CtD )Fyy(x, y-Bt, d+at)] , q . 

= -nl [um -aD )Gxv(x, y-St, d+at) q s ~. 

1 

ncxx (X, Y·, a
o

) 

DX 
1 

nOyy(X,y,ao) 

DX 
1 

noXY(X'Y Jao) 

Dv 
J\. 

2 
,.., (V"""" ,. ) ItO,,.-,\.'" ,A..; _ :. t.. ..... ,.. •• 

.:\...t'\. '-

2 

ITOXy (x~ Y ) aoJ 

D" 1 

/ 

(18a- f) 
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At a point along the--s-axis s.inceX=d+a.s, y= f)s 

the notmal and shear stress components 0qq and 0qs in the 

{s,q} coordinate system can be ~xpressed as 

° (.0,5) qq 

2 

SoXX(d+as,8s) + 
2 

aOyy(d+as,Ss) 

2 2 
- (a-l3)oX-(d+as,[3s) + a8[0 (d+a.s,Ss) y - yy-

. A crack along the s axis can be represented by 

cont inuc:ls arrays of dislocations'wi th density "functions 

£.(s) [v(o+ ,s) - v(O- ,s)] ., (19) 

g(s) (20) 

l,\'llcTe u and v are the displacement components in the 

{s,q} coordinate systes. As the crack extends from 

S',~~~':l- t·~ r.;:=" ",'e' Oll,uiv""'l<;-iv have 
... ,~ _'_' .. ,I (l ~ • .1\0'-,," ~ ... ."L,,/ 

f(5) - g(sJ - 0 for Is! > a 

To obtain the stresses due to distributions of 
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edge dislocations we replace Dand D by -f(t)dt and 
, sq. 

-g(t)dt respectively and integrate from' -a to:~. The 

unknown density functions f(t) and get)' will be .deter-

mined from the conditions that stresses. nYC prcscribcd 

on the crack sur face whi ell y ie ltl 

1 a 
1 a 

a (O,s) = f k(s,.t)f(t)dt + r h(s,t)g(t)dt~p(s), IT 11 J qq -a -a 
-a < 5 < a , 

1 a 
1 ~ 

.0 (0, s) J rll(s ;t) f(t)dt + r n(s,t)g(t)dt=q(s), = 11 11 .. .' qs . -a -a 
-a < s < a 

. (2la,b) 

where 
2 

k(s t} I.. , -= S[aFXX(d+as, 85-8t, d+at) 

-8GXX Cd+as, 85-(3t, d+o.t)] . 2 
+ a[afyy(d+as, ,:8s-8t, d+at) 

, - S Gy y ( d + a s ,_ Ss-(3t, d+a t)] 

-, 2 as [S F Xy Cd + a. s , ps-St, d+at) 

+a GXY ( d + as, (:3s-i3t, d+at)] 

2 

hCs,t) = Sre r (d+- \3s-$t, d+o. t) I :SA'V"\" 0,;,) 
- J.'\~\ , 

+aGXX(d+o:s: ps-St, d+at): . J 
~ 

+ rar' (d+ s a LfH·yy a, 5s-St. d+at) 

+aGyy(d+as, i3s-St, d+at) J 
- 2aS[SFXy (d+as, Ss-St, d+at) 

+aGXy(d+a.s, Ss pt, d+at)j 

.\ 
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m (s ,t) :::: 

nes,t) = 

- 24 -

2 2 
(a- (3) [uFXy(d+as, 

-8G '- (d+as Xy .' 
+ as { a [ Fyy (d+~s_, 

- F . (d-l'as xx'·' 
-13 [Gyy(d+as, 

- GXX(d+as, 

2 2 

( a -S) [s F XY ( d + as, 

+aGXy(d+as ,­

+ as { B . [ Fyy(d+.as; 

- FXX(d+'-~s, 

+ a[Gyy(d+as,_, 

GXX(d+as, 

f3s-f3t, d+at) 

Bs-l3t, d+a t-) ] 

8s-l3t, d+St) 

Ss~-l3t, d+at)] 

(3s-Bt, d+at) 

f3s-f3t, ~d+at)]} 

Bs-i3t, d+at) 

Ss-l3t, d+at) ] 

Ss-l3t, d+at) 

Ss-l3t, d+at)] 

f3s-f3t, d+at) 

'l3,s ~ I3t, ' d +6: tJJ} 
: ••• _~ •• _ •• M '_"~""~-' • 

To provide the continuity of the material outside. 

the cral.:k we must impose the two conditions 

a 
J f(t)dt = 0 , 

-a 'I: .' I 

a 
I' g (t) d t = 0 " e22a, b) J . 

, -a 

It can. eas i 1y be shmJn that the kel"nels k (s ,t), n (s, t) 

h~v~ ·6auchy singularities, namely 

k(s,t) == 
1 

t-s 
'1. 

+ k(s,t) , 



n(s,t) 

* 0}: 
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I *-= -- + n(s,t) t-s 

\ 

\.;here k (s ,t), 11 (s, t) are bounded Iunctions. 
I , . 

Thus the Equations (2Ia,b) form two singular integral 

. eq~aiions o~ the first kind. These singular integral 

equations take simple forms when the crack is perpendi-

. culai or ~arallel to the free surface.-
. \ 

I f the crack is· 

perpendicular to .the free surface \ve take ~=1, .f~=O. in the' 

expressions (2Ia,b) and 1~e obt8:in, 

1 a 
[t= s 

s-t 4(t+d)(s+d)]f(t)dt J + + = p (s) , -a<s<a 1[ (t+s+2d)2 (t+s+2d)3 . -a 

I a 

[t=s 
s-t 4(t+d)(s+d)]g(t)d~ r + + = q (s) , -a<s<a' . 

n . (t+s+2d)2 Ct+s+2d)3 . -a 

(23a,b) 

Similarly for the case of the .~rack being parallel 
",.' 

to the interface .we take ~=O, B=l and we could express 

'.-1Z( ,)r'Z'2 ( _C':-f] 
4\J,( t-s 1-- a ~ 1:~ }f(t)d1 

[ct-s) 2 +4d 2
] 

1 
11 .r 
. ; - a 

a rLj,,2 '"'C .... ~)21 -{ 8 d 3.1_ a. -:J L"::> ~ j 3 } - g ( t) d t.-':: p ( s) , 
[(t-s)2+4dl.] . 

BOGAZiCi ONIVERSlTESi KOTOPHAN~S\ 
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fa {8d 3 [4d2 -3(t-s)2J } 

-a [Ct-s) 2+4d,2] 3 

-I- ,'8d 2 Ct-s) 

Let-5) +4d 2] 2 

I' 

-a<S<a 

(24a,b) 

These expressions are in agreement with those obtained by 

Asbaugh [lJ and also with the expressions given by 

Erd9gan [9J except the sign discrepancy \\'hich vlas l:einarked 

',: by As'b'augh [lJ., 

No\.,r we, can easily-·extend the discussion to a system 

of randomly oriented cracks (see Figure 4). 

For this case using the same formulation described 

:'t. 'f~r a~ingle crack and using {s., q;}, (i=l, ... ,n) rectan-1 ,_ . 

: gular coordinat:e systems, expressions of crack surface 

tractions yield the following system of singular integral 
. . 

equ~l tions 

n 3. j 
L [ , k .. (s.,t.)f.(t.)dt

J
. + 'iT ~ J 1J 1. J' ]' .: 

_, j::~. .' .: ","1, j :,: ~ . 
; 

1 J 
-a· 

J 

a· " 

~ 1·' ( s --'J 'J \' + .... u~·· 1 I·· .. , L· . • .... I l .. j 
lJ 1 J '""J' ].1 J 

- a i <5 i <a i ' 

(i=l, .. '. ,n), 
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a. 

1" n ] 
'IT 2: [f m·. (5. ,t.)£. (t.)dt. 

j=l -a. 1J 1 .1 .1' J J 
J 

+ f 

a. 
J 

-a. 
J 

ql ------- . 

n l' J' (s . ,t. ) g . (t . )d t . ] 
1 J J J~. J 

- a.<s.<a . 
. 1 1 1 

(i==l, ••• ,n) 

(25a,b) 

f 
\ 
\ 

-------____ ---~-----J 
FIGURE 4. 

" "'~ ':. • .1.'. 

A System of Randomly Oriented Cracks in a 

~I::llf..,Pla:r..e. 
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where' 

'; > • -2 " ' 

k iJ· (si,t
J
.) = Sl' [o.J.'FXX(d.:\:o.:s. ~S.s'-+e. ~fL~. -e."d.~o.:,t.)' 

, ' , " ,1. 1 1. 1 1 1 J J J,' J' J, j , 

- SJ' GXX (d. +0..5. ,S. 5 ·'+e. - S . t . -e . , d. +c.i: t . ) ] " 
2 1 1,1: 1 1 1 J J 'J, J ~ J,' " 

+o.i[o.·Fyy(d.+o..s.~S.~.+e.-S.t.-e.~d.+o..t.) 
J' 1'1111 l,JJ J J,J J" 

~S.Gyy(d.+o..s.,S.s.+e.~S.t.-e.,d.+o.~t.)J 
J 1111,11 J J J J;J J,' 

2 a l' S. [a. FXY ( d . + a . 5 . " S . 5 . + e . - S . t . - e . , d . ~ a : t . ) 
. 1 J 111 1 1 1 J J J J J J 

- S . GXY ( d . + a . 5 . ,S. 5 . + e . - fL t . - e . , d . + a . t . ) ] , 
J, '1 1 1 1 1 1 J J JJ J J 

2 . 

h .. (5. ,t.) = S. [S.FXX(d.+o..s. ,S.s.+e.-S.t.'-e.,d.+o..t.) 1J '1' J' ',,1 J ,1 1 1 1 1 1 J J'. J J J:J '" " 

+o..GXX(d.+o..s. ,S.s.+e.-S.t.-e.,d.+o..t.)] 
J 1 1 1 1 1 1 J.J J J J J 

2 ' 
+ a. [s . Fyy ( d . + a . 5 . ,S . 5 . + e, . - S . t . - e . , d . + Ci. . t . ) 

1 J1,ll 11'lJJ,J J JJ 

+o..Gyy(d.+ry.s. ,S.s.+e.-S.t.-e.,d.+o..t.)] 
J 1 1 1 1 1 1, J J J J J J' 

- 2 a . S· [f3 . FXY ( d . + a ~ 5 .• S . 5 . + e . - S . t . - e . ,d . + a . t . ) 
1 1 J 111 1 1 1 J J J J J J 

m .. (s.,t.) 
'lJ 1 J 

+ a . G
X
' y' (d '. + a . 5 . , S ; 5 . + e . ~ S . t . - e . , d . + a . t ~ ) l 

J 1 11 1 1 ,1 J J J J J J 

2 2 
= (a. - S. ) [a. FXY Cd. +0..5. , fL 5 . +e . - S . t. -e . ,d. +Ci. . t .) 

11 J 111'111 JJ J J JJ 

. - S j GXY ( d i + a i 5 i ,. Sis i + e i - S j t j .:. e j , d j ~ a J' t j ) ] 

+ a'. s: {a. [Fyy(d.+o..s. ,S·s.+e. -s ;t.-e. ;d':+a .t.) 
11 J 111111 JJ J J JJ 

- FXX (d. +0..5. , S . 5 . +e . - S . t . - e . ,d. +Ci. . t .) ] , 
_ 1 l 1 111 J J J J J J 

-S. [Gyy(d.+o.. s . ,B.s.+e.-S.t.-e.,d.+Q.t.) 
J 11,1111 JJ J J JJ 

-GXX(d.+o..s. ,13"5.+08. -S.t.-e. ,d..+a..t.)]} 
1 1 1 "1 1 1 J J J J J J 
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2 . 2 
n .. (s.,t.) 

IJ 1 J = (a i -S
1
:) [S.FXy(d.+a.s. ,S.s.+e.-S.t.-e.,d:+O'.'.t.) 

J 1 1 1 1 1 1 J J J J.J J J 

Again to 

+ a . GXY ( d . + a. s . ; S . s . + e . - S ; t . - e . , d . + 0'. '. t. ) J ; 
J 1·1 1 1 1 1 J J' J J J J i 

+.aiSi{SJ,[Fyy(d.+a.s.,S.s.+e'-'S:,t.-e.,d:.+O'..t.) J 

. , 1 '1 1 1 1 1 J J J J .J J 

provide 

FXX(d.+O'..s.,S.s.+e.-S.t.~e.,d.+O'..t.)J! 
1 11 11,1 J.J .J J' J J . 

+a. [Gyy(d.+cx.s. ,S.s.~e.-S.t.-e.,d.+cx.t.) ~ 
J 1 1 1 1 1 1 JJ .• J, J . J J , 
- GXX(d.+cx.s. ,S.s.+e.-S.t.-e.,d.+cx.t.)} 

111111 JJ J J JJ: 

the continui ty of the material outside 

the cracks we must impose the 5 ingle -valuednes's conditions 

a. 
J . 

f· f.(t.)dt. 0 , (j=l, ... ,n) 
-a. J J J 

J 

a· 
J 

f g.(t.)dt. =. 0 (j=l, ... ,n) '\ (26a, b) , 
-a· J J J 

J 

For a system of radial cracks the singular integral 

equations take simpler forms and they can bere~adily 

expressed (see FigureS) as 

1 n 
" f' 

IT LJ L 

"1 j~ 

b, 
J 

f 
aj 

b. 
J 

I 
a· 

J 

k ( t) ~· ('.. ") d ,. + ., s., . ,C'llj'- ~J' 
1J 1 J J ' .. 

__ . i' -~: -I ..... I.'!..--=: ' .. 

a. <.5. <b. , 
1 .1· 1. 

(i=l, •.• ,n) , 



1 n b j 
'TI ,2: [J 

j=l a· 
J 

y 

, b: 
'J 

J 
a· 

J 

- 30 1 

miJ·Csi,tJ.)f.Ct.)dt. + 
J J J 

ai:,si<b i , Ci=l~ •.. ,n), 

,(27a,b) 

FIGURE 5. ,A System of Radial Cracks in a Half-Plane. 
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where 

2 
k .. (s.,t.)'= 

IJ 1 J S. [a. FXX ( a. s. , 
1 . J 1 1 

S:s.-S.t., a.t.) 
1 1 J J .J J 

\ 

-S.GXX(a.s. , 8. s. -fLt., a.t .J] 
2 

J . 1 1 1.1 J J J J 
+a. [a.Fyy(a.s., 

1 J 1,1 
8.s.-S.t., 

1 1 . J J 
a.t.) 

, J J 

-S.Gyy(a.s., 
J 1 1 

S.s.-S.t., 
1 1 J J 

a .t.) ] 
J J ' 

- 2 a. S· [a. F Xy ( a . 5 . , 
1 1 J 1 1 

8.s·-S.t., 
1 1 J J 

a.t.) 
J J 

'::'S.GXy(a:s. , 
J 1 1 

8·s·-8·t., 
1 1 J J a. t.) ] 

J J ' 

2 

h. . (5 . ,t .) = S. [8 . FXX ( a. . 5 ., S. 5 . - S . t ., a. t . ) 
1 J IJ 1 J ,I 1, 1 1 J J J J 

+a.GXX(a.s., 8.s.-8.t., a.t.)] 
2 J 11 11 JJ, JJ 

+ a. [S . Fyy (a . s., 8. 5 . - 8 . t ., a. t . ) 
1 J 1 1 1 1 J J J J 

+a.Gvy(a.s., S;s.-S.t., a~t.)J J & 1 1 1 1 J JJ J 
- 2 a'. S· [S. FXY ( C't • S ., S· 5 • - S . t ., a. t . ) 

1 1 J ' 1 1 1 1 J JJ J 

; 

+a.GXy(a.s., S.s.-S.t., a.t.)]', 
J 1 1 1 1 J J J J 
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2 2 

n .. (s . , t . ) = ( a . - S . ) [S. FXY (a 1· s 1·' S· S . -(3 . t . " a. t . ) 
1J l' J ~ 1. J 1. 1. J J J J 

+a. GXy·(a.s., S.s.-B.t., a.t.)] 
J 1. 1. 1 1. J J J J 

+ aiS i {S'j [Fyy(cx i si' ,Sisi -Pjt j , ajtj) 

- FXX (0: -i 5 ., S· 5 . - f3 . t ., a. t . ) J 
- J. l. 1. J J. J J 

+ a j [Gyy(CkiS i , SiSiu-Sjtj' cxjtj) 

- GXX(Ci.S'.) 'S.s.-S.t., a.t.)]} 
1. l 1 1. J J J J 

Equations (27a,b) are subjected to the fol1o~ing 

slngle-valuedness conditions 

":.{' 

b. 
J 

J f.(t.)dt. = 0 
a. J J ' J 

(j=l, .. ~,n) , 

J 

b. 
J 

I 

J g.(t.)dt. = 0 , 
J J J 

(j=l, ... ,n) (28a,b) 
a. 

J 

The system of singular integral equations (2Ia,b), 

(25a,b) and (27a,b) will be solved numerically. The 

numerical procedure will be described in the next chapter. 
_" I. ;", ' 



CHAPTER 3· 

NUMERICAL SOLUTION OF 'SINGULAR 

INTEGRAL EQUATIONS 

Th~ quadrature ~ethod dev~loped [IOJ to solv~ inte­

gral equations with Cauchy type kernels will be used. 
\ ~ .': " 

Now the method will be described fo~ equations (21a,b). 

First the intervals of integration are ll0rmalized 

by introducing the new variables 

t 
T = 

a ' 
5 S = a 

and the unknown fU..Tlctions can be expressed as 

., -t.: 
. f(t) = F(T.) (l-l~) z 

get) - G(T} (1-1~) -t-,; 

Defining the new kernels by 

K (t: ,1:) = ak (5 , t) , H (~ ~ T) :: ah (5 , t) 

M (s , T ) - am (s ; t) , . N ( ~: ~ T) . ,.-.-; an (5, t) 

33 



r 

- 34 , 

, 
equations (2la,b) and (22a,b) become 

peS) -l<~< 1, 

1 
1 J N(E,;,T)G(T) (1-T 2 )-!zdT =,q(~) -l<~<l,· 
If -1 

1 
J F ( T) (1- T 2) - !Zd T = 0 , 

-1 

/- GeT) (1-T 2 ) -~ZdT = 
-1 

o ., 

(29a,b) 

(30a,b) 

Applying the Gauss-Chebyshev quadrature [lOj to 

these equations yields the following system of linear 

equatioll~ fo::- the 

.... :7. 'f '(~ , ., '-

N" 
IT r : i ,- L' 
,,:..-;;.: I , , 

" 
'" .'-

l~. -.: I " 

1\1 
n 

l: "WkF(T k ) -. 0 
1:= ] 

de ~ermina·tl·o~ ~f ~(- , aI'~ I.. .... __ 1 .,; .il ~-./ .... l ~, ,)" 1. _< 

t, 

, 

\ 
- .. : i 

' .. 

• 0·· < 

(3la-d) 
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where 

W =W 
I n 

I 
ZeN-I) , 

I 
N-I ' 

k=2, ..• ,N-l, 

k-I 
Tk = cos en fr-T)' . k=I, ... ,N, 

~ = co - crr 2~-1)) 
s £ s 2N-2 ' 

~=l, ... ,N-l . (32a,b ,c) 

The quantities of main importance are stress inten-

sity factors which are defined as 

kl (a) Lim ,/2(s-a) 0qq(O,s) 
s-+a 

kl ( - a) Lim ;-z(S+a) ° (0,5) 
s-+-a 

qq 

k Z (a) = Lim / 2 (s - a) °qs(O,s) 
s-+a 

k Z ( - a) = Lim I 2(s+a) °qs(O,s) (33a-d) 
s -+ - ~1 _ \' .. t. 

T t:> 
, d 

valu' - G . r" ' f:: tJ.
r 

( - '1, 
," - c" "'.1 v 

.... (~ -
J.' • 
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For a system of randomly oriented cracks the new 

variables are defin~d as 

and 

t· 
~ 1" . a· 

the 

J ] 

unknown 

f . (t .) 
] J 

g. (t.) 
J J 

, 
s· 

t;,. ::: 1 (i,j:::l, ... ,n) 
1 a· 

1 

funct.ions can be -expressed as 

2 -~ F.(1".)(l-1".) 
J J J 

r 2 -!z G'\.1".)(l-1".) 
] ] ) 

(j:::l, .•. n) 

introducing the new kernels 

1 
IT 

K .. (t;,.,1"·) ::: a.k .. (s.,t.) 
1 J 1 J J 1J 1 J 

H .. (t;,.,1"·) ::: a.h .. (5. ,t.) 
1J 1 J J 1J 1 J 

M .. (t;,.,1"·) ::: a.m .. (5. ,t.) 
1) 1 J J 1J 1 J 

N .. (t;,.,1".) ::: a.n .. (s.~t.) 
1.J 1 J J 1J 1 _ J 

n 1 
r [ J 
~] l 

• • • r &. l' . F. 't. 1 
'lj l' J j~ 

,/.-

+ 
I. . (t: . ,T ) r; . IT) (1 _ .... ; ': - . ( -

J ':> - J J") . 

1 . ~. 1 
~ ;. ... 

(34a-d) 

I J • 
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+ 
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1 
[; 1'.1.. (~ . ,T . ) F . (l . ) (1 - 1" ~ ', - ~~ d 1" • 
-1 1J 1 J J J ]' J 

1 
~ ., -1.; J 

I N ... (E:.,T.)G.(T.)(l-T":') ""ciT. =:: ql'C S~) 
-1 ' .lJ 1 J J' J" J ' J .... 

1 
J 

-1 

-l<C · <l , 
1 

(i:::l) ... ,n) 

1 
J G . (T .) (1- T ~) - ~d T. = 0, (j = 1 , •.. ,n) ( 35 a - d) 

-1 J) J J 

Now applying the Gauss-Chebyshev quidrature gives the 

following system of linear algebraic equatio~s for un­

k no wn s F j (T k ) and G j (T k) ( j' = 1 , . . . ,n), ( k = 1 , . . . , N) . 

n 
L 

j=l 

n 
I 

j-l 

N 
L 

k=l 

1 J 
" 

k=l 

L 
-1 

WkFj(Tk)Kij(~£,Tk) 

( 

'" ~ ( ',H (,-
k) .\1 j'. -t~" j 1"1',·. C; f 

.: ',) i.' ,. J" ,: 
... (. '\' (t .' 

-I- _~ I. 1 " J 1 • • , ;>.. 1 I J':-' :1. J X ' .~ , 

. ~. ~'':' 1 'I .'; n r r 9",:-; I. , • 

W F. t ,".) -. u 
k J k 

lj.:..' " ., n j • 
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where Tk , ~1' Wk (k,l=l, ... ,N) were previously defined. 

The stress intensity factors can be defined , ... ith 

expressions' similar to (33a-d) and they cC}.n be obtained 

from the values of F.(T.) and G.(T.) at the corresponding 
J J , J " J 

end points. 
, :. ,1 

J 

For a system of radial cracks the ne\\" variables are 

defined as 

. , 2t. b.+a . 
T. = d T J J 

J b. -a· 
J J J J 

2s. b.+a. 
[,;. = 1 1 1 C-i,j=l, ... ,n) ,1 b. -a· - ~-:-

'1 1 , 1 1 

and the unknown functions can'be expressed as 
t • " 

L(t.) 
J J 

g. (t .) 
J J 

(j=l, ... ,n) 

Introducing the new kernels 

1) . ':'" a. I • -

K~.([,;.,L.) 
1J 1 J 

J ,'1 ' . = --;~ k:. (s. t.) 
2 1J l' J 

H .. (t: ,T.) = 
1J 1 J 

M .. ([,;. ,T.) = 
1J 1 J 

b. -a· 
J J' 2 h .. (s.,t.), 

1J 1 J 

b. -a-. -J J ,-
2 m .. (s.,t.) , 

1 J 1 J 

__ , 



N .. (S;.,T.) = 
1J 1 J 
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b. -a. 
J J ( ) 2 n .. s.,t. 

1J 1 J 
(37a-d) 

then equations .(27a,b) and (2~a,b) will take the forms 

identical with (35a":d). Again by applying the G'auss­

Chebyshev quadrature formula a system of linear algebraic 

equations \ViII be obtained to determine the unknowns F. (T .) 
• J J 

an d G j (T k) ( j = I , . •• ,n; k = I , . . • , N) • 

For a single radial crack n=l and the subscripts 

of all the quantities will be removed .. Then for a crack 

with end points (a,b) the stress intensity factors may be 

defined as 

kl(a} = Lim 
s+a 

I 2(a-s) 0qq(O,s) 

kl Cb) = Lim I 2(s-b) 0qq(O,s) 
s+b 

kz(a) = Lim I 2(a-s) °qs(O,s) , 
s+a 

'":.' 

k z (b) = Lim I 2(s-b) °qsCO,s) . (38a-d) 
s+b 

It is then observed that the stress intensity factors are 

proportional to the values of F(T) and'G(T) at the end 

points through the relations 

I b-a 
kl(a) = FC-I) -2-



- 40 -

kl(b) = -F (1) / b-a 
L"" 

k2 (a) = G (-1) I b-a 
--y--

k2 (b) -G (1) ! b-a ' (39a-d) = -2-

The stress intensity factors of a system of radial 

cracks can be obtained from the values F.(~l) and G.(~l) 
J J 

with expressi<:>ns similar'to (39a-d). 



, 
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CHAPTER 4 

NUf,1ERI CAL RESULTS AND DISCUSSION 

The numerical results are obtained first for a 

single crack. If the c~ack is perperidic~iar to the free 

surface for the pressuriz~'d crack we : t~ke ,P (s)::: -0
0 

in 

(23a) and ,after norma~iz~ng the singu~ar,integral equation 

we solve it numerically. IThe calculated stress i~tensity 

factors aYe given in Table 1 (see Figure 7). 

These, results are ,identical ,with those given by 

Cook and Erdogan [4}. Since the singular integral equa­

tion (23b) governing the mode II:solution: is,the,'same with 

. the equation for mode I' case ~ thE? l'esults for mode I apply 

to an analogous'mode II prcib~em. 

'I'"able2 shO\vs some n.umerical ~tesul ts for both sym-

metric' and anti-symmettic loadin&s of a crack parallel to 

the free surface obtained by solvi~g (24a,b) with p(s)=-oo' 

q(s):::O and p(s):::O,_ q(S):::-lO (Figure 8). Thus the values 

given in the table 

41 
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TABLE 1-

Stress Intensity F~ctors for a Crack 
Perpendicular to the Free Surface 

d k1 (-a) k1 (a) 
-a 

aora a ra-
0 

1.1 1.7585 1.2108 
1.2 1.4637 1. 1626 
1.3 1. 3316 1. 1331 
1.4 - 1. 2544 1.1123 
1.5 1.2035 1.0967 
2.0 1. 0913 1.0539 
3.0 1. 0345 1. 0246 
4.0 1. 0182 1. 0141 
5.0 1. 0112 1.0092 

10.0 1.0027 1. 002~ 
00 1. 0000 1. 0000 

are esentia11y the normalized stress intensity factors.-

Additionally the angles corresponding to the planes of 

maximum cleavage stress at the crack tips are given 

(Figure 6). These angles are shown to be the angles of 
~=- '.' - . . 
crack propagation and ~ay be calculated from [9J 

klsin~ + k2(3sin~~1) = 0 

3kZsin¢ - klcos~ < 0 . 

-- 'I 
, 
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y 

o r-------------~----~--_ x 

"../f I . 
1<1> (- a) 

FI GURE 6 .. : Probab Ie Crack Propagation Angles. 

y 
:', .. ' 

-j 
~ , I. • 

d 

o -a ~iiiil:ii}_a ~ x 

l- 2aG~ 

FIGURE 7. .Pressurized Crack PerpeI;ldicular to the Free 
. ; 

Surface of a Half-Plane. 
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The stress in~ensity factors are in close agreement with 

those obtained by Ashbaugh [1]. 

Tables 3 and 4'show the numerical res~lts for both 

symmetric and anti-symmetric loadlngs of a crack with 

. different orientations and a fixed : ratio obtained by 

solving (lla,b), takingp(s)=-oo' q(s)=Oand p(s)~O, 

~(s)=-~ (Figure 9). The normalized stress intensity o 

factorskiC-a), ki(a), k~(-a), k~(a) and the angles for 

the maximum cleavage st~ess <p(-a), <p(a) are displayed for 

: = 1.5 or : = 2. ratios. 

" ' Tab Ie 5 shows the, calculated s t res s intens i ty fac-

, :, tor; rati os for an arbi trari ly orierrted:crack -with a::: 1, , c 

- _.-:. 

b == 3 where 2c is the crack length (Figure 10).' These 
c 

values, which are obtained from (27a,b), (28a,b) for n = 1 

are in agreement with those given-by Erdogan and Aksogan 

[8J., ki and kZ are the stress intensity factor ratios 

kIlo IC and kZ/o lc. o ' 0 

l·f \oVe let a=O the case of (In edge crack is obtained. 

Fbr this case the single-valuedness conditions will be 

replaced by F(-l)~O, G(~l)=O which will provide the boun­

dedness of the unknown functions (see [3J). ' The variations 

of the stress intensity factors with e are displayed in 

Figure 12 for uniform loading of the ~alf~plane at infinity 



~ . 

TAaLE 2 

Stress Intensity Factor Ratios and Cleavage Angles for a Crack Parallel to the Free Surface 

d 0.1 0.2 0.3 0.4 0.5 L 2. 3. 4. 5. 10. -a 

ki (- a) 14.259 5.9499 3.8326 2.9055 2.3974 1.5110 1.1633 1. 0779 1. 0451 1. 0292 1.0075 
p=-cr k' (a) o 1 14.259 5.9499 3.8326 2.9055 ·2.3974 1. SIlO 1.1633 1. 0779 1.0451 1.0292 1.0075 

kZ(-a) 8.9640 3.0301 1. 5929 0.9940 0.6805 o .18 4~ 0.0368 0.0124 0.0055 0.0029 o .000'4 
) 

I 

kZ (a) -8.9640 -3.0301 -1.5929 -0.9940 -0.6805 -0.1849 -0.0368 -0.0124 -0.0055 -0.0029 -0.0004 
.f:::. 

q=O <f> (- a) -44.94 -40.60' -36.20 -31.93' -27.94 -13.55 -3.612 -1. 313 0.600 0.320 0.042 VI 

<f> (a) 44.94 40.60 36.20 31. 93 27.94 13.56 3.612 1. 313 -0.600 -0.320 -0.042 
I 

k' ( ... a) 1 -0.8697 -O.~151 -0.4801 -0.3876 ~0.S182 -0.1331 -0.0330 -0.0117 -0.0053 -0.0028 -0.0004 

p=P ki (a) 0.8697 0.6151 0.4801 0.3876 0.3182 ,0.1331 0.0330 0.0117 0.0053 0.0028 0.0004 

k' (- a) 2 3.0301 1. 2077 1.1551 1.1329 .1.1209 1.0874 1.0432 1. 0233 1. 0141 -1. 0094 1.0025 

'k Z (a) -3.0301 1(0207, 1.1551 1.1329 1.12·09 1.0874 1. 0432 1.0233 1.0141 1'.0094 1. 0025 
J 

q=-T cp(-a) -82.79 -30.44 -7.8.61 -77.16 -76.02 -72.88 -71. 13 -70.75 -70.63 -70.58 -70.54 
. (I 

cp (a) -59.12 -61.18 -62.83 -64.15 -65.21 -68.21 -69.93 -70.31 -70.43 -70.48 -70.52 
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y, 

o I--+---------t-~x 

d 

FIGURE 8. Crack Parallel to the Free Surface of a Half­
Plane with Uni form .Trac tionsApp'lied on the 
Crack Surfaces. 

y 

o -~ ... ' x > 

FIGURE 9. Arhitrarily Oriented Crack in a Half-Plane with 
Uniform Tractions Applied on the Crack Surfaces. 



\ 

TABLE 3 

Stressintensi ty Factor Ratios and Cleavage Angles for an Arbi trarily Oriented Crack (d_1.5) 
.a 

e 0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 

ki (-a) 1.2035 L 2080 1.220.4 1. 2377 1.2558 1. 2710. 1. 280.7 1. 2835 1.-2790. 1..2677 

p=-cro ki Ca) 1. 0.967 . 1.10.0.6 1.1119 1.1297 . 1.1523. 1.1777 ·1.20.38 1. 2287 1. 2505· 1.2677 
; . . . . . . ~ -

k~ (- a\ .0. - 0 . 0083 - 0 . OJ 29. -0. 0113 - 0 . 0031 i .0. 0. 1 0. 4 0.02,71, ,0.0447 0.0611 .0.07.5,0 ". I t:. . 

kZCa) O. -0. G245 -0.0469 .,.,0,. 06?7 ~O. 07~7 -0.0887, -0.0925 -0'.0913. :-0'. 0853, ·~-o. 0.750. .J::>. 
-.] 

q=D <PC-a) 0. • 0.791 1.'212 1. 045 0..281 ~D.941 ·-2.4.24 -.3.978. ·."'5.449 -6.728 
" 

<P (a) o . 2 '.549 4.817 6.60.9 7.842 8.519 8.688 8.40.7 7 .735: 6.728.· 

k' C - a) 1 ' , 0. • . -0..0571. -9.10.31 ~D.1322 -0..1438 ..,0..1411 -0..1283 -0.1090. -~.0864 -0..0628 

p==O ki (a) 0. . -0..0.0.83 ~D.D146 -0..0.174 -n.D156. :0..0.0.86-0..0034 ~0.D2DD ~D.6402 D.D~28 . . . : . . , 

k Z (- a) 1.20.35 1.1958. 1.1754. 1.1491 1.1229 1.10.0.6 1. 0. 836 . 1. 0719 1. 0648 1.0.615 
, , t· o, 

k'2(a) 1.0.967 1.0953 1. 0914 1. 0858 1. 0795 1.0733 1.0678 1. 0637 1. 0614 .. 1. 0615 

q=-T 
0· 

cj> ( - a)- 7n . 5 3 -71.44; -72.21 -.72.74 -72.99 -72.99 -72.80 -.72._48 ~72.D9 -71.66 

" <P (a) -70.53 - 70 . 6 7 ,;'.7 0 .7 8 -70.83 -70.80 -70.68 -70.47 -70.17 -69.81 -69.40 



TABLE 4 

Stres s Intens i ty Factor Ratios' and Cle-avage'Angles for an Arbi trar-i1y Oriented Crack (~- 2) 

e 0° io o 20° 30° '40° 56° 60° " 70° 80° 90° 

k' ( - a) 1. 0913 1. 0949 1.1049 1.1192 ' .1.1349 1.1494.1.1604 1.1667 1.1676 1.1633 1 ... 
p=-oo ki (a) 1.0539 1. 0566 1.064,4 1.076,6 :;, 1.: 09~18 L 1087' 1. 1257- 1.1414 1.1543 '1.1633 

kz ( -a) 0.0 -0.0068 ~0.0114 ~0.0124 -0:0093 -0.0026-' '0.0067 0.0172 0.0276 0.0368 
~ 
co 

k Z (a) 0.0 -0.0130 -0.0251 -0.0354 -0.0431 -0.0480 -0.0497 -0.0483 -0.0439 -0.0363 

q=O cp(-a) 0.0 0.709' 1.183 1.272 . a ;941 _ 0 i 258 ' - 0 .• 662 -1.689 -2.704 -3.612 

¢ (a) 0.0 1.414. '2.700 3.755 4;512 4.941 5.041 4.830 4.'340 3.612 

- ',', 

ki C-a) 0.0 -0.0236 -0.0440 -0.0588-0.0669 -0.0685 -0.0646 -0.0563 -0.0453 -0.0330 

p=O ki (a) 0.0 -0.0053 -0.0095 -0.0116 -0.0109 -0.0073 -0.0003 0.0091 ,0.0205 0.0330 

kZ(-a) 1.0913 1.0894 '1. 0842 '1. 0768' 1. 0686 1. 0607 1.0540 1. 0488 1. 0452 1.0432 

kZ(a) 1. 0539 1. 0535 1.'0523 1. 0505 1.0484 1. 0463 l. 0444 1. 0431 1.0426 1.0432 

q=-T 
0 

¢ (- a) -70.53 -70.94 -71.31 -7L 57 -71 .. 73 -71. 77 -71.70 -71.56 - 71. 36 -71. 13 

¢ (a) -70.53 -70.63 -70.70 -70.74 -70.73 -70.66 -70.54 -70.36 -70.15 -69.93 

" 
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TABLE 5 

Stress Iptensi ty Factor Ratios for an 
. 

b_ 3) . Arbitrarily Oriented Crack Ca ;"'l 
c ' c 

eO . ki (a) k I (b) 
1 kZ(a) k I (b) 

2 

0 1. 0913 1. 0539 0 0 

5 1.0838 1.0468 0.0918 0.0849 

10 -1.0613- 1.0255 0.1802 0.1674 

15 1.0245 -0.9908 0.2646 0.2448 

20 0.97.41 0.9437 0.3422 0.3150 

25 0.9112 0.8857 0.4110 0.3757 

30 0.8374 0.8186 0.4693 0.4253 

_ 35 0.7540 0.7444 0.5154 0.4623 

40 ·0.6630 0.6655 0.5480 0.4854-

45 0.5662 0.5842 0.5657 0.4940 

50 0.4658 0.5028 0.5677 ·0.4879 

55 0.3642 0.4238 0.5530 0.4670 

60 0.2642 0.3492 0.5209 0.4320 

65 0.1691 0.2806 0.4720 0.3838 

70 0.0834 0.2191 0.4041 0.3241 

75 0.0127 0.1647 0.3210 0.2548 

80 -0.0356 0.1159 0.2254 0.1789 

85 -0.0507 - 0.0689 0.1237 0.0996 



FIGURE 10. 
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~~--~----------------------~~x 

'. 
Arbitrarily Oriented Crack in a Half-"Plane 
wi th Uni form Tens ion Applied at. iilfini ty .. 

o 
0' 

FIGURE 11. Two Cracks Pe"rpendicular to the Free Surface 
of a Half-Plane with Uniform Pressure Acting 
on the' Crack Surfaces. 
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2.0~------------~----------
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LO 
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e 

FIGURE 12. Stress Intensity Factors of an. Oblique Edge 
. Crack: 
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These curves are in close agreement with those given 

by Ioaki~idiS and Theoca;is [13J except,th~ie~~lts'for 

large values of 8. Even though th~ ~onvergence is very 

poor beyond 8=80 0 it is bel~e,ve'd that the resul ts given 

in this work are more accurate and it is observed that 

both stress intensity factors tend to zero as e approaches 

'90 0
• 

Multiple cracks will be analyzed only for the case, 
.. 

of n=Z. The interaction of two .cracks with each 'other and 

with the free surface will 'be examined. 

Table 6 shows the interaction of two cracks which 
" . ',,' , :.', 

<:ir~,perpendi'cular to the free'surface and symmetrical 
.. d' d" 

about the x axis, with .-!. = ..:l. =Zwhere Z8. l = ZaZ' ate 'the a l a Z 
crack le~g~hs (Figure II}. 

" 

In Table 7 the stress int'e,nsity factors and the" 

~aximum cleavage stress angles are displayed for 
. d l which are par<:illel to the free surface w1th -- = 

two cracks 
d

Z 
' 

= 2, 
a 1 a Z 

where 2al - ZaZ are the crack lengths (Figure 13). From 

bqth tables it is observed that when~the cracks are suffi- i 

,ciently away from each other single crack solutions are 

obtained. 

In Tables 8, 9 and 10 some radial crack interactions 

are shown. Table 8 shows the interaction of two radial 
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TABLE 6 

Stress Intens i ty ,FCictor Ratios and Cleavage Angles for Two Cracks Perpendicular to the 

e 1, 

a 1 

'0.05 

0.10 

0.20 

0.30 

0.40 

0.50 

1. 00 

2.00 
3.00 

4.00 

5.00 

10.00 

20.00 

40.00 

d
1 

d
2 

'.' . 
Free Surface (- = - = 2,p(s)=-o , q(s)=O, k'=k/o ora:1) a 1 a

2
· . 0 

ki (-a1) 

'0.7562 

0.7732 

0.8012 

0.8246 

0.8449 
0.8634 

0.9466 

1. 0310 
1.0436 

1. 0570 

1. 0638 

1. 0813 

1. 0885 

L 0906 

ki (a1) 

0.7254 

0.7391 

0.7633 

0.7846 

0.'8040 

0.8219 

0.9012 

0.9956 
1.0213 

, 1. 0.286 

1. 0327 

1. 044,9 

1.0513 

1.0532 

k Z (-a1
) 

0.2052 

,0.1899 , 

':0.1613 

0.1382 

.0.1197 

0.1048 

,0 .. 0586 

0.Q092 
-0.0064, 

-0.OQ78 

-0.0063 

- 0.0014 

-0.0002 

-0.0003 

k Z(a1) 

-0.2094 

-0.2009 

--0.1818 

-0.1652 

-0.1498 

-0.1351 

-0.0,692 

-0'.0164 
-0.0118 

-0.0104 

-0.0083 

-0.0021 

-0.0003 

-0.0004 
\.. 

¢ (-a
1

) 

-26.999 

_:-24.98 

-21".21 
-18.08:' 

-15.53 

-13.46 

-7.027 

-1. 028 

0.679 

0.845 .. 

0.673 

0.153 

0.022 

0.003 

¢ (a
1

) 

28'.288 

27.04 

24.38 

22.02 

19.85 

17.77 

8.684 
L 888 

1.324 

1.163 

0.926 

0.233 

0.035 

0.005 

Vi 
VI 
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1.'2 

I" . ... 
1.4 
1.5 
2.0 

3.0 

400 

5.0 

10.0 

20.0 

i· 

~ ; t .' 1 

TABLE 7 

Stress jntensity Factor Ratios and Cleavage Angles for Two Cracks' Parallel 
, . .dl d2 . 

'":0 the Free Surface (- =.- = 2, p(s)=-oo' q(s)=O, k'=k/ool~) 
ala2 

.( 0' 

'it'" ~ . #~ " "\ 

ki Cal) kZ(-a l ) k Z (aj) .cpC·ai) !:"ll'-<~1 I 
.L. ,"'. .1. ~ 

, "j ~ "~. 

'-:' ',\~'~ :'::,>;' 1. 3360 .: 0 . 025'3 -0.0982 1. 510 ). '. :> ..I. ~ ~I 
: ! ... 

1 ~~S~ft56 1.2679 ,':'0.0258 -0.0819 1. 867 . 
~'1' ;.\: .. on 1. 2293 ·-0.0224 -0.0707' 1. 785 : .• 1.' ~.' £1 :;,.7 b 

. t.·,· 

. 7', } :5 S'\,f\:, 1. 2042 -0.0169 -0.06l9 1. 436 
-

';1..,:2 D ~;:,l~ 1.1871 ,-0.0104 -0.0549 0.919 

1.1';53 1.1551 0.0218 ':'0.0350 -2.123 

:"~~: ~~l ~'. J~ S·:I. ~. : . 1.1561 0.0435 -0.0298 -4.307 

1~1587 1. 1606 o . 0:418 -0.0329 -4.125~ 
1 

1~161~j 1.1623 0.0394 -0.0348 -3.873 

1.1633 1.1633 ·0.0369 -0.0366 -3.625 

1.1634. 1.1634 0.0368 -0.0368 -3.612 , 

',~ f 

cp (a l ) 

8.320 

7.327 

6.536 

5.857 
5.269 

3.464 

2.953 

3.238 

3.425 

3.601 

3.612 

V1 
+>-



Stress Intensity Factor Ratios and 

Symmetrical Abo.ut x Axis 
a l Free Surface (-- = 1, c 1 

eO 

5 

10 
20 

30 

40 

50 
60 . 

70 

80 

85 

kiCa1) 

0.7407 

0.7451 

0.7285 

0.6785 

0.5799 

0.4316 

0.2545 

0.0825 

- 0.0.353 

-0.0506 

k:iCbl) 

0.7831 

0.8158 
0.8160 . 

0.7485 

0.6316 

0.4884 

0.3437 

0.2173 

0.1155 

0.0689 

TABLE 8 

Cleavage Angles for Two Radial Cracks in a Half-Plane, 

Lo~ded at Infinity with 0
0 

Parallel to the 
b l a2, b 2 , _ 

= 3 "- = 1 ::: 3 c = C ' k ' ::: k / 0 ! c ) c ' c ' c '1 2' . 0 1 
122 

k Z (al ) 

0.2882 
o .318'5 

0.37.97 
0.442"9, 

0.5018 

0.5291 
0.4986';' 

0.3957 

0.2241' 

0.1234 .. ' 

k Z Cb 1) 

-0.0859 

0.0146 
0.1948' 

0.3394 

0.4302 

0.4566 

'0.4174 

0.3191 

0.1781 

0.0994 

¢ Cal) 

-34.75 

-36.81 

-41.09 

-45.68 
. \ 

'-50.81 

-56.02 

-61. 16 

-66.60 

-73.56 

-78.50 

¢ (b
I

) 

12.24 
) 

- 2.05 

. - 2 4.41· 

-38.10 

-46.50 

-52.08 

-55.90 

-58.24 

-58.79 

-58.05 

. VI 
VI 



TABLE 9 

Stress Intensity Factor Ratios and Cleavage Angles for Two Symmetrically Located Cracks in 

a'Ha1f-P1ane Forming Angles +45 0 with x Axis, Loaded at Infinity with ° Parallel , , 0 

to the Free Surface Ck'=k/oo/Ci) 

a1+b1 
ki(a1) ki (b 1) k' (a ) kZ (b 1) ¢ Cal) ¢ (b 1) 2c 1, 2 1 

1.1 0.5984 0.6818 0.8315 0.37S.~ -57.60 -42.26 U1 
0\ 

1.2 0.5433 0.6505 0.6880 0.3886 -56.45 -43.91 
" 

1.3 0.5245 0.6297 0.6255 0.4001 -55.66 -;45.15 

1.4 0.5166 0.6139 o . '5901 0.4103 .;.55.07 ' -46.14 

1.5 0.5131 0.6013 0.5674 0.4195 -54.61 -46.96 

2.0 0.5111 a . 5.617 0.5212 0.4518 -53.43 -49.55 

3.0 0.5101 0.5290 0.5032 0.4794 -52.92 -51. 58 

4.0 0.5077 0.5163 '0.5000 0.4893 -52.90 -52.29 

5.0 0.5057 0.5104 0.4993 o .4936 -52.93 -52.62 

10.0 0.5018 0.5025 0.4995 0.4987 -53.06 -53.02 
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cracks which are 

b l a 
- = 3 and -.l = c l Cz 

symmetrical about axis with 
a1 1, x = 

b Z 
c 1 

1 - - 3 where ZC1 = 2c2 are the crack , Cz 
lengths (Figure 14); Table 9 displays the interaction 

of two cracks of equal length and of equal radial distance 

forming angles e = ;45 0 with x axis .(figure 15). In 

Table 10 the result~ are given for two radial crakcs, one 

on x axis and the other one forming different angles with 

x axi~ where 
a l = 1, 

b l 3 and 
a Z 1, 

b2 3·CFigure - - = = c l c 1 Cz Cz 

Figure 17 shows the stress intensity factor ratios 

for ,two collinear cracks perpendicular to the free sur­

face when the uniform tension is applied at infinity pa­

. rallel to the free surface. I/t, is.assumed that one of 

the craCKS is an edge crack. I t is observed from the 

16). 

figure that when the negihboring crack ·tips ,get close the 

stress intensity factors become very large which implies 

that the cracks will run into each other with a slight 

loading. But if the crack tips are significantly away 

from each o,ther then the stress intensity factor ratios 

are very close and one can determine at which load level 

the cracks will run into each other from the highest 

stress intensity factor ratio, namely, kl(bl)/Ollbi. 

The results presented here sho~ the effects of crack 

orientations on the stress intens,ity. factors. It is seen 

that as th~ cracks move away from the free surface the re­

suI ts ,approach to the values corresponding to the infini te 

plane. 
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FIGURE 13. Two Cracks Parallel to 'the Free Surface of a 
Half-Plane with Unifor~ Pies~ure Acting on 
Crack Surfaces. 
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lei 
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FIGURE 14. Two Symmetrical Cracks in a Half-Plane with 
Uniform Tension Applied at' Infini ty. 
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TABLE 10 

Stress Intensity Factor Ratios and Cleavage Angles for Two Radial Cracks on a Half-Plane, 

One on x Axis and the Other One Arbitrari·1y Oriented, Loaded at Infinity with a Parallel' . 0 
. '. aI' b1 · . a2 b2 

to the Fr~e Surface (: .... :..-=1." -' -=3.,. -=1., -=3., k' =k/ao~l) 
c 1 c 1 c 2, .<:2 

91 92 ki Ca1) k ZCa1) <PCa1) kiCb1) 'kZCb 1), <PCb 1) ki Ca2) .kZ(aZ)· <p(aZ) kiCbz) kZ(b Z) (p(b Z) 

5.00 0;00 0.7565 0.3004 735.20 0.7268 -0.1184 17.62 0.7125 -0.2416 31.74 0.·7817 0~1642 -21.98 
10.00 0.00 0.7652 0.3605 -38.93 0.7210 ~0.03Z1 5.07 0.7058:-0.Z10Z 28.95 0.8343 0.1404 -18.15 

0.1315 -20.58 0.7301--0.1Z23 18.08 0.9115 0.1151 -,13.97 

0.2635 -37.51 0.7878 ~0.0427 ,6:168 0.9637 0~0975 ~11.33 

, 20.00 0.00 0.7192 0.4870 -46.39 0.6765 

30.00 0.00 n.6077 0.5836 -52.50 0.5954 

40.00 0.00 0.4605 0.6267 -57.35 0.4876 0.346Z -47.29 0.8587 

50.00 0.00 0.3005 0.6104 -61.48 0.3682 0.3712 ~-53.26 0.9297 

60.00'0.00 0.1450 0.5343 -65.44 0.2535 .0.3381 -57.10 0.9922 

0.0115-1.533 

0.0381-4.682 

0.0413-4.746 

0.9997·0.0789·~8.913 

1.'0242 0.0587 -6. SIS' 

1.0402 0.0381'-4.Z46 

70.00 0.00 0.0142 0.3997 -69.85 0.1569 

80 . 'do 0; 0 a -0 . 0590 .' 0 . Z17 Z - 75. 79· 0 . 0822 

85.00 0.00-0.0576 0.1182 -80.01 0~0488 

o . 2 54 4 - 59 . 33 1. 0 41 TO. 02 8 8 -3. 15 9 1. 049 1 O. 0 2 0 7 - 2 . 261 

o .1371 - 59 . 62- 1. 0760 . 0 . 01 i 0 -1. 16 9'L 053 O' O. 0 ° 68 <·0 . 744 

0.0743 -58.64 1.0861 0.0039 ~.4081.0538 0.0023 -0.Z51 

VI 
I.D 
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y 

o x 

FIGURE 15. Two Symmetrical Cracks in a Half-Plane Forming 

'Angles +45 0 with x Axis. 

, x 

FIGURE 16. Two Radial Cracks in a Half-Plane, One Located 
on x Axis, the Other One Arbitrarily Oriented. 
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FIGURE 17. Stress Intensity Factors of Collinear Edge 

and Internal Cracks Perpendicula~ to the 
Free Surface. 



( 

CHAPTER 5 

CONCLUSIONS 'AND ,SUGGESTIONS FOR FUTURE WORK 

In the preceding ,sections it has been demonstrated 

that the form~lations of crack problems simplify conside­

rably representi~g cracks by continuous distributions of 

dislocations. The formulation is quite general in the 
, i 

" I 

sense that it may' be used for layered composi tes containini 

arbitr~rily located cracks provided that the necessary 

Green's functions,namely, the dislocation solution~ are 

established. If the dislocations solutions are not 

available in the literature they can be obtained through 

the use of integral transform techniques as described in 

this work. The formulation is such that any number of 

cracks can be treated. Limitations are the computer's 

memory and the execution time. 

It is suggested that this formulation should be ap­

plied to bonded elastic half-planes and bonded elastic 

strips next for a bette~ under~tanding of the app~ication~ 

of linear elastic ·fracture mechanics in layered composi te~ 

62 
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APPENDIX 

EVALUATION OF CERTAIN INFINITE INTEGRALS 

00 

sinaY.dY = r Y 

a 2+y2 
o 

sinaYdY 
o 

From Tab Ie 5 [6J 

00 

Y r sinaYdY 
0 a 2+y2 

0 

d 
- a o ,(fa-

o 0 

IT 
-aa 

0 = '2 e 

-aa 

o 

00 

r y 

a 2 +y2 
o 

sinaYdY 

IT -aa d 
C¥ II = "2 

e 0 a o dao 
e .0) 

IT 
-aa 

IT 
-aa 

0 + e' 
0 

= - e "2 a 
2 0 

IT 
-aa 

= 2 
e 0 Cl+aa

0
1 

00 y(y2_a 2 ) 00 

Y 
12 r 0 sinaYdY f sinaYdY = = 

0 Ca 2 +y2) 0 a 2 +y2 
0 0 

·d 
00 

Y + a . >_"0- f --- sinaYdY o dao 0 a2 +y2 
0 
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(A. 1) 
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From Tables [6J 

OJ 

Y -aa 
J sinaYdY 11 e 0 = 2 

0 a 2 +y2 
0 

11 -aa 
d ell 

-aa 
1Z 

0 0) = 2 e + ao c1ci- ·e 
0 

2 

11 -aa 11 -Cia . 
= 2 

e 0 - 2 a e 0 
0 

J1 -aa 
0 (I-aa ) = 2 e 

0 
(A.2) 

OJ. a (a2 _y2) 

13 = J o 0 

0 (a 2 +y2) 
0 

cosaYdY 

OJ 

= J a o [ 
I 

0 a 2 +y2 
0 

00 00 

[ J I cosaYdY Z d J Y sinaYdY] = a o --- - da 2+y2 (a2 +y2) 0 a o 0 
0 

. 
OJ -aa 

J I cosaYdY 11 0 = 
Zao 

e 
0 a 2 +y2 

o· 
00 -aa 

J Y sinaYdY 11 ae 0 ---'-"2 -- 4ao 0 (a2 +y2) 
0 

ao c-z~ 
-aa d 11 -aa 

13 
0 2 0)] = e - _._._(- ae 

0 
da 4a o 

a [_.B_ 
- (i,a 

11 
-aa II 

-eta 
0 0 0)] . - e 2(-- e - 4ao 

aae 
o Zao '-4a' 0 0 

n -aa 
= 2 aao 

e 0 (A.3) 
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J 
-a(X+a ) 

e 0 sinaYda :::: 
o 

00 -a(X+a ) 
IS :::: J ae 0 sin~Yda 

',-- 0 

, , 
-a(X+a ) 00 

16 J 2' 0 :::: 0. e sinaYda 
0, 

00 -a(~+ao) 
J e cosaYda :::: 

o 

00 -a(X+a ) 
18 J 0 

:::: ae cosaYda 
0 

00 -a(X+a ) 
19 = J a 2e .0 cosaYda 

0 

:::: 

:::: 

:::: 

:::: 

Y 

2Y(X~-a ) 
0 

-. ~--'.----..--------
[(X+a ) 2 +y2] 2 

0 

2Y [3 (X+ao12 -y2J 
[(x+a

o
) 2+y2] 3 

X+a 
o 

(X+a )2_y2 
0 

[ex+ao
) 2 +y2] 2 

C-A. 5) 

(A.6) 

CA. 7) 

(A.8) 

2 cxJa ) [eX+a ) 2 -3y 2 J \ 
__ 0 0 (A.9) 

[(X+a
o

) 2 +y2 ] 3, 

Integrals 14 and 17 can be written from Tables [6J and 

others are obtained by differentiation. 

00 -o.(X+a) 
I J 0 . vd 4 = e 'Slnal 0. = 

o 

00 -a(X+a) 
J ae 0 sinO-Yde. :::: 

o 

y 

(X+a ) 2 +y2 
o 

d 
- dX 

o 

00 -a(X+a) 
f e 0 sinaYdo. 
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00 -.ct (X+a
O

) . 

Ja 2 e sinaYdct = 
.0 

00 -a(X+a) 
I7 = J e 0 cosaYda = 

o 

00 -o.(X+a ) 
ae 0 cosaYda J 

o 

OJ -a(X+a ) 
J a 2 e 0 cosaYda 

o 

:: --.-.----
[(X+a ) 2 +y2J 2 

o 

d 2 00 -a(X+a ) 
J e 0 sinaYda 

dX 2 0 

X+a 
o 

(X+a ) 2 +y2 
o 

d . 00 -a (X+ao) . 
= - dX J e cosaYda 

o 
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