HOPF GALOIS EXTENSIONS

by
Nursel Erey
B.S., Mathematics, Bogazici University, 2009

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Mathematics
Bogazici University

2011



111

To me!



v

ACKNOWLEDGEMENTS

I would like to express my deep gratitude to my supervisor, Miige Kanuni, for

her support and encouragement during my studies.

My sincere thanks are due to Atabey Kaygun for his valuable suggestions during

the finalization of this text.

I thank Arzu Boysal for participating in my thesis committee.

I acknowledge TUBITAK for providing me with graduate scholarship.

[ am indebted to my parents for all their love and encouragement.

Finally and above all, thanks to my sister Aysel Erey. Her presence makes every-

thing easier.



ABSTRACT

HOPF GALOIS EXTENSIONS

Let H be a Hopf algebra which coacts to the right on A and let B be the
subalgebra of coinvariants. The extension B C A is said to be Hopf Galois if the
canonical map f: A®g A — A® H is a bijection. This work investigates this kind of

extension for special coactions.
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OZET

HOPF GALOIS GENISLEMELERI

Hopf Galois geniglemesi, A cebiri tizerine sagdan esetkiyen bir Hopf cebiri H’ nin
oldugu durum i¢in tanimlanir. Eger B, bu esetkimede A’nin esdegismezlerinin olusturdugu

alt cebiri gosterirse, B C A geniglemesinin Hopf Galois olmasi, dogal
b:A®pA— AQH

fonksiyonunun birebir ve érten olmasi olarak tanimlanir. Bu tezde cesitli esetkimeler

icin Hopf Galois geniglemeleri incelenmistir.
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1. INTRODUCTION

The definition of Hopf Galois extensions for commutative algebras is due to Chase
and Sweedler [1]. The general definition was introduced by Kreimer and Takeuchi [2]
in 1981. Hopf Galois extensions generalize classical Galois extensions of fields, strongly

graded algebras and crossed products.

There are many examples of Hopf Galois extensions in noncommutative geometry
and quantum group theory. Every quantum principal bundle with a compact structure
group is a Hopf Galois extension [3]. If the Hopf algebra H has a bijective antipode
then faithfully flat H-Galois extensions have a geometric interpretation [4]. In this
case, it is possible to prove some results on affine quotients without using the theory of
affine groups. Moreover, the study of Hopf Galois extensions enables understanding of
the structure of Hopf algebras themselves. [2] and [4] give characterizations of certain

extensions that give rise to the equivalence of the relative Hopf module categories.

In the first two chapters of this thesis, we give the basic concepts of the theory of
Hopf algebras. Chapter 4 includes the necessary background to define (co)actions. We
give key theorems on integrals and Hopf modules. Chapter 5 is devoted to examples

of Hopf Galois extensions with an emphasis on crossed products.



2. ALGEBRAS AND COALGEBRAS

We refer to [5] and [6] for this chapter.
2.1. Algebras

Throughout this section, unless otherwise stated, we will assume that R is an

associative commutative ring with unit.

Definition 2.1. An R-module A with two R-linear maps i1 and u is called an R-algebra
provided that the R-linear maps p: A®r A — A and u : R — A make the following
diagrams commutative.

u®IA IA®U,

R@RA%A(@RA(;A@RR

SIS

A

and

Aop Ao AL Aop A

i | f‘

AorA—r 5 4

The R-linear maps p and u are respectively called multiplication and unit map
of the algebra. We will simply write ab instead of u(a ®b). With this notation, second
diagram corresponds to usual associativity. Also, first diagram implies that for any

element a

u(l)a=po(u®s)(l1®a) =~o(l®a)=a and
au(l) =po(lx®@u)(a®1l)=~o(a®1l)=a



which means that u(1) is the multiplicative identity in the algebra. Then, the unit
map of an algebra with identity 14 is determined as u(r) = u(r-1) =7r-u(l) =r-14
where the second equality follows from the R-linearity of u. Also, if the R-module A
is endowed with an R-linear associative multiplication and it has a unit element 14,
then there exists an R-linear map u : R — A such that the first diagram commutes.
Namely, u(r) := r- 14 makes the diagram commutative. Thus an equivalent definition

of an R-algebra includes associative multiplication and unit element.

Remark 2.2. When the ring R is commutative, tensor products N @r M and M ®r N
are isomorphic and the twist map, 7: N@r M — M ®@g N given by T((n®@m) =m®®n

1S an tsomorphism.

Definition 2.3. An R-algebra A is commutative if ab = ba for all a,b € A. Diagram-

matically, this corresponds to commutativity of the following:

A@RA%A@)RA

S

Example 2.4. (The Group Algebra)The group algebra kG is a k-vector space whose
basis consists of the elements of a group G. Thus, every element of kG is a finite
sum dec agg where oy s a family of elements in k. The multiplication is given by
(ag)(Bh) = (af)gh for o, € k and g,h € G and, it is estended linearly. Hence for

arbitrary elements multiplication is defined as

(;aigz) (;@gz) = Z( Z ;) gk

i,J
9i9;=9k
The multiplication is associative on basis elements hence it is associative on arbitrary

elements since the extension is linear and clearly unit element is 1;1¢.

Example 2.5. Tensor product, A ®g B, of two R-algebras A and B is again an R-
algebra. The multiplication map piag,p, in this case is (ua @ up)(la @ tw @ Ig). In
simple notation, (a @ b)(c @ d) = ac @ bd for every (a®b),(c®d) € A®r B. The unit
element in AQr B is 14 ® 1p.



Definition 2.6. Let A and B be two R-algebras. An R-linear map f : A — B is called
an algebra morphism if f(aa') = f(a)f(d') for every a,a € A and f(14) = 1. The

first condition corresponds to commutativity of the following diagram

o |

B®RBWB

Also, f(14) = 1p if and only if f(rla) =rf(1a) for every r € R by linearity of f. But

this is equivalent to commutativity of the following

=

=
=

uA uB

<;
—

Z

2.2. Coalgebras

Definition 2.7. An R-coalgebra is an R-module C' with R-linear maps A : C' — C®C
and € : C — R called coproduct and counit respectively which satisfy the equalities
(Ic ® A)A = (A ® Io)A (coassociativity) and (Ic @ €)A = I = (¢ @ Io)A(counit
property). These properties correspond to commutativity of

C’®RC’®RC<@C®RC

asie| [

C®RC<TC

and

~

RrC+———(C——=C®rR

A
e®RIc Ioc®e

C®rC




Example 2.8. Any k-vector space C' has a k-coalgebra structure with comultiplication
and counit maps A(c) = ¢ ® ¢, e(c) = 1 defined on the basis elements and extended
linearly. In particular, k is a k-coalgebra and A(a) = a ® 1 for any a € k since the

extension s linear.

Example 2.9. The tensor product CQgrD of two R-coalgebras C and D has a canonical

coalgebra structure. Its comultiplication map Acep is the composition
IRTRNARA):CRrD — (C®rD)®g (C®D)

given by c@d — Y (1 ®dy) R (ca®dy). Also the counit map ecgp is the tensor product
ec ®ep of counit maps. From now on, we will always consider this coalgebra structure

on tensor products of coalgebras unless otherwise stated.

Definition 2.10. A coalgebra (C, A, ¢) is said to be cocommutative if A = 7o A, in

other words if the following diagram commutes

CorC—T——C@C

s

Definition 2.11. An R-linear map f : C — C' between two R-coalgebras C' and C" is

called a coalgebra morphism if the diagrams below commute.
f /
C——C

Tk

O@RCWC’ ®QprC

R

Remark 2.12. If f:A— B,f :B—C,g: D — E and g : E — F are morphisms



of modules then for the tensor product of morphisms the equality of compositions

(fod)feg=(ffogg)

holds.

Sweedler’s Notation 2.13. Let (C,A,¢) be a coalgebra. For every element ¢ € C,
Ac) = Zle ¢; R is a finite sum of generators in CRQrC. We write A(c) =Y c1 ® ca,

where ¢1 stands for the family of elements ¢y, ca, ..., ¢, and co stands for the family of

elements ¢1,¢a, ..., Cf.

Using Sweedler’s notation, counit property can be expressed by the equation

Y e(er)ea = ¢ =D c1e(cy) and, coassociativity means that

ch & €21 & Coo = ch & c12 ® Co.
Also, a coalgebra is cocommutative if Y " ¢; ® ca = > o ® ¢; for every c in coalgebra.

Now we define recurrently the function A, = (A ® " YA, ; for n > 2. Let
Y1 ®cy® ... ® ¢, denote the value of A, _1(c). Note then that

201@)02@03 :ch®021®022 :ZCH®012®C2-

Proposition 2.14. Hompg(C, A) is an algebra for any R-coalgebra (C,A,e) and R-

algebra (A, p,w) with unit ue and the convolution product given by
frg=n(f®g)A

Proof. To prove the associativity of convolution we take ¢ € C' and use the associativity



and coassociativity of A and C respectively as follows:

Also unit element in Hompg(C, A) is ue since

(fxue)(c) = fler)e(es)
= flen)e(ea)1a
= fleig(e))
= f(c)

Similarly ue x f = f. O]

Corollary 2.15. The dual C* = Hompg(C, R) of any coalgebra C' is an algebra with

convolution product and unit element ¢.

Definition 2.16. Given an R-algebra (A, p,u), the map pr : A® A — A defines a
new algebra on the R-module A. This algebra is called the opposite algebra of A and
denoted by A°P. Similarly, any coalgebra (C, A, €) has an opposite coalgebra structure
with comultiplication map TA and, the same counit map €. The opposite coalgebra is
denoted by CP. It is clear then that an (co)algebra is (co)commutative if and only if

its opposite (co)algebra is (co)commutative.

Lemma 2.17. Let (C, A ¢€) be a coalgebra. The generalized coassociativity
Ay =(PRAR ™A,

holds for any n > 2 and p € {0,...,n — 1}.



Proof. We will give a proof by induction on n. Since the basis step is clear by
coassociativity , let us assume that the equality is satisfied for some n > 2 and all
p € {0,...,n — 1}. We pick p € {0, ...,n} and using inductive hypothesis for p — 1, we

write

(IPRQARI"P)A, =(I"QAQI" ") I" ' RARI"P)A, 4
PrloIoAN)I"P)IP QAR I P)A,_y

Pl AAQIPA,

)

(

= (

= (

— ("R (ARDARIP)A,,
=(IP'QAQI"PTHYIPT e AR I"P)A,
= (

Ip 1®A®]n p-‘rl)A

The same argument now can be repeated by using the inductive hypothesis for p — 2.

That is, using A, = ([P 2@ A® ["PTHA, | we get
(IP@ARI"P)A, = (I"2@ A I"PT2)A,.

In fact, continuing this way we can obtain

(IPQARI"P)A, = (I A I"PTHA,
— ([p—2 ® A ® ]n—p+2)An

— (A®IMA,
= An—i—l

Lemma 2.18. In a coalgebra (C, A, €) the following rules are valid.

(i) Fori>2, A;= (A1 ®I1)A



(i1) For anyn >2,1€{l,...,n—1} and m € {0,...,n —i}

Ap=I"® A ®I"TMA,

Proof. (i) We proceed by induction on i. For i = 2, the equality reduces to definition.
Suppose that A; = (A;—1 ® I)A for some i > 2. Then we see that
z+1 A & ]Z)

AeI(Ai DA

= (
= (
=AI"'@ DA ®I1)A
(A I™MA_®I)A

= (

A @IT)A

(i) Let n > 2 be fixed. To prove the desired result by induction on i we first
observe that the basis step is generalized coassociativity. We assume that the equality
A, = (I"® A1 @ I"H=™)A, ) holds for some i — 1 where i > 2 and m is an
arbitrary element in {0,...,n — i+ 1}. So if we choose m € {0,...,n — i} we can use

inductive hypothesis since {0,...,n —i} C€{0,...,n —i+ 1}. Hence we get

Im®A 1®[n e m)Anfz#l
I ®Az 1®]n i— m+1)<]m®A®]n i— m)An—z

= (
= (
—(I"RA TR IR AR "™ T™A,_;
= (I"® (A 1®I)A®I”’””)An4

= (

where the first line is by inductive hypothesis, second line is by generalized coassocia-

tivity and the last line follows by part (7). O

Theorem 2.19 (Computation Rule). In a coalgebra (C,A,¢), we can replace the
series Y 1R ® ... Q¢ 1 Q¢ R Cit1 @ .. ® Cipg ® Cipr1 @ ... ® Ciyprm by the series
Y ®Cca® ... Qi1 @ Ag(¢) ® Ciy1 ® ... ® Cipm where i, k,m > 1.
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Proof.

Z C1®C® ... ® Cithrm = Digrgm—1(c)
= (" @A @ I™)Aiym-1(c)
— (]i_l ® Ak ® Im)(z C1 ® Co ® ® Ci—l—m)

= ch RX...&Q Ak(cz) & ... ® Cigm

where we used part (i7) of Lemma 2.18 in the second line. O
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3. HOPF ALGEBRAS

Our main references for this chapter are [6], [7] and [8].

3.1. Hopf Algebras and Antipodes

Definition 3.1. A bialgebra B is a k-vector space which has both an algebra structure
(B, p,u) and a coalgebra structure (B, A, e) such that A and € are algebra morphisms

or equivalently p and u are coalgebra morphisms. Note that in this case A is an algebra

morphism means that the following diagrams commute.

B®B - B
A®AJ{
(B® B)® (B® B) A
IB®tw®IBl

(BeB)® (B®B) —"" — (B® B)

u
_—

=y
S

R R— B

uURU

X

B

®

Also € is an algebra morphism if

B® B—-B

R®R——R
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and

commute.

In any bialgebra B, the followings are now immediate from the diagrams above.

[ ] A(lB) = 1B (%9 1B
L] A(ab) = A(G)A(b) = Zalbl &® a2192

Remark 3.2. If B is a bialgebra, then B°P, B°P, B°P“P qre all bialgebras.

Definition 3.3. Given a bialgebra H, let HY and H* denote the underlying coalgebra
and algebra of H respectively. An antipode S of H is a linear map in Hom(HY, H?)

which is inverse to Iy with respect to the convolution product. In Sweedler’s notation

> S(ha)hy =Y hiS(ha) = ue(h)

for any h € H. If the bialgebra H has an antipode, then it is called a Hopf algebra.

Definition 3.4. A bialgebra morphism f : B — B’ is an R-linear map which is both
an algebra and coalgebra morphism. If B is a Hopf algebra, then f is said to be a Hopf

algebra morphism.

Proposition 3.5. Let f : H — B be a Hopf algebra morphism between two Hopf
algebras H and B. If S and Sy are antipodes of B and H, then Sgf = fSy. In

other words, morphisms of Hopf algebras preserve the antipodes.

Proof. We will show that Sgf is a left inverse of f and fSpy is a right inverse of f

with respect to the convolution product in Hom(H¢, B4). Then we will conclude that
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Spf = fSy since in any ring (in particular in any algebra), right and left inverses are
the same if they exist.
Since f is morphism of coalgebras we have (f ® f)Ay = Apf and epf = ey. Making

use of these equalities we see that

Spf*f=ps(Sef® [)An
= up(Sp ® Ip)(f ® f)Au
= 1p(Sp ® Ig)Apf
= (SpxIp)f
= upepf
= UBEH

= [Hom(HC,BA)

Also, since f is a morphism of algebras we have ug(f® f) = fup and fugeg = upey.
Similar to above, these lead to the equality f * fSy = Ipomuc, pa), completing the

proof. O]

Some basic properties of the antipode are given in the following proposition.

Proposition 3.6. Let H be a Hopf algebra with antipode S. Then:
(i) S is an antimorphism of algebras, i.e.
S(hg) = S(g)S(h) for any g,h € H and S(1g) = 1y
(i1) S is an antimorphism of coalgebras, i.e.

A(S(h)) =" S(ha) @ S(h1) and £(S(h)) = £(h) for any h € H.

Proof. (i) We consider the algebra structure on Homy(H ® H, H) as in Proposition
2.14. We define the k-linear maps F,G : H ® H — H as F(h® g) = S(9)S(h)
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and G(h ® g) = S(hg). We claim that p is a left inverse for F' and a right inverse
for G with respect to convolution. Once the claim is proved, the desired equality
S(hg) = S(g)S(h) follows by uniqueness of inverses in algebras. To this end, let

a,b € H. Then we have

(n* F)a®b) = pu((a®b))F((a®b))
= a1 @ b)) F(az ® by)
= a1b15(by)S(az)
= ae(h)14S(az)

— e(a)e(b)1y

= ueggu(a®b)

And similarly we have,

(G*p)a®b) =

Note that we replaced above " a1b;®asbs by > (ab);®(ab)s using that H is a bialgebra.
Also we have S(1y) = 15S(1y) = (I *S)(1y) = ue(ly) = 1y since A(ly) =1y @ 1y4.

(71) For this part, we consider the algebra Homy(H, H ® H) and define the maps
F:=7(S®S)A and G := AS. As similar to part (i), we will show that A is a right

inverse of G and left inverse of F'. We see that,
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G A=AS*A=ppeu(AS®A)A
=peou)(IeTeI)(AS®A)A
—(penleore (AR A)(S®I)A
= Ap(S®@ A
= Aue
— (u®u)~e

= UH®HEH

where ~: k — k ® k is the natural isomorphism. Mimicking this proof, it is easy
to see that A x F' = uggge whence G = F follows. Also for any h € H we have
eS(h) = > eS(e(h1)ha) = > e(h1)e(S(hs)) since both € and S are linear. We make

use of ¢ being a morphism of algebras to get

Zg(hl)e(S(hQ)) = Zg(hls@)) = e(e(h)1y) = e(h)e(ly) = e(h).

Hence we obtained 5 = ¢. O

Using Proposition 3.6 we observe that

(A® 1)(S(h)1 @ S(h)2) = (A® I)(S(he) @ S(h1))
= S(ha)1 @ S(ha)2 ® S()
= S(ha) ® S(har) ® S(h)
= 5(hs) ® S(hy) ® S(ha)

In fact, this argument can inductively be repeated and it leads to the following:

Corollary 3.7. For any n > 2 the following equality holds.

D> S @S(h)e®@...@8(h)y =Y S(hy)® ... S(hy) @ S(h)
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In the sequel, we will use these properties without explicitly mentioning.

Proposition 3.8. Let H be a Hopf algebra with antipode S. Then the following con-

ditions are equivalent.

(i) For every h € H, > S(ha)hy = e(h)lg
(i1) For every h € H, Y hyS(hy) =e(h)ly
(iii) §? =1

Proof. We will prove only the equivalence of (i7) and (iii) since the equivalence of (7)
and (7i7) follows similarly. Suppose that the condition (i) holds. It suffices to show

that S? is inverse to S with respect to convolution. For h € H, we see that
(5% S)(h) =D S*()S(hs) = > S(haS(h)) = S(e(M)1y) = £()S(1y) = e(h) 1y

To prove the converse implication, we assume that S? = I. For any h € H,

> haS(hi) = S*(ha)S(ha)

by assumption. But we have

> S3(h2)S(h) = ) S(mS(ha)) = S(e(h)1n) = (h)S(Lu) = £(h)Lu

completing the proof. Il

Corollary 3.9. If S is the antipode of a commutative or cocommutative Hopf algebra

H, then S? =1.

Proof. 1If H is (co)commutative, then the condition ((i7))(i) of Proposition 3.8 is satis-

fied. O

Remark 3.10. Let H be a Hopf algebra with antipode S. Then HPP is another Hopf

algebra with the same antipode S.
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Given a Hopf algebra H, by Remark 3.2 H? is a bialgebra. However H“” need
not be a Hopf algebra in general. The next lemma gives a necessary and sufficient
condition for H°? to be a Hopf algebra. When this is the case, the antipode of H? is
denoted by S°P and called the twisted antipode for H.

Lemma 3.11. Let H be a Hopf algebra with antipode S. The bialgebra HP is a Hopf

algebra iff S is a composition invertible function. In this case, S°P = S~

Proof. Suppose first that H°? is a Hopf algebra so that SP exists. Let h € H, then

we have

SPS(h) =Y SPS(he(ha)) =Y e(ha)1ySS ()
= 58P (hy)SPS(hy)
= hgS°P(S(hy)hs)
= haSP(e(hi)1p)
= e(h1)haSP(1p)

And writing SS°P(h) as Y SSP(g(hy)hsy), one can similarly conclude that SS“P(h) =
h. Hence we obtain S¢S = S5 = [ and S°? = S~!. Conversely suppose that S is

invertible. Note then that S—! is an antimorphism of H since
S(S7H(hk)) = S(S7'(k)S™(h))
implies that S~(hk) = S~1(k)S~1(h) by injectivity of S. For any h € H, we clearly

have > S7H(ho)hy = > S 1 (he)S1S(hy). But then since S™! is antimorphism we

obtain

> 87 ha)ST'S(hy) =Y ST (S(h)ha) = ST (e(h)1n) = £(h) 1y

Similarly it can be shown that Y heS~!(h;) = €(h)1y whence S = S~ O
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3.2. (Co)lIdeals and Factor Objects

In this section we will construct factor objects. These results will later be used

to check that a quotient space is a Hopf algebra.

Definition 3.12. Let (C,A,¢) be a coalgebra over k.

(1) A k-subspace D of C is called a subcoalgebra if A(D) C D® D.
(11) A k-subspace I of C is called a coideal if A(I) CI®C+C®1I ande(l) = 0.

Lemma 3.13. If f : V| — Va,g : W7 — Wy are morphisms of k- vector spaces then,
Ker(f ®g) = Ker(f) @ W1+ V1 ® Ker(g).

Proof. We will only show that Ker(f ® g) € Ker(f) ® W1 + Vi ® Ker(g) since the
reverse inclusion is obvious. Suppose that (v, )acs is a basis for Ker(f). We can then
complete it to (v4)aey, a basis for Vi, where I C J. Similarly, let (ws)geg be a basis
for Ker(g) and let (wg)seg be its completion. Now take an element u € Ker(f ® g).

Since (Vo ® wg)(a,3)c(1xg) 18 a basis for Vi ® Wi, u can be written as

U= Z Capla @ Wg + Z Capla @ Wg + Z Capla @ Wg + Z Capla @wg  (3.1)
acd acd acd\F acd\F
BES Bed\S BES BeIS

for some scalars c,g € k. Applying f ® g to both sides of this equality, we get that

0=(f®g)(u)
— Z a0 ® 0 + Z Cap0 ® g(wg) + Z Capf (Vo) @0+ Z capf(Va) ® g(wp)
acd acd ac\F ac\F
BES Bed\S BES BEIS

=0+0+0+ Y capf(va) ® g(wp)

ac\F
Bed\S
= Y capf(va) ® g(wp).
ac\F
BeIS

Since both (f(va))acng and (g(ws))s g are linearly independent sets, we must have
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that (f(va) ® g(wg))a eng, pegg 1S also linearly independent. This yields that ca = 0
forall o € I\ F and 5 € J\ G. Hence the last summand in equation (3.1) vanishes. In

other words, we obtained that

U = angva®w5+ Z CafVa Q@ Wg + Z Capla Q@ Wg

acdF acd aeNF
BeS BeI\S BeS
eKer(f)@Wi e ®‘I;'e'r(g)

which is the desired result.

Lemma 3.14. Let f : C — D be a coalgebra morphism. Then,

(1) Im(f) is a subcoalgebra of D.
(i) Ker(f) is a coideal in C.

Proof. (i) Im(f) is clearly a k-subspace since f is k-linear. Also we have

Ap(Im(f)) = Ap(f(C))
= (f ® f)Ap(C) since f is a coalgebra map

C(fefHcCal)
= Im(f) @ Im(f)

which proves that I'm(f) is a subcoalgebra of D.

(7i) First note that Apf(Ker(f)) = 0 since Ap(0) = 0. Then since f is a
coalgebra map, we get (f ® f)Ac(Ker(f)) = Apf(Ker(f)) =0. But this gives that

Ac(Ker(f)) € Ker(f @ f)

and the result follows by Lemma 3.13. O
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Theorem 3.15. Let C' be a coalgebra, I a coideal and p : C — C/I the canonical

projection of k-vector spaces. Then,

(i) There exists a unique coalgebra structure on C/I such that p is a morphism of
coalgebras.

(i) If f : C — D is a morphism of coalgebras with I C Ker(f), then there ezists
a unique morphism of coalgebras f C/I — D such that the diagram below

commutes.

(J%D

B
pl L
!

C/1
Proof. (i) Consider the map (p®@p)A: C — C/I ® C/I. We know that
pepAl) Cpep(IeC+CI)

as [ is a coideal. But since p is the projection map, we have

(pep)(IeC+CeI)=p)p(C)+pC)ap)
=0®@p(C)+p(C)®0

= 0.

Hence I C Ker((p ® p)A). By the universal property of the factor vector spaces there

exists a unique linear map A such that the diagram below commutes.

o2 L oi1e0)l
o
pl e

Then this map is defined by A(¢) = >.¢ ® ¢ where ¢ = p(c). It is clear that A is

coassociative. Next, since I is a coideal, we have e(1) = 0. This means that I C Ker(e).



21

So again by universal property of the factor vector spaces there exists a unique linear

map ¢ : C/I :— k such that

C——
pl ) g
C/I

commutes. It is clear then that £(¢) = £(c) for any ¢ € C and ¢ satisfies the counit
property. As the two diagrams above commute, p is a coalgebra map. A and & being
unique, we deduce the uniqueness of coalgebra structure for which p is a morphism of

coalgebras.

(47) Similarly. O

An immediate corollary of this theorem is “the fundamental theorem for coalge-

bras”.

Corollary 3.16. Given a morphism f : C' — D of coalgebras, C/Ker(f) = Im(f) as

coalgebras.

Theorem 3.15 has a similar version for bialgebras and Hopf algebras. We first

give a definition.

Definition 3.17. A k-subspace I of a Hopf algebra is said to be a Hopf ideal provided
that I is ideal, coideal and S(I) C I.

Theorem 3.18. Let B be a (Hopf) bialgebra and I be a (Hopf) ideal and coideal of B.
Then B/I is a (Hopf) bialgebra and p : B — B/I is a morphism of (Hopf) bialgebras.
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3.3. Examples

Example 3.19. (The Group Algebra) The algebra kG in Example 2.4 becomes a Hopf

algebra by defining

Alg) =g®yg and £(g) =1

1

for any g € G. In this case the antipode is given by S(g) = g~' on basis elements.

Example 3.20. (The Tensor Algebra) Let M be a k-vector space. The tensor algebra
of M is defined as

T(M) =P 1"(M)

n>0

n times

—_—
where T°(M) =k, TY(M) = M and T"(M) = M & ... M for n > 2. The algebra
structure on T (M) is constructed as follows. If . = m; ® ... @ m,, € T"(M) and
y=h1 ®..®h, € T"(M) then the product of the elements is given by

Toy=m®..0m, Qh ® .0 h, € T""(M).

This multiplication is linearly extended to arbitrary elements in T'(M). Note then that
E-(m@m®..0m)=kn®me® .. m. Next, the coalgebra maps are gives as

Am)=m®1+1®m and, e(m) =0 for all m € M. (3.2)

In this case, € is identity on T°(M) and zero elsewhere. Moreover the antipode is given

by S(m) = —m form € M. Observe also that for an arbitrary element m; ® ...@m,, €
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T"(M) we have

S(my ® ...Q@my,) = S(my) - S(Mp-1)... S(mq) since S is an antimorphism of algebras
= —Myp - —Mp—-1... — MM

=(=1)"(m, ®...@m).

Example 3.21. (The Symmetric Algebra) The symmetric algebra S(M) is defined as

the factor Hopf algebra T (M) /I where I is the ideal of T(M) generated by the elements
of the form

TRYU—YRx

for x,y € M. To check that S(M) is a Hopf algebra, by Theorem 3.18 one only needs
to verify that I is a Hopf ideal of T(M). First let us show that I is a coideal of T'(M).

As A and e are morphisms of algebras, it suffices to show that

Arzy—yx)elITM)+T(M)® 1
and that

elry—y®x)=0

for any x,y € M. We have that

Az@y—yer)=Ary) — Ay ® )
= A(z)A(y) — A(y)A(z) since A is an algebra morphism
=r®1+102)(y1+10y)—(¥1+10yY)(z®1+117)
=(yl+zryt+yzr+1Q xy)
—(yr@l+yRr+ry+1Qyr)

= (zy —yr) ®1+ 1@ (zy — yz).
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But since xy — yx € I and 1 € T(M) it follows that (xy —yx) @ 1+ 1 ® (xy — yx) €
IQTM)+T(M)® I. Moreover,

cxrRy—yr)=clzey) —c(y® )

e(zy) — e(yz)

e(x)e(y) — e(y)e(x) since € is algebra map

=0 by (3.2).

Now we show that S(I) C I. Similarly since S is an antimorphism of algebras, we only

verify that S(x ® —y ® x) € I. But this is immediate since

Srey-yez)=Srey) - Sy =Sy - S(yr)

Example 3.22. (The Universal Enveloping Algebra of a Lie Algebra) The universal
enveloping algebra U(g) of the Lie algebra g, is the factor algebra T(g)/I where I is
the ideal generated by the elements of the form [x,y| — xy + yx for x,y € g. Similar to

previous examples, one can verify that I is indeed a Hopf ideal of T'(g).

3.4. Duals

We have seen that the dual C* of a coalgebra C'is an algebra. A natural question
is to ask whether an analogous result exists for duals of algebras. The answer to this
is affirmative when the algebra is finite dimensional. Moreover the dual of a finite
dimensional Hopf algebra has also a Hopf algebra structure.

Let T': M — N be a linear map between two modules. We will denote by 7% : N* —
M* the induced map which is defined by T*(f) = fT for any f € N*.

Theorem 3.23. If A is a finite dimensional algebra, then there exists a canonical

coalgebra structure on A*.
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Proof. Let p and u be the multiplication and unit maps of A respectively. It is well

known in module theory that the morphism

P ATRA (AR A)

fRg——p(f®g): A®RA——R

a®b—— f(a)g(b)
is an isomorphism of R modules when A is finite dimensional. Then since ¢! exists
we define A = ¢~ !'u* and ¢ :=~ u*. From the construction of A and injectivity

of ¢ we can define A(f) = > ¢; ® h; for any g;,h; € A* with the property that

f(ab) = > gi(a)h;(b) for any a,b € A. Having constructed the comultiplication and
counit maps we need to verify the coassociativity and counit property. To prove the
coassociativity let f € A* and A(f) =7, gi ® hi. Suppose that A(g;) = 3, 9;; ® g7,
and A(h;) = > hi; ® h7;. Then what we have to show is

J 1,3
Zgz‘l,j ®g7; ® hi = 29@' ® hi; ® ;.

We consider the map 6 : A*@ A*Q@A* — (AQ A® A)* given by d(u®@uv@w)(a®@b®c) =
u(a)v(b)w(c) for u,v,w € A* and a,b,c € A. We see that

00 g, @9, @h)(a®bc) ng a)g;;(b)hi(c)
1,7
:Zgi(ab)hc
= f(abc)

by definition of A. With a similar computation one gets
00> gi@hi;@h)(a®b®c) = f(ab)

and the desired result is obtained by injectivity of 6. Also the counit property is
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satisfied since for any a € A

(e @ DA(f)(a) = (O elghi)(a) = gi(1a)hi(a) = f(a)

and similarly (I ® e)A = 1. O

In what follows we shall always consider the above coalgebra structure for duals
of algebras. Note that Theorem 3.23 does not give an open formula for A(f). In fact
we can determine A(f) explicitly by using bases of A and A*. Let (e;); be a basis of
A and (e7); be its dual basis. Then (e ® €]);; is a basis of A* ® A*. So for every
fe A A(f) =22;,a5¢; ® ¢ for some sequence (aj;);; in the base ring. Then using

the definition of comultiplication for any s,t we get

kX k
(eser) g gi(es)h = E ajieier(er) = agy.
j?l

Hence A(f) = >, flejer)e; @ €.

Proposition 3.24. If B is a finite dimensional bialgebra, then B* is also a bialgebra.
Moreover if S is the antipode of B, then S* is an antipode for B*.

Proof. Let A and Z be the structure maps of B* that are dual to those in B. Let
f,g € B* and a,b € B then we get that

(f = g)(ab) = f((ab)1)g((ab)s)
= f(a1b1)g(asbs) since B is a bialgebra
= filar) fab1)g1(a)ga(b2)
=Y (frxg1)(@)(fo* g2)(b)

But this implies that A(f * g) = Y (f1 % g1) ® (fa * g2). Also it is clear that A(1g-) =
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1+ ® 1g+. Hence it follows that A is an algebra morphism. Moreover we have

e(fxg) = (f+9)(1p) = f(1p)g(15) = E(f)E(9)

and Z(¢) = £(1p) = 1 which gives that € is an algebra morphism as well. Now suppose
that B is a Hopf algebra with antipode S. Let us denote by U the unit map of B*. We
note then that for any b € B, and f € B* we have the equality (U2)(b) = ¢(b) f(15).

Also S* is inverse to I with respect to convolution since

(5™ % D(£)(b) = D _(S*(f1) * f2)()
= [1(S(b1)) fa(b2)

Similarly one can show that I x S* = Ue. O

Proposition 3.25. Let H be a finite dimensional Hopf algebra. Then H = H** as

Hopf algebras.

Proof. We claim that the evaluation map
0:H——H*
h——0(h) : H* —— R

fr—=f(h)

is the desired isomorphism. Since we know that the evaluation map is an isomorphism
of vector spaces, it remains to show that it is a morphism of algebras and coalgebras.

We first show that it is an algebra morphism. For this, let h, k € H and f € H*. Then
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we obtain

o(hk)(f =Y fi(h)

= 0(h)(f1)0(k)(f2)
= (0(h)0(k))(f).

Also 0 preserves the units since 0(1y)(f) = f(1g) = en+(f) and hence 0(1y) = 1.

Now to show that 6 is a morphism of coalgebras we will first verify the commu-

tativity of the diagram below.

That is, we need the equality Ag«0(h) = > 0(h1) ® 0(hy). By the construction
of comultiplication map in dual coalgebras, it suffices to show that O(h)(f * g) =
>20(h1)(f)0(he)(g) for any f,g € H*. But this is immediate since

O(h)(f * g) = =D flhn)glha) =Y 0(h)(£)0(ha)(9).
Also we have
en=0(h) = 0(h)(1) = 0(h)(e) = e(h)
which gives the commutativity of

H—% g

E fr**
€H

k

and finishes the proof. O
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4. MODULES

From now on, we will consider the spaces over a field k. This will allow us to use

bases.
4.1. Modules and Comodules

In this section, we will review some of the basic properties of modules over alge-

bras and comodules over coalgebras.

Definition 4.1. If (A, u,u) is a k-algebra then, the k vector space M is said to be
a left A-module provided there exists a k-linear map ® : A® M — M such that the

diagrams

A A M2 Ae M

o o

A®MT>M

and

Ao M Lo M

K

M

are commutative.

As long as the context is clear, we will denote ®(a ® m) by usual multiplication
notation. We assume a similar definition for right A-modules. By reversing the arrows

in the above diagrams we define comodules:

Definition 4.2. If (C, A, ¢) is a k-coalgebra then, the k vector space M is said to be a

right C-comodule provided there exists a k-linear map p : M — M ® C' such that the
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diagrams
M——MeC
pl J/I@A
MRC—MxxCxC
p&I
and
M—"—MeC
zl I®e
M®k

are commutative.

Similarly one can define left C-comodules. In this case, the comodule map is

defined from M to C'® M. For the right C'-comodule M, we use the notation

p(m) = Zmo ® my.

Then, the diagrams above can be rewritten in the following two equations

Zmoo @ moep ® my = Zmo ® mqy; ® My and,

Z e(my)mo = m.

Now we denote both sides of the first equation by > my ® m; ® my. Then we put

n—1 times

—
Zm()@ml ® ..M, =pRI®...0I1).(pxI)p(m).

There exists a computation rule for comodules which is similar to that of coalgebras.

We state this rule in the following theorem but omit its proof since it is similar to
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former one.

Theorem 4.3. Letn > 2 and 1 < i <n —1 be arbitrary. Then we have
D mp@m @ . @my =Y mg@m @ ... A(my) @ .. @ my_1.

Remark 4.4. In the case of left C-comodules we will use the notation

n—1 times

—f—
Y ma@mopn®. . @m=(p@T®..aI)..(p@I)p(m).

All these notations will allow us to keep in mind that the element with index 0

is in the comodule whereas the other elements are in C.

Example 4.5. Any coalgebra (C, A, ¢€) is a left and right comodule over itself with the

structure map p = A.

Example 4.6. If C' is a coalgebra and M is a k- vector space then, M @ C' becomes a
right C-comodule with structure map p:m® c+— > m® ¢1 Q ¢3.

Example 4.7. Let H be a Hopf algebra and M and N be right H-modules. Then
M ® N becomes a right H-module via (m @ n)h = > mhy @ nhs.

Definition 4.8. (i) Let M and N be two left A-modules with structure maps
and Py respectively. An A-module morphism f : M — N is a k-linear map

which makes the following diagram commutative.

Ao ML Ao N

@Ml FN

MﬁN

(i1) Let (V,py) and (W, pw) be two right C'-comodules. The k-linear map g : V. — W

is called a morphism of C-comodules if pywg = (9 ® I)py. In the sigma notation,

this is > g(v)o ® g(v)1 = > g(ve) ® g(v1) for any v € V.
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We will denote the category of right C-comodules by M. In this category, the
objects are right C'-comodules and the morphisms are comodule morphisms. Likewise
“M will denote the category of left C-comodules. If A is an algebra, the category
of left (resp. right) A-modules will be denoted by 4M (resp. My). In what follows,
we will generally use right comodules or left modules without mentioning equivalent
results for left comodules and right modules. In the language of category theory, this

equivalence is asserted in the following propositions.

Proposition 4.9. Let A be an algebra. Then the categories My and 400N are isomor-

phic.

Proof. Let M be an object in M 4. Suppose that - denotes the right action of A on M.

Then, a o m = m - a defines a left A°’-module on M since

ao(bom)=(m-b)-a=m-(ba)
—m - (@ -00 b)

= (a-go0b)om

for any a,b € A and m € M, where we denoted by -40p the multiplication in A°P.
Also we have (Algop) om = m - (Al 4op) = mA for any A € k. It is clear that every
morphism of right A- modules is a morphism of left A°’- modules. Hence we have
defined a covariant functor F': M4 — 40»M and similarly the inverse functor to F' can

be defined. O

Proposition 4.10. Let C' be a coalgebra. Then the categories “M and M are

1somorphic.

Proof. To every object M in “M, with structure map p(m) = >.m_; ® mg, we can
associate the object M in MY whose structure map is given by v(m) = Y mo®@m_.

The rest is similar to previous proposition. ]

Remark 4.11. Let H be a Hopf algebra with antipode S. Then,
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(i) If M is a right H-module then M becomes a left H-module with h - m = mS(h).
(ii) If M is a left H-module then M becomes a right H-module with m - h = S(h)m.
(i1i) If M is a right H-comodule with structure map p(m) = > mg ® my then M
becomes a left H-comodule with p'(m) =Y S(my) ® my.
() If M is a left H-comodule with structure map p(m) = > mi;®@mq then M becomes
a right H-comodule with p'(m) =5 S(m1) & mo.

Lemma 4.12. If M is a right C'-comodule then M is a left C*-module.

Proof. Suppose that M is a right C-comodule with the structure map
p:M—>M®C’,m|—>ZmO®m1.
We claim that M becomes a left C*-module via

f~mzz<f,m1>m0
for any f € C* and m € M. To prove it, let g € C* then we get

Folg-m)=>Y_<f(g-mh>(g-m
= Z(< fs (Z < g,mq > mo) >)(Z < g,mq > mg)o

= Z < g,mq > (< f,mg; >)mqg since f and p are k-linear
= Z < g,mig >< f,mq > my

:Z<f*g,m1>mo

= (fxg)-m

Observe that we used the fact that

Z(n)\)o ® (nA)1 = p(nA) = Ap(n) = Z Ang @ ny
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for any n € M and X\ € k. Moreover,
Mo -m = Z < Mge,mq >mgy = Z)\e(ml)mo =m

where the last equality follows by comodule property of M. O

The converse of this Lemma is not true in general. A C*-module which becomes
C-comodule in this way is called rational. If we denote the category of rational C*-

modules by Rat(c~M) then, there is an isomorphism between Rat(c-M) and M.

Remark 4.13. Using Lemma 4.12, we can put a left module structure on every right
comodule. For instance, if we consider the right C-comodule structure of C' as in

Example 4.5 we see that C' is a left C*-module with

féc:z<f,cg>cl
for f € C* and c € C. This is usually called the left hit action of C* on C'. On the other
hand, if C' is considered with its left C'-comodule structure then, by Proposition 4.10 C'
is a right C*P-comodule. Applying Lemma 4.12, C' becomes a left (C°P)*-module. But

Lemma 4.15 tells us that all left (C°P)*-modules are in fact C*-modules. Thus C' is
finally a right C*-module with the right hit action

c;fzz<f,cl>02.

Remark 4.14. Similarly, if A is an algebra then A* is a left A-module via
<a— f,b>=<f ba >

and a right A-module via

<f+—=ab>=<fab>
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for any a,b € A and f € A*.

Lemma 4.15. M is a left (C°P)*-module iff it is a right C*-module.

Proof. Suppose that M is a left (C°P)*-module with the left module action denoted
by 7-”. We claim that for f € C* = (C°P)* and m € M, m - f := fr - m defines a
right C*-module on M. Indeed for g € C*

(m-rf) rg=gr-(fr-m)
= (g *(Ccop)* f)L -m
=m g (g *ceor) f)

=m g (f *c- g)

where %4 denotes the multiplication in an algebra A. Moreover, we have

m-Rr ()\10*) = (Alc*)L cm = ()\1(Ccop)*>L dm = Am

for any A\ € k. And, the converse is similar. m

Proposition 4.16. Let C' be a coalgebra and M be a k-vector space. Suppose that
p: M —- M®Cmm— > ,m®c¢is ak-linear map. Then (M, p) is a right C-
comodule if and only if (M, ®) is a left C*-module, where ¢ : C* @ M — M is given by
o(f@m) =3 < fci>m;.

Proof. To simplify our notation let us denote p(m) by > mg ® m; and, ¢(f ® m) by
f - m. Then we shall write f-m = > < f,m; > mg for any m € M, f € C*. First
we assume that M is a left C*-module with structure map ¢. Then since we have

e-m = m, it follows that > e(mi)mo = m. Moreover for arbitrary f,¢g € C* and
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m € M we get that

(fg)-m=">_ < fg,m >mg
:Z<f>m11 >< g, M2 > My

=y @ f®g)p®I)p(m)

and

folg-m)=f-0O <g,m >mp)
:Z<g,m1>(f-m0)
=Z<g,m1 >< f,m01>m00

=TI ® f®g)(p®I)p(m)

where ¢ : M ® k ® k — M is the canonical isomorphism. We claim that
z:= (I ®A)p(m) = (p® I)p(m)

is zero. To this end, we pick a basis (¢;); of C' and write x = Eu m;; @ e; ® e; for
some m;; € M. For fixed iy and j, we consider the dual maps e;,, e;, € C*. Then we
clearly have m;,;, = (I ® e}, ® €}, )(x) = 0 which implies that z = 0 since iy and jo was
arbitrary. Hence M is a right C-comodule. The reverse direction follows by Lemma

4.12. [l

4.2. Hopf Modules

Definition 4.17. Let H be a k-Hopf algebra. A k- space M 1is called a right H-Hopf
module if it has a right H-module structure and a right H-comodule structure such that

these two structures are compatible. That is,

S~ (mh)o @ (mh)y = 3" mohy © mih,
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forallme M and h € H.

Note that if ¢ and p are respectively module and comodule structure maps then,

the compatibility condition can be expressed by the commutativity of

Mo H—" sy

1| |7

(M®H)®HWM®H

where f:m®h— > mo® hy ® mihsy gives M @ H the right H-comodule structure.
Thus compatibility condition says that ¢ is a morphism of H-comodules. On the other
hand, this condition can be stated as “p is a right H-module map”. This is equivalent

to commutativity of

M— s MeH
q{ }o

MeH——p(MeH)eH

where ¢ gives M ® H the right H-module structure as in Example 4.7. The following

Lemma asserts that the compatibility condition can be generalized.

Lemma 4.18. If M is a right H-Hopf module and n > 2 then the equality

Z(mh)o X (mh)1 ®..RQ (mh)n = nghl X m1h2 X...R mnhn+1

holds for any m € M and h € H.

Proof. We prove the equality inductively. Suppose that the desired equality holds for
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some n. Then,

> (mh)o @ (mh); @ ... ® (Mh)yi1 = _(mh)og @ (mh)or @ (mh); ® ... ® (mh),
= Z(m0h1>0 ® (moh1)1 @ mihy @ ... @ Myl
= Zmoohll @ morhis @ mihg @ ... @ myhy,
— Z mooh1 @ morhy ® mihs @ ... @ Myl o
— Zmohl Q@ Mihy @ .oo. @ M1 Mpy2.

Note that the second line follows by assumption. O]

Definition 4.19. A map is said to be a right H-Hopf module morphism if it is both a
right H-comodule map and a right H-module map.

Remark 4.20. We denote the category of right H-Hopf modules by M.

Example 4.21. Let V be a k-space and H be a Hopf algebra. Then V @ H becomes a

right H-module via right reqular representation:
p:(VoOH)®H - VH (v®h)®g—vQ®hg
Also V& H is a right H-comodule via
p:(VOH) - (VRH)@Ho®@h— > v®h & hy.

These structures are compatible since

p((v @ h)g) = p(v @ hg)
= v ® (hgh @ (hg)2
=Y 0@ higi @ hags
—Z (v® h1)g1) ® hags

= Z(U ® h)og1 @ (v @ h)192

foranyv eV and h,g € H.
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In fact, the next theorem says that up to Hopf module isomorphism, the only
right H-Hopf module is the one in Example 4.21. Before proving the theorem we need

a definition:

Definition 4.22. Let M be a right H-comodule and N be a left H-module. Then the

coinvariant subspace of M is the set
Mt ={me M| pm)=m®e1}
and the invariant subspace of N is the set
N¥ ={ne N | hn=c¢e(h)n, Vh € H}.

Theorem 4.23. (Fundamental Theorem of Hopf Modules) Let M be in ME. Then
M = M*°H @ H as right H-Hopf modules where M“? @ H has the Hopf module
structure of Example 4.21.

Proof. We define the maps a : M°"@H — M, m®h +— mhand 3: M — M®QH,m
> mgS(my) ® my. We claim that « is a morphism of right H-Hopf modules and [ is
inverse to a with respect to composition. First let us show that 3(M) C M*H @ H.

We see that for any m € M,

(pr® [)(Z mpS(my) ® my) = Zmoos(m1)1 ® mp1S(my)2 ® my

= Zmoos(m12) & m()lS(mll) ® meo
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whence Y moS(m;) @ my € M? @ H. Also we have

af(m) = aZmOS(ml) ® My
= ngS(ml)mQ
= Zmos(ml)lH

=m.
And, conversely for any m € MeH

Ba(m ® h) = B(mh)
= > (mh)oS((mh)) @ (mh),
= Zmo(hls(mlhz)) ® mahs, by Lemma 4.18
=3 " S(he)) © hg, since m € M gives my = m and my = 1y
= " me(hy)ly @ hy
=Y m®e(h)h,
= Z m® h

Now, to prove that « is a right H-comodule map we need the commutativity of the

following diagram.

(MeH @ H) —*—— M
o| j

(Mo H)@ H—> M@ H

In sigma notation this is equivalent to

Z(mh)o & (mh)1 = thl X hg

for any m € M<*. But this is immediate since mg = m and m; = 1y. And, finally it

is clear that « is a right H-module map since M is a right H-module. Il
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The structure of Hopf modules was discovered in [9] and is valid for Hopf modules
in braided tensor categories. We will illustrate an application of Fundamental Theo-
rem of Hopf Modules to finite dimensional Hopf algebras in Theorem 4.26. Although
Theorem 4.26 is due to [9], we give a simplified proof of [10].

Let H be a finite dimensional Hopf algebra with antipode S. We consider the left
H*-module structure on H* which is given by left multiplication. That is, f-g = fx*g
for any f,g € H*. Suppose that (e;); is a basis for H and let (e}); be the dual basis.

Then by Proposition 4.16, H* is a right H-comodule with structure map

p(f) =Y (e-Noei=> fo® fi. (4.1)
Observe that for any g € H* we have that g = ) < g,e; > ef. Hence we obtain that

Y <ol ><[fhy>=) <ge><e b >< [ hy>
—Z glei)h >
= Z < fo,< g, fi > h > by equation (4.1)

=Y <9 h><foh>.

(4.2)

Also, if H* is considered with left H-module structure as in Remark 4.14 then it

is a right H-module with

<f~hk>=<fkSh)>

by Remark 4.11.

Lemma 4.24. Let H be a finite dimensional Hopf algebra. Then H* is a right Hopf

module with action ~— and coaction p as above.
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Proof. We show that the compatibility

p(f —h) :Zfth1®f1h2

holds for f € H*,h € H. Note that by (4.2) this is equivalent to show that

Y o<gm><feha>=) <fo—hz><g, fihy>
for any g € H*,x € H. We see that

Z < fohi,x>< g, fihy > = Z < fo,xS(h1) >< hy = g, fr >
— Z < hy = g,21S(h1)1 >< f,225(h1)s >
— Z < hy — g,215(h13) >< f,228(hyy) >
=" <hs— g,215(hg) >< f,x28(hy) >
= < g,218(ha)hs >< f,228(l) >
= < gme(hy) >< f228(h) >
— Z < g,y >< f,xS(h) >

:Z<g,x1 >< f~ h,xy >
which completes the proof. O]
Definition 4.25. Let H be a Hopf algebra, then the space of left integrals in H is the

set

l
/ —{N€ H | hA=c(h)\, for all h € H}

H

and similarly the space of right integrals in H s

/ ={Ne€e H | M =c¢e(h)\, for all h € H}.

H

Theorem 4.26. Let H be a finite dimensional Hopf algebra over k. Then,
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(i) Both fIl{ and [}, are one dimensional.
(i) The antipode S is bijective and S([;;) = [;
(i1i) For 0 # ¢ € fIl{, the map H — H*, given by h — (h — @) is a left linear

1somorphism.

Proof. We consider the right H-Hopf module structure on H* as in Lemma 4.24. By
Theorem 4.23 the map « : (H*)*°? @ H — H*, f ® h + (f ~ h) is an isomorphism.

(1) Since H is finite dimensional we have dimH = dimH* which gives that

dim(H*)*" =1 by above isomorphism. Observe that

(H*)*" = (H*)"" by Theorem 5.15

={feH |z - f=c¢c(x)f foral x € H'}
/l
Replacing H* by H, we conclude that dim || Il{ =1 as well. Also dim [;, = 1 will follow

by (i1).

(77) Let S be the antipode of H and, h € H such that S(h) = 0. Then we get
that

f~h=Sh)— f=0—f=0.
So f ® h = 0 by injectivity of a. Hence h = 0 and S is injective. But since H is finite

dimensional, S is also a bijection.

Now we show that S(fll{) = [;;- First to see that S(fll{) C [;; take h € fll{ and x € H.
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We have that

S~Hax)h = (S~ (x))h since h € /l

H
= e(x)hS™ (1) since ¢ = 57!

This means that S(h)z = e(z)S(h) proving S(h) € [;,. Conversely for any y € [;, we
claim that S7'(y) € fé{ By assumption yS(z) = &(S(x))y for all z € H. But this
holds iff yS(x) = ye(x) for each x € H. Applying S~ to both sides gives the desired
result.

(iii) Using the fact that (H*)°” @ H = H* and dim flg = 1, we obtain that

H'=¢p— H=S5(H)— .

Finally bijectivity of S gives H* = H — ¢. m
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5. ACTIONS AND COACTIONS OF HOPF ALGEBRAS

5.1. Connection Between Actions and Coactions

Definition 5.1. Let H be a k-Hopf algebra. H acts on the k-algebra A (or A is a left
H-module algebra) if the following conditions are satisfied.

(1) A is a left H-module

(i1) h-(ab) => (hy-a)(hy-b), for any h € H and a,b € A
(i1i) h-14 =¢e(h)la, for any h € H.

In a symmetric fashion, one can define a right H-module algebra.

Lemma 5.2. Let A be a k-algebra which is a left H-module such that h - (ab) =
> (hy - a)(hg - b) for all h € H and a,b € A. Then,

(h-a) b= hi(a(S(ha) - )

holds for all h € H and a,b € A.

Proof. We compute the right hand side of the desired equality as follows.
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Proposition 5.3. Let A be a k-algebra which is also a left H-module. Then A is an
H-module algebra iff h- (ab) = > (hy-a)(hy - b) for every h € H and a,b € A.

Proof. Let h € H and assume that the equality holds . Then we have

hly=(h-14)14
= " hi - (1a(S(ha) - 1)), by taking a = b= 14 in Lemma 5.2
=D I(S(hs) - 1a)
=D (mS(hs)) - 14
= ()l

proving that A is an H-module algebra. The converse is clear. O

Note that the above proposition tells us that we can drop the condition (i7i) in

the Definition 5.1.

Definition 5.4. Let A be an H-module algebra. Then the algebra of invariants is the

set

A" ={a€ A|h-a=c¢e(h)a,Vh € H}.

Observe that A is indeed a k-subalgebra of A since for a,b € A” and h € H we

have

he(ab) = (ha)(hob) =Y e(hr)as(ho)b =Y e(hae(ha))ab =Y e(h)ab.

Example 5.5. A Hopf algebra H is a left H-module algebra via the left adjoint action
CLdl N

hiag, © =Y hizS(hy)
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for all hyx € H. Also, the algebra of invariants of H coincides with the center of H.
To see that H is indeed an H-module algebra, let h,p,a € H and ¢ € k. Then,

h “ad, (p *ad; Cl) =h “ad, (ZPlGS(Pz))
= Z hlplaS(p2)S(h2)
= Z(hp)las(hﬂb)

= (hp) ‘ad; 4

Moreover, since A is a k-linear map we have A(cly) = cA(ly) = cly ® 1y. Hence
(cly) -aq, @ = (cly)aS(ly) = caly = ca. Now it remains to check that H acts on H.

Using the computation rule,

haq (ap) =Y _ hiapS(hs)
_ Z hiapS(e(hy)hs)
= hias(hy)pS(hs)
=" haS(ha)hapS(ha)

- Z hl (ldl h’2 adl )

For HY = Z(H), let g € HY. Then for allh € H,

hg = (D he(ha))g =Y hge(ha) = h1gS(ha)hs

= Za(hl)ghg, since g € HY

= ge(ln)hs

proving that HY C Z(H). Conversely, if g € Z(H) then, hg = gh for all h € H. So
for every h, > h1gS(ha) = > h1S(he)g = €(h)g since g commutes with S(hy). Thus

g € H, and we get the desired result.

Example 5.6. A Hopf algebra H is a right H-module algebra via the right adjoint
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action ad, :

2 aq, h =Y S(h1)wh,

forall z,h € H.

Proposition 5.7. Let G be a group and A be a k-algebra. Then, A is a kG-module
algebra iff G acts as automorphisms of A. In this case, A*C (the subalgebra of kG-

invariants) is equal to AS (the usual subalgebra of fized points for G ).

Proof. First suppose that G acts as automorphisms of A, that is, there exists a mor-
phism ¢ : G — Aut(A) of groups where Aut(A) denotes the group of k-algebra isomor-
phisms of A, with composition of functions. Note that this is equivalent to say that

the group G acts on the set A with action given by
g-a=¢(g)(a) for any g € G and a € A.

and the action on an arbitrary element of A can be considered as an k-algebra isomor-

phism of A. We express the latter by the following conditions:

(i) g-(a+b)=g-a+g-b
g-(la) =1(g-a)
g-(ab) = (g-a)(g-b)
g-la=1a

(v) g-

(vi) for every f € A, there exists d € A such that g-d = f.

)
)
)
)
) a = g - b implies that a = b, for any g € G,l € k and a,b € A

)

Then it is clear that A is a left kG-module with respect to linear extension of this
action. Conversely, if A is an kG-module algebra then, it is clear that the kG-module
action on A is also a group action of G on A. Moreover the conditions from (i) to (iv)
immediately follow. For the injectivity of ¢(g), where g is an arbitrary element in G,

1

suppose that g-a = g-b. Then, g7'-(g-a) =g~ (g-b). But since A is a kG-module,
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we get (g71g)-a = (g7 'g)-b which gives 1-a = 1-b. Consequently we have a = b. Now

1

for surjectivity, let f € H and g € G. Then we have g- (¢7'-a) = (997 })-a=1-a=a

completing the proof of the iff statement. If this statement is the case, we have

A =fac A| h-a=e(h)a, Vh € kG}
={a€A|lg-a=a, Vg€ G}
= A%

since e(h) =1if h € G and e(h) =0if h € k. O

Definition 5.8. Let H be a k-Hopf algebra and A be a k-algebra. H coacts to the right
on A (or A is a right H-comodule algebra) if the following conditions are satisfied.

(1) A is a right H-comodule with p: A — AR H,a+— > ay ® a;
(11) > (ab)o ® (ab)y = > aghy ® aby for all a,b € A
(iti) p(1a) =14 ® 1y

Similarly, a left H-comodule algebra can be defined.

Note that if A is a k-algebra which is a right H-comodule with structure map
p:A— A® H. Then A is an H-comodule algebra iff one of the following equivalent

statements holds.

(i) p is a morphism of algebras
(ii) The multiplication map p of A is a morphism of comodules and the unit map
u : k — A is a morphism of comodules where the right comodule structure on

AR Aisgiven by p:a®b+— > ag® by ® ayb;.
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Clearly all these statements correspond to the commutativity of the diagrams below.

A A—— A E—t— A
b
ARQAQH —AQH kQH—AQH
I u®@I

Definition 5.9. Let A be an H-comodule algebra. The algebra of the coinvariants of
A is the set

Al =fa e A| pla) =a®1}.

Example 5.10. A Hopf algebra H is a right H-comodule algebra with structure map
p = A. In this case, if h € H®H then, p(h) = h®@ 1 = A(h). Thus (¢ ® I)A(h) =
e(h)®1 and €(h)1 = h. This shows that H*" C k1. Conversely, p(kl) = k1 ® 1 and
k1€ HeH, Hence H®H = k1.

Proposition 5.11. Let G be a finite group and A be an algebra. Then G acts as
k-automorphisms of A iff A is a (kG)*-comodule algebra.

Proof. If G acts as k-automorphisms of A we define the map p: A — A® (kG)* by
pla) = >2° (z; - a) @ p; where G = {x1,...,x,} and {p1,....,p,} is the dual basis of
(kG)*. Then it is easy to check that it gives A a (kG)*-comodule algebra structure.
Conversely suppose that (kG)* coacts to the right on A via ¥(a) = >, . an®ps. Then
Gactson Aviag-a=>, <png> a. O

Definition 5.12. Let G be a group.

(i) A k-module M is a G-graded module if M = P
k-submodules of M.

(i1)) A k-algebra A is a G-graded algebra (or graded k-algebra of type G) if A =
@geG A,, where the A,’s are the k-subspaces of A and, AjAy, C Ay, for all g, h €
G. Moreover if AgA, = Agy, for every g,h € G (or equivalently AgA,—+ = Ay for

e M,, where the M,’s are the

all g € G) then A is said to be strongly graded.
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Lemma 5.13. Let G be a group and M be a k-algebra. Then, M is a right kG -comodule
iff M is a G-graded module.

Proof. Suppose that M is a right kG-comodule with structure map p. We can write
p(m) as > m, ® g for any m € M. Then since (I ® Ayg)p = (p ® I)p, we have

Y (mghh@h@g=> my@g®yg.

h,g g

But we know that the set GG forms a basis for kG. So every element of M ® kG ® kG may
be written uniquely in the form ) , N®s®g by well-known poperties of tensor products.
Thus it follows that (my), = d,,m,. For fixed g, we define My, = {m,| m € M}. Then

for any m € M,

dmp@mi = my@g=> moe(mi)=> my(g)
:>m:ng.

Moreover, if there exists my = n, € M, N M, then, m,; = (my)y = (), = 0.
Hence g My = M. Conversely, if M is a G-graded module then, clearly the map

p(m) =m ® g, defined for each m € My, gives M its desired comodule structure. [J

Proposition 5.14. Let G be a group and A be a k-algebra. Then, A is a right kG-

comodule algebra iff A is a G-graded algebra. In this case, A“F¢ = A, .

Proof. First assume that A is a kG-comodule algebra. Then by Lemma 5.13, we know
that A =P, A, where A, = {ay| a € A}. For any a, € A,, we have

plag) = Z(ag)h ®h=a4®g.
h
Hence if b, € Aj, we get that p(azby) = azb, ® gh for any b, € Aj,. Thus azb, € Ay
proving that A;A, C Ag,. For the converse suppose that A is a G-graded algebra.
Then again by Lemma 5.13, we need only to check that p is an algebra map. For
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homogenous elements a € A, and b € A;, we know that ab € A, since A;A, C Ag.

So p(ab) = ab ® gh = p(a)p(b). And, clearly p(14) = 14 ® 1¢ since 14 € A;,. O

When the Hopf algebra H is finite dimensional, there is a connection between

actions and coactions:

Theorem 5.15. Let H be a finite dimensional Hopf algebra. Then H* acts on A iff

H coacts on A, and under this equivalence A" = A®H

Proof. Suppose first that A is a right H-comodule algebra. Then by Lemma 4.12 we
know that A is an H*-module via f-a = > < f,a; > ao for f € H* and a € A. Now

for arbitrary a,b € A and f € H* we have

fe(ab) =Y < f,(ab)y > (abo
= Z < fyayby > (agho)
- Z < fr,a1 >< fa,b1 > agby
=Z<f1,a1 > ag < fo,b1 > by
=>_(fr-a)(f2 D)

which shows that H* acts on H. To prove the converse, let {ey, ..., e,} be a basis of H

and, {ej,...,e:} be its dual basis. Define the k-linear map

p: A

A®H

ar—— > " ef

i=16i 1A €

Then we can write (ef - a) = >, < ef,e; > (€] - a) for any i. By Proposition 4.16 it

follows that the left H*-module structure on A is induced from p. Hence A is a right



23

H-comodule. Now we see that

n

p(la) =) e 1

=1

n
:Z<ej,1>1®el-, since H* acts on A

i=1

:i1®<ef,1>ei

i=1

=1,®1g.

To conclude that A is a right H-comodule algebra, it remains to show that p(ab) =
p(a)p(b). First note that it is easy to check that for any g € H*, g =>""" | < g,e; > e}.
Let f € H* be arbitrary, then we obtain

n

(I® f)plab) = 3 e; - (ab)® < fre; >

1=1

= Z(e;k < f,e; >) - (ab) ® 1, since the action is k-linear

= f-(ab) ® 1, by the initial observation

= Z (fi-a ) ® 1, by multiplication in dual Hopf algebras

= Z <€, < fi e >>a)(< €, < fae; >>b) @1

z’j—l
= Z b)® < fi,e; >< fo,e; >
i,7=1
—Z b)® < f,eie; >
1,7=1

= (I @ f)(pla)p(b))
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which gives the desired result since f was arbitrary. Moreover we have

AT ={ac A| f-a=ecg-(f)a, forall fc H*}
={a€A| > <far>ay=<f1ly>a, foralfecH
—{acA|(I®f)pla)=I f)ax1), forall fe H*}
—{acA|pa)=a®1}

— AcoH

5.2. Crossed Products

Hopf crossed products that are considered in this section generalize usual crossed
products over groups and semidirect products. The motivation of studying these gen-
eral crossed products comes from their importance in the theory of extensions of Hopf
algebras. We will see later that they can be characterized as a special kind of Hopf
Galois extension. Their characterization also have several applications in duality and

Maschke-type theorems [11].

Moreover, in case of a cocommutative Hopf algebra H which measures a com-
mutative algebra A, crossed products have a cohomological interpretation. In [12],
Sweedler defined cohomology groups H®(H, A) where the convolution invertible map

o of Definition 5.17 corresponds to a two cocycle in this cohomology.

Definition 5.16. Let H be a Hopf algebra and A an algebra. We say that H measures
A (or A is an H-measured algebra) if there ezists a k-linear map ¢ : H® A — H such
that for every h € H,a € A we have h-1 =&(h)1 and h-(ab) = > (hy-a)(hs-b), where
h-a denotes p(h ® a).

Definition 5.17. Let H be a Hopf algebra and A an H-measured algebra. Assume that
o is a convolution invertible map in Homy(H @ H, A). The crossed product A#,H is
A® H as a vector space. The elements a @ h are denoted by a#h and multiplication
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15 given by

(agth)(b#g) =Y _ a(hy - b)o(ha, g1)#hsge (5.1)

for h,g € H,ya,b e A.

Theorem 5.18. A#,H is an associative algebra with 144 g = 131 iff the followings
hold.

(1) A is a twisted H-module, that is 1-a = a and

he(g-a)=> o(hi,g)(hage-a)o " (hs, gs)

forallh,ge Hiae A
(ii) o is a 2-cocycle, that is, o(h,1) = o(1,h) = e(h)1 and

Zhl‘a(glaml (ha, gama) = ZU hi, g1)o (haga, ma)

for all h,g,m € H.

We will generally deal with associative crossed products with identity.

Example 5.19. Suppose that A#,H is an associative crossed product with identity.
If o is trivial, that is o(h,k) = e(h)e(k)1 then by twisted module condition we have
h(k-a)=>0(hy, ki) (hoks-a)o~ (s, k3). However it is easy to see that o~ (hy, k)

is equal to o1 (1, h,k,) for any n > 2 since we have that

> o1 ik 1)o T (1 haky) = (k)1 = e()e(k)L =Y o(hn1, kn-1)0 " (hn, kn)

and o(1, hy_1kn_1) = 0(1, hy_1kn_1). So, in this case A is a left H-module algebra.

Moreover the multiplication reduces to

(a#h)(b#tg) = > alhy - b)Fhok
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for any a,b € A, h,g € H. This special case of crossed product is called smash product
algebra and denoted by A#H.

Lemma 5.20. Let A#,H be an associative crossed product with identity. The map
p:A#.H — (A#,H) @ H, defined by p(a#h) = > (a#hi) @ hy gives A#,H a right
H-comodule algebra structure. In this case, (A#4H)®" = A#,1. Also A#,H becomes

a left A-module via

¢: AR (A#,H) —— A#,H

a @ (b#h) ——— ab#th.

Proof. By coassociativity and counit property in H the diagrams below commute.

A#,H—L S (A#,H)@ H A#, H
] - | =
(Ao H) ® H — (A H) @ H® H (A#,H) @ H —— (A#,H) @ k

This shows that A#,H is a right H-comodule. Moreover p is an algebra map since

p(a#h)p(b#g) = Z a(hll : b)U(hm 911)#h13912 ® hago
a(hy - b)o(hs, g1)#h31921 @ h32go2

p((a#h)(b#g))

for any a,b € A and h,g € H. The second statement is clear since A#,H is known to

be a left A-module via the given map. O]

5.2.1. A characterization

We will characterize crossed products as a certain kind of extension. For this, we

first give the following definition.

Definition 5.21. Let A C B be k-algebras and H a Hopf algebra. A C B is called a
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right H-extension if B is a right H-comodule algebra with B" = A. Moreover, this
extension is called H-cleft if there exists a right H-comodule map v : H — B which is

convolution invertible.

Remark 5.22. If A C B is cleft via v : H — B, then v(1) is an invertible element
in B since (y* 7 1)(1) = v(1)y Y1) = 1 and similarly v~(1) is left inverse to v(1).
So we may always assume that (1) = 1 since otherwise we could use the convolution

invertible map ¥ = (1) 1.

Lemma 5.23. Let A C B be an H-cleft extension. Suppose that p(b) =Y by®by gives

B the H-comodule algebra structure and, v : H — B makes the extension cleft. Then,

(i) = = (v @ 8)TA
(ii) for any b € B, > byy (b)) € A.

Proof. (i) We first note that py and py~! are inverse to each other in Hom(H, B® H)

since for h € H,

(v py)(h) = p(v " (h))p(y(ha))
= Z p(y 7 (h)v(he))
— (1@ 1).

Also since « is an H-comodule map, the diagram

| s

HoH—B®H
I

commutes. Now we will show that § = (y~! ® S)7TA is inverse to py. Then § = py~!
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follows by the uniqueness of inverses. To this end, let h € H then,

(pr+0)(h) =Y _[(v© DAR)][(v @ S)TA(h)]

(ii) For b € B, we are to show that Y byy !(b;) € B®f = A. Since p is an
algebra map we have p(3 0oy~ 1(b1)) = > p(bo)p(y~(b1)). By part (i), this becomes

> p(bo)p(r ™ (B1)) = D (boo @ bor) (3 (br2 © S(bn))
= boy " (bs) @ b1S(b)

and it is easy to see that > byy ™1 (b3) ® b1.S(be) = > by (b1) ® 1. O

Proposition 5.24. Let A C B be an H-cleft extension. Then there exists a crossed
product action - of H on A and a convolution invertible map o : H® H — A such that

B = A#,H as left A-modules and right H-comodule algebras.

Proof. Suppose that p is the structure map of B and A C B is cleft via 7. We claim

that H measures A via

hea=3"(h)ay (he) (5.2)
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for h € H,a € A. This action is well defined because

(py(h1))p(a)(py~" (h2))

(v ® DA (h1)p(a)(py " (hs)), since 7 is H-comodule map
(

(

p(> _v(h)ay ™ (hy))

)n(
v @ DA(h)p(a)(y™' @ S)TA(hy), by Lemma 5.23, (1)
(

Y(h1) @ ha)(a ® 1)(v (hy) ® S(h3)), since a € BeoH

MM%MM

v(h1)ay~ (ha) ® haS(hs)

and the last line is > v(h;)ay~(hy) ® 1 which gives that h-a € B®? = A. Next we
observe that h -1 =3 7(h1)17 *(hy) = e(h)1. Moreover we have

Z<h1 a)(hy - b Z’y (h1)ay ™ (ha)v(ha)by ™" (ha)

and the right hand side can be simplified to > ~v(h;)aby~!(hy). Hence our claim is

proved.

We will now show that the map o : H ® H — A given by

k) =Y A(h)y(ka)y " (hoks) (5-3)

is the desired convolution invertible map. To verify that o is well defined we look at

the value p(o(h, k)) and compute it as follows.

o(h,k)) = P(Z Y(ha)y (k1) (haks))
= p(v(h))p(v (k1)) p(y~ (hak2))
=> (Y@ DA() (7 @ DAK) (v @ S)TA(haks)

by Lemma 5.23, part (i) and using that v is an H-comodule map. The last line can be
rewritten as > (hq1)y(k11)y " (haokas) @ hiaki12S(hoiksr) and even in a more compact
form like > v (hy)y(k1)y ™ (haks) @ hokeS(k3)S(hs). We can replace koS(k3) by (k)
in this sum and reduce it to > y(h1)y(k1)y " (haks) @ hoe(ks)S(h3). It now becomes
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apparent that this sum is > (hy)v(k1)y (heks) ® 1 after similar successive steps.
Hence o(h, k) € B®" = A and o is well defined.

We claim that o is convolution invertible with inverse
o7 (hok) =Y A(hak)y ™ (k2)y ! (o). (5.4)
Note that o x o= (h, k) = . o(hy, k1)o " (hg, k). Using (5.4) and (5.3) yields
oo (h k) =Y y(ha)y(ka)y " (haka)y(hsks)y ™" (ka)y ™" (ha)
and one can show that this is e(h)e(k)1. Similarly o~ % o(h, k) = 1pomnem,a)-
In this case A#,H is associative algebra with unit. We check only the twisted
module condition since cocycle condition can be checked similarly. By Remark 5.22,

we assume that v(1) =1 = v71(1) so we have 1-a = >_y(1)ay (1) = a. Moreover
for h,g € H and a € A using (5.3) and (5.4) we see that

he(g-a)=>> ~(h)v(gr)ay " (g2)7 " (ha).

On the other hand,

which proves that A is twisted H-module.
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Finally we will show that the map ¢ : A#,H — B, a#h — a7y(h) is an isomor-
phism of left A-modules and right H-comodule algebras. It is straightforward to see
that ¢ is a morphism of such structures. Therefore we only show that ¢ : B — A#,H
defined by b +— >~ boy ! (b1)#bs is inverse to ¢. Observe that Lemma 5.23, (ii) guaran-
tees that ¢ is well defined. For b € B, we have ¢ (b) = > boy 1 (b1)v(ba) = > boe(by) =
b. Also if a#th € A#,H, then vo(a#h) = > agy(h)oy  (ary(h)1)#asy(h)2. But since
a € B wehave Y aqpy®@a; ®a; =Y. a®1®1.

Hence o (a#th) = > ay(h)oy (y(h)1)#v(h)s. As v is an H-comodule map we

get
> ay(h)oy (v (h))#y(h)2 = ay(hn)y ™ (ha)#hs
= agte(hy)hy
= a#h
which proves that ¢ is a bijection. ]

Proposition 5.25. An associative crossed product A#,H with identity is a cleft H-

comodule algebra.

Proof. We have seen in Lemma 5.20 that A#,H is a right H-comodule algebra with
(A#,H)H = A#,1 = A. We claim that A — A#,H is cleft via v : H — A#,H
given by (h) = 1#h. To prove this we will show that u: H — A#,H defined by

plh) =Y 07 (S(ha), ha)#S ()

is inverse to v with respect to convolution. For h € H,

(e xy)(h) = [0 (S(ha), hs)#S ()] [1#ha]
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and multiplication in crossed products gives

(7)) = 07 (S(ha), ha) (S(ha)y - Dor(S(hu)a, ha)#S (hn)she.
By Corollary 3.7 we obtain

(% 7)( ZU h3)(S(hiz) - 1)o(S(hiz), har)#S (hi1)haz
—Zo hs)(S(hs) - 1)o(S(ha), he)#S (h1)h

Since H measures A and, S is an antimorphism of coalgebras the last line of above
equality becomes > 07(S(hy), hs)e(h3)o(S(hs), he)#S(h1)hr. Using linearity of o and
S respectively, this sum is the same as Y. o '(S(hy), hs)o(S(hee(h3)), he)#S(hi)hz
which can be easily simplified to 1#¢e(h)1. Hence p is a left inverse for .

Next we show that p is also a right inverse. For h € H
(y* ) (h) = 1(hy - 07 (S(hs), b)) (ha, S(ha)1)#ths S (ha)a
and using similar arguments as above this reduces to
D (- 07 (S (), b)) (ha, S (hs)) #1. (5.5)

In order to further reduce it and obtain £(h)1#1, we need a connection between the

crossed product action and o~t. Observe that using cocycle condition one gets that

heo(k,m) =Y o(hi,ki)o(haks,mi)o" (hs, ksmy). (5.6)
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Moreover since H measures A, we have

Z(hl 'U_l(kl,ml))(hg k’g,mQ Zh k:l,ml) (k’g,mg))

=> h-(e(k)e(m)1)
=¢e(k)e(m)(h - 1)
= e(k)e(m)e(h)1.

Hence we find that
heo  (k,m) =Y o(hy, kimi)o (haky, ma)o" (hs, ks).
Using this, the sum in (5.5) is
> " 1(hy - 07 (S(ha), hs)o(ha, S(hs))#1.
If we apply the equality (5.6) this becomes
> oy, S(ha)ihsy)o ™ (h2S(ha)2, hs)o ™" (has, S(ha)s)o (s, S(hs))

which can be reduced to £(h)1 . O

By previous two propositions we obtained the following characterization of crosssed

products.

Theorem 5.26. An H-extension A C B is H-cleft iff B = A#,H

5.3. Hopf Galois Extensions

For the surveys regarding Hopf Galois extensions, the reader is referred to [13]

and [14].

Definition 5.27. Let H be a Hopf algebra and A be a right H-comodule algebra with

structure map p : A — A® H,a — Y ap ® a;. We define the canonical map (3 :
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AR@peon A— AR H by Bla®b) = aby @ by. Then the extension A" C A is said
to be Galois (or A is right H-Galois) if 3 is bijective.

Note that in this definition, bijectivity of 3 is not equivalent to bijectivity of
B AQueon A - AQH,a®b — > apb ® a;. However when the antipode of H is

bijective we have the following proposition.

Proposition 5.28. If the antipode S is bijective then

(i) B is bijective iff 3 is bijective
(i) B is injective iff B is injective

(iii) B is surjective iff B is surjective.

Proof. We define a map ¢ : A H - A® H, by ¢(a ® h) = p(a)(1 ® S(h)) for
a€ Ahe H. Then

¢B(a®b) =Y aoboo @ a1bo1 S(by)
= " aghy ® arby S(by)
= Z apboe (b)) ® a;
= Z aob ® aq

=3 (a®b)

for any a,b € A. Now it suffices to show that ¢ is invertible. We claim that ¢¥(a®h) :=
(1® S~ (h))p(a) is inverse to ¢. Indeed we have

¢(a®@h) = aop®anS(S™ (h)a)
= ag®a15(az)SS ™ (h)

:Zaog(al)@)h
=a®h

and similarly ¢¢ = I which proves that ¢ is bijective. O]
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Classical Galois extensions of fields can be considered as right H-Galois extensions

for suitable Hopf algebras. The next Proposition explains this in detail.

Proposition 5.29. Let k C E be a field extension with intermediate field F'. Suppose

that G is a finite group which acts as k-automorphisms on E. Then F' C E is classically
Galois with Gal(E/F) = G iff E is a right (kG)*-Galois with E°*%)" = F.

Proof. First suppose that F' C F is classically Galois with Galois group G. Then
[E : F] = |G|. Since G acts on E we know by Proposition 5.11 that (kG)* coacts on E
via p(a) = >0, (z; - a) ® p; where G = {1, ...,z,} and p;(z;) = 0, jx;. In this case we

also have

ECRC) —fec E|ple)=e®1} ={ec F| Z(%-e)@pi:e@ZPi}
i=1 1=1

={ec€ FE|xz;-e=eVi}
- E¢

and we know that £ = F since the extension is Galois. Hence E*®)" = F and the
Galois map f: E®p E — E®; (kG)* is given by B(a®b) = . a(x; - b) ® p;. Suppose
that {v1, ..., v, } is a basis of E'over F. If 3 a;®v; € Kerf, then y_,, a;(xx-v;)@pg = 0.
But since {py}) form a basis 3 _; a;(zy, - v;) = 0 for every k. Then by independence of
automorphisms a; = 0 for all j. So > a; ® v; = 0 and f is injective. But the Galois
map 3 is F-linear and dimp(E®r E) = dimp(E® (kG)*) = n? yield that 3 is bijective.

Conversely suppose that F' C E is a right (kG)*-comodule algebra with structure
map p(a) = Y ,cqan @ pp and F = EFD" where {p;}neq is the dual basis. If 3 is
bijective, then dimp(E @r E) = [E : F]* and dimp(E ® (kG)*) = [E : F]|G|. Hence
it follows that [E : F| = |G| and F' C E is classically Galois. Also G acts on E as in

Proposition 5.11. That is g-a =), < pn,g > an = a,. Then we get

E={a€cE|g-a=aVgeGt={a€E|a,=aVgcGqG}
={a€E|pla)=a®y pi}.

heG
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But since >, opn = 1 we get E¢ = E°k*&)"  Hence B¢ = F, which gives that
Gal(E/F) =G. O
Example 5.30. Let H be a Hopf algebra and consider right H-comodule algebra struc-
ture on H as in Example 5.10. Then the Galois map (3 is given by B(h®g) = > hg1®gs.
We show that 1(h @ g) := > hS(g1) @ go is inverse to 3 so that H®°H C H is Galois.

Indeed we have

YB(h®g) = Zhgls(gzl) ® g2 = Zh915(92) ® g3
=Y h®elg)e
=h®g

and similarly Bip(h ® g) = h® g.

Example 5.31. We will see later that (A#,H)®" = A — A#,H is Galois. In fact
the inverse of the Galois map 3 is given by B~ ((a#th) @ k) = > (a#h)y ™ (k1) @ y(k2)
where v is the map defined in Proposition 5.25.

The following theorem investigates Galois extensions in graded algebras.

Theorem 5.32. Let A be a G-graded algebra. Then Ay C A is kG-Galois iff A is
strongly graded.

Proof. Recall first from Proposition 5.14 that a G-graded algebra A is a kG-comodule
algebra via p(a) = 3 ;ay ® g and A“*C = A;. Then the Galois map §: A®4, A —
A ®y, kG is given by f(a ®b) = > ab, ® g. Suppose that A is strongly graded. For
each g € G, we may write 1 = ) b;c; where b; € A;-1,¢; € A, since we know that
le Ay =A"A; We define a: AQkG — A®4, A,a®g — Y ab; @ ¢; where b;’s and

¢;’s are determined by ¢g as above. Then we have

Bala® g) = ﬁ(z ab; ® ¢;) = Z ab;(ci)p @ h

i hyi

= Z abic; ® g, since ¢; € A,
i

=a® g, since Zbici =1.
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Also

afla®g) = O‘(Z aby, ® g) = Zabgcf ® d?

g g,?

where Y ¢/d! = 1 such that ¢/ € A;—1 and df € A, for every i. But since b, € A, and
¢} € A1 we get that byc] € A;. Then the above sum is ) ; a®b,c/d] since the tensor

is over A;. Hence it follows that

Za@bgcfdfzz:a@bg:a@b

g, g

which shows that the Galois map ( is bijective.

Conversely if A; C A is kG-Galois then, surjectivity of 3 gives for every g € G,

Zai(bi)h@)h: l®g

ih
for some a;,b; € A. Since the set G forms a basis for kG it follows that ) a;(b;), =1
and > . a;(b;)), = 0 for all h # g. But as A is the direct sum of its homogenous
components we may assume that a;(b;), € A; for every i. For a fixed 7, this means
that a;(bi)y = (ai(bi)gh = D _pj= @ir(bi)g; = (ai)g-1(bi)y. Hence we may also assume

that a; € A;—1+ whence the result follows. O

Example 5.33. Let G be a finite group acting on the set X. Let A = kX denote the
algebra of functions from X to k. We consider the Hopf algebra H = k¢ = (kG)*. The
action of G on X gives a left G-action on A as follows.

g-a(z) = a(z-g) (5.7)
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Then, by Lemma 5.11, A becomes a right H-comodule algebra via

p:A—AQH

a—— eq - g® 0,

Observe that the map o : X x G — X x X given by (x,g) — (x,x - g) is injective

L implies that

iff x- g = x - h implies that ¢ = h. But this occurs iff v = x - hg™
1 = hg~'. Hence « is injective iff the action is free. Now, let X xy X = Im(a) where
Y = X/G. Suppose that B is the algebra of functions from X to k which are constant
on G-orbits. Then, B = A% by equation (5.7). But we already know by Theorem 5.11
that A¢ = A" Hence we have that B = A®H,

The map o dualizes to

(X x X)) = (X xG)

and, using the isomorphism kT =2 k% @ kT for arbitrary sets S and T one obtains a
map k: ARp A — AR H.
For any a,b € A, v € X and g € G we have that

k(a®0b)(z,9) = fa(x,g) where f(z,t) = a(z) ® b(t)
f(x,x-g)

a(x) @ b(z - g)

(
a(z)b(z - g) @1
(

a(z)(g-b)(x) ®1
=a(g-b)(x) ®d,(g) by pointwise multiplication in A

= () _alg-b) ®6,)(x,9)

= (a®1)p(b)

which shows that k is the Galois map. Clearly, o : X x G — X Xy X is bijective iff a

15 injective. But, by our initial observation the latter holds iff the action is free.
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5.4. Galois Extensions with Normal Basis Property

Let FF C F be a finite Galois extension of fields with Galois group G. Then
the extension has a normal basis. In other words, there exists a € E such that the
set {z-a | x € G} forms a basis for £ over F. We will consider this property for
H-extensions. See [2] for applications of this property to p-groups of automorphisms,

derivations, and higher derivations of an algebra over a ring of characteristic p.

Definition 5.34. A right H-extension A C B has the right normal basis property if
B = A® H as left A-modules and right H-comodules.

The following Lemma shows that the above definition corresponds to usual defi-

nition.

Lemma 5.35. Let H be a finite dimensional Hopf algebra and let A C B be an H
extension. Then B has a normal basis over A in the usual sense iff B= A® H as in

above definition.

Proof. Suppose that dimH = n < oo. Since B is a right H-comodule algebra with
B = A, it follows by Proposition 5.15 that B is a left H* algebra with B¥" = A.
So we think as H* acts on B with (Gal%) = A. First assume that {f; - b,..., f, - b} is
a basis for B for some b € B where {f;}; is a basis of H*. We know by Theorem 4.26

that there is a nonzero ¢ € [ 151* such that
o H———H
hi——(h = ¢)
is a left linear isomorphism. We define the map
p: A9 H—— B

a®h——=a((h = ¢)-b)
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Now since {f1 - b, ..., f - b} is a basis, ¢ is a left H*-module map. Hence ¢ is a right
H-comodule map. It is clear that ¢ is a left A-module isomorphism. Thus A® H = B
as left A-modules.

Conversely suppose that A ® H = B and let {f1,..., f,} be a basis for H*. Then the
set {1®a Y(f1),...,a " (fn)} is an A basis for A® H. Now if v : A® H — B is an
isomorphism of left A-modules, then {f; - v(1 ® a™(¢)), ..., fn - V(1 @ a7 (p))} is an
A-basis for B. n

We will now characterize the Galois extensions with normal basis property as

cleft extensions (or as crossed products).

Theorem 5.36. Let A C B be an H-extension. Then the followings are equivalent.

(i) A C B is H-Galois and has the normal basis property.
(i) A C B is H-cleft.
(11i)) B = A#,H as left A-modules and right H-comodules.

Proof. We have seen the equivalence of (ii) and (i#i) in Theorem 5.26. So it remains

to show the equivalence of (i) to one of the other statements.

(7i1) = (i): First suppose that (ii7) holds so that by Lemma 5.35, the normal
basis property is satisfied. To prove that the extension is Galois we need an inverse «

for the Galois map

3:B®sB——B@y H

a®b——(a®1)p(b).

Let the extension A C B be cleft via the convolution invertible map v : H — B. We
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define

a:B®kH

B®aB

b @ h—— 3 by () ® y(hs)

and claim that it is inverse to 3. Indeed we have

a(d@h) =B by (h) ® (ha))
= Z(b’Y_ (h1) ® 1)(py(h2))
= Z byt (hy) ® 1)(7(ha1) ® hgy) since 7 is a right H-comodule map
= 267 ) ® hs
= Zb5(h1) ® ho
= b&e(hi)h

=b®h

and conversely

afla®b) = a(z aby ® by)
= abyy ! (bir) @ y(bio)
=Y aboy ! (br) @ (b2)

- Z a ®4 byy *(b1)y(b2) by Lemma 5.23 and using B“7 = A

= ZCL ® b(]Ef(bl)

=a®b.

Hence we conclude that A C B is H-Galois.

(1) = (ii): Now assume that the extension A C B is Galois so that the Galois

map [ is bijective. Also assume that ¢ : A® H — B is a left A-module and right
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H-comodule isomorphism. We define a map
vy:H——B

h—— (1 ®h)

and claim that it is a convolution invertible H-comodule map. First note that since ¢

is a right H-comodule map, for all a € A, h € H we have
[¢(a® h)]o ® [p(a @ h)]1 = ¢(a @ h1) @ he.
In particular, for all h € H,
[p(1@R)]o @ [¢(1@ )]y = ¢(1© hn) © hy
which is equivalent to the commutatvity of
H———B
Al lp
H®o H—— B® H.
Y1

Hence 7 is a right H-comodule map. Now let ¢ € Homu(B, A) be defined by g :=
m(I ® )¢~ where m denotes the isomorphism A ® k — A. We claim then that

p(h) :==m(I ®g)3 ' (1® h)

is inverse to v with respect to convolution. Before proceeding further we make three

observations in order. Firstly, for any h € H

g(y(h)) =m(I @ )¢~ y(h) =m(I @ €)(1® h) = e(h)1 (5:8)
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Secondly, for any b,c € B we have that

I@A)BbRc)=T®A)) bo®a
:Zb60®011®612
:Zbco®001®61

=B ®p)(bac).

In other words
I®A)B= (B /). (5.9)
Since [ is invertible the equation (5.9) becomes
BrenIeld)=(Top)s" (5.10)
Now for any h € H, putting 571 ® h) := Y, a; ® b; gives that
(I®p)st1eh) = Zaz‘ ® bio @ biy
and

BreoDIeA)1oh) => 1 h)® h.

Applying equation (5.10) to above equalities one gets

Zaz@bbm@bu—Zﬁ (1®h1) @ ha. (5.11)
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And lastly we note that for any b € B, b =) g(by)y(b1). This can be seen as follows:

Zgbo Zm]@e “bo)y(by)

ZZK’”L (I®¢2)p (bo) (1 by)

= Z d(m(I @) (by) ® by) since ¢ is left A-module map
=Y d(m(I @e) @[~ @ I]p(b))
= Z p(m(I@¢e)® I)(I @A) (b) since ¢~ is right H-comodule map

= ¢(I¢~*(b)) by counit property

(5.12)

We now turn back to proving that p is inverse to v with respect to convolution. We

compute that

(v p)(h) = y(h)m(I @ g)B~ (1 & hy)

m(I ® g)B~ " (v(h1) @ ha)

(I ® g)(B (py(h)) since 7 is H-comodule map

(I®g)(p 15 1 ®~(h))) by definition of /3
(I ®g)(1®~(h))

® e(h)) by equation (5.8)

—Z
=2 m
=2 m
=) m

(1

=¢(h)1.



Finally we verify that u is a left inverse to ~.

(px7)(h) = [m(I ® )5~ (1@ hi)]y(ho)
= [m(I®g)()_ a; @ bi)ly(bir) by equation (5.11)
=2 _[m Zaz ® 9(bio) Iy (ba)
= 2D aglbo)ly(ba)
- zaizg (b
=Y a;b; by equation (5.12)

=¢(h)1 since (1 ®h) = Zai ®b; and (I®e)F=m

which completes the proof.

75
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