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B ABSTRACT

The plane eiastostatic problem of an isotropic elas-
tic half-plane containing anférbitrary~system‘of cracks is
‘considered. TFourier transform technique is employed to
éﬁtain fhe'edge‘dislbcatiOﬁ so1ﬁtions, 'Usihgﬁthefedge3'
dislocatidn‘solutibnsfés'dreép‘s functibné,;the problem®
is formulatedAin terms of a sstem’bffsinguiérﬁihtegra17
‘equations. The system ofisingular.infegrﬁl‘eqdétions is
solved numerically for varibus1cfac£'combinat10ﬂs and
external loads. The stressWiﬁtensif& factors and the-

probably cleavage angles are studied in detail.:
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OZET

\

Bu galigmada, iginde geligi giizel olugmus gatlaklar

buluﬁén‘isotrép, elastik bir yaraim dﬁzlemin elastostatik
~problemi iﬁcelenmi§tir. (Fourier integfal transform tek-
ﬁigi‘kﬁllénilarak kenar dislakosyon‘gazﬁmleri bulunmugtur.
Kenér dislakasyon'gﬁzﬁmleri gékirdek fonksiyonlar: oléfak
kulléﬁiiip, problemjﬁir dizi'tekilvintegral dénklemé in-
.dirgénﬁi§ ve bu'deﬁklémlér degigik gatlak geometrileri

ve dig yikler igin nﬁﬁerik olarak ¢ozililmligtir. Gerilme
siddeti faktériefi:ve muhtemel Ayfllma:yﬁzéyleri detayla

olarak incelenmigtir.
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CHAPTER 1

INTRODUCTION

One of the fundamental requirements of any enginee-
ring structure is that it should not fail in service.
This necessitates a sufficient knowledge about materials

containing cracks and the behavior of cracked structures.

Crack problems doknot‘only have practical importénce
in fracture mechanics but are also of mathematical inte-
»rést, Many 1investigators have treated the problems in-
~volving cracks from different points of view. In this
chapter, the practical importance of the probiem is

emphasized along with the mathematical approachf.

Recent publications [5,14,15] indicate that frac-
ture phenoménon whgchbis one of the possible modes of
mechanical failure is an important problém. The fracture
behavior of materials has been considered in two groups
Vas dpctile and brittle fracture. Ductile fréCtﬁre is
characterized by appreciable.plaétic deformation and the

amount of gross deformation which is usu&ilY‘presented

|



at the fracture surfaces of the body.‘,Tﬁe 1imiting”case
of flow until the,cross.sectiqn vanishes may be called
rupture. Griffith [11] proposed that fracture in brittle
solids arises from many fine~fléws in the surface of the
material. Brittle fracture in metals is characterized by
a rapid rate of crack propagation, with no gross deforma-
fion and very little or no micfodeformation.' Birttle
fracture occurs without warning and usually causes disas-

trous consequences.

Fracture occﬁrshin characteristic ways, depending
on the staté of stress, the raté.Of application of stress,
and the temperature. In addition, more complex effects
‘éuch,as torSion, fatigue, creep, low temperature,‘temper
tqmbrittlemept, hydrogen embrittlement and others_maytcause

fracture.

The most>important cause ofAfailure fofkallureal
structures is known to be due to the material imperfec-
tions which are already present inside the body or at the
surface. This kind of imperfections may exist as flaws
or cracks, the larggst of which most likely causes the

failure.

The structural strength of materials generally de-
pends on the material properties, the shape and the size

of defects as well as together with the orientation of



/

flaws in the medium. In the;applicatibn‘of fracture me- -
chanics, other kinds of imperfections due to mahufacturing'
are‘particulafly important, such.as-flét cavities which
develop during casting, small cracks resulting ffom Te-
sidual stresses in welded materials, and'fatigué cracks

under external loads.

Thus, in a design dealing with materials, it is
necessary to havé»a»good estimate of the disturbed stress
state caused by these flaws. Thisugenéfal summary deals
.with only a minute part of the available dinvéstigations
~in the theory énd practice‘ofvfracturé'mechanics‘fromf\
the macroscopic and microscopic points of view. “In'addi;
" tion, to these investigations there has been a large num-
ber of theoréticalland mathematical studies onithe same

subject.

In the last few decades a considerable progress has
been made in the application of linear~e1a§tic fracture
mechanics by éﬁploying plane elasticity theory.' Many in-
finite plane problems containing cracks with arbitrary
“orientations and 1ocations-wére soived. Varioué resear-
chers have also investigéted the crack problemé in a semi-
infinite medium.  In general, the half-plane problems |
hdve been presented with‘a.bpundary which is ‘either free

or bounded to a second half-plane.



Among the recent publications aealing with a system
of cracks the paper of Savruk and Datsyshin [17]'deals‘"

with the problem on elastlc, ;sotroplc 1nf1n1te medlum

e AT arbltrarlly arranged cuts. They obtalned the
solution of crack problems by means of 51ngular integral
kequatlons.

The problem of bonded half-planes conieihing an
arbitrarily ojieﬁted crack was first investigated by
Erdogan and Akseéank{Sj. They reduce the prObleh to a
§ystem.0f.singular integral eqﬁation by using the Mellin
transform techhique‘ TheyStress‘inteheity‘faCtors and"

the probable crack propagatlon angles for various crack

orientations were glven. ‘Later on Ashbaugh [1] solved

the same problem by ehploying a different technique.

A similar study wae~presented by Atkinson [2] who
used stress field for an edge dislocation in’bimetgllic
medium given by Head [12] to generate integral equations
for the dislocation denéifites associated with cracks and

| _dieloeation pile ups. The integial equations were éolved

numerically.

" The problem of interaction betweeﬁ-a cifcular in-
c1u51on and an arbltrarlly orlented crack has been solved
by Erdogan, ‘Gupta and Ratwani [7] They used “the ex1st1ng

solutlons for the edge dlslocatlons as Green s functlons.



The 1ntegral equatlons for the 11ne crack were obtalned N

as a system of singular 1ntegra1 equatlons w1th 51mple

——— TN e e - T SR

Cauchy kernels The problem was solved for varlous typi-
cal crack orlentatlons and the correspondlng stress 1n-

ten51ty factors were glven Although there is no d1rect

Y

351m11ar1ty between the subJect of this the51s and the’

paper [7], the 51ngular 1ntegral equatlon formulatlon,
edge dislocat1ons, Green's functlons and the stress 1nten-

sity factors have the same important theoretical.basis.

Among the papers concernlng crack problems in an

elastic half plane the paper by Ioaklmldls and Theocarls

Y

{13] presents a general formulatlon for a. system of cur-

-v111near crac1 by u51ng complex varlable methods. Even

",,l-

though the formulat1on is qu1te general the numer1ca1
examples are glven only for 51ng1e stralght or arc- shaoed

cracks.

In this study, dlslocatlon solutlons are used as

Green's functlons to formulate the system of cracks prob—

'lem.' For this purpose f1rst the stress fleld of an
felastlc half- plane due to a pa1r of edge dlslocatlons w1th

Burgers Vectors parallel and perpendlcular to the free

, surface are determlned from the 1nf1n1te plane solutlon

by u51ng the Pourler transform technlque The stress
:f1e1d due to an edge dlslocatlon w1th a Burgers vector

forming an angle with the free surface can be obtained by"

~



resolving the Burgers vecfor into two componenfs one
parallel and the other being perpendicﬁlar to the’ free
surface and summing the.stresses Seteupoy thesefcdmpo&:
‘ments. To Simulefeﬁe'iine crack ‘in a}éifen~difectidni
stress solutions for a pair of edge'diéiocafidﬁs with .
Burgers vectors in the specified direction and in the di-
rection perpendicular to it can ‘be used as Green's func-
‘tions. ' Replacing Burgers vectors by dislocation densities
and integrating these density functions élohgithe'eréék'
yields the stfesées created by‘intrdducingvthe crack.
Stress distributions due to séVéTél"éxietiﬁg Cféeksfeén
be superimposed. 'ExpreSSihg‘that”the:tOtal'éffeSSeé on
the crack surfaces ‘are equal to zero one 6bteiﬁsié’5ys-

tem of singular integral equations with dislocation den-

N\

sities as\unkpown functions. If n is the number of cracks
then there are 2n unknownifunctibns and hence 2n singular
integral equations can be expressed. A set of singular
‘ihtegral equatiens for a system of radial cracks can be
readily obtained. However, for cracks whose exes do not
intersect on the free surface, a transletion of_axes is
necessary to be able to express the singular integral
equations. The system of singular integral equations are
solved numerically by using the Gauss-Chebyshev integra-
tion formulas. Numerical results are first obtained for
a single crack problem. It is observed that the results
match all the existing single crack solutionms. Thenltd‘

characterize the crack interactions two crack problems



are sclved by considering radial cracks and cracks per-

pendicular or parallel to the free surface. The effect

of variations of dlstances and éhgles between the c1acks
on the stress 1qt¢n§11yvfactor§ and‘clqavage angles are
7ipVestigated. Thé‘SYStem 6f sihguléf‘ihtegral equations
AT¢ sclved for the cases of symmetric and anti-symmetric
uniformvtraqtions oT unifqrm tgnsion applied at'infinity,
parallel_to-the free Surfaée.\“ln.all the:abdve—ﬁénfioned
problems c1acks are 1ocated in the v1c1n1tf 6f\the frec
surface since the aolutlons for cracks away from the free

f

surface can be approx1mated by 1nf1n1te plane solutlons.

3



CHAPTER 2

FORMULATION OF THE PROBLEM

First the stress field in an isotrOpie half—plane
(which extends to the rlght of the free surface X O) due
to a pair of edge dlslocatlons at the p01nt (X ag, Y=0)
with Burgers vectors bX and bY will be determined. The
desifed solution can be constructed by medifying the elas-
tic stress fields of edge dislocations in an infinite
plate. o o

An edée'dislbcation of Burgers vector b parallel

X’
to X ax1s, at the point~ (a ,0) of an 1nf1n1te plane (see

Figure 1) has the follow1ng stress field [12]
. Dy Y[YZ * 3(X - ag)?]

o = - —
XX T[(X - ag)? + Y]

Dy Y[(X - a,)? - Y2]
Yy H [(X -.a )2 + Yz]
(x - ao)[LX - a)? - Y?]

Oy - i _ (1a,b,c)
S (G N

b




N
7AN

':FIGURE 1. An Edge D1slocat1on at the P051t10n (a O) with

Sl
Burgers vector bY in an 1nf1n1te plane.

2uby
where, DX =
- (1)
3-4v for plane_strain
i;x | for generallzed plane stress» ‘

M belng shear modulus, v be1ng P01sson s ratio.

The re51dual loadlng problem for the half- plane 1s B
fo*nulated in terms of the blharmonlc ‘function U Wthh
saelstles'

ViU = 0 _ (2)

~

It is conveninet L0 express

UK,Y) = -2 £T8(X,d) sinaYde (3
I o .



i?lov;
Substitution of (3) in (2) yields

d?

X2

2 ‘ .
-a?) ¢ =0

;

(
\ .

which has the solution

$(X,0) = (A +XAz)e %% & ‘(A +XA,)e®X

RO

(5)

Since the stresses and displacements must be bounded at

infinity the Airy stress function yields as '

UX,Y) = & (Ar+XA)e” ™ sinevde
Y o ( T

(6)

where A;(a), Az(a) are unknown functions'tb be determined

from the boundary coﬁditions;' The stress components could

be expressed as

5 = U 5. = 32U . 3%
s SR ¢ S A

Upon differentiation one obtains

o

O = - % S az(A1+XAz)e-aX sinaYds
X i
2. * ‘ AY2 -aX .
Oyy = % S oafoAi+(aX-2)Az]e sinoYdo
0 . :
O'-XY = % J a[o{,Al-*-(OLX'l)Az:}e—a‘X COSdedo

o

(7a,b,c)

(8a,b,c)
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Boundary conditions of the residual loading problem.are

|

. . )
oxx(0:Y) = = Oxx(0,Y)

. From these conditions one can express

© D

- % S uzAlsinaYdav=‘—%»“ ' o 5 ,
o . (a 2+Y?%)
P Dy a (a ?-YR)y .-
2 s (a*Ay-0hg)cosavda = 2 20 7 (9a,b)
0 (a02+Y2) o

Multiplying Equation (9a) by sinoYdY, Equation (9b) by
cosaYdY and integrating from zero to infinity gives
Dy e Y(Y?+3a ?)
-a2A1 = ﬁz S 0
0

~ sinaydy
(2,7 +Y?) =

L . . D “ © éf(a‘z-Y?)Av .
Ay - ahp =2 s 2% T cosavdy ,
: ) (a02+Y2)

evaluating the integrals‘éppeafingboﬁ the right yields

D a2 z

X .

-qZAI = 5 e | ° (1+qao) ,
D, :—da

G2A1 - oAz = Eﬁ daoe Oi,

from which' A, and A, can be determined as
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D ";aa

: X o
Ay = - 2
1 " e »(}fuao? ,
Dy -ea,
A, = - — e (1+2aaol';
20 o

Hence substituting A;, A, in Equations (8a,b,c) results

in

Dy = o -a(X+a ) |
Oy = g [1+aaO%uX(lf2aao)}e | sianda ,
- DX © . | .- ‘U(X‘*'ao) .
Oyy = - ﬁ—'é [1+aao+(ax-2)(1+2aao)]e siandas
s \ N
DX o : -a(X+a0)
Oxy = ° T é [1+aag+(qu1)(1+?qao)]e i ;psaqus
Dy @ -a(X+a ) o -a(X+a )
o = == |[ e sinaYdo+ (X+a_ ) /S ae ~ sinoYda .
XX 1l ° L SN
w -0 (X+a ) :
+ 2a X J o’e ° sinaqu] ,

(o)

Dy, = -a(X+a) © -a(X+a )

Oyy = ﬁi'[g ¢  sidedm#(Saon}éﬂae ' °" sinaYdo
. © ~a{X+a ) .
- 2a X J oa?e - 7 sinaYdo]
o]
o) : ’
A DX o -a(X+aO)
oyy = T {(ao-x)of ae- - cosa&éa

-,2a§X J/ afe cosaYda]

0 .
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and evaluation of infinite 1ntegrals (see Appendlx) gives

N2 o | o 2
2¥(X+a) +,4;;1010([3(\><+ao) ]

o . X Y :
. OXX T ,{ : + 2 -
(X+a ) 2+Y? [(X+3012+Y2]- [(x+ao)2+y2]
oo - I_)l ( Y- ) ZY(_X-SaO) (X+ao)
X\ H (X+36)Z+Y2 [(X+ao)2+Y2]2

4a XY[3(X+a )?-Y ]

[(X+a )2+Y2]

b L0 g g v
XY - T (o] - : 2 ‘4aox. L : ] i
o [(X+ao)2+y2J . [(X+ao)2+Y2]

(10a,b,c)

Thus the stress f1e1d of the half plane can be obtalned

- by superposition of expressions (la b,c) and (lOa‘b c)

as
1 Dy — Y[Y*+3(X-a)*] Y
oxx = 1 U 2
- | [(X-a_)?+Y?] (X+a ) 2+Y* \
. 2Y(X+a,)? .;'4aOXY[3(X+aO)-Y?]
i 2 . o , ] 2 3 d
[(xva)®+¥*]"  [(Xva,)*+Y?]
D Y X-a)?%-Y?] v
YY T

[(X a ) +Y2] (y\.+?‘zo)2+y’2

2Y(X-3a,) (X+a ) ; 4a6XY[3(X+aO)2-Y2]
P o 3
[(x+ao)2fyzj ‘ [(X+a )?+Y?]




o D ) TXma 2]ﬂ~v (2 ‘X)[(x+a )2-y2]
X.Y I} [(X—aO)Z;Yz]Z : [(X'*'ao)z"'YZ]
e x KraQ [(Xrag PSR (11a,b,c)
O [(x+a)?+v?]’ ’ A

; _ , o N L
An edge dislocation, of Burgers vector bY’ parallel
to Y axis, at the_pdint (30,0)'of an infinite plane (see

Figure 2) has the following stress field [12]

FIGURE 2. An Edge Dislocation at the Position_(aO,O)

- g )
with Burgers Vector bY in an:Infinite Plane.

Y‘(X-ao)[(x-ao)Z;Yljlv o
RO SER LR |

-

XX
| Dy (X-ap) [(X-2 )2+oY2]
UYY - H [(X s )2+Y2]
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Dy Y[(X°ao)2fY2]'

o = = |
X (12a,b,c
, Y 1 [(X-ao)2+Y2]2 12,5, c)
'wheré;
: 2ub
by = X
(1)

“Again the reéidual~loadingfprbb1emnwi11 be fofmulated in -
terms of the biharmonic function U(X,Y) which may be

expressed as .

[+ ]

Q(X,Y) I ¢(X,a)cosaYdo _ (13)

=

0

for this case.
Substitution of (13) in (2) gives

(——;.' az)?¢ =0
ax S

!
A solution which is bounded at infinity can be substitu-

ted in (13): ."Hence one obtains -

=]

UxY) =% S (Ar+XA)e % cosaYda . °

= e

O

Agaln Al(a), A2(¢) Nlll be determlnpd from the boundary

condltlons. The stress components are derlvable from

(7a,b,c) as - .-

7
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.20
°xx T 7
/ (0]
Oy ©
2
y'T T T

S a? (A +XAz)e oK

J a[aA1+(aX-1)A2]e_a
0

cosoYda

2 o . _
7/ oleAr+(aX-2)A.]e oX cosoaYdo ,
0 -

aX

sinaYda . (14a,b,c)

Now expresSiﬁg the boundary conditions of the residual

loading problem

oyx (0,Y) =

.OXY(05Y)

one obtains

*
- Oxx(O’Y) ’

*
_/UXY(O’Y) :h

o Dy, a_(a_ 2-Y?)
- % J a?AjcosaYda = ﬁX =22 .,
- ’ (aozﬁ-Yz)
. - | Dy Y(a2-Y?) :
- £ J (o?A;-cAz)sinaYdo = - — 5 57 ° (15a,b)
I 2,2
0 (a “+Y*")
“o0. 7
Multipiving Equation (15a) by cosaYdY, Equation (15b) by

" sinoYdY and integrating both sides from zero to infinity

‘gives
D » a_(a 2-Y?)
- alA, = ﬁz _ o9 cosaYdY ,
0 (302 +Y2) A A
Dy Y(Yz-aoz) i vay : -
e 02A +0A, = — sino
o4 2 n (a¢2+Y2)2 T




evaluating the integrals appearing on the right yields

) A

2 DY' : '-‘aéio
- o A; = '2-— ) (.}‘,aoe )
: D, -ca. .
- a®Aitoh, =yt e © (1 - aa)

( 2

from which A, and A, can be determined as

. D - -da
Ay = - —~ a_ e °

EX -aa

A, = e ° (1 - 20a)

2a
Subsfitution of Al? A, in Equations (14é,b,c) results in

Sa(X+a)

D © . LA . “
_ Y o , o ;-

oxx = T g [aa0+uX(2aao 1)]e cosaYda >
Dy B -a(X+aoj :

oyy = T é [3aao-2+aX(1-2aao)]e ‘cosaYdo ,
D, = o ~a(X+a )

Oyy = T { [aao+(ax~l)L2aao-l)]e / 51naqu >

[ o
‘ \
or
Dy = -o(X+a)
Oxx = [(ag-X) OI ae ~ cosaYda

= -a(X+a ) .
+ 2a X J a®e “cosaYda] ,
o , .
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D © -o(X+a )
Y
T -2 7 e % cosaYda

i -a(X+ao)

+
—
o

+
(93]
jov}
—
[,
Q
(]

cosaYda

o0 -a(X+a ) :
ale cosaYda] - o,

1
8]
jov]

o]
e
—,

| D © -q(X+a )
Oyy = ﬁz [/ e °° sinaYda

L%  "a(X+ao) : :
oe : sinaYda .

]
—~
L
+
o
—

o —a(xﬂa )

4
(3]
»
e
-~
Q

N
o

51naYda] ‘ iL,

D [(k+a )2-Y2] (X+a ) [(X+a ) ?-3Y?]

Y
Oyy. = w1 (a -X) + 4a
‘ XX il . 0 | [(X+ao)2+Y2]2 [0} [(X+a )2+Y2"|
Dy (X#ao) . ' [(k+a )2-Y?]
Ovy = {-2 + (X+3ao)
(X+a ) +Y? [(x+ay)?+y?])"
L (e a5
FAN = .
O [(}:+ao) 2 +Y2] 3
‘ .;_\vvr G 2
Gy = ?X-{ i - o aO) 2
. }\! “ (}\-‘Lq‘ '\L.LYZ i:(:(_l_ao)';..i_&’z-]

[3(X+ao) -Y< 1

+ da XY b . (16a,b,c)
TCWEE G | -

Consequently the Stress;field of the half-plane can be




obtalned by superp051t10n of expre551ons (12a,b c) and

R

19

L

“
‘4—.

(16a,b c) as
; 2 DY (X a )[(X a )2 2] : [CX*ao)gA'Yzji
RN { Xy
XX = T 2 vs (a, ——————,
[(X-a,)?+y?}* [(x+a,)?+y?]
4 > 2 2
* v 1a X (X+ao)[(k+ao) -3y?]
3 )
[(X+ao)2&Y2]
2 DY {(X- [(X-a )2+3Y2] (X+a0)
o} = — {(X- -
YY . H 0 [(X a )2+Y2] (x_.'_ao)Z‘_‘_YZ ’
. ' [(X'*‘a “'Z-Yz. (X+a ) [(X+a .)2-3\[2]
‘+J(X+3a0) 2 2] i 4aO . ~£ 02 3 -1
[(x+a)?+y?]" [(Xra)®+Y*]
2 Dy Y[(X-a )2 2} -y
OXY= T { 2 272 2
-a + +a +
[(X-a))?+Y?] " o) 2+Y
2Y(X+ag)* [3(X+a ) Y2] |
-, 2 * 4a X (17a,b,c)
T(x+a)?+Y?) O [(x+ay )2+Y2]
A pbwerful'method of analysis is based on the re-
”pre entablon of a vlcbk bv;afcont INuous dlSt“:bv*Lon of
:~01510C tlons. To simulate.a line crack in s direction
“wt;ééA ;gl re 3) stress solutions for a vair of edgz dislo-
;‘;\;1,.,‘.’;, wn . . . .
catlons wlth Bdrﬂela vectors Ds and bq can be used as
;;‘_',‘:‘“g ,.;.._ ‘ - >
Green'Q fdpbtlonu. Stress dlstributions due to b, and bq

\can be obtalned by resolving these vectors into cowmponents

1n X and Y dllectloqs and summing the stresses set up by



these components.

_ FIGURE 3. A Pair of Edge Dislocations with Bufgers

-> -+ . .
Vectors bS and bq in a Haif-Plane.

Hence intreducing the notation
% = COost , B = sing

we obtain the stresses due to edge dislocations with

AN



=

Burgers vectors bS

1 ~ . | '
T (6y) = [(BD -eD ) Gyy (x, y-Bt, d+at)

Oy (X5¥)

Txy (¥5)

where

Gyy (X,Y,2,)
GYY(X,Y,aO)

Gyy (X,7,3,)

- 21 -

R

-> e

bq as . R

(BDS+aDq)FXX(x, y-8t, dfat)] s

1 ' .
=T [(BDQ'GDS)GYY(X, y-Bt, d+ot)

(BDé+aDq)FYY(x, y-Bt, d+at)] ,

1
it [(BDq-aDS)GXY£X’ Y’Bt, d+dt)

(BDs+aDq)FXY(x, y-Bt,‘d+at)] ,

/
1 '
HCXX(X,Y}aO)
3
1 DX
HOYY(X,Y,aO)
- - R
1 DX
HOXY(X,Y,aO)
Do
FAS
2 .
HGKX(XJE &,)
b,
Y
2 o .
Hoiygh,l,aoj
2
DY

2
HGXY(XgY,aO)

Dy

 (18a-£)



"{S;Q} coordinate system. As the crack extends from

S g=-g to s5=a we obviously have

To obtain the stresses due to distributions of

AL a point along.the s axis since X= d+as, y BS
the normal and shear stress components %9 and 9gs in th
{s,q} coqrdinate system can be eXpreSsed as
Oqql0>5) = Boyy(d+as,Bs) + aoyy(d+as,65)b
- ZOLBUXy(dﬁO.S’,BS)_ ’
2 2
;(0,5) = (uiB)oXy(dfas,gs) + aB[Uyy(d+aS,BS)
| oXX(d+us;Bs)]
_ A crack along the s axis can be represented by
continucus arrays of dislocationwaith density.'functions
2u 9 + -
£(s) = e g VOL,8) - v(OT,9] ., (9
_ 2}1 a _ - ‘ . . 20
8(s) = 75c 35 - [u(o u(0,8)] ., o (20)
where u and v are the displacement cémponents in the
|
|



edge dislocgtions wejrepla;e D, and Dq by -f(t)dt and
-g(t)dt respectively and iﬂfé rate ‘rom--é to. 2. The
“unknown den51ty functions f(t) and g(t) will be deter-
mlned from the conditions that strcs<cs arc prescribed

“on the crack surface which yvield

a a

. » _ 1 . ’ . 1 ‘ . )
qu(O,s) = -J L(s,t)f(t)dt I _f h(s,t)g(t)dt=p(s),
-a < s < a,
o:.(0,s) = 1 a m(s t)f(t)dt + L fa n(s,f)g(t)dt=Q(s),
gs* 77 1 Ly T _y 22 _
.-a < § < a
. (21a,b)
where g v
2 .
k{(s,t) = B[aFXX(d+as, Bs-Bt,  d+at)
-BGXX(d+a5, Ps-Bt, d+ot) ]
* 2
ot a[afYY(d+qs,LnBs-Bt, - d+at)
G Y(d+a$,;/65-6t, d+at)]
-.ZaB[BFXY(d+aS, bs-Bt, d+at)
*aGyy(dtas, Bs-Bt, d+at)]
h(S,l) = éiﬁrxxidq'?s) Es-8t, d+0t1;)

+aGXX(d+aS, Bs-8t, d+at) ]

v afgFyy(dres, B8s-8t. deat)
+aGYY(a+as, gs-8t, . d+at)]

- 208[BFyy(d*as, Bs-8t, d+at)

+aGyy(d*as, Bs Bt, d+at)]
FAN .
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it

2 2 .
m(s,t) (q-B) [aFXY(d+us,
-BGyy (d+ds,

+ af {,d [ FYY(d+aS,

- Fxx(d+as)w

fB [GXY(d+as,

- Gyyldres,

oo 2’2“ T e
n(s,t) = (a-8) [SFXY(d+as,

rabyy(dras,

+ag { 8 [ Fyy(dvas,

* o[Gyy(dras,

- Gyyld+as,

¢

Bs-Bt,
Bs-Bt,
Bs-Bt,

EBSTBt’

Bs-Bt,

éé?Bf,

gs-st,
Bs-8t,
Bs-Bt,

. Bs-Bt,

dfdt)
d+at)]
d+Bt)
d+at)]

d+at)

Cavat)]d

drat)
‘arat)]
a+af)‘ -
d+at))

“d+at)

Bs-st, | aran)])

\

To provide the continuity of the material outside:

the crack we must impose the two conditions.

a

7Of)dt =0,
a

- .(22a,b)

-

It cah,eaSily be shown that the kernels k(s,t), n(s,t)

" “havé -Cauchy singularities, namely

K(s,t) = o+ K(s,8)
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" ’ e ) N - * ) Do ; .
nis,t) = €%§ + n(s,t)

b

% % , )
where,k(s;t):~n(s,t)xaxe_bounded functions. .

i

Thus the Equations (21la, b) form two singular integral
| equatlons of the first kind. These singﬁlar integralv
equatlons take simple forms when the crack is perpendi-
-'cularjor‘parallelAtq the~£rge surfaca., If the crack is
vp?rpendiéuiér to,the'freevsurchqfwevtake.q=1;48¥0;infthe.

expressions (2la,b) and we obtain.

i';‘faiI 1, . s-t 4(t+d)(5+d)]f(t)dt

P(S) » —a<s<a
-a . (t+s+2d) (t+s+2d)

1 T 1 st '+ 4(t+d)(s+d)] (t)dt

N , q(s), -a<s<a-.
ca ETS(tes¥2d)? (ts+2d)?

(23a,b)

~ 8imilarly for the case of theAgrack being parailel

hﬂtoAthé'interface.we take a=0, B=1 and we could express .

1 S 1t ) Sézvv-s)z"idz t-s)[124* -(t Srh:( )d1
I.I—Ja M‘[i'—:. (t’S}Zrﬁfdz E{t .‘_'*)?"4&2] ['t S)2+4d ] .
C Fa12 are ~3y27
Sl g (et laaissns) L greyde = p(s),  -acs<a
T [(t-5)%+4a*] '

BOGAZIC] DNIVERSITES! KUTDPHANES!
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1 . a. o 4d2_ R 2= . ‘a | )
RS [ 3§t Sz 11 ose)ae + % 7 %q . t-s
e [(t-s)*+407]" S tea TS (ts)?esa?
B0(es) e (1207 (eon) |
+ [(T_5§+4d2]2 - E Si[:Zd 2(2 s) }} g(t)dt - Q(S),
S I {(t-s)*+4a?] |
~a<s<a
| (242,b)

These - expressions are in- agreement w1th those- obtalned by
"“Asbaugh [1] and also with the expressions given by
iErdogan [9] except the sign discrepancy which was 1emarkcd

“by AsbaugH [1].

Now we_can easily-extend the discussion to a system

“of randomly oriented cracks (see Figure 4).

For thls case using the same Formulatlon descr:bed
A:fof a 51ng1e crack and using {s;, q;1}, (1—1 ...,n) ‘rectan-
gular coordlnate systems, expressions cf crack surface

>;tr%rtlons yield the follewing system of singular 1nLegral

‘equations )

C ai
1 n . J . N - N r - . s N e
1: Z[ J kl] “Si.’t'i'}l'i )(ttj - Joo (SL,L:‘JgiLtjv}thJ
“.'L _;-’, S . o . -a. .

= P(Si),
- . <5,
a8i°5i<83 >

(i=1,...,n),
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n 25 : a;
. | 3 |
: . te o . . T . - . . o f . . <y . . t.)dt.
T .z [ é, nlJ(sl,tJ)fj(LJ)dtJ +_a. nijs5,t5)8;( 3 J]
J J ; .

- a.<s.<a.
413484 >

(i=1,...,n) ,

" (25a,b)

\
\\
—h\\\\\\w-’ /'—-“"\-\//

FIGURE 4. A System of Randomly Oriented Cracks in a

BRI Half-Plare.
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where:

2

kij(siot5) = B;losFyy(d;ra, 1’3 ¥

Bijk(di+“'5'iB-5“

2
+ui[ajFYY(d it 3 N

1530
B.GYY(d.+a.s.,B.s

- Za B. [u FXY(d +a S. ’S S.

By Cyxy (ds* “isi’Bisi

ij
| *o;Gyx(di*a;s;,Bys

+a [B FYY(d.fa.s.,B:s.

+OLJGYY(d i 1’B 53

- 2o, 81[8 Fyy(d;+a s, .Bsg
+“‘GXY(di+“isi5Bisi

J

2 2
._mij(si,tj) = (ai-ei)[quXY(di+als
- B Cyy(dgtoy
ERTARS aisi{a.[FYY(d.+a.s.

Fxx(d YOS,

_BJ[ YY(di o :
- Gyy(djte;S;

,":WA; 2;. Sl L S . R
h"(sirtj) =:5‘[8'Fxx(dif“151’8151

+e -B t .;d.;a:t:j'

37%5°937%5

ei'Bjtj "eghdyrast)]
reyBytyregsdyayty)

-+ei-8jtj-ej dj*a:t')]zl
+e -8 tJ-e ,d +aJt )

+ei'Bjtj-ej,dj+ajtj)] ,

tegtBytyegydyragts) Lo T

+.—>,_—,.+._
CH Bjtj eJ,dJ aJtJ)]

+ 3T .t.- ..d.+a.t.
e -8 3 eJ, 5 aJ )

1%e; -8 tJ-e ,d +aJt )J

tey-Bity-€y,d; vast; )]

ipBisi+e-'B-t-'ej,dj+ajtj)

I

NN IS TRt I
’Bisi+ei'8jtj'ej3dj+ajtj)

i i’Bisi+ei_Bjtj-ej’dj+ajtj)

’sisi+ei'8jtj-ej’dj+ajtj)]}’
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o ‘ c o2 1‘,2', o . ' -
nij(si’tj) = (ui-B.)[B.FXY(d.+a.s.,B.s.+ei-Bjtj-ej“d:+a1tl)
+aJGXY(d Yoy s, Bas.t e.-B;tjfé d +a t. )]

j
+~°‘i‘5i“ﬁj[F\n{(di 151-P385%e B ¢y d3+a tJ)

J
- Fyyx(d +a;s., B.s. e.—B.t.r 3 d o t. )]
+oy [Gyy (d;+a

- Gxx(di+ais B S +e -B. tJ-e d +G t. )J

i 1,8 S. +e -B. tJ-e dJ+aJt -)

- Again to provide the continuity of the material outside

" .. the cracks we must impose the single-valuedness. conditions

S

23
- .(t.)Ydt.
/ fJ( J) J

n
o
-
~
.
u
-
-

.,n) ,

J .
.(t.)dt.
J gJ( J) :

i
[
-

(3=1,...,0) . (26a,b)

For a system of radial cracks the singulaf'integral
‘ equations take simpler forms and they can be ‘readily

expressed (see Figure 5) as

J (sl,t )gJ(t .ydt.

-

] = p(si):’

] | | ai<§i$bi?;(%%l"'f’n)’

.
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b.
1 3 [ : ( £
= m. . P . . . '
T a; 4 s0t5)E5(t5)dty
a. nlJ(sl’tJ)gJ(tl)dFJ]-* als;)
; | , ;

";aissi<bi’ (ifli""n)’

'A.(27a,b)

FIGURE 5. A System of Radial Cracks in a Ha1£—Plane.



where

kij(si,tj)

i)

hij(sy

mij(si,tj)

. 2
= BiﬁajF

- 31 -

xx (%5855
2 -BjGXX(aisi,
vy [ogFyy(ogsy,

—BjGYY(aisi;
-Zaisi[ajPXY(aisi,

iBijY(aisi,

il

2
B; (B Fyx (o555,

0 Gyy(ays;,

+ai[BjFYY(aisi,

+ajGYY(uisi,

+ajGXY(aisi,

2

o Bl { qj[ Fyy(a:s

2
(037850 [0 Fyy (95945
-85 Gy (04555

P1%5 7Py e oyty)

B.s.-B.t., 9]
1517P5t50 %550
.t.
%5%5)
. .t
j* % J)J

.t.
J J)

Bisi-gjtjf ujtj)]”;'

f1%57F5 %
Sisi-Bjt

a.t.)
J J),
Bisi-Bjtj’;qjtj)]

Bisi'Bjtj’ ajtj)

BiS; B3ty

Bisi-Bjtj’ qj#j)]
Bi51785%50 25t5)
Bisi'Bjtj’ ajtj)] ’

50 25t

Bisi'sjtj;;éjﬁj)]
i Pi%i7Pytye 5.
, Bisi-Bjtﬁ, ujtj)]

B3si-Byt

b1 SiSi—Bjtj’ Q'tj)

J

3.5.-8B.t.
Bs:7Bstyr 25t

a.t)]},
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nij(si,tj)=(éi-éi)[8j Fyy(asss, Bisi-Bjtj’ ujtj)
v GXY(aisi,”sisi-sjtj, as5t;)]
+a;B; (85 [Fyy(ogs;, 83s;-6.ts, asty)
- #Xk(uisi; Bisi_ajtjf ajtj)]
o [ GYY(aisi; Bi§u-6jtj, ayts)
- GXX(aiSH,zBisi-Bjtj, ajtj)]} .

Equations (27a,b) are subjected to the following

"single-valuedness conditions’

;7 f.(t))dt. = 0, (j=1,...,n) ,
S RS S I
j
b, | ,
S g.(t)dt. =0, (j=1,...,n) . (28a,b)
a. 373
i . J

The system of singular integral.equations (21a,b),
o (ZSa,b)tand (27a,b) will be solved numericélly. The

numericai procedure will be described in the next chapter.



CHAPTER 3°

NUMERICAL SOLUTION OF SINGULAR
‘ INTEGRAL EQUATIONS

1he quadrature method developed [10] to solve inte-
"gral equatlons with Cauchy type kernels will be used

| Now the method will be descrlbed for equatlons (21a,b).

First the intervals oF integration are normaiized

'b) 1n+rodur1ug the new variables

and the unknown functions can be expressed as

1
e

F(1) (2-1%) ;

G(T}{I—T“)_7

E(t)

gt}

1]

Defining the new kernels by

- XK(g,v) = ak(s,t), H(§,r) = ah(s,t) ,
M(g,1) = am(s;t), -N{g,7)"

~an(s,t)

33



equatiéns (21a,b) and (22a,b) become

1

%{ K(E,T)F(T) (1-12) Zdt +
1 |

% SOH(E,T)6(T)(1-t%) Zdt = p(§) -1<E< 1,
T M(E,T)F(T) (1-T2) 2dt +
. ‘ T |
5 4/ N(E,TG(T) (1-7%) T = .q(E) -1<E< 1, . (29a,b)

._]_ .

1 p

S F(T)(l;Tz)-%dT =0,

1. L e
Jo6(t)(1-t®) Zdt = 0. .+ (30a,b)

. Applying the Gauss-Chebyshev quadrature [10] to
these equations yields the following system of linear

~

ecuations for the defermination of F(t.) and G{7,)
i Fid L N7

A R SR ;
., - ~ k)zgi('i. i ;
1:‘: ] ° B
N _ N C
. e s A N B ol
(=1 =



= 35 -

where

2%-1
52 = cos (I 7N77l Vil GRS (32a,b,c)

The quantities of main importance are stress inten-

sity factors which are defined as

k,(a) = Lim v 2(s-a) oqq(o,s) ;

s~>a
& = 3 3 (4
kl( a) L;T-a v 2(s+a) oquO,s) f

kz(a) = LiTa v/ 2(s-a) oqs(O,s) 4

kz(-a) = Lim 2(s+a) ¢ S(O,S) ; (33a-d)
§+-0 a
1he : 1 iy Lo are T prop onal to: tiae
values of arod G 1) -8t Ehe COXITR 1ding eud P
through the reli  10mn:
I\‘L\ » i : (‘ )J 3



For a system of randomly oriented cracks the new

variables are defined as

(i,j=1,...,n)

=
[V] d
b |

and the unknown functions can be expressed as

fj(tj) i Fj(Tj)(l-Tg) y ’
= -2 -li 1 B8
g4l = Bylrdblond) T b )

introducing thé new kernels
Kij(gi’Tj)
Hij ((:i’Tj)
Mij (F’l ’Tj)
Nij(gi’rj)

ask;i(s;t5)

ST iy
ashij(s;,t5)

ajmij(si,tj) :
ng;(s50%5)

%4

3

"equations (25a,b) jand (26a,b) become

1 B ’ 1 1.
5 f AL TR g <
il i=1 L Zj‘él 'l_( J"l j
o Hg 4 Q.,Tj)Gj Tj)(1“j,

Smved

- x
-
=

(34a-d)



prel 3 2y -
~ r 4 s It b N
T ii [_J “ij(gi,rj)rj(wj)(l i drj
3= 1
t ' N
+ f o T e o 2 = ¥
if Ny 585515065 (1) (1-15) dryliziagleed
'1<€i<1 *
(sl an)
1 s
; ) 20 s B o B
3 J(TJ)(l TJ) dTJ ’
1 2y % :
_f Gj(rj)(l—rj) de = 0L (=1s shsand s se o)

N
Now applying the Gauss-Chebyshev quadrature gives the

Vfollowing system of linear algebraic equatiops for un-

knowns Fj(t)) and G(1y)  (§=1,.-05m), s AR 1

n N ,
jil kzl kaj (Tk)Kij(gl’Tk) ¥ Gj(Tk)Hij (gzﬁTk) " pi(aﬂ,) g

§
n. N
gl vl Balrad My (B, wd v GRlrg NG o Te) = g (B30
j= ; O Sk e Vit R R R e
j=1 k= £ ) ] j j
& 105 SPPERE, « 3 UREE § Lob
N
W, Fa'lr, = 0
s W) <0,
k=1 ©°
N
s ek LS Bl (=1 0w amdi (36a-d)
i kil saril S ? ~ - /
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. : . o e ')'J; ‘
whereka, £ Wk (k,%=1,...,N) were previously defined.

The stress 1nten51ty factors can be deflned w1th

expre551ons 51m11ar to (33a d) and they can be obtalned

from the values of F (T ) and G (T ) at the correspondlng

end p01nts

-i,l .
o
J

For a system of radial cracks the new variables are

defined as

[

- .
T - -
bi-a:  bi-a:
S B 2
: Zs; b;+a;
g' = — - AT “,_»jjj-‘(‘i‘ j‘—_l ...,n) >
ioobgmay o bymay o e T

-1

f£f.(t.) = F N (1-13) .

J(._;J) () (2-13) PR o

- N2y Tk -
gj(tj) - jStj)cl Tj)‘ (J 1, :n)
Introduc:ng'the new kernesls
kljcgi’Tj3 f»*_zv kijcsi’tj) s
L bjiajj'
. Hij(gi’Tj) = ) hij(si’tj) s N
Mijcgi’Tj) = 5 mij(si’tj) ’



. e . = ——L—i » g -
Nlj(gl’rj) 7) nij(si’tj) , . (37a-4d)
then equations (27a,b) and (28a,b) will take the forms
identical with (SSaéd),‘ Again by applying the Gauss-

-Chebyshev quadrature formula a'system of linear algebraic

-
3 -

© equations ‘will be obtained to determine the unknownsfj(TJ

and Gj(Tk) (j=1,...,n; k=1,...,N).
 For a single radial crack n=1 and the7subscripps
‘of all the quantities will be removed. .Then for a crack
" with end points (a,b) the stress intensity factors may be

defined as

kl(a) = Lim v 2(a-s) oqq(O,s) s

s—+a

ky(b) = Lim v 2(s-b) 0qq(0s8) »

s=+b

s*a

k,(a) = Lim ¥ 2(a-s) OqS(O,S) ’

A\

kz(bj = Lin /“ETETBT'qu(o,s) : | (382-d)

... It is then observed that the stress intensity factors are
proportional to the values of F(1) and G(t) at the end
points through the relations |

b-a

k;(a) = F(-1) 5
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3 = / b-a
ky(b) = -F(1) V¥ ==,
ky(a) = 6(-1) / 2,
PR "b-a . , .
| ky(b) = -G(1) Y —73 - | (39a d)

The stress intensity factors of a systém'of radial
cracks can be obtained‘froh the values Fj(;l) and Gj(ll)

with'expressiqns‘similar”to (39a-4d).

1



CHAPTER 4

NUPERICAL RESULTS AND DISCUSSION .

The numerical résuifg are obtaiﬂéd{first,for a
~single crack. If the crack is perpendlcular to the free
 surface for the pressurlzed crack we take p(s)—-o0 in
(233) and:after normal;z;ng the 51ngu1ar integral equation

we solve it numerically. "'The calcuIated‘stress intensity

féctors are given in Table 1 (see Figure 7).

These;results'areﬁidenticaifwith thoée:given'by
Cook and Erdogan [4]. Since the singular integral equa-
vtion,(23b) governing the mode II!solution is the :same with
_ithe equa£ion for mode I case, the results for mode 1 apply‘

tc an analogous mode II problem.

Vable 2 shows some numerical results for both sym-
metric and anti-symmetyric loadings of a crack parallel to
the fres surface obtained by solving (24a,b) with‘p(s)=-00,

"~ q(s)=0 and p(S)=0,/q(é)=-To (Figure 8). Thus the values

given in the table
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TABLE 1 -

Stress 1n§ensity Factors for a Crack .
Perpendicular to the Free Surface

.C.l_' kl('a) . kl(a)
L o3 o a
1.1 1.7585 1.2108
1.2 1.4637 1.1626
1.3 1.3316 1.1331 .
1.4 - 1.2544 1.1123
1.5 1.2035 1.0967
2.0 1.0913 1.0539
3.0 1.0345 1.0246
4.0 1.0182 1.0141
5.0 1.0112 1.0092
10.0 1.0027 1.0024,
o 1.0000 1.0000
ki(-a) = kl('a)/cofé—’ ki(a) = kl(a)/cofa_,
= kz(—a)/To/?f, ké(q) = kz(a)/To/?T

k3 (-2)

afe esentially the normalized stress intensity factors.-
A&ditionally the anglés correspohding to the planes of
!ﬁaximﬁﬁ cleavage stress at the crack tips are given
:(Figure 6). These angles are shown to be the angles of

i¢iack propagation and may be calculated from [9]

klsin¢ + kz(Ssin¢~1) =0 ,

3kzsin¢ - klcos¢ <0



Y
»

| FIGUREv6ﬂAiProb§b1e”Crack Propagation Angles.

_FIGURE 7. Pressurlzed Crack Perpendlcular to the Freer
| Surface of a Half Plane
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- The stress 1nten51ty factors are in close agreement with

those obtained by Ashbaugh (1].

Tables 3 and 4" show the numerlcal results for both
symmetric and anti- symmetrlc loadlngs of a crack with
\dlfferent orientations and a fixed é ratio obtalned by
‘solv1ng (21a,b), taklng p(s)—-oo, q(s)=0 and p(s) 0

(s)——T (Flgure 9). The normalized stress 1nten51ty
‘factors k‘( a), k'(a), k'( a), k'(a) and the angles for

the maximum cleavage stress ¢(-a), ¢(a) are dlsplayed for
-q- N
a

ol

- = 1.5 or

= 2. ratios.
5 ‘2 ratio

Table 5 shows the calculated stress. 1nten51ty fac-

il

fltor ratios for an arbltrarlly orlented crack w1th —
g 7;3'where 2c is the’ crack length (Flgure 10); These

1,

values which are obtained'from (27a,b), (28a,b) for n =1
are_in‘agreement with those given*by>Etdoéan and Aksoéan
[8].- kj and kj are the stress intensity factot ratios

‘ /e
, kl/co/E_and kZ/OOf;'

= . 1f we let a=0 the case of an edge crack is obtained.

. For this case the single-valuedness conditions will be

’~zrep1aced by F(-1)=0, G(41)=0 wbich will'provide the boun-

.dedness of the unknown functlons (see [3]) " The variations
~of the stress intensity factors w1th g are dlsplayed in

Figure 12 for uniform loadlng of the ‘half-plane at infinity



TAZLE 2

Stress Intensity Factor Ratios and Cleavage Angles for a Crack Parallel to the Free Surface

45T,

d 0.1

a
.ki(-a) 14,259
ki(a)  14.259
ké(—a) 8.9640
ki(a) -8.9649
$(-a) -44.94
¢ (a)

44,94

ki(-a) -0.8697

kj(a)  0.8697

ki(-a) 3.0301

k3(a) -3.0301
¢ (-a)

G.2

5.9499

5.9499

3.0301
-3.0301
-40.60°

40.60

1
[as)

L6151
5151
1.2077

o

1.2077. ‘
-82.79 -80.44 -78.61 -77.16 -76.02 -72.88 -71.13 -70.75 ~-70.63 -70.58 -70.54

0.3

5.8326
3.8326
1.5929

-1.5929

-36.20
36.20

-0.4801
0.4801
1.1551

1.1551

0.4

0.5

1.

2.9055 2.3974 1.5110

2.9055
0.9940

-0.9940

-31.93"

31.93

-0.3876
0.3876
1.1329

1.1329

:2.3974
0.6805

-0.6805
27,94
27.94

-0.5182

10.3182 .

.1.1209

1.1209

1.5119

0,1849
-0.1849

-13.55
13.56

-0.1331
0.1331
'1.0874

1.0874

2. 3. 4.
1.1633 1.0779 1.0451
1.1633 1.0779 1.0451
0.0368 0.0124 0.0055

-0.0368 -0.0124 -0.0055
-3.612 -1.313  0.600
3.612  1.313 -0.600
-0.0330 -0.0117 -0.0053
0.0330 0.0117 0.0053
1.0432 1.0233 1.0141 -
1.0432 1.0233 1.0141

.1.
1.0292

5.

0292

0.0029

.0029
.320
. 320

.0028
.0028
.0094 -

. 0094

10.

1.

1.0075
0.0002

.0004
.042
.042

.0004

.0004
.0025

.0025

#(a) -59.12 ~-6i.i8 -62.83 -64.15 -65.21 -68.21 -69.93 -70.31 -70.43 -70.48 -70.52

0075

-5y



FIGURE 8.

‘FIGURE 9.

> X A’

Crack Parallel to the Free Surface of a Half-
Plane with Uniform Tractlons Applled on the
Crack Surfaces. : )

Arbitrarily Oriented Crack in a Half-Plane with

Uniform Tractions Applied on the Crack Surfaces.



Sfress'TntenSity:FaCtor'Ratios'éhd

q='To,~

0

kpCa)
ki (2)
k;(-2).

kj(a) 0. -6.0245 -0.0469 -0.0657 -0.0797 -0.0887. -0.0925 -0.0913 -0.0853 ~0.0750
¢(-a) 0. - 0.791  1.212 1.045  0.281 -0.941 --2.424 -3.978 '-5.449 -6.728 .
¢(a) 0. 2.549  4.817  6.609 . 7.842  8.519 = 8.688  8.407  7.735'  6.728 .

ki(-a) 0. . -0.0571 -0.1031 -0.1322 -0.1438 -0.1411 -0.1283 -0.1090 -0.0864 -0.0628

kj(a) 0.  -0.0083 -0.0146 -0.0174 -0.0156,-0.0086 -0.0034 -0,0200 -0.¢402 0.0628

ké(fajif
k', (a)

0° 10°

1.2035 1.2080 1
1.0967 - 1.1006
0. - -0.0083

1.2035 1.1958

1.0967 1.0953 1
$(-a) -70.53 -71.44 -72.21

- 20°

1.
1.

.2204

0914 .

Is

TABLE 3

Cleavage Angles for an Arbitrérily‘Ofiented Crack (g=1¥5)

30° 40° © 50°  60°  70°  80° 90°

-

1.2377 1.2558 1.2710 - 1.2807 1.2835 1.2790 1.2677

1.1119 1.1297 - 1.1523  1.1777 1.2038 1.2287 1.2505 1.2677 -
-0.0129,.-0.0113, -0.0031,..0.0104 - 0.0271.0.0447 ~0.0611 0.0750 -

“¢(a) -70.53 -70.67 ,-70.78 ~-70.83 -70.80 -70.68. -70.47 -70.17 -69.81 -69.40

1754. 1.1491 1.1229 1.1006 1.0836 1.0719 1.0648 1.0615 =
11.0858 1.0795 .1.0733 1.0678 1.0637 1.0614  1.0615
-72.74 -72.99  -72.99 -72.80 -72.48 -72.09. -71.66 -

- '“7 _



Stress Intensity Factor;Ratiosiana

8

ki (-2)
k3 (2)
k) (-a)
k5 (2)
$(-a)
¢ (a)

ki(-a)
kj(a)

ké(a)
¢(-a)
¢(a)

ky(-a)

00

1.0913
1.0539

0.0
0.0
1.0913

1.0539
-70.53

TABLE 4

Cleavage ‘Angles for an Arbitrarily Oriented éiack'(222)

o

0

100 20°  30° “20° 50 60 70° 80 90°
1.0949 1.1049 1.1192 - 1.1349 1.1494. 1.1604 1.1667 1.1676 1.1633
1.0566 1.0644 1.0766 °1.0918 1.1087 1.1257° 1.1414 1.1543 1.1633

~0.0068 -0.0114 -0.0124 -0.0093 -0.0026" -0.0067 0.0172 0.0276 0.0368
-0.0130 -0.0251 -0.0354 -0.0431 -0.0480 -0.0497 -0.0483 -0.0439 -0.0363
0.709- 1.183 1.272 ~0.941 . 0.258 - -0.662 -1.689 -2.704 -3.612
1.414° 2.700  3.755  4:512 . 4:941  5.041  4.830 4.340  3.612
-0.0236 -0.0440 -0.0588 ~0.0669 -0.0685 -0.0646 -0.0563 -0.0453 -0.0330
-0.0053 -0.0095 -0.0116 -0.0109 -0.0073 -0.0003 0.0091 0.0205 0.0330
1.0894 °1.0842 "1.0768 1.0686 1.0607 1.0540 1.0488 1.0452 1.0432
1.0535 -1.0523 1.0505 1.0484 1.0463 1.0444 1.0431 1.0426 1.0432
-70.94 -71.31 -71.57 -71.73 -71.77 -71.70 -71.56 -71.36 -71.13

-70.53 -70.63 -70.70 -70.74 -70.73 -70.66 -70.54 -70.36 -70.15 -69.93

8y -
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TABLE 5

Stress Intensity Factor Ratios for an

Arbitrarily Oriented Crack (%=l, %=3).

10

- 50

85

% kj(a) k! (b) ki(a)  ki(b)
0 1.0913 1.0539 0 0
5 1.0838 1.0468 0.0918 0.0849
1.0613 1.0255 0.1802 - 0.1674
15 1.0245 0.9908 0.2646 0.2448
0.9741 0.9437 0.3422 0.3150
25 0.9112 0.8857 0.4110 . 0.3757
30 0.8374 0.8186 0.4693 0.4253
35 . 0.7540 0.7444 0.5154  ~ 0.4623
40 - 0.6630 0.6655 0.5480 0.4854"
0.5662 0.5842 0.5657 0.4940
0.4658 0.5028 0.5677 "0.4879
55  0.3642 0.4238 0.5530 0.4670
60 0.2642  0.3492 0.5209 0.4320
65 0.1691 0.2806 0.4720 0.3838
70 0.0834 0.2191 0.4041 0.3241
75 0.0127 0.1647 0.3210 0.2548
80  -0.0356 0.1159 0.2254 0.1789
-0 0 0 0.0996

.0507 .0689 <1237



%

" FIGURE 10. Arbitrarily Oriented Crack in a Half-Plane
ST with Uniform Tension Applied at Infinity.-

N - .
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| L_;izaz—f—*l

FIGURE 11. Two Cracks Perpendicular to the Free Surface
of a Half-Plane with Uniform Pressure Acting
on the Crack Surfaces,



o N N VN

FIGURE 12. Stress Intensity Factors of an Oblique Edge
R Crack. o ‘ - .



These curves are 1n close agreement with those glven
by Ioaklmldls and Theocarls [13] except the results for
large values of 6. Even though the convergence is very
poor;beyohd 6=80° it is belleved that the results given
in this work are more accurate and 1t is observed that |

‘both stress 1nten51ty factors tend to zero as 6 approaches

'90

Multiple cracks will.bevanaIYZed only for the case.
: of~n=2 The 1nteract10n of two cracks w1th each other and

with the free surface w111 be examlned

Table 6 shows the 1nteract10n of two ‘cracks wh1ch g

-are. perpendlcular to the free surface and symmetrlcal
- d; d, - A
about the x axis, with L —£‘=2 where 2a1 =,2a2‘are the

a1 &
crack 1ehgtth(F1gure 11).

In,Tabie 7 thestress intensitv’factors ahdftheii
maximum'cleavage stress angles are dispiayed for two cracks
whrch are‘parallel to the free surface with g%.; g% = 2.

~where 2a1~= Za2 are~the crack leagths (Figure 13). From_
. both tables it is observed that when the cracks are suffi-
~ciently away from each other single crack solutlons are |

obtained.

In Tables 8, 9 and 10 some radial crack interactions

are .shown. Table 8 shows the interaction of two radial
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TABLE 6

XE v , . . ~ v

Stress Intensity Factor Ratios and Cleavage Angles for Two Cracks Perpendicular to the
d d, '

Free Surface (;% =“£§ = 2, p(s)=-0_, q(s)=0, k'=k/o§/§1)

-1 ki(-2q) k! (ay) K5(-a.) k'(a')il o(-ap) 6(a;)
3 14731 1421 2t 2t81) 1 ol
0.05 . 0.7562 0.7254 0.2052 -0.2094 = -26,999  28.288
0.10 . 0.7732 0.7391 0.1899  -0.2009 -24.98 27.04
0.20 0.8012 0.7633 0.1613 —-0.1818 21,21 24.38

0.30 0.8246 - 0.7846 0.1382 -0.1652 - -18.08° - 22,02
0.40 0.8449 0.8040 1 0.1197 -0.1498 -15.53  19.85
0.50 0.8634 0.8219 0.1048 -0.1351 -13.46 17.77
1.00 - 0.9466 0.9012 . .0.0586 . -0.0692 -7.027 8.684
2.00 1.0310 10.9956 0.0092  -0.0164 -1.028 1.888
3.00 1.0486 1.0213 -0.0064.  -0.0118 - 0.679 1.324
4.00 - 1.0570 /1.0286  -0.0078  -0.0104 0.845.. . 1.163
5.00 1.0638 1.0327  -0.0063 ~-0.0083 0.673 0.926
10.00 1.0813 1.0449 -0.0014 -0.0021 0.153  0.233
©20.00 1.0885 1.0513 -0.0002  -0.0003 0.022  0.035
40.00 1.0906 1 0.003  0.005

.0532 -0.0003 -0.0004

- &S -



TABLE 7

Stx'é'ss:finvteimsity Factor Ratios and Cleavage Angles for Two CrackS'Parallel‘
- . d d o

;:gégthe Free surfac¢ (E% =15§‘='z, p(s3=-oo;‘q(s)§o; kf;k/00/51) '

- &5 ‘i k:' B R X - N ‘ A

= ki(ma,)  kj(ap) ky(-ay) k3 (ay) o (:a)) #(a;)
i LT : : . .

1.1 i 1.3360  -0.0253 -0.0982 1.510 8.320
1.2 & 1.2679 . ..0.0258 -0.0819 .. . 1.867 7.327
1.3 By 1.2293 .-0.0224  -0.0707-. :  1.785 6.536
1,4 15t 1.2042  -0.0169 -0.0619 °  1.436 ,  5.857
1.5 1U20%s 1.1871 .-0.0104" . -0.0549 0.919 " 5.269
2.0 1.1755 1.1551  0.0218 © °  -0.0350 -2.123 3.464
3.0 N 1.1561 . - 0.0435 . -0.0298 -4.307 . 2.953
4.0 '1.1587 1.1606 . 0.0418  -0.0329 4,125 3.238
5.0 1.1616 1.1623 . 0.0394 -0.0348 -3.873 3,425
10.0 1.1633 1.1633  °0.0369  -0.0366 ~  -3.625 _  3.601
20.0 1.1634 1.1634 0.0368 -0.0368 S -3.612 3.612

_vs_



Stress Inten51ty Factor Ratlos and Cleavage Angles for Two Radial Cracks in-a Half- Plane,

10

20

30
40
50

60"

70
80
85

TABLE

8

Symmetrical About x Axis Loaded at Infinity w1th 9,

©C 0o 0 0O 0 o0 o o oo

k

a1

Free Surface (—— =1
€1

1(31) ki(by)
L7407 0.7831.
L7451 0.8158
.7285 0.8160
6785 0.7485
.5799 ° 0.6316
.4316 0.4884
L2545 0.3437
.0825 0.2173
L0353 1 0.1155
.0506 - 0.0689

b

by

1 =3,

€1

ké (al)

.2882
.3185
3797 .
4479
.5018
.5291 ..
L4986 ¢
.3957"
L2241 .
.1234..

az ]
c.

2

O O O O O O O O o o

k3 (0y)

.0859
.0146
.1948
.3394
4302
4566
L4174
.3191
.1781
.0994

Parallel to the

'78-50 S

=Cys k'=k/o /cl)

¢ (ag) ¢ (by)

-34.75 12.24 -
-36.81 . - 2.05
-41.09 - -24.41

1 -45.68 -38.10
1-50.81 - -46.50
-56.02 . -52.08
-61.16 . -55.90
-66.60 -58.24
-73.56 -58.79 "

-58.05 -

- 55 -



TABLE 9

Stress Inten51ty Factor Ratios and Cleavage Angles for Two S\mmetrlcally Located Cracks 1n
a’ Half Plane Formlng Angles $45° with x Axis, Loaded: at Infinity w1th 9 Parallel -
" to the Free Surface (k' k/o /——) "

a,+b. : ' , i .
7 Kj(ap) k’(bl) B FTCH IR U R 1CH NN IO A
1.1 0.5984 0.6818 0.8315 0.3758 -57.600 -42.26
1.2 © 0.5433 0.6505 0.6880 0.3886 © -56.45 -43.91

1.3 0.5245 0.6297 0.6255 0.4001 -55.66 -45.15
1.4 0.5166 0.6139 0.5801 0.4103 -55.07 -46.14
1.5 0.5131 0.6013 0.5674 0.4195 - -54.61 -46.96
2.0 0.5111 0.5617 0.5212 0.4518 -53.43  -49.,55
3.0 0.5101 0.5290 0.5032 0.4794 -52.92 -51.58
4.0 0.5077 0.5163 0.5000 0.4893 - -52.90 -52.29
5.0 10.5057 ©0.5104 0.4993 0.4936 -52.93 -52.62
10.0 0.5018 0.5025 0.4995 0.4987 - -53.06 -53.02
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- cracks which are symmetrical'aboutei axis with El(= 1,
: : a . ' 1
vbl a, b2 . _
~— = 3 and == = 1, —= = 3 where 2c,; = 2c, are the crack
c a 17 %*%2

1 2 "2 3

lengths (Figure 14): !Table 9 displays the interaction

of two cracks of equal length and of equal radial distance
’forming angleé o = +45° with x axis (figure 15) In

Table 10 the results are glven for two radial crakcs, one

on x axis and the other one formlng different angles with
S » 1 3, by .

X axis where — =1, —— = 3 and == =1, -~ = 3 (Figure 16).
: 1 “1 €2 - C2 . |

o’

Figure 17 shows the stress intensity factor ratios

"wfor two collinear cracks perpendlcular to the free sur-

~ face when the uniform tension is applied at infinity pa-
-rallel to the free surface. It is..assumed that one of
the cracks is an edge crack. It is observed from the
figure that when the negihbering cfack tipS get close the
stress intensity factors become very large which ;ﬁplies
that the cracks will run into each other with a slight‘
loading. But if the crack tips are significantly away
from each other then the stress intensity factor ratios
‘are very close and one can determine at which load level
‘the cracks will run into each other from the higheét

. stress intensity factor ratio, namely, kl(bl)/cl/gi'

The results pfesented here show the effects of crack
- orientations on the stress intensity factors. It is seen
:that as the cracks move away from the free surface the re-

sults . approach to the values corresponding to the infinite

plane.



FIGURE 13, Two Cracks Parallel to the Free Surface of a
o Half-Plane with Unlform Pressure Actlng on

. Crack Surfaces

FIGURE 14. Two Symmetrical Cracks in a Half-Plane with
;Uniform Tension Applied at Infinity.

et



TABLE 10

Stress Intensity Factor Ratlos and Cleavage Angles for Two Radial Cracks on a Half- Plane,

5.00

10.00
- 20.00

30.00

50.00

60.00

70. OO
80. 00
85.00

One on X Ax1s and the Other One ArbltrarllybOrlented Loaded at Inflnlty with 9 Parallel
to the Free. Surface.(al ;;ecl’S.; :2-1,, EZ -~ k! k/o /F_)
S TS T S2

ki(a) o(ap) kj(by) k'cbl) ¢cb1)'ki(a23,ﬁkéga21»¢(az)fkicsz~k5(bz) 8by)
0.3004 -35.20 0.7268 -0.1184 17.62 0.7125 -0.2416 31.74 0.7817 0.1642 -21.98
0.3605 -38.93 0.7210 -0.0321  5.07 0.7058'-0.2102 28.95 0.8343 0.1404 -18.15
0.487G -46.39 0.6765 0.1315 -20.58 0.7301°-0.1223 18.08 0.9115 0.1151 -13.97
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FIGURE 15. Two Symmetrical Cracks in a Half—PlanerForming
' "'~Ang1es +45° with x Axis. I »}.

y }

FIGURE 16. Two Radial Cracks in a Half-Plane, Gne Located
on X Axis, the Other One Arbitrarily Oriented.
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CHAPTER 5

" CONCLUSTONS AND SUGGESTIONS FOR FUTURE WORK.

In the p;ecedingisections it hes‘been demonstreted
vthat the formulations of crack problems siﬁplify conside-
- rably representlng cracks by continuous dlstrlbutlcns of
dlslocatlons. The formulation is qulfe general 1n the
sense that it may be used for layered comp051tes containin
arbitrarily located cracks provided that the necessary
Greeh‘s functions,shameiy,ethe diSiocatien solutionslare
established.- ' - If the dislocations solutions are not.
available in the literature they can be obtained through
the use of integral tfansformvtechﬁiquéS‘as deseribed in
this work. The'fofmulation is‘sﬁch that’any number of
cracks can be treated. 'LimitationS»are the computer's

‘memory and the execution time.

It is suggested that this formulatlon should be ap-3
plied to bonded elastic half-planes and bonded elastlc
strips next‘for a better underStanding of the app1icati0n§

~of linear elastic fracture mechanics in layered composites
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APPENDIX

EVALUATION OF CERTAIN INFINITE INTEGRALS

Y(Y +3a0)_ v

I, = / 2 sinoYdY = [ sinaYdy
o (a;+Y2) - 0 aé+Y2'
d ® .
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From Tables [6]
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®  -a(X+a )

I, = J e ° sinayde = Y (A
0 (X+a )?+Y? .
S %07
o -a(X+a ) | © Y (X+a )
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Integrals I, and I, can be written from Tables [6] and

others are obtained by differentiation.
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