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NUMERICAL SOLUTIONS OF MULTI-DIMENSIONAL PARTIAL

DIFFERENTIAL EQUATIONS USING AN ADAPTIVE WAVELET METHOD

Abstract

by

Damrongsak Wirasaet

In this work, we describe an adaptive wavelet method for the solution of time-

independent and time-dependent partial differential equations in d-dimensions.

The method is based on d-dimensional interpolating wavelets constructed from

tensor products of 1-D interpolating wavelets. The connection between inter-

polating wavelets and dyadic grid points, and the fact that wavelet amplitudes

indicate the local regularity of solutions are used in the construction of a com-

putational grid of irregular points. Operations, such as the wavelet transform,

its inverse, and interpolation are performed efficiently. In the spatial discretiza-

tion, the derivative approximation on the irregular grid is obtained by means of

consistent finite differences. An extension of the adaptive method to problems

defined on more complicated domains is achieved by a domain transformation

technique. For time-independent problems, the method is tested on 2- and 3-D

Poisson and Helmholtz problems with exact manufactured solutions in order to

numerically study the connection between the order of the wavelet, the order of

finite difference, the threshold values, and the accuracy of numerical solutions.

The combustion of a 2-D flame ball-vortex interaction is used as a test problem

for the time-independent algorithm. Application of adaptive method to incom-

pressible Navier-Stokes equations is accomplished through the use of the Chorin
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projection method for time discretization. We apply the algorithm to simulate the

flow in the 2-D lid-driven cavity at moderate Reynolds numbers and in the 2-D

differentially-heated cavity at high Rayleigh numbers, and in the 3-D differentially

heated cavity for various values of Rayleigh numbers. It is found that numerical

results, while requiring a relatively small number of degrees of freedom, are in

good agreement with the most accurate results available in the literature.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

In dealing with physical problems formulated as partial differential equations,

one often encounters problems whose solution contains localized features, or sharp

variations, in which their locations may vary with time. Since a high resolution

discretization is necessary to resolve sharp variations, accurate numerical sim-

ulations of such problems require a large number of uniform grids, and hence

enormous computational resources, in term of computing time and memory stor-

age, are required. To reduce the number degrees of freedom, and at the same

time obtain a solution of similar accuracy, a sophisticated adaptive discretization

method, which reflects the local demands of the physical solution, becomes nec-

essary. Different types of adaptive discretization methods have been discussed

in recent years. Adaptive mesh refinements (e.g., [8]), adaptive finite element

methods (e.g., [102]), and adaptive boundary element methods (e.g., [87]) have

been developed. These methods typically use mesh refinement criteria which are

based on a local error indicator obtained from a previous calculated solution. In

this work, we consider an adaptive discretization method based on wavelets as an

attractive alternative.

Wavelets are multiscale basis functions with localization in both physical and

Fourier spaces [54]. In addition, polynomials up to a certain order are in the span
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of wavelets. Owing to these properties, wavelet amplitudes indicate the local regu-

larity of a function. More precisely, wavelet amplitudes are large in regions where

a function changes sharply, and small where it is smooth. Neglecting wavelet

functions of small amplitude results in little loss of accuracy. As a consequence,

a function with near singularities at a relatively small number of locations can

be approximated within a specified error criteria with a relative small number of

wavelet functions. This suggests that wavelets may be a promising candidate for

an adaptive method where a strategy of resolution adaptation can be designed

simply by examining the wavelets amplitudes. Another important property of

wavelets is that the Sobolev norms of a function and a sequence norm of its

wavelet coefficients are equivalent [45, 54]. This norm equivalence has an impor-

tant implication on the efficient preconditioning of a large linear system resulting

from discretization. It guarantees that a simple preconditioning based on a diag-

onal scaling is optimal [45]. That is, the condition number of the preconditioned

linear system is bounded regardless of the size of the system. It is the combina-

tion of the compression property and the efficient preconditioning that explains,

to some degree, the interest that wavelet methods have generated in recent years.

This work is indeed motivated by such properties.

The application of wavelets to the solution of Partial Differential Equations

(PDEs) has developed in several directions. Despite the growing number of solu-

tion algorithms in the literature, the field is relative young, and many technical

issues must be overcome. In the following, brief introductions to wavelets and

notations are given first. Then, an overview of applications of wavelets to the

solution of PDEs as well as some remarks on relevant technical issues are given.
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1.2 Introduction to wavelets

The objectives of this section are to provide a brief introduction to wavelets

on the real line and to establish the notation used in the subsequent sections.

Consider a sequence of spaces {Vl}l∈Z ∈ L2(R) which is a span of {φl,k, k ∈ Z}

(where R denotes the set of real numbers and Z represents the set of integers).

The functions φl,k, called scaling functions on scale of resolution l and location k,

are the dilation and translation of a single function φ, more precisely,

φj,k(x) = φ(2jx− k). (1.1)

The function φ is the solution of a scaling relation

φ(x) =
∑

k

hkφ(2x− k) (1.2)

where {hk} are known filter coefficients that determine the scaling function of the

particular wavelet systems [54, 58, 104]. In addition, the function φ(x) should

have the following properties:

1. The function φ has compact support or decays sufficiently fast such that it

can be truncated. As a consequence, |supp(φl,k)| ∼ O(2−l). Note that a

function f is said to have compact support if it is zero outside a bounded

set.

2. There is a p ∈ N (where N is the set of natural numbers), which depends

on the particular φ, such that polynomials less than degree p can be written

as linear combinations of {φ0,k, k ∈ Z} (and hence of {φl,k, k ∈ Z}).
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A simple example of φ(x) is a box function φ = X[0,1). In this case, one

has {h0, h1} = {1, 1}, supp(φ) = [0, 1], and p = 1 (any constant is in the span of

{φj,k, k ∈ Z}). Another simple example of φ is the hat function φ = max(0, 1−|x|).

In general, a closed form of φ is unavailable. However, it is not necessary since

only the coefficients {hk} are needed in a practical implementation.

The scaling relation (1.2) implies that the spaces Vl are nested, i.e. Vl ⊂ Vl+1.

Now define the space Wl to be the complement of Vl in Vl+1, i.e.

Vl+1 = Vl ⊕Wl. (1.3)

The basis functions {ψl,k, k ∈ Z} of Wl are called wavelets. They are the dilation

and translation,

ψl,k(x) = ψ(2lx− k), (1.4)

of the single function ψ(x) defined by

ψ(x) =
∑

k

gkφ(2x− k), (1.5)

where the coefficients {gk}, which in fact are related to {hk}, determine the par-

ticular wavelet system (see details on the construction of coefficients {gk} in,

e.g. [36, 54, 84, 104]). In addition, the function ψ has compact support or decay

sufficiently fast so that |supp(ψl,k)| ∼ O(2−l). The decomposition of Vl until Vl0

is reached, where Vl0 denotes the space associated with the coarsest scale, yields

the multiresolution analysis (MRA) of Vl,

Vl = Vl0 ⊕
(

l−1⊕

j=l0

Wj

)
. (1.6)
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Equation (1.6) implies that a function f l ∈ Vl can be written either in the single

scale representation

f l(x) =
∑

k

cl,kφl,k(x), (1.7)

or, equivalently, in the multiscale scale representation

f l(x) =
∑

k

cl0,kφl0,k(x) +
l−1∑

j=l0

∑

k

dj,kψj,k(x), (1.8)

where {cl,k} and {dl,k} are denoted as scaling function and wavelet coefficients,

respectively. Note that since the collection of {φl0,k} and {ψj,k}l−1
j=l0

forms a basis

of Vl, the coefficients {cl0,k} and {dj,k}l−1
j=l0

are determined uniquely.

Let f l ∈ Vl be an approximation of a function f , and consider the difference

of the approximation of f in two successive spaces Vl and Vl+1:

wl = f l+1 − f l =
∑

k

dl,kψl,k. (1.9)

Properties 1 and 2 imply that the wavelet coefficient dl,k is large when the function

ψl,k lies in the vicinity of a singularity or, near singularity, of f . Therefore, the

number of wavelets required to represent the function f having near singular

behavior, within a prescribed accuracy, can be substantially reduced if one uses

the multiscale representation instead of the single scale representation.

Another important property of {φl,k, k ∈ Z} and {ψl,k, k ∈ Z} is that the

former and the latter constitute a Riesz basis (a stable basis) of Vl and Wl, re-

spectively. In addition, the collection of {φl0,k, k ∈ Z} and {ψl,kk ∈ Z}l≥l0 forms a

Riesz basis of L2(R). The {θk, k ∈ Z} are said to be a Riesz basis of V ⊂ L2(R)

if and only if they span V and for all c := {ck, k ∈ Z} ∈ l2(Z), there exist

0 < C1 ≤ C2 such that
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C1‖c‖l2(z) ≤ ‖
∑

k

ckθk‖L2(R) ≤ C2‖c‖l2(z). (1.10)

The above bound implies that, first, the series
∑

k ckθk converges unconditionally

in L2 for a finite
∑

k |ck|2. Second, any f ∈ V can be decomposed in a unique way

according to f =
∑

k cl,kφl,k with c ∈ l2(Z) and the norm equivalence (1.10) also

holds in this case. Wavelets also provide unconditional bases and characterizations

for many other functional space. For a Sobolev spaceHs, with s in a certain range,

the following norm equivalence holds [45, 54]

C1

∑

l,k∈Z

22sl|dl,k|2 ≤ ‖
∑

l,k∈Z

dl,kψl,k‖Hs ≤ C2

∑

l,k∈Z

22sl|dl,k|2 (1.11)

where 0 < C1 ≤ C2. This relationship between the Sobolev norm and the sequence

norm of wavelet coefficients plays an important role in the construction of an effi-

cient preconditioning technique for the linear system resulting from discretization

[45, 78], or for error control in an adaptive scheme [46].

Since in general neither the scaling or wavelet bases are orthogonal (in which

case one has C1 = C2 in (1.10) and they equal to unity if orthonormal), dual

scaling and wavelet functions, {φ̃l,k, k ∈ Z} and {ψ̃l,k, k ∈ Z}, can be considered.

They satisfy the following bi-orthogonal relations:

〈φl,m, φ̃l,n〉 = δm,n, 〈ψl,m, ψ̃p,n〉 = δl,pδm,n 〈φl,m, ψ̃p,n〉 = 0, p ≥ l,

where 〈·, ·〉 is the usual L2 inner product, or a dual pair in the case where the

dual functions are linear combinations of Dirac delta functions. Dual functions

are necessary for understanding (1.11) [45] and for the establishment of a fast

wavelet transform. In addition, dual functions can be used as weight functions in
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a Petrov-Galerkin discretization formulation.

This brief overview of wavelet theory is intended to serve as a background for

the subsequent sections. An in depth treatment of wavelet theory can be found

in [54, 84, 104].

1.3 Overview of current literature

Wavelet-based methods for the numerical solution of PDEs have evolved in

several directions. They include, but are not limited to, wavelet-Galerkin, wavelet-

collocation, and multilevel preconditioning methods. In the following subsections,

a brief overview of the literature is provided. This overview of the literature is

undoubtedly incomplete. The unsettled and scattered nature of the field makes it

difficult to capture all work in this area. Note that, for up-to-date reasons and to

reflect how the field evolves, this overview also includes works that appears after

the author began this work. In the reader wishes, he/she may skip this part and

proceed directly to read the rest of the thesis.

1.3.1 Wavelet-Galerkin method

The wavelet-Galerkin method is probably the earliest approach considered. It

has received a great deal of attention over the past years. Undoubtedly, this is

attributed to the generality that the Galerkin formulation provides.

In early works, a number of researchers (e.g. [2, 65, 79, 93, 109]) make use of

compactly supported orthonormal Daubechies scaling functions [54]. In them, the

unknown solution is expanded in the single scale representation (1.7) at a selected

finest scale J and the approximate solution is solved using the Galerkin approach

(i.e. the test functions are chosen to be the trial functions). These methods are
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applicable to problems defined on parallelepiped domains with periodic boundary

conditions. As shown in [79], for periodic boundary conditions one obtains a

method that exhibits super convergence at grid points, the order of approximation

being 2p, where p is the highest degree of polynomial that is in the span of {φl,k, k ∈

Z} (see Property 2 in Section 1.2). A similar result is also found in the case

of spline-based scaling function bases [80]. While the aforementioned works are

important in their own right, the use of scaling functions prevent exploiting the

compression property of wavelets. The methods are therefore non-adaptive.

Using orthonormal cubic spline wavelets and a Galerkin formulation, Maday

et al. [103] solves an evolution problem using an adaptive algorithm that is based

on the thresholding of wavelet coefficients. The results obtained by applying the

method to solve a 1-D periodic Burgers equation indicate a substantial reduction

in the required number of degrees of freedom and exponential-like convergence

rate in L2. Nevertheless, the authors note the difficulties in treating the nonlinear

term.

Shult and Wyld [118] describe a Galerkin method based on the orthonormal

Daubechies wavelets. They provide details of the computations of wavelet integrals

needed in the Galerkin procedure. These integrals are of the form

Ap,q
l,m =

∫
dnψl,p

dxn
ψm,qdx, Bp,q

m =

∫
dnφl0,p

dxn
ψm,qdx, Cp,q

m =

∫
dnψm,q

dxn
φl0,pdx.

(1.12)

The procedure consists of applying (1.5), 1.4 and (1.1) recursively until reach-

ing the finest level J and subsequently making use of known integrals of scaling

functions [18, 45, 93]. They also apply the method in the solution of the 1-D

periodic Burgers equation. Although the required number of degrees of freedom

is greatly reduced, they report that the gain in compression has little benefit in
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terms of computing time. The reason for this is the time-consuming algorithm for

computing the stiffness matrix (which requires Ap,q
l,m, B

p,q
m and Cp,q

m as ingredients),

which is of O(N3) where N is the number degrees of freedom retained, and the

integrals arising from the nonlinear term.

An early attempt to explore the use of wavelet-Galerkin methods for ellip-

tic PDEs was made by Jaffard [78]. He shows that, for a second order elliptic

boundary value problem, as a direct consequence of the norm equivalence (1.11),

there exists a diagonal preconditioning which makes the condition number of the

wavelet-Galerkin matrix bounded uniformly. Also, the estimate of the decay of

entries of the stiffness matrix (see also [50]) shows that, for a given accuracy, a

large number of entries can be neglected. Such estimate can be used to increase

the sparseness of the wavelet-Galerkin matrix.

It is worth noting that due to the different sizes of support wavelets have on

different scales, the stiffness matrix of the wavelet-Galerkin discretization is not

a sparse matrix in the strict sense. In the case of a linear differential operator, it

can be shown that, for uniform refinements, the number of entries in the wavelet-

Galerkin matrix is of the order O(J2dJ), where d is the dimension of the problem

and J is the highest (or finest) scale in the approximation.

Liandrat and collaborators [98, 99, 101] introduce a Petrov-Galerkin method

and a dynamically adaptive algorithm for an evolution problem. Orthonormal

wavelets are used as trial functions; however, the choice of test functions is adapted

to the operator being considered such that the stiffness matrix becomes a diagonal

matrix. Such test functions are so-called vaguelettes [104, 125] or pseudo-wavelets.

Because the stiffness matrix is diagonal, the solution procedure is reduced to the

calculation of integrals of products between the right-hand-side of the equation
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and the test functions. The method is applied to the solution of the 1-D periodic

Burgers equation. A similar technique similar to that used in pseudo-spectral

schemes is used to treat the nonlinear term.

The adaptive wavelet-vaguelette method has been pursued by a number of

other researchers [20, 61, 62, 117]. The fast algorithm for computing integrals of

products between a function and a vaguelette, a key ingredient of this approach,

is outlined in [62] for the 1-D case and in [20] for the 2-D case. Such algorithm is

based on filters that are composed of inner products of vaguelettes and associated

interpolation bases. In the case of periodic boundary conditions, such filters can

be evaluated efficiently in the Fourier domain. An application of the method

to a combustion problems with periodic boundary conditions can be found in

[20, 61, 62]. In [117], the wavelet-vaguelette method with cubic orthonormal

spline wavelets is applied to solve the problem of a 2-D mixing layer in the stream

function-vorticity formulation with periodic boundary conditions. The results

demonstrate that the method can track the displacement and deformation of active

flow regions and they are quantitatively in good agreement with those obtained

by a pseudo-spectral method. The total complexity of their algorithm, which

is the number of operations required in each integration step, is of order O(N),

where N denotes the number of wavelets retained. Due to the non-optimized

implementation of the algorithm, the authors report that the computing time is

of the same order as required by the pseudo-spectral method.

An attempt to construct a wavelet Petrov-Galerkin method that adapts to the

differential operator has also been made by Sweldens [123]. In this work, the trial

and test functions are derived from biorthogonal wavelets. The construction is

done in a way that they are adapted to the square root of the operator at hand
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so that the stiffness matrix is diagonal. Application to one-dimensional boundary

value problems with constant and variable coefficients is demonstrated. However,

the ability to apply the method to complicated operators or to higher dimensional

problems is doubtful. The idea of adapting wavelets to a differential operator is

also suggested by Dahlke and Weinreich [42]. In their work, the trial and test

functions are constructed so that they are semi-orthogonal with respect to the

operator-induced norm. As a result, the stiffness matrix is decoupled at different

scales.

A different approach is taken by Charton and Perrier [29]. They take advan-

tage of the wavelet compression of the solution and the inverse operator. Unlike a

finite-difference or a finite-element method for which the stiffness matrix is sparse

but it inverse is full, a wavelet-Galerkin matrix of the heat operator and its in-

verse have the same structure of non-zero entries (see also [50]). In addition, for

a given accuracy, a large number of entries in the inverse wavelet-Galerkin ma-

trix can be discarded (see also [17]). By computing the inverse of the Galerkin

matrix and storing its thresholded version, the solution procedure amounts to

the multiplication of the compressed matrix with the compressed vector of the

wavelet coefficients of right-hand-size of the equation. To determine the wavelet

coefficients of the nonlinear term, they use a pseudo-spectral approach. It con-

sist of performing nonlinear operations in the physical domain and making use of

quadrature formula and a wavelet transform to go back and forth to the wavelet

coefficients space. Using Daubechies wavelets, the method is applied to solve a 2-

D vortex interaction problem written in the stream function-vorticity formulation

with periodic boundary conditions. They estimate that the total complexity of

the method in solving the problem is of order of O(22J) where J is the finest scale
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used in the approximation. As one might expect, they report a large overhead in

computational time.

It should be noted that most of wavelet-based methods mentioned are applied

to problems with periodic boundary conditions. Additionally, all such problems

in 2-D are defined on rectangular domains. Due to the fact that wavelets are

bases that naturally reside on the real line, in order to solve problems defined

on an interval, they must be modified. The simplest means of accomplish this

is by periodization [104]. As a consequence, this limits the boundary conditions

of a problem to one of periodic type. For some of the methods, such as those

of [61, 62, 117], periodic boundary conditions are essential in the construction of

an efficient algorithm. In addition, typically higher-dimensional wavelet bases are

constructed by tensor products of one-dimensional bases. Thus, the application

of wavelet-based methods to higher dimensions has been limited to those defined

on rectangular domains.

The problem of applying boundary conditions on a finite interval has been

investigated by several workers. Amaratunga et al. [2] use a capacitance approach

in a Galerkin method based on the Daubechies scaling functions to solve a one-

dimensional boundary value problem with Dirichlet boundary conditions. Albeit

with additional cost for the boundary treatment, the convergence rate of the

method does not deteriorate. Xu and Shann [141] construct bases which consist

of anti-derivatives of the Daubechies wavelets that belong to the space H1
0 ([a, b]),

thus automatically incorporating homogeneous Dirichlet conditions. They also

present bases for the space H1([a, b]), which is the space required for solving

problems with Neumann boundary conditions within the Galerkin formulation.

Bertoluzza [15] uses scaling functions of wavelets on an interval (constructed in

12



[37]) in a Galerkin scheme to a solve a one-dimensional boundary value problem.

This method is applicable to problems with both Neumann and Dirichlet boundary

conditions since such scaling functions belong to H2([0, 1]) and, by excluding the

specific scaling function at each boundary, they belong to H2
0 ([0, 1]).

The inclusion of boundary conditions in solving PDEs is considered in a num-

ber of works. Compactly supported wavelets on an interval that satisfy homoge-

neous Dirichlet or Neumann boundary conditions are considered in [32, 91, 106].

The biorthogonal wavelets on the interval [0, 1], so-called boundary adapted, is

introduced in [27, 97]. In such biorthogonal wavelets, at each scale l, only one

basis function (i.e. a wavelet, or scaling function if l = l0, and its dual basis) has

a non-zero value at each boundary. Only slight modification is needed in order to

make the boundary-adapted biorthogonal wavelets satisfy homogeneous Dirichlet

boundary conditions.

Extension of wavelet-based methods to problems defined on general domains

has been attempted by a number of authors. In [57, 66, 67], the wavelet-Galerkin

method is used in conjunction with the fictitious domain approach to solve a

2-D elliptic problem with Dirichlet/Neumann boundary conditions on a non-

rectangular domain. In the fictitious domain approach, the original domain is

embedded into an artificial rectangular domain. The equivalent problem defined

for the whole domain is then reformulated in a weak formulation, where the origi-

nal boundary conditions are taken into account by the introduction of an auxiliary

condition and a Lagrange multiplier. This permits one to use the wavelet-Galerkin

method designed for 2-D periodic boundary conditions to solve the reformulated

problem. In those works, only scaling functions are used in the single scale rep-

resentation. Details on the use of the fictitious domain approach in an adaptive
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wavelet setting can be found in [47, 51, 92].

Canuto et al. [27, 28] present a construction of a multiresolution analysis us-

ing biorthogonal wavelets on fairly general domains. The construction applies to

domains Ω which can be represented as a union of disjoint smooth parametric

images of the unit d-dimensional cube (0, 1)d. The approach may be described

as follows. First, construct bi-orthogonal wavelet bases on the unit interval (0, 1)

that are boundary adapted. Then, the tensor product of these 1-D bases are used

to form bases on the unit d-dimensional cube (0, 1)d, and subsequently on each

subdomain by means of parametric mapping. Finally, appropriately patch the lo-

cal bases at the subdomain boundaries to obtain the global bases on Ω. Patching

wavelets across subdomain boundaries subject to biorthogonal constraints reduces

to a study of certain systems of homogeneous linear equations. The global bases

verify the biorthogonal relations with respect to a modified inner product. Ap-

plication of such bases to a second-order elliptic boundary value problem on an

L-shaped domain is demonstrated in [26]. A software realization for the solution

of second order elliptic PDEs is described in Berrone and Emmel [9]. They use

the method to solve a Poisson equation defined on a square box with an elliptic

hole. A different strategy of constructing wavelets on fairly general domains can

be found in [35, 49].

Considerable progress on theoretical as well as practical aspects of wavelet-

Galerkin methods applied to the solution of elliptic PDEs has been made in a

series of works [5, 35, 39, 43, 44, 46, 47] (see also references therein). Such works

discuss localization, cancellation properties, norm equivalences, and nonlinear ap-

proximations. In addition to implying an optimal diagonal preconditioning, norm

equivalences lead to the design of a powerful adaptive algorithm [39] and data
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structure [5]. Such an adaptive scheme is proven to be asymptotically optimal

[39], i.e. converge at the same rate as a best N -term approximation for a wide

class of elliptic operators. Reviews of such works can be found in [45, 46]. Note

that the target error, in which the estimate relating the computational work and

the number of degree of freedom generated is conducted, is defined in an energy

norm (i.e. it targets a solution for the whole domain). Dahmen et. al. [53] con-

sider adaptive wavelet methods which are goal-oriented, i.e the target errors are

based on some quantity of interest, such as point values or line integrals.

It should be emphasized that a gain in compression of the solution or operator

does not necessarily translate to a reduction in computing time. The computa-

tional time is very much affected by specific implementations used to calculate

entries of the wavelet-Galerkin stiffness matrix. An efficient computation of the

stiffness matrix and right-hand-side entries has been developed recently [10, 16].

In addition, it should be noted that the treatment of nonlinear terms in wavelet-

Galerkin methods is not straightforward and their computation expensive. Al-

gorithms for treating nonlinear terms are in fact active areas of research for the

method developed in [39]. Such algorithms can be founded in [38, 52, 100] and

more recently in [6, 41].

1.3.2 Multilevel preconditioning

Wavelets can be taken advantage of in multilevel preconditioning [142] for the

solution of elliptic PDEs. So-called multilevel preconditioning (or change-of-basis

preconditioning) is used to accelerate the numerical linear algebra of the Galerkin

discretization. The idea consists of replacing a single scale basis by an equivalent

multiscale one that forms a stable basis of the Sobolev space, and subsequently

using a fast transformation between the single scale representation and the multi-
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scale one (and vice versa). Application of a stable multiscale basis preconditioner

to the stiffness matrix results in a matrix having a uniformly bounded condition

number. This ensures that the number of iterations required to solve an algebraic

system using a conjugate gradient solver (or variants) [7] is bounded regardless

of the number of degrees of freedom used. The iterative solution of the discrete

problem subsequently depends only on the efficiency of a matrix/vector multipli-

cation. The transformation between the two representations allows one to avoid

having to use an explicit form of the stiffness matrix in the multiscale represen-

tation, which is usually a nearly-sparse matrix. In fact, it allows one to carry out

the matrix/vector multiplication in O(NJ) operations where NJ is the number of

degrees of freedom at the finest scale, provided that the stiffness matrix in the

single scale representation is a sparse matrix and the transform between the two

representations can be carries out in O(NJ) operations.

Yserentant [142] discusses multilevel preconditioning in linear finite element

spaces. His approach consists of replacing the usual finite element nodal basis

by an equivalent hierarchical basis. The effect of the change-of-basis results in a

preconditioned stiffness matrix that has a uniformly bounded condition number in

one dimension and a condition number that grows proportionally as O(log(h−2))

in two dimensions (in fact, for the 1-D case, the hierarchical basis belongs to the

family of interpolating wavelets [58]). Tong et al. [127] also make use of the nodal

change of basis as a preconditioner. They demonstrate that their method yields

a condition number that grows as O(log(h−1)) in 2-D and O(1) in solving their

model Poisson equation.

Xu and Shann [141] discuss bases constructed from anti-derivatives of scaling

functions and the equivalent multiscale bases constructed from anti-derivatives of
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wavelets. The change-of-basis method is used to reduce operations during the

iterative solution procedure.

The use of wavelets as a particular multilevel method is investigated by Dah-

men and Kunoth [48]. Due to the sparseness of the stiffness matrix in the sin-

gle scale representation and the fast wavelet transform, wavelet preconditioners

are asymptotically optimal in terms of operations count; it is precisely given by

O(2dJ), where d denotes the dimension of the problem and J the finest level of

approximation. An attempt to construct a wavelet-like basis with small support

size in the finite element context can be found in [121]. Their motivation stems

from the fact that the cost of transformation of sophisticated wavelets with better

accuracy and stability, although being of the right order, increases with the size

of their support.

In Canuto et al. [26], the wavelet Galerkin method, based on the multilevel

preconditioning, is applied to solve the Poisson equation defined on an L-shaped

domain. Their results indicate that, to reduce the residual by some fixed factor,

the number of iterations required by the conjugate gradient solver is basically

independent of the number of levels and hence the number of degrees of freedom.

As pointed out by Dahmen [46], the main drawback in the use of wavelets in

the context of multilevel preconditioning is that one must work with uniform re-

finements. If an adaptive solution process is used, the number of wavelets required,

N , may be significantly smaller than that of the corresponding uniform resolution

NJ . In this case, the cost of using the multilevel preconditioning method is much

higher than N , and thus the previously gained efficiency of this approach may

result in no benefit.
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1.3.3 Wavelet-collocation and finite difference methods

A number of researchers use wavelets within a collocation framework, and some

among them utilize wavelets that are constructed to be especially effective within

this framework.

Cai and Wang [23, 24] and Cai and Zhang [25] construct cubic spline wavelets

on an interval that are bases of the Sobolev spaceH2
0 ([0, L]) with the inner product

∫
f ′′g′′dx. Such wavelets are constructed so that the bases at a scale, say j, vanish

at all collocation points associated with bases at the larger scales, l < j. With

this property, they construct a discrete wavelet transform that maps samples

of a function at nonuniform collocation points (with a specific restriction) to its

wavelet coefficients. The first and second derivative matrices are determined, as in

the construction of the cubic spline, from non-uniform samples. In this method, it

is necessary to solve particular tri-diagonal systems in order to obtain the discrete

wavelet transform and derivative matrices. In [23, 24], the method is applied in

the solution of the 1-D linear wave equation and the 1-D inviscid Burgers equation.

In [25], the adaptive method is used in conjunction with an alternating direction

implicit method to solve a 2-D reaction-diffusion equation.

Bertoluzza et al. [14, 15] use auto-correlation functions of the Daubechies scal-

ing functions as test functions in a collocation scheme to solve 1-D and 2-D linear

and nonlinear second order boundary value problems. Such functions, which are

the scaling functions of interpolating wavelets, have the so-called interpolation

property at dyadic points, i.e. each scaling function being unity only at a partic-

ular dyadic grid point and vanish at the others. Details on interpolating wavelets

are found in [56, 58, 116]. Several ways of treating Dirichlet boundary conditions

are discussed. One of the approaches, based on the use of the interpolating wavelet
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on the interval [58], yields uniform error distribution throughout the domain. For

the (linear) Laplace equation with periodic boundary conditions, it is shown that

the resulting system of algebraic equations arising from discretization is identical

to that of the wavelet-Galerkin method using the Daubechies scaling functions.

Bertoluzza and Naldi [14] investigate the use of interpolating wavelets in the mul-

tilevel preconditioning of the collocation matrix. Results indicate that although

a diagonal preconditioning does not yield a bounded condition number, it yields

a condition number that grow relatively slow.

Bertoluzza [11] proposes a dynamically adaptive wavelet collocation method

to an evolution problem. The method uses interpolating wavelets on an interval as

trial functions. A new set of collocation points (and hence corresponding wavelet

functions) is selected upon examination of the wavelet amplitudes of the solution

at a previously calculated time step. The author applies the adaptive method

to solve the 1-D Burgers equation with Dirichlet boundary condition, while in

[12, 13] she applies the method in the solution of boundary value problems. In

[13], 1-D model problems, with solutions having particular features, are used in

assessing the accuracy and adaptive reliability of the method. The results clearly

indicate that, for problems whose solutions contain sharp variations or discontinu-

ities in higher derivatives, the adaptive method performs better than the uniform

refinement strategy in terms of convergence rate with respect to the number of

degrees of freedom. Qualitative results obtained by such an adaptive method ap-

plied to various 2-D model problems are reported in [12, 13]. A comparison of the

complexities between the wavelet-collocation and the wavelet-Galerkin methods

is made in [13]. In the collocation method, each entry in the system of equa-

tions resulting from discretization of a linear term in PDEs can be calculated
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in a unit cost, while in the wavelet-Galerkin method it may take up to O(2dJ)

cost with a straight-forward implementation. The number of operation required

in calculating nonlinear terms at each collocation point is of O(J) while in the

wavelet-Galerkin approach it may take up to O(2dJ) to calculate each integral

involved in the nonlinear term.

Vasilyev et al. [133] present a multilevel wavelet-collocation method for a finite

domain. They expand an unknown solution in a multilevel redundant represen-

tation. The set of such expansion functions, which are dilations and translations

of the wavelet function, form a frame of a Hilbert space. Simply, a frame {θk}

is a complete set and in general is a linearly dependent set; If the frame is lin-

early independent, it is in fact a Riesz basis. Details on the topic can be found

in [54]. By imposing a certain relationship between the set of collocation points

at each levels, they use the multilevel redundant representation to construct basis

functions which satisfy the interpolation property. The dimension of such basis

functions equals that of the set corresponding to the union of all sets of colloca-

tion points at the different levels. Such basis functions are used as trial functions

in the collocation scheme. Two different approaches are used to treat general

boundary conditions. They apply the method using the Mexican hat wavelet and

the auto-correlation function of the Daubechies scaling function to solve the 1-D

Burgers equation. They observe that the method exhibits spectral-like accuracy.

Vasilyev and Paolucci [134] extend the method of [133] to include discretization

on adaptive collocation points. Their adaptive algorithm is based upon exami-

nation of the amplitude of expansion functions of the numerical solution at the

previous time step to obtain a new set of collocation points for the subsequent

integration. The authors apply the method using the auto-correlation function of
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the Daubechies scaling function to solve a 1-D modified Burgers equation and a

1-D nonlinear thermo-acoustic wave problem. The results indicate a substantial

reduction in the number of degrees of freedom required in the simulations. How-

ever, in this approach, the computational cost of calculating spatial derivatives is

O(N2), where N is the numbers of collocation points used. Subsequently, Vasi-

lyev and Paolucci [134] present an algorithm which reduces the cost of calculating

spatial derivatives to O(N). In addition, the authors describe the extension of the

method to solve a 2-D problem defined on a square domain. They use the 1-D

and 2-D Burgers equations and the 2-D nonlinear thermo-acoustic wave problem

to asses their numerical method.

Jameson [79] points out that, for the non-truncated representation, the deriva-

tive matrix derived from the Galerkin projection is effectively equivalent to a finite

difference method [79] in which the order of finite difference scheme depends on

the order of wavelets. From such an observation, Jameson [81, 82] introduces the

wavelet optimized finite difference method. The method utilizes the Daubechies

wavelet transform in establishing grids of non-uniform points and the finite dif-

ference method on the resulting non-uniform grids to solve PDEs. The primary

reason the author uses finite difference methods is to avoid difficulties in treating

boundary conditions and nonlinear terms arising in wavelet approaches.

In adaptive wavelet-collocation methods using a straightforward collocation

discretization, the resulting system of algebraic equations is, as in adaptive Galerkin

approaches, a near sparse matrix as a consequence of different support sizes of

wavelets on different levels. In fact, it can be shown that the number of nonzero

entries of such system is approximately O((J − j0)N), where J and j0 are re-

spectively the finest level and the coarsest level of the approximation and N is
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the number of collocation points. In the method of Vasilyev and Paolucci [134],

the calculation of derivative approximations can be accomplished in O(N) op-

erations, however with a large constant multiplier because the evaluation of the

interpolation basis at each collocation point involves several expansion functions

on different levels. To avoid this somewhat costly calculation, several authors have

proposed the use of a consistent finite difference approximation instead.

Holmström [76] presents a fast (inverse) interpolating wavelet transform from

a set of N functional values on sparse dyadic grids to a set of N associated wavelet

coefficients (and vice versa). The transform, which takes O(N) operations with a

small constant multiplier, takes advantage of the connection between interpolating

wavelets and the interpolating subdivision scheme [56]. The author introduces the

Sparse Point Representation (SPR), which is a collection of functional values and

their grid points whose wavelet amplitudes are greater than a threshold value.

Instead of determining the derivative of a function by direct differentiation of

the sparse wavelet representation, the author suggests instead the use of a finite

difference approximation on the SPR. The centered difference scheme on a locally

reconstructed uniform stencil is employed in such work. The author introduces an

adaptive method based on the use of the interpolating wavelet transform to obtain

the SPR and the finite-difference method to solve PDEs on the SPR. Numerical

experiments on 1-D and 2-D wave equations, and the 2-D Burgers equation, are

presented.

Rastigejev and Paolucci [111], and Rastigejev [110], develop a wavelet-based

adaptive multiresolution representation algorithm for problems defined in 3-D par-

allelepiped domains. The algorithm utilizes the connection between the properties

of interpolating wavelets, semi-structured dyadic grid points, and the interpolat-
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ing subdivision scheme, in order to obtain a fast wavelet transform on irregular

grids. This, and the use of an efficient data structure [110], results in a relatively

inexpensive grid adaptation procedure. In addition, they develop a fast algorithm

for derivative calculations using finite-differences on irregular grids, and present

an adaptive method for evolution problems that utilize the above ingredients. In

[111], the method is applied to solve a 1-D reacting flow in a shock tube gov-

erned by the compressible Navier-Stokes equations and using realistic chemical

reactions. In [110], the algorithm is extended to solve the 2-D lid-driven cavity

benchmark problem at high Reynolds number. Early results for the 3-D lid-driven

cavity problem are reported. In [139], this technique (with further improvement)

are applied to numerically simulate the 2-D differentially heated cavity with large

Rayleigh numbers and subsequently the 3-D heated cavity [140]. Early results

of the simulation of flow in the presence of obstacles using the combination of

this method with the Brinkman penalization technique can be found in [138].

Note that in the Brinkman penalization approach [3], the Navier-Stokes equations

defined on a complex domain are reformulated to Navier-Stokes/Brinkman equa-

tions defined on a the rectangular domain, where the obstacles are represented by

volumetric Darcy drag terms with near zero porosity.

Griebel and Koster [71] present an adaptive scheme that exploits the proper-

ties of interpolating wavelets and the so-called multiresolution analysis-d (MRA-

d). The interpolating wavelets permit the construction of a fast 1-D interpolating

wavelet on irregular dyadic grids. The use of MRA-d (which is not a multireso-

lution in the strict sense) reduces a d-D wavelet transform and its inverse to the

application of sequential 1-D transforms. In this work, the fast wavelet transform

and its inverse play key roles in the evaluation of nonlinear terms and the calcu-
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lation of the discrete version of a differential operator. The authors suggest two

different approaches for evaluating discrete differential operators. One is based on

the Petrov-Galerkin scheme where interpolating wavelets are used as trial func-

tions and their dual wavelets are used as test functions. The other approach makes

use of finite-differences (see also [70] for a similar technique based on piecewise

linear interpolating wavelets). They apply the method to solve two different 2-D

incompressible flow problems: the interaction of three vortices and a mixing layer

problem. Subsequently, this adaptive method is used to simulate a 3-D shear

flow [72].

Vasilyev [132] presents a wavelet adaptive collocation scheme based on lifted

interpolating wavelets. Such lifted wavelets allow one to work with grids that are

not necessarily dyadic. Furthermore, coefficients associated with lifted wavelets

provide better information on the regularity of the function than conventional in-

terpolating wavelets. The author suggests the use of a hierarchical finite-difference

scheme for derivative approximations, and assesses the performance of the method

by applying it to the solution of a 1-D advection problem, a 2-D Burgers equation,

and a 2-D laminar flame-vortex interaction problem. This adaptive technique is

combined with the Brinkman penalization technique to calculate the 2-D flow

around a cylinder at high Reynolds numbers [86].

1.3.4 Multiresolution methods

Substantially research efforts have been devoted to the so-called multilevel (or

multiresolution) methods; see [1, 19, 31, 74, 120] and reference therein, for ex-

ample. The approaches aims at reducing the computing time of modern high-

resolution shock capturing schemes for hyperbolic system of conservation laws.

Note that shock capturing schemes are expensive due to costly flux evaluations
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(which typically involve at least one eigenvalues-eigenvector decomposition of the

Jacobian matrix of the system). In essence, multiresolution methods use a mul-

tiscale decomposition, such as cell average multiresolution transform [19, 74] or

interpolating wavelets [31], to categorize cells or points according to the smooth-

ness of the solution. Subsequently, numerical fluxes are evaluated only for cells or

points where the so-called detail coefficients are large, while in the smooth regions

they are approximated by (much more) inexpensive means. In these methods,

numerical values on the finest grid must be available since the computation of

correct numerical fluxes, when required, use values on the finest grid. Thus,

such schemes are not fully adaptive. While these methods reduce the comput-

ing time, they require the same number of degree of freedom (and hence the

same amount of memory) as in the uniform case. A fully adaptive approach

that shares the spirit of works described earlier is developed in [40] for hyper-

bolic conservation laws. This method has been extended to solve 2- and 3-D

convection-diffusion, reaction-diffusion equations [113], and a 2-D flame ball prob-

lem (diffusion-convection-reaction equation) [112]. The key to these methods are

strategies for evaluating fluxes without the need of full knowledge of cell-average

values on the finest grid.

1.3.5 Remarks on adaptive wavelet methods

In previous sections, one may gather that wavelet-Galerkin and wavelet-collocation

methods each have advantages and disadvantages. Wavelet-Galerkin methods are

more amenable to theoretical analysis. In fact, considerable progress on theoreti-

cal aspect of the methods for elliptic PDEs have been made. In such methods, one

usually has a simple and efficient preconditioning for matrices. There exist con-

vergence proofs of some particular adaptive wavelet-Galerkin algorithms. Indeed,
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for some wavelet Galerkin algorithms, there exists a proof and numerical evidence

that the method converge at the same rate as a best N -term approximation for

a wide class of elliptic operators. In addition, in Galerkin schemes it is easier

to incorporate properties of the differential operator into the construction of the

basis. However, these advantages may not translate directly to a decrease in com-

puting time in an adaptive scheme if the implementation is not optimized [34]. In

the wavelet-vaguelette method, boundary conditions are required to be of periodic

type in order to construct an optimal solution algorithm. Moreover, the treatment

of nonlinear terms in wavelet-Galerkin methods poses a challenge in obtaining an

algorithm that is both efficient and accurate. In several works, nonlinear terms

are treated by a procedure that is analogous to that used in pseudo-spectral meth-

ods. In such case, a nonlinear term is calculated pointwise in the physical domain

and a quadrature formula and a wavelet transform are employed in going back

and forth to/from the wavelet domain. Such a procedure is quite computationally

expensive for some specific wavelets and when many nonlinear terms are present

in the problem.

On the other hand, point-oriented adaptive methods, i.e. adaptive wavelet

collocation methods and wavelet/finite difference methods, in general, can be de-

vised so that they are free of the above difficulties. More precisely, the calculation

of derivative approximations and the handling of nonlinear terms are inexpensive

and algorithmically straightforward. In addition, general boundary conditions

can be applied easily within these schemes. Indeed, these types of technique

have been used for numerical solution of more realistic problems (see for exam-

ple [86, 91, 111, 139]). However, compared with the wavelet-Galerkin methods,

the point-oriented technique is less amenable to theoretical analysis. There is no
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guarantee that the numerical solution would be asymptotically optimal. One may

not have the benefit of having the discrete system which is well-conditioned.

An additional property that is common among all wavelet-based methods is

that higher-dimensional wavelets are conventionally constructed as tensor prod-

ucts of one-dimensional wavelets. As a consequence, these methods are restricted

to rectangular computational domains in higher dimensions, thereby restricting

the applicability of these methods. Although, several approaches, for instance a

second generation wavelet [124], can be used to construct wavelets on a domain of

interested, they usually results in a loss of simplicity and efficiency, which make

them less appealing for numerical solution for PDEs.

1.4 Outline

In the remainder of this thesis, a brief detail of the one-dimensional multiscale

basis of the so-called interpolating wavelets on the interval [0, 1] are discussed

in Chapter 2. Here, the interpolating scaling functions on interval that yields

the multiresolution analysis are constructed through the use of the interpolation

subdivision scheme (as a results, one can see immediately several properties of

the basis function, which are simply consequences of the subdivision scheme). A

property that is unique to the interpolating wavelet is the so-called interpolation

function, which leads to the construction of a fast (forward and inverse) wavelet

transform, and allows one to transform function values on a grid of irregular points

to their associated wavelet coefficients. Subsequently, we introduce the multiscale

basis on [0, 1]d, where d is the spatial dimension, constructed by considering the

tensor product of one dimensional bases (see Chapter 3).

In Chapter 3, we provide elements used for the adaptive solution of par-
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tial differential equation in d spatial dimensions. Means for determining the

d-dimensional adaptive grid are among them. In this work, such task is accom-

plished by taking advantage of the compression property of an approximation of

the d-dimensional interpolating wavelets together with the connection between

basis functions and dyadic points. Crucial algorithms related to adaptive grid

such as the fast wavelet transform and its inverse, interpolation, and derivative

approximation (with finite differences) are provided in this chapter. Note that in

this work, although we focus on material relating to adaptive grids constructed

from conventional MRA, brief detail of those based on MRA-d is also included.

Subsquently, in Chapter 4, algorithms for the adaptive solution of time-independent

and time-dependent PDEs are described. In principle, such algorithms are de-

signed based on the analysis of wavelet amplitudes. The algorithm adapts res-

olution automatically according to the local demand of solution without hav-

ing knowledge of the solution before-hand. The adaptive technique for time-

independent problems is tested on 2-D and 3-D Poisson and Helmholtz prob-

lems. The test problems considered are those using manufactured solutions so

that we can use them to assess the accuracy of the adaptive algorithm. For the

time-dependent problem, a 2-D flame ball (which a diffusion-convection-reaction)

problem is used as a test problem. We then describe an approach that combines

the adaptive method and a domain transformation technique for a numerical so-

lution of problems defined on a bounded curvilinear domain.

In Chapter 5, the dynamically adaptive algorithm for incompressible flow is

presented. The algorithm uses a Chorin-type projection method for time dis-

cretization. The projection method decouples the pressure and velocity variables

by splitting the problem into (predictor-corrector) sub-problems. We present re-
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sults of numerical experiments of the adaptive scheme in simulating a 2-D flow in

a lid-driven cavity, a 2-D differentially heated cavity with large Rayleigh numbers,

and a 3-D differentially heated cavity. Note that whenever possible the numerical

results are compared with those obtained by other computational approaches.

In the last Chapter, conclusions from the current study are drawn. We include

brief comments on the software implementation (the actual software itself is of

course still a work in progress) and recommendations for the work that may be

undertaken in the future.
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CHAPTER 2

ONE-DIMENSIONAL INTERPOLATING WAVELETS

The adaptive solution of partial differential equations used in this work is based

on the use of a multiscale basis constructed from the one-dimensional interpolating

wavelets by mean of a tensor product. We devote this chapter to discussing the

one-dimensional interpolating wavelets and set up notations that will be used in

the subsequent chapters.

2.1 Interpolation subdivision scheme

Below, we describe an interpolation subdivision scheme introduced by [56] for

data defined for x on an interval. The so-called interpolating scaling function

that yields the multiresolution analysis on the interval arises naturally from such

a scheme. Let p be an even positive integer, l be an integer such that l ≥ log2(p),

and

Vl = {xl,k = k2−l : k ∈ k0
l }, k0

l = {0, 1, . . . , 2l − 1, 2l} (2.1)

be a grid of dyadic points at scale level l. In addition, let {fl,k ≡ f(xl,k) : xl,k ∈

Vl, k = 0, · · · , 2l} be a set of function values at the dyadic points of a given

function f(x) defined on x ∈ [0, 1]. The interpolation subdivision scheme is a

process to interpolate from a given data {fl,k}k∈k0
l

to obtain a function f̃(x) de-

fined on x ∈ [0, 1], such that f̃(xl,k) = fl,k. The scheme begins with determining
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the interpolated values on the grid Vl+1. This is accomplished by computing the

interpolated values at odd grid points xl+1,2k+1 by means of polynomial interpo-

lation. For the even grid points, since xl+1,2k = xl,k, the function values remain

unchanged, i.e. f̃l+1,2k = fl,k. More specifically, the determination of f̃l+1,2k+1 is

computed by fitting a polynomial πl,k of degree p − 1 to the function values at

points in Xl,k:

Xl,k = {xl,m : m ∈ Xl,k} (2.2)

where the index set Xl,k is defined by

Xl,k =





{0, . . . , p− 1} for 0 ≤ k ≤ p/2 − 2,

{k − p/2 + 1, . . . , k + p/2} for p/2 − 1 ≤ k ≤ 2l − p/2,

{2l − p+ 1, . . . , 2l} for 2l − p/2 + 1 ≤ k ≤ 2l − 1,

(2.3)

and the polynomial πl,k is given by

πl,k(x) =

maxXl,k∑

m=minXl,k

fl,mL
k
l,m(x), (2.4)

where Lk
l,m is the Lagrange polynomial defined by

Lk
l,m ≡

maxXl,k∏

r=minXl,k,r 6=m

(x− xl,r)

(xl,m − xl,r)

(2.5)

so that

f̃(xl+1,2k+1) ≡ πl,k(xl+1,2k+1). (2.6)

Since the function values {f̃j+1,k}k∈k0
l+1

are now known, the interpolated values on

Vl+2 can be calculated using the same scheme with {f̃j+1,k}k∈k0
l+1

for the starting
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data. By applying this scheme iteratively, one obtains the interpolation function

f̃(x) for x ∈ [0, 1] in the limit l → ∞. For p = 2, the subdivision scheme

yields linear interpolation. For higher p, the interpolation subdivision scheme

defines a function whose continuity increases with p [58], i.e. with the order of

the polynomial used in the interpolation process.

Let φl,k(x) for k ∈ {0, · · · , 2l} denote a function resulting from applying the

subdivision scheme of order p to the Kronecker data {δr,k : r ∈ k0
l } (a set

of function values whose entries are zeros except at the point xl,k). Figure 2.1

depicts as an example φ3,k(x), k = 0, . . . , 4, for p = 4. As discussed above, the

function φl,k is continuous and its continuity increases as a function of p.

It can be noticed that the subdivision scheme is linear. Consequently, the

interpolation function f̃(x) resulting from applying the scheme to {fl,k}k∈k0
l

is

equivalent to a superposition of those interpolation functions of the data sets

{fl,rδr,k : r = k0
l }, k = 0, . . . , 2l. More precisely, the interpolation function f̃ is a

linear combination of φl,k(x),

f̃(x) =
2l∑

k=0

fl,kφl,k(x) (2.7)

The function φl,k(x) is known as the interpolating scaling function [15, 58]

(they are linearly independent and hence form a basis). These functions can be

used to form an interpolating multiresolution analysis on the interval [0, 1] and

subsequently a multiscale basis. Before providing more details on the properties

of φl,k, we note that these functions can be constructed using a different approach

[15, 88]. In the later approach, the construction is based on functions which are

dilation and translation of an auto-correlation of the Daubechies scaling function

[54].
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Figure 2.1: The interpolating scaling functions, φ3,k, k = 0, . . . , 4 for p = 4
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2.2 One-dimensional interpolating wavelet bases

The interpolating scaling function φj,k(x) has the following properties:

i) φl,k satisfied the so-called interpolation property on the dyadic grid Vl, i.e.

φl,k(xl,r) = δk,r.

ii) The support of φj,k is compact and |supp φl,k| is of O(2−l), more precisely,

supp φl,k = [max(0, 2−l(k − p+ 1)),min(2−l(k + p− 1), 1)] (2.8)

iii) The function φl,k is the solution of the two-scale relation

φl,k(x) =
r=2l+1∑

r=0

hl,k
r φl+1,r(x), (2.9)

where hl,k
r are the so-called filter coefficients. For r ∈ {min(0, 2k − p +

1), . . . ,max(2k + p− 1, 2l+1)}, the filter coefficients are defined by

hl,k
r = φl,k(xl+1,r) =





δr,2k for r even,

L
(r−1)/2
l,k (xl+1,r) for r odd,

(2.10)

and all other hl,k
r are zero. Note that Lm

l,k is the Lagrange polynomial defined

by (2.5).

iv) Polynomials on [0, 1] of degree less than p can be written as linear combina-

tions of {φl,k : k = 0, . . . , 2l}. More precisely,

xi =
k=2l∑

k=0

(
2−lk

)i
φl,k(x), i = 0, 1, . . . , p− 1. (2.11)
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It is the property i) that distinguishes the interpolating scaling function from

other non-interpolating scaling functions. In addition, this property implies that

they are linearly independent and thus form a basis. Properties i), iii), and iv)

are obvious from the subdivision scheme. Property ii) can be verified using the

fact that, for a nonzero data set with finite support on Vl, one iteration of the

subdivision scheme adds nonzero layers of size 2−j−1(p− 1) on both side. There-

fore, with infinite iterations, starting with the Kronecker data on Vl with nonzero

element at the point xl,k, the layer of total width
∑∞

i=1 2−l−i(p− 1) = (p− 1)/2l is

added to both side of the point at 2−lk. Since the subdivision scheme is restricted

to the interval [0, 1] (i.e. for a interpolated point near boundary, a set of points

participating in the construction of πj,k is adjusted accordingly.), one observed

that (2.8) holds.

Let Vl denotes the span of {φl,k(x) : k ∈ k0
l }. Here the symbol Vl is overloaded

to a space of functions. The specific meaning should be clear from the context.

Owing to the interpolation property of the scaling functions, we define the inter-

polation operator Il that maps a given function f(x) defined for x ∈ [0, 1] to the

space Vl:

(Ilf)(x) ≡
k=2l∑

k=0

fl,kφl,k(x) (2.12)

where fl,k = f(xl,k). Property iii) implies that the spaces Vl are nested, i.e.

Vl−1 ⊂ Vl. (2.13)

One therefore obtain a multiresolution analysis of Vl. Now, consider the comple-

ment space

Wl = Vl+1 ⊖ Vl. (2.14)
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In this particular setting, interpolating wavelets which form a basis of Wl can be

simply chosen as noted by [58]:

ψl,k(x) = φl+1,2k+1(x), k ∈ k1
l = {0, 1, . . . , 2l − 2, 2l − 1}. (2.15)

With wavelets defined as above, there exists a fast transform (to be described

later) that maps function values to wavelet coefficients and vice versa.

Further decomposition of the space Vl until reaching Vl0 yields results similar

to (1.6). Therefore, the interpolation function Ilf can be written in the multi-scale

representation

(Ilf)(x) =
2l0∑

k=0

fl0,kφl0,k(x) +
l−1∑

j=l0

2j−1∑

k=0

dj,kψj,k(x), (2.16)

where dj,k are wavelet coefficients. For a large classes of functions, [58] has shown

that f = lim
l→∞

Ilf , i.e.

f(x) =
2l0∑

k=0

fl0,kφl0,k(x) +
∑

j≥l0

2j−1∑

k=0

dj,kψj,k(x), (2.17)

which represents the decomposition of f into a superposition of contributions

from levels l ≥ l0. Information of these contributions is contained in the coeffi-

cients {fl0,k}k∈k0
l0

(the function values at the coarsest level) and wavelet coefficients

{{dl,k}k∈k1
l
}l>l0 on the finer scales.

Note that in the context of interpolating wavelets, each basis function is as-

sociated with one grid point. To be more specific, the scaling function φj,k(x) is

associated with the grid point xj,k of Vj and the wavelet function ψj,k is associated

with the grid point x1
j,k of
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Wj = {x1
j,k = xj+1,2k+1 : k ∈ k1

j}, (2.18)

the complement grid of Vj in Vj+1. It is obvious that the grid Vl is equivalent to

Vl0 ∪Wl0 ∪ · · · ∪Wl−1. Due to this decomposition of the grid and the notation

used in (2.18), it can be seen that for any given dyadic point xq,k 6∈ Vl0 , there is

a unique index j, k, where j < q, such that x1
j,k = xq,k. Thus, we have means to

switch between the index of basis functions and their corresponding grid points.

In this way, an action on the grid, e.g. discarding and including grid points, also

implies an appropriate action on the index of the basis functions and vice versa.

2.2.1 Fast interpolating wavelet transform

For notational simplicity, let us denote (2.16) by f l. Consider the difference

of the approximation of f between the two consecutive space Vl and Vl+1:

wl = f l+1 − f l =
2l+1∑

k=0

fl+1,kφl+1,k −
2l∑

k=0

fl,kφl,k =
2l−1∑

k=0

dl,kψl,k(x). (2.19)

From (2.15), (2.10), and the interpolation property (property i)), the wavelet

coefficients obtained by evaluating wj(x) at x1
j,k are given by

dl,k = fl+1,2k+1 −
2l∑

r=0

φl,r(x
1
l,k)︸ ︷︷ ︸

= hl,r
2k+1

fl,r. (2.20)

It can be verified that, for each k, there are only p filter coefficients hl,r
2k+1 having

non-zero values and they are those with r ∈ Xl,k (see (2.3) for the definition of

the index set Xl,k). From (2.10), (2.5) and (2.4), it can be shown that
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2l∑
r=0

hl,r
2k+1fl,r=

maxXl,k∑
r=minXl,k

Lk
l,r(x

1
l,k)fl,r = πl,k(x

1
l,k)

= πl,k(xl+1,2k+1)

(2.21)

Notice that to compute dl,k, one requires only fl+1,2k+1 and those fl,r for r ∈

Xl,k (see figure 2.2 for illustration). In addition, it is evident that the wavelet

coefficient indicates how large fl+1,2k+1 deviates from the value predicted by the

local interpolation polynomial.

(a)
k = 0 k = 1

s s s s s sc c c c c c c cr

x1
j,0

s s s s s sc c c c c c c cr

x1
j,2

(b)

2 ≤ k ≤ 2l − 2

s s s s s sc c c c c c c c c cr

x1

j,k

Figure 2.2: Points required in the calculation of wavelet coefficients dj,k for p = 6
(a) k = 0, 1, (b) k = 2, . . . , 2l−1 − 2. Note that the larger circles denote the points
in Vl. The filled circles represent points participating in the calculation of dj,k.

By applying (2.20) until reaching the coarsest level, one obtains an algorithm

for determining the wavelet coefficients of Ilf of any given f . The interpolating

wavelet transform mapping the function values to the wavelet coefficients is sum-

marized in the Algorithm 1. Notice that the scaling function coefficients fj,k are

not altered by the wavelet transform (they correspond to the function values at
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their associated points.). Thus, it is not necessary to perform the the wavelet

transform in a top-to-bottom manner (i.e. from level j = l − 1 down to l0). This

feature is unique to this particular wavelet basis and useful in particular for an

on-the-fly compression of function (see Chapter 2). The transform being done in

the top-to-bottom manner has the advantage in that one can overwrite in place

fj+1,2k+1 by dj,k and hence require only one vector for storage.

Algorithm 1 1DFWT
Given function values {fl,k}k∈k0

l

for j = l − 1 to l0 do

for k = 0 to 2j−1 − 1 do

m = 2l−j−1(2k + 1)

fl,m = fl,m −
2j∑

r=0
hj,r

2k+1fl,r2l−j

end for

end for

For a given set of wavelet coefficients, one can obtain the associated function

values using the inverse wavelet transform. The procedure starts from the coarsest

level j = l0 to obtain fj+1,2k+1 by adding dj,k to the value predicted by the local

polynomial, i.e.

fj+1,2k+1 = dj,k +
2l∑

r=0

hl,r
2k+1fl,r. (2.22)

By applying (2.22) recursively until reaching level j = l − 1, one obtains the

function values on the grid level l. It is important to note that the inverse wavelet

transform must be performed strictly in the bottom-to-top order since the data

{fj,k}k∈k0
l

must be available before fj+1,2k+1 can be computed. Algorithm (2)
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summarizes the inverse wavelet transform procedure. Note that this algorithm

assumes that the wavelet coefficient dj,k is stored in the entry fl,2l−j−1(2k+1) of the

input data.

Algorithm 2 1DIWT
Given wavelet coefficients {fl,k}k∈k0

l

for j = l0 to l − 1 do

for k = 0 to 2j − 1 do

m = 2l−j−1(2k + 1)

fl,m = fl,m +
2j∑

r=0
hj,r

2k+1fl,2l−jr

end for

end for

It can be seen that the calculation of one wavelet coefficient requires p op-

erations. The number of operations required for the transform or its inverse at

the level j is of order p2j and thus the total number of operations is of order

p
l−1∑
j=l0

2j = p(2l − 1) ∼ O(2l). This indicates that the cost of the wavelet transform

or its inverse is proportional to the total number of data values. The proportion-

ality constant varies linearly with the order of basis.

2.2.2 Remarks

The calculation of wavelets coefficients dl,k requires the associated nonzero

filter coefficients hl,r
2k+1, r = minXl,k, . . ., maxXl,k. Since the grid is composed

of equally distant points, the values of filter coefficients are independent of the

level l. For p/2 − 1 ≤ k,m ≤ 2l − p/2, the filter coefficients {hl,r
2m+1}r∈k0

l
are just

the shifted versions of {hl,r
2k+1}r∈k0

l
. Furthermore, the filter coefficients associated
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with 2l − p/2 ≤ k ≤ 2l − p/2 − 2 correspond to those of 2l − k with reverse-

order entries. Thus, it is sufficient to calculate the filters {hl,r
2k+1} associated with

k = 0, 1, · · · , p/2 − 1. Table 2.1 lists, for example, the non-zero filter coefficients

hl,r
2k+1, r ∈ Xl,r, needed for the calculation of wavelet coefficients for p = 6.

TABLE 2.1

THE VECTOR OF NONZERO FILTER COEFFICIENTS hl,r
2k+1 FOR p = 6.

r 0 1 2 3 4 5

k = 0 63/256 315/256 −105/128 63/128 −45/256 7/256

k = 1 7/256 105/256 105/128 −35/128 21/256 −3/256

k = 2 3/256 −25/256 75/128 75/128 −25/256 3/256

2.2.3 Approximation property

There are several approaches used to estimate the accuracy of the interpolation

function Ijf . Here, we discuss an estimate based on the connection between the

Lagrange interpolation and interpolating wavelets. Since the second term on the

right hand side of (2.20) is the interpolated value of the Lagrange interpolation,

for a smooth function, by using the remainder term of Lagrange interpolation, it

can be verified that the wavelet coefficient obeys the following equation:
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dj,k =
f (p)(ξ)

(p+ 1)!

max(Xj,k)∏

i=min(Xj,k)

(xj+1,2k+1 − xj,i) = Ck2
−pjf (p)(ξ), (2.23)

where Ck is an appropriate constant (it is independent of f and j) and ξ ∈

[min(Xj,k),max(Xj,k)] (see (2.2) for the definition of Xj,k). This suggests that,

for a given p, the wavelet coefficients decay exponentially with respect to level j.

Furthermore, the higher the order p is, the faster the decay becomes.

Now consider the approximation error of Ijf ,

f − Ijf =
∞∑

l=j

2l−1∑

k=0

dl,kψl,k(x). (2.24)

Assuming that f is p time differentiable everywhere and using (2.23) and the fact

that ψl,k has compact support, it can be found that

‖f − Ijf‖∞ = max
x∈[0,1]

|
∞∑
l=j

2l−1∑
k=0

dl,kψl,k(x)|

≤ C1C2 max
x∈[0,1]

|f (p)(ξ)|
∞∑
l=j

2−pj

= C1C2 max
x∈[0,1]

|f (p)(ξ)|2−pj

∞∑

l=0

(1/2p)l

︸ ︷︷ ︸
= 1/(1−2−p)

= C(f, p)2−pj

(2.25)

where C1 denotes the maximum number of wavelets at any level whose support

intersect any single point in [0, 1], C2 the maximum norm of the wavelet basis,

and C(f, p) the appropriate constant that depends on f and p. This estimate

implies that for a sufficiently smooth function, Ijf converge to f uniformly in the

L∞ norm and that the error of the interpolation Ijf is O(2−pj). In other word,

Ijf can be computed to any prescribed accuracy by using a sufficient large j.
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Estimates for cases where f has weaker smoothness have been investigated

by [58] and [88]. In [88], it has been proven that for f ∈ Cn([0, 1]), n ≥ 1, the

space of f that is (n− 1)-times continuously differentiable, with finite associated

semi-norm

|u|n := sup

{
un−1(x+ h) − un−1(x)

h

∣∣∣∣
x

, (x+ h) ∈ [0, 1]

}
, (2.26)

where sup denotes the least upper bound, the following estimate holds:

‖f − Ijf‖∞ ≤ C12
−min(p,n)j |f |min(p,n), (2.27)

where C1 is a constant. It is noted that the space Cn is larger than the space Cn

of n-times continuously differentiable functions.

The estimate for the Sobolev norm can be found in [13]. In addition, it has been

proven that interpolating wavelet coefficients can characterize various classes of

functional spaces (see [15, 45, 58]). In particular, the norm equivalence between

the Sobolev norm of a function and the sequence norm of wavelet coefficients,

i.e. a relation similar to (1.11) holds. However, such norm equivalence is valid for

a relatively small range of Sobolev spaces.

2.2.4 Wavelet transform on irregular grid

The wavelet transform given above can be extended straightforwardly to com-

pute exactly, from given function values on a grid of irregular points, the corre-

sponding wavelet coefficients associated such points, provided that the irregular

grid satisfies a so-called minimum index set. This condition ensures that the points

participating in the calculation of the wavelet coefficients belong to the grid.
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Let Vl = {xl,k : k ∈ κ0
l ⊂ k0

l } denote a grid of irregular points. As in the

regular grid case, Vl can be decomposed into complement grids, i.e.

Vl = Vl0 ∪Wl0 ∪ · · · ∪Wl−1, (2.28)

where Wj = {x1
j,k}k∈κ1

j
, κ1

j = {k : k ∈ k1
j and x1

j,k ∈ Vl} and, for j < l, Vj =

{xj,k}k∈κ0
j
, κ0

j = {k : k ∈ k0
l and xj,k ∈ Vl}. As a reminder, for any given dyadic

point xq,k /∈ Vl0 , one can find uniquely an index (j,m) such that x1
j,m = xq,k.

Subsequently, (2.20) applies if the point x1
j,k ∈ Wj and

{xj,r : r ∈ Xj,k} (2.29)

belong to the irregular grid Vl, so that the coefficient dj,k can be computed exactly.

Consequently, if the condition above holds for every points in Wj for all j =

l0, · · · , l−1, one can compute the exact coefficients corresponding to the following

wavelets

{{φl0,k(x)}k∈Vl0
, {{ψj,k(x)}k∈κ1

j
}j=l−1

j=l0
}. (2.30)

Conversely, if the irregular grid associated with wavelets (2.30) satisfies the above

condition and the coefficients of these wavelets are known exactly, one can recover

the original function values on such irregular grid.

We refer to the grid verifying the conditions discussed above as a minimal index

set for the interpolating wavelet transform. Subsequently, the wavelet transform

and its inverse can be generalized immediately to grid satisfying the minimal index

set. Moreover, since computing one wavelet coefficient requires p operations, the

total number of operations required for the wavelet transform or its inverse is

O(N), where N = dimVl. This means that the cost of the wavelet transform or
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its inverse remains proportional to the number of data.

In practice, one normally obtains the index set κ1
j (and hence Wj) from a

thresholding procedure, i.e. retaining wavelets whose their coefficients are larger

than a prescribed threshold value. In general, the grid obtained does not satisfy

the minimal set condition. This issue can be remedied by simply including the

additional points such that the augmented grid verifies such the condition. The

augmented grid can then be used in the wavelet transform. The enlargement of the

grid/index set can be carried naturally from the finest level down to the coarsest

level. Assuming that Vl is given (thus one also has the associated index sets κ0
l0
,

κ1
l0
, . . ., κ0

l−1), one first determines the grid points needed in the calculation of

dl−1,k, k ∈ κ1
l−1 (they are x1

j−1,k and those points in (2.29)). If one (or more)

of these points does not belong to the irregular grid, it is included in the grid.

Note that the missing point reside in either one of the complement grid of level

lower than l − 1 or in the coarsest grid Vl0 . Then, repeat this process by adding

missing points needed for the calculation of wavelet coefficients associated with

points x1
l−2,k with k in the index set k1

l−2 augmented previously. After repeating

this process until reaching level l0, one obtains the index set and grid verifying

the minimal index set condition. Such a procedure is outlined in Algorithm 3.

This algorithm uses the fill function outlined in Algorithm 4. In essence, fill

Algorithm 3 AUGMENT

Establish index set κ0
l0
, κ1

l0
, . . ., κ1

L−1 for given VL

for j = l − 1 down to l0 + 1 do

for k ∈ κ1
j do

call fill(j, k)
end for

end for
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constructs a grid of irregular points with minimum index set from a grid of single

point. In this function, K(j, 0, r) denote the determination of an index (i, 1, q)

such that x1
l,q = xj,r for xj,r 6∈ Vl0 . For xj,r ∈ Vl0 , K(j, 0, r) returns (l0, 0,m),

where m is an appropriate index such that xl0,m = xj,r.

Algorithm 4 fill(l, k)
j = l + 1
for n = minXl,k to maxXl,k do

r = 2n, (i, e, q) = 2K(j, 0, r)
# L is the finest level

if xj,r 6∈ VL then

Enlarge grid Vl = Vl ∪ {xj,r}
if xl,r 6∈ Vl0 then

Enlarge index set κ1
l = κ1

l ∪ {q}
else

Enlarge index set κ0
l0

= κ0
l0
∪ {q}

end if

end if

if xl,r 6∈ Vl0 then

call fill(j,m)
end if

end for
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CHAPTER 3

CONSTRUCTION OF IRREGULAR GRIDS

In this chapter, we describe elements required in an algorithm for the adaptive

solution of Partial Differential Equations (PDEs) in d spatial dimension. These

elements include mainly means for determining a d-dimensional adaptive grid, for

accomplishing tasks such as addition, multiplication and interpolation, and for

computing the derivative approximation on such a grid. Here, the d-D adaptive

grid (we often refer to it as the d-D irregular grid) is induced from an approxi-

mation of higher-dimensional interpolating wavelets. Algorithms related to such

a grid are dictated or facilitated by the connection between interpolating wavelets

and function values on dyadic points. The d-D wavelet basis on [0, 1]d is usually

constructed by mean of tensor products. There are two approaches to accom-

plish such a construction: an MRA approach [54] and an MRA-d approach [70].

The former is more widely used in the wavelet literature. A method for adap-

tive solutions of the so-called Wavelet Adaptive Multiresolution Representation

(WAMR), originally developed by [111] and further developed in this work, is

based on the use of wavelets constructed from this approach. Although wavelets

constructed from the MRA-d approach have received less attention, the adaptive

methods of [71, 73, 91] based on this type of wavelets are algorithmically elegant

and powerful. With slight modification of the data structure designed for the
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MRA approach [110], we can implement such methods. From this reason, we

include brief detail of the MRA-d approach.

Below, we first introduce the higher dimensional wavelets on [0, 1]d constructed

by the conventional MRA approach and then describe associated elements required

in an algorithm for adaptive solutions of PDEs. In addition, brief detail of the

MRA-d approach is included at the end of this chapter. Note that while we use

the material in this chapter for the adaptive solution of PDEs, the material can

be applied in other applications as well.

3.1 Higher-dimensional interpolating scaling function

Higher-dimensional bases are conventionally constructed by considering the

tensor product of one-dimensional multiresolution analyses. In particular, to con-

struct an interpolating basis for a function defined on [0, 1]d, d ∈ N, d ≥ 1, one

considers

Vj = Vj ⊗ Vj ⊗ · · · ⊗ Vj︸ ︷︷ ︸
d-times

= span{f1(x1)f2(x2) · · · fd(xd), fn ∈ Vj}, (3.1)

where Vj is the space of 1-D functions defined in Chapter 2. Consequently, Vj is

therefore nested,

Vj ⊂ Vj+1. (3.2)

Since the {φj,k}k∈k0
j
, forms a basis for Vj, the product functions

Φj,k(x) =
d∏

i=1

φj,ki
(xi), k ∈ k0

j = k0
j × k0

j × · · · × k0
j︸ ︷︷ ︸

d-times

(3.3)

constitute a basis for Vj. Here, k = (k1, . . . , kd) ∈ Nd, x ∈ [0, 1]d and k0
j =
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{0, . . . , 2j}. These product functions are referred to as the higher-dimensional

scaling functions (or simply as scaling functions). As a consequence of the one-

dimensional scaling functions, the higher-dimensional scaling functions have prop-

erties that are generalization of Properties i)-iv) (see Chapter 2, section 2.2).

As in the one-dimensional case, higher order scaling functions verify the inter-

polation property; more precisely

Φj,k(xj,m) = δk1−m2 · · · δkd−md
, xj,k ≡ (xj,k1 , . . . , xj,kd

), (3.4)

where xj,k are the dyadic points. Therefore, the projection of a given function f(x)

on the space Vj can be obtained though the interpolation operator Ij defined by:

(Ijf)(x) =
∑

k∈k0
j

fj,kΦj,k(x), (3.5)

where the scaling function coefficients are simply f(xj,k), the function values at

points xj,k.

3.2 MRA Approach

This approach has been widely used in the construction of the higher-dimensional

wavelets [54]. The main idea of this approach is to form an ordered sequence of

approximation spaces and subsequently seek the wavelet functions that form a

basis of the complement spaces of these approximation spaces. As in the one-

dimensional case, let the space Wj be the complement of Vj in Vj+1. For no-

tational simplicity, let e = (e1, . . . , ed) ∈ {0, 1}d \ {0}, W 0
l ≡ Vl and W 1

l ≡ Wl.

Then from (3.1) and (2.14), we have that
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Vl+1=(W 0
l ⊕W 1

l ) ⊗ (W 0
l ⊕W 1

l ) ⊗ · · · ⊗ (W 0
l ⊕W 1

l )︸ ︷︷ ︸
d-times

=(W 0
l ⊗W 0

l ⊗ · · · ⊗W 0
l )︸ ︷︷ ︸

d-times

⊕
[

⊕
e∈{0,1}d\{0}

We
l

]

=Vl ⊕ Wl

(3.6)

where the product spaces We are given by

We
l =

d⊗

i=1

W ei

l . (3.7)

It follows that for ⌊log2(p)⌋ ≤ l0 ≤ l

Vl+1 = Vl0 ⊕
(

l⊕

j=l0

Wj

)
. (3.8)

where l0 denotes the coarsest level.

For each level l, the complement space Wl is composed of 2d−1 product spaces

and as a result the basis functions for Wl consist of the basis functions for those

2d − 1 different product spaces:

Ψe
l,k(x) =

d∏

i=1

ψei

l,ki
(xi), k ∈ ke

i = ke1
l × ke2

l × · · · × ked

l , (3.9)

for e ∈ {0, 1}d \ {0}, where ψ0
j,k ≡ φj,k and ψ1

j,k ≡ ψj,k. For example, the 2-D

wavelet basis functions consist of the following three different product functions:

Ψ
(1,0)
j,k (x1, x2) = ψj,k1(x1)φj,k2(x2), k ∈ k1

l × k0
l ,

Ψ
(0,1)
j,k (x1, x2) = φj,k1(x1)ψj,k2(x2), k ∈ k0

l × k1
l ,

Ψ
(1,1)
j,k (x1, x2) = ψj,k1(x1)ψj,k2(x2), k ∈ k1

l × k1
l .

(3.10)
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Note that the number of basis function for We
l is Πd

i=1(2
l − ei + 1) and the total

number of basis functions for Wl is (2l+1 +1)d − (2l +1)d. It is evident from (3.8)

that the interpolation Ilf can be rewritten in the multiscale representation

fl(x) = (Ilf)(x) =
∑

k∈k0
l0

fl0,kΦl0,k(x) +
l−1∑

j=l0

∑

e∈{0,1}d\{0}

∑

k∈ke
j

de
j,kΨ

e
j,k(x), (3.11)

where fl0,k denote the scaling function coefficients at the coarsest level and de
j,k

denote the wavelet coefficients.

As in 1-D case, within the context of the interpolating wavelet, each basis

function is associated with one grid point. To describe this aspect, let Vl be a

d-D grid Vl = {xj,k}k∈k0
j
. It is the so-called regular or full grid. Furthermore, let

Wl be the complement grid of Vl in Vl+1. Analogous to the complement space,

the complement grid Wl consists of 2d − 1 different grids, i.e.

Wl =
⋃

e∈{0,1}d\{0}

We
l , We

l = {xe
j,k = xj,2k+e , k ∈ ke

l }. (3.12)

Obviously, the grid point xl,k of Vl associates with the scaling function Φj,k(x) and

the grid point xe
l,k of We

l with the wavelet function Ψe
j,k(x). It can be seen that

the grid Vl is equivalent to Vl0 ∪Wl ∪ · · · ∪Wl−1. Because of this decomposition

of the grid and the notation used in (3.12), there are means to switch reciprocally

between indices of basis functions and their associated grid points. More precisely,

for any given dyadic point xl,k 6∈ Vl0 , there is a unique index (j, e,m), where

j < l, such that xe
j,m = xl,k. For a given index (l, e,k), the following relation

holds xe
l,k = xl+i+1,2i(2k+e), i ≥ 0.
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3.2.1 d-D interpolating wavelet transform

The wavelet coefficients de
l,k can be computed directly using the following for-

mula:

de
l,k = Iel,kf ≡

(
d∏

i=1

Iei

l,ki

)
f, (3.13)

where

I1
l,k =

[
−hl,min(Xl,k)

2k+1 ,−hl,min(Xl,k)+1

2k+1 , . . . ,−hl,k
2k+1, 1,−hl,k+1

2k+1 ,

. . . ,−hl,max(Xl,k)−1

2k+1 ,−hl,max(Xl,k)
]
,

(3.14)

(see (2.10) for the definition of hl,r
k ) denotes a 1-D stencil associated with the

points

X1
l,k =

[
xl,min(Xl,k), xl,min(Xl,k)+1, . . . , xl,k, xl+1,2k+1, xl,k+1,

. . . , xl,max(Xl,k)−1, xl,max(Xl,k)

]
,

(3.15)

and I0
l,k = [1] is a stencil associated with the point X0

l,k = [xl,k]. The multiplication

Iel,k must be understood as a |e|1-dimensional stencil (|e|1 =
∑
ei). Here, f on the

right hand size of (3.13) are the function values at the associated stencil points. It

can be observed from (3.13) that de
j,k is in fact the difference between f(xe

j,k) and

a value predicted by polynomial approximation, and thus provides information on

the local regularity of the function. Conversely, the function value at point xe
l,k

can be recovered by adding the predicted value to de
l,k, i.e.

fl+1,2k+e = de
l,k − Iel,kf̃ = de

l,k −
(

d∏

i=1

Iei

l,ki

)
f̃ , (3.16)

where f̃ = 0 for the point xe
l,k and corresponds to the function values at other

points in the stencil. If wavelet coefficients on level l are zero, (3.16) reduces to the

interpolation scheme. While (3.14) and (3.15) allow us to gain insight on wavelet
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coefficients, they are computationally inefficient. The calculation of de
l,k requires

p|e|1 number of operations. The number of operation required can be reduced by

taking advantage of the tensor product nature of the basis.

Due to the nature of the tensor product, the calculation of wavelet coeffi-

cients on the level l from given data {fl,k}k∈k0
l

reduces simply to the application

of d-consecutive single-step 1-D wavelets transforms: first in the x1-direction,

then in the x2-direction, . . ., and finally in the xd-direction (the single-step 1-D

wavelet transform maps the 1-D data {fl,k}k∈k0
l

to the associated wavelet coeffi-

cients {{fl−1,k}k∈k0
l−1
, {dl−1,k}k∈k1

l−1
} by means of (2.20)). To provide more detail

of this procedure, we introduce the following notations. Let k̂i = (k1, . . . , ki−1

, ki+1, . . . , kd) denote a subvector of k ∈ Nd and Hl denote the 1-D single-step

wavelet transform. Note that Hl can be written as a matrix of dimension (2l +

1) × (2l + 1) with an entry (i, j) given by

(Hl)i,j =





δi−j for i even,

δi−j for i odd and j odd,

−hl,j/2
i for i odd and j even,

(3.17)

for i, j ∈ k0
l . With Hl given above, entries with odd index of the resulting vector

are scaling function coefficients and entries with even index are wavelet coefficients.

Note that the entries of the resulting vector can be arranged into a different order

by simply using a permutation matrix. The procedure for computing the wavelet

coefficients on level l thus reads

{dl,k}k∈k0
l

= {Hl{Hl · · · {Hl{Hl{fj,k}k̂1 = const}k̂2 = const} · · · }k̂d = const}. (3.18)
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where k̂i is the subvector of index k ∈ k0
l and {fj,k}k̂i = const represents the vector

of dimension 2l + 1 obtained by holding k̂i unchanged and allowing the index in

the xi-direction to vary. Note that the {fl,k}k̂i = const is a subvector if {fl,k}k∈k0
l

is viewed as a vector and it is a k̂i-th row vector if {fl,k}k∈k0
l

is defined as a d-

dimensional array. Here {Hl{gl,k}k̂i = const} is understood as the data {g̃l,k}k∈k0
j

with {g̃j,k}k̂i = const = Hl{gj,k}k̂i = const for the given subvector k̂i. In (3.18), the

wavelet coefficient de
l−1,k is kept in the entry dl,2k+e and the scaling function coeffi-

cient fl−1,k is kept in the entry dl,2k. The inversion procedure can be accomplished

simply by replacing Hl in (3.18) by H−1
l , a single step 1-D inverse transform. In

this case, {fl,k}k∈k0
l

denotes wavelet coefficients (i.e., the entry fl,2k+e corresponds

to de
l−1,k and fl,2k to fl−1,k). In other words, the inversion procedure consists of

the application of d-consecutive single-step 1-D inverse wavelet transforms.

An overall algorithm for the d-dimensional wavelet transform is a generaliza-

tion of the 1-D algorithm. It consists of performing the single-step transform (3.18)

until reaching the coarsest level l0. The pseudo-code for the d-dimensional wavelet

transform is given in Algorithm 5. In this algorithm, the wavelet coefficients over-

write in place the given function values. To undo Algorithm 5, simply replace

the addition in line 8 of Algorithm 5 with the subtraction and replace line 2 with

l = l0 to L− 1.

It can be seen that the number of operations required for computing de
l,k is

p|e|1 (it is less expensive than that of (3.13) which is p|e|1 .). Consequently, the

number of operations required for the wavelet transform or its inverse on level l

is pd2dl−1 and thus the total number of operations needed is O(dp2L) ∼ O(2L,

where L is the highest level. This indicates that the cost of the d-dimensional

wavelet transform or its inverse is proportional to the total number of data points.
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Algorithm 5 nDFWT
Given function values {fL,k}k∈k0

L

# for inversion, replace line below with l = l0 to L− 1
for l = L− 1 down to l0 do

for n = 1 to d do

for all (e,k), k ∈ ke
l and e ∈ {0, 1}d \ {0} with en = 1 do

m = 2L−l−1(2k + e), q = m

for r = minXl,kn
to maxXl,kn

do

qn = 2L−lr
fL,m = fL,m − hl,r

2kn+1fL,q

end for

end for

end for

end for

Futhermore, the proportionality constant varies linearly with the order of basis p

and the dimension d.

Note that the values of scaling function coefficients on each level are not af-

fected by the wavelet transform, it is not necessary to perform the wavelet trans-

form in a top-to-bottom order. This feature is unique to this particular wavelet

basis. The wavelet transform being done in a top-to-bottom order has an ad-

vantage in that one can overwrite in place the wavelet coefficients on the scaling

function coefficients (as in Algorithm 5), therefore avoiding the need of extra stor-

age in the transform process. On the other hand, the inverse transform must

be carried out strictly in a bottom-to-top order because the scaling functions co-

efficients on the immediate lower level must be available before scaling function

coefficients on the current level can be computed.

3.2.2 Approximation property

A Taylor series analysis of (3.13) indicates that for a sufficiently smooth func-

tion f the wavelet coefficient de
l,k satisfies
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|de
l,k| ≤ Cmax

ξ
|Dpef(ξ)|2−pl|e|1 (3.19)

where Dpef ≡ ∂p|e|1f/∂pe1x1 · · · ∂pedxd, |e|1 =
∑
ei, ξ is in an appropriate domain

determined by the stencil size, and C is a constant independent of f and l. The

estimate implies that wavelet coefficients decay exponentially with respect to level

l. In addition, the larger the degree p is, the faster the decay becomes. Assuming

that f(x) is Dp differentiable everywhere and making use of the geometric series,

it can be shown that the error of the interpolation Ijf is bounded by

‖f(x) − (Ilf)(x)‖∞ ≤ C2−lp (3.20)

where C is a constant depending on the function and p. This estimate suggests

that Ilf converge to f uniformly in the maximum norm and the error of the

interpolation Ilf is O(2−pl). Notice that while the approximation error is O(2−lp),

the number of grid points increase like O(2dl) as d increases. This reflects the

main disadvantage of using the full grid approximation in that the number of grid

points increase substantially, more precisely, at an exponential rate, with respect

to the dimension of a problem.

For a function with weaker smoothness, (3.19) is still valid in regions suffi-

ciently away from singularities. However, the wavelet coefficients in the vicinity

of singularities decay at a slower rate than given by (3.19) (see [58] for one-

dimensional case). In this case, Ijf still converge uniformly to f but at slower

rate than that of (3.20). It will become evident later that Ijf can be made ac-

curate to a prescribed accuracy by simply inspecting the magnitude of wavelet

coefficients. The fact that the interpolating wavelet transform can be performed
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in a bottom-to-top order allows one to perform this task efficiently. One can start

with examining the wavelet coefficients on the coarse grid. If there is a wavelet

coefficient whose magnitude is larger than a prescribed value, one simply adds

points from the higher level(s) of resolution to obtain a finer grid and repeat this

process until there is no wavelet coefficient whose magnitude is lager than the

prescribed value. In this way, the need of a very fine grid to ensure the accuracy

can be avoided.

In the next subsection, we describe the d-dimensional wavelet transform on a

grid with irregular grid points. It is an important ingredient for determining the

compressed wavelet representation and interpolation process.

3.2.3 Wavelet transform on a d-dimensional grid of irregular points

The wavelet transform described previously can be extended straightforwardly

to compute, from given function values on a d-D grid of irregular points, wavelet

coefficients associated with those irregular points. As in the 1-D case, this is the

case where the irregular grid satisfies the so-called minimum index set condition.

This condition ensures that points participating in the calculation of the wavelet

coefficient de
j,k belong to the irregular grid. Figure (3.1) depicts, as an example,

points needed in the calculation of the 2-D wavelet coefficients d
(1,0)
l,k , d

(0,1)
l,k , and

d
(0,1)
l,k away from boundaries for p = 4.

Now, we denote V l = {xl,k : k ∈ κ0
l ⊂ k0

l } as a grid of irregular points.

The grid of irregular points V l can be written as the union of the associated

complement grids, i.e.

V l = V
0
l0
∪




l−1⋃

j=l0




⋃

e∈{0,1}d\{0}

W
e
j




 , (3.21)
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Figure 3.1: Filled circles denotes grid points needed for the calculation of
the 2-D wavelet coefficients de

j,k away from boundaries for p = 4. (a) d
(0,1)
j,k

(b) d
(1,0)
j,k , and (c) d

(1,1)
j,k . Note that the larger circles denote grid points in

Vj and the smaller circles denote grid points in Wj.
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where W
e
j = {xe

j,k}k∈κe
j
, κe

j = {k : k ∈ ke
j and xe

j,k ∈ V l} and Vj = {xj,k}k∈κ0
j
,

κ0
j = {k : k ∈ k0

j and xj,k ∈ V l} for j < l. As a reminder, for any dyadic point

xl,k 6∈ Vl0 , one can find uniquely an index (j, e,m) such that xe
j,m = xq,k. That is

for a given V l, one can find the associated index set

Λ(l, l0) = {(j, e,k) : j ∈ {l0, · · · , l − 1},

e ∈ {0, 1}d \ {0}, k ∈ ke
j and xe

l,k ∈ W
e
j}.

(3.22)

The irregular grid with minimum index set is any grid V l such that, for any

grid point in the associated complement grids with index (l, e,k) ∈ Λ(l, l0), the

following grid points

x = (x1, x2, . . . , xd) ∈ Xe
j,k = Xe1

j,k1
×Xe2

j,k2
× · · · ×Xed

j,kd
\ {xe

j,k}, (3.23)

where

X0
j,k ≡ {xj+1,2k} and X1

j,k ≡ Xj,k ∪ {xj+1,2k+1}, (3.24)

belong to the irregular grid V l (or equivalently to either the appropriate com-

plement grid W
e
r or the coarsest grid Vl0). It can be observed that number of

points in Xe
j,k depends on e, more precisely dimXe

j,k = (p+1)|e|1 −1. In addition,

the coordinate of these points varies only in the i-direction where ei is unity. It

is important to note that for any V l with minimum index set, V l0 = Vl0 . In

other words, the presence of every points in the full coarsest grid is crucial for the

wavelet transform on the irregular grid.

Since, for any point in this irregular grid, the points needed for computing the

associated wavelet coefficient or for recovering the function value are always avail-
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Algorithm 6 AFWT
Given function values {fL,k}k∈κ0

L

Require: {xL,k}k∈κ0
L

be a grid with minimum index set
for l = L− 1 down to l0 do

for n = 1 to d do

for all (l, e,k) ∈ Λ(L, l0) such that en = 1 do

m = 2L−l−1(2k + e), q = m

for r = minXj,kn
to maxXj,kn

do

qn = 2L−lr
fl,m = fl,m − hl,r

2kn+1fL,q

end for

end for

end for

end for

able, the wavelet transform or its inverse can be applied straightforwardly. The

overall procedure for the wavelet transform on an irregular grid is summarized in

Algorithm 6 and the inverse wavelet transform in Algorithm 7. Note that in Al-

gorithm 6, wavelet coefficients overwrite in place on scaling function coefficients.

In Algorithm 6, it is assumed that wavelet coefficients de
j,k are stored in entries

fL,2L−j−1(2k+e) of the input data. The number of operations required in the calcu-

lation of the wavelet coefficient de
j,k is p|e|1. It thus follows that the total number

of operations involved in the wavelet transform or its inverse on the irregular grid

is cpN where N is the number of points in the irregular grid, i.e. N = dimVL

and c is a constant (it can be verified that its value is smaller than d).

As mentioned earlier, in practical situations, an irregular grid is usually ob-

tained from the thresholding process, i.e. discarding wavelets, and hence grid

points, whose coefficients are smaller than a prescribed threshold values. In gen-

eral, the grid obtained from thresholding does not satisfy the minimum index set

condition. In order to use the algorithm described above, one simply enlarges

the grid so that the augmented grid meets the minimum index set condition (and

assumes zero value for the wavelet coefficients of the additional points).
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Algorithm 7 AIWT
Given wavelet coefficient {fL,k}k∈κ0

L

Require: {xL,k}k∈κe
L

be a grid with minimum index set
for l = l0 down to L do

for n = 1 to d do

for all (l, e,k) ∈ Λ(L, l0) such that en = 1 do

m = 2L−l−1(2k + e), q = m

for r = minXj,kn
to maxXj,kn

do

qn = 2L−lr
fl,m = fl,m + hl,r

2kn+1fL,q

end for

end for

end for

end for

Algorithm 8 is used to check whether an irregular grid VL satisfies the min-

imum index set condition. If it is not the case, the algorithm adds recursively

additional grid points to VL such that the resulting grid satisfies it. This algo-

rithm uses a function dfill given in Algorithm 9. The K(j,0, r) represents the

procedure of the determination of an index (i,q,m) such that xq
i,m = xj,r for

xj,r 6∈ Vl0 . For xj,r ∈ Vl0 , K(j,0, r) yields (l0,0,m) where m is an appropriate

index such that xl0,m = xj,r. Note that line 16−18 of dfill can be omitted with-

out affecting the outcome. In principle, the function dfill constructs an irregular

grid with minimum index set from a grid of one point. Figure 3.2 illustrates the

grid resulting from the application of dAUGMENT to the grid of one point (in

this case it is equivalent to run dfill). The function dfill has an advantage

when it is used to add an additional point to the irregular grid already satisfying

the minimum index set. It assures that the resulting grid is the minimum index

grid without the need of using Algorithm 8.
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Algorithm 8 dAUGMENT

Establish index sets κ0
l0
, Λ(L, l0) from a given VL

for l = L− 1 to l0 do

for id = d to 1 do

for all (l, e,k) ∈ Λ(L, l0) such that |e|1 = id do

call dfill(l,e,k)
end for

end for

end for

Algorithm 9 dfill(l,e,k), l ≥ l0
Given index (l, e,k), l ≥ l0
j = l + 1
for id = 1 to d do

if eid = 1 then

r = 2k + e

for n = minXl,kid
to maxXl,kid

do

rid = 2n, (i,q,m) = K(j,0, r)
if xj,r 6∈ VL then

Enlarge grid VL = VL ∪ {xj,r}
if xj,r 6∈ Vl0 then

enlarge index Λ(L, l0) = Λ(L, l0) ∪ {(i,q,m)}
else

enlarge index κ0
l0

= κ0
l0
∪ {(i,m)}

end if

end if

# if block below can be commented out when used with dAUGMENT

if xj,r 6∈ Vl0 then

call dfill(i,q,m)
end if

end for

end if

end for
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Figure 3.2: The irregular grid (p = 4, l0 = 4), satisfying the minimum index
set condition, obtained from the augmentation of the grid of the single point
x

(1,1)
4,(0,0): � represents x

(1,1)
4,(0,0) and ◦ denote augmented points.

3.3 Sparse Wavelet Representation(SWR) and irregular sparse grid

It is evident from the way that wavelet coefficients are defined that they in-

dicate the deviation of values predicted by local polynomial approximations from

actual function values at the associated points. The magnitude of the coefficients

decay fast where the function is locally smooth and decay at a slower rate where

the function is locally less smooth. For a function with isolated (near) singular-

ities, only a small number of wavelet functions have large amplitude and such

wavelet functions are located in the vicinity of the (near) singularities. This as-

pect is illustrated in Figures 3.3, 3.4 and 3.5. Figure 3.3 depicts the wavelet

approximations of a 1-D function having a discontinuity in their first derivative

and Figure 3.4 and 3.5 depict 2-D and 3-D functions having singularities in their

first derivative on circular and spherical surface, respectively. Notice that points

associated with wavelets coefficients with absolute values larger than the threshold
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value concentrate mainly in the vicinity of the singularities. Furthermore, they

form a cone-like structure pointing toward the location of the singularities.

(a) (b)
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Figure 3.3: (a) Test function f(x) = 0.2/(|0.4 − x2| + 0.2) and (b) grid
points corresponding to |de

j,k| ≥ 5 × 10−3 and the distribution of such grid
points at each level for p = 6, l0 = 3.

The multiscale representation (3.11) can be decomposed as sums of wavelets

whose amplitudes are above and below a user-selected threshold value ε:

fJ(x) = f ε
J(x) +Rε

J(x), (3.25)

where

f ε
J(x) =

∑

k

fl0,kΦl0,k(x) +
∑

(l,λ)∈Λε(J,l0)

dl,λΨl,λ(x) (3.26)

and

Rε
J(x) =

J−1∑

j=l0

∑

{λ | |dj,λ|≤ε}

dj,λΨj,λ(x). (3.27)
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Figure 3.4: (a) Test function f(x, y) = 0.2/(|0.4 − x2 − y2| + 0.2), (b) grid
points corresponding to |de

j,k| ≥ 5×10−3, and (c) grid points corresponding
to |de

j,k| ≥ 5 × 10−3 at each level for p = 6, l0 = 3
.
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(a) (b)

Figure 3.5: (a) Sections of test function f(x, y, z) = 1/(|0.5−x2−y2−z2|+
0.1), (b) grid points corresponding to |de

j,k| ≥ 5 × 10−3 for p = 6, l0 = 3.

Here,

Λε(J, J0) = {(l, λ) = (l, e,k) : l ∈ {J0, . . . , J − 1},

e ∈ {0, 1}d \ {0}, k ∈ ke
l and |dj,λ| ≥ ε}.

(3.28)

and, to simplify the notation, we use the multi-index λ = (e,k), Ψj,λ = Ψe
j,k

and xj,λ = xe
j . In addition, the value of the threshold parameter ε is assumed to

be small, provided that the function f is appropriately normalized. Note that,

subsequently, we sometime use Λε to refer generically to an index set Λε(·, J0). It

is worth noting that the second term on the right hand size of (3.26) is equivalent

to

J−1∑

j=l0

∑

{λ | |dj,λ|≥ε}

dj,λΨj,λ(x) (3.29)
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The approximation f ε
J is the so-called sparse wavelet representation (SWR)[76]

or the compressed representation of f . In fact, neglecting the term Rε
J results in

an error which in general is different from the threshold value ε but it is closely

related to it, provided that J is sufficiently large so that the interpolation function

fJ is accurate within a prescribed accuracy value of less than ε. This point is made

more precise in the estimate below.

It can be observed from (3.19) that indeed there is a J such that for j ≥ J ,

|de
j,k| ≤ ε, more precisely J = ⌊((1/p) log2(C‖Dqf‖p,∞/ε)⌋, where ‖Dqf‖p,∞ =

max|q|1≤p ‖Dqf‖∞ (here, we assume that the function is sufficiently smooth). Let

dε
j,λ = 0 for index (j, λ) ∈ Λε(J, l0) (i.e., index such that |dj,λ| ≥ ε) and dε

j,λ = dj,λ

otherwise. It can be seen that

‖f − f ε
J‖∞ ≤ ‖

J−1∑
j=l0

∑
λ

dε
j,λΨj,λ‖∞ + ‖

J−1∑
j≥J

∑
λ

dj,λΨj,λ‖∞

≤ (J − l0)C1C2ε+ C1C2

∑
j≥J

max
λ

‖dj,λ‖
︸ ︷︷ ︸

≤C‖Dqf‖p,∞2−jp

≤ C1C2(J − l0 + C3C4)ε

(3.30)

where C1 ∼ O(pd) is the maximum number of wavelets at any level intersecting

any single point in [0, 1]d, C2 ∼ O(1) is the maximum norm of wavelets, C3 is

the constant depending on the function, and C4 is the constant arising from the

geometric series (the larger p is, the closer C4 is to unity). In other word, the

error of f ε
J is proportional to the threshold value ε,

‖f − f ε
J‖∞ ≤ C5ε (3.31)

67



where C5 is a constant depending on the function f , d, p, and mildly on the thresh-

old value ε. Furthermore, the number of basis functions in the SWR, denoted by

N , satisfies (see [58, 76])

N1/d ≤ C6ε
−1/p, (3.32)

where d is a spatial dimension of the function and the constant C6 depends on the

function f . Equations (3.31) and (3.32) imply the following bound:

‖f − f ε
J‖∞ ≤ CN−p/d. (3.33)

Subsequently, these bounds imply that f ε
J approximates f within ε using approx-

imately ε−d/p wavelets (a more accurate approximation of f ε
J can be obtained by

decreasing the value of ε with a commensurate increase in the number of wavelets

required).

Notice that instead of requiring 2dJ degrees of freedom (DOFs) to approximate

f within ε, only O(ε−d/p) DOFs are needed in the SWR case. This indicates that

wavelets furnish one with a systematic way to reduce the amount of data nec-

essary in the representation of a function. To exploit the compression property

of wavelets, one discards wavelets whose amplitudes are smaller than ε. Subse-

quently, one is required to work instead with the subset of wavelets retained. As

mentioned in the previous section, tasks such as wavelet transform, its inverse, and

interpolation can be performed in an efficient manner on the subset of wavelets

and the associated grid of irregular points. Note that an irregular grid obtained

from the thresholding process in general does not satisfy the minimum index set

condition. As a consequence, algorithms given in the previous sections are not

immediately applicable. To alleviate this issue, one can simply keep additional
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points necessary for the augmented grid to meet the minimum index set condi-

tion. Wavelet coefficients associated with the additional points can take either

their original values or zero values. In the latter case, the function values ob-

tained from the inverse wavelet transform at few points are not identical to the

values. The discrepancy between these values is naturally only of order ε.

To numerically verify the estimates given above, we consider the SWRs of the

following 2-D test functions:

f(x) =
0.05(x1 + 0.05)

(x1 + 0.05)2 + (x2 − 0.4)2
(3.34)

and

f(x) = exp

[
−200

(
(x1 −

1

2
)2 + (x2 −

1

2
)2)

)]
+

1

5
sin(2πx1) sin(2πx2) (3.35)

The former test function changes sharply near the middle-left of the boundary

and the letter test function is superposition a Gaussian bump and a sine function.

Note that both functions are C∞. Figure 3.6 shows the error in L∞-norm of SWR

f ε with different p as a results of varying the value of the threshold parameter ε.

The error of SWR associated with the function (3.34) is plotted in Figure 3.6(a)

and with the function (3.35) in Figure 3.6(b). The plots in the right column of this

figure which are log-log plots of the error ‖f(x) − f ε(x)‖∞ versus the threshold

parameter ε used, clearly indicate that error of f ε is of the same of with ε. The

slope of the log-log plot of error versus the number of basis functions N required

for different choices of p (see left column of Figure 3.6) is approximately −p/2

(without providing such precise numbers, we note that this can be seen easily by
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comparing the plots with the plots of O(N−p/2) indicated by lines without any

maker). The results are in good agreement with the estimate (3.33).

To examine an SWR of the function with less smoothness, we consider the test

function with discontinuities in derivative:

f(x) = g(x1)g(x2), where g(s) =





sin(s) for s < 1/2

as2 + b for s ≥ 1/2
(3.36)

where a and b are chosen such that g is C1. Figure 3.7 shows the error of f ε as

function of the threshold value ε and of the number of basis functions N required.

The plots on the left column of the figure indicates that f ε is accurate to the

threshold value used. Since now the test function is not sufficiently smooth, the

rate of convergence of the error with respect to N is therefore expected to be

lower than O(N−p/d) for approximation with large p is used. The plots on the

right column of Figure 3.7 support such an expectation. Note that in this case,

the rate of convergence of the error with respect to N−1/d is approximately of

order 2 for p = 2 and is approximately of order 4 for p ≥ 4.

It is noted that, in the numerical results shown above, we use an Algorithm

described in the next section to determine wavelet functions whose coefficients are

larger than the threshold values. Instead of thresholding of the wavelet coefficients

on the full grid that is very fine, such an algorithm performs thresholding starting

from the coarsest level and advancing progressively up to the finest level necessary.

The maximum error is computed on a very fine grid where the function values of

f ε at points that do not belong to the associated irregular grid are obtained by

mean of the wavelet interpolation (see 3.4 for detail).
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Figure 3.6: Relationship between the approximation error ‖f(x)−f ε(x)‖∞ and
N = dim V

ε as a results of varying ε (left) and ‖f(x) − f ε(x)‖∞ as a function
of ε (right) for sparse wavelet approximation with different values of p. (a) test
function (3.34); (b) test function (3.35).

71



10
1

10
2

10
3

10
4

10
5

10
6

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

N

|| 
f 

 -
 f

ε  ||

p = 2

p = 4

p = 6

p = 8

p = 10

order 2

order 4

10
-8

10
-6

10
-4

10
-2

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

ε

|| 
f 

- 
 f

ε  ||

p = 2

p = 4

p = 6

p = 8

p = 10

Figure 3.7: Relationship of the error ‖f(x)−f ε(x)‖∞ of the test function (3.36)
and N = dim V

ε as a result of varying ε (left) and the error as a function of ε
(right) for sparse wavelet approximation with different values of p.

3.3.1 Determining the SWR of a function

From a practical standpoint, it may not alway be desirable to first compute

the wavelet coefficients on the full grid that is very fine and then omit entries

by means of thresholding. Instead, it is preferable to proceed in a bottom-to-top

order with on-the-fly thresholding starting from the coarsest level and advancing

progressively up to the finest level necessary. This procedure is demonstrated in

Algorithm 10. It constructs gradually the compressed wavelet representation (and

the associated irregular grid). It can be described roughly as follow: (i) compute

the wavelet coefficients on the full grid of level l0 + 1 and perform thresholding

to obtain the irregular grid (ii) for each point in the resulting grid, collect a few

surrounding points on the same and next level(s) and include them to the grid.

(iii) perform wavelet transform on the resulting grid and check if there is any

coefficient in the newly added level having absolute value lager than ε. If this is the

case, perform thresholding and go back step (ii) otherwise perform thresholding
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Algorithm 10 COMPRESS
Given continuous function f
AFWT{f(xj,k)}k∈k0

l0+1
→ {{fl0,k}, {dl0+1,λ}}

i = 1
Λi = {(l0 + 1, λ) : |dl0+1,λ| ≥ ε}, Λ0 = Λ1

while Λi 6= ∅ do

Determine the neighboring region Λn = ∪(l,λ)∈Λ0Nl,λ

Set Λ1 = Λ0 ∪ Λn

AFWT{{f(xl0,k)}k∈k0
l0
, {f(xl,λ)}(l,λ)∈Λ1} → {{fl0,k}k∈k0

l0
, {dl,λ}(l,λ)∈Λ1}

i = i+ 1,
Λi = {(l0 + i, λ) : (l0 + i, λ) ∈ Λ1 and |dl0+i,λ| ≥ ε}
Threshold Λ0 = {(j, λ) : (j, λ) ∈ Λ1 and |dj,λ| ≥ ε}

end while

Results:

Λε = Λ0

Dε = {{fl0,k}k∈k0
l0
, {dj,λ}(l,λ)∈Λε}

Note: Nl,λ is the index set of few neighboring points residing on the same and next
level(s) of resolution.

and terminate the process. Note that in step (ii) the few points included to the

irregular grid are those in which their associated wavelet coefficients are expected

to be possibly larger than ε. Owing to the fact that wavelet coefficients decay as

cone-like structure with respect to level, one can expect the value of coefficients

associated with the points away from such cone to be than less the threshold

value. Thus it is adequate to include only few points on the same and on the

higher level(s) around each point considered. In addition, not being stated in the

algorithm is that irregular grids in this process are enlarged such that they satisfy

the minimum index set. More precisely, after thresholding, we add additional

points necessary to make the irregular grid becomes that of the minimum index

set.

For many cases, Algorithm 10 yields an irregular grid that is identical with that

of the traditional thresholding procedure (by first computing coefficients on the
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finest grid and then thresholding). It is important to note that it is possible that

this procedure terminates prematurely and fail to resolve all function features.

An example that leads to this circumstance is when the function f(x) has a small

spike on the very fine level. Note that the thresholding used in (3.26) is based on

the magnitude of wavelet coefficients. However, in some cases, this choice can be

too sensitive and may result in a non-terminating algorithm. This situation occurs

especially in the case where functions contain discontinuities. Alternatively, one

can threshold based on the following criteria [73],

‖dj,λΨj,λ(x)‖ = |dj,λ|‖Ψj,λ(x)‖ ≥ ε (3.37)

with a given norm ‖ · ‖. Note that in fact the thresholding based the absolute

value of the coefficients is effectively similar to the use of max-norm. For L1

and L2 norms, we have ‖Ψj,λ(x)‖ = c12
−j|e|1 and c22

−j|e|1/2, where c1 and c2 are

appropriate constants depending on d and the location of wavelets. It follows that

additional damping is added when these norms are used, hence ensuring that the

algorithm is a terminating one.

3.4 Interpolation on irregular grid

In some circumstance, one may wish to find the interpolated values of the SWR

on an irregular grid {{xl0,k}k∈k0
l0
, {xl,λ}(l,λ)∈Λ} differing from the irregular grid

associated with that of the SWR (i.e., Λ 6= Λε). The simple way to accomplish this

task is to include points to be interpolated and set respective coefficients of points

in Λ\Λε to zero and then use the inverse wavelet transform (AIWT) to obtain the

interpolated values on Λ∪Λε. More precisely, interpolated values can be obtained
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from the inverse wavelet transform of the coefficients {{fl0,k}k∈k0
l0
, {dl,λ}(l,λ)∈Λ∪Λε}

where dl,λ = 0 for (l, λ) ∈ Λ \ Λε. The number of operations required is of

order N = dim{{fl0,k}k∈k0
l0
, {dl,λ}(l,λ)∈Λ∪Λε}. Alternatively, interpolated values

at points xl,λ with (l, λ) ∈ Λ \ Λε can be computed directly from the function

values {{fl0,k}k∈k0
l0
, {fl,λ}(l,λ)∈Λε} (without having to perform the complete inverse

wavelet transform). It consists of the application of the inversion formula (3.16)

directly at these interpolated points, i.e.

fl,(e,k) = −
(

d∏

i=1

Iei

l,ki

)
f̃ ≡ Iel,kf̃ , (l, λ) ∈ Λ \ Λε, (3.38)

where f̃ = 0 at the point xl,λ and f̃ correspond to the function value at the other

stencil points. Notice that, in order to compute the interpolated value of a given

point, the values of points at the lower level are required. It is possible that one (or

few) of those points may be in Λ\Λε. In this case, the interpolated value(s) of such

point(s) must be available before (3.38) can be applied. Therefore, to be certain

that all data necessary is available, it is important to apply the direct formula from

the coarsest level to the finest level. Furthermore, to compute interpolated values

of a point xe
l,k with a certain value |e|1 = c, the values of points on the same level

with |e|1 < c are needed. Thus, at each level, the calculation of interpolated values

must be performed sequentially for points with |e|1 = 1, 2, . . ., d. Algorithm 11

outlines this alternative means of computing interpolated values at the points

Λ \ Λε from given function values {{fl0,k}k∈k0
l0
, {fl,λ}(l,λ)∈Λε}.

Note that the computation of one interpolated value fl,(e,k) using the direct in-

version formula requires p|e|1 operations while the inverse wavelet transform needs

p|e|1 operations. When considering the cost of computing a single interpolated

value, the direct inversion formula is more expensive than the inverse wavelet
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Algorithm 11 LAIWT
Given function values {{fl0,k}k∈k0

l0
, {fl,λ}(l,λ)∈Λε} and Λ

for l = l0 to J − 1 do

for id = 1 to d do

Compute fl,λ, for (l, e,k) ∈ Λ \ Λε and |e|1 = id by means of (3.38)
end for

end for

transform. However, the direct inversion formula allow one to compute only the

interpolated values at points of interest (i.e., points in Λ \ Λε), while the inverse

wavelet transform interpolates every point in the grid Λ∪Λε. The direct inversion

formula has an advantage when dim(Λ \ Λε) is small compared to Λ ∪ Λε and

one is given the function values {{fl0,k}k∈k0
l0
, {fl,λ}(l,λ)∈Λε} instead of the wavelet

coefficients {{fl0,k}k∈k0
l0
, {dl,λ}(l,λ)∈Λε}.

3.5 Algebra of the SWR

3.5.1 Addition and subtraction

The addition of functions in the multiscale representation can be obtained

easily by simply adding or subtracting their coefficients. This can be extended

immediately to the addition of sparse representations. In this case, the summation

involves an index set that is the union of index sets induced by the functions (and

possibly different threshold values). More precisely, supposed we are given the

SWR with threshold value ε of f and g. Addition of these functions is given by

f ε ± gε =
∑

k∈k0
l0

(fl0,k ± gl0,k)Φl0,k(x) +
∑

(l,λ)∈Λε,f
S

Λε,g

(df
l,λ ± dg

l,λ)Ψl,λ(x) (3.39)

where df
j,λ are the wavelet coefficients of the function f , Λε,f = {(j, λ) | j ≥

l0, |df
j,λ| ≥ ε}, and the coefficients df

j,λ with (j, λ) 6∈ Λε,f are assumed to be zero.
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It can be estimated that

‖(f(x) ± g(x)) − (f ε(x) ± gε(x))‖∞ ≤ ‖f(x) − f ε(x)‖∞ + ‖g(x)) − gε(x)‖∞
≤ c1ε+ c2ε

≤ 2c3 ε.

(3.40)

This means that the addition error of f ε(x) ± gε(x) is still of order ε. Figure 3.8

shows for example the accuracy of the addition of SWRs of the test function (3.34)

and of the test function (3.35) with different p. The plots on right column of this

figure demonstrates clearly that error in L∞ norm of the addition of two SWRs

is of the same order with the threshold values ε. The rate of convergence for the

addition with respect to N−1/d, where N is the dimension of the union of two index

sets (or equivalently of two irregular spare grids) associated with these particular

SWRs, is approximately of order p.

3.5.2 Multiplication

The direct multiplication of two functions in the multiscale representation

results in the summation of pairs of basis functions (instead of the summa-

tion of basis function like (3.11)). Evaluating the summation of this type in-

volves substantially more operations. Alternatively, one can compute the point-

wise multiplication in physical space and use the wavelet transform to com-

pute the corresponding result in the wavelet representation. More precisely,

for a given f ε and gε, the SWR of f and g, the multiplication procedure con-

sists of the following steps: (i) compute by means of the inverse wavelet trans-

form their associated function values on the extended grid (the grid of points

{xl0,k : k ∈ k0
l0
} ∪ {xl,λ : Λε,f ∪Λε,g}), (ii) evaluate the pointwise product on the
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Figure 3.8: Convergence in L∞-norm of an addition of the SWR of the test
function (3.34) and the SWR of the test function (3.35) for various p and ε.
Left: error vs numbers of points in extended grids. Right: error vs. threshold
values ε.

extended grid (i.e., {f(x)g(x) : x ∈ {xl0,k : k ∈ k0
l0
} ∪ {xl,k : Λε,f ∪Λε,g}}), and

(iii) perform the wavelet transform on the obtained values to get the respective

wavelet coefficients. Since the cost of the wavelet transform and its inverse is

proportional to the number of grid points, the number of operations required for

this procedure is proportional to the dimension of Λε,f ∪Λε,g. The error resulting

from this procedure is bounded by

‖f(x)g(x) − f ε(x)gε(x)‖∞ = ‖f(x)g(x) − f ε(x)gε(x) + f(x)gε(x) − f(x)gε(x)‖∞,

≤ ‖f(x)(g(x) − gε(x))‖∞ + ‖gε(x)(f(x) − f ε(x))‖∞,

≤ c1ε‖gε(x)‖∞ + c2ε‖f(x)‖∞.
(3.41)

Analogously, it can be shown that

‖f(x)g(x) − f ε(x)gε(x)‖∞ ≤ c1ε‖g(x)‖∞ + c2ε‖f ε(x)‖∞. (3.42)
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Figure 3.9: Convergence in L∞-norm of a multiplication of the SWR of the test
function (3.34) and the SWR of the test function (3.35) for various p and ε.
Left: error vs. numbers of points in extended grids. Right: error vs. threshold
values.

Thus, for multiplication, the error depends on the functions. If they are properly

normalized, the error in this procedure remains proportional to the threshold

value ε. Note that an analogous result can be shown for the division of two

functions (assuming that the denominator is not zero anywhere). The above

estimate is numerically demonstrated for the multiplication of the SWR of the test

function (3.34) and the SWR of the test function (3.35) (see plots on right column

of Figure 3.9). In this particular case, the error arising from the multiplication is

proportional approximately to O(N−p/2).

3.5.3 Nonlinear function evaluation

The evaluation of a nonlinear function on the SWR, g ◦ f ε, can be accom-

plished in a way similar as in the multiplication described above. More pre-

cisely, for a given {{fl0,k}k∈k0
l0
, {df

l,λ}(l,λ)∈Λε}, the procedure for evaluating g ◦ f ε

reads as follows: (i) calculate {{fl0,k}k∈k0
l0
, {fl,λ}(l,λ)∈Λε} by means of the in-
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verse wavelet transform, and (ii) compute the pointwise values g(f ε(x)), x ∈

{{xl0,k}k∈k0
l0
, {xl,λ}(l,λ)∈Λε}. It can be verified that the operations required by this

procedure is proportional to the number of grid points. Note that for any x, there

is an appropriate c such that f ε(x) + cε and |c| is of course smaller than the

constant defined in (3.31). If g is differentiable, the following estimate holds:

g(f(x)) = g(f ε(x) + cε)

= g(f ε(x)) + cO(ε)
(3.43)

Therefore, one can expect that this procedure yields results with error of order ε

(however, the constant associated with it could be large in certain cases). To check

the validity of the above estimate, we consider the evaluation of the composite

function,

g(f(x)) = exp

[ −5(1 − f(x))

1 − 1/2(1 − f(x))

]
. (3.44)

where f(x) is the test function (3.34). Figure 3.10 show relationship between the

error of g(f ε) and the threshold parameter ε. In this particular test case, the error

is of the same of with the threshold value.

3.6 Derivative Approximation

For a given SWR, the derivative approximation can be computed by direct

differentiation of the multiscale basis (see [11, 12, 133, 134]). However, this

approach is somewhat computationally costly because of the different support

sizes of wavelets on different levels and the fact that a derivative of wavelet func-

tions no longer satisfies the interpolation property. Evaluating the derivative

at a specific grid point involves a number of derivatives of wavelets (approx-

imately O(p(J − l0)) at each point, and hence O(p(J − l0)N) overall, where
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Figure 3.10: Error in L∞-norm of g(f ε) of the SWR of the test function (3.34)
as a function of threshold value ε.

(J − l0) is the number of levels used in the approximation). An alternative

approach is to approximate a derivative using a finite difference approximation

(see [70, 76, 81, 111, 132, 136, 138]). Let D be the set of wavelet coefficients

of the SWR, i.e. D = {{fj0,k}k∈k0
l0
, {dl,λ}(l,λ)∈Λε}. As a reminder, since xj,λ is

nothing but xj+1,2k+e, there exists a unique index at the finest level (J,m) such

that xJ,m = xj,λ. We can therefore define Ξε = {(J,k) : xJ,k = xl,λ, (l, λ) ∈

Λε} ∪ {(J,k) : xJ,k = xl0,m, m ∈ k0
l0
}. With the above notations, the proce-

dure of the derivative approximation using finite-differences can be described by

follows:

1. For a given SWR, perform the fast inverse interpolating wavelet transform

to yield the function values on an irregular grid of points V with index

(J,k) ∈ Ξ, i.e.

AIWT(D) → {fJ,m = f(xJ,m), (J,m) ∈ Ξ}, (3.45)
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where V is the grid of points required in the finite difference approximation.

In general, it is larger than V
ε
J (the irregular grid associated with the SWR),

i.e. V
ε
J ⊆ V (hence, Ξε ⊆ Ξ).

2. Use finite differences to approximate the derivative at each grid point. More

precisely, at each grid point x = xJ,m, (J,m) ∈ Ξε (or equivalently at each

x in V
ε
J), the ith derivative approximation with respect to xr at such grid

point is determined by

∂ifε

(∂xr)i

∣∣∣∣∣
x

≈ f
(xr)i

J,m =
1

hi

∑

l∈Sxr
i,x

ar,x
l f(xJ,(m1,...,mr+l,...,md)), (3.46)

where mr is the rth-component of m and Sxr

i,x denotes the index set of the

finite-difference stencil {xJ,(m1,...,mr+l,...,md) : l ∈ Sxr

i,x} of the nth-derivative

with respect to xr at point x. Note that an index (J, (m1, . . . ,mr+l,md)), l ∈

Sxr

i,x is not necessarily in the index set Ξε. Here, h refers to the associated

step size associated with the stencil {xJ,(m1,...,mr+l,...,md) : l ∈ Sxr

i,x}. It is

defined as the minimum of the spacings between two consecutive stencil

points and {ar,x
l }l∈Sxr

i,x
denote the corresponding finite-difference coefficients

for the ith derivative. For a consistent approximation, the order of the finite

difference scheme must be connected to the order of wavelets used. It is

currently assumed that the finite difference approximation (3.46) is O(hn).

3. If required, apply the interpolating wavelet transform to the result to obtain

the corresponding wavelet coefficients:

AFWT({f (xr)i

J,m , (J,m) ∈ Ξε}) → D(xr)i

= {{f (xr)i

j0,k }, {d(xr)i

l,λ , λ ∈ Λε}} (3.47)
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and, subsequently, the derivative approximation is given by

D(i)
xr
fJ

ε (x) =
∑

k

f
(xr)i

l0,k Φl0,k(x) +
∑

(l,λ)∈Λε

d
(xr)i

l,λ Ψl,λ(x). (3.48)

It can be verified that the above procedure requires only O(N) operations, where

N = dimV
ε
J (assumed that dimV is of the same order with N). Above, no specific

detail on the strategy of choosing the finite difference stencil is provided. In what

follows, two particular strategies are discussed.

In the first approach, we use the so-called Λ-cycle approach of [136] to choose

the finite difference stencil. This approach results in a finite difference approx-

imation on a locally reconstructed uniform stencil [76, 136]. At each level, we

determine Λj, which is the set of points xj,k ∈ V
ε
j that have no immediate sur-

rounding points on the next level of resolution, i.e. xj+1,2k±1 6∈ V
ε
j+1. The stencils

associated with such points are those of the nth order accurate uniform centered

stencil (or those of the uniform one-sided stencil and non-symmetric stencil at and

near boundaries, respectively) with step size of h = 2−j. By doing this starting

from level l0 and progressively advancing until reaching level J , one obtains the

finite difference stencils for every grid point in V
ε
J . It can be observed that this

strategy requires points that do not belong to the grid V
ε
J . Here, we use V to

denote a grid that is a union of these missing points and those of V
ε
J , as defined in

step 1 above. The approximate function values on V can be obtained by setting

wavelet coefficients associated with the points V \ V
ε
J to zero and subsequently

computing the inverse wavelet transform (AIWT). Moreover, if the function values

f(x), x ∈ V
ε
J are known (instead of the associated wavelet coefficients), one can

also use LAIWT (see section 3.4) to find directly the approximate function values

at the missing points.
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In the this setting, it is not straightforward to provide a rigorous accuracy

estimate of the derivative approximation. The following discussion, which uses

a similar argument given in [76], attempts to provide an approximate estimate.

Unlike the SWR, the error of the derivative approximation, in general, does not

vanish at the grid points in V
ε
J . To obtain a norm of the error, we introduce the

following maximum norm over the grid points:

‖g‖V,∞ = max
x∈V

|g(x)|, (3.49)

where V is an irregular grid. Here, the error estimate relies on the fact that when

|dj+1,λ| is less than the threshold value ε, the actual function in the neighborhood

of the point xj+1,λ is well approximated by the local polynomial interpolation

constructed from points with step size h = 2−j, i.e., it is locally well approximated

by Ijf . In light of (3.20) and (3.31), we have that, in such neighborhood, the

following relation holds

hp ∼ ε. (3.50)

As note earlier, stencils associated with points in Λj (as a reminder they are points

that have no immediate surrounding point associated with wavelets on level j+1)

have step length h = 2−j and the finite difference scheme is assumed to be O(hn).

Thus at a grid point in which its associated stencil has no missing point(s), the

truncation error of the scheme is approximately O(hn) ∼ O(εn/p). For a grid point

in which its associated stencil contains points that do not belong to V
ε
J , there is

an additional error associated with the wavelet interpolation. In this case, the

local error of the finite difference approximation is given by
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D
(i)
xr f

J
ε

∣∣
x
− ∂if/(∂xr)

i
∣∣
x
∼O(ε/hi) +O(hn),

∼O(ε(p−i)/p) +O(εn/p),

∼O(εmin((p−i)/p,n/p)).

From (3.32), it follows that

D(i)
xr
fJ

ε

∣∣
x
− ∂if/(∂xr)

i
∣∣
x
∼ O(N−min((p−i),n)/d). (3.51)

for a sufficiently smooth function. Hence, we conclude that the pointwise error of

the derivative approximation has the following bound:

‖∂if/(∂xr)
i −D(i)

xr
f ε

J‖Vε
J ,∞ ≤ CN−min((p−i),n)/d. (3.52)

The above result suggests that in order not to lose accuracy, a finite difference

of order n ≤ p − i should be employed. It is remarked while that (3.52) is

by no means a rigorous error bound, results from numerical experiments agree

reasonably well with it. Figure 3.11 shows the log-log plots of error of the first

and second derivative approximation D(i)fε of the test function (3.34) versus the

number of grid points N for different combinations of p and n and for threshold

values ε ranging from 10−2 to 10−8. Table (3.1) summarize the slopes of the plots

(more precisely, they are the slopes of the linear curve fitting in the least square

sense.). It can be seen that, for the derivative approximation with p = 4 and 6, the

relationship between error and N conform reasonably with the estimate (3.52).

The rate of convergence for p = 8 and n = 6 seems to be much faster than the

prediction; however, in this case, if the slope is computed using only data of the

last few points of such plot (i.e. discarding data associated with large threshold

85



TABLE 3.1

SLOPES OF THE LOG-LOG PLOTS IN FIGURE 3.11

−d × slope

1stderivative 2ndderivative

p = 4, n = 2 2.1 2.1

p = 4, n = 4 3.8 2.1

p = 6, n = 4 4.7 4.2

p = 6, n = 6 5.6 3.5

p = 8, n = 6 7.8 8.6

values), the slopes of the plots are approximately 6, which agree reasonably well

with the estimate.

We also use an approach developed by [111], which is more computationally

efficient. This approach is based on the calculation of finite differences on non-

uniform stencils. It is known that a stencil which is highly non-uniform, i.e. the

ratio of the largest to the smallest spacing between points in the stencil is large,

may yield a non-robust algorithm. For this reason, the stencil is chosen such that

the ratio of the largest to the smallest spacing between points should be no grater

than 2. If the stencil does not satisfy such restriction, a locally reconstructed uni-

form stencil is then used instead. In practice, it is found that the stencil satisfies

the above restriction most of the times. Consequently, the need for interpolations

is reduced substantially. In addition, this approach takes advantage of the fact

that the irregular grid V
ε
J is a dyadic semi-structured grid. Hence, coefficients of
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Figure 3.11: LV,∞-error of the derivative approximation on irregular grids,

‖∂if/∂x−D(i)
x1 f

ε‖Vε,∞, of the test function (3.34) as a function of N = dimV
ε

for different p, n, and ε. (a) error of the first derivative approximation with
respect to x1-direction. (b) error of the second derivative approximation with
respect to x1-direction.
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all possible finite-difference stencils can be calculated and stored a priori. The cal-

culation of finite-difference coefficients for a particular grid then reduces to simply

fetching the stored coefficients whose stencil matches the one being considered. It

can be argued that the estimate (3.52) is also applicable for this approach.

When solving a (linear) second order partial differential equation using a finite

difference approximation on an irregular grid, we expect that the accuracy of the

numerical solution should conform (to some extent) with (3.52). This, in turn,

implies that if the method is used with n ≤ p − 2, the order of accuracy of

the numerical solution is expected to be n. For n > p − 2, it is expected that

the accuracy of the solution is of order p − 2 and hence the n − p + 2 order of

accuracy (compared with the order of the finite difference scheme) is lost. However,

numerical solutions to specific problems (see Section 4.4) show that such loss of

accuracy may not be as large as that of the estimate.

3.7 MRA-d Approach

The wavelet functions discussed previously are constructed based on the ap-

proach most commonly used in the wavelet literature. Alternatively, the multiscale

basis can be constructed directly from the tensor products of 1-D wavelets. This

so-called MRA-d approach is investigated by [70, 71] and references therein. More

precisely, the basis functions are obtained by considering the following decompo-

sition

Vj = Vj ⊗ · · · ⊗ Vj︸ ︷︷ ︸
d-times

,

=

[
Vl0 ⊕

(
j−1⊕

l=l0

Wl

)]
⊗ · · · ⊗

[
Vl0 ⊕

(
j−1⊕

l=l0

Wl

)]

︸ ︷︷ ︸
d-times

.
(3.53)
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Therefore, higher-dimensional basis functions are given by

Ψ(l,k)(x) ≡ ψl1,k1(x1) · · ·ψld,kd
(xd), k ∈ kl, l ∈ T(l0, j), (3.54)

where

kl = k1
li
× · · · × k1

ld
, (3.55)

and

T(l0, j) = {l0 − 1, l0, . . . , j − 1} × · · · × {l0 − 1, l0, . . . , j − 1}︸ ︷︷ ︸
d-times

. (3.56)

Note that ψl0−1,k(·) ≡ φl0,k(·) and k1
l0−1 ≡ k0

l . As in the MRA approach, each

tensor basis function Ψ(l,k)(x) is associated closely with the grid point x(l,k), where

x(l,k) ≡ (k̃1/2
l̃i , . . . , k̃d/2

l̃d), k̃i = 2ki + 1, l̃i = li + 1 for li ≥ l0, and k̃i = ki, l̃i = l0

for li = l0 − 1. Note that for a given dyadic point x, the index (l,k) such that

x(l,k) = x can be uniquely determined.

It follows directly from (3.53) and (3.54) that the interpolation function (3.5)

can be written as,

(Ijf)(x) =
∑

(l,k)∈L(l0,j)

d(l,k)Ψ(l,k)(x), (3.57)

where d(l,k) is a coefficient associated with the basis function Ψ(l,k)(x) and, L(l0, j) =

{(l,k) : l ∈ T(l0, j), k ∈ kl}. The coefficients d(l,k) can be computed directly

from

d(l,k) =





(
d∏

i=1

Ili,ki

)
f ≡ I(l,k)f for l 6= l0 − 1,

fl0,k for l = l0 − 1,

(3.58)

where l0 = {l0, . . . , l0}. Here, for l ≥ l0, Il,k = I1
l,k is a 1-D stencil associated with

the points X1
l,k and for l = l0 − 1, Il,k = [1] is a 1-D stencil associated with the
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point X0
l,k (see (3.14) and (3.15) for the detailed definition). Note that I(l,k) is

understood as the (d−n)-dimensional stencil, where n is the number of entries in

l with value of l0 − 1, and f denotes the function values at the stencil points. By

using a Taylor series analysis, it can be shown that

|dl,k| ≤ Cmax
ξ

{Dpf}2−p|l|1 (3.59)

where |l|1 ≡∑i∈{i : li 6=l0−1} li. This indicates that the coefficients decay exponen-

tially with respect to |l|1. Note that for a function with less smoothness, the

coefficients decay at a rate slower than that given in the above equation. In fact,

the coefficients d(l,k) measure the difference between f(xl,k) and the values pre-

dicted from the local polynomial approximations. As a consequence, they can be

used to detect local sharp variations in the function.

For a given threshold ε, the SWR of the MRA-d is given by

f ε
J =

∑

(l,k)∈T (l0,J)

d(l,k)Ψ(l,k)(x), (3.60)

where

T (l0, J) = {(l0 − 1,k) : k ∈ k0
l0
} ∪ {(l,k) ∈ L(l0, J) : |d(l,k)| ≥ ε}. (3.61)

Note that the thresholding given above is effectively based on the max-norm. To

add an additional damping effect, one can use L1- or L2-norm in the thresholding

process (see (3.37) for details). Analogous to the MRA approach, the error of the

SWR for MRA-d is also O(ε) [73]. Similarly, associated with the SWR f ε
J is the

irregular grid
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{xl,k : (l,k) ∈ T (l0, J)}. (3.62)

The computation of d(l,k) using (3.58) is inefficient. In fact, the salient advan-

tage of MRA-d comes the fact that algorithms such as the wavelet transform, its

inverse, interpolation and derivative approximation reduce to the application of

1-D algorithm (see [71, 73]). Algorithms of any d-D problem boils down to the

application of 1-D algorithms in each direction sequentially. More specifically, let

f(l,k) represent the data at point x(l,k), the wavelet transform mapping the given

data {f(l,k)}(l,k)∈T (l0,J) to the associated wavelet coefficients {d(l,k)}(l,k)∈T (l0,J) can

be accomplished by the following procedure

H{H · · · {H{fl,k}(̂l1,k̂1)=const}(̂l2,k̂2)=const · · · }(̂ld,k̂d)=const, (3.63)

where H is the 1-D wavelet transform on the irregular grid (see Chapter 2 for

details), {f(l,k)}(̂li,k̂i)=const is the data on the grid with index (l,k) having a certain

subindex (̂li, k̂i). One can think of it as the (̂li, k̂i)-th column in i-direction.

Here, {H{gl,k}(̂li,k̂i)=const} represents the result obtained from applying the 1-D

wavelet transform to every column in i-direction. The inverse transform can be

accomplished by replacing H by the 1-D inverse transform H−1 and {f(l,k)} now

represents wavelet coefficients. The wavelet transform and its inverse with respect

to the i-direction are outlined in Algorithms 12 and 13 respectively. Subsequently,

the d-dimensional wavelet transform and inverse transform can be obtained by

applying PAFWT2(i)/PAIWT2(i) with i = 1, 2, . . ., d, respectively, as given in

Algorithms 14 and 15. Note that PAFWT2 is not a direct implementation of the

process {H{fl,k}(̂li,k̂i)=const} described above; here the calculation with respect to

the i-direction are done in a level-wise fashion (instead of column-wise manner). In
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Algorithm 12 PAFWT2(i)

Given data {fl,k}(l,k)∈T (l0,J) and i-direction
for j = J − 1 to l0 do

for all (l,k) ∈ T (l0, J) such that li = j do

x = x(l,k)

for n = minXli,ki
to maxXli,ki

do

xi = 2−lin and find index (l,n) such that xl,n = x

f(l,k) = f(l,k) − hli,n
2ki+1f(l,n)

end for

end for

end for

Algorithm 13 PAIWT2(i)

Given data {fl,k}(l,k)∈T (l0,J) and i-direction
for j = l0 to J − 1 do

for all (l,k) ∈ T (l0, J) such that li = j do

x = x(l,k)

for n = minXli,ki
to maxXli,ki

do

xi = 2−lin and find index (l,n) of the point x

f(l,k) = f(l,k) + hli,n
2ki+1f(l,n)

end for

end for

end for
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this way, we can use a (slightly modified) data structure [111], originally designed

for the MRA approach, for the MRA-d approach.

It can be verified that the i-directed transform requires pN operations, where

N = dimT (l0, J). Thus, for MRA-d, the total number of operations required in

the wavelet transform or its inverse is dpN . The number of operations needed

in this approach is slightly higher than that of the conventional MRA approach

when N of two approaches are identical. However, generally, the number of points

required by the two approaches are not identical. We remark that, as in the

conventional MRA case, the index set T must also satisfy the so-called minimum

index set condition in order for AFWT2/AIWT2 to work. In general, the set T

resulting from thresholding will not meet such a condition. This can be easily

remedied by enlarging the index set. Owing to the tensor product nature, this

can done easily by applying the algorithm AUGMENT (see Chapter 2 for details)

to enlarge grid in each direction successively.

Algorithm 14 AFWT2
Given function values {fl,k}(l,k)∈T (l0,J)

for id = 1 to d do

Compute the coefficients in place using PAFWT2(id)
end for

Algorithm 15 AIWT2
Given wavelet coefficients {fl,k}(l,k)∈T (l0,J)

for id = 1 to d do

Compute the function values in place using PAIWT2(id)
end for
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Figure 3.12: MRA-d irregular grid associated with the SWR of the function
f(x, y) = 0.2/(|0.4 − x2 − y2| + 0.2) for ε = 5 × 10−3 and p = 6.

We note that the SWR of a continuous function can be obtained through a

procedure that is similar to that of COMPRESS. Figure 3.12 shows for example the

MRA-d irregular grid associated with the SWR of the function having a singularity

(in the first derivative) of circular shape (see Figure 3.4 for comparison with that

of the conventional MRA approach).

The algebra of the SWR (e.g., addition, subtraction, multiplication, and non-

linear function evaluation) can be accomplished in similar ways as in the MRA

approach (see section 3.5). Since the wavelet transform and its inverse transform

requires only O(N) operations, the number of operations required in these pro-

cedures is subsequently O(N). In other words, the cost of these procedures is

proportional to the number of grid points. It can be easily shown that error in

these procedures also obeys the estimates given in section 3.5.
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3.7.1 Derivative approximation for MRA-d

As in the MRA approach, approximating a derivative of the SWR associated

with the MRA-d by mean of direct differentiation of the basis functions is compu-

tationally expensive. [70, 71, 88] introduce a procedure that makes use of finite

differences. Such a procedure for approximating the ith partial derivative with re-

spect to xr from given wavelet coefficients {dl,k}(l,k)∈T can be described as follows:

1. For a given D = {dl,k}(l,k)∈T , perform the inverse wavelet transform with

respect to the r-direction to yield the intermediate function values on grid

points with index (l,k) ∈ T̃ , i.e.,

PAIWT2(r)(D) → {f̃l,k}(l,k)∈ eT . (3.64)

Here, T̃ is an index set of points participating in the finite difference calcu-

lation. It is in general larger than T , more precisely, T ⊆ T̃ .

2. At each point xl,k, (l,k) ∈ T , apply the finite difference operator to the

intermediate function values to obtain

f̃
(xr)i

l,k =
1

hi

∑

(l,m)∈Sxr
i,(l,k)

a
r,x(l,k)

(l,m) f̃l,m, (3.65)

where Sxr

i,(l,k) denotes the set of index (l,m) that determines the finite-

difference stencil of ith derivative with respect to xr at point xl,k. Note

that it is not necessary for an index (l,k) ∈ Sxr

i,(l,k) to belong to the in-

dex set T . Here, h refers to the step size associated with the stencil

{xl,m : (l,k) ∈ Sxr

i,(l,k)}. It is defined as the minimum of the spacing between

two consecutive stencil points. The quantities {ar,xl,k

(l,m) : (l,m) ∈ Sxr

i,(l,k)}
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denote the corresponding finite difference coefficients. In addition, it is as-

sumed that the accuracy of the finite difference scheme (3.65) is O(hn).

3. Perform the wavelet transform with respect to the r-direction on {f̃ (xr)i

l,k }(l,k)∈T

to obtain the corresponding wavelet coefficients of the derivative approxima-

tion:

PAFWT2(r)({f̃ (i)
l,k}(l,k)∈T ) → {d̂(l,k)}(l,k)∈T = D(xr)i

. (3.66)

4. Values of the derivative approximation are then obtained by means of the

inverse wavelet transform:

AIWT2(D(xr)i

r ) → {f (xr)i

l,k }(l,k)∈T , (3.67)

where f
(xr)i

(l,k) denotes the approximate value of the ith derivative with respect

to xr of the function f at the point xl,k.

In step 2, the finite difference stencil at point xl,k is obtained by first locating

the point in {x(j,m)}(bjr=blr, bmr=blr) that is closest to xl,k. The distance to that point,

h, is chosen as the the step length. The finite difference stencil associated with

xl,k is subsequently that of nth order accurate uniformly centered stencil (with the

appropriate modification at and near boundaries) with step length h.

Since the number of operations required in PAIWT2, PAFWT2 or AIWT2 is

proportional to the number of data points, as a result, the procedure of computing

the derivative approximation described above requires only O(N) operations. It is

important to mention that, in this procedure, steps 1 and 3 are crucial in obtaining

an accurate derivative approximation. Omitting these steps and applying a sim-

ple finite difference operator (as done by those noted in the previous paragraph)

directly to the function values {fl,k}(l,k)∈T ) in general results in large errors which
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are not reduced as N is increased. Note that there is no rigorous error estimate

of this procedure when the grid is irregular. However, for the special case of the

so-called regular sparse grid denoted by V
(1)
J , it has been shown by [71] that the

procedure obeys

‖∂if/∂xi
r −D(i)

x f
(1)
J ‖

V
(1)
J

,∞
≤ C J 2−min(p,n)J , (3.68)

where f
(1)
J represents the SWR associated with the regular sparse grid. The regular

sparse grid is defined by

V
(1)
J = {xl,k : (l,k) ∈ L(l0, J) and |l|1 ≤ J + (d− 1)l0 − d} (3.69)

where |l|1 =
∑d

i=1 li. Figure 3.13 for example of a regular sparse grid. Note that
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Figure 3.13: Regular sparse grid V
(1)
J with J = 7 and l0 = 2.
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the dimV
(1)
J is O(Jd−12J). This and (3.68) suggest that there is an advantage

in using the discretization on V
(1)
J in comparison to using finite differences on

the full grid. While the finite difference approximation on a full grid of step size

2−J using 2dJ grid points yield an error of O(2−nJ), the discretization on V
(1)
J

with only O(Jd−12J) grid points yields almost the same accuracy, i.e. O(J2−nJ).

Although not covered by this estimate, one can expect this procedure to yield an

accurate derivative approximation in the case of an irregular grid. Figure 3.14

shows as an example the accuracy of the derivative approximation D
(i)
x1 f

ε of the

test function (3.34) for different combinations of p and n as the threshold value is

varied from 10−2 to 10−8 (see 3.11 for similar plots with MRA). Let us note that,

for this particular test function, the derivative approximation with MRA-d yields

a more accurate approximation (in term of both convergence rate and actual error

for the same number of grid used) than that of MRA in the case where p = 4.

For p > 4, the rate of convergence of the MRA-d approach is either comparable

(or even slightly higher for some combinations of p and n) than that of MRA

approach; however, actual error (in these specific range of threshold value) for the

same number of grid used is higher than that of the MRA approach.
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Figure 3.14: LV,∞-error of the derivative approximation on MRA-d irregular

grids, ‖∂if/∂x−D
(i)
x1 f

ε‖Vε,∞, of the test function (3.34) as a function of N =
dim V

ε for different p, n, and ε. (a) error of the first derivative approximation
with respect to x1-direction. (b) error of the second derivative approximation
with respect to x1-direction.
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CHAPTER 4

ADAPTIVE WAVELET METHODS FOR PARTIAL DIFFERENTIAL

EQUATIONS

In this chapter, we describe algorithms for the adaptive solution of both time-

independent and time dependent partial differential equations (PDEs). Such al-

gorithms are in essence a sequence of performing two main tasks, namely solving

the discretization of PDEs and adapting the computational grid. The latter is

accomplished by analyzing the wavelet amplitudes of the solution of discretized

version of the PDEs. In this work, the spatial discretization of PDEs is accom-

plished via a collocation procedure and the derivative approximation is computed

by means of finite differences as described in the previous chapter. To make things

more precise, we first provide detail on the spatial discretization on an irregular

grid in the next section. Subsequently, we describe an adaptive algorithm, which

use wavelet amplitude as indicators for refinement for adaptively solving time-

independent problems without prior knowledge of which area of the domain need

refinement. Some comments on preconditioning of the linear system is made in

Section 4.3. Later in Section 4.4 the results of the numerical experiments on

2- and 3-D problems using the adaptive algorithm are presented. We use solu-

tions to problems of which exact solutions are available so that the accuracy of the

adaptive procedure can be assessed. In Section 4.5, we provide details of a dynam-

ically adaptive algorithm for time-dependent PDEs. The algorithm is designed to
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adapt the computational grid according to the solution features that may evolve

with time. We then use the adaptive algorithm on a convection-diffusion-reaction

problem corresponding to a 2-D flameball-vortex interaction.

4.1 Spatial discretization on irregular grid

In this section, we describe the spatial discretization of PDE problems on

a given irregular grid and also the application of different types of boundary

conditions. To this end, consider the following 2-D model problem for u(x):





−∇2u+ cu = f, for x ∈ Ω = (0, 1)2

u = g, for x ∈ Γd

∂u/∂n = q, for x ∈ Γn

(4.1)

where c > 0 is a positive constant and Γd ∪ Γn = ∂Ω and Γd ∩ Γn = ∅. Here,

f is a source term and g and q are specified Dirichlet and Neumann conditions,

respectively. For a given irregular grid V = {xJ,k : (J,k) ∈ Ξ} and let uJ,k =

u(xJ,k) denotes unknown nodal values of u. Then the approximate solution at

nodal points is obtained by finding u = {uJ,k : (J,k) ∈ Ξ} that satisfies the

following problem





−
[{

DS
x1x1

u
}

J,m
+
{
DS

x2x2
u
}

J,m

]
+ cuJ,m = fJ,m, for xJ,m ∈ V ∩ (0, 1)2,

uJ,m = gJ,m, for xJ,m ∈ V ∩ Γd,

n1|xJ,m

{
DS

x1
u
}

J,m
+ n2|xJ,m

{
DS

x2
u
}

J,m
= tJ,m, for xJ,m ∈ V ∩ Γn,

(4.2)

where fJ,m, gJ,m, and tJ,m denote respectively the function values of f , g, and t at

xJ,m, ni|xJ,m
denotes a i-component of the unit vector normal to Γn at xJ,m. The

term {DS
x1x1

u}xJ,m
denotes an approximation of the second derivative with respect
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to x1 at the point xJ,m by means of finite differences described in section 3.6 Note

that {DS
x2x2

u}xJ,m
, {DS

x1
u}xJ,m

, and {DS
x2

u}xJ,m
are defined in an analogous way.

Since the derivative approximation procedure is linear, it can be represented by

a matrix-vector multiplication with u as an input vector and DS as a so-called

derivative matrix [128] (note that we drop the subscript from the notation when it

is refer in a generic fashion, i.e. when no specific order of derivative is specified.).

Precisely, as an example, the derivative matrix DS
xixi

for the second derivative

with respect to xi is defined by

DS
xixi

= Dxixi
ẼH, (4.3)

or equivalently by

DS
xixi

= Dxixi
P̃, (4.4)

where H, a N × N matrix where N = dim Ξ, represents the operator associ-

ated with the adaptive wavelet transform AFWT, Ẽ is a Ñ × N matrix, where

Ñ = dim Ξ̃, that denotes the wavelet interpolation operator that determines in-

terpolated values on an auxiliary grid with index set Ξ̃ by means of appending

Ñ −N entries of zero values to a vector and subsquently applying the fast inverse

adaptive wavelet transform (step 1 in Section 3.6), and Dxixi
is a N × Ñ matrix

that represents finite difference operator for second derivative with respect to xi

(step 2 in section 3.6). As a reminder, the auxiliary grid with index set Ξ̃, which

is as a reminder the grid of points needed for finite differences, is larger than the

considered grid, i.e Ñ ≥ N . In (4.4), P̃ is a Ñ × N matrix that represents the

wavelet interpolation operator associated with LAIWT (Algorithm 11). It is re-

marked that when V is a full grid, DS is a conventional nth-order finite difference
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differentiation matrix. For the irregular grid, this matrix is effectively nothing

but a certain finite difference derivative matrix with stencil varying for each grid

point.

The problem (4.2) is just a linear system of equations composed of Ni =

dim V ∩ Ω equations associated with the discretization at interior grid points,

Nd = dim V ∩ Γd equations enforcing Dirichlet boundary condition, and Nn =

dimV ∩Γn equations approximating the Neumann boundary condition. It can be

represented in the standard form

Au = f , (4.5)

where the matrix A contains Ni rows extracted correspondingly from −(DS
x1x1

+

DS
x1x1

) + cI, and Nd and Nn rows representing the imposition of the Dirichlet and

Neumann boundary conditions. The vector f consists of the values of the right

hand side of the equation at interior grid points and values of specified Dirichlet

and Neumann condition at the boundaries.

The numerical solution of (4.1) thus becomes a matter of solving the linear sys-

tem (4.5). It is noted that A is a sparse matrix, i.e. the number of nonzero entries

is proportional to N . In general, A is non-symmetric, even when the correspond-

ing continuous operator is symmetric and self adjoint. A vector resulting from a

matrix-vector multiplication with the derivative matrix DS can be obtained easily

and efficiently through the use of fast algorithms AFWT and AIWT (or LAIWT),

and subsequently simple finite differences. Note this procedure requires only O(N)

operations. In this way, a vector resulting of a matrix-vector multiplication with A

can be determined without the need of assembling matrix A. Based on these facts,

we can employ the Bi-Conjugate Gradient STABilzed (BiCGSTAB), the Gen-

103



eralized Minimum RESidual (GMRES), or the Transpose-Free Quasi-Minimum

Residual (TFQMR) (which are non-stationary iterative solvers relying on Krylov

subspace [7, 114]) in solving the linear system arising from the discretization.

These iterative solvers are applicable to non-symmetric linear systems. In addi-

tion, solvers based on Krylov subspace require users to supply only a result of

matrix vector multiplication not a matrix in the solution process. It is noted that

entries of A having nonzero values can be determined exactly before-hand in an

efficient manner. The nonzero pattern of A is determined by the non-zero pat-

tern of derivative matrices DS
xixi

, which can be obtained by examining associated

finite difference stencils (in step 2.). More precisely, for grid points with their

associated stencils containing no missing points, non-zero entries of corresponding

rows are simply the index of points in stencils. For grid points with their asso-

ciated stencils containing missing points, nonzero entries are the index of those

point that participate in the stencil and the index of those points needed in the

wavelet interpolation of the missing points. Note, however, that it is somewhat

cumbersome to determine nonzero entries of the discretization matrix involving

mix derivatives without first determining stencils for the mixed derivative. In the

case where the system matrix is explicitly assembled, the transpose of A is avail-

able, thus permitting the use of the Bi-Conjugate Gradient (BiCG) or Conjugate

Gradient on Normal Equation (CGNE) for solving the system of equations.

So far, we have discussed the discretization based on a grid of the conventional

MRA. For MRA-d, the discretization on a given irregular grid of the MRA-d

replaces the PDE problem (4.1) with a problem similar to (4.2) (with the use of

suitable notations). In this case, {DSu}l,m denotes a derivative approximation at

the point xl,m by means of finite differences described in Section 3.7.1. In matrix
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form, as an example, DS
xixi

is given by

DS
xixi

= EHiDxixi
ẼiH (4.6)

where H, E are N × N matrices that represent respectively the MRA-d fast

wavelet transform operator (AFWT2) and the fast inverse wavelet transform op-

erator (AIWT2), Hi is a N × N matrix denoting the wavelet transform with

respect to the xi-direction (PAFWT2(1)), Ẽ1 is a Ñ × N matrix representing

the procedure consisting of appending a vector with Ñ −N entries of zero value

and subsequently applying the inverse wavelet transform with respect to the i-

direction on the augmented vector to obtain the intermediate function values on

the auxiliary grid (step 1 in Section 3.6), and Dxixi
is a N × Ñ matrix that rep-

resents the finite difference operator for the second derivative with respect to xi

(step 2 in Section 3.6). As in the MRA case, the system matrix A of the MRA-d

approach is sparse and non-symmetric. There are fast algorithms for calculating a

matrix-vector multiplication with A (without having to know the explicit form of

A), but there is no algorithm for the transpose of A. It is also important to note

that determining non-zero entries of this matrix is computationally expensive and

should be avoided in practice.

It can be observed that the discretization can be applied straightforwardly to

PDE problems with non-constant coefficient, owing to the collocation-like nature

of the discretization. To this end, we note that the discussion and numerical

results given in Section (3.7.1) and (3.6) indicate that this numerical discretization

is consistent. It is noted that in order for the numerical solution to converge, in

addition to being consistent, the discretization must be stable. To the author’s

knowledge, there exists no proof of stability of a finite-difference discretization
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on a general irregular grid. However, experience with the use of the derivative

approximation making use of finite difference schemes applied to specific problems

shows that the numerical solutions converge to the corresponding exact solutions.

4.2 Adaptive wavelet technique for elliptic PDE problems

In the previous section, we describe the procedure for numerically solving an

elliptic PDE on a given irregular grid. Since wavelet amplitudes provide informa-

tion on the regularity of the function, one can take advantage of this information

to refine the computational grid accordingly. With these ingredients on hand,

one can establish the algorithm for adaptive solution of elliptic problems without

knowledge of where to refine before-hand [12, 70]. In this section, we consider

such an algorithm for the linear second order elliptic problem

Lu = −∇ · (a∇u) + b · ∇u+ cu = f in Ω = (0, 1)d, (4.7)

Bu = g on ∂Ω, (4.8)

where B represents boundary conditions and L denotes a second order elliptic

operator with possibly variable coefficients a ∈ Rd ×Rd, b ∈ Rd, and c ∈ R.

The algorithm for the adaptive solution of the elliptic problem consists of

solving the problem on one grid and then use wavelet amplitude of the approximate

solution obtained as an indicator for constructing a new (and better) refined grid

to be used for the subsequent approximate solution. The procedure is performed

iteratively starting from a specific initial grid until an error tolerance is satisfied or

until the computational grid stop changing—whichever come first. Such a process

for the presented work is elaborated in Algorithm 16. It can be described roughly
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Algorithm 16 Elliptic solver with adaptive wavelet refinement

Given ε, εtol, itmax and initial grid V0

m = 0
Solve PDE problem on V

m for um

repeat

AFWT (um) → {{um
j0,k}, {dm

l,λ}(l,λ)∈Λm}
# flag essential grid points

Gather Λ = {(l, λ) ∈ Λm : |dm
l,λ| > ε} and

# add neighboring points to grid of essential points

Determine the neighbor region ΛN =
⋃

(l,λ)∈Λ Nl,λ and establish Λm+1 = Λ
⋃

ΛN

# new irregular grid

Construct V
m+1 = {{xl0,k}, {xl,λ}(l,λ)∈Λn+1}

Solve PDE problem on V
m+1 for um+1

AFWT (um+1) → {{um+1
j0,k }, {dm+1

l,λ }(l,λ)∈Λm+1}

# compute quantity used in stopping criteria

Determine λ = {λ : (j0 +m+ 1, λ) ∈ Λm+1, |dj0+m+1,λ| > ε}
Calculate Em = ‖um+1 − um‖

m = m+ 1
until Em ≤ εtol or λ = ∅ or m > itmax

as follows:

(i) Compute the approximate solution of the PDE problem on an irregular grid;

(ii) Flag the points with |dl,λ| > ε (they are referred as essential points) for

refinement. For each point flagged, an associated set of neighboring points,

Nl,λ, composing of surrounding points at the same and next level are es-

tablished. The next computational grid consist of the union of the essential

points and neighboring points;

(iii) Repeat (i) and (ii) until stopping criteria are satisfied.

107



The set of neighboring points Nl,λ associated with xl,λ (note that xl,λ=(e,k) =

xl+1,2k+e) is defined by

Nl,λ=(e,k) = {xl+2,r : r ∈ k0
l+2 and ‖r − (4k + 2e)‖∞ < 2P}, (4.9)

where an integer P is a parameter controlling the size of region to be refined.

This strategy includes (4P + 1)d − 1 points surrounding one essential point and

in practice there is no benefit in using P > 1. Different strategies can be also

employed in defining Nl,λ. Another possibility is to use the following strategy

Nl,λ = {xl+2,r : r ∈ k0
l+2 and |ri − (4ki + 2ei)| < 2P, i = 1, . . . , d}, (4.10)

which adds d(4P + 1) − 1 points surrounding one essential points. Using Nl,λ

obtained from (4.10) results in an irregular sparse grid with larger sparseness.

Figure 4.1 illustrates sets of neighboring points defined by the two strategies de-

scribed above.

In this work, the computation is terminated when ‖un+1 − un‖Vn,∞ is less

than a user prescribed tolerance εtol and when the computational grid converges1.

Here, un and V represent respectively the approximate solution and irregular grid

at nth-iteration. Owing to the fact that wavelet amplitudes decay in a cone-like

structure in location scale space, convergence of computational grid is declared

when there is no point on a newly added highest level with wavelet amplitude

grater than ε. In addition to these simple stopping criteria, the calculation is

also terminated when the number of iterations reaches a user-specified maximum

(itmax in Algorithm 16).

1One must not confuse this terminology with a grid convergence used in the realm of the
so-called verification and validation. Here we mean that the computational grid stops changing.
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(a)
Flagged grid Refined grid

(b)
Flagged grid Refined grid

Figure 4.1: Two refinement strategies with P = 1: (a) strategy (4.9) (b)
strategies (4.10); • grid points flagged for refinement. � neighboring points.
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To this end, let us note that a similar adaptive algorithm based on MRA-d

can be obtained by simply substituting appropriate notations into Algorithm 16.

In this case, convergence of the computational grid and the strategy for defining

Nl,m are also modified to suit the nature of MRA-d. More precisely, the step

length used to define neighboring points in the i-direction depends on level li

(ith-component of level index l) as opposed to use the same step length in ev-

ery direction. Convergence of computational grid in this case is determined by

examine wavelet amplitudes on a newly added highest level in all i-directions.

We remark that the technique discussed is paradigmatically similar to other

conventional adaptive refinement schemes [105]. The major difference lies on the

fact that it is point-oriented not cell or element-oriented. Subsequently, the grid

adaption procedure is inexpensive since it is simply a matter of adding or removing

points (without any conformity requirement to be fulfilled as in cell- or element-

oriented methods).

4.3 Remark on preconditioning

In the next section, we apply the adaptive method to solve the Poisson equa-

tions on a square or a cubic domain. As mentioned in Section 4.1, we use a

non-stationary iterative method (e.g. BiCGSTAB, GMRES, or TFQMR) to solve

the resulting linear system of equations. Such system has a condition number κ

that grows at least as O(4J), where J is the finest level of resolution. Solving such

a system to a given accuracy with a modern non-stationary solver will require

O(
√
κ) [4, 7]. As a consequence, one can expect poor performance of iterative

solvers when the value of J is large. To improve the performance, preconditioning

must be used.
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For the MRA-d approach, Koster [90] finds that, with a Jacobi (diagonal)

preconditioner M with diagonal entries
∑d

i=1 4li , the number of iterations required

to solve the preconditioned system HAEM−1ũ = f̃ , where ũ = MHu and f̃ =

Hf (and, as a reminder, A is the MRA-d discretization matrix, H and E are

respectively the MRA-d forward and inverse wavelet transform) depends mildly

on J for p ≥ 4 (despite the fact that his estimate, for the setting that assumes the

full grid and periodic boundary condition, shows that κ ∼ O((J2J)1/2), a relative

rapid growth). Note that this technique may be viewed as a variant of a so-

called multi-level preconditioning [48] used in a Galerkin technique. This type of

preconditioning relies on the fact that the basis must be stable in Sobolev-spaces.

In this work, we use two different types of preconditioners for the discretization

matrix arising from the MRA approach. Since the discretization matrix is sparse

and its non-zeros entries can be assembled explicitly, one preconditioner that we

adopt is the Incomplete LU-factorization (ILU) with drop tolerance [114]. The

ILU-preconditioner is quite efficient in reducing the number of iterations; however,

the additional memory for storage is required (the amount usually can not be

estimated a priori). The other preconditioner that we use borrows the idea from

the Jacobi preconditioning of the MRA-d discretization matrix as described above.

In this particular case, the preconditioner M is a diagonal matrix with entries d4l.

The system to be solved is then given by

HAEM−1ũ = f̃ , (4.11)

where ũ = MHu and f̃ = Hf (and H and E represent the MRA forward and

inverse wavelet transforms (AFWT, AIWT) respectively). Note that in this case,

the additional memory storage is one vector of size N is needed and there is
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not necessary to assemble the system matrix. Numerical experiments indicates

that with the Jacobi preconditioner the number of iterations required in the solver

depends mildly on J . Note that the numerical results presented in the next section

are obtained by using this particular preconditioner.

4.4 Numerical Experiments

In this section, we apply the adaptive algorithm to solve the 2- and 3-D model

problems having mainly the Laplacian as operators in order to assess its perfor-

mance in term of and accuracy. These test problems are linear PDEs and they

are chosen such that their exact solution are available. Note that in this study we

focus our attention main on the assessment of the method with MRA.

4.4.1 Adaptive method using the MRA approach

Test 1: Consider the 2-D Poisson equation with Dirichlet boundary conditions:

−∇2u = f in Ω = (0, 1)2, (4.12)

u = g on ∂Ω, (4.13)

where f(x) and g(x) are chosen such that the solution of the problem is

u(x) = tan−1

[
x2

x1 + 0.01

]
. (4.14)

Note that the solution is harmonic, i.e. f(x) = 0 and decays very sharply near

x = (−0.01, 0) (see Figure 4.2). If the domain were to be extended to x1 = −0.01,

there would be a jump in the boundary condition.
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The numerical calculations are performed with different values of p (order of

wavelet), n (order of finite differences), and threshold parameter ε. The coarsest

level is set to j0 = 3 (9 × 9 grid points) in cases where p = 4 and 6 and to j0 = 4

(17 × 17 grid points) in cases where p = 8 and 10. The neighboring set is defined

through (4.9) with P = 1. The maximum allowable resolution J − j0 is set to a

large value and we check that the maximum level of resolution is never reached (i.e.

no essential point exists at this level) by the adaptive algorithm. Subsequently, the

accuracy of numerical solution is controlled primarily by the threshold parameter

ε. We use ‖um+1 − um‖Vm+1,∞ ≤ εtol with εtol = 15ε for the stopping criterion

(see also the other two simple stopping criteria in Algorithm 16). As a reminder,

um represents the numerical solution obtained with V
m, the refined grid at the

mth-iteration.

Figure 4.2 shows for the numerical solution obtained by the adaptive method

with p = 6, n = 4 and ε = 10−4. It can be seen that grid points are concentrated in

vicinity of the lower left corner, the area close to the singularity. The sequence of

adaptively refined grids V
m generated by the algorithm is depicted in Figure 4.3

for the first five iterations. It can be observed that the resolutions are added

progressively and locally to the area where the solution changes sharply.

Figure 4.4 (a)-(d) shows the log-log plots of errors in the LV,∞-norm versus

the number degrees of freedom with different p and n as a result of varying the

threshold parameter ε. Plots of error from discretization on a uniform grid (in

this case, the method corresponds to a conventional higher order finite difference

method) are included in the figure. It can be seen that, in this test problem,

the discretization on uniform grids performs rather poorly. With the adaptive

technique, the solution of similar accuracy is obtained with a substantially fewer
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Figure 4.2: Solution of Test 1 (left) and the adaptively refined irregular grid
(right) for p = 6, n = 4 and ε = 1 × 10−4.

m = 0 m = 1 m = 2

m = 3 m = 4 m = 5

Figure 4.3: Sequences of adaptively refined irregular grids V
m for m = 0, . . . , 5

in Test 1 for p = 6, n = 4 and ε = 5 × 10−4.
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Figure 4.4: Test 1: (a)-(d) LV,∞-error as a function of the number of grid
points with different p, n, and ε and using 2nd to 8th finite difference methods,
(e) the number of grid points as a result of varying the threshold value ε; Bold

solid lines represent the expected convergence, ‖ · ‖V,∞ ∼ NConv/d
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number of grid points. For instance, the 4th order finite difference uniform dis-

cretization requires approximately 105 points to produce the numerical solution

with accuracy of approximately 10−4; however, the similar accuracy is achieved

with approximately only 103 points using the adaptive method with p = 6 and

n = 4. Except for the case with p = 4, the results indicate that there is no sig-

nificant gain in using the finite difference scheme of order n ≥ p. The order of

convergence with respect to N−1/2 is approximately 2.01 for the adaptive method

with p = 4 and n = 2 and 2.98 for p = 4 and n = 4. For other combinations

of p and n, the adaptive method exhibits rates of convergence of approximately

p, two orders higher than O(Nmin(p−2,n)/2) as given by (3.52). Figure (4.4) (e)

shows the number of grid points N generated by the adaptive algorithm versus

the threshold values ε. We note that N generated by the adaptive algorithm as

ε is varied agrees well with (3.32), i.e N is of O(ε−d/p). The slopes of plots are

−2.10 for p = 4, −3.11 for p = 6, 4.41 for p = 8 and 4.99 for p = 10 respectively.

Test 2: Consider the Poisson problem (4.12)-(4.13) for which f and g are

selected such that the exact solution is

u(x) =
xc(x1 + xc)

(x1 + xc)2 + (x2 − 0.4)2
, xc > 0 (4.15)

Note that u has a singularity at x = (−xc, 0.4), which although it lies outside

the domain, it is close to the boundary. As in Test 1, a uniform discretization is

impractical for a small value of xc.

We consider the problem with xc = 0.25, 0.1, 0.01, and 0.005. The adaptive

method with different p and n is tested for different values of ε ranging from 10−2

to 10−9. Note that the coarsest level is set to j0 = 3 for p = 4 and 6 and j0 = 4 for

p = 8. Figure 4.5 provide the numerical solution for xc = 0.01 and the adaptively

116



0
0.5

1 0

0.5

1

0.2

0.4

0.6

0.8

y
x

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

Figure 4.5: Solution of Test 2 (left) and the adaptively refined irregular grid
(right) generated by the adaptive method with p = 4, n = 4, and ε = 10−4.

refined irregular grid produced with p = 4, n = 4, and ε = 10−4. Notice that the

grid points are concentrated in the proximity of the singularity.

Figure 4.6 shows the log-log plots of the LV,∞-errors of the numerical solutions

for four different values of xc as functions of the number of grid points N required

by the adaptive algorithm as a result of varying the threshold parameter. The

dependence of N on the threshold values ε are shown in Figure 4.7. It can be

observed that the relationship between N and ε is in good agreement with (3.32).

The numerical solution obtained by the adaptive method with p = 6 and n = 4

and with p = 8 exhibits approximately order p convergence with respect to N−1/2.

Such a rate is two orders higher that that predicted by (3.52). Indeed, in these

cases, the error of the solutions (in the pointwise maximum norm) is of the same

order as the threshold value ε (the linear curve fitting in the least square sense

of the log-log plots of errors and threshold values indicate that the slopes of the

plots are approximately 1 and the constants are also of order one). Without

providing precise numbers, we note that this can also be seen easily by inspecting
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Figure 4.6: Test 2:, LV,∞-errors as functions of the number of grid points as a
result of varying ε; (a) p = 4 and n = 2, (b) p = 4 and n = 4, (c) p = 6 and
n = 4, and (d) p = 8 and n = 7.
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Figure 4.7: Test 2: the number of grid points produced by the adaptive algo-
rithm as a result of varying ε; (a) p = 4 and n = 2, (b) p = 4 and n = 4, (c)
p = 6 and n = 4, and (d) p = 8 and n = 7.
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Figure 4.6 (c) and (d) together with Figure 4.7 (c) and (d). The rate of convergence

for the method with p = 4 and n = 3 is approximately 2 and it is consistent the

estimate given in (3.52). For p = 4 and n = 4, the rate of convergence is of order

3 which is one order higher than of the prediction. In theses cases, the method

yields errors that are larger than the threshold values ε (the ratio of the error to

the threshold value increases as the threshold values are decreased; more precisely,

the error is proportional approximately to O(ε0.5) and to O(ε0.7) for p = 4, n = 3

and p = 4, n = 4 respectively).

Results from these test cases imply that the adaptive method yields solutions

that conform reasonably with the estimate (3.52) and, in the best possible scenario,

yields solution having an error of the order of threshold values.

Test 3: Consider the Helmholtz problem

−∇2u+ cu = f in Ω = (0, 1)2, (4.16)

u = g on ∂Ω, (4.17)

with c = 8 and f(x) and g(x) chosen in such a way that the exact solution u(x)

is given by

u(x) =
1

5
sin(3πx1) sin(2πx2) + exp

[
−α((x1 − x01)

2 + (x2 − x02)
2)
]

(4.18)

where α = 250, x01 = 3/5, and x02 = 2/5.

The adaptive method with different p and n is applied in the solution of this

problem. The coarsest level is set to j0 = 3 (9 points in each direction) for p = 4

and 6 and j0 = 4 (17 points in each direction) for p = 8. Threshold values ε

ranging from 1 × 10−2 to 5 × 10−9 are employed in the numerical calculations.
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Figure 4.8: Solution of Test 3 (left) and the adaptively refined irregular grid
(right) generated with p = 4, n = 4, and ε = 10−4.

Figure 4.8 shows, for example, the numerical solution of this problem and the

adaptively refined irregular grid generated with p = 4, n = 5 and ε = 5× 10−5.

Figure 4.9 shows the error of the numerical solution in the discrete maximum-

norm as a function of the number of grid points on log-log scales for different p

and n as the threshold value is varied. The figure includes also the dependence

of N on the threshold values ε. By inspecting the slope of the plot, the trend

of convergence is overall similar to that observed in the previous test problem. In

this particular problem, the rate of convergence with respect to N−1/2 with p = 4

and n = 2 is approximately 2 and for p = 4 and n = 4 is approximately 3.4. For

p = 6 and n = 4, the rate of convergence is approximately 4.4 and for p = 6 and

n = 6 it is about 5.4. The numerical solutions for p = 8 and n = 6, and p = 8

and n = 8 are accurate with errors of ε. In these cases, the rates of convergence

are approximately 9.2 and 10.6 with p = 8 and n = 6 and p = 8 and n = 8,

respectively. It is remarked that although the numerical results for p = 6 and

p = 8 exhibit higher convergence rate when equal orders p and n are used, values

121



(a)

10
2

10
3

10
4

10
5

10
6

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

N

M
ax

im
u
m

 e
rr

o
r

p = 4, n = 2

p = 4, n = 4

N vs. ε, p = 4, n = 2

N vs. ε, p = 4, n = 4

Conv 2

Conv 4

(b)

10
2

10
3

10
4

10
5

10
6

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

N

M
ax

im
u
m

 e
rr

o
r

p = 6, n = 4

p = 6, n = 6

N vs. ε, p = 6,n = 4

N vs. ε, p = 6, n = 6

Conv 6

(c)

10
2

10
3

10
4

10
5

10
6

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

N

M
ax

im
u
m

 e
rr

o
r

p = 8, n = 6

p = 8, n = 8

N vs. ε, p = 8, n = 6

N vs. ε, p = 8, n = 8

Conv 8

Figure 4.9: Test 3: LV,∞-errors as functions of the number of grid points as a
result of varying ε; (a) p = 4, n = 2 and 4; (b) p = 6, n = 4 and 6; (c) p = 8,
n = 6 and n = 8.
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of errors (in the max-norm) are however approximately of the same order as when

n = p− 2 is used.

Results of this test problem indicate again to some degree that the adaptive

method yield the solution that conforms reasonably well with the estimate given

in (3.52). Note that (3.52) implies that when using equal order p and n, one can

expect to lose two orders of accuracy comparing with the order of finite differences

used. However, the numerical solutions above provides evidence that for some

particular cases such loss may not be as large as that of the estimate.

Test 4: In this test, we consider a 3-D Poisson equation on a unit cube with

Dirichlet boundary conditions,

∇2u = f in ∈ Ω = (0, 1)3

u = g on ∂Ω.

where f(x) and g(x) are chosen in a such way that the exact solution is given by

u(x) =
[
δ2 + (x1 − x01)

2 + (x2 − x02)
2 + (x3 − x03)

2
]1/2

. (4.19)

In the following numerical experiments, we consider the problem with δ =

0.075 and x01 = x02 = x03 = 2/5. Note that δ is a regularizing parameter (if δ were

to be zero, the derivative of u(x) would contain a singularity at x = (x01, x02, x03)).

Here, the adaptive method with p = 4 and 6 is used to solved the problem. The

coarsest level is set to j0 = 3 (9 in each direction). In the calculations, we vary the

values of ε from 10−3 to 5× 10−8. The solution of the problem and the adaptively

refined grid are shown in Figure 4.10 for the method with p = 6, n = 4 and

ε = 5 × 10−6. Note that the adaptive algorithm provides high resolution in the
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Figure 4.10: Solution of Test 4 (left) and the adaptively refined irregular grid
(right) generated by the adaptive method with p = 6, n = 5, and ε = 5×10−6.

vicinity of the quasi-singular point.

The error in the numerical solution in the discrete maximum norm versus the

number of grid points, N , is plotted in Figure 4.11 for different p and n. The

dependence of N on ε for the different cases are also included in this figure. The

rate of convergence with respect to N−1/3 is approximately 3.1 for p = 4 and n = 4

and is approximately 6 for p = 6 and n = 4 and p = 6 and n = 6. Such rates

are higher than O(Nmin(p−2,n)/2) predicted by (3.52). Note that in test cases with

p = 6, the error in the numerical solution is indeed of the same of order as the

threshold value.

4.4.2 Adaptive method with MRA-d approach

Test 5: To test the implementation of the adaptive method using MRA-d

approach, we consider the 2-D Poisson problem (4.12) and (4.13) where f(x) and

g(x) are chosen such that
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Figure 4.11: Test 4: (a) LV,∞-error as a function of number of grid points, N ,
as a result of varying ε and (b) ε versus N .

u(x) =

[
δ2 +

(
x1 −

3

9

)2

+

(
x2 −

4

9

)2
]1/4

(4.20)

as a test problem. Such a problem is used in [89] to test the originally proposed

MRA-d. We use this testing to verify the implementation of MRA-d method in

the current computer code. It should be noted that the fact although we follow

in principle the idea proposed in [70, 88, 89], the detail implementation (due

to somewhat insufficient information e.g. how missing points participating the

finite-differences are handled, choices of FD stencils, how the neighboring points

are added, and etc..) in the current work may not be exactly as implemented

in [89]. Consequently, we do not expect to reproduce exactly the specific results

given in [89]. However, we expect numerical results to behave in the similarly.

In numerical calculations, we consider the problem with three different values

of δ, namely δ = 10−1, 10−2, and 10−3 and different values of p, n and ε. The

set of neighboring points associated with an essential point is given by (4.9) (with
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Figure 4.12: Solution of Test 5 (left) and the adaptively refined irregular grid
(right) generated by the adaptive method based on MRA-d with p = 4, n = 4,
and ε = 10−4.

accordingly modified step length in each direction) with P = 1. The values of

threshold parameter ε are varied from 1 × 10−2 to 5 × 10−8.

Figure 4.12 shows for example the numerical result for the problem with the

regularizing parameter δ = 10−2 and the adaptively refined grid produced auto-

matically by the adaptive method with p = 4, n = 4 and ε = 10−4. Note that

grid points are clustered in the proximity of the near-singularity. The log-log

plots of errors in the discrete maximum-norm versus number of grid points N as

a result of varying the threshold parameter ε are shown in Figure 4.13. The figure

includes also the plots of number of grid points N versus ε. The plots indicate the

convergence of numerical solution. In this particular problem, the overall rate of

convergence for the adaptive method with p = 4 and n = 4 is approximately 4.4

and with p = 6 and n = 6 is approximately 6.4. However, it should be noted that

the adaptive method displays somewhat irregular convergence behavior. Such be-

havior is indeed also reported in the numerical experiments of Koster [89] (see [89],

pp. 107, for comparison).
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Figure 4.13: Test 5: LV,∞-errors as a function of the number of grid points
N as a result of varying ε (left) and the dependence of N on ε (right) using
MRA-d; (a) p = 4 and n = 4, (b) p = 6 and n = 6.
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4.5 Adaptive wavelet technique for time-dependent problems

In this section, we describe the adaptive technique for time-dependent prob-

lems

∂u

∂t
= Lu+ N (u,∇u) + f(x, t), for (x, t) ∈ (0, 1)d × [0,∞), (4.21)

where L is a linear second order differential operator, N denotes a nonlinear term

of lower order operator, and f represent a source term. The equation is aug-

mented with appropriate boundary and initial conditions. The solution of such

problem may contain important localized structures, layers, or sharp variations

whose locations may vary with time (note that such features could be induced

by operators L or N , source term f , or boundary/initial conditions). In order to

resolve structures appearing in the solution as they evolve, the computational grid

needs to adapt dynamically to reflect the local change in the solution. We tackle

such a task by employing a time discretization to reduce the time-dependent PDE

to a time-marching procedure and use wavelet amplitudes of the approximate

solution at the current time level to construct the irregular grid for the approxi-

mate solution of next time level. Below, we first discuss the time discretization,

and subsequently provide details of the dynamically adaptive algorithm for time

dependent problems.

Time discretization by a finite difference scheme reduces the numerical solution

of the time-dependent problem to solving a sequence of equations of the form,

An+1u = Fn+1, for x ∈ (0, 1)d (4.22)
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The form of A depends on the time discretization scheme employed. Given the

solution at the previous time steps, the approximate solution un+1 can then be

computed. In this study, we employ a scheme that is implicit for the linear term

and either explicit or implicit with linearization for the nonlinear term, e.g.

um+1 − um

∆t
= Ñ (um+s, um+s−1, . . .)+α(Lum+1+fm+1)+(1−α)(Lum+fm) (4.23)

where ∆t is the size of time step, um is the solution at the time level tm = m∆t,

and Ñ is either an approximation of the nonlinear term using a specific explicit

scheme, such as, the Adam-Bashforth schemes or with a linearized implicit scheme

(note that s = 0 for explicit treatment and s = 1 for implicit treatment), and α

is a parameter defining a specific time discretization scheme. More precisely, the

integration scheme is a backward Euler when α = 1, trapezoidal when α = 1/2,

and forward Euler when α = 1. Since Lu considered in this work is mainly that

of the diffusive type, we use an implicit scheme to avoid having to use a severely

small ∆t dictated by the condition for numerical stability arising when using an

explicit scheme (as an example, for Lu ≡ ν∇2u, the condition of stability for the

explicit Euler scheme is ∆t < 4−J/(2dν), J being the finest level).

The conceptual idea of the adaptive strategy used here is introduced in [99]

(and later pursued by several others [11, 61, 71, 76, 111, 134]): at each time level,

after obtaining the approximate solution, grid points associated with wavelets that

represent the approximate solution within a prescribed accuracy are retained; to

accommodate the possible advection and sharpening of solution features, grid

points in the vicinity of essential points at the same and higher levels of resolution

are included in the computational grid to be used in the numerical solution of the

subsequent time level. This strategy is expected to perform well when the solution
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changes smoothly in time, i.e. the solution is appropriately time-resolved. Detail

of such a procedure is provided in Algorithm 17. It consists roughly of the following

steps:

(i) Calculate the approximate solution of (4.23) based on the known approxi-

mate solutions at previous time levels;

(ii) Retain points xl,λ whose |dm+1
j,λ | > ε. Then collect sets of neighboring point

Nl,λ associated with essential points. The computational grid for the subse-

quently time level V
m+1 is the union of the essential and neighboring points;

(iii) Compute interpolated values of the approximate solution with respect to

the new grid at time levels necessary for the numerical solution at the next

time level;

(iv) Repeat (i)-(iii) until reaching a desirable time.

The initial irregular grid V
0 is constructed by combining the essential points of the

initial condition and adding neighboring points to them. We employ the strategy

given by (4.9) or (4.10) in defining the set of neighboring Nl,λ associated with

xl,λ. Note that in the case where a system of PDEs is solved, the computational

grid is defined as a union of irregular grids arising from the consideration of each

dependent variable. One may use different grids for different variables. In this

case, switching from one grid to another can be accomplished by using the wavelet

interpolation. This is not done in the current study. Let us remark that by

replacing the conventional MRA-related materials with those of the MRA-d, one

has a similar algorithm based on MRA-d.
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Algorithm 17 Dynamically adaptive solver for time-dependent problem
Given ε, tfinal, and ∆t

Construct the initial irregular grid V
0 by thresholding u(x, 0)

for m = 0 to tfinal/∆t do

Solve problem (4.23) for um+1 based on um, um−1, . . . , um−q on grid V
m

# find essential grid points

Perform AFWT (um+1) → {{um+1
j0,k }, {dm+1

l,λ }(l,λ)∈Λm}
Gather Λs = {(l, λ) ∈ Λm : |dm

l,λ| ≥ ε}
# add neighboring points to grid of essential points

Determine the neighbor region ΛN =
⋃

(l,λ)∈Λs
Nl,λ and establish Λm+1 = Λs

⋃
ΛN

# new irregular grid

Construct V
m+1 = {{xl0,k}, {xl,λ}(l,λ)∈Λm+1}

# compute u(n+1),...,u(n-q-1) with respect to new grid

for r = 0 to q − 1 do

Establish D̃ = {{um+1−r
j0,k }, {d̃l,λ}(l,λ)∈Λm+1} with

d̃l,λ =

{
dm+1−r

l,λ , (l, λ) ∈ Λm+1 ∩ Λm

0 , (l, λ) ∈ Λm+1 \ Λm

Perform AIWT (D̃) → un+1−r

end for

end for
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4.5.1 Numerical experiment

Test 6: In order to test the adaptive algorithm for time dependent problems,

we consider the following 2-D model problem:

∂u

∂t
+ (V · ∇)u = ν∇2u+ f(x, t), (x, t) ∈ Ω × [0,+∞),Ω = (0, 1)2,

u(x, t) = g(x, t), x ∈ ∂Ω and u(x, 0) = q(x),
(4.24)

where V = (0 , 1)T and ν = 1/100. The source term f , the specified Dirichlet

condition g, and the initial condition q are chosen so that the exact solution is

given by

u(x, t) =
0.05(x1 + 0.05)

(x1 + 0.05)2 + (x2 − t)2
. (4.25)

In the numerical calculations, a trapezoidal scheme for temporal discretization

is used. The calculation is performed until t = 1 is reached. A small time step is

employed in order to minimize the error in the time discretization, i.e. the error

in the approximate solution is dominated by that of the spatial discretization.

Different combinations of p and n are used in the simulations. The maximum

allowable resolution J − j0 is set to a large value so that the accuracy of the

approximate solution is controlled by the threshold parameter ε. Note that the

coarsest scale j0 is set to 3 (9 × 9 for the coarsest grid). Threshold values are

varied from 5× 10−3 to 1× 10−7. Figure 4.14 shows snapshots of the approximate

solution and the irregular grid produced dynamically by the adaptive algorithm

at different times. Results show in this figure are those computed with p = 4,

n = 4, and ε = 5 × 10−4. It can be noticed that the computational grid at any

time level has fine resolution in the proximity of the near singularity and coarse
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resolution in the smooth areas. This figure clearly indicates that the adaptive

algorithm is able to follow the moving structure of the solution properly. The

number of grid points required by the adaptive algorithm during the course of

the simulation with different threshold values is plotted in Figure 4.15. Note

that the integral of the exact solution as a function time is symmetric about

t = 01/2. We thus expect the number of grid points generated by the adaptive

algorithm to show this symmetry with respect to the specific time. Indeed, it

can be observed that thes plots appear symmetric about t = 1/2 (of course this

is only aproximate in a strict sense). Note also that as the threshold parameter

ε is decreased, the number of grid points demanded by the adaptive algorithm

increase automatically. Figure 4.16 depicts the error, in the discrete maximum

norm LV ,∞, in the approximate solution obtained by the adaptive method with

p = 4 and n = 4 during the course of the simulation. It can be observed that

the error in the approximate solution stays almost constant (after the first few

integration steps) as a function of time.

Figure 4.17 shows the log-log plots of the error in LV,∞ in the approximate

solution at t = 1/2 and 1 versus N , the number of grid points required by the

adaptive algorithm, for different combination of p and n as a result of varying the

threshold parameter ε. The log-log plots of N versus ε are included in the right

column of the figure. The slopes of the log-log plots indicate that at t = 1/2

the number of grid points behaves like N = O(ε−2/c1), where c1 is approximately

4.4 for p = 4 and n = 4, 7.1 for p = 6 and n = 4, and 10.9 for p = 8 and

n = 6. At t = 1, the number of grid points N is proportional to O(ε−2/c1),

where c1 is approximately 4.5 for p = 4 and n = 4, 7.4 for p = 6 and n = 4,

and 9.4 for p = 8 and n = 6. Note that the values of c1 are slightly larger than
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Figure 4.14: Approximate solution of Test 6 (left) and the irregular grid (right)
generated by the adaptive method with p = 4, n = 4, and ε = 5 × 10−4.
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that predicted by (3.32). The constant c2, from a least square fit in the form

‖uext − uε‖V,∞ = O(N−c2/2) at t = 1/2, is approximately 3 for p = 4 and n = 4,

4.2 for p = 6 and n = 4, and 9 for p = 8 and n = 6. At t = 1, the constant

c2 is approximately 3.2 for p = 4 and n = 4, 4.1 for p = 6 and n = 4, and 7.9

for p = 8 and n = 6. Such rates of convergence for the adaptive algorithm with

p = 4 and p = 8 are higher than O(Nmin(p−2,n)/2) predicted by (3.52). For p = 6,

the rate of convergence is in good agreement with the prediction. Note that the

constant c3 from a least square fit in the form ‖uext − uε‖V,∞ = O(εc3) at t = 1/2

is approximately 0.69 for p = 4 and n = 4, 0.59 for p = 6 and n = 4, and 0.83 for

p = 8 and n = 6. At t = 1, such a constant equals approximately 0.70 for p = 4

and n = 4, 0.55 for p = 6 and n = 4, and 0.81 for p = 8 and n = 6. Note that

for p = 4 and n = 6, errors in the discrete maximum norm are larger than the

threshold values as the threshold values are decreased (as indicated by the fact

that the constants c3 for p = 4 and p = 6 are smaller than unity). For the range of

threshold values used, the errors in the approximate solution for p = 8 are of the

same order as the threshold values (despite the fact that c3 for p = 8 is smaller

than unity).

4.5.2 Application to a flame ball problem

In this section, the interaction of a flame ball with a single vortex in a com-

bustion chamber filled with premixed fuel is used as a test problem. Roussel and

Schneider [112] use this problem as a test problem for their cell-average multires-

olution method with finite-volume discretization. The equations modeling the

problem in the dimensionless form is as follows, for (x, t) ∈ Ω× [0,∞) [112, 137],
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∂T

∂t
+ (u · ∇)T = ∇2T + ω − s, (4.26)

∂Y

∂t
+ (u · ∇)Y =

1

Le
∇2Y − ω,

ω(T, Y ) =
Ze2

2Le
Y exp

[
− Ze(1 − T )

1 − α(1 − T )

]
, (4.27)

s(T ) = γ
[
(T + α−1 − 1)4 − (α−1 − 1)4

]
, (4.28)

where T and Y represent respectively temperature and the partial mass of the fresh

premixed gas, and u the velocity of gaseous mixture, and ω and α are respectively

the dimensionless reaction rate and heat loss due to radiation, and α and γ denote

respectively the burnt-unburnt temperature ratio and the radiation coefficient.

The dimensionless parameters appearing in the equations are Zeldovich number,

Ze, and the Lewis number, Le. The above model is based upon the hypothesis

of the thermodiffusive approximation, which is valid for a slowly propagating

flame [112, 137]. In this case, the fluid flow is not effected by the chemical reaction

and the velocity field of the mixture u is that of incompressible flow (i.e., ∇·u = 0).

Radiative heat losses are assumed to obey the Stefan-Boltzmann law.

To be able to check the results of the present algorithm, we use the velocity

field, initial profiles of T and Y and boundary conditions given in [112]. That

is, we consider u corresponding to the Hamel-Oseen vortex flow which, in polar

coordinates, is given by
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u =
Γ

2πr

(
1 − exp

[
− r2

4Pr(t+ τ)

])
, (4.29)

where Γ is the dimensionless circulation, Pr denotes the Prandtl number, and

τ > 0 represents a reference time. The domain Ω is square [−L,L]2, where L is

sufficiently large. The initial conditions for T and Y are given by

T (r, 0) =





1 if r ≤ r0,

exp(1 − r/r0) if r > r0,
(4.30)

Y (r, 0) =





0 if r ≤ r0,

1 − exp(Le(1 − r/r0)) if r > r0,
(4.31)

where r0 =
√

(x−X0)2 + y2, r0 is the radius of the flame ball at t = 0, and X0 is

the initial x-coordinate of the center of the flame ball. The boundary conditions

on the square domain are approximated by

∂T

∂n

∣∣∣∣
∂Ω

=
∂Y

∂n

∣∣∣∣
∂Ω

= 0. (4.32)

In the all test cases, the gaseous mixture (H2-air) considered has the tempera-

ture ratio of α = 0.64, and the Lewis number and Zeldovich number of Le = 0.3,

and Ze = 10, respectively. The initial radius of the flame ball is taken to be

r0 = 0.5 and initially the center of the flame ball is located at x0 = 2.5. The

velocity profile is that corresponding to the Prandtl number Pr = 0.01, and char-

acteristic time τ = 0.1. We consider the problem with circulation Γ ranging from 0

to 1000. Here, we consider only cases where heat loss due to radiation is neglected,

i.e γ = 0.
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In the following numerical calculations, we use the trapezoidal scheme for the

convection and diffusion terms and the 2nd-order Adam-Bashforth scheme for the

nonlinear source term. A time step of ∆t = 5 × 10−5 is used for the test case

where Γ = 0, 10, 100 and ∆t = 2.5×10−5 for Γ = 1000. The calculation is carried

out until t = 1.6 is reached. The computational domain is set to Ω = [−10, 10]2.

The number of evolving resolution levels is set to J − j0 = 7 where j0 = 4. This

results in a grid with 17 × 17 points at the coarsest level and the finest grid

possible is of size ∆x = ∆y = 2L/2048 = 5/512. The set of neighboring points is

defined according to (4.9) with P = 1. Threshold values of ε = (5×10−3, 5×10−3),

(10−3, 10−3), and (5×10−4, 5×10−4) are used in the simulations. Unless otherwise

noted, we use p = 6, and derivative approximations are obtained with n = 4. The

simulations based on the MRA-d approach with p = 6 and n = 4 are also obtained

for the test case with Γ = 100.

Figure 4.18 shows snap shots of temperature, reaction rate, and irregular grid,

generated automatically by the adaptive algorithm, for Γ = 100 at t = 0, 0.33,

0.79, and 1.0. The profiles of T and ω on the planes x = x0 and y = 0 at specific

time levels are shown in Figure 4.19. Results shown in these figures are obtained

with ε = (10−3, 10−3). Additionally, the numerical solution obtained from MRA-d

with ε = (10−3, 10−3) are displayed in Figure 4.20.Results from the two techniques

are in good agreement and agree well with those provided in [112]. It can be ob-

served the flame ball is advected counter-clockwise around the center of the vortex.

As observed in [112], the structure of the flame ball, which is initially circular,

becomes increasingly distorted as time evolves and eventually form a snail-like (or

ammonite-like structure). Note the splitting of the flame front into two parts after

the flame rolls up around the center of the vortex. The distribution of points in
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Figure 4.18: Solution of the flame ball problem with Γ = 100 at t = 0, 0.33,
0.79, and 1.0 (top-bottom). Left: isolines of T from 0.1 to 0.9 with increment
of 0.1. Middle: corresponding isolines of ω. Right: irregular sparse grid for
p = 6, n = 4, and ε = (10−3, 10−3).
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Figure 4.19: Solution of the flame ball problem with Γ = 100 at specific planes
obtained with p = 6, n = 4, and ε = (10−3, 10−3). (a) T and ω on the plane
y = 0 at t = 0 (left) and t = 0.79 (right), (b) T and ω on the plane x = 0 at
t = 0 (left) and t = 0.79 (right).
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Figure 4.20: Solution of the flame ball problem with Γ = 100 at t = 0, 0.33,
0.79, 1 (top-bottom). Left: isolines of T from 0.1 to 0.9 with increment of 0.1.
Middle: corresponding isolines of ω. Right: irregular sparse grid from MRA-d
approach with p = 6, n = 4, and ε = (10−3, 10−3).
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adaptive grids, generated automatically, clearly demonstrates that the adaptive

algorithm based on both MRA approaches is able to track the evolving structures

of the flame ball properly with the majority of points being clustered around the

flame front. Figure 4.21 shows the number of degree of freedom required (i.e.

N = dim V) during the course of the simulations.
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Figure 4.21: Number degrees of freedom as a function of time required by
the adaptive algorithm based on (a) the MRA approach and (b) the MRA-d
approach

Note that as the threshold parameter ε is decreased, the number of points required

by the adaptive algorithm increases automatically. The average number of degrees

of freedom required in the simulations up to t = 1.5 using the MRA approach with

ε = (5× 10−3, 5× 10−3), (10−3, 10−3), and (5× 10−4, 5× 10−4) are approximately

10000, 17000, and 22000 respectively. For simulations using MRA-d approach, the
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average number of degree of freedom are approximately 15000 and 19000 when

(1×10−3, 1×10−3) and (5×10−4, 5×10−4) respectively. In these simulations with

Γ = 100, the highest level demanded by the solution never reaches the finest level

J = 11. The maximum level required in these simulations is that of j = 10 (note

that in the case where ε = (5 × 10−3, 5 × 10−3), only few points (< 100) belong

to the maximum level. In this case, it is reasonable to state that the maximum

level is j = 9). Note the reduction of degrees of freedom from the case where a

full grid of the maximum resolution were to be used.

To evaluate the results quantitatively, the integral of the reaction rate R,

defined by

R(t) =

∫

Ω

ω(x, y, t)dxdy (4.33)

is computed. Figure 4.22 shows the reaction rate R for Γ ranging from 0 to 1000.

The integral R shown in the figure correspond to the integration of results obtained

with the threshold value ε = (10−3, 10−3). The difference between the results given

and those using other threshold parameters are indistinguishable by the naked eye

and thus their plots are omitted. The plots of R are in good agreement with those

given in [112]. Note that as the value of circulation Γ increases, the integral R

deviates more and more from the pure reaction diffusion case (Γ = 0). For large

Γ, there is a peak in R and such a peak occurs earlier for the larger value as Γ (see

Figure 4.23 for snap shots of solution at certain time levels for the problem with

Γ = 1000)2. We summarize the magnitude of the peak and the time it occurs

for problem with Γ = 100, Γ = 1000 in Table 4.1. Note that similar quantities

are not provide in [112]. We include them here for the reason that they might be

useful in the future for comparison between different numerical methods.

2For Γ > 1300, the chemical reaction extinguishes rapidly [112].
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Figure 4.22: Integral of reaction rate, R, as a function of time for different
values of Γ.

4.6 Application of the method on a bounded curvilinear domain

Since higher-dimensional wavelets used in the adaptive methods are constructed

from tensor product of one-dimensional wavelets, the method is inherently re-

stricted to rectangular computational domains. In order to deal with more gen-

eral geometries, we consider a domain transformation technique. Let Ω̃ ∈ Rd,

a physical domain of interested, be a simply connected domain, and Ω = [0, 1]d

be a computational domain. Note that if the domain is multiply-connected, then

with use of branch cuts, the domain can be made simply connected. The domain

transformation technique consists of two tasks: finding a C2 invertible map

ψ : Ω → Ω̃, x = (x1, . . . , xd) 7→ ξ = (ξ1, . . . , ξd) = ψ(x), (4.34)

which maps the computational domain one-to-one onto the physical domain (see

Figure 4.24 for illustration), and subsequently solving the transformed equations

146



Figure 4.23: Solution of the flame ball problem with Γ = 1000, γ = 0 at t = 0,
0.05, 0.39, and 0.60 (top-bottom). Left: temperature T . Middle: reaction rate
ω. Right: irregular sparse grid generated dynamically by the adaptive wavelet
scheme with p = 6, n = 4, ε = (10−3, 10−3).
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TABLE 4.1

VALUES OF THE PEAK IN THE INTEGRAL R(t) AND TIME AT

WHICH IT OCCURS FOR Γ = 100 and Γ = 1000

Γ = 100 Γ = 1000

ε Rpeak tpeak Rpeak tpeak

p = 6, n = 4 (1e− 3, 1e−3) 90.564 0.737 158.160 0.357

(5e−4, 5e−4) 90.589 0.738 158.141 0.357

p = 8, n = 7 (1e−3, 1e−3) 90.571 0.738

(5e−4, 5e−4) 90.584 0.738

MRA-d, p = 6, n = 4 (5e−4, 5e−4) 90.629 0.740

in the computational domain. Note that since ψ is invertible, one also has the

inverse mapping ψ−1 : Ω̃ → Ω, ξ 7→ x = ψ−1(ξ). Since transformed problems are

now defined on [0, 1]d, the adaptive method just described is therefore applicable.

It is noted that the corresponding PDEs in the generalized (Cartesian) coor-

dinate (also known as boundary fitted coordinate) can be obtained systematically

by making use of the following formulas for partial derivatives,

∂

∂ξi
=

d∑

k=1

∂xk

∂ξi

∂

∂xk

, (4.35)

∂2

∂ξi∂ξj
=

d∑

k=1

∂2xk

∂ξi∂ξj

∂

∂xk

+
d∑

k=1

d∑

m=1

∂xk

∂ξi

∂xm

∂ξj

∂2

∂xk∂xm

. (4.36)

These formulas can be easily verified by using the chain rule and the fact that

the inverse mapping exist, i.e. one has xi = xi(ξ1, . . . , ξd). For an example, the

transformed equation corresponding to the d-D Poisson equation
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Figure 4.24: Coordinate transformation in two spatial dimension

d∑

i=1

∂2u(ξ)

∂ξ2
i

= f(ξ) in Ω̃, (4.37)

is given by

d∑

i=1

[
d∑

k=1

∂2xk

∂ξ2
i

∂u(x)

∂xk

+
d∑

k=1

d∑

m=1

∂xk

∂ξi

∂xm

∂ξi

∂2u(x)

∂xk∂xm

]
= f(x) in Ω (4.38)

where f(x) = f(ψ−1(ξ)).

The remaining task is to determine the (boundary fitted) mapping ψ : Ω → Ω̃,

i.e. ξi = ξi(xi, . . . , xd) of points interior to the domain. Such a task can be accom-

plished by means of elliptic grid generation techniques or algebraic mapping tech-

niques (see [59, 60, 126] for more detail). In this study, we consider a transfinite

interpolation [68], which is a commonly used algebraic grid generation approach.

In the 2-D case, the transfinite interpolation is defined by
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ξ = ψ(x1, x2) = {(1 − x1)r0x2(x1) + x1r1x2(x2)} + {(1 − x2)rx10(x1) +

x2rx11(x1)} − {(1 − x1)(1 − x2)rx10(0) + (1 − x1)x2rx11(0) +

(1 − x2)x1rx10(1) + x1x2rx11(1)}, (4.39)

where r0x2(s), r1x2(s), rx10(s), and rx11(s) for s ∈ [0, 1] are the four physical

boundary edges, in parametric form, associated with the computational boundary

edges at x1 = 0, x1 = 1, x2 = 0, and x2 = 1, respectively (see Figure 4.24).

Note that these four boundary lines must be consistent at the four vertices of the

physical domain,

rx10(0) = r0x2(0), rx10(1) = r1x2(0),

r1x2(1) = rx11(1), r0x2(1) = rx11(0).

It is easy to check that (4.39) maps exactly edges of the computational domain

to edges of the physical domain. The corresponding formula for in the 3-D case

consists of twenty-six terms of transfinite interpolation of six parametrized surfaces

(see [59], pp. 96, for the detailed formula). It can be noticed from (4.39) that

the value of ξ = (ξ1, . . . , ξd) can be evaluated at any point once the parametrized

boundary edges are determined. In addition, partial derivatives can be computed

at any point provided that the parametrized boundary edges have the necessary

order of continuity.

Let us mention that the values of ξi, ∂ξi/∂xj, and ∂2ξi/∂xj∂xk can be computed

easily. The latter two may be computed exactly or numerically. For adaptive

grids, one may use the derivative approximation described in the previous chapter
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to numerically evaluate these partial derivatives at the grid points. Note that,

in solving transformed PDEs using the described adaptive techniques, we require

∂xi/∂ξj and ∂2xi/∂ξj∂ξk (instead of ∂ξi/∂xj and ∂2ξi/∂xj∂xk) at grid points.

Although in general the closed form of the inverse mapping ψ−1 is not available

(and of course we prefer not to seek such a closed form), such quantities can

be easily computed by inverting the differential matrix associated with (4.35)

and (4.36). The values of partial derivatives required correspond simply to entries

of such inverse matrix. To see this, consider (4.35) and (4.36) in the 2-D case, in

matrix form: 


∂u

∂x1
∂u

∂x2
∂2u

∂x2
1

∂2u

∂x1∂x2
∂2u

∂2x2




= Q ·




∂u

∂ξ1
∂u

∂ξ2
∂2u

∂ξ2
1

∂2u

∂ξ1∂ξ2
∂2u

∂2ξ2




(4.40)

where Q is a 5 × 5 matrix whose entries consist of ∂ξi/∂xj and ∂2ξi/∂xj∂xk

(quantities that can be computed). We then obtain ∂ξi/∂xj and ∂2ξi/∂xj∂xk

from appropriate entries of Q−1. In this case, Q−1 is given by

Q−1 =




∂x1

∂ξ1

∂x2

∂ξ1
0 0 0

∂x1

∂ξ2

∂x2

∂ξ2
0 0 0

∂2x1

∂ξ2
1

∂2x2

∂ξ2
1

(
∂x1

∂ξ1

)2

2
∂x1

∂ξ1

∂x2

∂ξ1

(
∂x2

∂ξ1

)2

∂2x1

∂ξ1∂ξ2

∂2x2

∂ξ1∂ξ2

∂x1

∂ξ2

∂x1

∂ξ2

(
∂x1

∂ξ1

∂x2

∂ξ2
+
∂x1

∂ξ2

∂x2

∂ξ1

)
∂x2

∂ξ1

∂x2

∂ξ2
∂2x1

∂ξ2
2

∂2x2

∂ξ2
2

(
∂x1

∂ξ2

)2

2
∂x1

∂ξ2

∂x2

∂ξ2

(
∂x2

∂ξ2

)2




(4.41)
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Figure 4.25: Physical domain Ω̃ of Test 7.

Note that in the 2-D case, computing Q−1 requires O(53) operations (roughly

(2/3)× 53 from the LU decomposition and 52 × 5 from back substitution) for one

grid point and O(93) operations in the 3-D case. Thus for a grid of N irregular

grid points, the number of operations associated with the grid transformation is

of O(53N) for 2-D case and O(93N) for the 3-D case. Note that this calculation

is done once, and the only for the grid that change.

4.6.1 Numerical results

To test the strategy described above, we consider a 2-D Poisson problem de-

fined on a curvilinear domain with Dirichlet boundary conditions.

Test 7: Consider the Poisson equation defined on the domain Ω̃ shown in

Figure 4.25. The right hand side of the equation and boundary conditions on ∂Ω̃

are chosen such that the exact solution of the problem is given by
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u(ξ) = tan−1

[
ξ2 − 0.85

ξ1 + 0.01

]
. (4.42)

In the transformation, the boundary edges, in parametric form, are given by

rx10(s) =

[
0, (r1 − r2)s− r1

]T

,

rx11(s) =

[
0, (r2 − r1)s+ r1

]T

,

r0x2(s) =

[
r1 cos(π(s− 1/2)), r1 sin(π(s− 1/2))

]T

,

r1x2(s) =

[
r2 cos(π(s− 1/2)), r2 sin(π(s− 1/2))

]T

.

(4.43)

where r1 = 0.25 and r2 = 1.5. Of course one can use different choices for the

parametrized equations (for instance, one may define a parametrization by mean of

some interpolation). The adaptive method based on MRA approach with different

combinations of p and n is applied to solve the (transformed) problem. The

threshold value of ε is varied from 5×10−2 to 1×10−8 in the numerical calculations.

Figure 4.26 shows the numerical solution and the adaptively refined irregular grid

produced with p = 4, n = 4, and ε = 10−3. It can be seen that grid points

are concentrated in the proximity of the singularity (see Test 1, Section 4.4 for a

similar Poisson test problem defined on a square domain). The figure indicates

qualitatively that the adaptive algorithm adds grid points to where the refinement

is necessary. It demonstrates also that the use of the coordinate transformation

permit the use the wavelet adaptive method to solve problems in more complicate

domains. The error in LV,∞-norm in the numerical solution as a function

of the number of grid points N , for different p and n as a result of varying the

threshold parameter ε, is plotted in Figure 4.27. The dependence between N and

ε is also included in the figure. The slopes of the log-log plots of ε versus N are
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Figure 4.26: Test 7: Numerical solution (left), and the adaptively refined
irregular grid (right), generated by the adaptive method with p = 6, n = 4,
and ε = 10−3.

approximately −2.1 for p = 4 and n = 4, −2.99 for p = 6 and n = 4, and −2.98

for p = 6 and n = 6. Thus, for these test problem, N is of O(ε−4.2/d) for p = 4 and

approximately O(ε6/d) for p = 6. It can be seen that they agree well with (3.32).

Now let us examine the accuracy of the numerical solution. The slopes of the

log-log plots of the errors in discrete maximum norm versus N indicate error in

numerical solution behaves like O(N−3/d) for p = 4 and n = 4, O(N−5.6/d) for

n = 6 and n = 4, and O(N−5.3/d) for n = 6 and n = 6. In this problem, the rate

of convergence for each combination of p and n is higher than O(Nmin(p−2,n)/d)

predicted by (3.52). Indeed, for the range of threshold parameters employed, the

errors in the numerical solutions obtained with p = 6 are of the same order with the

threshold values. For p = 4 and n = 4, the error is approximately proportional to

O(ε0.7). It can be observed that results exhibit similar behavior to those observed

in the numerical experiments of Section 4.4. The error of numerical solutions tend
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Figure 4.27: Test 7: (a) LV,∞-error as a function of number of grid points, N ,
as a result of varying ε and (b) ε versus N .

to agree to some degree with O(Nmin(p−2,n)/d) and, in some cases, error is of the

same order with the threshold value.

Test 8: Consider the Poisson equation defined on the domain shown in Fig-

ure 4.28 with Dirichlet boundary conditions. The right hand side of the equation

and the Dirichlet boundary conditions are chosen so that the solution of the prob-

lem is given by

u(x) =

[
δ2 +

(
ξ1 −

3

4

)2

+

(
ξ2 −

1

4

)2
]
, (4.44)

where the value of regularizing parameter, δ, is set to 1/100.

In the numerical calculation, the transfinite interpolation is computed with

the following parametrized boundary edges:

rx10(s) =

[
l(2s− 1), (1 − h2)(2s− 1)2 + h2

2

]T

,

rx11(s) =

[
l(2s− 1), −(1 − h2)(2s− 1)2 − h2

2

]T

,
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Figure 4.28: Physical domain Ω̃ of Test 8.

r0x2(s) =

[
h1(2s− 1)2 − h1 − l, 2s− 1

]T

,

r1x2(s) =

[
−h1(2s− 1)2 + h1 + l. 2s− 1

]T

.

where h1 = 3/4, h2 = 2/3, and l = 1/2. Figure 4.29 shows the approximate

solution and the adaptively refined grid produced by the adaptive method with

p = 6, n = 4, and ε = 10−4. It can be noticed that the adaptive grid has

fine resolution in the vicinity of the near singularity and coarse resolution in the

smooth regions. Figure 4.30(a) shows the log-log plots of the error in LV ,∞-

norm in the numerical solution versus the number of grid points, N , as a results

of varying the threshold parameters ε (from 10−2 to 10−8) for different p and n.

The dependence between N and ε is included in Figure 4.30(b). The slopes of

the log-log plots of ε versus N are approximately −p/2, i.e. N = O(ε−2/c1), where
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Figure 4.29: Test 8: Numerical solution (left), and the adaptively refined
irregular grid (right), generated by the adaptive method with p = 6, n = 4,
and ε = 10−4.
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c1 is approximately p. Note that these results are in good agreement with (3.32).

In this particular problem, the error in discrete maximum norm in the numerical

solution behaves like O(N−c2/2), where c2 is approximately 2.8 for p = 4 and n = 4,

5.6 for p = 6 and n = 4, 4.9 for p = 6 and n = 6 (these values are the slopes of the

linear curves fitted with a least square approximation). It can be observed that

the rate of convergence for each combination of p and n is slightly higher than

O(Nmin(p−2,n)/2) predicted by (3.52). Note that, for this problem, the error in the

discrete maximum norm is proportional to O(εc3), where c3 is approximately 0.7

for p = 4 and n = 4, 0.9 for p = 6 and n = 4, 0.8 for p = 6 and n = 6. For p = 6,

although c3 indicates that the error converges slightly slower than O(ε), for the

range of threshold values used the errors in the numerical solutions for p = 6 are

in fact of same order as the threshold values. It is remarked that the adaptive

method (in terms of grid points generated and errors in the numerical solution as

a results of varying threshold values) shows a similar behavior as in solving the

problems without using a transformation.

4.7 Some comments on lifted wavelets

We have also investigated the use of lifted interpolating wavelets in the present

framework; i.e. the use of d-D lifted wavelets for grid adaption and interpolation,

while derivative approximations are still computed by finite differences. Simply

explained, lifted interpolating wavelets can be thought of as better versions of

interpolating wavelets. Note that interpolating wavelets are not wavelets in a

strict sense since they do satisfy the so-called vanishing moment property (i.e.,
∫
xnψj,k(x)dx 6= 0 for integer n ≥ 0), and, since their duals consists of a linear

combination of Dirac delta functions, they do not form a bi-orthogonal system of
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L2 space (they are just dual pairs). A lifting scheme [124] can be used to con-

struct the bi-orthogonal system of L2 by starting from interpolating wavelets3.

The scheme results in lifted wavelets and their dual counterparts which now form

a bi-orthogonal system of L2. Thus lifted wavelets are applicable to a wider class

of functions. The lifting scheme also facilitates a fast transform for calculating

wavelet amplitudes (which are integral quantities) starting simply from function

values (for the interpolating wavelet case)! In 1-D, the lifted wavelet transform

on a full grid associated with interpolating wavelets can be described roughly

as follows: (i) given the data {fj,k}, one finds {dj−1,k} by mean of (2.20); (ii)

then the wavelet coefficients dj−1,k are used to “update” the conventional inter-

polating scaling function values {fj−1,k ≡ fj,2k} to obtain the updated scaling

function coefficients {f̃j−1,k}; (iii) assign {f̃j−1,k} → {fj−1,k} and then repeat (i)-

(iii) for level j − 1. Note that the “update” depends on the lifting scheme used.

The inverse transform can be obtained by simply undoing the forward transform.

We have considered d-D lifted wavelets resulting from lifting d-D interpolating

wavelets associated with the MRA (this lifting scheme ensures the zero mean of

lifted wavelets). The fast wavelet transform and its inverse are simply the gener-

alization of the procedure described above. In this case, a fast transform and the

inverse which maps function values on an irregular grid to (approximate) lifted

wavelet amplitude and vice versa, can be devised provided that the minimum

index condition for d-D interpolating wavelets is fulfilled (see Chapter 3). Note

that these fast transforms are slightly more expensive than AFWT and AIWT

due to the update step. We also note that in this case we do not have an algo-

3Strictly speaking, the lifting scheme furnish the so-called algebraic stage of the construc-
tion. The question on whether or not the resulting lifted wavelets and their duals are functions
which form the bi-orthogonal system of L2 must be checked separately. However, it is com-
mon understanding that when mentioning lifted wavelets, one means lifted wavelet system that
constitutes L2 space.
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rithm similar to LAIWT for interpolation, the interpolation must be carried out

by the inverse lifted wavelet transform. We have used these fast lifted transform

and its inverse in place of AFWT and AIWT in the adaptive algorithms described

in this Chapter for numerical solutions of PDEs. Numerical experiments on the

Poisson problems show that there is not much gain (in fact mostly there is no

gain) in terms of accuracy from this approach. With Jacobian preconditioning,

it appears to help in reducing the number of iterations required in the iterative

solvers. However, the reduction in the number of iterations is not substantial;

this computational gain seems to be offset by the additional work required in the

lifting procedure. Based on these observation, the use of lifting in the present

framework appears not so appealing, thus it was decided not to pursue such direc-

tion for the moment. However, we believe that lifted wavelets are well suited to

Galerkin-related methods since lifted wavelets form stable basis and can be fully

exploited in a Galerkin scheme.
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CHAPTER 5

APPLICATION OF WAVELET METHODS TO INCOMPRESSIBLE

NAVIER-STOKES EQUATIONS

In this chapter, we describe the extension of the adaptive wavelet method

to solve incompressible flows in 2- and 3-D. The algorithm for incompressible

flow in the primitive variable formulation makes use of a so-called fractional step

method for time discretization. The fractional step method in essence provides a

means to decouple the pressure and velocity variables. In one time step, it splits

the numerical solution of the problem into the numerical solution of convection-

diffusion (prediction step) and Poisson (correction step) subproblems. Here, we

consider exclusively the adaptive algorithm on the irregular grid of the MRA

approach.

In the remainder of this chapter, the governing equations for incompressible

flow are recalled first. Subsequently, we describe the dynamically adaptive algo-

rithm for the solution of such flow problems. We then discuss an approach for

solving the Poisson-Neumann problem (the subproblem of the correction step)

which needs special treatment due to the non-uniqueness of the solution. To

demonstrate the algorithm, we simulate the 2-D flow in the lid-driven cavity,

the 2-D differentially-heated cavity with large Rayleigh numbers, and the 3-D

differentially-heated cavity for various Rayleigh numbers. The numerical results,

when possible, are compared with accurate previously published results.
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5.1 Governing equations

In this study, we restrict our consideration to flows of incompressible (or

Boussinesq) fluids. The governing equations, which consist of the continuity, mo-

mentum, and energy equations are given in the dimensionless form by

∇ · u = 0, (5.1)

∂u

∂t
+ (u · ∇)u = −∇p+

1

Re
∇2u− Gr

Re2
Tn, (5.2)

∂T

∂t
+ (u · ∇)T =

1

RePr
∇2T, (5.3)

with appropriate boundary and initial conditions. The equations are made di-

mensionless with respect to the characteristic length L, velocity U , time L/U ,

and temperature scale ∆T . Here, u = u∗/U represents the velocity vector (for

2D problems u = (u, v)T and for 3-D problems u = (u, v, w)T ), p = (p∗−Pr)/ρU
2

is the pressure, T = (T ∗ − Tr)/∆T denotes the temperature (note Tr and Pr are

respectively the reference temperature and reference pressure; dependent variables

with superscripts denote dimensional variables), and n is the unit vector in the

direction of gravity. The dimensionless parameters appearing in the equations are

the Reynolds number, Re = UL/ν2, the Grashof number, Gr = βg∆TL3/ν2, and

the Prandtl number, Pr = ν/α. Here ν denotes the kinematic viscosity, g the

magnitude of the gravitational acceleration, β the volumetric thermal expansion

coefficient, and α the thermal diffusivity.

5.2 Fractional step method

To solve an incompressible flow problem described by (5.1)-(5.3), we discretize

the equations in time using a variant of the Chorin-type projection method. At
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each time step, we first compute the temperature by solving

Tm+1 − Tm

∆t
+

1

2
(ũ · ∇)(Tm+1 + Tm) =

1

2RePr
∇2(Tm+1 + Tm), (5.4)

where ũ is a second order extrapolation of the velocity field at tm+1 given by

ũ = (1 + r)um − rum−1 with r = ∆τ/∆t, ∆t = tm+1 − tm and ∆τ = tm −

tm−1. Note that (5.4) is a 2nd order linearized trapezoidal approximation. An

intermediate velocity field û is calculated by considering the linearized trapezoidal

approximation of the momentum equation with a provisional pressure p̃:

û − um

∆t
+

1

2
(ũ·∇û+um)·∇um = −∇p̃+ 1

2Re
∇2(û+um)−Grn

2Re2
(Tm+1+Tm). (5.5)

The provisional pressure p̃ is a prediction of the pressure field pm+1. It is usually

set to the known pressure at time tm or simply set to zero. As a results, the

intermediate velocity field û is not divergence-free. In the next step, the true

velocity field um+1 is obtained by solving the system

um+1 − û

∆t
= −∇φ, (5.6)

∇ · um+1 = 0, (5.7)

where φ is an auxiliary potential function. Equations (5.6) and (5.7) lead to the

following Poisson equation for φ:

∇2φ =
1

∆t
∇ · û. (5.8)

When required, the pressure field at the new time step can be computed from the

formula below
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pm+1 = p̃+ φ− 1

2Re
∆t∇2φ. (5.9)

We remark that other time discretization schemes, such as second order backward

difference can be used, in the calculation of temperature and intermediate velocity

fields (in this case one would have a different formula for calculating pm+1).

With the fractional step method, finding the numerical solution of incompress-

ible flow reduces to solving subproblems of convection-diffusion-type (or Helmholtz-

type if the convection term is discretized via an explicit time discretization scheme)

and Poisson-type. These subproblems constituting, of (5.4), (5.5) and (5.8), must

be augmented by initially and boundary conditions. The proper choices of bound-

ary conditions for (5.5) and (5.8) are unclear and in fact there is some disagreement

in the literature. In this work, the boundary condition on û are taken to be the

same as those for um+1. Subsequently, boundary conditions for φ of Neumann

type are deduced from (5.6) in conjunction with the condition of global mass

conservation.

5.3 Dynamically adaptive algorithm for incompressible flow

Above, we have reduced the time-dependent problem to a time-marching pro-

cedure. Now the algorithm of Section 4.5 can be used for an adaptive solution of

the incompressible flow. In this study, the irregular grid V is constructed from

thresholding the velocity and temperature fields only (we exclude p since in incom-

pressible flow it plays the role of a Lagrange multiplier and does not have much

meaning by itself). Certainly, one can also adapt the grid based on other derived

flow variables, such as vorticity. For this purpose, we introduce the threshold pa-

rameter ε = {εs, s = u, v, w, T} associated with these variables. The dynamically
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adaptive algorithm to integrate the equations can then be summarized as follows:

(i) use the solution from the previous time step as initial condition, solve (5.4),

(5.5) and (5.8) to obtain the approximate solutions Tm+1, um+1 and φ on

the irregular grid V
m. Note that we first solve (5.4), then (5.5), and there-

after (5.8). The new velocity field um+1 is subsequently obtained from (5.6);

(ii) determine grids based on thresholding the magnitude of wavelet amplitudes,

with s standing for either u, v, w or T : V̂s = {xj,λ | (j, λ) ∈ ΛVm , |ds,m+1
j,λ | ≥

εs}, where ΛVm = {(j, λ) | xj,λ ∈ V
m} and {ds,m+1

j,λ } are the corresponding

wavelet amplitudes of um+1 and Tm+1, respectively. With 5.5 V̂ =
⋃

s V̂s,

the sparse grid for the next time step is then given by

V
m+1 = {xJ0,k} ∪ V̂

⋃

(j,λ)∈ΛbV

Nj,λ, (5.10)

where Nj,λ is the set of neighboring points of xj,λ. Note that neighboring

points are added in order to accommodate possible advection and sharpening

of solution features;

(iii) assign a zero value to wavelet amplitudes ds,m+1
j,λ associated with new grid

points, i.e. set ds,m+1
j,λ = 0 for xj,λ ∈ V

m+1 \ V
m, and compute the inverse

adaptive wavelet transform to yield um+1 and Tm+1 on the new sparse grid

V
m+1;

(iv) assign (um+1, Tm+1) → (um, Tm) and V
m+1 → V

m, increment time, and go

back to step (i).

The initial sparse grid V
0 is obtained from the thresholding of the initial condi-

tions.
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To this end let us mention that to solve systems of equations arising from the

discretization of (5.4) and (5.5), we use nonstationary iterative solvers (such as

BiCGSTAB, CGS, and TFQMR) without any preconditioning. The systems are

well conditioned when ∆t is small. For the Poisson-Neumann problem, the linear

system of equations is solved using the nonstationary iterative solvers with ILU

(Incomplete-LU decomposition) with drop tolerance as a preconditioner [114].

5.4 Poisson-Neumann problem

As mentioned above and discussed in the next section, the boundary conditions

for the Poisson equation (5.8) are of Neumann type. It is known that this type

of problem has a solution only when the integral of the source term over the

domain equals the boundary integral of the normal derivative of the solution (i.e

the boundary condition), and such a solution is only determined up to an arbitrary

constant. Note that this condition is the so-called compatibility condition. When

it is not fulfilled, the problem has no solution. The linear system resulting from

discretization of the Poisson-Neumann problem inherits this type of singularity.

After discretization, the Poisson-Neumann problem reduces to the system of

linear algebraic equations

Aφ = f , (5.11)

where the matrix A corresponds to the discrete Laplacian within the domain

with incorporated Neumann boundary conditions, the vector φ is the discrete

representation of φ at the grid points, and f consist of the values of ∇ · û within

the domain and of the specified Neumann conditions at the boundaries. Since

the boundary conditions are purely of Neumann type, the discretization matrix is

singular with one zero eigenvalue (one-rank deficient). An eigenvector associated
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with the null eigenvalue is a constant vector, i.e. C1T . In order for such a linear

system to have a solution, the vector f must belong to the column space of matrix

A. In other words, f must be orthogonal (with respect to the usual inner product)

to the left null space vector of A, namely v where, vTA = 0T , thereby yielding

the discrete solvability condition

vT f = 0. (5.12)

Note that this condition is usually attained in numerical methods by using a

staggered grid. In general, this condition is not fulfilled in the presented method

and (5.11) does not always have a solution (and thus applying an iterative solver

to (5.11), while not satisfying (5.12), will fail to yield a solution).

A straightforward way to remedy this difficulty is to impose a Dirichlet con-

dition at one of the boundary points (i.e., setting the value of φ at one of the

boundary points to an arbitrary constant), so that the following system is consid-

ered

A∗φ = f∗. (5.13)

The discretization matrix of the modified system is different from A in only one

row. This replaces the singular system (5.11) with a nonsingular linear system of

equations. In some cases, this approach produces an accurate solution; however,

from our numerical experiments, it often results in numerical artifacts (in the

vicinity of where the Dirichlet condition is enforced) especially in cases where a

large value of Reynolds number, Re, (or Rayleigh number, Ra) is used. The reason

for this is most likely due to the fact that the necessary Neumann condition is not

forced explicitly and thus in general not satisfied at the chosen point.
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In this study, to circumvent this difficulty, we use approaches that modify the

source term in the Poisson equation [22, 75, 108]:

Aφ = f − αv, (5.14)

where v is a suitable normalized vector (i.e. vTv = 1), and the constant α is

selected so that the resulting right hand side vector satisfies the solvability condi-

tion. When the left null space vector c is known, one may impose the solvability

condition on (5.14) to obtain α = cT f/cTv. In practice, the left null space vector

c may be computed directly or in some cases obtained by inspection. Note that

since the matrix A in the presented method is non-symmetric, the left and right

null space vectors are not necessarily identical (in most discretization methods,

the right null space vector can be easily determined by inspection; unfortunately,

this is not the case for the left null space vector).

Henshaw [75] suggests a method based on the above procedure. In his ap-

proach, (5.11) is replaced by the augmented linear nonsingular system




A r

rT 0






φ

α


 =




f

β


 , (5.15)

where β is an arbitrary constant and r is the nulls space vector of A. Effectively,

the solution of the augmented system (5.15) satisfies

α = cT f/cT r, Aφ = f − αr, rTφ = β. (5.16)

While the above approach yields satisfactory results for many cases, we have

noticed numerical artifacts, especially in the differentially-heated cavity problem

168



with large Rayleigh numbers.

The approach we use in the current work is based on the actual computation

of the left null space vector c. To determine the left null space vector, i.e. finding

a vector c such that

ATc = 0, (5.17)

where 0 = [0, 0, . . . , 0, 0]T is the zero vector, we consider the following non-

homogeneous linear system of equations

Ãc̃ = e, (5.18)

where the matrix Ã = AT , except for the ith row whose entries are given by

[Ã]i,j = δi,j, and e = 0, except for the ith entry which has a nonzero value (the

choice of the ith and value of entry ei is arbitrary). This linear system of equations

is nonsingular and has a unique solution. It can be observed that the solution c̃

of (5.18) satisfies every linear equation of (5.17). This is obvious for any mth

equation (m 6= i). For the ith equation, since the ith-row of AT can be written

as a linear combination of the other row vectors (owing to the fact that AT is

rank-one deficient), the solution c̃ also satisfies the ith linear equation of (5.17).

Thus, any vector c = c1c̃, where c1 is any constant, is a left null space vector of

the matrix A.

Furthermore, instead of employing an arbitrary vector v to modify the right

hand side vector (as in (5.14)), we use the left null space vector c for such modi-

fication. More precisely, we consider

Aφ = f − αc, (5.19)
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where c is the normalized left null space vector (i.e., cTc = 1). Applying the

solvability condition yields α = cT f . It can be observed, by multiplying both side

of (5.19) by the transpose matrix AT , that the solution of (5.19) is effectively a

least square solution. However, in this work, we find that the iterative solution

(with ILU) of the straightforward least square problem converges much slower

than the iterative solution of system (5.19). The reason for this is likely due to

the fact that the condition number of ATA grows substantially faster than that of

A (in this case the condition number is defined as a ratio of the maximum singular

to the minimum nonzero singular value). Note that we use the ILU of Ã as the

preconditioner for nonstationary iterative solvers when solving (5.17) for the left

null space vector and the ILU of A∗ (see 5.13 for definition) as a preconditioner

when solving the system (5.19) for φ.

5.5 2-D lid-driven cavity

The physical configuration of the 2-D lid-driven cavity is that of a square cavity

of width L with a sliding top wall and all other walls being rigid, and which is

filled with an incompressible Newtonian fluid. The equations governing the flow

problem in dimensionless form are given by (5.1) and (5.2) (without the buoyancy

term). The fluid is set in motion by moving the top boundary (lid) at constant U

horizontal velocity. Note that in this case, the reference length, velocity, and time

scale correspond respectively to the cavity width L, velocity of the lid U , and L/U

respectively and note also that all flow quantities are defined on the dimensionless

domain Ω = (0, 1)2. The boundary conditions are defined by

u(x, y, t) = f(x, y, t) on ∂Ω (5.20)
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where

f(x, y, t) ≡





(1, 0)T on y = 1,

(0, 0)T on x = 0, 1, and y = 0,
(5.21)

and the initial condition is given by u(x, 0) = 0.

In the solution procedure via the fractional step method, the boundary condi-

tion for û are taken to be identical to those of u:

û = u = fm+1, on ∂Ω. (5.22)

Now due to this choice of boundary conditions, we have that û ·n = fm+1 ·n = 0,

which along with (5.6) results in the following homogeneous Neumann boundary

conditions for φ:

∇φ · n = 0 on ∂Ω. (5.23)

It can easily be seen from (5.6) that

∫

∂Ω

un+1 · n dΓ =

∫

∂Ω

û · n dΓ − ∆t

∫

∂Ω

∇φ · n dΓ. (5.24)

By making use of (5.22) and (5.23), it can be seen that the global mass constraint
∫

∂Ω
un+1 · n dΓ = 0 is identically satisfied (and thus ensures satisfaction of the

compatibility condition for the continuum case).

In all numerical calculations of this particular problem, we discretize the con-

vection term using the 2nd order Adam-Bashforth scheme. The provisional pres-

sure p̃ is set equal to zero. The adaptive method with the basis of order p = 4 and

threshold parameters ε = {5×10−4, 5×10−4}, and εa = 2ε are used 1. The deriva-

1Note that in the grid construction of these calculations, neighboring points are added sur-
rounding the grid points whose associated wavelet amplitude are grater than ε. Since neighboring
points are not added near every essential point (only near those whose their amplitude are also
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tive approximations are obtained via nine-point finite-difference stencils (n = 4).

The number of resolution levels is limited to J − j0 = 6 with j0 = 3 (9 points in

each direction at the coarsest scale). This results in a finest grid spacing of size

∆x = ∆y = 1/512. Such choice of J is selected for the purpose of comparison

with benchmark results. Note that if the goal would have been to obtain the

best solutions that can be produced by the adaptive method, then J would have

been allowed to vary to whatever number of levels necessary (i.e., the parameter

determining the accuracy is threshold parameters not the finest level set), as done

for example in the previous chapter. Time integration is performed until steady

state, defined when ‖um+1 − um‖∞ < 5 × 10−5, is reached.

Figure 5.1 shows streamlines and active collocation points obtained for Re =

1000 at different dimensionless times as well as at steady state. Formation of

eddies can be observed very distinctly and the pattern agrees qualitatively quite

well with that given in [73]. The distribution of grid points clearly demonstrates

that the dynamically adaptive algorithm is able to track the moving structures

properly. As a results, the number of grid points in V
m, N = dim V

m, varies

with the local demands of the solution for fixed threshold parameters. For these

particular threshold values, the maximum number of grid points required during

the simulation is found to be approximately N = 4400 points. At steady state, the

compression ratio (the ratio of the number of active points to that corresponding

to a uniform mesh of equivalent resolution) is approximately 0.017. Note that

due to the velocity singularities in the upper corners of the cavity, the adaptive

algorithm demands a considerable number of points in confined neighborhoods of

these locations. Solving the corresponding de-singularized problem would reduce

the number of such points substantially [21, 119], but is not done here.

grater than εa), this results in an irregular grid with fewer number of grid points.
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Figure 5.1: Evolutions of streamlines and dynamically adaptive grids for
Re = 1000 at t = 2.5, 5.0, 7.5, 12.5 and steady state. The number of grid
points at each time are respectively N = 3378, 3910, 4075, 4180 and 4372.
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The streamlines and grid points of the solutions at steady state for Re = 400

and 3200 are shown in Figure 5.2.

Re = 400 Re = 3200
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Figure 5.2: Streamlines and dynamically adaptive grids at steady state for
Re = 400 and 3200.

For Re = 3200, as can be seen, an additional secondary vortex appears near

the upper left corner. It is worth noting that in the case of Re = 400, the

algorithm yields an inaccurate structure of the secondary vortex at the lower left

corner. This may be explained by the fact that such vertex is fairly weak and

the values of threshold parameters used are not sufficiently small. The use of

threshold parameters with appropriately small values would remedy such issue.

Alternatively, in this work, the issue is overcome by using a particular strategy

which takes advantage of the knowledge of the (previously reported) solution.

Such strategy consists of setting the threshold parameters such that the adaption
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criteria is more sensitive near the lower left corner. Specifically, adapt the grid

based upon w(xj,λ)dj,λ instead of dj,λ with the Gaussian weight function w(xj,λ) =

1+9 exp(−25x2
j+1,2k+e). However, this is not surprising since the size of this eddy

(0.1237 in width and 0.1081 in length [64]) is smaller than the coarsest resolution.

In addition, its strength is fairly weak as the maximum value of absolute vorticity

is of the order of 0.05 (based on our computation with larger j0 and [64]).

Comparisons of steady-state velocity distributions along the mid-sections of

the cavity for Re = 400, 1000, and 3200 with those of [64] are shown respectively

in Figures 5.3. Tables 5.1-5.3 compare the intensities of the primary vortex,

the lower left corner secondary vortex, and lower right corner secondary vortex

with those given in [64] obtained by the use of a multigrid technique, in [21] by

using a Chebyshev spectral collocation method for the de-singularized problem,

in [131] by employing a block-implicit multigrid technique, and in [69] by using

the finite element method. In the tables, ψmin and ωv,c represent respectively the

value of the streamfunction and vorticity at the vortex center. In addition, code

letters after each reference indicate the type of grid (mesh) and formulation used:

U–uniform grid, C–Chebyshev grid, G–graded mesh (a mesh that is a result of

clustering near boundaries), US–unsteady stream function-vorticity formulation,

UP-unsteady primitive variable formulation, and SP-steady primitive variable for-

mulation. Note that resolutions of 257×257 grids (129×129 for Re = 1000) were

used in the calculations reported in [64], 160 × 160 modes (and subsequently col-

location points) in those in [21], 321 × 321 grids in those in [131], and 129 × 129

nodes in those in [69]. The total number of active wavelet collocation points re-

quired at steady state in the present computations are N = 3165, 4180, and 6170

for Re = 400, 1000, and 3200, respectively. Table 5.1-5.3 indicate that, while the

175



(a) Re = 400

u(1/2, y) v(x, 1/2)

-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

1

y

present
Ghia et al.

             u-velocity
0 0.2 0.4 0.6 0.8 1

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

x

v
-v

el
o
ci

ty

present
Ghia et al.

(b) Re = 1000

u(1/2, y) v(x, 1/2)

-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

1

u-velocity

y

present
Ghia et al.

0 0.2 0.4 0.6 0.8 1
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

x

v
-v

el
o

ci
ty

present
Ghia et al.

(c) Re = 3200

u(1/2, y) v(x, 1/2)

-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
0

0.2

0.4

0.6

0.8

1

    u-velocity

y

present
Ghia et al.

0 0.2 0.4 0.6 0.8 1
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

x

v
-v

el
o

ci
ty

present
Ghia et al.

Figure 5.3: Comparison of steady state velocity profiles u(1/2, y) and v(x, 1/2) with
those of [64] for (a) Re = 400, (b) Re = 1000, and (c) Re = 3200.
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number of grid points are relatively small (3-32 times fewer) compared with those

of the above calculations, the results obtained from the adaptive method compare

favorably with that of benchmark results, which are the best results available in

the literature.

5.6 2-D differentially-heated cavity

In this section, we consider the problem of fluid flow in a differentially-heated

cavity with adiabatic top and bottom walls. Such a problem has served over the

years as an excellent test-problem for assessing the accuracy of numerical methods

designed for the integration of the Navier-Stokes equations in the Boussinesq limit.

The reason for this is partially because boundary conditions are free of singularities

(in contrast with the lid-driven cavity problem). Numerical results for a square

cavity filled with air have been presented for a wide range of Rayleigh numbers,

Ra. A set of benchmark solutions obtained by using Richardson extrapolation

for 103 ≤ Ra ≤ 106 has been given in [30, 55]. As a result of a decrease in the

boundary-layer thickness, there have been fewer accurate numerical computations

performed at larger values of Ra. For Ra = 107 and 108, accurate results are

provided in [95] where a spectral method with a relatively large number of modes

is used and in [122] where a spectral Petrov-Galerkin method with divergence-free

trial functions is used. It has been found by direct numerical simulations [96, 107]

that the solution becomes unsteady at Ra ≈ 2 × 108. The flow becomes chaotic

when Ra is further increased, and it is found that the quasi-periodic route of

transition is followed from the onset of instability to the chaotic regime. We
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TABLE 5.1

COMPARISONS OF THE INTENSITIES OF THE PRIMARY VORTEX.

Re Investigators Primary vortex

ψmin ωv,c Location (x, y)

400 Present −0.1131 2.3087 (0.5547, 0.6094)

Ref. [64] (U,US) −0.1139 2.2947 (0.5547, 0.6055)

Ref. [131] (U,SP) −0.1136 − (0.5563, 0.6000)

1000 Present −0.1173 2.0476 (0.5313, 0.5703)

Ref. [64] (U,US) −0.1179 2.0497 (0.5313, 0.5643)

Ref. [21] (C,UP) −0.1189 2.0678 (0.5384, 0.5652)

Ref. [131] (U,SP) −0.1173 − (0.5438, 0.5625)

Ref. [69] (G,UP) −0.114 − −

3200 Present −0.1171 1.8594 (0.5234, 0.5390)

Ref. [64] (U,US) −0.1204 1.9886 (0.5117, 0.5352)

Ref. [69] (G,UP) −0.118 − −

Note: U–uniform grid, C–Chebushev grid, G–graded mesh, US–unsteady
stream function-vorticity formulation, UP–unsteady primitive variable for-
mulation, SP–steady primitive variable formulation.
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TABLE 5.2

COMPARISONS OF THE INTENSITIES OF THE LOWER LEFT

CORNER SECONDARY VORTEX.

Re Investigators Lower left corner vortex

ψmax ωv,c Location (x, y)

400 Present 1.5953 × 10−5 −0.06295 (0.0547, 0.0469)

Ref. [64] (U,US) 1.4195 × 10−5 −0.05697 (0.0508, 0.0469)

Ref. [131] (U,UP) 1.46 × 10−5 − (0.0500, 0.0500)

1000 Present 2.2027 × 10−4 −0.35628 (0.0859, 0.0781)

Ref. [64] (U,US) 2.3113 × 10−4 −0.36175 (0.0859, 0.0781)

Ref. [21] (C,UP) 2.3345 × 10−4 −0.35228 (0.0833, 0.0781)

Ref. [131] (U,SP) 2.24 × 10−4 − (0.0750, 0.0813)

Ref. [69] (G,UP) 2.0 × 10−4 − −

3200 Present 9.8933 × 10−4 −1.02891 (0.0781, 0.1172)

Ref. [64] (U,US) 9.7823 × 10−4 −1.06301 (0.0859, 0.1094)

Ref. [69] (G,UP) 1.20 × 10−3 − −

Note: U–uniform grid, C–Chebushev grid, G–graded mesh, US–unsteady
stream function-vorticity formulation, UP–unsteady primitive variable for-
mulation, SP–steady primitive variable formulation.
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TABLE 5.3

COMPARISONS OF THE INTENSITIES OF THE LOWER RIGHT

CORNER SECONDARY VORTEX

Re Investigators Lower right corner vortex

ψmax ωv,c Location (x, y)

400 Present 6.4099 × 10−4 −0.46804 (0.8828, 0.1250)

Ref. [64] (U,US) 6.4235 × 10−4 −0.43352 (0.8906, 0.1250)

Ref. [131] (U,SP) 6.45 × 10−4 − (0.8875, 0.1188)

1000 Present 1.7669 × 10−3 −1.13399 (0.8594, 0.1094)

Ref. [64] (U,US) 1.7510 × 10−3 −1.15465 (0.8594, 0.1094)

Ref. [21] (C,UP) 1.7297 × 10−3 −1.10979 (0.8640, 0.1118)

Ref. [131] (U,SP) 1.74 × 10−3 − (0.8625, 0.1063)

Ref. [69] (G,UP) 1.76 × 10−3 − −

3200 Present 2.8584 × 10−3 −2.11655 (0.8281, 0.0859)

Ref. [64] (U,US) 3.1396 × 10−3 −2.27365 (0.8125, 0.0859)

Ref. [69] (G,UP) 3.29 × 10−3 − −

Note: U–uniform grid, C–Chebushev grid, G–graded mesh, US–unsteady
stream function-vorticity formulation, UP–unsteady primitive variable for-
mulation, SP–steady primitive variable formulation.

180



apply the adaptive wavelet method to solve problems at sufficiently large values

of Ra in order to study the applicability of the method to transitional and chaotic

flows.

The differentially-heated cavity problem considers a rectangular cavity of height

H, width W and filled with a Newtonian fluid. The flow is assumed to be two-

dimensional and the temperature along the left and right walls of the cavity are

maintained isothermally at Th and Tc, respectively, where Th > Tc. The top and

bottom walls are considered adiabatic. The temperature difference ∆T ≡ Th − Tc

is sufficiently small so that the Boussinesq approximation is valid. For a square

cavity (H = W ), the governing equations in dimensionless form are given by (5.1)-

(5.3) where all quantities are defined in the dimensionless domain Ω = (0, 1)2. The

boundary conditions are given by

u = 0, on x = 0, 1 and y = 0, 1,

T =
1

2
− x, on x = 0, 1, and

∂T

∂y
= 0 on y = 0, 1.

(5.25)

In this problem, we use H, U =
√
βg∆TH, ∆T = Th − Tc, and H/U as ref-

erence length, velocity, temperature, and time scales, respectively and Tr =

(Th + Tc)/2 [33]. With these choices of reference quantities, the following rela-

tions hold for dimensionless parameters,

Re2 = Gr =
Ra

Pr
, (5.26)

where Ra = βg∆TH3/(αν) denotes the Rayleigh number, which is a parameter

that well suited for the study of this type of flow. Hence, in this case, simulating

the flow with a specific value of Ra using a computer code written for (5.1)-(5.3)
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amounts to using Re according to the above formula. Note also that the maximum

velocity is normalized with the above reference quantities, i.e., a magnitude of

velocity is of order one with respect to Ra (as opposed to those used in [30, 55],

where the magnitude of velocity changes significantly with Ra). Thus, it is not

necessary to adjust the value of the threshold parameter associated with velocity

as Ra is increased.

The adaptive algorithm is applied to compute the free convection flow of air

(Pr = 0.71) in a closed square cavity at moderate to transitional Rayleigh num-

bers. Since the boundary layers at vertical walls are fairly thin (more precisely

they vary as O(Ra−1/4) [30, 95]), it is more suitable to use a grid with points

clustered near the boundaries. Such grid can be obtained through the following

mapping:

y =

(2α+ β)

(
β + 1

β − 1

) η−α
1−α

+ 2α− β

(2α+ 1)

[(
β + 1

β − 1

) η−α
1−α

+ 1

] , η ∈ [0, 1], (5.27)

with 0 < α, β <∞. The identical mapping is also used for x, i.e replacing y by x

and η by ξ. The equations are then solved in the ξ-η plane.

In the numerical simulations, (5.4) is augmented by the boundary condition

∂Tm+1/∂y = 0 at y = 0, 1, and Tm+1 = 1/2 − x at x = 0 and 1. The boundary

condition on û are taken to be the same as those on um+1, i.e û = um+1 = 0. We

augment the Poisson equation with the condition n · ∇φ = 0 on all boundaries.

The fractional time step method used employs the linearized trapezoidal scheme

(as outlined in Section 5.2). The provisional pressure p̃ in (5.5) is obtained by

solving
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∇2p̃ =
1

2
∇ ·
{
N (ũ) +N (um) + (Tm+1 + Tm)n

}
in Ω, (5.28)

with boundary conditions

n · ∇p̃ = n ·
{
−um+1 − um

∆t
− 1

2
(N(ũ) +N(um))+ (5.29)

1

2

√
Pr

Ra
∇2(ũ + um) − 1

2
(Tm+1 + Tm)n

}
on ∂Ω, (5.30)

where N(u) = (u · ∇)u and n is a unit vector normal to the boundary. This type

of provisional pressure is introduced in [77]. The specific choice alleviates the

drawback of a fixed normal pressure gradient on boundaries arising when pn is

used as the provisional pressure. It is noted that such a claim is fully legitimate

when pm is computed via (5.9) without the last term on the right hand side, a

commonly use formula in the literature. When taking into account the last term on

the right hand side, (5.9) permits the normal pressure gradients on boundaries to

change (as a function of time). However, numerical experiments shows that there

is an improvement in the solutions when the provisional pressure given above is

used.

In the following numerical calculations, we use a basis with p = 6 and consis-

tent derivative approximations are obtained via nine-point finite difference stencils

(n = 4). The resolution is set to J − j0 = 6 with j0 = 3 (9 points in each direction

at the coarsest level). The mapping parameters in (5.27) are taken to be α = 0.5

and β = 1.125. It is remarked that for these parameters the finest grid spacings in

the physical domain corresponds to that of a 512×512 grid (the possible finest grid

spacing in the computational domain is equivalent to ∆ξ = ∆η = 1/512). Thresh-

old values of ε = {10−3, 10−3, 10−3} and {5 × 10−3, 5 × 10−3, 5 × 10−3} are used.
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We first consider the flow with Ra = 106, 107 and 108 in order to compare

the solutions with previously published accurate solutions. The initial condi-

tion in each case is chosen to be that of a pure conducting quiescent state (i.e.

T (x, y, 0) = 1/2 − x and u(x, y, 0) = 0) primarily to demonstrate the robustness

and adaptive capabilities of the numerical method. The steady state solution, if

it exists, is reached through the time-stepping integration described above. Note

that steady state is defined by ‖fm+1 − fm‖∞ ≤ 5× 10−5 where f represents u, v

and T . Figure 5.4 shows streamlines, isotherms, and irregular grids for Ra = 108

at different times. The distribution of grid points demonstrates that the adap-

tive grid, produced automatically, follows the moving and developing structures

of the flow. Note that with the use of the pure conducting quiescent state as

initial condition, the problem is centro-symmetric and it can be observed that the

adaptive grid exhibits centro-symmetry (without enforcing). Note, however, that

for Ra > 2 × 108 when instability sets in, any round off error would destroy such

symmetry. Figure 5.5 shows the number of grid points N required during the

course of two simulations using different threshold values. It should be noted that

the algorithm requires a large N in the early part of the simulation. In addition,

as ε is decreased, the number of points N generated increases automatically. Fig-

ures 5.4 and 5.5 demonstrate that the adaptive algorithm provides a means to

compute, for fixed threshold parameters, the solution according to local demands.

Furthermore, Figure 5.5 also demonstrates the relationship between the accuracy

requirement and computational cost, which is O(N) for the algorithm.

The steady state streamlines and isotherms for different Rayleigh numbers are

depicted in Figure 5.6.It is noted that they agree qualitatively with the available

numerical results (see [55, 95, 122] for comparisons). Quantitative results are
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Figure 5.4: Unsteady flow for Ra = 108 obtained with ε = {10−3, 10−3, 10−3} at
three different times: stream function (left), isotherms (middle), and dynamically
adaptive grid (right).
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Figure 5.5: Evolution of number of grid points required for Ra = 108.

determined from interpolating values of the obtained solutions on the irregular

grid on a grid of 1001 × 1001 equi-distant points. Note that Ns corresponds to

the number of grid points needed by the algorithm at steady state. The results

(obtained with different values of the threshold parameter for Ra = 106, 107 and

108) for the maximum vertical and horizontal velocity components along the mid-

sections y = 1/2 and x = 1/2, and the Nusselt number (Nu = ∂T/∂x|x=0) are

compared in Tables 5.4–5.6 with those previously published.

186



Ra = 106

x

y

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

y
0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

y

Ra = 107

x

y

0.0 0.2 0.4 0.6 0.8 1.0
0.0 

0.2

0.4

0.6

0.8

1.0

x

y

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

y

Ra = 108

x

y

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

y

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

x

y

Figure 5.6: Steady state solutions for Ra = 106 (top), Ra = 107 (middle), and
Ra = 108 (bottom), obtained with ε = {10−3, 10−3, 10−3}: stream function
(left), isotherms (middle), and dynamically adaptive grid (right).
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TABLE 5.4

RESULTS FOR Ra = 106 COMPARED WITH OTHER ACCURATE

SOLUTIONS.

umax × 102 y(umax) vmax × 10 x(vmax) Numax y(Numax) Numin y(Numin)

Present method, Ns = 1467 7.6898 0.085 2.6126 0.039 17.225 0.046 1.013 1

(ε = {0.005, 0.005, 0.005})

Present method, Ns = 2849 7.6807 0.085 2.6162 0.038 17.507 0.038 0.987 1

(ε = {0.001, 0.001, 0.001})

Ref. [55]a 7.670 0.085 2.603 0.0379 17.925 0.0378 0.989 1

Ref. [95]b 7.6944 0.085 2.6175 0.038 17.5360 0.039 0.979 1

Ref. [122]c 7.6944 0.08499 2.6176 0.038

Note: aFinite difference with Richardson extrapolation, bpseudo-spectral Chebychev method
with 72 × 72 modes, and cspectral Petrov-Galerkin method with (48 × 48)/2 modes.
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TABLE 5.5

RESULTS FOR Ra = 107 COMPARED WITH OTHER ACCURATE

SOLUTION.

umax × 102 y(umax) vmax × 10 x(vmax) Numax y(Numax) Numin y(Numin)

Present method, Ns = 4651 5.5487 0.880 2.6095 0.021 39.413 0.019 1.374 1

(ε = {0.001, 0.001, 0.001})

Present method, Ns = 6603 5.5785 0.879 2.6237 0.021 39.386 0.018 1.372 1

(ε = {0.001, 0.00025, 0.001})

Ref. [95]a 5.5762 0.879 2.6242 0.021 39.395 0.018 1.366 1

Ref. [122]b 5.5763 0.8793 2.6245 0.021

Ref. [130]c 5.538 0.888 2.733 0.0237 36.50 0.011 1.416 1

Ref. [94]d 5.557 0.874 2.714 0.021 40.15 0.016 1.376 1

Note: a Pseudo-spectral Chybechev method with 80× 80 modes, b spectral Petrov-Galerkin
method with (48 × 48)/2 modes, c finite element with 168 quadratic elements, and d cubic
spline.
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TABLE 5.6

RESULTS FOR Ra = 108 COMPARED WITH OTHER ACCURATE

SOLUTION.

umax × 102 y(umax) vmax × 10 x(vmax) Numax y(Numax) Numin y(Numin)

Present method, Ns = 3799 3.5920 0.920 2.6293 0.012 88.361 0.007 1.873 1

(ε = {0.005, 0.005, 0.005})

Present Work, Ns = 8791 3.7798 0.927 2.6379 0.012 87.514 0.008 1.753 1

(ε = {0.001, 0.001, 0.001})

Ref. [95]a 3.8199 0.928 2.6375 0.012 87.2355 0.008 1.919 1

Ref. [122]b 3.8136 0.9277 2.6375 0.012

Ref. [83]c 3.823 2.638

Ref. [85]d 3.698 0.926 2.623 0.012

Note: a Pseudo-spectral Chybechev method with 128×128 modes, b spectral Petrov-Galerkin
method with (48× 48)/2 modes, c finite volume with 360× 360 grids, and d finite-difference
with 200 × 200 grids.
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The results for umax, vmax and their locations compare favorably with other

accurate results. Some scatters the data of maximum and minimum Nusselt num-

bers can be observed among the results. The present results are closest to those

of [95] which we believe are the most accurate. Perhaps it is not fair to compare

the number of degrees of freedom used since the present algorithm, unlike the

others, is adaptive. Nevertheless, if we consider only steady state solutions, our

method requires a relatively smaller number of degrees of freedom (ranging from

2 to 14 times fewer DOFs, except that of [122] which in fact outperforms every

method in term of DOFs required) in order to obtain solutions with errors of less

than 1% compared with those of [95] and [122].

A simulation was also performed for Ra = 5× 108 where the flow is known to

be chaotic [107]. In this case we use p = 6, a consistent nine-point finite difference

stencil for derivative calculations, and a grid clustering parameter of β = 1.085.

The threshold parameters is set to ε = {10−3, 4×10−3, 4×10−3}. Figure 5.7 shows

the solution at the early times and Figure 5.8 the solution after a much longer time.

The number of the grid points required in the course of the simulation is depicted

in Figure 5.9. The time trace of u at the point x = (0.0478, 0.9522) is shown in

Figure 5.10, indicating not only the chaotic behavior of the solution, but also that

the solution has become statistically steady at that location by approximately

a dimensionless time of 250. It can be observed that in the early part of the

simulation, the solution is quite complicated and requires a relative large number

of grid points. The flow evolves to produce a stratified and fairly quiescent region

in the core of the cavity, with a grid requirement that is substantially smaller.
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Figure 5.7: Unsteady flow for Ra = 5 × 108 at different times obtained with
ε = {10−3, 4×10−3, 4×10−3}: stream function (left), isotherms (middle), and
dynamically adaptive grid (right).
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Figure 5.8: Unsteady flow for Ra = 5 × 108 at different times obtained with
ε = {10−3, 4× 10−3, 4× 10−3}: stream function (left), isotherms (middle), and
dynamically adaptive grid (right)
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Figure 5.9: Evolution of the number of grid points required for Ra = 5× 108.
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Figure 5.10: Time trace of the u-velocity component at the point x =
(0.0478, 0.9522) for Ra = 5 × 108.
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It should be noted that when the flow is statistically steady, most of the grid

points are concentrated near the vertical walls and the top-left and bottom-right

corners of the cavity. It is noted that the results these are fully consistent with

those previously published in [96, 107].

5.7 3-D differentially heated cavity

In this section, we use the 3-D differentially heated cavity problem as a test

problem for the adaptive method. The schematic diagram of this problem is

illustrated in Figure 5.11. In brief, the problem consists of modelling the flow in

cubical cavity in which the temperature of the vertical left and right walls are

maintain isothermally at Th and Tc. The remaining four walls are considered

to be thermally insulated. The governing equations in dimensionless form are

given by (5.1)-(5.3) where all quantities are defined in the dimensionless domain

Ω = (0, 1)3. In this case, the boundary condition on the walls, are given by

u = 0 on x = 0, 1, y = 0, 1 and z = 0, 1,

T =
1

2
− x on x = 0, 1, and

∂T

∂n
= 0 on y = 0, 1 and z = 0, 1,

(5.31)

Note that we use the same reference quantities as in the 2-D problem, namely
√
βg∆TH, H, H/U , and ∆T = Th − Tc as the reference velocity, length, time,

and temperature scales, and Tr = (Th + Tc)/2 as reference temperature.

The adaptive algorithm is applied to compute the free convection flow of air

(Pr = 0.71) for Rayleigh numbers ranging from 103 to 105. The initial con-

dition in each case is chosen to be that of a pure conducting quiescent state,

i.e. T (x, y, z, 0) = 1/2 − x and u(x, y, z, 0) = 0, primarily to demonstrate the
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Figure 5.11: Schematic diagram of the differentially-heated cubic cavity.

robustness and adaptive capabilities of the numerical method. The steady state

solution, if it exists, is reached when the following criteria is satisfied.

‖fm − fm−1‖Vm,∞ ≤ 5 × 10−5 for all f, (5.32)

where f represents any component of the velocity field and temperature, and m

refers to the value of f at the m-th integration step.

In the following numerical calculations, we use a basis with p = 6 and derivative

approximations are obtained via a thirteen-point finite-difference stencil (n = 4).

The resolution is set to (J − j0) = 4 with J0 = 3 (9 points in each direction

at the coarsest level). This results in a finest grid spacing of equivalent size

∆x = ∆y = ∆z = 1/128. We note that, in the presented method, the grid

adaption algorithm is inexpensive. However, determining the local finite difference

stencils and performing the ILU decomposition (tasks needed when the grid is

adapted), although relatively inexpensive, are more expensive than the cost of the
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grid adaption itself. Therefore, in the present calculations, to avoid performing

such tasks too often, the computational grid is not adapted if the number of

essential points, V̂ , at the current step changes only slightly from that of the

previous step, specifically by less than 5%.

Figures 5.12 and 5.13 show respectively the irregular grids generated by the

adaptive algorithm and isotherms for the flow corresponding to Ra = 105 obtained

with threshold parameter ε = {3.75× 10−3, 3.75× 10−3, 3.75× 10−3, 3.75× 10−3}

at different values of time.

(a) t = 1.2 (b) t = 3.6 (c) t = 5.4
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Figure 5.12: Dynamically adaptive grid V for Ra = 105 obtained with ε
= 3.75 × 10−3 at three different times; (a) t = 1.2, N = 30764, (b) t = 3.6,
N = 83328, (c) t = 5.4, N = 60800.
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(a) t = 1.2 (b) t = 3.6 (c) t = 5.4

Figure 5.13: Isotherms (contour level: 0.375 (red), 0.25 (yellow), 0 (green),
−0.25 (purple), −0.375 (blue)) for Ra = 105 obtained with ε = 3.75 × 10−3

at three different times: (a) t = 1.2 (b) t = 3.6 (c) t = 5.4.

Figures 5.14, 5.15 and 5.16 depict respectively the u–v velocity field in the plane

z = 1/2, the u–w field in the plane y = 1/2, and the v–w field in the plane x = 1/2.

The distribution of grid point in the corresponding three planes are also shown

in the figures. It can be noticed that the distribution of grid points the adaptive

grid, generated automatically, tracks the moving and developing structures of the

flow. Figure 5.17 shows the number of grid points N required by the adaptive

algorithm during the course of two simulations using different threshold values.

It can be seen that the algorithm requires a large N in the early part of

the simulation. Moreover, as the value of ε is decreased, the number of points

required increases automatically. The steady state isotherms in the cavity and

in the plane z = 1/2 as well as the velocity fields in three mid-planes are shown

in Figure 5.18. Figure 5.19 shows the computational grid at steady state. It

includes the distribution of the corresponding grid points in the three mid-planes.
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Figure 5.14: Velocity field u–v (top row) and distribution of grid points (bottom
row) in the plane z = 1/2 for Ra = 105 obtained with ε = 3.75× 10−3 at three
different times.
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Figure 5.15: Velocity field u–w (top row) and distribution of grid points (bot-
tom) in the plane y = 1/2 for Ra = 105 obtained with ε = 3.75×10−3 at three
different times.
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Figure 5.16: Velocity field v–w (top row) and distribution of grid points (bot-
tom row) in the plane x = 1/2 for Ra = 105 obtained with ε = 3.75× 10−3 at
three different times.
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Figure 5.17: Evolution of the number of grid points required by the dynami-
cally adaptive algorithm for Ra = 105 using different threshold values: (solid
line) ε = 3.75 × 10−3, (dash line) ε = 5.0 × 10−3.

The total number of grid points required at the steady state is N = 50245. It

can be observed that the points are concentrated in the vicinity of the isothermal

walls, the area where the boundary layers are fairly thin. This figure along with

Figure 5 indicate that the adaptive algorithm distributes the points according to

the solution features.

We have performed numerical experiments for Ra = 103, 104 and 105. All nu-

merical results reach the steady state defined by (5.32). To examine the solutions

quantitatively, we compare certain quantities with those previously published: (a)

the maximum of the u component on (x, 1/2, 1/2) and v component on (1/2, y, 1/2)

and their locations, and (b) Nusselt numbers Nuw and Nump on the hot wall. The

Nusselt number on the hot wall is defined as follows:
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Figure 5.18: Steady flow for Ra = 105 obtained with ε = 3.75 × 10−3. (a)
temperature contour levels: 0.375 (red), 0.25 (yellow), 0 (green), −0.25 (purple),
−0.375 (blue); (b) temperature in the plane z = 1/2; (c) velocity field u–v in
the plane z = 1/2, (d) velocity field u–w in the plane y = 1/2, and (e) velocity
field v–w in the plane x = 1/2.
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(a) Irregular grid V , N = dim(V) = 50245
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Figure 5.19: Dynamically adaptive grid at steady state for Ra = 105 obtained
with ε = 3.75 × 10−3: (a) irregular grid in the cavity, (b) irregular grid in the
plane z = 1/2, (c) irregular grid in the plane y = 1/2, and (d) irregular grid
in the plane x = 1/2.
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Nulocal(y, z) = ∂T (0, y, z)/∂x, Numean(z) =
∫ 1

0
Nulocal(y, z) dy,

Nuw =
∫ 1

0
Numean(z) dz, Nump = Numean(1/2).

The data for Ra = 103, 104 and 105, obtained with different values of threshold

ε are gathered in Tables 5.7, 5.8 and 5.9, respectively. Note that Ns corresponds

to the number of grid points needed by the adaptive algorithm at steady state.

For comparison purposes, these tables include also the numerical results provided

in [63], [135] and [129]. The results given in [63] are obtained using a control-

volume finite difference method with variable spacing of a grid with 62 × 62 ×

62 points. Results report in [135] are obtained by solving the Navier-Stokes in

vorticity-vector form using a time-space fourth order finite-difference method with

a uniform gird of 120 × 120 × 120. In [129], the solutions are obtained with

the use of a Chebychev pseudo-spectral method with four different grids with a

relatively large number of collocation points(513 to 813). In the absence of any

singularity, it is known that spectral methods yield highly accurate solutions.

We thus believe that these solutions are the most accurate available. It can be

seen from the tables that although the number of grid points used in the present

method is relatively small, the numerical results for the quantities listed are in

good agreement with these accurate results. In addition, as the value of the

threshold parameter ε is decreased the numerical results show an improvement in

accuracy (with a corresponding increase in the number of grid points required).
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TABLE 5.7

SPECIFIC RESULTS FOR Ra = 103.

Ref. [129]a Ref. [63]b Present method

813 323 ε = 2.5 × 10−3 ε = 1.0 × 10−3

(Ns = 4913) (Ns = 7665)

umax|(x,1/2,1/2) × 10 1.328 1.314 1.3085 1.3099

y 0.8151 0.800 0.8125 0.8125

vmax|(1/2,y,1/2) × 10 1.329 1.320 1.3412 1.3398

x 0.1853 0.1667 0.1797 0.1797

Nump 1.087 1.0859 1.0858

Nuw 1.070 1.085 1.0687 1.0690

Note: aChebyshev spectral method, bcontrol-volume finite-difference method.
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TABLE 5.8

SPECIFIC RESULTS FOR Ra = 104.

Ref. [129]a Ref. [63]b Ref. [135]c Present method

813 623 1203 ε = 2.5 × 10−3 ε = 1.0 × 10−3

(Ns = 16149) (Ns = 33285)

umax|(x,1/2,1/2) × 10 1.9844 2.013 1.984 1.9834 1.9804

y 0.8244 0.8167 0.8250 0.8281 0.8242

vmax|(1/2,y,1/2) × 10 2.2093 2.252 0.2216 2.2239 2.2164

x 0.1198 0.1167 0.1167 0.1133 0.1172

Nump 2.25 2.302 2.2356 2.2351

Nuw 2.05 2.100 2.06 2.0275 2.034

Note: aChebyshev spectral method, bcontrol-volume finite-difference method,
cspace-time 4th order finite difference method.
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TABLE 5.9

SPECIFIC RESULTS FOR Ra = 105.

Ref. [129]a Ref. [63]b Ref. [135]c Present method

813 623 1203 ε = 3.75 × 10−3 ε = 2.5 × 10−3 ε = 1.5 × 10−3

(Ns = 50, 245) (Ns = 63, 453) (Ns = 92, 209)

umax|(1/2,y,1/2) × 10 1.4096 1.468 1.416 1.417 1.4447 1.4297

y 0.8535 0.8547 0.8500 0.8594 0.8555 0.8555

vmax|(x,1/2,1/2) × 10 2.4473 2.471 2.461 2.4439 2.4494 2.4512

x 0.067 0.0647 0.0667 0.0625 0.0625 0.0625

Nump 4.612 4.646 4.5746 4.5810 4.5868

Nuw 4.337 4.361 4.3713 4.2390 4.2588 4.2919

Note: aChebyshev spectral method, bcontrol-volume finite-difference method,
cspace-time 4th finite difference method.
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CHAPTER 6

CONCLUDING REMARKS

6.1 Summary

In this work, we describe further development of point-oriented techniques

developed originally in [110, 111] for the adaptive solution of time-independent

and time-dependent PDEs in d-spatial dimensions. The techniques are based on

d-D interpolating wavelet bases, which are constructed by considering the de-

composition, in a conventional way, of the tensor product of d one-dimensional

interpolating MRA on an interval. Amplitudes of wavelets, which indicate the

local regularity of a function, and the connection between interpolating wavelets

and dyadic grid points are used in the construction of an adaptively refined grid

of irregular points. In the discretization on the irregular grid, finite differences are

used in the derivative approximation in order to reduce the number operations

required. Important ingredients of the algorithm are the adaptive fast wavelet

transform (AFWT) and its inverse (AIWT, LAWT) which map function values

on the irregular grid to associated wavelet amplitudes. These algorithms require

O(N) operations. The benefit of these building blocks are two fold: they provide

inexpensive means for constructing an adaptive grid and they enable the efficient

means (with O(N) operations) of calculating the discrete version of a differential

operator. In the current implementation, any order wavelet and corresponding
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finite difference approximation can be prescribed (note that so far the algorithms

for p > 10 and n > 10 have not tested). Another feature of the techniques include

the ability to handle general boundary conditions.

The adaptive technique for time-independent problems has been tested on 2-

and 3-D Poisson and Helmholtz problems with manufactured solutions. Quantita-

tively, the numerical results clearly indicate that the method refines resolution in

areas where the solution changes rapidly and near singularities without knowledge

of the solution before-hand. The numerical results indicate that the number of

degrees of freedom demanded by the algorithm behave approximately like

N = O(ε−d/p) (6.1)

as a results of varying the value of threshold parameter ε, where p is the order

of wavelet used, and d is the spatial dimension of the problem. Note that this

relation is similar to that of the sparse wavelet representation of a function (3.32).

Of course, the constant associated with (6.1) is larger than that of the wavelet

representation of the exact solution. The overall behavior of errors in the numerical

solution, in discrete maximum norm, as the threshold values are varied conforms

reasonably well with

‖uexact − unum,ε‖LV,∞
= O(N−min(p−2,n)/d) (6.2)

and, in some cases, the error in the numerical solution is proportional to O(N−p/d).

Note that (6.1) and (6.2) are of course related. More precisely, overall behavior of
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errors in the numerical solution conforms reasonably with

‖uexact − unum,ε‖LV,∞
= O(εmin(p−2,n)/p) (6.3)

In some cases (where the error is proportional to O(N−p/d)), the error is propor-

tional to O(ε) with unit constant! Regarding preconditioning of linear systems

arising from discretization of elliptic problem, we find that the Jacobi precon-

ditioning performs reasonably well. Numerical experiments on 2-, 3-D problem

indicate that the number of iterations required in the preconditioned BiCGSTAB

and TFQMR solvers depends mildly the highest level of resolution.

In this study, the adaptive method is extended to more complicated domains

by means of a domain transformation technique. We use transfinite interpolation

for grid generation. The additional work to set up the grid transformation for one

grid point is approximately O(53) for the 2-D case and O(93) for the 3-D case.

However, this calculation is done once and thereafter only for newly added grid

points. We demonstrate this approach on a 2-D Poisson problem defined on a

domain given in Figure 4.25. The method (in terms of the number of grid points

generated and the error in the numerical solution as a results of varying threshold

values) exhibits a similar behavior as in solving a problem without transformation.

In the adaptive technique applied to time-independent problems, the “time dis-

cretization” is used to cast the PDE to a time marching procedure. Of course, the

time discretization represents real time in time-dependent problems. The wavelet

amplitudes of the current approximate solution is used as an indicator for con-

structing the adaptive grid for the solution at the next time level. The adaptive

technique is used to simulate the 2-D flame ball-vortex interaction (convection-

diffusion-reaction) problem. The numerical results clearly indicate that the adap-
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tive algorithm adapts computational grids to the evolving structures of the solu-

tions. Subsequently, the number of degrees of freedom varies with the demand

of the solution for a fixed threshold value. We observe that the circular flame

ball becomes distorted as it rolls up the center of the vortex and eventually forms

a snail-like structure. The numerical results are in good agreement with those

previously published.

Note that the discussion given above corresponds to the adaptive method that

utilizes the interpolating wavelet constructed from the MRA. A similar adap-

tive algorithm outlined in [70, 89] that utilizes higher-dimensional interpolating

wavelets constructed from MRA-d. Note that such basis function is a tensor prod-

uct of 1-D interpolating wavelets in a strict sense (they are simply basis functions

of (Vj0 ⊕W J
j≥j0

)⊗ (Vj0 ⊕W J
j>j0

)⊗· · ·⊗ (Vj ⊕W J
j≥j0

), while in MRA they are basis

of Wj = Vj+1 ⊖ Vj, where Vj = Vj ⊗ Vj · · · ⊗ Vj). As a consequence, important

ingredients, such as, a fast wavelet transform, its inverse, and the derivative ap-

proximation on a d-D irregular grid reduce to the application of 1-D algorithms

to the data in each direction sequentially. This results in elegant algorithms (in

term of extension to any spatial dimension). Note that for the same number of

degrees of freedom N , the fast wavelet transform, its inverse, and the deriva-

tive approximation for MRA-d are computationally more expensive than those of

MRA. However, in general, the two approaches do not yield the same number

of degrees of freedom. We verify the implementation of MRA-d in the current

computer code by testing it on a 2-D Poisson problem. The MRA-d approach is

also applied to simulate the flame ball problem. The numerical results obtained

are in good agreement with those of obtained from the MRA approach.

The adaptive method is extended to obtain adaptive solutions of incompress-
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ible flows in 2- and 3-D spatial dimensions. In this study, we consider the in-

compressible Navier-Stokes equations (with the Boussinesq approximation) in

the primitive variable formulation. The use of the adaptive algorithm for time-

dependent problems is applicable owing to a Chorin-type projection technique for

time discretization. Note that the projection method decouples the pressure and

velocity by splitting the problem into convection-diffusion and Poisson numerical

subproblems. The adaptive technique using the MRA approach is used to sim-

ulate the 2-D flow in a lid-driven cavity problem with Reynolds number ranging

from 400 to 3200, the 2-D differentially-heated cavity with large Rayleigh number

106 to 5× 108, and in the 3-D differentially-heated cavity with Rayleigh numbers

ranging from Ra = 103 to 105. The results clearly demonstrate that the adaptive

algorithm adapts the resolution of computational grids according to the flow struc-

tures. By comparing specific quantities, the numerical results obtained are found

to be in excellent agreement with the most accurate results available in the litera-

ture. Application of the adaptive method to flow in the 2-D differentially-heated

cavity for 5 × 108 (which is known to be chaotic) demonstrates the feasibility of

using the present algorithm to simulate complicated flows.

In summary, the contributions of the present work are:

• An adaptive algorithm for solving PDEs in d-dimension is developed. The

connection between the order of wavelets, the order of finite differences, the

threshold values, and the accuracy of the numerical solution is numerically

investigated. It is found that the relationships between these quantities

behave similarly to those associated with the sparse wavelet approximation

of a function and with derivative approximation on irregular an grid (with

a larger constant).

213



• The extension of the adaptive wavelet method to problems defined on more

complicated domains by means of domain transformation techniques is de-

veloped. Here, we use an algebraic grid generation of transfinite interpola-

tion for grid generation.

• We consider a simple Jacobi preconditioning technique, similar to multilevel

preconditioning, for elliptic problems.

• We apply the adaptive technique(s) to solve a flame ball-vortex interaction

(a diffusion-convection-reaction) problem which constitutes a challenging

problem due to the evolving thin layer(s) in the temperature profile.

• We present an accurate and robust adaptive wavelet algorithm for the so-

lution of viscous incompressible flows. The algorithm consists of a Chorin

projection with an implicit second order scheme, with linearization of the

nonlinear term, to reduce the original problem to subproblems of convection-

diffusion and Poisson-Neumann subproblems. A variant of a least-square

solver for solving the Poisson-Neumann is presented. The numerical results

on 2-D and 3-D flow problems demonstrate that the adaptive algorithm is

very promising.

6.2 Recommendations for future work

Research that would immediately improve the current algorithm is listed below:

• A better approach for the solution of the Poisson-Neumann problem required

in the projection step of the incompressible flow solver must be considered.

The main issue is a proper and efficient means for modifying the linear

system such that it is solvable (the right hand size of the linear system arising
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from discretization of the Poisson-Neumann problem is not in the column

space of the linear system; therefore, the right hand side of the system must

be modified such that the system is solvable. In this work, we compute

the left null vector explicitly and subsequently use it to modify the right

hand side vector so that it belongs to the column space (see Section 5.4).

Although this approach allows us to develop a robust algorithm (implying

that the approach is proper), it is rather expensive; it is as expensive (as

it usually requires in general slightly more iterations in the preconditioned-

TFQMR or BiCGTAB solver) as solving the (solvable) linear system with

modified right hand side.

• A better strategy for defining the neighboring region should be considered

in order to further reduce the number of degrees of freedom.

• Elliptic grid generation (although much more expensive) may be considered

as an alternative of the algebraic grid generation of transfinite interpolation

(which is known to produce folds in the transformation when geometries are

complex).

• Take advantage of available parallel linear solvers to (potentially) speed up

the solution of linear systems.

The following task (which are challenging in their own right) should also be

considered:

• Domain decomposition techniques to provide more versatility to treat com-

plicate geometries, as well as to achieve scalable parallelization and accom-

panying for load balancing (with techniques such as space-filling curve [115])

in parallel computing architectures.
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• Extend the algorithm to solve low-Mach number and compressible (reactive)

equations in d-dimensions.
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