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ABSTRACT

QUOTIENTS OF HOM-FUNCTORS

Quotients of Hom-functors are functors of the form Hompg(P, —)/Hompg(P, —).J
where P is a projective R-module and J is a certain ideal of the endomorphism ring of
P. These functors were used by R. Dipper in the articles On Quotients of Hom-Functors
and Representations of Finite General Linear Groups I-1I, to obtain a classification of
the irreducible [-modular representations of GL,(q) for primes [ not dividing ¢. In
this thesis, the general properties of these functors are examined following Dipper’s
articles [6] and [7]. Besides, the relation between the quotients of Hom-functors and

the Harish-Chandra theory is investigated.



OZET

HOM-IZLECLERIN BOLUMLERI

Home-izleglerin boliimleri, projektif bir R-modiilii P ve P’nin endomorfizma
halkasinin bir ideali J i¢in Hompg(P, —)/Hompg(P, —)J seklinde tanimlanan izleclerdir.
Bu izlegler R. Dipper'in On Quotients of Hom-Functors and Representations of Fi-
nite General Linear Groups I-1I adli makalelerinde, ¢’yu bolmeyen [ asal sayilari igin
GL,(¢)'nun indirgenemez [-modiiler temsillerinin simflandirilmasinda kullanilmigtir.
Bu tezde, Dipper'in makaleleri ([6] ve [7]) kullanilarak, bu izleglerin genel 6zellikleri
incelenmigtir. Ayrica, Hom-izleglerin boliimleri ile Harish-Chandra kurami arasindaki

iliski caligilmigtir.
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1. INTRODUCTION

Quotients of Hom-functors are functors of the form Hom(P, —)/Hom(P, —)J
where P is projective and J is a certain ideal of the endomorphism ring of P. Their
terminology and properties were developed by R. Dipper in the articles [6] and [7], and
they were used to obtain a classification of the irreducible /[-modular representations
of GL,(q) for primes [ not dividing ¢, and to obtain information on decomposition

numbers in terms of Hecke algebras and ¢-Schur algebras, in [7].

For a Noetherian commutative ring R, semiperfect R-algebra T" with a multiplica-
tive identity, and a projective presentation 5 : P — M where P and M are T-modules,

the map

H = Homy(P, —)/Homy (P, —)Js

where J3 is the ideal of Endy(P) consists of endomoprhisms of P under which kerf is
invariant, is a functor from the category of T-modules to the category of Ends(M)-
modules. After studying the properties of that functor in [6] and [7], Dipper considered
a more specialized situation; taking a discrete complete valuation ring O with quotient
field K and residue field F', he replaced the algebra T with the R-algebra Tk where
R = K, O, F, and constructed H using this T and obtained results similar to the

general case.

It was stated in Dipper [7] that, for a finite reductive group G and R = F, K,
the irreducible RG-modules are determined using the following method: For any Levi
subgroup L of G, the irreducible RL-modules are found. Then, for any Levi subgroup
L and a cuspidal irreducible RL-module C, the irreducible End e (R%(C))-modules are
found where RY is the Harish-Chandra induction. Then using the bijection between the
isomoprhism classes of the irreducible RG-modules occuring in the head of R¥(C) and
a set of representatives of the isomorphism classes of the irreducible Endzq(R%(C))-

modules, the classification of the irreducible RG-modules is achieved.



As an aplication to the general theory, it was proved in Dipper [7] that, in the
case G = GL,(q), the endomorphism ring End g (R%(C)) is isomorphic to a product of
some Hecke algebras associated with symmetric groups. Therefore, the representation
theory of G L,(q) is related to Hecke algebras associated with symmetric groups through

the functor

H = HOHIRg(PR, —)/HOHIRg(PR, _)J/BR'

Using this method, the classification of non-isomorphic irreducible RG L, (q)-modules
was achieved in [7], and also, a complete set of non-isomorphic cuspidal irreducible

FGL,(q)-modules was given.

The aim of this thesis is to examine the properties of quotients of Hom-functors
and their connection with the Harish-Chandra theory, and to understand the applica-
tion of the theory of Hom-functors to the classification of representations of general

linear groups, using Dipper [6] and [7]. The thesis is organized as follows:

In Chapter 2, some preliminary definitions and results which are required to

construct quotients of Hom-functors are stated.

In Chapter 3, the theory of quotients of Hom-functors is introduced and the

properties of those functors are examined in a detailed way.

In Chapter 4, the connection between quotients of Hom-functors and the Harish-
Chandra theory is studied. Besides, the notion of bisets is introduced and Mackey

Decomposition Theorem (Dipper [7, 2.2.1]) is proved using biset functors.



2. PRELIMINARIES

We start with defining what a semiperfect ring is. Firstly, we need some prelimi-
nary definitions. A module P over a ring R is said to be projective if given any diagram

of R-module homomorphisms f and g

with bottom row exact (that is, g is an epimorphism), there exists an R-module homo-
morphism h : P — A such that the diagram commutes, that is gh = f. A submodule
S of a module M is superfluous if, whenever L is a submodule of M with L + 5 = M,
then L = M. A projective cover of a module M is an ordered pair (P, ), where P
is a projective module and ¢ : P — M is a surjective map with ker ¢ a superfluous

submodule of P.

A ring R is semiperfect if every finitely generated right R-module has a projective

cover.

For a ring R, the category of finitely generated right R-modules is denoted by
modpg and the category of finitely generated left R-modules is denoted by gmod. Let
M € modg, P € modr and P be projective. Let 8 : P — M be an epimorphism of

right R-modules. Then ( is called a projective presentation of M.

An R-module M is said to satisfy the ascending chain condition on submodules

(or is Noetherian) if for every chain

M, C My C My, C M C ...

of submodules of M, there is an integer n such that M; = M, for all i > n.



An R-module N is said to satisfy the descending chain condition on submodules

(or is Artinian) if for every chain

N1 DNy DNy D N3O ..

of submodules of N, there is an integer m such that N; = N,, for all i > m.

A ring R is said to be left [resp.right] Noetherian if R satisfies the ascending
chain condition on left [resp. right] ideals. R is said to be Noetherian if R is both left

and right Noetherian.

A ring R is said to be left [resp.right] Artinian if R satisfies the descending chain
condition on left [resp. right] ideals. R is said to be Artinian if R is both left and right

Artinian.

Definiton 2.1. Let V' be an R-module. The Jacobson radical of V' is defined as the

intersection of all mazimal submodules of V', denoted by Jac(V').

The head of V' is the factor module V/Jac(V'), denoted by hd(V'). Therefore
hd(V') is the largest semisimple factor module of V.

The socle of V' is the largest semisimple submodule of V, denoted by soc(V').

Definiton 2.2. Let R be a ring.

(i) A nonzero element e of R is called an idempotent if e = e.
(i) Two idempotents e; and ey of R are said to be orthogonal if ejey = ege; = 0.
(111) An idempotent is called primitive if it is not the sum of two orthogonal idempo-
tents.
(iv) An idempotent decomposition of 1 in R is a set of pairwise orthogonal idem-
potents ey, ...,e, such that 1 = > e;. An idempotent decomposition is called

primitive if all the involved idempotents are primitive.

Lemma 2.3. (Fitting’s Lemma) Let R be a ring and M be an R-module. Then there



is a one to one correspondence between idempotent decompositions of 1 = )

Endg(M), where I is finite, and decompositions M =

ier € M

.e1 Mi, characterized by the

fact that e; is the projection of M onto M; with kernel Zi# M;.

Proof. See [9, 1.1.4]. O

Proposition 2.4. Let R be a ring.

(i) Let P be a projective R-module and ¢ be in Endg(P). Then ¢ is in Jac(Endg(P))
if and only if im¢ is superfluous in P.

(11) If R is left Artinian, then Jac(R) is nilpotent.

Proof. (i) See [1, 17.11].
(i) See [9, 1.3.6(1)]

]

Proposition 2.5. Let R be a right Artinian ring and let {e;} be a set of primitive
idempotents of R. Set P, = e;R. Then, P, contains a unique mazimal submodule,

namely e;Jac(R).

Proof. See [9, 1.3.14]. O

Definiton 2.6. (i) A ring R is called self-injective if the regular R-module R is
imjective.

(i) A ring R is called quasi-Frobenius if it is Noetherian and injective as an R-
module.

(i) If a ring R is a direct sum of indecomposable modules, say R = €, L;, then any

module M isomorphic to some L; is called a principal indecomposable module.

Proposition 2.7. If R is quasi-Frobenius, then there is a bijection between its minimal

left ideals and its principal indecomposable modules.



Proof. See [11, 4.48]. O

Proposition 2.8. Let R be a ring, and let M and N be R-modules.
(i) We have
Jac(M) = Z{L < M|L is super fluous in M}.

(i) If f : M — N is an epimorphism and kerf is a submodule of Jac(M), then
Jac(N) = f(Jac(M)).

Proof. (i) See [1, 9.13].
(i) See [1, 9.15].

]

Proposition 2.9. Let S and T be rings, U be an S —T-bimodule, N be a left T-module

and P be a projective left T-module. Then, there is a natural homomorphism
n : Homg(P,U) @ N — Homg(P, (U @1 N))
defined by
n(y®rn):p—y(p) @rn

where v € Homg(P,U), n in N and p in P. If P is finitely generated and projective,

then n is an isomorphism.

Proof. See [1, 20.10]. O

Proposition 2.10. A finitely generated left module over a Noetherian ring is Noethe-

rian.



Proof. See [5, 3.3]. O

Proposition 2.11. Let R be a semiperfect ring and consider only finitely generated
R-modules. Let N = Jac(R). Let f : P — X be a surjection with P projective. Then

f gives a projective cover if and only if kerf C NP.

Proof. See [5, 6.25(1)]. O

Lemma 2.12. (Nakayama’s Lemma) Let R be a commutative ring. Let I be an ideal

of R which is contained in every maximal ideal of R. If M is a finitely generated

R-module and M1 = M, then M = (0).

Proof. See [10, X.4.1]. O



3. THE QUOTIENTS OF HOM-FUNCTORS

3.1. The Ideal Jj3

Let R be a commutative Noetherian ring and 7" be a semiperfect R-algebra which
is finitely generated as an R-module. Assume that both 7" and R have multiplicative
identities, and that 7' is unital as R-module. Let M be a finitely generated left T'-
module. Since T is semiperfect, there exists a projective presentation (3, P) of M.
In this work, all modules are finitely generated unless stated otherwise. The set of

R-module endomorphisms of M is denoted by Endg(M).

Notation. (Endy(P))s = {¢ € Endy(P) | ¢(kerf) C kerf3}

Js = {¢ € Endr(P) | imy < kerf3}

In [6], it was stated that (Endr(P))s/Js and Endr(M) are isomorphic as R-

algebras. Now, we prove this statement.

Proposition 3.1. Js is an ideal of (Endr(P))s and (Endr(P))s/Js = Endr(M) as

R-algebra canonically .

Proof. Clearly, the set Js is a subset of (Endr(P))s. Also Jp is nonempty since 0 is an
element of Jz. Let ¢; and 12 be in Jz. For any p in P, we have

(Y1 —2)(p) = Y1 (p) — Ya(p) € kerf3

since im1; and imw, are submodules of ker3. So, the set im(1); —15) is also a submodule
of ker3. Hence the element ¢); — 1) is in Jz. Let ¢ be in Jz and ¢ be in (Endy(P))g.
For p in P, we have ¢(1(p)) is in kerf since im#) is a submodule of kers and ¢(ker/3)
is a subset of ker. Hence Jg is an ideal of (Endr(P))s.



Now, define 3 : (Endy(P))s — Endy (M) as

for ¢ in (Endr(P))g, the element m in M and p in P such that S(p) = m. Such a p

always exists since 3 is surjective.

For each ¢ in (Endz(P))g, the map ] (¢) is well-defined since for p; and py in P
such that p; # po, if B(p1) = B(p2) then p; — py is in kerS. This implies ¢(p; — po)
is in kerf3 since ¢ is in (Endy(P))s. That means B(¢(p1 — p2)) = 0. Then, we have

B(d(p1)) = B(d(p2)), that is B(¢)(B(p1)) = B(6)(B(p1)). Also B is well-defined as 3 is
well-defined.

Now, we are to show that E is an R-algebra homomorphism. Let ¢, ¢; and ¢5 be
in (Endz(P))g, the element r be in R, the element m be in M and p be in P such that
B(p) = m. Then

B(d1+ ¢2)(m) = B((d1 + ¢2)(p)) = B(d1(p) + ¢2(p)) = B(é1(p)) + B(d2(p))

= B(¢1)(m) + B(¢) (m)
and
B(¢162)(m) = B((6102)(p)) = B(d1(62(p))) = B(1)(B((p)))
= B(61)(B(92)(m)) = B(¢1)5(¢2)(m)
and

pro)(m) = B(ré(p)) = rB(o(p)) = rB(d)(m)

since (8 is an R-module homomorphism. That proves E is an R-algebra homomorphism.
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Now, we are to prove that B is surjective. To this end, let ¢ be in Endy(M).
Since 5 is an R-module homomorphism, the map [ is surjective and P is projective,

there exists a ¢ in Endr(P) such that the diagram

|

B

o/ M

P
P2 M

commutes. That is, we have S¢ = ¢¥5. Then,

Blo(kerp)) = ¢(B(kerf)) = ¥(0) = 0.

So, the set ¢(ker3) is a subset of ker. Hence, the map ¢ is in (Endz(P))g, and it is
mapped to ¥ under 5 since for m in M and p in P such that f(p) = m, we have

Therefore, the map E is surjective.

Finally, we are to show that Jz = ker 3. Let ¢ be in (Endp(P)) 5. By definition,
¢ is in Jz means im¢ is a submodule of kerf3, and that means B(¢(p)) = 0 for all p
in P, and so 3(¢)(m) = 0 for all m in M, or equivalently, the map ¢ is an element of
kerg.

Therefore, using the First Isomorphism Theorem, we conclude that

Endy(P)/Js = Endy(M).

That proves the proposition. O
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3.2. Definition of the Functor H

Using a projective presentation (3, P) of M, a functor H from mody to modgnd, (arywas

defined in [6]. We state this definition and prove that H is a covariant functor.

Proposition 3.2. Assume (Endr(P))s = Endp(P). The mapping
H:=H = Hf/[ : mody — modgnd, (ar)
defined for V € modr by
H(V) = Homy(P,V)/Homy(P,V).Jg

1s a covariant functor.

Proof. Homr (P, V) is an Endy(P)-module via the action 66(p) = 6(6(p)) for 6 in
Endr(P) and 6 in Homy(P, V) and p in P. Thus, there is an induced Endz(P)-
action on H(V) = Homy (P, V') /Homy(P,V')Js. Also, we have Jg(H(V)) = 0 since for
0 +Homy(P,V)Jg in H(V) = Homy(P, V) /Homy (P, V)Js and 6 in Jg, we have

(0 + Homyp(P,V)J3)0 = 60 + Homp (P, V) Jz = Homp (P, V') J3.
Then Endr(P)/Js acts on H(V') via the action (0 + Js)d = 69 for 0 in Endy(P) and ¢
in Homy (P, V). Hence H(V) is an Endr(P)/Jg-module. By Proposition 3.1, we have
Endy(P)/Js = Endr(M), then H(V) is also an Endy(M)-module.
Let V and V' be in modz, and f : V — V' be a T-module homomorphism. Then

f« = Homp(P, f) : Homy (P, V) — Homp (P, V'), ¢ — fo

is an Endy(P)-homomorphism, so an (Endr(P))s-homomorphism.

Also, the set f.(Homy(P,V).Jg) is a subset of Homy (P, V')Js since if ¢ is an element
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of Homy(P, V') Js, then ¢ = ay for some a in Homyp (P, V'), some 7 in Jg, and so

f(@) = fé = flay) = (fa)y € Homp (P, V') J5.

Then f, induces an Endr(M)-homomorphism H(f) : H(V) — H(V') defined for
Y+ Homy(P,V)Jg in H(V) as

H(f)(¥ + Homy (P, V)Jg) = f.(¢) + Homy (P, V') J5.

Also, we have H(1ly) = 1y since for ¢ + Homp(P,V)Jg in H(V') we have

= 1H(V)<w + HOIHT(P, V)Jg)

and for elements V, V' and V" in mods, and morphisms f:V — V' and g : V' — V",

we have H(gf) = H(g)H(f) since for ¢» + Homy(P,V).Js in H(V') we have

H(gf)(p + Homep(P,V).Jg) = (9.f)1b + Homz (P, V") Js
= g(f¢) + Homp (P, V") Js
= H(9)(f¢ + Homyp(P, V') J3)
= H(g)(H(f)(¥ + Homg(P,V)Js))
= H(g)H(f)(¢ + Homy(P,V)Jg)

Therefore H is a covariant functor from mody to modgua, (ar).- O

3.3. The Functors for Different Projective Presentations

The functor H depends on the projective presention (3, P) we choose. We are to
investigate what happens if we change (f, P) with the minimal projective cover (5, P;)
of M. In [7], a necessary and sufficient condition for the equivalence of H” and H”' was

stated and a sketch of a proof for that statement was given. Here, we give a detailed
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proof following the sketch in [7].

Definiton 3.3. Let S be a ring. For S-modules Vi and V, and for a submodule U of
Vi, the S-module Homg(Vy, Vo)U defined as the submodule of Va spanned by all images

im¢ for restrictions ¢ of U of homomorphisms from Vi to V,. In the case U s equal to

Vi, the T-module Homg(V, V2) V] is called trace of V} in Vo and denoted as try, (Va).

Since P and P; are both projective, we have P = P; @ P, where P, = ker[3/ker[3
and [y : P, — M is the zero map. Then kerf = kerf; & P, and we may express ( as

B=p5®0.

Hence, we have the following short exact sequence:

0 ket @ Py — P Py 22% M — 0 (3.1)

Proposition 3.4. Let § = (51,0) : P, & P, = M be given as in the exact sequence in
(3.1). Then (Endy(P))s = Endr(P) if and only if trp,(Py) is a submodule of kerf3;.

Moreover, for a T-module V' we have

HP(V) = H?(V)/Homp(P,, V)Hom (P, Py).

Thus H? = HP if and only if every homomorphism from P, to P, factors through a
linear combination of endomorphisms of P, whose image is contained in kerfy, that is,
H(Py) = (0).

If this condition does not hold, then H” is a proper quotient of HP'.

Proof. Since P = P, & P,, we can write the elements of P as column vectors with two
components, the first one from P; and the second one from P,. Consequently, we can

represent the endomorphisms of P as 2 X 2 matrices with entries in the appropriate
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Hom-spaces, hence we have

Homy(Py, P;) Homgp(Ps, P)
HOIHT<P1, PQ) HOHIT(PQ, Pg)

Endp(P) =

Then, since Endy(P;) = (Endr(P))s, and

(EndT(Pz))gz = {Qb - EIldT(P2> | gb(ker&) Q kerBQ}
= {¢ € (Endr(P))s, | ¢(F2) C P}
== EndT(Pg)

we have

(Endr(Py))s,  Homyp (P, P)

EndT(P) =
Homy (P, ) (Endp(F))g,
Then we have
Endp (P, Homp (P, P ker
Endy(P)kerf = (Endr(F1))s,  Homr (L, A) o
Homy(Pr, Py)  (Endp(Py))gs, P

(EHdT(Pl»ﬁlkel”Bl + HOHlT(PQ, Pl)PQ
HOHIT(Pl, Pg)kerﬁl —|— (EHdT<P2))52P2

kerﬁl + ter (Pl)
P,

N

(3.2)

Now, we are to prove that (Endy(P))s = Endy(P) if and only if trp, (P;) is a submodule
of kerp;. If trp,(P;) is a submodule of kerf3;, then kerf; + trp,(P;) = ker/3;, thus, by
the inclusion in (3.2), we have (Endr(P))s = Endy(P). Conversely, assume that
(Endr(P))s = Endy(P). Let ¢ be in Homy (P, P;). Define

O:PLdP,— P ® P, (0417042>'_> (¢(a2)70)'
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Clearly, ¢ is well-defined since ¢ is. Since (Endr(P))s = Endy(P), the set ¢(kerp) is
a submodule of ker3. Then ¢(ker/3; @& P,) is a submodule of ker3; & P,. That means
for any oy in kerf3; and as in Py we have ¢(aq, ag) in ker5y @ Py, that is, (¢¥(as),0) in
ker3; @ P,. Then we have 1(ay) in kerf;. Since ay is arbitrary, we conclude that ime
is a submodule of ker;, and consequently trp,(P;) is a submodule of ker/3;. Therefore
(Endr(P))s = Endr(P) if and only if trp,(P;) is a submodule of kerf;, or equivalently,
(Endr(P))s = Endr(P) if and only if Homy (P, Py) is a subset of Homy (P, ker/s).

The first part of the proposition is proved.

Now, we are to prove the second part. Assume (Endy(P))s = Endyp(P). Let
0= (g; zi) be in Jg. Then for any v = (7)) in kers we have

6, 6
1 U2 T C kerB,

05 04 V2

that is,

01(71) + O2(72)
O3(71) + 0a(2)

C kerfs = kerf3; @ Ps.

Then 01(v1) + 02(72) is in kerf;. Since 0y is in Homy (P, kerf3;), we have 0y(72) in
kerf3;. So 61(71) is in kerf;. As 7, is arbitrary, we have im#; a submodule of ker/;.

Hence we obtain

Ja, Homrp (P, kerf)

Jg =
HOHIT(Pl, PQ) (EndT(PQ)),Bz

We represent homomorphisms from P into a T-module V' as row vectors § = (d1, d2),

where ¢; is in Homy(P;, V') for i = 1,2. Then, we have

ng HomT(Pg,Pl)

Homy(P,V)Jg = (HomT(Pl, V), HOHlT(P%V))
HOIHT(Pl, Pz) (EndT<P2))Bz

= ( Homp(P1,V)Jg, +Homr(P1,V)Homy (Py,P2), Homy (P1,V)Home (P2, Pr)+Home (P2,V)(Endr(P2))s, )
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Clearly, the T-module Homy (P, V)Homy (P, P1) + Homy (P, V) (Endr(FP2))s, is a
submodule of Homy(P,, V). Also, any ¢ in Homyp(P,, V) can be written as { =
€ 0 id(Endy(Py))s,» hence it is an element of Homr (%, V)(Endr(FP,))s,. Thus, the set
Homy (P, V) is a submodule of Homy(Ps, V') (Endy(Ps))s,. Then we have

Homy (P, V).J = (Homy (P, V)Js, + Homr (P, V)Homy(P;, Py), Homy(Fs, V)

Now, we can write H?(V) as

Homy (P, V)
HI(V) = Homy (P, V)Js
(Homy (P, V), Homp (P, V)

(Homp (P, V) Js, + Homy (P, V)Homy (P, P,), Homy (P2, V)
~ Homy (P, V) (3.3)

(Homr(Pr, V) Js, + Homp(By, V)Homy (P, Py)) '
., Homp(P, V)/Homr (P, V') J3s,
~ Homy (P, V)Homy (P, P)
N (V)
~ Homg (P, V)Homyp (P, Py)

Finally, we are to show that H? = H" if and only if H?'(P,) = (0). First, assume
HP'(P,) = (0). Then Homy(Py, P,) = Homp(Py, P)Js,. Hence, we have

HOIHT(PQ, V)HOHlT(Pl, PQ) = HOHlT(PQ, V)HOH]T(Pl, P2)Jﬁ1

g HOHlT(Pl, V)ng
Then, by Equation 3.3, we have
HP(V) = Homy(Py, V) /Homy(Py, V) Js, = H (V).

Conversely, assume H? = H?'. Then, we have

Hﬁl (V)
Bi 1)
A (V) Homy(P,, V)Homy (P, Py)
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for any T-module V. Then, we obtain Homy (P, V)Homy (P, Py) = (0). For V = P,
we have Homyp(P,, V') = Homy(Pe, P2) # (0). Hence Homy (P, P2) = (0). Therefore,
we have H1(P,) = (0). O

Now, we prove a relevant lemma. First we need a definition:

Definiton 3.5. Let P and V' be in mody and assume that P is projective.

(i) The P-torsion submodule torp(V') is the sum of all submodules X of V with
respect to the property Homp (P, X) = (0). If torp(V) = (0), then V is called
P-torsionless.

(ii) The kernel kerp is the full subcategory of mody whose objects are the T-modules
V' with Homp (P, V') = (0). Therefore, the T-module V is in kerp if and only if
torp(V) = (0).

Lemma 3.6. Let § = (81,0) be as in Lemma 3.4. Then (Endr(P))s = Endr(P) if
and only if Homp(Py, M) = (0). In this case, M is P-torsionless if and only if it is

P -torsionless.

Proof. Assume (Endy(P))s = Endy(P). Then by Lemma 3.4, we have trp,(P;) a sub-
module of kerf3;. Let ¢ be in Homy (P, M). Since P, is projective and [ is surjective,
there exists a homomorphism ¢ in Homy (P, P;) such that ¢ = 1. Then we have
¢ =0 as

imy C trp,(P1) C kerp;.

Conversely, assume that Endr(P) # (Endy(P))s. Then trp,(P;) is not a submodule
of ker3;. That means there exists a homomorphism 6 in Homy(P,, P;) whose image

is not contained in kerf;. Then, the map (;60 in Homy(P,, M) is nonzero. Hence

HOIHT(PQ, M) == (O)
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Now, assume that Homy (P, M) = (0). Let X be a submodule of M. Then
Homy (P2, X) = (0). Hence, we have

Homy (P, X) = Homyp (P, & Py, X) = Homp (P, X) @ Homyp (P, X) = Homp (P, X).
Therefore, we conclude that M is P-torsionless if and only if it is P;-torsionless, as

claimed. O

Corollary 3.7. Suppose Py is a projective T-module such that Homp (P, Py) = (0)
and that trp,(Py) is a submodule of kerf;. Then, for

=010 PP —M

we have (Endp(P))s = Endp(P), and H? = HP.

Proof. If Homp(Py, Py) = (0) then HP1(P,) = (0), hence the result follows by Lemma
3.4.

3.4. Right Inverse of H

The functor H has a right inverse. Before proving this statement, we need some

definitions and lemma which were stated and proved in [6].

Lemma 3.8. Let V and V' be in modr and let P be projective T-module. Then torp(V)
is the unique maximal submodule X of V such that Homp (P, X) = (0). Moreover,
torp(V/torp(V)) = (0) and for a T-module homomorphism f : V. — V' we have
f(torp(V)) is a subset of torp(V’).

Proof. First, we are to prove that torp(V) is the unique maximal P-torsion submodule
of V' with respect to the property Hom (P, X)) = (0). We need only to show the unique-

ness part. Assume there exists another maximal submodule IV of V' satisfying the condi-
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tion Homy (P, N) = (0). Then, we have Homy (P, N/(torp(V)NN)) = (0) since, if there
would exist a nonzero morphism in Homy (P, N/(torp(V)NN)), then, by projectivity of
P and surjectivity of the natural projection from N onto N/(torp(V)N N), there would
exist a nonzero morphism in Homy (P, N), which is not the case. Hence, by the Sec-
ond Isomorphism Theorem, we conclude that Homy (P, (torp(V) + N) /torp(V)) = (0).
Then, for any homomorphism ¢ in Homy (P, torp(V') + N), we have the T-module im¢
is a submodule of torp(V). Then, since Homy (P, torp(V)) = (0), the map ¢ must
be the zero map. Hence, we obtain Homy (P, torp(V) + N) = (0). However, this
result is contradicting the maximality of torp(V) since torp(V) is a submodule of

(torp(V) + N). Therefore, we must have torp(V') as the unique maximal P-torsion

submodule of V.

Next, we are to show that torp(V/torp(V)) = (0). To this end, we have to prove
that for any submodule W /torp (V') of V/torp(V'), we have Homy (P, W/torp(V)) # (0).
We prove by contradiction; assume that there exists a submodule Wy /torp(V') of
V/torp(V') such that Homy (P, Wy /torp(V)) = (0). Then we have Hom (P, Wy) = (0)
since Homy (P, torp(V)) = (0). But, that contradicts maximality of torp(V') since
torp(V) is a subset of Wy. Hence, we obtain torp(V/torp(V)) = (0).

Finally, we are to establish the last statement; for any T-module homomorphism
f:V = V' we have f(torp(V)) as a submodule of torp(V’). Our goal is to prove
the equality Homy (P, f(torp(V))) = (0), then, since torp(V’) is maximal, the result
follows. If there would be a nonzero homomorphism in Homy (P, f(torp(V'))), then by
projectivity of P and surjectivity of the map fliorp(vy : torp(V) — f(torp(V')) which
is obtained by restricting f to torp(V'), there would exist a nonzero homomorphism in

Homy (P, torp(V)), which is not the case. Therefore Homr (P, f(torp(V))) = (0). O

Using the above result f(torp(V)) C torp(V’) , we can conclude that for V/
and V' in mody, any T-module homomorphism f : V' — V' induces a T-module
homomorphism from V/torp(V') to V' /torp(V'). Now, we define a functor Ap which

has an intermediate role in the definition of right inverse of H:
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Definiton 3.9. Define the functor
Ap : modr — mody, V +— V/torp(V)

for V inmody and define Ap(f) as the induced morphism from V /torp(V') to V' /torp(V")

for any T-module homomorphism f:V — V' .

Now, we are ready to define inverses of H:

Definiton 3.10. Assume (Endr(P))s = Endrp(P). We define four functors from

modgnd, (v to mody as

Fy = - ®Bnapny M
ﬁM = Ap o <7 ®EndT(M) M)
GM = - ®EndT(P) P

Gy = Apo (- ®Endr(p) P)

Before stating the proposition on inverses of H, we state a lemma which shall be
used in the proof of that proposition. The sketch of the proof was given in [6]. Here,

we give a detailed proof.

Lemma 3.11. Assume (Endy(P))s = Endr(P). Then Endr(M) = Homyp (P, M) as
Endy (M) — Endr (M) bimodules.

Proof. Firstly, we observe that, given a morphism « in Homy (P, M), by projectivity
of P and surjectivity of 3, we have a morphism ¢ in Endr(P) such that a = S,
Then, since we assume that (Endr(P))s = Endr(P), by Proposition 3.1, there exists
a morphism ¢ in Endr(M) such that for m in M ¥(m) = 5(¢(p)) where G(p) = m.
Combining these two results, we obtain for any « in Homy(P, M), a ¢ in Endy(M)
given by ¥(m) = a(p) for m in M where p is in P such that 3(p) = m.
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Now, we define
¢ : Homy(P, M) — Endr(M)

mapping « in Homp(P, M) to ¢ in Endy(M) where 1 is defined as above. Well-
definedness of ® is clear since even if different morphisms ¢, and ¢4 satisfy the property

a = (¢, the resulting morphims 1, and 1), are the same, as we have

1(m) = B(dr(p)) = alp) = B(92(p)) = 2(m)

for any m in M and p in P such that f(p) = m. The map ® is an Endy(M)-module
homomorphism since, for ¢ € Endr(M) and o € Homr (P, M),

() (m) = Ya(p) = ¥(a(p)) = pP(a)(m).

Also @ is surjective since, by Proposition 3.1, for ¢ in Endr (M), there exists a ¢ in
Endy(P) such that E((b) = 1) and we have S¢ in Homp (P, M), and for all m in M and
p in P such that f(p) = m we have ®(S¢)(m) = Bo(p) = ¥(m). Finally, ® is injective
since if « is in ker®, then ®(a) = 0, and as E in the proof of Proposition 3.1 is an
isomorphism, the corresponding ¢ in (Endy(P))s is in Js, that is im¢ is a subset of

kerf3, hence a = ¢ = 0. Therefore @ is an isomorphism and the lemma follows. [

The following proposition gives right inverses for H. The proof is taken from [6].

Proposition 3.12. Assume (Endy(P))g = Endy(P). Let Hbe one of the four functors
defined in Definition 3.10. Then His a right inverse of the functor H.

Proof. Let X be an Endr(M)-module. Firstly, we observe that, by Proposition 3.1,
Endz(M)-module M is also an Endy(P)/Jsg-module. Besides, the ideal J3z acts on M
trivially, that is Js - M = (0) since the action of any element of Endy(P)/Jz on M is

defined as the action of the corresponding element in Endy (M) and Jg is mapped to
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the zero element of Endy (M), therefore

Js-M=0-M=0.

Hence, we have

X Rgndpp) M = X Qgnapn) M.

Also, by Proposition 2.9, we know that

Homy (P, X ®pnapp) M) = X Qpnapp) Homp (P, M).

Thus, using Lemma 3.11, we obtain

Homp (P, X ®gnay vy M) = Homyp (P, X ®gnay(p) M)
= X ®gnd,(p) Homp (P, M)
2 X ®gndp(py Endp (M)
2 X ®gndg(v) Endp (M)

=X

Besides, by Proposition 2.9, any morphism ¢ in Homy (P, X ®gna, ) M) can be writ-
ten of the form ¢, g for some x in X such that ¢, 3(p) = x ® S(p) for p in P. Thus we
have

HOHIT(P,X ®EndT(M) M)Jﬁ =0

since for ¢ in Jz and ¢, in Homy (P, X ®gpa,ry) M) and p in P,

G250(p) = 2@ B(Y(p)) =2 @0
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as im¢ is a submodule of kerf.

Therefore we have

Hy (Fy (X)) = Homp(P, X OEndr(M) M)/Homy (P, X ®wnay) M)Js
= HOHIT(P, X ®EndT(M) M)

=X

and hence I, is a right inverse of H.

Obviously, for V in mody, we have Homyp(P,V) = Homy(P, Ap(V)). Thus
H(V)= H(Ap(V)). Then, using the above result we get

H(Fy(X)) = H(Ap(Fu(X))) = H(Fy(X)) = X.

Therefore Fy; is also a right inverse of H. The statement can be proved similarly also

for Gy and éM. O

3.5. Correspondence between (Irr7T)y and IrrEndy (M)

Our next aim is to maintain a correspondence between certain irreducible T-
modules and non-isomorphic irreducible Endz (M )-modules. First, we need some lemma.

Proofs of those lemma are taken from [6].

Lemma 3.13. Assume (Endr(P))s = Endp(P). Let V' be an irreducible T-module.
Then H(V) = (0) or Homyp(P,V)Js = (0), and H(V) = Homg(P,V) # (0) is an
irreducible Endr (M )-module.

Proof. First note that if Homy (P, V') # (0) then Homy (P, V') is an irreducible Endr(P)-
module. For proof, see [2, 6.3].
Assume H (V') # 0. Then Homy(P, V') # 0 and Homy (P, V)Js # Homy (P, V). Then
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Homy(P,V)Jg is a proper submodule of Homy (P, V). But, since Homy(P, V) is an
irreducible Endy(P)-module, we have Homy (P, V)Jz = (0). So H(V) = Hom¢p(P,V)
is an irreducible Endz(P)-, hence Endy (M )-module. O

Lemma 3.14. Let X be an Endy(M)-module. Then trp(X ®@pnayanM) = X @gnapan) M
and trp(X Qpnapp) P) = X gnarpp) P.

Proof. We know by Lemma 3.11 and Proposition 2.9 that X = Homy (P, X ®gna, () M)
via the map = — ¢, 3 where z is in X and ¢, is in Homp(P, X ®gna,n) M) de-
fined as ¢, 5(p) = = ® P(p) for p in P. Let x ® m be an arbitrary generator of
X ®gndar(my M. As 3 is surjective, there exists a p in P such that 3(p) = m, hence
$z3(p) = x ®m. Thus 2 @ m is in trp(X gnayry M). Then, since x ® m is arbi-
trary, we obtain X ®gnay) M € trp(X Qgnapn) M). Also we have, by definition,
trp(X @pnarn) M) € X @pnayny M. Therefore we proved

t1p(X ®pndp) M) = X @gndp vy M.

Since X is also an Endy(P)-module, the same proof provided M replaced by P gives
us the second statement, trp(X QEndp(P) P)=X QEndp(p) P- O

Lemma 3.15. Let X be an irreducible Endp(M)-module. Then Fy(X) # (0), and
Fu(X) is an irreducible T-module, and we have Fy (X) = Gy(X).

Proof. By Proposition 3.12 we know that Hy (Fy (X)) = X # (0). Hence, we have
Ey(X) # (0).

Now, we are to show that F;(X) is irreducible. Let U be a submodule of Fy;(X)
which is equal to X ®gna,(a) M. Then, the Endy(P)-module Homp (P, U) is canonically
embedded into Homy (P, X ®gna, vy M) = X. Since X is an irreducible Endy(M)-
module, hence irreducible Endy(P)-module, we have either Homy(P,U) = (0) or
Homp(P,U) = X = Homgp(P, X ®gnapy M). If the latter holds, then the image

of every homomorphism from P to X ®gna,(mr)y M is contained in U. That means
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trp(X ®pnapv) M) is a submodule of U. Then, by Lemma 3.14 X ®gnap ) M is a
submodule of U. Hence U = X ®gpna, () M. This shows that if U is a proper submodule
of X ®gna, () M, then Homyp(P,U) = (0). Then, by definition of torp(X @gna, ) M),
for all proper submodules U of X ®gna,a)M, U is a submodule of torp(X @gna, ) M).
So torp(X ®gnay vy M) is the unique maximal submodule of X ®gna,(ar) M, hence, we

obtain that T-module FM(X) = X ®gndp () M/torp(X @gnd, )y M) is irreducible.

Since X is also irreducible as Endy(P)-module, substituting M with P in the

above argument gives that G, (X) = X®gnday(p)P/trp(X @gnar(p) P) is also irreducible.

Finally we are to show that FM(X) = GM(X). Since the functor X ®gna,(p) —

is right exact, the morphism
1® 6 X QEndr(p) P — X @Endr(p) M = X Qpnaron M

induced by [ is an epimorphism. So the induced mapping

is also an epimorphism. As Ap(1 ® () is nonzero and kerAp(1 ® f3) is a submodule of
the irreducible module G;(X), we have kerAp(1 @ 8) = (0). Therefore, by the First
Isomorphism Theorem, Fiy (X) = G (X).

Now we state the correspondence theorem mentioned before. The proof is partly

taken from [6].

Notation. Let R be a ring. The complete set of non-isomorphic irreducible R-modules

s denoted by IrrR.
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Theorem 3.16. Assume (Endr(P))s = Endr(P) Define the set
(InT)y = {V € InT | Hur(V) £ (0)}.
Then Hy; induces a bijective correspondence
Hy : (InT) g — Irr(Endp(M))
and the inverse of Hys is
Fyr : Irr(End (M) — (IreT) .

On Irr(Endp(M)), the functors Fyy and Gy coincide.

Proof. We proved before in Proposition 3.12 that Fy; is a right inverse for Hys. So if
we show that F; is also a left inverse for Hj; we obtain the required correspondence.
To this end, let V be in (IrrT)g. Then X := Hy (V) # (0) and so, by Lemma 3.13,
we have Hy/ (V) = Homp(P, V) and Hy (V) is irreducible. Now we define the map
¢ : Homp(P, V) ®@gnaypy P — V, for f in Homyp(P, V) and p in P, as ¢(f @ p) = f(p).
Clearly, ¢ is well-defined. Now, we are to show that ¢ is surjective. First, observe that
any nonzero f in Homy (P, V') is surjective since otherwise im f is a proper submodule of
V' and that contradicts the irreducibility of V. Now let v be in V. As Homy (P, V') # (0)
there exists a nonzero f in Homy (P, V') and since f is surjective there exists p in P such

that f(p) = v. Then ¢(f ® p) = f(p) = v. Since v is arbitrary, we have ¢ surjective.

Observe that, by Lemma 3.13, we have torp(V) = (0) as Homp(P, V') # (0) and
V' is irreducible. Also, by Lemma 3.8, ¢(torp(X ®gna,(py P)) C torp(V) = (0). Then
tor p( X @gnap(pyP) = (0). Then, since G (X) is irreducible, ¢ induces an isomorphism,

and by Lemma 3.15, we have

Fu(X) = Gu(X) = X @pnar(p) P/torp(X Qpnapp) £) = V/torp(V) =V, 0
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Definiton 3.17. Let Y C Endy(M). Define Y M as the ideal of M generated by the
images of homomorphisms in Y, that is, YM = (im¢ : ¢ € Y). The below theorem
was stated and partly proved in [6]. We give a full proof here.

Theorem 3.18. Let Y be a right ideal of Endp(M). Then Fy(Y) = Ap(Y M) and
Hy(YM) =Y. In particular, if M is P-torsionless, then Fy (Y) =Y M.

Proof. First, observe that, by general theory and Lemma 3.11, we have the isomor-

phisms

Y = Y ®EndT(M) EndT(M) = Y ®EndT(M) HOIHT(P, M)

via maps y — y ® 1 — y ® £, and by Proposition 2.9 the isomorphism

Y ®EndT(M) HOHIT(P, M) = HOHIT(P,Y ®EndT(M) M)

via the map y ® 8 — ¢, 3 where ¢, 3(p) = y ® B(p) for p in P. Hence the elements
of Homp(P,Y ®gnap vy M) are of the form ¢, 5. By the definition of Y'M the map
v 1Y Qpnapary M — Y M defined by v(y ® m) = y(m) is surjective.

So the induced map

Y : Homp(PY OEndy (M) M) — Homyp (P, Y M)

is also surjective. Now we are to prove the injectivity of v,: For ¢ in kery, we have
Y«(¢) = 0, that is y¢(p) = 0 for all pin P. Then, since any ¢ in Homp(P,Y ®gna, ) M)
can be written as y ® 8 for some y in Y, we have v(y ® 3(p)) = 0 for some y in Y, for
all p in P. Then, by surjectivity (3, we have v(y @ m) = 0 for all m in M. By definition
of 7y, that means y(m) = 0 for all m in M. Then y = 0, hence ¢ = y® 3 = 0. Therefore
kery, = (0). So 7, is an isomorphism and we obtain Y = Homy (P, Y M).

In particular, Homy (P, Y M)Jz = (0) since for ¢ in Jg, ¢ in Homy(P,Y M), p in

P, using the isomorphism 7,, 1) can be written as y ® S for some y in Y and hence
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Thus,
Hy(YM) = Homy(P,YM)/Homyp(P, Y M)Jsg = Homp(P,YM) 2 Y.
Second, we are to prove FM(Y) = Ap(YM). Since v : Y ®Qpnayoy M — Y M is

surjective, it is enough to show that kery is a submodule of torp(Y ®gna, ) M) and

y(torp(Y @gndpary M)) = torp(Y M). Then, by general theory, we can conclude that
Fy(Y) =Y ®pnaran M/torp(Y @gnapon M) =Y M/torp(Y M) = Ap(Y M).
Now, applying the functor Homy (P, —) to the exact sequence
0 — kery — Y ®Endr(m) M S YM —0
we obtain the exact sequence

0 — Homy (P, kery) —= Homy(P,Y ®gnapry M) — Homp (P, Y M) — 0

Then, since 7, is an isomorphism, ¢, is the zero map. So Homy (P, kery) = (0). Hence

kery C torp(Y ®gnar ) M).

Since the restriction ’y|t0rp(Y®EndT(M)M) of v to torp(Y ®gna, )y M) is surjective

and P is projective, the induced morphism

(Vliorp (¥ ©paaganyp) )+ + Homr (Ptorp(Y @mnag(ary M)
— Homyp (P, y(torp(Y ®gnayny M)))

is also surjective. Then, we have Homp (P, y(torp(Y ®gnar(ayM))) = (0). Now, assume

there is a submodule W of Y'M such that y(torp(Y ®gna, ) M)) is a submodule of W
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and Homy (P, W) = (0). Then there exists a submodule Z of Y ®gna, vy M such that
torp(Y ®gndr(ay) M is a submodule of Z and y(Z) = W since v is surjective. For any n
in Homp(P, Z), we have 7 in Homp (P, kery) since y7 is in Homp (P, torp(Y ®gnap(ar)) M)
and Homp (P, torp(Y @gnap(a)) M) = (0). However, we know that Homp (P, kery) = (0),
hence we obtain Homy (P, Z) = (0), but this contradicts the maximality of the P-

torsion submodule torp(Y ®gna, ) M). Hence we conclude that

y(torp(Y ®gnayan M)) = torp(Y M).

Therefore we have Fy(Y) 2 Ap(Y M).

Finally, if M is P-torsionless, so is Y M since otherwise, if there would exist a
submodule W of Y M such that Homr (P, W) = (0), then as Y M is a submodule of
M, W is also a submodule of M and that would contradict the assumption that M is

P-torsionless. Thus, we have

Fu(Y) = Ap(YM) = Y M /torp(Y M) =Y M.

The proof of the following theorem was given in [6].

Theorem 3.19. Assume (Endr(P))s = Endp(P). Let X and Y be right ideals of
Endr(M). Suppose M is P-torsionless. Then H induces an isomorphism, also denoted

by H, from Homp(XM,Y M) onto Homgna, () (X, Y).

Proof. Using functoriality of H,; we define

H : Homp(XM,Y M) — Homgna, (X, Y), ¢ — H(9)

where H(¢) : H(XM) — H(YM). Since M is P-torsionless, we have H(XM) = X
and H(YM) =Y by Theorem 3.18. Then H(¢) is a map from X to Y. Since H is a
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functor, for ¢ and ¢ in Hom¢ (XM, Y M), we have H(¢y)) = H(¢)H (¢)). Hence H is a

homomorphism. Clearly H is R-linear.

Now, we are to show that H is surjective. Let o be an element of Homgpa, () (X, Y).
Consider the map a ® 1y 1 X Qgna, () M — Y Qgndr vy M. This map induces a T-

linear map

N X ®EndT(M) M N Y ®EndT(M) M
torp(X ®@gnayony) M) torp(Y @gndp vy M)

By Theorem 3.18, we have Ap(X ®gnay vy M) = XM and Ap(Y Qpndpn) M) =Y M.
Hence 7 is a T-linear map from XM to Y M. Also, we have

H(y) = H(Ap(a ® 1y)) = H(Ap(Fu(a))) = H(H(a)) = a.

Therefore H is surjective.

H is also injective: Let f : XM — Y M be a nonzero T-linear map. We are
to show that H(f) is also nonzero. Set U := imf. U is a submodule of M. Then
since M is P-torsionless, so is U. Then Homy(P,U) # (0). By Lemma 3.11 we have
Homy (P, M) = Endy(M). Then, by projectivity of P and Proposition 3.1, we conclude
that Homp (P, M)Jz = (0). So, since Homy (P, U) is a submodule of Homy(P, M), we
have Homy(P,U)Jz = (0) as well. Hence H(U) = Homy (P, U). Since P is projective
and f : XM — U is surjective, the map f,. : Homyp(P, XM) — Homy(P,U) is also
surjective. Then, for each nonzero element p of Homy (P, U), there exists an element 7

of Homy (P, XM) = H(XM) such that p = fr. Then, we have

H(f)(r) = Homy (P, f)(7) = fr=p #0.
So H(f): H(XM) — H(Y M) is not the zero map. Therefore H is injective.

Thus, we have shown that H is bijective, hence an isomorphism. O
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3.6. Correspondence between (Irr7")y and Constituents of hd(M)

Now we are to give the exposition of the proof for one of the main theorems of

this thesis. Firstly, we need a lemma which were proved in [6]:

Lemma 3.20. Assume (Endy(P))s = Endp(P). Let X be an Endr(M)-module and
Y be a mazximal submodule of X. Let i : Y — X be the canonical embedding. Let V
denote Fyr(X) = X ®gnap() M, and U be the image of the T-linear map

1 ® 1y Y Qpndr(v) M — X Qndr(ary M.

Then torp(V/U) is the unique mazimal submodule of V/U and the factor module
Ap(V/U) is canonically isomorphic to the irreducible T-module Fp(X/Y).

Proof. Applying the right exact functor — ®gna,(ar) M to the exact sequence
05Y L5 X =5 X/Y =0
we obtain the exact sequence
Y ®endrny M B X Rbndr ) M = X/Y @gndrny M — 0,
hence the exact sequence
0—=U—=V = X/Y Qgnapny M — 0.
Then we have V/U = X/Y ®gna, vy M and therefore

(V/U) ftorp(V/U) = X/Y Qpnarar) M/torp((X/Y) @pnarar M)-

By definition, the left hand side is equal to Ap(V/U) and the right hand side is equal to
Fu(X/Y). Hence, we obtain Ap(V/U) = Fy(X/Y). Since Y is maximal, the quotient
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module X/Y is irreducible. Then, by Lemma 3.15, we have F);(X/Y) irreducible and

hence torp(V/U) is maximal. O

We are to state a corollary of Lemma 3.20. Let X be an Endy(M)-module and
X = X2 X7 2 Xy D ... be afiltration of X such that Y; := X; ;/X; is an irreducible
Endy(M)-module for i > 1. Let V := Fy(X) = X ®Qgnayu) M, and let V; be the

canonical image of X; ®gna,(ay M in V for ¢ > 0.

Corollary 3.21. Assume (Endy(P))s = Endy(P) and let X; be an Endr(M)-module
fori >0 and X = Xy. For the induced filtration

V=Wwa2VialWho..

where V; = Fp(X3), let U; be the factor module V;_y/V;. Then torp(U;) is the unique
mazimal submodule of U; and the irreducibe T-module Ap(U;) = U; /torp(U;) is canon-

ically isomorphic to Fy(Y;) for all i > 0.

The next theorem gives us a correspondence between (Irr7")y and constituents

of hd(M). In the proof, we follow the sketch given in [6].

Theorem 3.22. Let R be a field. Assume (Endr(P))s = Endy(P). Then, (IrtT') gy is
a complete set of non-isomorphic irreducible constituents of head of M hd(M). Every
indecomposable direct summand of M has a simple head and factoring out the Jacobson
radical induces a bijection between the isomorphism classes of indecomposable direct

summands of M and the elements of (IrvT) .

Proof. Let {ey,...,ex} be a complete set of non-conjugate, primitive idempotents of
Endr (M), that is e;Endyp (M) # e;Endr(M) for @ # j. Then, by Lemma 2.3, the set
{e;M|1 < i < k} is a complete set of non-isomorphic, indecomposable direct summands
of M. Hence, there is a bijective correspondence between the indecomposable direct

summands of M and projective indecomposable Endy (M )-modules.
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We may consider g : P — M as the projective cover of M. Then kerf is
superfluous in P. Clearly, any submodule of kerf is also superfluous. Then, since the
module im¢ is a submodule of ker/s for any ¢ in J, by Proposition 2.4(i), we have J3
is an ideal of Jac(Endr(P)). As Endr(P) is finitely generated, it is right Artinian.
Then, by Proposition 2.4(ii), the Jacobson radical Jac(Endr(P)) is nilpotent. Then,

Js is also nilpotent as it is an ideal of Jac(Endr(P)).

As Endr(P)/Js = Endr(M) by Proposition 3.1, and Js is nilpotent, the non-
conjugate primitive idempotents of Endr(P) are in one-to-one correspondence with
the non-conjugate primitive idempotents of Endy(M). Hence, we can lift idempotents
from Endy (M) to Endp(P). Therefore, we have a one-to-one correspondence between
the indecomposable direct summands of P and those of M, given by restricting 3 to
indecomposable direct summands of P. In particular, the projective cover Py of any
indecomposable direct summand N of M is an indecomposable projective T-module.

Then, by Proposition 2.5, Py has a unique maximal submodule, namely Jac(Py).

As indecomposable direct summands of P are in one-to-one correspondence with
those of M, hence with projective indecomposable Endy (M )-modules, the Endy(M)-
modules

hd(e;Endr(M)) = e;Endr(M)/Jac(e;Endr(M))
are simple for each ¢ € 1,...; k. Then the set

{hd(e;Endr(M))| 1 < i < k}

is a complete set of non-isomorphic irreducible Endy(M)-modules. Since this set is

equal to Irr(Endz(M)), by Theorem 3.16, the set (IrrT) g can be written as

(IrrT) g = {EFp(e;Endp (M) / Jac(e;Endp(M)))| 1 < i < k}.

By the assumption in the theorem, R is a field, T" a finite dimensional algebra, so, all
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T-modules and Endy(M)-modules being finitely generated, have composition series,
and the multiplicities of Y € IrrEndr (M) a a composition factor of e;Endr (M) equals
to the multiplicity of Fi;(Y) as a composition factor of Fy;(X). Applying the functor
Fyr to the filtration

e;Endr (M) O Jac(e;Endr(M)) D ...

we obtain

eiM D Jac(e;M) D ...

Then, by Corollary 3.21, the irreducible T-module e;M/Jac(e; M) is canonically iso-
morphic to Fiy(e;Endy(M)/Jac(e;Endr(M)). Therefore, the set (IrrT)y consists of
precisely the direct summands of the head M/Jac(M) of M. O

Now, we state a more specific version of the previous theorem. In the proof, we

use the sketch given in [7].

Theorem 3.23. Let R be a field. Assume (Endy(P))s = Endy(P), the T-module M
is P-torsionless, and Endr(M) is self-injective. Then

(1) Every element of Irr(Endr(M)) is isomorphic to XM for some minimal ideal X
of Endr(M).

(1) The set (IrvT)y is up to isomorphism a complete set of irreducible constituents
of soc(M) as well as hd(M).

(i1i) Every indecomposable direct summand of M has a simple socle and a simple head,
and taking socles, respectively heads, induce bijections between the isomorphism
classes of indecomposable direct summands of M and the elements of (IrrT) .

(iv) Socle and heads of the indecomposable direct summands of M are isomorphic if

in addition Endr(M) is a symmetric algebra.

Proof. As Endyp(M) is self-injective, by Proposition 2.7, minimal ideals of Endy(M)
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correspond to principal indecomposable direct summands of the module Endy(M).

Thus, part (i) of the theorem follows from Theorem 3.18.

The parts (i7) and (éi7) are proved for hd(M) in Theorem 3.22, so, it is enough
to prove the statements for soc(M). Consider the projective cover (8, P;) of M. By
definition of the projective cover, ker(3; is superfluous. Then, by Proposition 2.8(i),
kerf3; is a submodule of Jac(Py). Then, since f; is an epimorphism, by Proposition

2.8(ii), we have
B1(Jac(Py)) = Jac(M).
Then, we obtain
Py/Jac(Py) = M/ Jac(M).

Thus, using Theorem 3.22, we conclude that the set (IrtT)y is, up to isomorphism,

precisely the set of the irreducible constituents of hd(P).

Let S be a simple submodule of M. Then there exists a surjective map ¢ from P
onto S. Since ¢ is surjective, ker¢ is maximal. Then Jac(P) is a submodule of kerg.

Thus, we have

P c P
ker¢p — Jac(P)

S

I

= hd(P).

Therefore, every simple submodule of M, or equivalently, every constituent of soc(M)

is isomorphic to an irreducible constituent of hd(P).

We use the notation of (3.1). By assumption, M is P-torsionless. Then, by
Lemma 3.6, it is P;-torsionless, that is, we have Homy (P, M) = (0). Since R is a field,
T is a finite dimensional algebra. So, every T-module has a composition series. Since
Homy (P2, M) = (0), no composition factor of hd(P,) occurs as a composition factor of

M. In particular, no simple submodule of hd(P,) occurs as a simple submodule of M.
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Then, we conclude that, every constituent of soc(M) is isomorphic to an irreducible

constituent of hd(P;), hence to an element of (IrrT") .

Now, let S be an element of (Irr7T")y. Then, by Lemma 3.15 and Theorem 3.16
we have S = H(X) for some irreducible Endp(M)-module X. By the part (i), we
may assume X to be a minimal right ideal of Endy(M). M is P-torsionless, hence
by Theorem 3.18, we have S = X M. Then, the T-module S is contained in the socle

of M. Therefore, the set (IrrT") g is, up to isomorphism, a complete set of irreducible

constituents of soc(M).

Finally, for part (iv), we refer to [9, 1.8.6] which enables us to obtain a correspon-
dence between heads and socles of Endy (M )-modules in the case that Endy(M) is a

symmetric algebra. O]

Recall that the functor H depends on P. The functor Fy also depends on the
choice of P since it is the composition of the functor - ®gya,(ar) M and the functor Ap
that is determined by P. As in the case of H we are to compare functors F ]@ and F ]@1
where (8, : P, — M is the minimal projective cover of M. The following lemma was

stated in [7]. Here, we give a proof.

Lemma 3.24. Let X be an Endp(M)-module. Then there is a natural epimorphism
from FPN(X) onto FiJ\(X).

Proof. Since FV (X)) = Ap(X ®Endr(m) M), it is enough to show that for any 7-module
V', Ap, (V') is an epimorphic image of Ap(V).

Firstly observe that if Homp (P, torp(V)) = (0), then Homy (P, torp(V)) = (0),

hence torp(V) < torp, (V). Now, since 1y : V' — V is surjective and

Ly (torp(V)) = torp(V) < torp, (V),
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1y induces an epimorphism

Ly : Ap(V) = Ap, (V) v+ torp(V)) — v + torp, (V)

where v is in V. Hence Ap, (V) is an epimorphic image of Ap(V') and lemma follows. [

For later use, we are to show that the ideal .Js, of the endomorphism ring
(Endr(P1))g, is contained in the Jacobson radical Jac((Endy(Pr))g,) of (Endy(P1))g,,

under the assumption that 7" is Noetherian. The proof is taken from [7].

Lemma 3.25. Suppose that T is Noetherian. Then Jg, is a subset of Jac((Endr(Fy))g, )-

Proof. Since P is a finitely generated module over the Noetherian ring 7', it is Noethe-
rian. Then every surjective endomorphism of P, is actually an isomorphism. For details
see [5, 3.3] and [5, 5.8]. Using this fact, we observe that for a maximal submodule V'

of P, the set

{¢ € (Endr(P1))p, | im¢ CV'}

is a maximal right ideal of (Endr(P}))g,, and every maximal right ideal of V' is obtained

in this way.

Since 1 : P — M is a minimal projective cover of M and T is semiperfect, by

[5, 6.25(1)], we conclude that kerf; is a submodule of Jac(P;). Then, we have

Jp, = {¢ € (Endr(P))s, | im¢ < kers}
C {¢ € (Endp(F1))s, | imé < Jac(P)}
= Jac((Endr(F))s,)



38

Since H has a left inverse, it is injective on objects. Moreover, decomposable
Endy(M)-modules are taken to decomposable T-modules by H. However, it does not
preserve indecomposability in general. Next lemma concerns with these facts. In the

proof , we use the sketch given in [7].

Lemma 3.26. Let X be an indecomposable Endy(M)-module, and let H(X) = V. Let
V=VeVed..&V, bea decomposition of V into a direct sum of indecomposable
T-modules. Then there is an index i in {1,...,k} such that the following holds (viewing
X if needed as an Endy(P)-module via the epimorphism 3 : Endy(P) — Endy(M) in
the proof of Proposition 3.1):

(i) H(V;) = X and H(V;) = (0) for j #1i in {1,....k}
(i1) Vi 2V; fori# j in {1,..k}
(tii) Homp(Py,V;) # (0) and Homyp(Py,V;) = (0) fori # j in {1,...,k}.

Proof. Since H is a left inverse for H(X) = V, we have H(V) = H(H(X)) = X. Then,
since X is indecomposable by assumption, so is H(V'). Observe that H preserves direct

sums since the functor Homy (P, ) does. Then
X=HV)=HVWeWe..0oV,)=HV)eHW)®..&H(V)

and since X is indecomposable, we have H(V;) = X for some ¢ and H(V;) = (0) for all
j # 4. That proves part (7).

Part (ii) follows from part (i) as H is well-defined, so if it would be the case
V; = V; for some j in {1, ...k} and j # i, then we must have had H(V;) = H(V;) which

is not the case.

Part (ii) is proved first for the two choices of V' obtained using the functors F,
and G stated in Definition 3.10, since they are mapped to X under the functor H”.
We have H?(V) = HP' (V). Then, by part (i), we have H?'(V;) # (0), and hence
Homz(P1, Vi) # (0). Also, we obtain by part (i) that H?(V;) = (0) for all j # . That
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means

HOmT(Pl, ‘G’)/HOHIT(P:[, V)‘]ﬁl = (0)

Then by Lemma 3.25 and Lemma 2.12, we have Homy (P, V;) = (0). Hence, we have
Homy (P, V;) = (0) for all j # i.

Before proving part (iii) for the remaining two choices of V' which obtained using
the functors F' W oand G M, we need to show that the functor Ap preserves direct sums.
Now, let W; and W5 be T-modules. Assume that Homy (P, W, @ Ws) # (0). Since
Homy (P, torp(W;)) = (0) and Homy (P, torp(Ws)) = (0), we have

Homp (P, torp(W7) @ torp(Ws)) = Homyp (P, torp(W7)) @ Homp (P, torp(Ws)) = (0).

Then, we have torp(W7) @torp (W) is a submodule of torp (W, & Ws). Since we assume
that Homq (P, Wy @ Ws) # (0), we have one of the statements Homy (P, W) # (0) and
Homp(P,W5) # (0) true. Then, we have either Homy (P, Wy /torp(Wy)) # (0) or
Homy (P, Wy /torp(Ws)) # (0). Then, we have

(0) # Homy (P, Wy ié: )

tOFp(Wl) @ tOI"p(WQ)

= Hom (P W& W, )
T\ torp(W7) @ torp(Ws)

Hence, we conclude that torp(W;) @ torp(Ws) = torp(W; @ Ws). Then, we obtain

Ap(Wl D WQ) = (Wl @D Wg)/tOI'p(Wl ) WQ)
= (Wl © Wg)/tOI'p(Wl) & tOI"p(WQ)
== Wl/tOI"P(Wl) D Wg/tOI'p<W2) == AP(Wl) D Ap(WQ)

For V. = Fy(X), we have V = Ap(Fy (X)) = Ap(V1) @ Ap(Va) ® ... ® Ap(V},) for
some decomposition of Fy(X) = V1 @ Vo @ ... ® Vi of Fj(X) into a direct sum of
indecomposable T-modules. Set V/ = Ap(V}) for all [ € {1, ..., k}. Since there does not
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exist any 7T-module homomorphism from P to torp(V;) for all s € {1,...,k}, we have
Homr (P, V;) = Homy(P, V; /torp(Vy)) = Homg(P, V).
In particular, we have H(V]) = H(V).

Since part (iii) is proved for the functor Fy;, we have Homy(Py,V;) # (0) and
Homy (P, V;) = (0) for i # j in {1,...,k}. Then we obtain Homy (P, V)) = (0) for
j # iin {1,...k}. Even if V] for j # i is decomposable, for each indecomposable
constituent W’ of V/, we have Homy (P, W’) = (0).

Since Homy (P, V;) # (0) for some i € {1,...,k} and there does not exist any

T-homomorphism from P; to torp(V;), we have
Homy(Py, V) = Homyp(Py, Ap(V;)) = Homp( Py, Vi /torp(V;)) # (0).

Now, assume V' is decomposable, say V' = W] & W3. Since H is a left inverse for Fu,

and H(V}) = (0) for all j # 4, we have

X=HFyX)=HV/eV]e.V)=HV))e HV)) & ..H(V])
= H(V)) = HW)) © H(W,).

Since X is indecomposable, we have either H(W]) = (0) or H(W3) = (0). Assume
H(W3) = (0). Then we have

Homq (P, W3) _ (0)
Homy (P, W3).Js ’

We have shown in the proof of Theorem 3.22 that .Js is contained in Jac(Endz(P)).
Then, using Lemma 2.12 we conclude that Homp(P,W;) = (0). Hence we have
Homy (P, W3) = (0).
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Therefore, for a decomposition of Fy/(X) = V{ @ Vj...® V}, into indecomposable
T-modules, Homr (P, V/) # (0) for some i € {1,..k'} and Homp(P,V}) = (0) for all
j # i. The proof for V = G);(X) is exactly the same as the proof for Fy;(X), therefore
is omitted. [l

The previous lemma has a corollary stated in [7]. Here, we give a proof.

Corollary 3.27. Under the assumption of Lemma 3.26 suppose that H® = HP' | where
T is a finite-dimensional algebra over some field. Then no composition factor of the

head of Py, hence of M, occurs as a composition factor of V; fori # j{1,...,k}.

Proof. We have shown in the proof of Theorem 3.23 that P, and M have the same
head. By Theorem 3.22, we know that the set of constituents of hd(M) isomorphic to
the set IrrTy. However, for any i # j € {1,...,k} H?(V) = (0). Hence, V; is not an

element of IrrTy. The result follows. O

Now we state an application of Theorem 3.19. The proof is taken from [7].

Corollary 3.28. Asssume that M is P-torsionless. Let X be an indecomposable right
ideal of Endp(M). Then H(X) = X Misindecomposable.

Proof. Since M is P-torsionless, by Theorem 3.18, we have H (X) = XM. Also, by
Theorem 3.19, there exists an isomorphism between the endomorphism rings of X and
X M. For a Noetherian R-module M, the endomorphism ring of M is local if and only
if M is indecomposable, for details see [3, VII.1.27]. Then, since X is indecomposable,
its endomorphism ring is local, hence the endomorphism ring of XM is local as well.

Then, we conclude that X M is indecomposable. O]
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4. APPLICATION OF H TO HARISH-CHANDRA
THEORY

4.1. Harish-Chandra Induction and Truncation

Let G be a finite group and F' be a field. For subgroups P and U of G with U nor-
mal in P, we define Harish-Chandra induction from F[P/U]-modules to FG-modules,
denoted by RS v as the functor that lifts an F'[P/U]-module to an F'P-module by let-
ting U act trivially and then inducing it from P to G. The right adjoint functor of RS oL
Harish-Chandra truncation, denoted by T S/U, is defined as the functor that restricts

an F'G-module to F'P-module and takes U-fixed points to yield an F[P/U]-module.

Theorem 4.1. (Mackey Decomposition Theorem) Let P,Q,U,V be subgroups of G
with U normal in P and V normal in Q). Suppose that the orders of U and V' are
invertible in F'. Let M be and F[P/U]-module. Then

G G ~ Q/V pe/U® x
TGy © RP/U(M) - @ R<I£T0Q>V C(?QﬂPMU:‘ (PTNQ)V T(Qm/Pw)Uf“ (M)

LEP\G/Q TTAQ)V  (VAPT)UZ (UTNQ)V (VNPZ)UZ

where

o (QnPyUT _ (PTOQ)V
Sarrte ity - (VN PaYUs " (UsNQ)V

s an isomorphism, and M* denotes the conjugate module for the conjugate factor group

x(P/U)x™t, and P\G/Q is a set of P — Q-double coset of representatives in G.

We are to prove Theorem 4.1 using biset functors. At this section, we are to

introduce the notion of bisets and prove some facts about bisets.
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4.2. Biset Functors
Definiton 4.2. Let H and K be groups.

(i) An (H, K)-biset X is both a left H-set and a right K-set such that the H-action
and the K-action commute, that s, for any x € X, for allh € H and k € K, we

have
(h-x)-k=h-(x-k).

(i1)) An (H, K)-biset X is called transitive if for any elements x,y in X there exists
(h,k) in H x K such that

h-x-k=uy.
(i1i) The stabilizer (H, K), of x in (H x K) is the subgroup of H x K defined by

(H,K), ={(h k) e Hx K | h-z = k).

Lemma 4.3. Let H and K be groups, and X be an (H, K) biset. Choose a set H\X/K
of representatives of (H, K)-orbits of X. Then there is an isomorphism of (H, K)-bisets

¥ o |_| (H x K)

2eH\X/K (H, K)a

In particular, any transitive (H, K)-biset is isomorphic to (H x K)/L, for some sub-

group L of H x K.

Proof. See [4, 2.3.4].

Composition of bisets is defined as follows:
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Definiton 4.4. Let G, H and K be groups. If U is an (H, G)-biset, and V is a (K, H)-
biset, the composition of V' and U is the set of H-orbits on the cartesian product V x U,
where the right action of H is defined by

(v,u) -h=(v-h,h~ ' u)

for all (v,u) in V x U. It is denoted by V x g U.

Now, we are to state a lemma which provides us a useful formula for the compo-

sition of bisets:

Lemma 4.5. (Mackey Formula for Bisets) Let G, H and K be groups. If L is a
subgroup of H x G, and if M is a subgroup of K X H, then there is an isomorphism of
(K, G)-bisets

KxHX H><GE |—| K xd
Mo LT M @D [,

wep2(M)\H/p1(L)

where po(M)\H /p1(L) is a set of representatives of double cosets and

M +@D [ ={(k,g) € KxG | (k,h) € M and (h,g) € @V L for some h € H}.
Proof. See [4, 2.3.24]. O

Let X be a G-set. We define the permutation F'G-module with permutation basis
X as FFX. That is,

FX:@F.:U.

Then, G acts on FX, for g e G, x € X, and )\, € F, as

g (Z )\xa:> =) Auga.

zeX rzeX
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Similarly, for a (G, H)-biset X, FX is an FFG — F'H-bimodule.

Lemma 4.6. For a (G, H)-biset X and a (H, K)-biset Y

F(X xgY)=FX ®pg FY.

Proof. Firstly, we observe that,

FX ©py FY = (@ F:c) Qrn (EB Fy)

zeX yey

= @ Frx®@pu Fy

(z,y)eX XY

_ @ szFy

(z,y)EX XY
heH

where ~ is an equivalence relation on X X Y relating the elements (zh,y) and (z, hy)
for every h in H. Also, we have (zh,y) ~ (z,hy) if and only if (x,y) ~ (zh,yh™1).

Then we obtain

FX@m FY = @@ Flz,y =FXxyY).

(r7y)€X><HY

]

Definiton 4.7. Let G and K be groups. Let H be a subgroup of G and N be a normal
subgroup of G.

(i) The set G is a (H,G)-biset for the actions given by left and right multiplications
in G. It is denoted by res%.

(ii) The set G is a (G, H)-biset for the actions given by left and right multiplications
in G. It is denoted by ind%.

(111) The set G/N is a (G,G/N)-biset for the left action of G by projection to G /N, and

then left multiplication in G /N, and the right action of G/N by multiplication.

It is denoted by infg/N.
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(iv) The set G/N is a (G/N,G)-biset for the left action of G/N by multiplication,
and the right action of G by projection to G/N, and then right multiplication in
G/N. It is denoted by defg/N.

(v) If f: G — K is a group isomorphism, then the set K is an (K, G)-biset for the
left action of K by multiplication, and the right action of G given by taking image
by f, and then multiplying on the right in K. It is denoted by CQG.

These five bisets defined in Definition 4.7 are transitive, therefore their orbit sets
have cardinality 1. Then, using Lemma 4.3 we can rewrite those elementary bisets as

follows:

resy = (H x G)/R where R = {(h,h) | h € H}

ind$ = (G x H)/T where T = {(h,h) | h € H}
infgy = (G x G/N)/I where I = {(g,gN) | g € G}
defgy = (G/N x G)/D where D = {(gN,g) | g € G}
ch o= (K x G)/CF where Cf = {(f(9),9) | g € G}

Now, using Lemma 4.6, we define five elementary biset functors:

Definiton 4.8. Let G and K be groups. Let H be a subgroup of G and N be a normal

subgroup of G.
(1) For an FG-module V', the restriction functor is defined as
RestV = F(resg xq V) =g FGpg ®pc V.
(i) For an FH-module V', the induction functor is defined as
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(111) For an F|G/N]-module V', the inflation functor is defined as

Inf¢ n (V) := F(infg,y xan V) =rc FGrian @rien V-
(iv) For an FG-module V', the deflation functor is defined as

Defg/N(V) = F(defg/zv X V) =rig/n F|G/N]re ®rpc V.

(v) For an FG-module V' and an isomorphism f : G — K, the transport of structure

functor is defined as

C{(,G(V) = F(C{(,G xq V) =rkx FGpc ®pc V.

4.3. Mackey Decomposition Theorem
At this section, first, we are to prove Mackey Decomposition Theorem using the

results of the previous section. Then, we are to show the adjointness of TE/U and Rg U

on both sides.

Proof of Theorem /.1. The equality in the statement of Theorem 4.1 can be rewritten

as

Defg/vResgInngnfg/U(M)

= Qv (P*AQ)V o (QNPEYUT o, PT/U® z
— |_| md % o If DY 00 o onpeyue Dot apie Resfor by e (M)
x T 3 T T E =
z€P\G/Q TTAQ)V  (UFAQ)V > (VAPT)U (VAPT)T

We can write

Q/VxQ QxG GxP P x P/U

Def$  ResgIndGInfp , = 5 XQ T Xa — g Xp—

Q/V
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where

D={(qV,q)lq€Q}, R={(q,9) ¢€Q}, T={(p,p)lpe P}, I ={(p,pU)|p € P}.

By Lemma 4.5, we know

Q/VXQX QXG: |_| Q/V x G

D TR Dx@HR
q€p2(D)\Q/p1(R)

where

pi(R) ={q € Q| (¢,9) € R for some g € G},
pa(D) ={q € Q| (¢'V,q) € D for some ¢'V € Q/V},
Dx@YR={(qV,9) € Q/V x G| (¢V,¢) € D and (¢, g) € *YR for some ¢’ € Q}.

For any ¢ in @, the element (¢, ¢) is in R. Thus, we have p;(R) = Q. Also, for any ¢ in
@, the element (q,¢V) is in D. So, we have py(D) = Q. Then, the set ps(D)\Q/p1(R)
contains only one coset and the union consists of only one biset. We can take the

identity element 1 of () as the coset representative q. Then we have

QVxQ QxG QVxG
D 9T R T D«GOR

Clearly the set VR is equal to R. Therefore

D« @R =DxR
={(¢V,9) € Q/V x G| (¢V,¢) € D and (¢, g) € R for some ¢’ € Q}
={(¢V.q) € Q/V x Q}

={(qV,q)| ¢ € Q}
- D



Hence, we obtain

Q/V xQ QxG QJVxdG
Defg/VResg2 = o) QT = P
Similarly, we have
GxP PxP/U G x P/U
o= U e

pep2(T)\P/p1(I)

where

pi(I)={p e P| (p,p'U) € I for some p'U € P/U},

p2(T) ={p € P| (p,g) € T for some g € G},
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T+ PR = {(g,pU) € G x P/U| (g,p") € T and (p/,pU) € "V for some p’ € P}.

For any p in P, the element (p,pU) is in I. Thus, we have p;(I) = P. Also, for any p
in P, the element (p,p) is in 7. So, we have po(T') = P. Then, the set po(T)\P/p1(1)

contains only one coset and the union consists of only one biset. We can take the

identity element 1 of P as the coset representative p. Then we have

GxP PxP/U GxP/U
T P T T TsGu

Clearly the set (VT is equal to I. Therefore

T+@V[ =T x]

= {(g,pU) € G x P/U| (g,p") € T and (p', pU) € I for some p’ € P}

={(p,pU) € P x P/U}

={(p,pU)| p € P}
— 7
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Hence, we obtain

GxP PxP/U GxP/U

IndGInfh /U = — Xp— -
Now, by Lemma 4.5, we obtain
Q/V xG GxP/U Q/V x P/U
5 e = U D]

g€[p2(D)\G/p1(1)]

where

m(I)={pe P | (p,p'U) €I for some p’U € P/U}
p2(D)={q€ Q| (dV,q) € D for some ¢'V € Q/V}

For any p in P, we have (p,pU) in I, and hence p in p;(I). Thus, we have p;(I) = P.

Also, for any ¢ in @, we have (¢V,q) in D, and hence ¢ in ps(D). Thus, we have
p2(D) = Q. Then, we obtain

P2(D)\G/P1(I) = Q\G/P-

Also, for any g in po(D)\G/p1(I), we have

WO = (g, 1)I(g", 1) ={(g,1)(p,pU)(g~". 1) | p € P}

= {(gpg~",pU) | p € P}

and

L:=D+9Y T ={(qV,pU) € Q/V x P/U | (qV,g) € D (g,pU) € @VI for some g € G}

={(qV,pU) € Q/V x P/U | q = gpg™'}
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Now, by [4, 2.3.25] and [4, 2.3.26] we have

Q/V x PIU

- Ind?/ 7 Inf(7) - C Def?*7)

L R P/U
p1(L)/k1(L) ' p1(L)/kr(L)p2(L) k2 (L) S pa(L) /o (L) V5,

(L)
where
m(L)={qV € Q/V | (¢V,pU) € L for some pU € P/U}
={qV €Q/V | g = gpg* for some p € P}
k(L) =1{qV €Q/V | (¢V,U) € L} ={qV € Q/V | ¢ = gug™" for some u € U}
p2(L) = {pU € P/U | (qV,pU) € L for some ¢V € Q/V'}

={pU € P/U | ¢ = gpg™" for some q € Q}

ko(L) = {pU € P/U | (V,pU) € L} = {pU € P/U | v = gpg~* for some v € V'}
and
fip2(L)[ka(L) = pi(L) ki (L), (pU)ka(L) = (gpg ™'V )k (L)

On the other hand,

(PPNQ)V ={qV €Q/V | ¢= g 'pg for some p € P} = pi(L)
(UINQ)W ={qV € Q/V | ¢ =g 'ug for some u € U} = k(L)
QN POU? ={(pU)* | g~'pg = g for some q € Q} = (p2(L))*

(VN PHU? = {(pU)? | g 'pg = v for some v € V} = (ky(L))?
and, by Butterfly Lemma [10, 3.3], there is an isomorphism

o (QNPHUY/(VNPHUY —» (PPNQ)V/(UINQ)V
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Therefore, we obtain

TSv RE (M) = Defg ;y ResGIndGInt (M)
1% L (L P/U
= |_| Ind}?/(L fﬁ(@))C];g(L) m(L)Deng(L))ReS | )(M)
ngz(D)\G/}fn(I) k1 (L) ko (L) k1 (L) ko (L)
P/U)9
- |_| Ind?/ Infillm Cfpg(L) P (L) Def(’iim Res()/ () (M?)

p1(L) S(p2(L))9
ngz(D)\G/pl(I) ( k1 (L) (k2<L) Tk1(L) k2( )

v PINQ)V L)) P/U)
= |_| In dQ;{me In f((PsJ:g))v C(?QOPQ)UQ (PINQ)V Def((zz;)gm(}vs)z))w Resgvéqp)g)UAMg)

UInQ)V VAPIUI ' (TUINQ)V VAPI)UYI
9eP\G/Q ( ) ( e ( ) ( )

1% P/U)
- @ RC(?P/gﬂQ)VT((Qﬂ/Pg))Ug

UInQ)V  (VNPI)UI
9eP\G/Q ( ) ( )

Let P be a subgroup of G and U be a normal subgroup of P. The quotient P/U

is called a subquotient of G.

Lemma 4.9. For a subquotient P/U of G, if the order of U is invertible in F, the

unctor TS, is adjoint on both sides of R%,,,.
P/U P/U

Proof. By Definition 4.8, for an F'G-module A, we have
Tg/U(A) = Defg/UResg(A)
and, for an F[P/U]-module B, we have
RS, (B) = IndZInfp , (B).

Clearly, Ind$ is adjoint on both sides of Res%. So, to prove the statement, it is enough
y P y P

to examine left and right adjoints of Infh U

The left and right adjoints of Inff; su 18 not necessarily equal. However, in our
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case, we are to prove that they are isomorphic. Firstly, we are to show that the functor
Defp)y; : modpp — modpppju), M — MY
where MY = {m € M | Um = m}, is the left adjoint of Inf}, .

Let M be an F'P-module and N be an F[P/U]-module. We define a map

® : Hompp(M,Infp;(N)) = Hompipu)(Def g, (M), N), ¢ — ¢
where ¢ is defined as

o Defﬁ/U(M) — N, m — ¢(m).

¢ is an F[P/U]-module homomorphism since

o(pUm) = ¢(pm) = ¢(pm) = pp(m) = pUd(m) = pUd(m)
for pin P and m in MY. Now, we define a second map

U HomF[P/U](Defg/U(M), N) — Hompp(M, Infg/U(N)), i

where @E is defined as

uelU

bt M = Infp(N), m— v (ﬁ Zum) .
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The map Q/A} is an F'P-module homomorphism since, for p in P and m in M,

dpm) = v (ﬁ Zupm> —y <|17| Zpum) —y (pﬁ Zum>

uelU uelU

Now, we are to show that W is the inverse of ®. For ) in Hompg(p/1 (Defg/U(M), N)

and m in MY, we have

DU()(m) = B((m)) = b(m) = (m) = v (]_llﬂ Zum> = <|—(1]| Zm> = ¢(m)

uelU

Also, for ¢ in Hompp(M, Infﬁ/U(N)) and m in M, we have

O(9)(m) = W($(m)) = o(m) = & (ﬁ Zum> = (ﬁ Zum)

uelU uelU

- fﬁ S ug(m) = 6(m)

uel
Therefore, we obtain
Hompp(M, Infp;(N)) = Hompip/y(Defp (M), N),
that is, the functor Defg/U is the left adjoint of Infg/U.
Secondly, we are to show that the functor
Codefg/U :modpp — modpp/y, M — My

where My = {3, um |m € M}, is the right adjoint of Infg/U.



We define a map

©: HomFP(IanP;/U(N),M) — Homppp/u) (N, Codefﬁ/U(M)), 0— 0
where 0 is defined as

0:N — Codef]PD/U(M), n ZuG(n)

The map 6 is an F[P/U]-module homomorphism since

O(pUn) = Zu@ pn) Zpuﬁ(n) = pZu@(n) = ph(n) = pUB(n)

uelU uelU uelU

for pin P and n in N. Now, we define a second map
I : Homppyu)(N, Codefp);(M)) — Hompp(Infp ;(N), M), v — 4
where 4 is defined as

1
4« Infp N — M, nl—>m v(n).

The map 4 is an F[P/U]-module homomorphism since

1 1

—(pn) = p=—=7(n) = p¥(n)

e =g U]

for pin P and n in N.
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Now, we prove that I' is the inverse of ©. For v in Hompp,u)(N, Codefg/U(M))



and n in N, we have

Or(y)(n) = ©(3(n)) =4(n) = Y uj(n) = Zu’—;j’v(n)
1 1
=0 zjm(n) =10 2;7(”)

=7(n).

Also, for 6 in Home(Infg/U(N), M) and n in Infg/U(N), we have

- 2 1 -~ 1
Ioed)(n) =1(0(n)) = 0(n) = mﬂn) =0 UEZUu@(n)
1 1
= ueZUe(un) = ueZUe(n) =0(n)

Therefore we obtain
Home(Infg/U(N), M) = Hompppu) (N, Codefg/U(M)),

that is, Codefﬁ/U is the right adjoint of Inff;/U.
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Now, we are to show that, for an F[P/U]-module M, the F'P-modules Defg/U(M)

and Codefg/U(M ) are isomorphic. To this end, we define two maps
¢: Deff;/U(M) — Codefg/U(M), m Zum
and

f : COdefg/U<M) — Defg/U(M)7 Zum = ﬁ Zum

uelU uelU

¢ and ¢ are F[P/U]-module homomorphisms since for m in MY and Y, un in My,



we have

C(pUm) = ¢(pm) =Y Jupm =pY um =pU Y  um = pU¢(m)

uelU uelU ueU

and

£(pUZun = f(pZun) Zupn ] Zu(pn)

uelU uelU uelU uelU

= (|U| Zun) =pU <|U| Zun) = pU&(> _un)

uelU uelU uelU

Also, we have

f(UGZUum)— (WZ m>—|—(1]|2u§( |U|;] uEZUum
—%Zzum S um

cU uelU uelU

for m + UM in My, and

£C(n) = E(n+UM) = 10 Zun =n

uelU

for n in MY. Therefore Defg/U(M) and Codefg/U(M) are isomorphic.
Now, for an F'G-module N and F'P-module M, we have

Hompp(T5);(N), M) = Hompp(Defp Resg(N), M)

(

=~ Hompp(ResB(N), Infp (M)

>~ Hompp(N, IndGIan/U(M))
(N,

57
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and

Hompg (N, Ty, (M)) = Hompg (N, Def b ResG(M))

= Hompg(N, Codef /UReSP(M))

(
(
=~ Hompe(Infp;(N), Resg(M))
= Hompg(IndZInfy  (N), M)

(

= Hompg RP/U( ), M)

Thus, TP/U is adjoint on both sides of RP/U O

4.4. Mackey System

Recall that, for a subgroup P of G and a normal subgroup U of P, a subquotient
of G is the quotient P/U. A system M of subquotients of G is called a Mackey system,
if it contains @, is closed under conjugation and the operation

P/UNQ)V =(PNnQU/(PNV)U
for P/U and QQ/V in M.

For a prime p, the system M is called p-modular, if for all P/U in M, U is p-
regular, that is, the order of U is not divisible by p. Thus, if F' has characteristic p
and M is p-modular, we may apply Theorem 4.1 to the elements of M.

For P/U in M, the set

Mpy ={P/UNQ/V | Q/V € M}

defines a Mackey system in P/U. We give a proof of this fact. Let P/U M Q/V and
P/UTR/Y be two subquotients in Mp/;;. Then, since U < P and PNVU < PN QU,
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we have

POQU _(

PNV)U (

(PN QUN(PNR)UN(PNVIU
(

( PN R)U
(
[
(PN QUN(PAYVU(PNV)U
(
(
(

(P/UNQ/V)N(PJUMNR]Y) = PATIU

)
_(PNQUNPNRU)PNVU)
C(PNQUNPAYU)PNVU)
_ (PNQUNRU)(PNVU)
C(PNQUNYU)PNVU)
_ PNRUWPNVU)NQU
- PNYUPNVU)NQU
_[PNRUPNVU)NQIU
C[PNYUPNVU)NQIU
P RUPNVU)NQ
YU(PNVU)N

Hence, Mp/; is closed under the operation M. Clearly, it is closed under conjugation.

Also, we have

_ _(PnP)U _
MU—PWU—?EFW_PwﬂPWZ

—~

So, P/U is an element of Mp,y.

If M is p-modular, so is Mp,;;. To show this statement, assume M is p-modular.
Let Q/V T P/U = (QNP)V/(QNU)V be an element of Mp,y. If M is p-modular,
then U and V are p-regular. Then, the order of ) NU is not divisible by p since Q NU
is a submodule of U and the order of U is not divisible by p. Then p does not divide
the order of the module (Q NU)V. So, the Mackey system Mp/y is also p-modular.

Now, assume M is p-modular, where p is the characteristic of F. An FG-module
M is called cuspidal with respect to M, if TE/U(M) = (0) for all subquotients P/U
of G different from G. For a subquotient P/U in M, an F[P/U]-module N is called
cuspidal with respect to M if it is cuspidal with respect to Mp,y. If M contains

a proper subgroup P/1, then F'G does not have any cuspidal modules since for any
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nonzero F'G-module M, we have
TE, (M) = ResE(M) # (0).
Even if M contains a proper subgroup and hence F'G does not have any cuspidal
modules with respect to M, the same might not be true for Mp,y, so F[P/U| might
have cuspidal modules with respect to Mp,y.
The following theorem establishes a relation between Harish-Chandra theory and

the results of the first chapter. In [7], a sketch for the proof was given. Here, we give

a full proof using this sketch.

Theorem 4.10. Let F' be of characteristic p where p > 0. Let M be a p-modular
Mackey system for G. For P/U in M, let M be an irreducible cuspidal F[P/U]-module,

and B : X — M be a minimal projective cover of M. Then we have
Endre (RS (X)) = (Endra(REy (X)) re 0 (8)
where RIGD/U(B) is the map
Rg/U(ﬁ) : Rg/U<X) - Rg/U(M>

induced from the map B : X — M.

Proof. We apply the functor Hompg(Rg/U(X), —) to the map
Rg/U(ﬁ) : Rg/U<X) - Rg/U(M>
to obtain the map

(RIGD/U(B))* : EndFG(RJGD/U(X)) - HomFG(RIGD/U(X), Rg/U(M))a ¢ po
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Since X is projective it can be written as X = @, .y F[P/U]. Then we have

Rg/U(X) IndGIan/U [P/U)(X) = FG ®@p (FP Qpp/ X)

= FG ®p (FP Qpp @F[P/UD

= FG op @P(FP ®F[pij [P/U])
_ @(FG ®@p (FP ®ppjo) F[P/U)))
= @ Ind§Inf},, F[P/U)(F[P/U)))
- @ REy (F[P/U]).

Also we have

Inf ), F[P/U] = Inf}, , Ind;,, F = Ind Inf] ;, F = Indf; F.

Therefore we obtain
RS, (F[P/U)) = Ind$Inf}, F[P/U] = IndZInd[ F.

Since |U| is invertible in F, the field F'is a projective FU-module. Also, since induction
preserves projectivity, we have Rg/U(F [P/U]) projective, and hence, being the direct

sum of projective modules, RS i (X) is projective.

Then, using projectivity of RIGD U (X) and surjectivity of 8, we conclude that, the
map (Rg/U(B))* is surjective. Also ker(Rg/U(ﬁ))* = ‘]Rg/U(ﬁ) where

JRG

P/U(

g = {¢ € Endpg(RE,;(X)) | imy is a submodule of kerRg;(8)}.
Then, we have

dimpHompe(RE (X), RS,y (M)) = dimpEndpe(RE (X)) — dimpJpg, (5)-



62

By Proposition 3.1, we have the isomorphism
Bnd (RS (M)) 2 (Bndra (B (X)) rg, 5)/ Trg -
Therefore, we obtain
dimpEndpe(RE; (M) = dimF(EndFG(RIGD/U(X)))RIGD/U(@ —dimpJpg (9)-
Then, these two equations imply that
Endpe (R, (X)) = EndFG(Rg/U<X))>Rg/U(,B)
if and only if
dimpHompe(RE;(X), RSy (M)) = dimpEndpa(RE,; (M)).
By Theorem 4.1, we have

PJU TPV .
Tg/U © RIGD/U @ R Ifxr‘]P)U (pﬁé’w)Uw (M )

2EP\G/P (TINP)U (UNPZYU®

Applying the functor Hompg (M, —) to this equation, we obtain

Hompq(M, TP/U ° RP/U(M @ HomF[P/U](M RPIZEQPW o TZ:CDZ?UE (M*)).

2€P\G/P (TINP)T (UNPZ)U®

Now, using adjointness of the functors R% s and TE/U we get

HomFG(RJGD/U(M) P/U @ Homp(p/( T(p/xmpw(M),Tﬁ?/pﬁm(Mx))-

+€P\G/P (T=TAP)U (UNPZYU®

Since M is cuspidal, TE/U(M) = (0) for any proper subquotient of P/U in Mp/y.
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Then, we have

T enew (M) # (0)

(TTAP)U

(P*NP)U
(U=NP)U

if and only if is equal to P/U, and

Tlripeye (M) # (0)

(UNPT)UT

PAPT)U® .

if and only if E is equal to P?/U*. Therefore we have

Unp=)U=

Hompe (R (M), Rp)y (M) = . Homp(p/v) (M, M¥)
2€NG(PU)N(P\G/P)

where Ne(P,U) := {z € G | (P*n P)U/(U* N P)U = P/U}.
Similarly, we have

Hompa(REy(X), RE (M) = o, Hom pipv) (X, M¥)
z€Ng (P, U)N(P\G/P)

Since M is irreducible, dimpHompg (M, M®) = (0) unless M = M7 in which case that
dimension equals to 1. Also since X is the minimal projective cover of M, similarly
we have dimpHompg (X, M*) = (0), unless M = M?, and it equals to 1 in that case.

Therefore, we have
dimFHOIIlpg<M, Mm) = dimFHOIIlpg(X, Mx)
and hence

EndFG(R}GD/U(X)) = EndFG(RIGD/U<X)))R}GD/U('B)
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Corollary 4.11. Let F' be of characteristic p where p > 0. Let M be a p-modular
Mackey system for G. For P/U in M, let M be a cuspidal F|[P/U]-module, and
B: X — M be a minimal projective cover of M. The functors H®? and HP provide a
bijection between the isomorphism classes of the irreducible FG-modules occuring in the
head of Rg/U(M) and a set of representatives of the isomorphism classes of irreducible

Endpg(Rg/U(M)) -modules.
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APPENDIX A: SUMMARY OF RESULTS

In this appendix, we restate some definitions and main theorems of the text to

help the reader to understand the notation and terminology easily.

e (Endr(P))s ={¢ € Endr(P) | ¢p(kerp) C kerf3}
Js = {¢ € Endr(P) | imy) < kerf}
e Jszisanideal of (Endy(P))s and (Endy(P))s/Js = Endr(M) as R-algebra canon-
ically, (Proposition 3.1).
e Assume (Endr(P))s = Endy(P). The mapping

H:=H° = H@ : mody — modgna,(m)
defined for V' € modr by
H(V) = Homy(P,V)/Homy(P,V).Jgs

is a covariant functor, (Proposition 3.2).

e Let S be aring. For S-modules V; and Vs, trace of V; in Vs, try, (V3), is defined
as the submodule of V5 spanned by images of all homomorphisms from V; to Vj,
(Definition 3.3).

e Let P and V be in mody and assume that P is projective. The P-torsion sub-
module torp (V') is the sum of all submodules X of V' with respect to the property
Homy (P, X) = (0). The kernel kerp is the full subcategory of mods; whose ob-
jects are the T-modules V' with Homy (P, V) = (0). Therefore, the T-module V'
is in kerp if and only if torp(V') = (0), (Proposition 3.5).

e Define the functor
Ap : mody — mody, V +— V/torp(V)

for V' in modr and define Ap(f) as the induced morphism from V/torp(V) to
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V' /torp(V’) for any T-module homomorphism f : V' — V', (Definition 3.9).
e Assume (Endp(P))s = Endyp(P). We define four functors from modgna,(ary to

modr as

Fyr = - ®pnapny M
FM = Ap o (7 ®EndT(M) M)
GM = - ®EndT(P) P

Gy = Apo (- ®Endp(p) P)

Let H be one of the four functors defined above. Then H is a right inverse of the
functor H, (Definition 3.10 and Proposition 3.12).
e Assume (Endr(P))s = Endy(P) Define the set

(IrT) g ={V € IrT' | Hy (V') # (0)}.
Then H,; induces a bijective correspondence
Hy: (IrrT) g — Irr(Endp (M)
and the inverse of H,, is
Fy : Irr(Endp (M) — (IeT) .
On Irr(Endy(M)), the functors Fi; and G coincide, (Theorem 3.16).

e Let R be a field. Assume (Endy(P))s = Endp(P). Then, (IrrT)y is a com-
plete set of non-isomorphic irreducible constituents of head of M hd(M). Every
indecomposable direct summand of M has a simple head and factoring out the
Jacobson radical induces a bijection between the isomorphism classes of indecom-

posable direct summands of M and the elements of (IrrT"), (Theorem 3.22).

e Let R be a field. Assume (Endr(P))s = Endp(P), the T-module M is P-
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torsionless, and Endy (M) is self-injective. Then
(i) Every element of Irr(Ends(M)) is isomorphic to X M for some minimal ideal
X of Endr(M).

(ii) The set (IrrT")y is up to isomorphism a complete set of irreducible con-
stituents of soc(M) as well as hd(M).

(iii) Every indecomposable direct summand of M has a simple socle and a sim-
ple head, and taking socles, respectively heads, induce bijections between
the isomorphism classes of indecomposable direct summands of M and the
elements of (IrrT") .

(iv) Socle and heads of the indecomposable direct summands of M are isomorphic
if in addition Endz (M) is a symmetric algebra.

(Theorem 3.23).

Let P,Q, U,V be subgroups of G with U normal in P and V' normal in (). Suppose

that the orders of U and V' are invertible in F. Let M be and F(P/U)-module.

Then

G G ~ Q/V pr/U” x
TG v ORP/U(M) = GB R(P/fn@v C(?anwww (PxﬁQWT(Qﬁ/P“')U“' (M)

LEP\G/Q TTAQ)YV  (VAPTUZ  (UTNQ)V (VNPZ)UZ

where

- (@nPIUT (PTOQV
Gorrie teasly - (VN PaYUs " (UsNQ)V

is an isomorphism, and M* denotes the conjugate module for the conjugate factor
group z(P/U)z™!, and P\G/Q is a set of P — Q-double coset of representatives
in G, (Theorem 4.1).

A system M of subquotients of G is called a Mackey system, if it contains G, is

closed under conjugation and the operation

PIUNQ)V =(PNQ)U/(PNV)U, for P/U and Q/V in M.
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e For P/U in M, the set
Mpw ={P/UNQ/V | Q/V € M}
defines a Mackey system in P/U.
e Let F' be of characteristic p where p > 0. Let M be a p-modular Mackey system

for G. For P/U in M, let M be a cuspidal F[P/U]-module, and 5 : X — M be

a minimal projective cover of M. Then we have
Endre(REp(X)) = (EndFG(Rg/U<X))Rg/U(ﬁ)
where RIGD/U(B) is the map
Rg/U(ﬂ) : Rg/U<X) - RJGD/U(M)

induced from the map 3 : X — M, (Theorem 4.10).
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