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SPRAY PAINTING MANIPULATOR MODELLING, SIMULATION AND CONTROL 

ABSTRACT 

In this study,a computer simulation program package 

for a six revolute joint spray painting robot having 

pitch-yaw-roll type wrist configuration has been 

developed.For this purpose ,direct kinematics and inverse 

kinematics problems besides construction of manipulator 

Jacobian matrix have been investigated.A recursive dynamic 

modelling algorithm based on Newton-Euler formulation has 

been adopted to the six revolute joint spray painting 

robot.Furthermore,for the control of the robot ,computed 

torque technique and minimum energy approach with specified 

final time and state are the methods employed. 

In addition to severai scenarios as the path to be 
I 

followed during operation,one of the most critical problems 

of spray painting robots:Trajectory determination for a 

spray' painting robot performing three dimensional surface 
, . 

operations'has ,been investigated through on-line teach-in 

with off-line path planning approach. 



If 

SPREY BOYA MANipULATORU 
. . . 

MODELLEMESI,BILGISAVARLA BENZETIMI 

VE DENETIMI 

KISA OZET 

Bu sall.!:jimada,altl. serbestlik dereceli,donel 

eklemli,pitch-yaw-roll tipi bilek yapl.Sl.na sahip bir boya 

robotunun bilgisayarla benzetimi i~in bir program 

geli~tirilmi!:jitir.Bu sebeple,robot Jacobian matrisinin 

olu!:jiturulmasl.nl.n yanl.sl.ra,duz ve ters kinematik problemleri 

incelenmi!:jitir.Ayrl.ca,Newton-Euler formulasyonuna dayall. bir 

dinamik modelleme yontemi de altl. serbestlik dereceli robota 

uyarlanml.!:jitl.r.Denetim amacl. ile sesilen algoritma en az 

enerji,optimum kontrol algoritmasl.dl.r. 

Bununla birlikte,boyama sl.rasl.nda takip edilecek 

bir'kas ornek yorlingenin yanl.sl.ra,sprey boya robotlarl.nl.n en 

onemli problemlerinden biri olan:G~ boyutlu yuzey i~lemleri 

yapmakta alan bir sprey boya robotu yorunge 

belirlenmesi,problemi de on-line ogretme ve off-line yorunge 

hesaplama yakla~l.ml. ile irdelenmi~tir. 
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I. INTRODUCTION 

Industrial robots are in use throughout the world for 

a multitude of tasks.With a pressing need for increased 

productivity and the delivery of end products of uniform 

quality, industry is turning more and more toward 

computer-based automation.At the present time,most automated 

manufacturing tasks are carried out by special-purpose 

machines designed to perform predetermined functions in a 

manufacturing process.But nowadays,robots 

performing a variety of manufacturing 

are capable. of 

functions with 

improved quality.They may work in a more flexible working 

environment ata lower production cost. They also record 

accurately what is being done and provide information that 

can be used to improve ma.flagement control.Besides those 

advantages,recently,computer . control led robots became 

indisputably more important in the industry in that;they can 

c~rry out various operations in hostile 

conditions without being effected at all. 

environmental 

Spray painting is done with toxic materials that are 

e>:tremel y harmful to the worker' s heal th. Therefore, they are 

requireq to work completely covered with hoods and sealed 

garments.In addition,it·s been proved that in most of the 
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applications spray painting costs more than that has been 

estimated because of the material wasted as overspray 

mist,mainly due to the lack ~f skill of the operator in 

performing the task.The need for replacement of human in the 

paint booths with a substitute and precision constraints for 

economical justification together with the well-known 

advantages of manipulators resulted in specially designed 

and equipped spray painting robots. 

Robotic applications in spray painting is interesting 

in that;the investment is economically justified only due to 

the precision increased,therefore "the material saved.That 

means a high performance,suitable manipulato~. 

In spray painting process, there is usually a complex 

path involved which cannot be determined analytically once 

at a time. This path has to be a continuous one rather than a 

point to point defihed task. 

Spray painting has its own special requirements to be 

fulfilled.For a better and economical result,the spray gun 

must be kept being normal to the path,retaining a constant 

offset distance from the surface throughout the operation.In 

addition, the end-effector,that is;the spray gun must be 

traversing the surface to be painted,with a constant 

speed,leading to a uniform thickness coating on the 

surface.Hence,there is a need for a suitable technique that 

will meet all requirements of spray painting. 

In this study,a computer simulation program that 
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fulfills the special requirements due to spray painting and 

trajectory determination problems has bee~ developed. 

Chapter 2 gives a brief explanation about spray 

painting process and the apparatus necessary • . 
In chapter-3,derivation of mathematical model of the 

6R robot with explanations about its structure in relation 

to spray painting,kinematics of the robot including direct 

and inverse kinematics,together with the construction of 

manipulator Jacobian and adapted Newton-Euler recursive 

algorithm for dynamic modelling are present. 

Chapter 4 contains the proposed control algorithms 

for trajectory following. 

In chapter 5,formulations for defining the path to be 

followed,on-line teach-in on the surface to be painted with 

off-line trajectory planning schemes and overlapped 

polynomials as the path are included. 

Structure of the simulation program package with 

detailed explanations of the main structure and subroutines 

are presented in chapter 6. 

Chapter 7 concludes the study with several scenarios 
--" . ..- .. 

:J:~pioyed and the results obtained. 
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II. SPRAY PAINTING 

Spray painting or coating is the process of app~yinQ 

a paint or a coating material on to a surface by 

atomization. That is,transforming the liquid used,into fine 

spray by some means. The fundamental characteristic which 

determines the 'spraybility' of a paint is its 

viscosity.Today's finishes have extremely complex chemical· 

formulations.AII of them will usually require the. addition 

of.thinners or reducers to get a viscosity appropriate for 

spraying. 

Spray painting is achieved by means of what is called 

as a spray gun.It is a tool which uses compressed air to 

atomize paint or other sprayable material ~nd apply it to a 

surface.Air and the material enter the gun through seperate 

passages anqaremixed at the air cap in a controlled 

pattern. There are many types of spray guns.Eventhough all 

of them have many parts and components in common ,each gun 

type is suited for only a certain defined range of 

jobs. Industrial spraying robots employ pressure fed 

automati~ guns since there is a large amount of material 

used during production spraying. 
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recirculation 
Fluid tip 

Air cap 

~~\~>:\ \it)~~~! 
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Figure 2.1. - Automatic spray gun 

The air cap directs compressed air into the material 

stream to atomize it and form different spray patterns. 

I 
I 
I 

o 0 0 
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Figure 2'.2. - Spray patterns 
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i 
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Automatic spray guns use multiple jet caps which 

provide better atomization and greater uniformity in 

pattern. 

Figure 2.3. - Air cap 

Spray pattern adjuster valve is for controlling the 

air to the horn holes which regulates the size and shape of 

the spray pattern. The fluid flow rate is on the other 

hand~controlled by the fluid needle opening. 

Spray painting processes can be classified into four 

major groups: 

i) Air spray; 

Atomization is done by blowing compressed air 

toward the fluid injected through fluid tip. 

ii) Airless spray; 

Atomization is achieved by forcing the material 
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with high pressure through a small orifice which 

causes it to split down into fine particles. 

iii) Air-assisted airless spray; 

Atomization is done just as it is in the airless 

spray method.But the air stream blown to the fluid 

injected envelopes the material preventing it from 

overspraying. 

iv) Electrostatic spraying; 

Material is directed to the surface by the 

magnetic field in between the surface and the 

gun. The surface attracts the particles. 

The proper spraying technique for spray gun stroke 

and positioning necessitates four important factors to be 

met at the same time. The spray gun must be so held that the 

pattern will be perpendicular to the surface and away from 

it by a constant offset distance,at all times.The spray gun 

must traverse the surface with a constant, speed and the 

stroke must be a continuous motion until the other end of 

the surface is reached.Finally,at each consequent ,stroke,the 

spray pattern must overlap the preceding one 50 per 

cent.Less than that will result in streaks on the finished 

surface. 

During spraying,the gun should never be arcing which 

results in uneven application of paint and excessive 

overspray at each end of the stroke.When the gun is arced 45 

'degrees away from the surface approximately 65 per cent of 
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paint is wasted.[l] 

\

' ..... 1. / 
\ I /, 

\', i· / 
.i 'l .'j/ ,;, 

---- ----,--------
. 45° 

Figure 2.4. - Spray gun,when arced 
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III. MATHEMATICAL MODELUNG OF THE 6R SPRAY PAINTING ROBOT 

3.1. STRUCTURE OF A PAINTING ROBOT 

One of the several fabrication applications of robots 

is the spray painting and finishing process. Robots used for 

spray painting must work in paint booths that are often 

small since they were initially designed for human use.But 

spraying robots generally have a light weight,which can be 

powerred by relatively small actuators.Therefore,they are 

compact so as to fit the workspace [2]. 

The most important problem in spray painting is the 

amount of concentration of volatile solvents in the 

air. These mi}:tures can become concentrated enough to e>:plode 

and are easily ignited by an electric spark. The safety 

regulations necessitate the voltage be less than that 

required to cause a spark in the air.Therefore,in 

practice,spray painting robots use hydraulic or pneumatic 

drive systems rather than electric motors.Hydraulics is 

preferred because it is intrinsically safe and rigid. The 

electronic control systems are usually installed in a 

separate ventilated chamber. The position and speed data of 

each link are fed back by the individual encoders fixed at 

each joint, through a comple>: microprocessor architecture to 

a computer which is fast enough to process the 
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inputs.Then,it performs the necessary calculations to define 

the next state of each link and enables the controllers to 

generate the required signals to the actuators,to move the 

arm there. 

Spray painting requires the use of continuous-path 

robots.To achieve the necessary flexibility,speed and 

accuracy,five,six,or seven axis servo controlled robots are 

used.However,six axis ~ith revolute joints is the most 

favorite among all.Accuracy requirements are not as strict 

as it is for the assembly or welding robots.Repeatability of 

+0.125 inch is common. 

The ~rist sub':"assembly is made of the last three 

revolute joints which put the spray gun into the desired 

orientation.The first three joints on the other hand are, to 

position the wrist in the workspace (Fig 3.2) • The 

pitch-ya~-roIl type wrist is common among many industrial 

applications of spray painting robots. 

3.2. KINEMATICS OF THE ROBOT ARM 

An industrial robot can be modelled as an open-loop 

articulated chain with several rigid bodies often referred 

-
as links connected in series by either revolute or prismatic 

joints driven by actuators.One end of the chain is attached 

to a supporting base while the other is free and equipped 

with a tool ,~suitable to perform the desired task. The 



Figure 3.1. Workspace of a 6R robot 
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positioning of the tool which is generally named as the 

end-effector in the desired orientation is the consequence 

of the relative motions of joints connecting the links [3]. 

Robot arm kinematics particularly investigates the 

relations between joint-variable space and the 

cartesian-coordinate space which describes the position and 

orientation of the end-effector. The kinematics problem 

consists of two subproblems as the 

fundamental questions, 

answers to two 

3.2.1. 

1) How to find the position and orientation of the 

end-effector of a given manipulator whose 

geometric link parameters together with the joint 

displacements have been specified? This is called 

Direct kinematics. 

2) How to find the necessary joint displacements to 

be able to r~ach the prescribed position and 

orientation of the end-effector? This is referred. 

as Inverse kinematics. 

Direct Kinematics Problem 

In most robotic applications the major interest is 

focused on the spatial description of the end-effector, that 

is;determination of the position and orientation of hand 

with re.spect to a fixed base coordinate frame when a set of 

joint displacements were given. 
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In order to represent the location of the links 

forming the robot arm,vectors and matrix algebra are 

used. This is advantageous to develop a systematic and 

generalized approach. Since each joint in between the 

adjacent links .nable them to move with respect to each 

other.Each link needs to be attached a body-attached 

coordinate frame at the joint.Then,the direct kinematics 

problem reduces to finding transformation matrices that 

relate the body-attached coordinate frames to the fixed base 

frame. The transformation matrix relates the adjacent frames 

to each other through the employment of four parameters 

called as Denavit-Hartenberg 

transformation matrix comprises 

para.eters.The 

of two parts: A 

(4x4) 

(3x3) 

rotation matrix that operates on a position vector in a 3D 

Euclidean space and maps its coordinates in a rotated. 

coordinate frame.And a (3x1) position vector which counts 

for the translational transformation of origins of two 

coordinate frames to be related. This vector is aug.ented to 

(4x1) by adding a '1' as the f6urth element. 



Denavit~Hartenberg parameters are: 

9. :The joint angle from the X. axis to the X. 
L 1.-1 1. 

about the Z axis.(using the righthand rule) 
i~ 

15 

axis 

d. :The distance from the origin of the 
L 

(i-i) th 

coordinate frame to the intersection of 

axis with the X axis along the Z. axis. 
i 1.-1 

the Z. 
1.-1 

a. : The offset distance from the intersection of the 
1. 

Z. axis with the X. axis to the origin of the 
1.-1 1. 

ith frame along the X. axis(or shortest 
1. 

between the Z. and Z. a>:is). 
1.-1 1. 

distance 

a. :The offset angle from the Z. axis to the Z 
L 1.-1 i 

axis about the X. axis.(using righthand rule) 

C. 
1. 

Link i-l 

1. 

/' 
/' 

- 4 - Denavit-Hartenberg parameters 
Figure~. • . 
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For the revolute joints d. ,a. and 01.. parameters 
~ ~ ~ 

remain 

constant while e. becomes the joint variable that changes in 
~ 

time as the link moves. 

The non-singular homogeneous transformation matrix 

that transforms from the ith frame to the (i~l)th is [3] : 

cose -COSOl. sine. sinCil. sine. a.cose. i. ~ ~ ~ ~ ~ \. 

sine. COSOl. case. -sinCil. case, a.sine. 
\. 1- ~ ~ \. \. \. 

Ai. = 
i-~ 0 sinOl., COSCil. d 

\. \. i. 

0 6 0 1 

(3.1) 

The inverse of the transformation matri>: is denoted by. ·Ai.-J. • i 

The Denavit-Hartenberg parameters for the 6R spray 

painting robot are: 

link # a d. ct. e. 
i. \. \. \. 

1 
, 

..0 1 90 e 
0 :1 

2 1 0 0 e 
2 , 2 

3 1 0 0 e 
s s 

4 1 0 -90 e 
4 4 

5 0 0 90 e 
5 

6 0 0 0 e 
cS 

'Table 3.1. Den.Hartenberg parameters for the 6R robot. 
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Then the homogeneous (4x4) transformation matric:es bec:ome: 

c: 0 s 0 c: -s 0 1 c: 
~ ~ 2 2 2 2 

A~= s 0 -c: 0 A2 S c: 0 1 s 0 ~ ~ ~ 2 2 2 2 

0 1 0 0 0 0 1 0 

0 0 0 1 0 0 0 1 

c: -s 0 1 c: c: 0 -s 1 c: 
S S S S " " " " 

AS = s c: 0 1 s A"= 0 c: 1 s 2 S S 9 S S " " " " 
0 0 1 0 0 -1 0 (I 

0 0 0 1 0 0 0 1 

c 0 s 0 AJ:· -s 0 :l 5 'IS cs 

A'IS= S 0 -c 0 c: 0 

" 'IS 'IS 'IS I CS CS 

0 1 0 0 I 0 0 1 01 

0 0 0 1 l 0 0 0 1J 

where C:.=C:os 9. ,s.=sin 9. ,(1.=1,2,3; •• ,6) and 1 ~l and 1 
\. \. \. \. 2' 9 " 

are the link lengths. 

In order to desc:ribe the position and orientation of 

the end-effec:tor with respec:t to the fixed base frame as a 

func:tion of joint displac:ements, n c:onsec:utive 

transformation matric:es have to be c:hain multiplied for an n 

degree of freedom manipulator. 
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Figure 3.5. - Coordinate frames in 3D space 

Then, 

(3.2) 

is the kineaatic equation of the 6R spray painting robot,and 

governs the fundamental kinematic behavior of the robot.Here 

matrix T is called as the arB matrix and describes the 

position and orientation of the end-effector with respect to 

the base frame. 

t b n P 
)( x x x 

T= 
t b n P (3.3) 

y y y y 

t b n P 
:z :;: :z :;: 

0 0 0 1 

where, 



3.2.2. 

~ 

t :tangent vector of the hand, 
~ 

b :bi-normal vector of the hand, 

• n :normal vector of the hand. 

Inverse Kinematics Problem 
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The independent ·variables in a robot arm are the 

joint variables,and a task (path in spray painting) is 

usually stated in terms of a reference coordinate frame 

which is the fixed base frame. The inverse kinematics 

solutions are used frequently to find the necessary joint 

displacements which will lead the end-effector to the 

specified position on the path in the desired 

orientation. The position of a point and the desired 

'orientation on the path are specified in the standard form 

of the arm matrix T and are known values 

[4].Schematically,the 6R spray painting robot has the 

joint-axis configuration as shown in (Fig 3.3) 

In (Fig. 3.6),the position of the point 'P' with 

respect to the base frame is defined by the position vector 

~ .To be. able to solve the inverse kinematics problem the 
~ 

position of point 'P' must be transferred to the 

intersection of three motion axis of the wrist(point A).So 

that after this linear transformation not the vector ~~ but 

,vector ~ will be the. position vector of point 'P' on the 
2 

path • 
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Figure 3.6. - Translation of a point on the surface 
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~ =jt+jt 
2 1 S 

(3.4) 

where ~ is a vector in the same direction as the normal of S 

the path at point 'p' and has a magnitude of paint 

spray-cone length + the length of the last link, that is;the 

gun.As a result,the base link's rotational displacement will 

be so as to position the robot to the point A which 

automatically positions the gun at right ang1es~just right 

across the point P on the surface and a prescribed 

spray-cone length offset from it.After a closer observation 

one can i~mediately see that: 

-1 
= tan ( 

p . 
yc 

p 
xc 

and e 
1 

= e +180 
1 

(3.5) 

Translation of the point 'p' on the surface to the 

three joint-axis intersection also enables us to have all 

remaining joint displacements e .e ,e 
2" S 4 

except e 
!5 

be 

co-planar,which results in some geometric simplifications. 

As described before,the kinematic equation of the 6R 

robot is: 

(3.6) 

premu1tiplying both sides by (A~)-~ gives: 
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(3.7) 

equating the 3rd row,3rd column elements of both sides gives: 

Then 

c = s n 
5 i x 

premultiplication 

cn 
1 Y 

of the matrices 

(3.8) 

(Ai) -1 ~ 
o . 

(3.9) 

After the successive multiplications of the above matrices 

the elements of the 3rd row~3rd column of both sides are 

equated,so as to give: 

or 

where 

-s (c n +s n ) + C n = 0 
294. 1 x 1 y .. 294. % 

-1 
e = tan 

234. 

n 
z 

c n + s n 
1 x 1 y 

e =e+e+e 
294 2 9 " 

(3.10) 

(3.11) 

(3.12) 

, Equating· the 1st row,4th column and 2nd row, 4th column of 

the above matrices respectively,gives: 
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c P + sP = c 1 + C 1 + C 1 
1. x 1 y 294 4 29 9 2 2 (3.13) 

P=s 1 +sl +sl 
:z 294 4 29 9 2 2 (3.14) 

where 1 ,1 and 1 are link lengths of the 
2 9 4 corresponding 

links. To solve for e, 
9 

(3.13) and (3.14) are 

simultaneously.Let 

P = cP + sP c 1 x 1 x 1 y 294 4 

and 

P = P s 1 
y :z 234 " 

Then 

P =c 1 +cl 
x 299 22 

P =sl +sl 
y 29 9 2 2 

Square and add both sides of the above equation,then: 
, 

21 1 
2 9 

Similarly,if (3.17) and (3.18) are solved for e
2 

: 

solved 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 



e = tan-J. 
2 

(c I + I )P 
!I !I 2 Y 

sIP 
!I !I x 

{c I + 1 )P + siP 
!I !I. 2 x !I !I Y 

e=e e' 
2 

e 
!I 4 294 

To find the displacement e of the last link: 
cs 
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(3.20) 

(3.21) 

(3.22) 

equating 3rd row,2nd column elements and 3rd row, 1st column 

elements of the resulting matrices on both sides of the 

equation (3.22) gives : 

-5 b +c b =-5 S J.x J.y 5CS 

-s t +c t =5 C J.x J.y 5CS 

Dividing both sides of (3.23) by (3.24) yields : 
.' 

-J. e = tan ( 
CS 

s b - c b J. x :1 Y 

c t - s t 
1 Y :1 x 

) 

(3.23) 

(3.24) 

(3.25) 

As long as the arm matrix T at a desired position is 

prescribed,the inverse kinematics problem can be solved in 

the order of e e e e e e 
. J.' 5 ' 294' 9' 2 ' " 

and e 
CS 

using 

. (3.5),(3.S),(3.11),(3.19),(3.20),(3.21),(3.25),sequentially. 
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3.3.3. . Jacobian of the oR Robot Arm 

In most of . the robotic applications,not only the 

positioning but also the velocity at which the end-effector 

moves,is important. 

In spray painting process,moving the spray gun at a 

desired constant speed in a specified direction on a 

prescribed path is critical [1]. 

In order to achieve a coordinated motion of each link 

leading to the motion 

velocity,of the hand 

requirements both positioning and 

at that instant,the differential 

relationship between the joint displacements and the 

end-effector 

infinitesimal 

location 

motion 

has been 

relationship 

investigated. The 

is determined by 

differentiating the .kinematic equation of the manipulator.It 

is in the form of [3],[4] : 

dp = J d'3 (3.26) 

where d~ and d~ are the infinitesimal displacements vector 

and J is the so called Jacobian matrix.~ar an n degree of 

freedom manipulator arm, the infinitesimal displacements 

vector is composed of the infinitesimal translation and 

rotation· of the end-effector,as : 



d~ = [:::1 
where dx and d¢ are (3x1) vectors. 

Q Q 

b. 
L-l 

x 
o 

dx e 

d¢ e 

Figure 3.7. - Linear and angular velocity of hand 
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(3.27) 

Diyiding both sides of (3.27) by infinitesimal time dt gives 

. . 
p = J·e 

"here~=.lw:] and T . 
9=[9 ,9 , ••• e ] .Here V and 

1 2 9 e 

linear and angular velocity vectors 

w e 

(3.28) 

are the 

of the 

end-effector,respectively.And 9 is the joint velocities 

vector of the 6R robot. The Jacobian matrix is in the form of 
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J = 

J I J I J I IJ 
L1: L2 I LS I······· ( LCS 

I : I I 
---~-----T---__ L _____ - __ L ___ _ 

I . I I I 
I I I 

J I J I J I I J 
Ai I A2! AS ( ••••••• I ACS 

(3.29) 

where JL1. : (3):1) column vector associated with linear 

velocity. 

J .:(3x1) column vector associated with 
A\. 

velocity. 

angular 

The angular velocity of revolute joints create a 

linear velocity at the end-effector.And the resultant 

end-effector linear velocity is the linear combination of 

those velocities due to each revolute joint's motion. 

Similarly,the angular velocity of the end-effector is 

the linear combination of each revolute joint's angular 

motion.Consequently,each column corresponding to an· 

individual joint of the Jacobian matri>: for the 6R spray 

painting robot is as follows: 

J . 
L\. (3.30) 

= 
i=l ,2, ••• .,6 

.. 
Here b vector is defined with respect to the base 

1.-1 

frame and is aligned in the direction of each joint's motion 

axis 'that is the Z. a>:is.' * 'sign is the 
\. 

is given by the equation : 

cross-product. It 



where ·b=[O 0 l]Tis 

base joint (Z ) 
0 

and 
... 
r. 
1.-~.G 

is the 

i-~ r­•••• • R
i
_

2 
D 

the direction of 

i=1,2, • • ~6. 

position vector 

a):is 

and 
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(3.31) 

of motion of the 

can be computed 

using (4x4) transformation matrices of the body-attached .. 
coordinate frames.Let X. be the (4x1) augmented vector of 

1.-1 

r. posi tion vector. 
1.-1.e 

i-~ 
••••• A. 

L-2 
(3.32) 

where ~=[O 0 0 l]Tis the augmented position vector 

representing the origin of its own coordinate frame. 

For the 6R spray painting robot : 

b = [0 0 l]T b = R~ b 
0 0 

b= R~ R2 b 
~ 0 ~ 

b= R~ R2 RS b (3.33) 
2 0 1- 2 

b= R~ R2 RS R4 b 
S 0 1- 2 S 

b = R~ R2 RS R4 R5 b 
4 0 ~ 2 S 4 

b= R~ R2 RS R4 p,5 R6 b 
5 0 1- 2 S 4 5 

The position vectors from each joint to the 

end-effector are : 
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X =[0 o 0 l]T A
6

=A
1 A2 AS A4 A

5 
A

6 
0 0 1 2 S 4 5 

X = A
6 r 

1,Q 0 

X = A
6 X A

O Y 2,Q 0 1 

X = A
6 X AO A2 X S,Q 0 1 1 

X = A
6 Y A

O A2 AS Y (3.34) 4,Q 0 1 1 2 

X = A
6 r AO A2 AS A4 X 5,Q 0 1 1 2 S 

X = A
6 X A

O A2 AS A4 A
5 

A
6 X 6,e 0 1 1 2 S 4 5 

then,the 6R spray painting robot's Jacobian will be 

in the following form: 

J= 

I 1 I 1 
b*r b*r 1 b*r 1 b*r b*r b*r Ib*r 
00 1 11 1 22 1 S SI 44: 55 1 66 

_______ I ________ ..!. ________ ~-....:.-----J--------+--------l--___ _ 
I I. I I 

b o 

I I 1 I 
1 bib b I 

1 1 2 I S I 
b 

4 
b 

5 I 
b 

6 

(3.35) 

A subroutine (JAC2) has been written to calculate the 

manipulator Jacobian matrix which is utilized to find the 

necessary angular velocities of each link,to achieve the 

desired linear speed of the end-effector on the path at a 

given instant. 

• T 
e = [e Ole 'Ie , •••• e ] 

1 0 2 0 S 0 6 

+ 
and V = 

:. -i + 
e = JoV 

T [V ,V ,V ,w ,w ,w ] 
x y % X Y % 

(3.36) 



where V ,V 
x- y 

and V 
2 are the linear velocity components of 

~nd-effector,w ,wand w 
x Y 2 

are the angular velocities 

pitch-yaw-roll motions of the wrist,respectively. 

3.3. DYNAMIC MODELLING OF THE 6R SPRAY PAINTING ROBOT 
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the 

of 

The dynamic equations of motion of a manipulator are 

a set of highly-coupled,non~linear d~fferential equations 

describing the dynamic behavior of the manipulator.Such 

equations of motion are of vital importance for computer 

simulations,design of controller and evaluation of the 

design and structure of a robot arm.In addition ,dynamic 

performance of a manipulator directly depends on the 

eff~ciency of the dynamic model and control algorithm [5]. 

The actual dynamic model of a robot arm can be 

obtained from known physical laws such as the laws of 

Newtonian mechanics or Lagrangian mechanics leading to the 

development of the dynamic equations of motion for the 

various articulated joints of the manipulator in terms of 

specified geometric and inertial parameters of the 

links.There are several approaches available in the 

literature towards dynamic modelling.Mainly,they are the 

Lagrangian-Euler (L-E) and Newton-Euler (N-E) methods and 

some approximate ones.Th~se motion equations are equivalent 

to each other in the sense that they describe the dynamic 
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behavior of the same physical~ robot arm.However,the 

structure of these equations may differ as they are obtained 

for various reasons and purposes.Some are for fast 

computation of nominal torques,others are for fascilitating 

control analysis while others are talent to improve computer 

simulation of robot motions. 

In this study,the recursive (N-E) algorithm of [6]has 

been adapted to 6R spray painting robot for it has the 

advantage of both speed. and conformability to computer 

simulation. The derivation is simple,although messy,and 

involves vector cross-product terms. The resultant dynamic 

equations,excluding the dynamics of the controller and gear 

friction,are a set of forward and backward recursive 

equations. These equations are applied to the robot links 

sequentially.The forward recursion from the base link to the 

end-effector propagates kinematics information in the form 

of proper coefficients for angular velocities,angular 

accelerations,linear accelerations,total forces and moments 

exerted at the center of mass of each link. The backward 

recursion from the end-effector to the base link propagates 

the forces and moments exerted on each link.Unlike the (L-E) 

formulation employing (4x4) transformation matrices very 

frequently slowing down the computations,the(N-E) recursive 

algorithm is very systematical allowing a shorter 

comp~tation time.Furthermore,the ,calculations are carried 

out in each link's own body-attached coordinate frame 
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leading to ~ great elimination- of messy coordinate 

transformations needed by other methods. 

The equation of motion of a robot arm for an n degree 

of freedom manipulator is in the form of : 

(3.37) 

where (for 6R robot), 

:6xl vector of joint variables, 

:6x6 symmetric,non-singular moment of inertia 

matrix, 

v :6x6 diagonal viscous friction matrix, .. 
f(lf,qr,q):6xl vector of centrifugal and coriolis effects, 

\. J 

~(->q) 6 1 9 : x vector of gravitational effects, 

:6xl vector of the external forces and moments 

exerted on the end-effector, 

:6xl vector of input torques to the links by the 

actuators at the joints. 

The following method is to form the inertia matri>: .J 

and the gravity,hand,and centrifugal effects vectors 
.. .. .. 
g,h,f 

respectively.Here,the viscous fr.iction matrix V has been 

neglected because it has comperatively small magnitudes. 

This method can only be used to define the above 

matrix and vectors ,if the position and angular velocity 

vectors a and a are known at a specified instant. 
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Kinematic investigation of the robot arm necessitates 

attaching a coordinate frame to each link which moves 

together with the link.If the adjacent three coordinates are 

taken,a vector equation can be written as [7] : 

.. .. ... 
r. = r. + r. 

\..,.1 \. \..,.1 

Zi. y. 

K
L x. 

\. 

.... 
r 

\.-;-1 

Figure 3.8. - Motion with respect to moving frames 

(3.38) 

The linear velocity of the (i+l)th coordinate frame 

with respect to the base frame (x ,y ,zo) is given by the o 0 . 

·differenti~tion of (3.38), 

... .. .. .. .. dr . 
V = V. + w. * r + ( \..,.1 >. (3.39) 

1..,.1 \. \. 1..,.1 
dt \. 

where 

w. 
\. 

:Angular velocity of the ith frame with respect to 

-I 



•• dr. 

the base frame • 

( __ L_+_'-_> . : Ra te 
dt L 

•• of change of r. with 
L+'-

frame. 
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respect to the ith 

Differentiation of (3.39) gives the linear acceleration of 

the ith frame with respect to the base one as : 

(3.40) 

where 

a. :Angular acceleration of ith frame with respect to 
L 

the base frame. 

The third term in (3.40) is the centrifugal 

acceleration.Furthermore,the fourth term is the coriolis 

acceleration. 

The angular velocity of link (i+1) with· respect to 

the base frame is : 

where :~ is the angular velocity of (i+1)th frame 
L+1 

(3.41) 

with 

respect to the base one.Upon differentiating (3.41) ones 

more, 

•• dw. 
=~ )+( L + 1). 

L+1 dt L . 
(3.42) 
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In case of 6R spray painting ~ robot,all joints are 

rotational.So,if the (i+l)th link is rotating with an 

angular velocity a. with respect to the ith link 
I.+~ 

then, 

are the 

... .. 
w. = Z 

1.+1 i 

d .. • w. .. 
( I. + ~) =Z .. . .q. 
dt I. I. 1.+1 

d1· 
( i+1) = ...... .. w .• 
dt I. 1.+1 ... dw . 

( i+1) * 
dt i 

relative terms 

... 
r. 

1.+1 

in . the 

about Z. 
I. 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

equations 

(3.39-3.42).Substitution of the relative terms(relative with 

respect to the moving frame) reforms the 

(3.39-3.42) as : 

.. .. 
V = V + ~ *~. 

1.+1 i. i+1 i+t 

.. = ~ +.. *.,.* + ~. * ( ~. * ~~ ) a1.+~ i Oti.+1 1.+1 1.+1 1.+1" 1.+1 .. 
~. = ~.+ Z. q. 

1.+1 I. I. I.+~ 

.. ... 
::t = .. + Z·· +~. * ( Z ) .... Ct. .q. .q ... 

i.T~ I. I. I.T1 1, I. loT ... 

In order to find the kinematic variables 

equations 

(3.47) 

(3.48) 

(3.49) 

(3.50) 

.. 
(V and 

9 
it ) 

9 

of the center of mass,the third "frame;that is the (i+l}th 

frame is fixed at the link's mass center.Distance from the 
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center of mass to the ith frame is~denoted by the vector ~ _ s1. • 

Link 

Link i-l 

.. 
f. 

L ... !l 

i+l 

Figure 3.9 • ....: Forces and moments on the links 

.. .. + .. 
r = r. s. 

9 t. ... 1 t. 

~ .. 
V V+ ~.* .. = s. 

9 1. 1. 1. 

:t= .. + .. ..+ ~.* (~.* ~ a. ex, * s. s. ) 
9 L 1. 1. 1. 1. 1. 

(3.51) .-

(3.52) 

(3.53) 

D'Alembert's Principle states the equation of motion as : 
~ 

F= 
1. 

~ 

M = I ~+ 
1. i. i. 

.. 
m.a . 

1. gl. 

~.* (l.~.) 
1. 1. 1. 

(3.54) 

(3.55) 



Here, .. 
Fi:total external force exerted on link i, .. 
Mi:total external moment exerted on link i, 

mi:total mass of link i, 
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I.:Inertia matrix of link i about its center of 
I. mass 

with respect to the base frame. 

As it can be seen from the above set of equations,the robot 

arm dynamics can be solved through sequential application of 

the recursive equations to the links.But one obvious 

drawback of them is that all inertial mat~ices I. and the 
I. 

geometric parameters (jt. ,~. ,etc.) are referenced to the 
1.~1 91. 

base coordinate frame.As a result,they change as the robot 

moves.But using the method given by [6]~[8] it is possible 

to have all those matrices and vectors constant during 

motion by referring the dynamics of each link to its own 

coordinate frame,hence leading to a shorter computational 

time requirement. The modified equations beco~e 

..... 
z q. ) 

o 1.~1 

0.... .... 
R. w. * z q. ) 
. I. I. 0 1.~1 

('3.56) 

(3.57) 

(3.58) 

Here ~= [0 0 l]Tand 
o 

[a. d.sina. 
T d. COSet.] where a. 

1. . 1. I. 1. . 1. 1. 

and d.are Denavit-Hartenberg parameters of that 
1. 

link. The 

equations seem to involve too many multiplications of 
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-matrices and vectors but actually they don't.Because, 

Ro .. w flo 
iH i+1 or examp e doesn' t mean the mul tiplication of Ri,+1 .. 

by Wi,H but it is the notation used in [6] to show that the .. 
vector Wi,+1 is defined with respect to that link's own 

coordinate frame. 

To be able to solve the inverse dynamics problem 

which is to solve the equation of motion for the forces and 

moments, the- expressions of the angular and linear 

accelerations have to be written in a modified manner, [9] 

since the linear and angular accelerations are assumed to be 

unknown. 

The angular accelerations of link i can be expressed 

as : 

. i .... 

R~~. = 1: lJI .. a. + 3. 
1. 1. l.J 1. 1. 
. j =1 

(3.60) 

.. 
where lJI .. and~. are the so called angular acceleration 

l.J 1. 

coefficients.Substitution of (3.60) into (3.57) gives : 

1 <j (i-1 

.. 
~,' . th form of a 6x6 matrix 'ri,/,s 1.·n e whose diagonal .. 
are lJI which are 

i1. 

.. 
calculated first. Then lJI .. ' scan 

l.J 

sequentially.3. is a 6>:1 vector where for i=l ~3 =[0 
1. • 1 

(3.61) 

(3.62) 

(3.63) 

elements 

be found 
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Forward recursion starts by (3.56) 

The 1Jr .. matrix has the form : 
l.J 

IJt 
11. 

IJt IJt 
2i 22 

lJt:: 
IJr IJt IJt 

9i 32 99 

IJt IJt IJr 
41 42 49 

lJI IJt lJI 
51 52 53 

lJI IJt lJt 
6i 62 CS9 

~ymmQlri.c 

lJt 
44 

IJt lJI 
54 55· 

IJt lJt lJt 
64 CS5 <SCS 
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(3.64) 

. The linear acceleration of each link can also be 

written as 

i. •• 0.. ..... 
R. a.= t /3 .. q. + Ti. 

1. 1.. 1.J J 1. 
J=i 

where and are the 

coefficients. The recursive equations 

(3.65) 

linear acceleration 

for {1.. and 
l.J 

are 

found by substituting (3.65), (3.60) into (3.59). 



~ir R~-1~. . 
1. 1.-1.J 

+~ .. * R~~~ 

.. i-1-+ 3.* TJ.= R. TJ. + 
1. _ 1. 1.-1 1. 

where (} forms a 
ij 

~ .. = \ft .. 1.1. - 1.1. 

R~~~ + 
1. 1. 

6x6 

1.J 1. 1. 

* RO ... . 
. r. 
1. 1. 

R~lt. * (R~~. * R~;t~) 
1. 1. 1. 1. 1. 1. 

matrix and 
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(3.66) 

(3.67) 

(3.68) 

is a 6x1 

vector.Calculations are carried out in the 

i=l, ~ =[0 0 o]T. 

same manner.For 

1 

(311 

"21 "22 
s.ymmQlric 

,,= "31 "32 "33 

",u (342 "43 "44 

"51 (352 "53 "54 {355 

"61(3 CS2 (363 (3-
($4 {3($5 "66 

The linear acceleration and velocity of mass center of 

link i can be represented as : 

.. - .. 
ROV = ROV + RO~ * RO; 

igi. ii ii ii 

ROi = -ROi +RO~ * RO; + R~lt. * (R~~. * R~!t.) 
igi i.i ii ii 1.1. 1.1. 1.1. 

or, 

The coefficients 

i .. 

t A . .i:i. 
j=1 1.J J 

+ .. r. 1. 

A .. and r. are 
1.J 1. 

obtained 

(3 60) (3- 65) and (3.71) into (3.70). . , . 
by 

(3.69) 

(3.70) 

(3.71) 

substituting 
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.. .. 
A. .. = '1' .. * R~~. + ~ .. (3.72) l.J l.J l. l. l.J .. t .• R~~. R~~.* (R~~.' R~~. ) 'Y.= + (3.73) l. l. l. l. l. l. l. l. l. l. 

Equations of motion for link i referred to its own 

coordinate frame,can be written as : 

(3.74) 

(3.75) 

where, 

1 -1 -1 xx xy xz 

T = -1 1 -1 
i yx yy yz 

(3.76) 

-1 -1 -1 :zx zy . :zz 

is the irlertia tensor of a link,referred to its own 

coordinate frame.Here,I,1 and I are the so called 
xx yy :z:z 

principle moments of inertia.While the remaining terms are 

called the products of inertia.When the - link's own 

coordinate frame is attached to its center of gravity, the 

product terms vanish and the inertia tensor becomes : 

1 
xxi 

O· 0 

T= 0 I 
yyi 

0 (3.77) 
i 

0 0 I 
:z:zi. 

i=1,2, •• ,6 

or, 
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(3.78) 

(3.79) 

L. and N. being 3x6 matrices, l.and n. being 3x1 
L L L L vectors. And 

m. is the mass.of ith link. 
L 

.. .. .. .. .. 
L.=m. [A. 

\2 
•••• A. 0 0] (3~80) L l u ii - .. .. .. .. .. 

N= I. ['It. 'It. •• • • lJt .. 0 ... 0] (3.81) i L L1 l2 u 

for the 6R robot,i=1,2, •• ,6.The matrices have.the form: 

L =m * 0 0 0 0 0 
2. 1 

* 0 000 0 

* * * * 0 0 

L =m * * * * o 0 
4- 4-

* * 0 000 

L=m **0000 
2 2 

* * 0 0 0 0 

* * * * .. 0 

L =m * * * .. .. 0 
5 !) 

.. * * * 0 .0 * * * * * 0 

where 

N= 
2. 

I 

'. 
xx 

I shows 

I 
yy 

a non-zero element. In 

* 000 0 0 

* 0 0 000 

I *00000 
22 

L =m 
3 3 

L =m 
(5 

* * * 000 

.. .. * 000 

* * * * * * .. .. .. .. .. .. 
.. .. .. * .. .. 

the same way; 
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1 • • 0 0 0 0 xx 

N= I • • 0 0 o 0 N 2 yy ...... 
cs 

I • * o 0 o 0 zz 

.. 
l.=m.· ~. 

\. \. \. 
(3.82) 

~ = T.3.+ R~~.* (rRo~) 
i. \. \. \. \. i. i. i. (3.83) 

where I e =0 for i=l in (3.83). 
1 1 

The forces and moments acting on link i are shown in 

Fig.(3.9).Then,for equilibrium; 

.. .. + 
F= f- f. + m:~ i i \,1-1 \. .. .. .. 

M= + it. + (t-. c. ) * f- (t-. -~ ) m.- • f. i \. \,1-1 \.:-1 \. i . J.. i \.1-1 

where ti :force exerted on link i by link i-l .. 
m. :moment exerted on link i by link i-l 

\. .. g :gravitational acceleration. 

(3.84) 

(3.85) 

The recursive equations of reaction forces and. 

moments with the replacement of + .. (c.-r. ) 
\. \.-1 

(Fig.3.9) are: .. + + 
f.= f. + F.- + m.g 

\. \.1-!I. \. \. 

+ 
(t-~ +~. ). 

.. 
(t-~ +t)* it. = + + +* • f . + F.- m.~ m. r. 

\. \.1-1 \. \,1-1 \. \. \. \. \. 1. 

(3.86) 

.. 
+M. (3.87) 

\. 

.When they are transferred to the link's own coordinates: 

0" . 0" 0+ 0 + 
R f = R\'1-1 (R. f.,.) + R. F. - R. m. 9 

i. i i \. 1-1 \.1-;0. \. \. \. \. 
(3.88) 
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R°it = Rid . [R~ it. + (R~ ~~) * (R~ 1. ») + (R~~~ + R~~.) * iii \. ot-s. \.ot-s, \. ots. \. \. ott \. H. \. \. \. \. .. .. 
(R~F.- R~it.~ ) + ROM 

\. \. \. \. i i 
(3.89) 

All reaction forces and moments at the joints can be 

calculated by a backNard recursion using (3.88) and (3.89) 

but,for a faster algorithm, they are converted into 

coefficients. Substituting (3.78) into (3.88) : 

The elements of which are expressed recursively as : 

T = R iHT + L (3.91 ) 
i i i.-tl i .. 

t = Riot-S.t + 1 (3.92) 
i i i.-ts. i 

Since backward recursion starts, i=6,5, ••• ,1 .For i=6,first 

terms are zero. 

T = L t = I 
cs cs es es 

T = ResT + L and t= Rest + I 
5 5 es 5 5 5 es 5 

T= R2T + L t= R2t + 1 
s. t 2 S, i S. 2 i 

(3.93) 

(3.94) 
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Since i=6 is the last link that is; the spray gun, the terms .. 
f and ~ are the force and moment exerted by the 

61-t 61-t 
gun to 

the surroundings,respectively.In the spray painting process .. . 
m 1S 

61-t 
zero whereas_fis 

. cSH 
taken as the thrust of 

pressurized paint liquid passing through the nozzle of the 

gun. 

Therefore,the first terms of (3.91),(3.92) and (3.93) 

are omitted.For the last link (i=6),the hand force is given 

as : 

(3.95) 

and 

(3.96) 

It is the gravitational force exerted on the last link 

referred to the base frame.As an example,it is calculated as 

follows : 

a= [0 0 -9~81]T (gro.vi.t.y vect.or) , 

m : is the mass of the spray gun" 
cS 

RO = RO Rt R2 R9 R" R
5 

cS t 294!)cS 

·In the same way, the reaction moments are : 

(3.97) 
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i'H, 
S.= R, S, + C,+ D + N 

L L L+~ L i i (3.98) 

Here, Si,Ci,Di and Ni are 3x6 matrices.In order to construct 

each column of the matrices C, and D.following equations are 
L L 

used: 

(3.99) 

(3.100) 

where k shows the k th column of the matrices mentioned and 

k=1,2, ••• ,6. 

.. 
+ (Ro, "r*, + R°-to ) -to . ,s, * 1 + n, 

L ~ ~ ~ i l. 
(3.101) 

(3 •. 102) 

The first terms of (3.101) and (3.102) are omitted for i=6. 

.. 
for i=6 ~ = RO~* * f 

, H6 6 6 H6 

(3.103) 

Finally,the required torque that must be given by the 

actuator to the joint i is the projection of the reaction 

moment at that joint on to the joint a>:is, (Viscous friction 

has been neglected.) 

.. 
(R~rt, ) ]T. z 

1. l. 0 

.. 
,Z =[0 0 l]T 

o 
(3.104) 
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If (3.90) and (3.97) are put in (3.104),the inertia matrix J .. .. 
and vectors f,a and h of (3.37) can be found from, 

J = (R~ S.) . i,j=1,2, •• ,6 (3.105) .. 1.-1 1. 9J 

f.= (R~ ;f) . i,j=1,2, •• ,6 (3.106) 
1. 1.-1 1. 9 

~.= (Ri .. ) i,j=1,2, •• ,6 (3.107) . g . 
1. 1.-1 m1. 9 .. 

(R~ ~ .) h= i,j=1,2, •• ,6 (3.108) 
i \.-1 H1. 9 

where subscript 3 means the third row of that vector. 
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IV. CONTROL OF THE·6R ROBOT 

4.1. COMPUTED TORQUE TECHNIQUE 

A controlled tracking of a prescribed path for a 

robot's end-effector can only be achieved by controlling 

each joint of the robot so that the desired trajectory is 

followed.Corrective compensation torque's to the actuators of 

each joint must be applied to adjust for any deviations of 

the arm from the trajectory.In case of spray painting 

process, the speed of the gun which is the tool attached to 

the end-effector must also be controlled besides the 

position / orientation control of the arm. 

Several robot arm control methods are available in 

the literature.One of the basic control schemes among them 

is the computed torque technique based ·on the (N-E) 

equations of motion.According to what is stated in 

[5],closed-Ioop digital control is made impossible if the 

complete (L-E) equations of motion are used because of over 

,2000 floating point multiplications and additions.Whereas 

(N-E) equations of motion are quite suitable for the 

derivation of ·an efficient control law in the 

joint-coordinate system [3],[6].The control law is also 

computed recursively. 
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The computed torque technique is basically a feed 

forward control and the idea of which is to define control 

torque T using a structure identical to that of (N-E) 

dynamic model.(3.37) 

(4.1) 

.. 
where J is the inertia matrix and k is the sum of the 

.. .. 
vectors f,h and a,of the (N-E) dynamic model.Substitution of 

(4.1) into (3.37) gives: 

(4.2) 

Which merely represents a set of n decoupled 

double-integrators ,each of which can be controlled 

independently. 

In case of 6R spray painting robot, u vector is a 6x1 

vector. The ith element of the control vector u is 

q:;.= u". . 1 2 6 1= , , ••• , 
\. \. 

(4.3) 

-~ u = J [T. k.] 
i \. \. 

(4.4) 

The linear decoupled model (4.3) obtained above 

doesn"t fully consider the non-linear structure of the 

equat.ion of motion,because numerically computed values of" J .. 
and k are used directly at the updating instants and kept 
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constant until the next one.But still it is adequate enough 

both in accuracy and speed for control purposes. 

4.1.1. Updating Policy ei ~ System Matrices 

As it's been stated by the (N-E) recursive 

algorithm, the motion dynamics of the manipulator is 

inherently non-linear and can be described by a set of 

highly coupled,non-linear second order ordinary differential 

equations [B].The non-linearities arise from the inertial 

loading,coupli~g between neighbouring ,joints,and the 

gravitational loading of the links.Furthermore,the dynamic 

parameters of the manipulator vary with the position of the 

joint variables which are already related by complex 

trigoriometric transformations.Following these,it can easily 

be noted that so much computation in between the consecutive 

incremental motions of the arm on the path - is not that 

practical,for it slows down the motion speed of the robot in 
, 

industrial applications and takes a simulation program 

considerablly long time to be run on a 

,computer. Consequently , an updating policy for the basic 

system parameter matrices in (3.37) of the arm has been 

established. 

The effect of the inertia matrix J in (3.37) is 

considErablly large when compared' with those of the vectors .... , 9, hand f. In order to see the changes of the inertia matrix 
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in the workspace of the 6R robot,the trace of the J matrix 

has been plotted as the arm moves from its most extended 

position to its most contracted one,on a linear path. 

COnLI'Qcl .. d poei'tioll 

Figure 4.1. - Trace of inertia matrix w.r.t. position 

As it can· be seen from Fig.(4.1) the trace,therefore 

the values of the inertia matrix tend to remain constant as 

the arm is contracted. This proves the assumption of constant 

inertia matrix J in between the updating periods. 

Fig.(4.2) clearly shows that,the inertia matrix is 

dependent on the position of the joint variables,or the 

position of the end-effector within the workspace of the 

robot.But,when the workspace is divided properly into 

sub-regions, the inertia matrix J almost retains constant 

values 'in each individual sub-regions.The curve in Fig.(4.2) 

can be approximated as : 
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conll'aclud 
Eoxl",ncl ... d position 

Figure 4.2. - Approximated trace of inertia matrix 

This is nothing but dividing the workspace of the 

robot into concentric spherical stratums of different 

thicknesses. The robot is at the center (Fig.4.3).The 

stratums get thicker as the robot contracts because the 

inertia matrix retains almost constant values for a longer 

distance. But they get thinner and thinner as the ar~ extends .. 
because the inertia matrix and the vector k- needs to be 

updated more frequently. The algorithm is so as to update, the 

system parameter matrices as the end-effector passes from 

one stratum to the other. 

'Figure 4.3. ~,Concentri~ Gtratum~ in tha wcrk~n~c~ 
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4.1.2. Minimum Energy Approach with Specified Final Time 

and State 

The equation of motion given by (3.1) is solved for 

the joint accelerations which put forward the decoupled 

linear model described by (4.3) when the desired trajectory 

for joint i is given by q di. ( t ) , qd" ( t) • qd" ( t ) =1" ( t ) , 
1. "1. 

the 

state variables may be defined as [10]: 

x = 
1 

and 

Then the state model becomes: 

+ 

with an initial condition t:(t )=~ .The state 
o Ie 

the form of· : 

. 
q" 

1. 
(4.5) 

(4.6) 

model is in 

(4.7) 

The optimal control problem is solved by employing an 

energy optimal performance index. This stabilizes the system 

feedback matrices and reduces the number of control 

parameters involved [10].The performance index is given by: 



1 

J = 
2 

t +T 
o 

j 

t o 

·2 
pl!i. dt 
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(4.8) 

where p is the weight coefficient for the control effort.The 

terminal condition is ~(tf)=O.The solution of the minimum 

energy terminal control problem defined by (4.6) and (4.8) 

with the final state constraints leads to the control law 

[10] as: 

This is 

u = 
i. 

the decoupled 

4 
(4.9) 

T 

control law for each 

joint.(i=1,2, •• ,6).And T is the so called time-to-go and 

given by 

gives: 

.. 
q. + 

1. 

T = 

4 

T 

tk -t .Substitution 
. +1 k 

of (4.9) into (4.3) 

6 6 4 

qdi. + 
T2 T 

(4.10) 

As a result the natural frequency of the system can be 

adjusted by only tuning the time-to-go,while damping ratio ( 

of the system is constant and equal to 0.82. 

b 6 
-( = 

4 
, m=1 , b=­

T 
then (=0.82 (4.11) 

then w = TbIT 
n 

(4.12) 
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V. TRAJECTORY DETERMINATION 

5.1. INTRODUCTION 

Spray painting is the process of applying a paint on 

to a surface by atomization for finishing purposes. 

Associated with the robotic applications to the spray 

painting processes ,the problem of determining the 

appropriate path which is to be followed by the spray gun to 

perform the task,came accross with the designers.Along with 

the determination of path,spray painting process has its own 

requirements that must be fulfilled for a better 

result.First of all,the spray gun must be so held that the 

pattern will be perpendicular to the surface at all 

times.Second,it must be kept a constant offset distance away 

from the surface in the direction of the normal to the 

surface at each instant.Next,the stroke must transverse the 

surface at a constant speed for uniform thickness coating 

and the overlapping of the patterns of two consecutive 

strokes must be 50 per cent. These show that;trajectory 

determination for a spray painting robot is not only a 

problem of finding a path but it is the description of time 

history of the position ,orientation and speed of the 

end-effector with respect to the world coordinate frame. 
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5.2. SPACE CURVES AS THE .. PATH n 

Reference trajectory determination and planning for a 

manipulator performing 3D (three dimensional) surface 

operations generally involve a space curve as the path to be 

followed by the end-effector during operation. 

A space curve is a three dimensional curve which is 

described by the position vector ~(u) joining the origin of 

base frame and any point (x,y,z) on the curve as : 
.AI. A . A 

~(u)= . x(u)i + y(u)j + z(u)k (5.1) 

As the parameter'u . changes, the terminal point of 

~(u) describes a space curve,having parametric equations; 

x=x(u) y=y(u) z=z(u) 

~----------------------------------~~ Yo 

x. o 

Figure 5.1. - Space curve 

(5.2) 
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Then 

= 
(5.3) 

Au 

is a vector in the direction of A~.If, 

(5.4) 

exists,the limit will be a vector in the direction of the 

tangent to the space curve at (x,y,z) and is given by : 

d~ dx A-

= i + 
du du 

dy "'~ 
j + 

du 

dz ., __ 
k 

du 
(5.5) 

If the parameter 'u ' is taken as the time 't ',then ~(t) 

represents the time hi_story of the position vector. 

Given the space curve 'c 'defined by the vector 

~(u),then the tangent unit vector is found by taking 'u 

the arc length~as: 

-+ 

-+ 
T= 

ds 

The rate at which T changes with respect to 

(5.6) 

s is a 
-+ 

measure-of the curvature of 'c 'and is given as :dT/ds.The 
-+ 

direction of the vector dT/ds at any given point on 'C' is 
-+ 

normal to the curve at that point.If N is a unit vector in 
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this normal direction then it is cal~ed the principle nor.al 

to the curve. 

(5.7) 

where ~ is the cu~vature of 'e . specified at the point. 
~ ~ ~ 

A unit vector B perpendicular to the plane of T and N 
~ ~ ~ 

and such that B=T*N (* is the cross-product) is called the 

bi-normal to the curve. The coordinate frame composed of the 
~ ~ ~ 

three unit vectors T,N and B is known as the aoving 

trihedral [11]. 

y 

x 

Figure 5.2. Moving trihedral 

A set of relations involving derivatives of the 
~ ~ ~ 

fundamental vectors T,N and B is known collectively as the 
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Frenet-Serret formulas and are give~ by: 

+ 
dT + 

= ~N (5.8) 
ds 

~ 

dN + ~ 

= p B ~T (5.9) 
ds 

+ 
dB + 

= -p N (5.10) 
ds 

where p is called as the torsion. 

Consequently,the moving trihedral can be determined 

at every point on a space curve as long as the parametric 

equations x(u),y(u) and z(u) of the position vector ~(u) 

that is;the curve itself is known.In case of 6R spray 

painting robot,the 6th coordinate frame attached to the 

spray gun which shows the position and orientation of the 

end-effector,at the given point on the path is aligned in 

the same way as the moving trihedral. This satisfies the 

requirements of spray painting process. 

In this study,a conic helix,a spatial parabola and a 

spatial line in the work space of a particular 6R robot have 

been cnosen as the paths to be followed during operation. 
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5.3. TEACH-IN WITH ON-LINE PROGRAMMING 

The programming process of a robot may be performed 

in many ways:by guiding the robot through the correct 

motions,textual language or even by graphics or voice.Some 

methods are more sophisticated than others and some are used 

commercially. 

One of the ways of teaching a robot is lead-through 

teaching,where the programmer manually move$i the manipulator 

through the cycle which is to be performed. The motions are 

recorded in the memory exactly ~s they are e>:ecuted. This 

method is .commonly used to teach the continuous path robots 

~uch as those of spray painting.Recording of each links 

posi t·ion as the operator manipulates the arm through the 

desired path,can be in two ways.It is done either when a 

trigger button on the handheld handle fixed at the 

end-effector of the robot is depressed or by sampling with a 

preset frequency as the operator traverses the surface to be 

painted. 

The programmer need not be an expert in computer 

programming but he must be very familiar with the task that 

is to be performed.He may be a skilled worker on painting 
I 

for teaching a spray painting robot~ 

The sampled points on the desired path are often 

called as knots. The position samples that is;the knots taken 

on the surface are generally distributed arbitrarily.If the 
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sampling is done by triggering,the programmer will certainly 

trigger at positions which are unequal distances apart from 

each other.On the other hand,if sampling is done with a 

preset frequency, the knots may still be unevenly distributed 

since the programmer can never retain a constant traversal 

speed at all times during teach-in. The uneven distribution 

of the knots may seem to be a disadvantage.However,most of 

the times it is of vital importance such as when teaching 

the cavities of an object or sudden directional changes of 

the path. The more accurate a path has to be,the closer the 

distance between the knots. The following table shows typical 

applications ~n practice [12]. 

Point 
Spacing 
in nun 

0.5 

2.0 

10.0 

50.0 

100.0 

500.0 

1000.0 

Typical Application 

very exact contours 

welding, deburring 

glue appl. ,welding 

coating, spraying 

spray painting 

material handling 

material handling 

Table 5.1. - Typical applications of teach-in 

But an important drawback of the method is that,it 

requires a considerablly large memory capacity to store the 

knots.Furthermore,the memory capacity limits the accuracy of 

'the path. The number of knots to complete the path definition 
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will increase as the knots on a pr~scribed task get closer 

for better accuracy. The teach-in process may be interrupted 

because of the lack of memory before completing the cycle.As 

a solution,off-line programming may stand to be useful at 

the first glimpse.It offers considerable 

advantages;mainly:Programs can be moved from one robot to 

another,programming becomes the responsibility of a person 

more familiar with the overall operation than the plant 

floor-technician,and robots can be taught earlier,not during 

production. 

In spite of many given advantages of the off-line 

programming it is still not widely in use.Because,off-line 

programming requires programming skills· together with the 

necessary computational hardware, and they don't come 

cheap.Furthermore it necessitates an advanced level of 

technical knowledge.In addition,the use of pure off-line 

programming suffers from the inaccuracy of the robots.If the 

program calls for the end-effector to be at a particular 

location and the robot doesn't have the accuracy to position 

,it there,some on-line teaching will then be inevitable 

~gain. 

A useful means of providing the ability to easily 
I 

define the task may be a hybrid method:Sampling knots on the 

desired path during manipulatation of the robot through the 

cycle f.ollowed by an off-line trajectory planning. 
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5.4. OFF-LINE TRAJECTORY PLANNING 

Off-line trajectory planning schemes generally 

interpolate or approxi.ate the desired path by a class of 

polynomial functions and generates a time based 

continuous,smooth path for the end-effector from its initial 

position to its destination. It describes what the 

end-effector will do between sampled knots. 

Quite frequently,there exists a number of possible 

trajectories between the two given endpoints.It may be a 

path of straight line segments or a smooth polynomial 

trajectory that satisfies the position and orientation 

constraints. 

In spray painting process,the knots are specified 

with the active manipulation of the robot arm on the surface 

to be painted,with respect to the world coordinate frame 

(>: ,y ,z ) ,with the constraints that path, velocity and o 0 0 

acceleration be continuous. But the servos at the joints 

handle the motions of joints with respect to the joint 

coordinate frames. 

At each knot point,the position vector and the 

orientation matrix of the spray gun at that individual knot 

is converted into joint coordinates using inverse kinematics 

as the consecutive joint angular positions in time to 

comple~e the task. (Fig.5.3) 
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. ' 
0, 0 ~~~" . L

e4 
,'0, 0 .te~, . .. . , ' .... 

. --- ---~.-
li.me li.me li.ma li.ma li.me 

joi.nl coordi.nales 

Translation of knots in world coordinates into 
joint coordinates 

Sampling the desired path by lead-through teaching 

brings out the problem of time scaling when the path is 

re-executed during production. The relative distribution of 

the knots in time can not be achieved by simply sampling the 

time as the position.Because during teaching ,the time 
I 

elapsed is virtual.It depends directly on the speed of the 

programmer. What happens for example,if he interrupts 

teaching temporarily ? 
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A parameter must be developed ~or timing between the 

knots.It must be such a parameter that its value 

corresponding to a knot must be greater than that of the 

preceding one,in a chain manner. That is;the values it takes 

can be assigned to the time axis of the 0 joint coordinate 

frames in Fig.5.3,as one moves from one knot to another 

[13],[14],[15].This parameter can be chosen as the straight 

line distance between two adjacent knots.This will 

fascilitate a means of relative spacing between the 

knots.And will provide all the necessary requirements 

. above. It is: 

(5.11) 

where 

Ax = p - P 
xi xi.-~ 

Ay = P - P 
yi. yi.-~ 

Az = P - P i=1,2, ••• ,0 (5.12) 
:zi. :zi.-~ 

and P,P and P represent the components of the 
x y :z 

position 

. 
vector of that knot with respect to the world coordinate 

frame.Once Au between each knot is calculated,the scaling 
. 

parameter. is : 

u = u + Au 
i i-1 

and u =0 is taken as the origin of the scaled axis. 
1 

(5.13) 
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It is possible to use the straight line distance 

between knots ·for the off-line trajectory planning of spray 

painting process,as the scaling factor for time because,it 

is essential to have a constant speed during spray painting 

process. Which enables us to relate the time elapsed to the 

distance to be travelled as : 

d = S t (5.14) 

where d :distance to be travelled, 

S :speed 

t :time elapsed. 

Here the speed S has the role of a proportionality 

constant.This means that,distance travelled will be directly 

proportional to the time elapsed or vice versa since the 

speed is constant.Consequently,the 'time 'axis of the above 

joint coordinate frames may be replaced by the relative 

distances to be travelled. 

In some applications,it may be desirable to perform 

the task in a limited time,while other applications may 

necessitate a specified constant speed as critical in task 

completion.In any case,it is compulsory to scale the knots 

in time.If the limitation is on time in performing the 

task,time normalization may be done as follows : 

t = t 
i 

u 
i 

U 
n 

(5.15) 



where t. :time corresponding to ith knot, 
1. 

t :given task performance time limitation, 

u. :scaling parameter corresponding to ith knot, 
1. 
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u :scaling parameter corresponding to the last knot. 
n 

On the other hand,if speed is specified then, 

d 
t = (5.16) 

s 

and time normalization is achieved by using (5.15). 

d :total length of the path, 

S :specifed speed. 

5.5. OVERLAPPED POLYNOMIALS AS THE .. PATH .. 

After time scaling, third order polynomials to 

approximate the desired path specified by the knots are 

employed in each joint's coordinate frame of the 6R spray 

painting robot. The polynomials are in the form: 

", 

e .. = a .t~ + a .t~ + a .t. + a . 
l.J Sl. J 2l. J ~l. J 01. 

(5.17) 

where i ·is the joint number (i=1,2, •• ,6), j is the knot 

number (1,2, ••• ) and e .. is the joint coordinate of the ith 
l.J 

joint Corresponding to the jth knot.a .,a .,a. and a. are 
Sl. 2\. ~\. O\. 

the coefficients of the polynomial. 
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In order to determine all coefficients of a 

polynomial four knots are enough. 

e. 
~ 

e. 
~4 

e. I 
~g 

I 
e. I 
~2 I 

I 
I 

e. I 
~~ I 

I 
I 
I 
I 

t t2 tg t time 
1 4 

Figure 5.4. ~ Third order polynomial 

So,if the adjacent'four knots' are used,having the 

terminating knot o~the preceding group in common with the 

first one of the current group in chain manner,a path 

continuous in position can be obtained. 

e. 
l 

time 

I 
i 

\ 

I . 
~------~--------------------------------------~---------------------~ 
Figure 5.5. ~ Polynomials attached sequentially 
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To obtain a path continuous in velocity,the tangent at the 

junction of two adjacent polynomials must not change 

direction. This is achieved by taking two knots common to 

adjacent polynomials. In the same way,three knots are taken 

to have the path continuous in position,velocity and 

acceleration.As a result,the 3rd order polynomials put the 

path forward by overlapping. 

~-:~ 
~ -. . 
• • 

time 

Figure 5.6. - Overlapped polynomials 

T-he coefficients of the polynomials are found as . . 
-1 I 

a. t~ t~ t. 1 G .. 
!h. J J J \.J 

a. t S t 2 t. 1 G. . (5.18) 
2l. jH j·H. JH. l..J-t~ = 

a:li. t S t 2 t . 1 G. . 
j-t2 j-t2 j-t2 l..J-t2 

a t S t 2 t. 1 G. . oi. j+s j-ts J-ts l..J-tS 
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where i=1,2, •• ~6 is the joint number and i=1,2,3, •• is the 

polynomial number. 
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VI. SIMULATION OF BEHAVIORS OF THE 6R SPRAY PAINTING ROBOT. 

6.1. STRUCTURE OF THE SIMULATION PROGRAM 

A computer simulation program package has been 

developed for the simulation of a 6R spray painting robot 

whose wrist configuration is of Pi~ch-yaN-roll type. The 

program employs 13 subroutines,6 input and 6 output files 

simultaneously. 

The structure of the program is modular in that,all 

sub-titles of the subject is formed into a subroutine.But 

the recursive (N-E) dynamic modelling algorithm involves too 

many messy matrix and vector products.Therefore,it's been 

taken as the structure of the main program to which the 

subroutines are linked. 

The program package contains a conic helix,a spatial 

parabola and a spatial line as three example scenarios in 

the workspace of a 6R robot of certain di.mensions.The paths 

can not be alterred,but they are there to give a 

demonstr.ative sight to the user.On the other hand,the 

program is completely flexible 

geome.tri.c dimensions and 

for any 

physical 

6R robot of any 

quantities (mass 

inertia,etc.)of the same type of structure.Plu5,it may be 

run for any path through teach-in facilities as long as the 

knots are defined.The flowchart of the program is given~ in 
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Fi.g.6.l. 

The program has been wri.tten i.n FORTRAN and can be 

run by an AT compati.ble personel computer. 

6.2. MAIN PROGRAM 

Recursi.ve (N-E) dynami.c modelli.ng algori.thm has been 

taken as the major structure of the mai.n program si.nce i.t 

i.nvolves messy matri.x and vector products.It has then been 

completed wi.th the i.nputs,user i.nteractive questions,outputs 

and adjoi.ned subroutines. 

Input data read from various files basi.cally are; 

j) Geometric and physical parameters (such as masses and 

li.nk lengths of the robot •• ) 

ji) Ini.ti.al posi.ti.on and ori.entati.on of the robot,desi.red 

end-effector speed and angular veloci.ty vector of the 

wri.st,length of paths for theconi.c helix,spati.al 

parabola and line, 

iii) Inerti.a matrices of each li.nk,force on the 

end-effector, 

iv) Data related to the control and updati.ng poli.cy, 

v) Some other parameters necessary for the 
i 

si.mulati.on.(such as for DISCR3 subrouti.ne.) 
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6.3. SUBROUTINES 

Thirteen subroutines have been linked to the main 

program to perform the necessary computations for 

simulation. The required input variables and generated 

outputs have been explained· in detail in the subroutine 

called HELP.It is also possible to find any information 

about each individual subroutine in HELP.At the beginning of 

the program, the user is prompted a list where,he/she may 

select the HELP subroutine for any enquiries. 

DISCR3 is the subroutine used to discretize the 

continuous,decoupled state model of each link for computer 

simulation purposes. 

MINV is for the computation of the inverse of any 

given matrix of order n. 

INVERSE subroutine solves the inverse kinematics 

problem of the 6R spray painting robot. 

JAC2 is the subroutine for the construction of 

Jacobian matrix of the robot. 

ROT contains the transformation matrices of each 

coordinate frame attached to the individual joints. 

TRAJ,HELIX and PARAB are the subroutines to generate 

three-scenarios as the path to be followed by the spray 

gun.TRAJ generates a spatial line while HELIX and PARAB 

create a conic he I i>: and a spatial parabola iIJ the cartesian 

coordinate frame,respectively. 
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JINT3 is the subroutine that interpolates tha data 

came from teach~in and creates a path. 

DRK is to solve the direct kinematics problem of the 

robot. 

SIM is the subroutine that generates the control 

vector and computes the new state of the robot. 

UPD is the subroutine that contains the adjustable 

updating limits of the system matrices within the workspace 

of the given robot. 

6.4. USER INTERACTION 

The program is user interactive.It directs many 

questions to the user during execution~It also enables the 

user to change anything that he/she input or selected before 

skipping that item. The output is formatted neatly so that it 

can be understood easily. 
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VII. SIMULATION RESULTS 

7.1. SCENARIOS 

In order to simulate the dynamic behavior of a 

robot,it is compulsory to define a certain task that has to 

be performed by the end-effector. In case of spray 

painting,this task is the path to be followed by the tip of 

the spray gun .while keeping it in the proper orientation 

across the surface,at all times. 

In this study,three basic scenarios besides on-line 

teach-in with off-line trajectory determination have been 

selected.After that,a 6R robot with the given features in 

table 7.1. is used for the simulation purposes. It is 

important for the path describing the task to be within the 

workspace,that is; the region in which the robot can 

manipulate.Therefore,the constant coefficients involved in 

the scenarios have been adjusted accordingly. 

7.2. SPATIAL LINE 

One of the diagonals of an inclined rectangular 

surface located in the workspace of the robot has been 

assumed as the rectilinear path to be followed by the spray 

gun, leading to have all the joints in motion. 
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I 

z 
0 

• b Pz I 

t I 

I 
I l~n I 

I / 
I 

I 

Pi 

I 
I '-----___ xO--,-...---_---J1 

Figure 7.1. - Spatial line 

The motion starts at point P (1;1.54;0) and stops at· 
i 

point P2(0.1;2~2;0.56),(Dimensions are in meters) • The 

equation of the line can be found as: 

.,. = -0.9 i + 0.66 j +0.56 k (7.1) 

The orientation of the gun remains constant. Then the 

orienta~ion· matrix of the hand for o a=40 degrees of 

inclination: 

-1 0 0 

o 0.76604 0.64279 

o 0.64279 -0.76604 
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If the unit distance travelled along the line is 

taken as the parameter, the equation of the path with the 

direction cosines of the line,is given as: 

A ~ r(s) = (1-O.72075s)i + 

7.3. CONIC HELIX 

A 

(1.54+0.52855s)j + (O.44847)k (7.2) 

A conic helix is a space curve which is wrapped 

around a cone whose vertex is on the ground. 

Figure 7.2. ~ Conic helix 
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The robot is assumed to be~at the center of the conic 

helix.It is described by the equation: 

t A. t A ", 

~(t)= e cost i + e sint j + e t 
k (7.3) 

where ~(t) is the position vector of a point on the 

curve.For the curve to be within the work space of the 

selected robot, the vertex angle of the cone has been taken 

as 60 degrees.Then, 

• t A. 1 A 1 A. 

r(t)= e cost i + e sint j + O.577e k 

To find the tangent vector, (5.6) is used. 

=---
ds dt ds 

1 t A. , 1 t A. 't'" 
= (e cost - e sint)i + (e sint +e cost)} + 0.577e k 

dt 

Then using (7.4),(7~5) and (7.6}, 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

(7.8) 
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.. 1 
A .A A 

T = [(cost-sint)i + (sint+cost)j + O.577k] (7.9) 
l2.33 

is the equation of the tangent vector.In order to find the 

normal vector (5.8) is used. Through the same way: 

... 
dT 

= 
1 

dt 42.33 

.. 
dT 

ds 
= 

1 

42.33 

,r, A 

[-(sint +cost)i + (cost-sint)j] 

.. .. 
dT dT dt 

= _.-
ds dt ds 

A 

[~(sint+cost)i + 
t. 

(cost-sint)j ] 
e 

dT 12' 

ds 

Then using (7.10) !I (7.11) and (5.8), 

.. 1 
N = 

..... ...... 
[-(sint+cost)i + (cost-sint)j] 

(7.10) 

(7.11) 

(7.12) 

(7.13) 

(7.14) 

This is the principle normal of the curve in the direction 

toward 'the center.But the hand normal will be in the 

opposite direction because the robot is inside the 

curve. Then, 



... 
N = 

H 

1 A 

[ (sint+cost)i + 

Finally,the moving trihedral 

subroutine as : 

.. .. .. 
B = N * T H H 

81 

A. 

(sint-cost)j] (7.15) 

is constructed by the 

(7.16) 

Here the parameter 't is taken as the base rotation 

e .The length of the path to be followed is calculated by: 
:1 

s 
(o.,~ " = J Ijtl dt 

0. 

(7.17) 

where 0. and" are the angles between which the length is to 

be calculated. They have been chosen as a=15 and /3=45 

s 
(o.,~ " = J ~2.33 e t dt 

0. 

s= 1.363 m 

. (7.18) 



7.4. SPATIAL PARABOLA 

The spatial parabola is given by the equation : 

.. A A .",... 

r(t)= ti + [a(t-c)2 + k]j + zk 

a o 

Figure 7.3. - Spatial parabola 

The selected parabola has the equation of: 

A A A 

't-(t)= ti + [2(t-O.7)2 + l]j + O.5k 

Through the same procedures given in conic helix, 

drt 
= i + [4(t-O.7)]j 

dt 

82 

(7.19) 

(7.20) 

(7.21) 



ds 

dt 

The tangent vector is : 

.. 
T= 

0.25 
A .A. 

[i + (4t-2.8)}] 

To c~lculate the normal vector : 

.. 
dT·· -9/2 

.A. A 
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(7.22) 

(7.23) 

= (t2-1.4t + 0.5525) 
dt 

[-(O.25t-O.175)i + 0.0625j](7.24) 

dT 

ds 

.. 
0.25 

A .A. 

= [-(0.25t-0.175)i 
(t2 -1.4t + 0.5525)2 

+ 0.0625j] 

J(0.25t~6.175)2 + 0.06252 

4(t 2
- 1.4t + 0.5525)2 

(7.25) 

(7~26) 

.. 1 • JI'-,.. A 

N [-(0.25t-O.175)i+ O.0625j](7.27) 

lO.0625t2~0.0875t+0.0345 

Here the principle normal of the curve and the normal of the 

hand are in the same direction since the robot is outside 

the·curve.The parametert is taken as the increments in the 

x ·direction of the base frame. The subroutine computes the 
o 

. .. .. 
moving trihedral by taking the cross-product of T and N·· to 



.. 
find the bi-normal vector B. .. .. .. 

B = N * T 

84 

(7.28) 

The arc length to be travelled is found by the line integral 

1.. 9 1 
S = J i16t2-22.4t+8.84 dt (7.29) 

o.~ 

where the robot sweeps the linear projected distance between 

the 0.1 th and 1.3 th meters of the x axis of base frame. 
o 
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7.5. TEACH-IN ON THE CONIC HELIX 

This scenario has been used to see whether the 

trajectories in joint coordinates determined by the on line 

teach-in,off-line path computation facilities of the program 

are satisfactory or not.For this purpose 16 arbitrarily 

distributed knots on the same conic helix 

before,have been taught the robot,(Fig.7.4). 

. ~/ 
/ 

N 

Figu~e 7.4. - Teach-in on the conic helix 

described 



86 

7.6. TEACH-IN ON A RECTANGULAR SURFACE 

In order to paint a surface,the path must first be 

taught the robot.For this reason,the path given by Fig.7.5 

is specified by 44 unevenly distributed knots. The surface 

has the dimensions of 30x50 cm2 .The spray pattern width has 

been taken as 30 em. The job will be completed with 3 passes 

over the surface.Required average speed has been taken as 

0.5 m/s. 

I . 

Z 
Q 

x o 

Figure 7.5. - Teach-in on a rectangular surface 

I 

I 
I 

. ! 
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The moving trihedral of the end-effect~r has been 

specified as follows: 

.. ...... .. ..... ...... 
T=-i and B = 0.5j + 0.B66k 

is the principle normal 

.. 
N = 
·H 

.. .. .. 
N = B * T 

of the surface, 

.. .. 
NH = -N .. 

0.B66j 
..... 

0.5k 

,then 

(7.30) 

(7.31) 

(7.32) 

N,T and B will remain unchanged during the process.The knots 

have been sampled more often nearby the corners of the path. 

link .. Length (em) Mass (kg) 

1 30 20 

2 100 20 

3 120 20 

4 30 4 

5 30 4 

6 10 1 

Table 7.1. - Dimensions of the selected robot 
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VIII. CONCLUSIONS 

Associated with the robotic applications to the spray 

paintin~ process,the problem of defining the time history of 

the spray gun for task completion became indisputablly 

important.Because,a spray painting manipulator can even be 

economically justified if the special·requirements of spray 

painting process which lead to saving ma.terial that had been 

previously wasted as overspray mist,are met.For this 

reason,a hybrid method namely on-line teach-in with off-line 

trajectory determination has been developed to teach a robot 

the desired path for completing a task. 

In order to· simulate the dynamic behavior of a spray 

painting robot,it is compulsory to define a dynamic model as 

well as a suitable control policy.N-E recursive dynamic 

modellihg algorithm has been adopted to a six degree of 

freedom spray painting robot having a wrist configuration of 

pitch-yaw-roll type. The proposed control algorithm on the 

other hand is, computed torque technique. Both had been 

prefp-rred for their conformity to computer 

simulation.Furthermore,to complete the simulation program 
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computation of the manipulator Jacobian have been 

investigated. 

Computation of the system matrices defining the 

dynamic model involves too many messy matrix and vector 

products.Among them~the inertia matrix is the one having the 

biggest influence on the system behavior.An updating 

policy, taking the trace of the inertia matrix as the basis 

of decision for when to update,has been developed. It's been 

observed that this divides the workspace of the robot into 

sub-regions which are concentric spherical stratums. In a 

particular s'tratum the values of the system matrices tend to 

remain constant. The algorithm updates the system matrices if 

the end-effector passes from one stratum to another. This 

resulted in considerable save in time and made the program 

run faster. 

Three basic scenarios,a spatial line,a conic helix 

and a spatial parabola have been selected.They all ~ause ~ll 

the joints of the robot to move.Besides this, teach-in 

facilities have been used to simulate the robot painting an 

inclined surface located in the workspace.In addition ,the 
. 

same conic helix has been this time taught the robot to see 

the effectiveness of the hybrid -trajectory planning 

algorit~m.It's been observed that the proposed algorithm 

resulted in smooth curves which are continuous in 

posit'ion,speed and acceleration.The approximated paths/ in 

joint coordinates for the conic helix have only 
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infinitesimal deviations from the analytically calculated 

ones.Position and speed errors are negligiblly small. The 

overshoots at the torque diagrams are because of making the 

manipulator whic'h is stationary at its initial position move 

at the desired speed.An acceleration profile may be defined 

to reduce the peaks. 

The developed algorithm for off-line trajectory 

determination is fast enough and occupies not very much of 

memory capacity.Therefore,it can be used ,for planning any 

trajectory to be followed by constant speed,for 'continuous 

path robots. 
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