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ABSTRACT

REPLENISHMENT AND LATERAL TRANSSHIPMENT
DECISIONS IN MULTI-PERIOD AND MULTI-LOCATION
INVENTORY SYSTEMS

Inventory management has been researched for many years in the literature.
The problem of determining the optimal inventory level directly affects the profitabil-
ity of the systems. This thesis proposes an optimization framework for multi-item,
multi-location inventory management systems to obtain optimal inventory levels for
multiple periods. The distribution of demand is unknown, it is estimated based on the
probabilities generated by a random forest. Backlog is not allowed, demand is lost in
case of stock-out. The first analyses conclude that as the scenario number considered
in the mathematical model increases, the system stabilizes and performs better due
to the consideration of variation in demand. To evaluate the robustness of the model,
the suggested linear programming model is tested on different inventory level cases
and it is concluded that inventory cases have important effect on objective values of
the system. The analyses are constructed on two systems with different management
strategies: firstly, the system is considered to allow lateral transshipment along with
the replenishment, then the system is assumed to allow only replenishment decisions.
It is concluded that allowing transshipment decisions improve the lost sales of the sys-
tem. After the case analyses, objective value distribution for scenarios are analyzed to
evaluate the robustness of the proposed method. Finally, the periodic review strategy
is tested and it is concluded that there is a significant difference between the systems
with periodic review and single review strategy. In addition to the prediction methods
used in the case analyses, smart MA is introduced and the analyses show that it is a

powerful prediction method for the simulated system.
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OZET

COK DONEMLI VE COK KONUMLU ENVANTER
SISTEMLERINDE DEPODAN IKMAL VE YANAL
AKTARIM KARARLARI

En uygun envanter seviyesini belirleme sorunu, sistem karliligin1 dogrudan etkiler
ve uzun siiredir aragtirilmaktadir. Bu calismada, en uygun envanter kararlarini elde
etmek icin; ¢ok triinli, ¢ok konumlu envanter sistemi birden cok donem i¢in optimize
edilmigtir. Talep dagiliminin bilinmedigi kabul edilerek olugturulan matematiksel mod-
elde, talep dagilimi random forest metodu sayesinde olusturulmugtur. Stok adedinin
sifira diigmesi durumunda karsilanamayan talep kaybedilir. Ilk analizler, matematiksel
modelde kullanilan senaryo sayisit artigini test etmigtir, artan senaryo sayisi talepteki
degiskenligi daha iyi yansittigi i¢in sistemin daha istikrarli ve daha iyi sonu¢ vermesini
saglamistir. Ek olarak, onerilen model, farkli envanter seviyesi senaryolarinda test
edilmigtir. Yapilan testler sonucunda envanter seviyesinin sistem performansi iizerinde
etkili oldugu goriilmiistiir. Analizler, iki agsamali olarak stirdiiriilmiigtiic. Ilk olarak,
sistemin ikmal kararlari ile birlikte yanal aktarmaya izin verdigi diisiintilmektedir.
Daha sonra sistemin yalnizca ikmal kararlarina izin verdigi varsayilir. Sistemin ikmal
kararlarina ek olarak yanal aktarim karari vermesi sistemde toplam kayip satig tu-
tarim azaltirken, envanter tagima seviyesini artirmigtir. Farkli envanter seviyesi analiz-
lerinden sonra sistemin siparig karar1 alma sikligi i¢in kullanilan strateji test edilmistir.
Yapilan testler sonucunda dinamik ve statik izleme stratejilerinin arasinda onemli bir
fark oldugu goriilmiistiir. Tahmin modellerinde random forest methoduna ek olarak,
kayan ortalama ve Orneklem ortalama yaklagimi yontemleri kullanilmigtir. Sistem-
ler kullandiklar1 tahmin modellerine gore karsilastirildiginda, rassal orman metodunun

daha yiiksek performans sagladigi gorulmiistiir.



v

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . ... o . i
ABSTRACT . . . . il
OZET . . . . iii
LIST OF FIGURES . . . . . . . . . vi
LIST OF TABLES . . . . . . . e vii
LIST OF SYMBOLS . . . . . . . e viii
LIST OF ACRONYMS/ABBREVIATIONS . . . . . ... .. ... ... .... ix
1. INTRODUCTION . . . . . . e 1

2. LITERATURE REVIEW . . . . . .. .. ... .. ... ... .. 4

3. BACKGROUND . . . . ... . 11
3.1.  Prediction . . . . . ... 12

3.1.1. Simple Moving Average . . . . . ... ... ... ... 12

3.1.2. Sample Average Approximation . . . . . . . . .. ... 12

3.1.3. Tree-based Ensembles . . . . .. ... ... ... ... 12

3.2. Key Performance Indicators . . . . . .. ... ... ... .... 13

4. APPROACH . . . . . . . . 15
4.1.  Problem description . . . . ... ... .. ... ... ... 15

4.2.  System Description . . . . . . ... 17

4.3. Model Formulation . . . . . ... ... ... ... 19

4.4.  Model with Unknown Demand Distribution . . . .. .. .. .. 20

5. COMPUTATIONAL EXPERIMENTS AND RESULTS . . . . . .. .. 24
5.1.  Data Generation . . . . .. .. ... ... . 25

5.2.  Effect of Number of Scenarios . . . . . . .. ... .. ... ... 30

5.2.1. Moving Average . . . . . . . ... ... 30

5.2.2. Sample Average Approximation . . . . . . . .. .. .. 31

5.2.3. Random Forest . . . . . . ... ... ... ... ... . 32

53.  Case Analyses . . . . . . . ... 36

5.3.1. Case Analyses with Lateral Transshipment . . . . . . . 36



5.3.2. Case Analyses without Lateral Transshipment . . . . . 40

5.4. Objective Distribution for Demand Scenarios. . . . . . . . . .. 44

5.5.  Effect of Review Frequency . . . .. ... ... ... ... ... 46

5.6.  Performance Comparison of the Prediction Methods . . . . . . . 48

6. CONCLUSION . . . . . . e 50

REFERENCES . . . . . . e 53



© o0 N O Ot ks W NN

—_
e}

vi

LIST OF FIGURES

Dynamics of Inventory Management . . . . . . . . .. ... ... 5
System flow for location j over periods . . . . ... ... .. ... 11
System Flow . . . . . . ... 18
Generated raw and final demand data aggregated by item level . . 27

Generated raw and final demand data aggregated by location level 27

[lustrative random forest example . . . . . . ... ... ... ... 32
Average lost sales ratios for different scenario numbers . . . . . . . 35
Average weeks of supply ratios for different scenario numbers . . . 36
Objective values distribution for demand scenarios . . . . . . . . . 45

Store based objective values distribution for demand scenarios . . 46



I N2 S NG UR \C R

\]

10
11

12

13

14

15

16
17

vii

LIST OF TABLES

Promotion Effects . . . . . ... ..o o0 26
Inventory Level Cases . . . . . . . . . .. ... ... ... ..... 29
Sample Sales Data . . . . . . . . ... ... o 31
Scenario predictions for Figure 6 . . . . . . . ... ... ... .. 33
ANOVA results for number of scenarios and prediction methods . 33

Average objective values for each prediction method over different
scenario numbers . . . ... L. 34
ANOVA results for inventory level cases . . . . . .. ... ... .. 37
Inventory level case objective analyses for systems with lateral trans-
shipment . . . . . . . .. 37
Inventory level case KPI analyses for systems with lateral trans-
shipment . . . . . . ... 38
ANOVA results for inventory level cases without lateral transshipment 40
Inventory level case objective analyses for systems without lateral
transshipment . . . . . . . ..o 41
Inventory level case KPI analyses for systems without lateral trans-
shipment (Current System uses four weeks of sales as OUTL ). . . 42
Inventory level case KPI analyses for systems without lateral trans-
shipment ( Current System uses two weeks of sales as OUTL ) . . 42

Lateral transshipment decisions percentage over total shipment de-

CISIONS . . . . . . . 43
Objective values for review frequency analyses . . . . . .. .. .. 47
KPI values for review frequency analyses . . . . ... ... .. .. 47

KPI analyses of the prediction methods for different inventory cases 49



Cijs
cogs;
demand;;

t
ijk

demand,
holding
i
1
inuv;;

inv,

J

J

k

K
leadtime;
OUTL;;
price;

s

S

sales;;
sales!

ijk

¢

shipment;;

stock;;
stockji,
t

T

viil

LIST OF SYMBOLS

Cost of shipping item ¢ from location 5 to s

Purchase cost for item ¢

Demand for item ¢ in location j at period ¢

Demand for item ¢ in location j at period t for scenario k
Inventory holding cost rate

index for items

Set of items

Beginning inventory for item ¢ at location j period ¢
Beginning inventory for item ¢ at location j period ¢ for sce-

nario k
index for locations

Set of origin locations

index for scenarios

Set of scenarios

Lead time for shipment from j to s

Order up to level for item 7 at location j period ¢
Resale price for item ¢

index for destination locations

Set of destination locations

Sales for item ¢ at location j period ¢

Sales for item ¢ at location j period t for scenario k
Shipment decision for item ¢ from location j to location s at

period t

Initial inventory for item ¢ in location j
Initial inventory for item ¢ in location j for scenario k
index for periods

Set of periods



1X

LIST OF ACRONYMS/ABBREVIATIONS

ANOVA Analysis of variance

ARIMA Auto-regressive integrated moving average method
Avg Average

KPI Key performance indicator

LS Lost sales

MA Moving Average

OUTL Order up to level

Promo Promotion

RF Random Forest

SAA Sample Average Approximation
WH Warehouse

WOS Weeks of Supply



1. INTRODUCTION

Inventory management has been researched for many years in the literature. Dif-
ferent policies are studied to determine the optimal inventory level for the locations
with unknown demand. The problem of determining the optimal inventory level di-
rectly affects the profitability of the systems. Optimizing the inventory level enables
the system to balance the lost revenue due to out of stock and inventory holding cost.
In order to obtain optimal inventory levels, the studies in the literature focus on the
same problem with different assumptions on the number of items, number of locations,
time horizon, or cost structure in the system. While using only replenishment decisions
is a common approach, there are also some approaches considering replenishment and
transshipment decisions together as an inventory management strategy. This thesis
alms to answer the questions of how the optimal decisions both for the replenishment
and transshipment are generated under unknown demand distribution assumption and

whether the decisions are changing based on the systems inventory level cases.

The solution to the stochastic replenishment problem starts with the classical
newsvendor problem in the literature. It considers a system with single-item, single-
period assumptions. However, due to resource capacity constraints or interdependent
demand assumption of items, multi-item consideration is needed. Gallego (1996) and
Smith (2000) both consider a multi-item inventory management problem. Gallego uses
it to consider the resource capacity constraints as Smith prefers multi-item problem to
consider the substitution effects. Erlebacher (2009) also considers a multi-item problem
with capacity constraint but in order to consider the resource capacity, multi-location
consideration is proposed in his study. As the number of locations increases, the abil-
ity to redistribute inventory among locations becomes more valuable. Therefore, as a
shipment decision strategy, systems allowing lateral transshipment are studied in liter-
ature. Banerjee and Burton (2003) stated lateral shipment approaches are superior to
a policy of no such shipments. Paterson et al. (2011) provide a literature review that
categorizes the research on lateral transshipment, two different types are identified;

proactive and reactive lateral transshipments. As reactive transshipment decisions are



given after demand realizations, proactive transshipment decisions are given before de-
mand realizations not to have stock-outs. In order to decide to move inventory from
one location to another, demand for future periods should be considered. This cre-
ates a need for multi-period consideration. Karmarkar (1980) and Matsuyama (2006)
provide multi-period extensions to the classical newsvendor problem. As multi-period
inventory management problems are considered, the review frequency becomes impor-
tant. Agrawal et. al. (2004) study the timing of the redistribution decisions and new

inventory levels with dynamic programming.

The most critical part of the studies is the demand prediction, and the demand is
assumed to be deterministic or stochastic in the studies. Stochastic demand assump-
tion is more applicable for real life cases, this is why in the literature the demand is
assumed to be stochastic and the probability distribution of demand is known. How-
ever, Bertsimas and Kallus (2020) offer a new optimization approach without making
any assumptions on the distribution of demand [1]. They develop a new framework
combining the capabilities of machine learning (ML) and operations research (OR).
Additionally, they suggest using auxiliary data in addition to the sales observations in

prediction methods.

In this thesis, a mathematical model with linear programming method is proposed
to solve the optimization problem by better estimation of demand distribution based
on conditional probabilities estimated by random forests. The framework suggested by
Bertsimas and Kallus (2020) is used [1]. Multi-item, multi-location inventory manage-
ment system is optimized for multiple periods. Backlog or back-order are not allowed
and demand is lost in case of stock-out. Firstly, the mathematical model without mak-
ing any assumptions on demand distribution is tested for different number of scenar-
ios. It is seen that as the number of demand scenarios considered in the mathematical
model increases, the system stabilizes and performs better due to the consideration of
variation in demand. Then, the model with the highest scenario number is tested on
different inventory level scenarios. Statistical tests show that inventory level cases have

significant effects on objective values of the system. Therefore, the optimal strategies



change according to the inventory level cases of the management system. The anal-
yses consider two systems with different management strategies. Firstly, the system
allow lateral transshipment along with the replenishment decisions. Then, the system
is assumed to allow only replenishment decisions. As a result of the comparison, it is
concluded that allowing lateral transshipment decisions improve the lost sales values
of the system for the systems with high inventory levels. After analyzing the inventory
level cases, the proposed optimization framework is analyzed to see if there are huge
differences among the objectives for each demand scenario, so that robustness of the
system is evaluated. Finally, the strategy used for the review period of the system is
tested. Periodic review strategy is compared to the first-period review strategy for a
system with three periods. It is shown that there is a significant difference between
the systems with periodic and single review strategy and periodic strategy obtains
lower lost sales values. In addition to the random forest, moving average and sample
average approximation methods, smart moving average is also tested and it reveals
that although the smart moving average is a powerful prediction method for the basic
simulated system, random forest method performs better than the other systems for

the systems with high inventory due to its wide range of variation consideration.

The thesis is organized as follows. Chapter 2 presents a brief literature review
on the newsvendor problem and its extensions. Quick background information for pre-
diction methods and the key performance indicators used are explained in details in
Chapter 3. As a solution approach, constructed mathematical model and detailed sys-
tem summary is covered in Chapter 4. It also focuses on how the stochastic nature of
demand is handled in the mathematical model. Then computational results are sum-
marized in Chapter 5. In conclusion, the approach is summarized and future research

suggestions are presented in Chapter 6.



2. LITERATURE REVIEW

In the literature, inventory management has been researched for many years and
it differs in many dimensions, such as the number of items or locations, time horizon,
assumptions on demand characteristics, or cost structure. The main distinguishing
feature is the assumption of demand characteristics, the literature can be categorized
into two; studies with the assumption of deterministic demand and studies with the

assumption of stochastic demand.

In the literature, inventory management studies with the stochastic demand
started with the classical newsvendor problem. It considers a system with single-item,
single-period assumptions. However, due to resource capacity constraints or interde-
pendent demand assumption of items, multi-item consideration is needed. For the
items with short selling season, such as newspaper, the single period assumption is rea-
sonable, but if the remaining inventory is usable in the next periods then multi-period
assumptions should be considered. As the number of periods in the inventory problem
increases, redistribution of allocated inventory can be considered to improve the system
performance. In a few words, it started with the classical newsvendor problem but its
extensions are studied for years. To understand the categorization of the studies in the
literature, the dimensions of inventory management problems are reviewed by Silver
(2008) [2]. The summary of categorization that Silver (2008) studied can be seen from
Figure 1.

The first dimension in Figure 1 is the single-item versus multiple-item consider-
ation in inventory management. The single-item assumption is mostly considered to
divide the problem into sub-problems because having multiple items increases the com-
plexity of the models. As Silver (2008) mentioned, this dimension affects the scope of
the calculations. Therefore, if the inventory problem can be divided into independent
sub-problems, then the single item assumption is reasonable. However, in order to
solve inventory management problems with resource capacity constraints, multi-item

problem consideration is needed.
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Gallego (1996) mentioned, in case of the absence of resource constraints, single-item
inventory problems can be solved by the economic order quantity formula [3]. If the
resource capacity is considered then the problem should contain more than one item
and having more than one item increases the complexity of the system. In addition to
the systems with resource capacity, systems with the assumption of demand substitu-
tion also require multiple item consideration. Smith (2000) considers the substitution
effect across items in the optimal inventory level calculations [4]. The substitution
effect is calculated for a demand increase of a certain product when other items are out
of stock. Planning promotion on certain items also requires considering cross effects
among items. Therefore, items with interdependent demand patterns should be opti-
mized in the same model. In this thesis, interdependent characteristics of the items are
ignored but multi-item consideration is preferred in the optimization model because the
problems with resource capacity can be solved easily by adding one or two constraints

to the suggested model.

Erlebacher (2009) also considers a multi-item newsvendor problem with a single
capacity constraint [5]. The capacity of the resources also requires considering the num-
ber of stocking locations which is another important dimension mentioned by Silver
(2008). This dimension is categorized as, systems with a single stocking point, several
locations in multi-echelon systems, or several locations in single-echelon systems [2].
In this thesis, a multi-location inventory problem with one distribution center is stud-
ied. For the systems with several locations, as there is a finite inventory in the system,
transshipment decisions among the locations become valuable so the scope of the prob-
lem extends. Paterson et al. (2011) provide a literature review that categorizes the
research on lateral transshipment [6]. Two different types of transshipment are identi-
fied: proactive and reactive transshipment. In reactive transshipment models, lateral
transshipment is used to meet the demand in case of a location faces a stock-out while
other locations have enough inventory on hand. In proactive transshipment models,

the inventory is redistributed before demand realizations.



In the literature, reactive transshipment is considered as suitable for the supply
chains having low transshipment costs such as the spare part environment and instead
of holding a large amount of inventory, transshipment after the demand realizations
is preferred. Proactive transshipment is much more suitable for the retail sector as
handling cost is relatively dominant [6]. Therefore, in the systems with several stock-
ing points, in addition to the replenishment decisions, transshipment decisions need
to be considered. In this thesis, the optimal decisions are analyzed both for the sys-
tem with only replenishment decisions, and the replenishment with lateral proactive
transshipment decisions. This provides an output indicating the importance of the
lateral transshipment in the supply chain. Banerjee and Burton (2003) stated lat-
eral shipment approaches are superior to a policy of no such shipments, despite the
increasing expense of transportation activity. However, the transshipment decisions
and replenishment decisions are not integrated in the stated policy. Gross studied the
static point lateral transshipment and ordering policies jointly [7]. Two locations are
considered, and the lead time is assumed to be zero. For more than two locations
a numerical iterative procedure is provided. However, in real life, most of the time
lead time is positive. Diks and De Kok (1996) compare several heuristics for multiple
locations with lead times [8]. A rationing policy is used for lateral transshipment. The
ratios for the locations are externally given and the objective of the transshipment is
to keep each location’s inventory constant (a fraction of total projected inventory) [9].
In addition to the ordering policies in the literature, optimization solvers are used to
obtain the ordering decisions. An optimization model generating optimal decisions for
both replenishment and lateral transshipment is developed by Vicente(2015). It con-
siders a multi-item, multi-echelon inventory system with normally distributed demand
assumption [10]. Positive lead time and transportation capacities are considered in
the Vicente’s paper. In this thesis, positive lead time assumption is used but trans-
portation capacity is not handled, multiple locations are studied and replenishment

and transshipment decisions are generated jointly.

Inventory management problems generally focus on determining how much to

ship, but another important question is when to ship if multi-period consideration is



used. Silver (2008) categorized the inventory management systems for the time dura-
tion dimension as single vs multiple periods. The classical newsvendor problem focuses
on single period systems but if the remaining inventory is usable in the next periods
then multi-period assumptions should be considered. Karmarkar (1980) provides a
multi-period extension with negligible lead times. It is shown that the characteristics
of the optimal solutions are similar to the single-period problems [11]. However, this
is due to the negligible lead time assumption. For the items with long selling sea-
sons, Matsuyama (2006) extends the classical newsvendor problem to a multi-period
problem in order to be able to take the unsatisfied demand and unsold quantity into
account [12]. The aim was not only to determine ordering decisions but to determine
optimal inventory level. Additionally, as upcoming promotions and special days are
important factors on demand, multi-period consideration might decrease the stock-out

possibilities for the systems with promotion activities.

Multi-period extensions needs to consider the timing of the shipments and deter-
mining new inventory levels periodically. Agrawal et. al. (2004) study the timing of
the balancing shipments and optimal inventory levels with a dynamic programming.
They also consider the effect of starting inventories to the proactive transshipment de-
cisions [13]. Study shows that the value of transshipment decisions increases with the
number of locations and dynamic transshipment policies are superior to the static ones
especially in systems in which starting inventories at the retailers are balanced. There-
fore, starting inventory level is an important factor and affects the optimal decisions.
Initial supply level feature can be categorized under the nature of the supply process in
Figure 1. For the nature of the supply process, supplier constraints, lead time, service
levels are also important features. For the classical newsvendor problem, orders are
fulfilled from the supplier without any constraints. However, supply in the system in
real life may not be sufficient to fulfill shipment decisions. In this thesis, supplier has a
finite inventory, lead times are deterministic and fixed. Cost structure of the inventory
management systems might be analyzed under the supply process dimension, but Silver
(2008) categorized the cost structure as a separate one. The unit value of a product

may be fixed or can be determined based on special offers and promotions defined by



suppliers. In this thesis, cost value and price of the items are assumed to be fixed.

Among all the categories discussed in the inventory management problem, de-
mand characteristics are the most important and distinguishing one. The classical
newsvendor problem and most of its extensions in the literature assume the complete
knowledge of probability distribution of demand. Silver (2008) mentioned the dimen-
sions of demand under the nature of demand process category. Demand is assumed to
be either stochastic or deterministic in the literature [2]. Chiang (2006) considers a pe-
riodic review system for replenishment decisions and assumes the demand has a certain
probability distribution [14]. Dynamic programming is used to propose two different
solutions both for exceeding demand is lost or back-ordered. Bertsimas and Thiele
(2004) stated that since the dynamic programming has a disadvantage as curse of di-
mensionality; a new optimization method is needed and the new approach should be
designed without making any assumptions on the demand distribution. They propose
a deterministic, numerically tractable methodology to solve the problem of optimally
controlling supply chains subject to uncertain demand [15]. The solution does not
include any demand distribution assumption. The neccesity of the knowledge of dis-
tribution is tested by Benzion et. al. (2010) and it reveals that the knowledge of the
demand distribution does not necessarily improve the system performance. Therefore,
without knowing the demand distribution, solving the inventory management prob-
lem with a high performance is possible. Ban and Rudin (2019) proposes a single-step
solution for the newsvendor problem with the machine-learning algorithms. They men-
tioned the ”big-data” concept in the paper and use the demand related features as well
as historical data. Demand related features are also used as auxiliary variables by Bert-
simas and Kallus (2020) and they develop a new framework combining the capabilities

of machine learning (ML) and operations research (OR) [1].

In this thesis, the framework suggested by Bertsimas and Kallus (2020) is consid-
ered. The decision is how much to order from warehouses or to ship from other locations
for multiple items, multiple locations. Therefore, the system with multi-item, multi-

location problem is considered for multiple periods. Although the multi-item consider-
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ation is used, interdependent characteristics of the items are ignored in the prediction
methods. Cost value and price of the items are assumed to be fixed and known. As
obtaining the optimal shipment decisions the lead time is assumed to be positive and
deterministic. In case of stock-outs, unfulfilled demand is lost. Demand distribution is
unknown and a mathematical model is proposed to solve the optimization problem by
better estimation of demand distribution based on conditional probabilities estimated

by random forests.
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3. BACKGROUND

In this section, details of prediction methods and performance metrics used in
the following sections are discussed. According to the estimated demand with different
prediction methods, replenishment and transshipment decisions are made. The system
representation for a location can be seen from Figure 2. As these methods and metrics
are explained, the following representations used in Figure 2 are used; ¢ stands for
items, as j represents the locations in the supply chain system and ¢ is used for the

decision periods in the system. invj;

is the beginning inventory for item ¢, location
j at period t. Demand for sales for item ¢ at location j is represented as demandﬁj
for period t. As demand;; is fulfilled, sales); occurs. It indicates the sales amount at
period t for item ¢ and location j. In order to fulfill the demand, inventory is needed
so the movement of inventory in the system is represented as shipmenti;,. It is the

shipment amount for item ¢ from location j to location s at period t.

’
item 1 | de mr:mf”

t-it
shipment; ™
salest! : o y t ]t
: Sij S€S \ sales;; sales;
nv;;
Location j=1 —_— Location j=1 Location j=1

Period t1 t l t+1 i

t
E .\Jh’llUIrH .'J|r”_

sES

Figure 2: System flow for location j over periods

From Figure 2, it can be seen that location j has sales for items ¢ at different
periods. As these sales occur, in/out shipments have been realized. The details for the
system flow are discussed in the system description section. In this section, prediction
methods and different performance metrics are discussed to compare the accuracy of

the shipment decisions.
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3.1. Prediction

The predictive distribution of the demand is estimated by the following three

different methods: moving average, sample average approximation, and random forest.

3.1.1. Simple Moving Average. Simple moving average is the most common method

used in forecasting. The forecast values are calculated based on the average of the past
m sales data. Predictions are deterministic and dependent on the previous sales values.

This method provides point estimates, instead of a predictive distribution.

For t > m,

—1
demand;; = 1/m Z salesy; (1)

z=t—m

For Figure 2, in order to predict demandﬁjl, by assuming m=2, the calculation is the

1

average of salesﬁ; and sales];

3.1.2. Sample Average Approximation. Sample Average Approximation is also a com-

mon method used in stochastic optimization problems. The demand can be approxi-
mated by a sample average estimate derived from the past sales data. After generating
a random sample, of size N, the average of the members of the sample is used as
demand. This method is used with N = 1 in order to keep the variance information
in sales. Each sample taken from the population is used as demand prediction. This

method provides a predictive distribution obtained from the realized sales observations.

3.1.3. Tree-based Ensembles. Tree-based ensembles are commonly used for supervised

learning methods. It is one of the most effective machine learning methods for predic-
tive analysis especially when auxiliary data is available. In the retail sector, past sales
data, related previous price information, and web click information if an online channel

is available, can be stored easily these days. These types of data can be considered
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as auxiliary data in the problem [1]. Any information that affects the sales can be
used to train the tree-based models to obtain more accurate prediction results. For
both categorical and continuous input and output variables, tree-based ensembles can
be used. In order to predict a continuous variable, regression trees are used, whereas
for categorical variables classification trees are used. In this supply chain problem, the
aim is to predict demand, which means regression trees are needed. Regression trees
follow a set of if-else conditions to calculate the predictions. Each branch in the trees
split into a node, and at the end, the nodes that have no additional nodes coming off

them are known as leaf nodes. Each individual leaf node has a single prediction.

Random forest is an ensemble learning method consisting of many regression
trees. With the help of more than one regression tree, it may explain complex relations
among variables. One of the prediction methods used in the following sections is the
random forest. In order to see the effect of the number of trees in the random forest,
10 different scenarios are generated. The scenarios are determined at 10 intervals from
10 to 100 and each leaf value in the random forest is considered as a scenario. The

details for the application of random forest are discussed in the analysis section.

3.2. Key Performance Indicators

In order to evaluate the proposed approaches, two key performance indicators are

considered. The first indicator is selected as the lost sales ratio of the system:

> lostsales?
LS = ! 2
> lostsalest + " profitt 2)
t t
where
lostsales' = Z Z (demandy; — salesy;)profit; (3)

iel jeJ



14

In Equation (3) sum of lost profit at period ¢ for all items and locations is calculated.
In Equation (2), overall lost profit metric is calculated by dividing the total lost profit
to total expected profit. Lost sales is an important metric to measure the system’s
inventory performance, having stock-outs does not only mean lost revenue but also
impacts customer satisfaction and loyalty. However, it is a common mistake in the
retail sector to hold high inventory to avoid lost sales. Excess inventory implies holding
costs including the cost of goods, storage space, labor, and insurance. There is also an
opportunity cost of the money invested in the inventory. In order to measure the excess
inventory, weeks of supply metric is used as a second indicator of the performance of

the system:

WOS =Y wos]/|T| teT (4)
t
s.t
> 2 invj;cogs;
wost = o : (5)

Y. 2.2 demand;cogs;/n
y=t j i

where n is a parameter indicating the number of periods considered in the calculation of
average demand. In Equation (5), weeks of supply values for each period is calculated.
This metric indicates the number of periods that inventory value fulfills the average
cost of future demand. In Equation (4), the overall weeks of supply value is calculated
by averaging the weeks of supply values of each period. In the following sections, the
system is evaluated based on lost sales and weeks of supply metrics in addition to the

objective values of the optimization model.
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4. APPROACH

4.1. Problem description

For the inventory management problem, a multi-item, multi-location system with
one distribution center is considered. The aim is to determine shipment decisions
among the locations by obtaining the optimal inventory values. All locations are re-
viewed periodically for both replenishment and transshipment decisions. The time that
elapses between the shipment decision and the delivery of the goods is nonnegligible,
in other words, replenishment and transshipment orders are delivered with a positive
lead time. Initially, the problem is formulated with known demand, but in the fol-
lowing sections, stochastic demand with unknown distribution is considered. In the

mathematical model, the following notations are introduced.

Indices

iel={1,...,]I]} index for items
jeJ=A{1,...,|J]} index for origin locations
seS=A{1,...,|9} index for destination locations

teT={1,...,|T|} index for periods

Parameters

stock;; initial inventory for item 7 in location j
demandj; ~ demand for item 4 in location j at period ¢
C0gs; purchase cost for item 1

price; resale price for item ¢

leadtimejs  leadtime for shipment from j to s
Cijs cost of shipping item ¢ from location j to s
holding inventory holding cost rate

wh warehouse code in the system
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Variables
invfj variable indicating beginning inventory
for item ¢ at location j period t
sales}; variable indicating sales
for item ¢ at location j period ¢
shipmentﬁj s variable indicating transfer decision

for item ¢ from location j to location s at period ¢

In the mathematical model, it is assumed that inventory, demand, cost, and price
values for items, the lead time between the locations, the shipment cost, the holding
cost parameters are known. The goal is to determine the inventory level and shipment
quantities. Therefore, sales, inventory levels, and shipment quantities are defined as
variables. stock;; is a parameter used to assign the initial inventory of items for each
location, in other words, it is the inventory at ¢t = 0. demcmdﬁj represents the demand
for each item, location, and period. Demand for the distribution center is assumed to
be zero for each item and period, as it is in the retail business, and it can only take

non-negative values for locations.

Purchase cost as cogs; and resale price as price; are defined for each item, it is
assumed that items at different locations have the same price and cost values. This
assumption might be extended easily. However, it would not create additional value for
our problem. Shipping items from one location to another causes not only operational
costs but also opportunity costs and some possible damage costs. For some items, it is
highly risky to ship from location to location due to its fragility, items may be damaged
during the shipment. Opportunity costs of not keeping the items at the origin should
be considered. This is why the cost of shipping an item ¢;;s is designed to be based
on item, origin, and destination locations. Additionally, the inventory holding cost
at locations is considered. In order to calculate the inventory holding cost holding
is used as a rate of return defined in the economy. With the help of the parameters
defined above, replenishment and transshipment decisions are optimized to maximize

the expected average total profit. Total profit is the sum of profit gained from sales,
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minus lost profit due to unfulfilled demand and cost of replenishment, transshipment,

holding inventory.

Since a multi-period inventory system is considered, shipment decisions previ-
ously made should be taken into consideration as in-transit inventory and it is known
that previous shipment decisions will arrive exactly after the shipment duration. So
leadtime;s is used to represent shipment duration, location to location, shipment du-
ration may differ based on the distance between the locations or the method used in
shipping (own trucks, third party transshipment etc.) The assumptions made for the

inventory system will be explained in detail in the following section.

4.2. System Description

In order to construct the analyses on the suggested model, a system with multiple
items and multiple locations is generated. It is assumed that transshipment decisions
are made before demand realizations (proactive) and the aim is to satisfy possible

demand. Events occur in the following order for period t:

Arrival of inventory shipped in t — leadtime

Shipment of transshipment and replenishment orders

Realization of demand (Backlog is not an option, unfulfilled demand is lost)

Remaining inventory is carried to the next period, ¢ + 1.

Inventory holding cost is incurred

The system flow for period t is summarized with the help of the visual representation in
Figure 7?7. Each flow in the figure is numbered to clarify the processes in detail. Holding
cost for the period t —1 is calculated and the ending inventory is carried to the current
period (0). Ending inventory for period ¢t — 1, in other words, beginning inventory for
period t is represented as invfj in the model. The system for period ¢ starts with the

arrival of the goods that have been shipped in the previous periods (1). The shipment

.. . . . . . . t—leadtimes;
decision that arrives to location j at period  is represented as ) shipment,; cadtmesy

ses
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The shipment decisions from location j at period ¢ is calculated as ) Shipmentﬁjs,
ses

after the shipment of the transshipment decision from the location (2), demand real-
ization occur (3). In other words, demand can be fulfilled from the arrived inventory
and can not use the inventory that is planned to be shipped. Fulfillment of demand

leads to salesfj. As a final step, the remaining inventory after the sales is carried to

t+1

the next period (4) and it is represented as inv;;.

Period : t-leadtime Period :t Period : t +leadtime
other locations . other locations
\ /
S 0 S 4 o
locationj —— - - - - - - —— locationj —— - - -- locationj
\3
demand

Figure 3: System Flow

In order to clarify the system, assumptions made on the parameters should be discussed.
Lead time and cost parameters play an important role in supply chain decisions, also
demand characteristics are important. The planning time horizon is discrete and peri-
odic shipment decisions are considered, it is represented as t. Price and cost parameters
for items are the same over locations. Initial inventory level (for time period ¢ = 0)
for each item - location is known. Although lateral transshipment lead time is mostly
ignored in the lateral transshipment literature, replenishment and transshipment lead
times are assumed to be positive and deterministic. It can be defined from location to
location as it is in the real distribution systems. The inventory shipped in period t,
arrives at t+/leadtime and the transportation lead times between locations are assumed
to be given. Additionally, ordering and shipment costs are known. Transshipment cost
is assumed to be higher than replenishment cost. Therefore, it would be preferred to
ship from the warehouse instead of stores if inventory is available in the warehouse.
Lost sales cost is equal to the sales price minus the cost of the item and it is assumed
to be known. The backlog is not allowed. Unfulfilled demand is lost. In the following

section, details of the optimization model for inventory management are studied.
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4.3. Model Formulation

With the help of the variables defined in the previous sections, a mathematical
model with linear programming method is constructed to obtain the optimal shipment

decisions periodically.

maxz = Z Z Z (price; — 00931')3‘11655]‘

teT el jeJ

- Z Z Z inwj;(cogs;)holding — Z Z Z Z shipment; cij

teT icl jeJ i€l teT jeJ seS
s.t.
invfj = stock;; Vie I,Vj € J, for t=1 (4.6)
invl, — Z shipment!.. > sales., Viel,Vje JVteT (4.7)
) )8 — 1] ) ) .

seS

. t _ s t—1 t—1
inv;; =1inv; - — sales;;

+ Z (shipmentﬁgj”i — shipment;!) Vie IVje JVteT (4.8)
ses

salesﬁj < demandfj Vie[,Vje JvVteT (4.9)
Z shipment;;, = 0 Vie I,VteT,Vs €S, for s=wh (4.10)
jeJ
shipmentfjs >0 Vie I,Vje JVteT,VseS (4.11)
salesj; > 0 Viel VjeJVteT (4.12)
invy; >0 Viel,VjeJVteT (4.13)

The objective function maximizes the profit which is equal to the total profit ob-
tained by sales less the inventory holding cost, and transshipment costs. The first term
represents the profit for items by multiplying the achieved sales with profit, while the
second and third term stands for the the inventory holding cost and the transshipment

cost due to the decision of shipping items from location j to location s respectively.
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Constraints (4.6) assign the first-period beginning inventory to the given initial
inventory. Constraints (4.7) make sure that sales realized in period ¢ and store j is
less than the beginning inventory of period ¢, store j less the sum of transshipment
decisions given from store j to any other store for each item. In other words, transship-
ment decisions can not be higher than the inventory after realization of sales at store
j. Constraints (4.8) stands for the inventory balance constraint. Beginning inventory
for period t equals to the t — 1 beginning inventory less the realized sales at period t —1
less the shipped amount at period ¢t — 1, plus the arrived inventory shipped at period
t — leadtime. Constraint (4.9) guarantee that sales realized is less than demand. Con-
straints (4.10) ensures that transshipment to the warehouse is impossible. Constraints
(4.11), (4.12),and (4.13) are the cardinality constraints indicating the positive rules of

shipment decisions, inventory and sales.

This model determines the optimal decisions for a system with lateral transship-
ment and replenishment orders from warehouses. If lateral shipment use is not an

option, then the following equation should be added to the model.

> shipment!;, = 0 Vi e IVt € T,Yj € J for j # wh (4.14)

seSs

Although the demand value represented as demand;; is assumed to be deterministic
in the above model, it is stochastic and its distribution is unknown. Therefore, the

assumption of deterministic demand is extended in the following section.
4.4. Model with Unknown Demand Distribution

The solution of the mathematical model with the full knowledge of demand pro-
vides the optimal decisions. However, demand has a stochastic nature in real life.
Therefore it is predicted with different forecasting methods in the literature. Moving
average, regression, and machine learning methods are examples of widely used pre-
diction methods in inventory management problems. If the assumption for demand

characteristic is stochastic, then the objective function should be maximizing the ez-
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pected profit for inventory management decisions [1].
MAZT gecisione z B(G(decision; demand)) (4.15)

Equation (4.15) indicates that the optimal decision should be the one that maximizes
the expected gain. The equation can be rewritten with its four major components as

follows:

G(decision; demand) : Max gecisione z(Revenue — ShipmentCosts — HoldingCosts)

After realization of total revenue, lost sales, shipment, and holding costs are subtracted
to calculate the gain. Before constructing the mathematical model, the prediction for
demand should be generated. However, obtaining good predictions does not always
provide good decisions in the inventory management systems, because it is not clear
how to go from a good prediction to a good decision [1]. As suggested in [1], the

problem stated in Equation (4.15) is transformed to:

MAL decisione Z Z wiG(decision; demand"® ) (4.16)
keK

Equation (4.16) indicates that the optimal decision should be the one that maximizes
the weighted expected gain for different scenarios. Scenarios are represented by k in

Equation (4.16). Instead of optimizing the shipment decisions by maximizing the gain

function generated by a single prediction demandﬁj, weighted average gain function
for k£ different scenarios can be maximized. As a new index k for demand parameter
demandyj, is introduced, the optimization model is modified accordingly. The new

model is constructed as follows.



Indices

iel=A{1...,/I} index for products
jedJ={1,...,]J|} index for origin stores
seS=A{1,...,|5]} index for destination stores

teT=A{1,...,|T|} index for weeks
ke K={1,...,|K|} index for scenarios

Parameters

stock;; initial inventory for pairs

demandfjk demand for product 7 in store j at week ¢ scenario k
€0gs; purchase cost for product ¢

price; resale price for product i

leadtime;s  lead time from location j to location s

Cijs cost of shipping product i from store j to s

holding inventory holding cost rate

wh warehouse code in the system

Variables

invfjk continuous variable indicating beginning inventory
for product ¢ at store j week ¢

salesy), continuous variable indicating sales
for product 7 at store j week ¢

shipmentﬁjs continuous variable indicating shipment decision

for product ¢ from store j to store s at week ¢

maxz = 1/|K| Z Z Z Z (price; — cogs;)sales,

keK teT icl jed

- Z Z Z Z invy;;,(cogs;)holding — Z Z Z Z shipment; cij

keK teT iel jeJ i€l teT jeJ seS
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mvfjk = stock;; Viel,Vje JVke Kfort=1 (4.17)
vl — Zshipmentﬁjs > salesy), VieI,Vje JVteT Vke K (4.18)
ses
inuvg, = invfj_kl — salesfj_kl—i— (4.19)
shipment._[““Y% _ shipment!:. iel,Vje JVke KVte
hipment, " h Ly VielVjeJVke KVteT

seS

sales;;, < demand;j, Viel,Vje JVke K,VteT (4.20)
Z shipment;, = 0 Vie IVt e T,Vt € T for s =wh (4.21)
jeJ

shz’pmentfjs >0 VieI,Vje JVteT Vse S (4.22)
salesj; > 0 Viel,Vje JVteT (4.23)
inv; > 0 VieLVjeJVteT (4.24)

The objective becomes the average gain of the scenarios. Constraints (4.17) assign the
first-period beginning inventory to the initial inventory parameter for all scenarios. In
other words, all scenarios start with the same inventory. Constraints (4.18) and (4.19)
are the inventory balance constraints. For each scenario k, different sales and inventory
values may occur, but the transshipment decisions are the same for all scenarios. This
is why the transshipment variable does not depend on k as the sales variable is de-
fined based on k. Constraint (4.20) guarantee that sales realized is less than demand.
Constraints (4.21), (4.22), (4.23), and are (4.24) the same as the previous model.

t
ik

In order to construct demand;,,, three prediction methods are analyzed; sample
average approximation, moving average, and random forest. For the moving average
prediction, all scenarios are the same since the moving average method provides point
estimates instead of predictive distributions. The details of the prediction methods

and the related performance metrics are analyzed in the following section.
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5. COMPUTATIONAL EXPERIMENTS AND RESULTS

Each supply chain system has its own characteristics, such as number of items,
number of locations, and has different management strategies such as fulfillment ratio,
supply management strategy or so on. To construct the analyses, a system with the

following characteristics is simulated:

Number of items: 5

Number of selling locations: 5

Number of distribution centers: 1

Time period: 52

This system is assumed to use the order up to level method as the inventory
management policy and order up to level is determined as the sum of the past four
period sales:

t—1

OUTL;; = Z sales; (5.1)

i=t—4

The shipment quantities for each period are calculated by subtracting the inven-

tory on-hand value from the order up to level in the system.

t
order;; = Max(o,0uTLL —ino!,) (5.2)

In order to apply the suggested methods to the system, it is assumed that the
system works with the order up to level strategy for 40 weeks. Then the suggested
methods are applied to the system for different cases. In the following sections, differ-
ent cases with different management strategies for this system are constructed to see
the robustness of the suggested methods. Firstly, demand data generation methods are

explained in details, then the inventory level scenarios are generated to test the system
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with different total inventory cases. The mathematical model constructed in the pre-
vious sections is solved with Gurobi for each inventory level case. It is assumed that
the system’s shipment policy is to use both replenishment and lateral transshipment.
Later, this assumption is changed to the system with only replenishment, and the ef-
fect of lateral transshipment decisions on the system performance is analyzed. Finally,
the effect of shipment review frequency is tested. The shipment decisions for both
replenishment and lateral transshipment are constructed for the future four periods in
this system. The effect of the shipment review frequency is analyzed by comparing the
KPI values of the system allowed to update the shipment decisions periodically and

the system that freeze the decisions for future four periods.

5.1. Data Generation

In order to generate the demand data for the inventory management system, the
auto-regressive integrated moving average method (ARIMA) is used. It is one of the
most common methods used for creating time series data. Data generation is repeated
for 5 times to test the robustness of the suggested methods on different environments.
52 data points are generated in each iteration for five items, four selling locations, and
demand is assumed to be zero for one distribution center. ARIMA simulation has 3
different parameters, p as the number of time lags of the auto-regressive model, d as
the number of times the data have had past values subtracted, and ¢ as the order of
the moving-average model. From the parameter set, p is set to 4, d and ¢ are set to 0.
So the order for the ARIMA model is (4,0,0) which is equivalent to AR(4). The AR
coefficients are set to (0.35,0.25,0.20,0.05).

After the creation of initial data, random promotion points defined on weeks,
products, stores, or product-stores are generated. Promotion points are constructed
with random number generators for each week, product, and store. Even in real life,
it is not allowed to apply more than one promotion on a store-product pair. This is
why prioritization of promotion types is needed. The relative priority order is as fol-

lows: week promotion, product promotion, store promotion, product-store promotion.
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To clarify, if a week is labeled as in-promotion, then additional product or store pro-
motions are not allowed. Generated promotions are assumed to have a multiplicative
effect on demand and the effect of promotions differs based on promotion type. Pro-
motion effects for each type can be seen from Table 1. In case of having no promotion,
generated demand is not modified. The promotion having the highest effect is the
product-store type promotion and it is 1.6. The lowest effect is 1.3 and it is used for a
store promotion and if a store is in promotion then the demand value of all products
in that store is multiplied by 1.3. The product promotion effect is higher than the
store promotion effect and it is 1.4 and having a product promotion label at a period
means the demand value of that product in each store is multiplied by 1.4. Lastly, if
a period is labeled as week promotion then demand values generated at that week are

multiplied by 1.5 for all products and stores.

Table 1: Promotion Effects

Product Store Promo Week Promo Multiplier
Promo

False False False 1

False False True 1.5

False True True 1.5

False True False 1.3

True False False 1.4

True False True 1.5

True True True 1.5

True True False 1.6

Figure 4 represents the generated demand data aggregated by items for each pe-
riod. The same data is also visualized based on location aggregated level at Figure
5. As it is stated before, the data generation step is replicated for 5 times, to provide
a visual representation of the generated data, one of the replications is selected and

used in the figures. The dashed line indicates the raw demand generated with ARIMA
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whereas the solid line indicates the final demand after promotion multipliers are ap-

plied to the raw demand. The test period for the analyzes starts at period 40 and it is

separated by a vertical line in the graph.
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Inventory level case generations are studied after the demand generation step is com-
pleted. In order to evaluate the robustness of the approaches, nine inventory scenarios
are generated. The inventory level scenarios are generated in two steps. Firstly, the
ratio of the total system inventory to the total demand of the system is considered.
Then cases for how much to allocate stores at the beginning of the system are consid-
ered. As a first step, for the beginning inventory level of the system, three different

cases are considered:

e shortage in the system : supply ratio in the system is 0.5
e supply and demand balance : supply ratio in the system is 1.0

e excess in the system : supply ratio in the system is 1.5

The first case indicates that the total inventory level is not enough to fulfill
the total demand in the system and lost sales is inevitable. In the second case, the
inventory level is equal to the total demand of the system, in the case of knowing the
exact demand of each period for item-location, zero lost sales value is attainable. In
the third case, the total inventory level is much higher than the total demand of the
system. As a second step, for each inventory level, the initial allocation ratios, which
are calculated as the beginning total inventory of the stores over the total system

inventory, are tested for three levels:

e warchouse-oriented allocation : the initial allocation ratio is 0.25
e balanced allocation : the initial allocation ratio is 0.50

e store-oriented allocation : the initial allocation ratio is 0.75

After determining the total system inventory level, beginning inventory levels for
locations are calculated with the assumption of each allocation strategy. Warehouse
oriented allocation indicates that the majority of inventory is reserved for later allo-
cation, as store oriented allocation indicates the majority is allocated to stores at the
beginning of the system. The ratios used in the calculation of beginning inventory

levels are summarized in Table 2.
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Table 2: Inventory Level Cases

Case Total Inventory / | Initial Store Allo-
Number | Total Demand cation Ratio
1 0.5 0.25

2 0.5 0.50

3 0.5 0.75

4 1.0 0.25

5 1.0 0.50

6 1.0 0.75

7 1.5 0.25

8 1.5 0.50

9 1.5 0.75

After the calculations, the total allocated inventory to the locations is obtained,
but allocation among locations is not handled yet. In order allocate the inventory to
the locations, relative performances of the locations are considered. For each item-
location, a performance ratio is calculated, the details for the calculation can be seen

from Equation (5.3).

t=40
t
> salesy;

ratio;; = t:f;l— (5.3)

> > salesy;
=1

For each location-item, the ratio indicates the relative sales performance and it is
calculated as the sum of the past sales data for item-location divided by the sum of

the past sales data for the item.

Finally, in order to use in the calculations of the objective value, price and cost
values for each item are generated. The margin values for items are set to 45% on
average. The cost vector used for cogs; is (4.13, 12.93, 11.00, 9.25, 3.85), whereas the
resale price vector for price; is (7.50, 23.50, 20,18. 5,70). The holding cost rate, holding
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is set to 10%. However, the cost of having inventory at warehouse is much lower than
keeping the inventory at sales locations, so holding cost rate for the warehouse is set
to 10% of holding. For the calculations of shipment costs, ¢;;s is set to 11% of cogs;.

The details of the usage of the price and cost parameters can be seen from Section 4.3.

To summarize, demand data for this system is constructed with a time series
data generation method and random promotions are applied with multiplicative effect
assumption. Inventory data is generated for different cases so that in the following

sections the system can be tested on different environments.

5.2. Effect of Number of Scenarios

In the previous sections, it is stated that demand is stochastic and its distribution
is unknown and to handle the unknown distribution of demand, the optimization model
is constructed over different demand scenarios. The framework suggested by Bertsimas
and Kallus(2020) is used and for each prediction method, k& number of scenarios are
constructed [1]. In order to analyze the effect of the number of demand scenarios in
the system, k is tested from 10 to 100. The objective value of the system and the KPI

values indicated in the previous sections are analyzed for each scenario number.

After observing the system for 40 weeks, for each item, location, and period,
four weeks of predictions are constructed for each prediction method for nine periods.
To clarify the scenario generation process, details of constructing demandy, for three
prediction methods, moving average, random forest, and sample average approximation

are discussed in the following sections.

5.2.1. Moving Average. For the simple moving average method, the forecast values

are calculated based on the average of the past 4 sales data. For ¢ > 40,
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t—1
demand’ = 1/m Z sales® (5.4)

z=t—m

As it is a deterministic prediction method; all demand scenarios (k) are the same
and equal to the average of past 4 weeks sales because the variance of demand is not
considered in the moving average method. Therefore, all of the scenarios indicates the
same system, and there is not a difference between the model with 10 demand scenario

and 100 demand scenarios.

5.2.2. Sample Average Approximation. In addition to the moving average predictions,

sample average approximation is used to obtain a stochastic prediction. Demand sce-
nario generation starts with picking random past weeks. After the random selection,
future four weeks’ sales data of the selected week is used as the future prediction. To
clarify, in order to construct a scenario for an item-location with the sales data in Ta-
ble 3; if week 27 is randomly selected, then the prediction starting from week 43 is as

follows 8-12-18-18.

Table 3: Sample Sales Data

week sales week sales
25 10 34 15
26 15 35 11
27 8 36 18
28 12 37 9

29 18 38 11
30 18 39 14
31 7 40 17
32 11 41 15
33 14 42 10
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This procedure is repeated for k£ times in order to construct k scenarios for an item-
location. This method provides variance for demand due to the random sampling and

assumes that there is not a seasonality trend.

5.2.3. Random Forest. Simple moving average and the sample average approximation

methods depend only on the previous sales values, but the random forest is a predic-
tion method taking advantage of external attributes. Past sales data, item attributes
indicating items/location performance, special day, or promotion flags can be used in
the model. Predictions for each scenario(k) are obtained by generating k& number of
trees in the forest so that each tree’s leaf value is used as a scenario. To clarify, for a
random forest with 3 trees illustrated in Figure 6, each response value in each tree is

used as a prediction set for a scenario.

Tree 1 Tree 2 Tree 3

¥=1[3,9,12,8,] ya /\
I'4 i

Y=[9,12,21,8] Y=[5,12,18,7]

Figure 6: Illustrative random forest example

From Figure 6, it can be seen that the target variable is a list but not a single number.
In order to obtain predictions for the future four periods at once, multi-objective ran-
dom forest that generates multi-targets is used [16]. Kocev et. al. (2007) conclude that
the results of the multi-objective random forests perform equally good or significantly
better than the single-objective ones. The minimum number of samples required to
split a node is assigned to 2, so that at the leaf node one observation is obtained. The

number of features to consider when looking for the best split is set to 0.1, and boot-
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strap is allowed. The response contains four periods, and for an item-location with the
solution in Figure 6; prediction results for scenarios at period ¢ are constructed as in

Table 4.

Table 4: Scenario predictions for Figure 6

demand; k=1 k=2 k=3
t=1 3 9 5
t=2 9 12 12
t=3 12 21 18
t=4 8 8 7

For the three different prediction methods, the optimization model is run with
different scenario numbers (from 10 to 100). The significance of scenario number in
the optimization model is analyzed with the assumption of the system allowing lateral
transshipment. ANOVA is used to test the significance of the number of scenarios.
From Table 5, it is seen that number of scenarios and prediction methods and the

interaction have significant effects on objective values.

Table 5: ANOVA results for number of scenarios and prediction methods

Source SS DF Ms F p-unc np2
0 NumberofScenarios 6.827291e+05 9 75858.764 24943 0.0 0.B52
1 PredictionMethod 1.7898862+07 2 8949428855 2942.650 0.0 0.980
2 NumberofScenarios * PredictionMethod 4.489261e+05 18 24940.341 8.201 0.0 0.5582
3 Residual 3.649538e+05 120 3041.282 NaN  NaN  NaN

The average objective values obtained in this analysis can be seen from Table
6. As it is stated before, the objective value of the optimization model is the profit
in the system for nine weeks of periodic review after inventory and cost realizations.
The objective calculation can be seen from Equation 4.16 and the mathematical model
is stated in the Section 4.4. From Table 6, it can be stated that as scenario number
increases, the objective values increase for SAA and RF methods while for the moving

average method, objective values are the same in each scenario number, because de-
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Table 6: Average objective values for each prediction method over different scenario

numbers

Prediction Method
Scenario . Sample Average
Number Moving Average Approximation Random Forest
10 80,479 80,267 80,836
20 80,479 80,395 81,114
30 80,479 80,244 81,142
40 80,479 80,432 81,230
50 80,479 80,485 81,244
60 80,479 80,500 81,262
70 80,479 80,457 81,247
80 80,479 80,499 81,284
S0 80,479 80,475 81,237
100 80,479 80,510 81,301

mand variation is not considered in MA. Therefore, it is possible to conclude that as
scenario number increases, the model gives better decisions. Since the change in the
objective values are small and the cost structure has a huge effect on the objective val-
ues, lost sales and weeks of supply metrics are analyzed additionally. In order not to be
dependent on the cost structure, KPI metrics practiced in the inventory management
problems are used. Lost sales values for each scenario number can be seen from Figure
7. The lost sales ratio for the system is calculated as the profit lost due to unfulfilled
demand divided by the expected profit for total demand.

In Figure 7, the ratio stands for the average of the lost sales ratios of each generated
case (nine inventory scenarios, five replication in prediction methods, five different
data) in the system. From the figure, it can be stated that as the scenario number
increases, the lost sales ratio converges to its lowest value because increasing the vari-
ance in the model results in improvement and stabilization in the KPI metrics. For
the moving average method, indicated by the solid line in Figure 7, increasing scenario
number does not change the lost sales ratio, but for the RF and SAA methods, as
scenario number increases, the optimization model gives better decisions in terms of

lost sales. The second KPI value of the supply chain system is summarized in Fig-
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Figure 7: Average lost sales ratios for different scenario numbers

ure 8, the weeks of supply value for each period indicates the number of periods that
inventory on-hand can fulfill the average demand and it is calculated with inventory
holding cost and expected average demand value. The weeks of supply value on figures
are the average of the weeks of supply of each period in each case (ten period-ends,
nine inventory scenarios, five replication in prediction methods, five different data) in
the system. From the figure, it can be stated that as scenario number increases, the
weeks of supply values stabilize for all prediction methods and decrease dramatically
for the random forest method.

As a result, the number of scenarios affects both the quality and the robustness of
the system. As the number of scenarios used in the system increases, objective value
obtained by the model increases. Moreover, lost sales value decreases and it converges
to its lowest value. Having high scenario numbers the optimization model solves the
problem by better estimation of demand distribution based on conditional probabilities
estimated by prediction methods. For the next sections, the optimization model with

100 scenario number is used in the analyses.



36

1.69

Weeks od Supply

1.69
.68

1.68
10 20 30 40 S0 60 70 80 90 100

MNumber of Scenarios

Figure 8: Average weeks of supply ratios for different scenario numbers

5.3. Case Analyses

This section analyzes the results for different inventory situations, nine inventory
level cases. Firstly, it is analyzed with the assumption of the system allowing lateral
transshipments, then the system is changed to the system with only replenishment
decisions. In the previous section, it is stated that using the optimization model with
higher scenario numbers performs better. Therefore, the optimization model with
100 scenarios is used in the case analyses. After choosing which optimization model
to be used in the analyses, the model is tested on different environments to obtain
the true performance and robustness of the suggested method. As constructing the
environments, in order to test the robustness, five different data sets are analyzed for
five different replications in each prediction method, so the analyses are constructed

on 25 different systems.

5.3.1. Case Analyses with Lateral Transshipment.

The system is analyzed with the assumption of allowing lateral transshipments, which

means in addition to the shipment decision from the distribution center, shipment
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decision among locations is also possible. Firstly, in Table 7, it is tested if the inventory

level cases and prediction methods have statistically significant effect on the objective

values.
Table 7: ANOVA results for inventory level cases

Source 88 DF Ms F p-unc np2
0 SystemSupply 1.688802e+11 2.0 §.444012e+10 29148 00 09
1 AllocationStrategy 5.834197e+10 20 2917098e+10 10069 00 08
2 PredictionMethod 9.771693e+07 20 4.3885846e+07 1.7 02 00
3 SystemSupply * AllocationStrateqy  4.606897e+10 40 1.151724e+10 3976 00 07
4 SystemSupply * PredictionMethod  1.189443e+03 40 2973608e+07 1.0 04 00
5 AllocationStrategy * PredictionMethod  2.811207e+08 4.0 7.028017e+07 24 00 00
6 SystemSupply * AllocationStrategy * Prediction...  1.726517e+08 8.0 2.158146e+07 07 07 00
7 Residual 1.877251e+10 6480 2.896992e+07 MaN MaN NaM

From Table 7, it is seen that system supply and allocation strategy have significant

effects on objective values and their interaction effect is significant. Prediction method

does not have a significant effect individually, while the interaction of the prediction

method and the allocation strategy is significant.

Therefore, it can be stated that

inventory level cases have significant effects on the total profit of the system. Then,

the objective values can be analyzed in details for each case. The average objective

values of 25 different data set for each inventory level case is summarized in Table 8 for

nine weeks of periodic review strategy. From Table 8, it can be stated that systems with

Table 8: Inventory level case objective analyses for systems with lateral transshipment

System Prediction

Supply Method

Shortage  MA
SAA
RF

Balance MA
SAA
RF

Excess MA
SAA
RF

Allocation Strategy

WH oriented Balanced Store oriented
I 62,647 I 62,945 I 61,053
I 62,535 I 62,888 s 61,161
I 62,720 I 62,998 I 61,147
I 105,537 O 104,046 N 93,587
| 107’,394 I 102,995 i 90,284
P 109,079 ey 104,120 e 90,878
I 97 981 I 34,881 51,634
N 100,207 . 85,535 51,592
I 102,933 e 86,418 - 51,419
0K 50K 100K 150K 0K 50K 100K 150K 0K 50K 100K

Avg. Objective Value Avg. Objective Value

Avg. Objective Value

150K
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a shortage in supply have the lowest objective values for each allocation strategy. The
objective values are changing around 60,000. Because of the shortage in supply, high
lost sales values are occurred and the objective values become significantly less than the
other systems. For the systems with shortage in supply, the store oriented allocation
strategy has the lowest objective values as the system with store oriented allocation has
higher inventory holding costs, because allocating the majority of inventory to stores
at the beginning of the system results in keeping the inventory on hand for longer
periods. However, in the WH oriented system, inventory is waiting at the warehouse to
be allocated more accurately in the coming periods. Systems with a balance in supply
have the highest objective values on average for each allocation strategy because the
systems with excess in supply has higher inventory holding costs. For the same reasons
stated above store oriented systems has lower objective values. Although the random
forest prediction method has the highest objective value for most of the cases, the
difference in objective values among the prediction methods used in each system is not

notable.

Table 9: Inventory level case KPI analyses for systems with lateral transshipment
Allocation Strategy

WH oriented Balanced Store oriented
System Prediction = Avg.ls | Avg.ls |, Avg.Ls
Supply Method 9 "% Ratic 7YY Ratie |TV9YPS Ratio
Shortage WA 0.15 49 9% 0.27 49 9% 0.52 49 9%
SAA 0.16 49 9% 0.28 49 9% 0.52 49 9%
RF 0.15 49 9% 0.27 49 9% 0.52 49 9%
Balance WA 0.69 9.2% 121 6.2% 2.43 3.7%
SAA 0.70 8.0% 121 7.1% 243 6.1%
RF 0.70 6.7% 132 6.0% 243 55%
Excess MA 139 7.5% 289 3.4% 554 0.0%
SAA 141 5.4% 290 2 8% 554 0.1%
RF 143 2.6% 292 1.4% 554 0.0%

In addition to the objective value analysis, lost sales and weeks of supply values
are analyzed. In Table 9, the average weeks of supply and lost sales values for inventory
level cases are listed. In the case of a system with a shortage in supply, the prediction

method or the allocation strategy does not matter for lost sales metric, because the lost
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sales ratios are the same. However, weeks of supply values increase from warehouse
oriented to store oriented allocation strategy. This is because the system with store
oriented strategy starts with higher inventory levels. For the systems with balance
and excess in supply, allocation strategy and prediction methods become important.
The improvement obtained with the random forest is significant for the systems with
a balance or excess in supply for warehouse oriented systems. For the systems with
excess supply, lost sales improvement among prediction methods can not be seen if
store oriented allocation strategy is used. This is due to the inventory level is very
high in the system, and this can be checked from weeks of supply values as well. In
the case of having warehouse oriented allocation strategy for the systems with excess
supply, the system operates with less than two weeks of inventory on average, but if
the store oriented allocation is preferred then the system would have almost six weeks
of supply on average which is very high as compared to other systems. Additionally, it
can be seen that the lost sales ratio is also decreasing from warehouse oriented systems
to store oriented systems. This is because starting with higher inventory in stores
fulfill the unexpected demand. However, it also increases the weeks of supply values

significantly.

As a result of the inventory case analyzes, it can be stated that; if the system
with lateral transshipments has a shortage in supply, the importance of the prediction
method decreases, but changing the allocation strategy provides improvement for weeks
of supply values. If the system with lateral transshipments has a balance in supply,
then the prediction method becomes important if the allocation strategy is warehouse
oriented, and changing the allocation strategy mainly affects the weeks of supply values.
Allocation strategy should be determined by the decision-makers with the consideration
of the trade off between lost sales and weeks of supply values. If the system with
lateral transshipments has an excess in supply, the importance of the allocation strategy
increases because there is a significant change in the weeks of supply values among the

allocation strategies.
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5.3.2. Case Analyses without Lateral Transshipment. The importance of the alloca-

tion strategy changes with the shipment capabilities of the system. When the systems
with the same data are operated without lateral transshipment, the results reveal the
importance of lateral transshipment, especially for systems with excess in supply. The
comparison between the systems with transshipment and without transshipment has a

huge dependency on the holding and shipment cost structures.

Table 10: ANOVA results for inventory level cases without lateral transshipment

Source S8 DF Ms F p-unc np2
0 SystemSupply 1.695262e+11 2.0 8476309e+10 23491 00 059
1 AllocationStrategy 5.883581e+10 2.0 2941791e+10 938.8 00 08
2 PredictionMethod  1.095252e+08 2.0 5476261e+07 18 0.2 0.0
3 SystemSupply * AllocationStrategy 4 .667649e+10 40 11656912e+10 3922 00 07
4 SystemSupply * PredictionMethod  1.198360e+08 4.0 2.995899e+07 1.0 04 00
5 AllocationStrategy * PredictionMethod  2.770617e+08 4.0 6.926542e+07 2.3 01 00

6 SystemSupply * AllocationStrategy * Prediction...  1.739064e+08 8.0 2.173830e+07 0.7 0.7 00

7 Residual 1.927845e+10 648.0 2.975069e+07 NaN  NaN NaN

Before analyzing the objective values for the system without lateral transshipment
in details, the significance of the different cases are tested for the systems without
lateral transshipment. From Table 10, it is seen that system supply and allocation
strategy and the interaction have significant effects on objective values. The average
objective values for the system without lateral transshipment can be seen from Table

11 in details.

In Table 11, the proposed methods are also compared with the current system
strategy. As stated before, current system is managed with the OUTL strategy with
4 weeks of sales order up to level and the it does not allow lateral transshipment. It is
seen that current system has the lowest objective values for each case, it means the total
system profit is not as high as for the proposed methods. For the proposed methods
without lateral transshipment, the objective values are very close to the objective
values of the systems with lateral transshipment. In order to analyze the performance

changes between the systems with and without lateral transshipment, KPI values for
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Table 11: Inventory level case objective analyses for systems without lateral transship-

ment
Allocation Strategy

System Prediction ‘WH Oriented Balanced Store Oriented
Supply Method
Shortage Current System [N 57,187 I 57,926 I 58,197

MA I 62,647 I 62,933 I 61.050

SAA I 62,536 I 62.890 I 61,160

RF N 62,727 I 63,008 N 61,168

Balance Current System [N 99,564 N 98,624 N 90,513
MA I 105,561 N 104,271 I 93,664
SAA N 107,389 Y 102,994 I, 90,200
RT I 109,142 PN 104,276 N 91,049
Excess  Current System [N 32,508 I 73,147 I 46,063
MA N 98,068 N 35,015 I 51,429
SAA I 100,208 | 85,440 I 51,288
RT I 102,957 N 86,477 I 51,244
0K 50K 100K 150K|0K 50K 100K 150K|0K 50K 100K 150K
Avg. Objective Value Avg. Objective Value Avg. Objective Value

the systems without lateral transshipment can be seen from Table 12.

The current system has the lowest lost sales ratios in Table 12. However, weeks
of supply values are significantly higher because the current system’s main purpose is
to keep inventory at 4 weeks of supply. Yet, the proposed methods solve the inventory
problem with the knowledge of 1 period of lead time and 1 period of review time,
and do not aim to keep more than 2 weeks of supply due to nature of optimization.
Therefore, comparing the system with 4 periods cover to the proposed methods is not
compatible. In order to obtain compatible systems the current system should be run

with 2 weeks of order up to level.

In case of simulating the current system with 2 weeks order up to level, weeks
of supply values for the systems become compatible and the results can be seen from
Table 13. It can be stated that for each case, the current system results in higher lost

sales values and higher weeks of supply values.

After comparing the current system with the proposed methods, the effect of
lateral transshipment can be analyzed from the same table, Table 13. For the systems

with shortage, lost sales values are exactly the same with the systems using lateral
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Table 12: Inventory level case KPI analyses for systems without lateral transshipment
(Current System uses four weeks of sales as OUTL )

Allocation Strategy

WH Oriented Balanced Store Oriented
System Prediction Avg. Ls Avg. Ls Avg. Ls
Szpply Method Avg. Wos Ratio Avg. Wos Ratio | V9. Wos Ratio
Shortage Current System 0.49 495 9% 0.58 49 9% 0.70 439 9%
MA 0.15 49 9% 027 49 9% 0.52 49 9%
A 0.16 49 9% 0.28 49 9% 0.52 49 9%
RF 0.15 49 9% 027 49 9% 0.52 49 9%
Balance Current System 177 1.1% 2.09 1.1% 2.86 11%
A 0.69 9.2% 132 6.1% 2.44 3.6%
A 0.70 8.1% 131 7.2% 243 6.1%
RF 0.70 6.7% 132 6.0% 244 3.5%
Excess Current System 2.65 0.0% 363 0.0% 5.67 0.0%
A 139 7.4% 2.90 3.3% 555 0.2%
AA 141 5.4% 2.91 2.8% 5.54 0.3%
RF 143 2.7% 293 1.5% 295 0.2%

Table 13: Inventory level case KPI analyses for systems without lateral transshipment

( Current System uses two weeks of sales as OUTL )

Allocation Strategy

\WH Oriented Balanced Store Oriented

System Prediction Avg.Ls Avg. Ls Avg. Ls
Szpply Method Avg. Wos Ratic | /@ Wos Ratio | /@ Wos Ratio
Shortage Current System 0.18 49 9% 0.30 49 9% 0.53 49 9%
WA 0.15 49 9% 027 49 9% 052 49 9%

AL 0.16 49 9% 0.28 49 9% 0.52 49 9%

RF 0.15 49 9% 0.27 49 9% 0.52 49.9%

Balance Current System 0.71 14 2% 134 9.3% 2.47 4.0%
WA 0.69 9 2% 132 6.1% 244 3.6%%

AL 0.70 8.1% 131 7.2% 243 6.1%

RF 0.70 6.7% 132 6.0% 244 5.5%

Excess Current System 141 12.0% 293 4.0% 555 0.2%
WA 139 7.4% 290 3.3% S5 0.2%

AL 141 5.4% 291 2.8% 554 0.3%

RF 143 2.7% 293 1.5% S35 0.2%

transshipment, because the inventory is limited. For the systems with warehouse ori-

ented strategy, the system prefers to fulfill the demand from warehouse. Therefore,
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there is not a huge difference between the systems with or without transshipment deci-
sions if allocation strategy is warehouse oriented. This can be checked from Table 14,
for the warehouse oriented allocation strategy, the systems with lateral transshipment
does not use the transshipment capability. The values in Table 14 indicates the total
transshipment quantity ratio to the total shipment decisions. For the systems with
shortage in supply and for the systems with warehouse oriented systems, lateral trans-
shipment capability is not used and shipments from the warehouse is preferred. As the
inventory in the system increases (excess in supply), if the allocation strategy is store
oriented then it is seen that systems with lateral transshipment uses mainly lateral
transshipment decisions and performs better especially for lost sales values. This is be-
cause the store oriented strategy for the systems without lateral transshipment blocks
the inventory and the inventory can not be moved among locations, so this results in
higher lost sales. For the systems with balance and store oriented strategy, weeks of
supply values also decreases if the system allow lateral transshipment in case of balance

and excess in supply.

Table 14: Lateral transshipment decisions percentage over total shipment decisions
Allocation Strategy

System Supply E;:Shlztdm" WH oriented Balanced Store oriented
Shortage A, 0.0% 0.1% 3.0%

SAL 0.0% 0.0% 0.2%

RF 0.1% 0.1% 1.1%
Balance A, 0.0% 11% 3.7%

SAL 0.0% 0.3% 1.2%

RF 0.1% 1.6% 5.5%
Excess A, 0.6% 2.8% 62 3%

SAA 0.0% 0.7% 38 3%

RF 0.1% 3.5% 43 8%

For the systems with excess in supply, comparison of Table 11 and Table 8 shows
that without lateral transshipment decisions, systems result in higher objective val-

ues. The decrease in the objective value if lateral transshipment is used is due to the
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additional transshipment costs. Although the objective values indicate that in some
cases having only replenishment decisions in the system provide higher objectives, KPI
values in Table 13 show that the systems without lateral transshipment have higher
lost sales, and weeks of supply values are not changing too much. In other words, hav-
ing lateral transshipment in the system provide better results in terms of KPIs of the
system. In the following section, the distribution of the objective values for scenarios

is analyzed.

5.4. Objective Distribution for Demand Scenarios

The case analyses are constructed with the optimization model with 100 scenarios.
As stated in Equation (4.16), the objective value of the optimization model is the
average gain function for all scenarios. However, in order to evaluate the robustness of
the suggested method, the distribution of the gain values for each scenario should be
analyzed. Although the case analyses are constructed over five different data set for five
replications, in order to obtain compatible results in objective distribution analyses,
one data set is used for one replication for the each prediction method. The robustness
of the proposed model is tested for the system with the balanced allocation strategy
for each system supply case. The objective results in this analysis contains four future
weeks. The distribution of the objective values for the sample average approximation
and random forest are visualized for each system supply case with histograms in Figure
9. As stated before, moving average method does not create predictive distribution but
point estimates. Therefore, For the moving average method each scenario has the same

objective and it is not reported in this figure.

From Figure 9, it can be stated that random forest prediction method results in
wider distribution among demand scenarios than the sample average approximation.
For each system supply case random forest has higher standard deviation values than
SAA method. For the systems with shortage in supply, there are outlier scenarios
for random forest method whereas the sample average approximation has a narrow

distribution. For the balance and excess in supply, although the distribution is wider
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Figure 9: Objective values distribution for demand scenarios

for random forest method, outlier scenarios are not noted. As a result, it can be
stated that the suggested method does not create high differences among scenarios if
the system supply is not in shortage. In case of the systems with shortage in supply,

random forest method does not provide a robust solution.

In addition to the distribution of the total system profit, store based analyses can
be seen from Figure 10. This figure indicates the results of the system with balanced
supply. It can be stated that random forest has again wider distribution compared
to the SAA method. Moreover, among the stores there is not a notable difference in
terms of distribution. Each store’s distribution has nearly the same deviation from the

mearl.

In the following section, the effect of review period is analyzed for the systems

with lateral transshipments for 100 scenarios.
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Figure 10: Store based objective values distribution for demand scenarios

5.5. Effect of Review Frequency

In the system, predictions are constructed for four future periods and shipment
decisions obtained from the model is a decision set for four periods. Therefore, re-
viewing the system only once in four periods is possible. After obtaining the decisions
for four periods, it may be preferred to freeze the decisions and apply the decisions
for four periods without reviewing the system periodically. However, it can also be
reviewed periodically, and making changes in the decision is possible. In this section,
the simulated system is tested for both strategies: a system with periodic review for
four periods and a system with one-time decision including four periods at ¢ = 40.
In order to obtain compatible results only the first three periods performance will be
analyzed. The analyses are constructed for the system allowing lateral transshipment
with the model using 100 demand scenarios. As in the previous section inventory level
analyses were summarized, it is assumed that the system supply is on balance with

demand, and the initial allocation is done based on the warehouse oriented strategy.

The objective values for the review frequency analysis can be seen from Table

15. If the review frequency of the system is to give decisions at ¢ = 40 and not to
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change it in the future periods, then this strategy is called as single period review. If
the decisions are reviewed at each period and changed periodically then the strategy
is stated as periodic in the table. For the three prediction methods, periodic review
strategy have higher objective values. However, the change in the objective values is
not notable enough to conclude a superiority among the strategies. Therefore, it is
tested statistically with a paired t-test. The p-value obtained from the paired t-test
for objective values comparison is nearly 6.51e-10, this low p value indicates that there

is a significant difference between these approaches.

Table 15: Objective values for review frequency analyses

Review Frequency

Prediction Single Periodic
Method Review Review
MA 34,045 34,082
SAA 36,625 37,196
RF 36,821 37,729

In addition to the objective value comparison, KPI values are also analyzed.
For the lost sales and weeks of supply KPIs, paired t-test provides low p-values and
indicates that there is a significant difference between the review strategies. In order
to see the difference, the KPI results of the review frequency analysis are summarized

in Table 16.

Table 16: KPI values for review frequency analyses

Review Frequency

Single Review Periodic Review
Prediction Ava. Wos  Ava. Ls Ratio Ava Wos  Ava. Ls Batio
Method AvVg. Wos AvVg. LS katlo AVg. VoS AVJ. L5 katlo
MA 0.34 14.0% 0.36 13.8%
SAA 0.38 7.2% 04z 6.2%
RF 0.37 6.2% 0.39 5.5%

For the three prediction methods, the systems operate better with a periodic
review strategy. Although the weeks of supply values increases, the lost sales ratio
change is important. Reviewing the system periodically enables to make decisions

with live inventory, this is why it performs better than the single review strategy.
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However for some systems single review strategy might have some other advantages,
like less shipment/operational workforce planning. In such cases, if it is needed to
use a single review strategy, selecting the prediction method becomes very important,
because Table 16 shows that if the prediction method is random forest then the system

performs better.

5.6. Performance Comparison of the Prediction Methods

Three different prediction methods are analyzed in the previous sections: Mov-
ing Average, Sample Average Approximation, and Random Forest. SAA and RF are
the stochastic prediction methods whereas the MA is used as a deterministic bench-
mark. MA is widely used in the retail sector, both the basic moving average method
and the smarter versions of it are studied. As stated before, the current system is a
promotional environment, and future promotion flags are known during the shipment
decision processes. Promotion features are already used by the random forest method,
but the performance of the version of the moving average that considers promotions
is unknown in the previous sections. In this section, the moving average method is
extended to a version of averaging the last 4 sales with promotion if the future pre-
diction is in promotion, and the last 4 non-promotion sales if the prediction period
is not in promotion. The KPI values for the comparison can be seen from Table 17.
For each cases, it can be stated that MA prediction method has a week performance.
Although the SAA prediction method performs better than MA, there are two different
prediction methods that performs better than SAA.

For the systems with shortage in supply, the lost sales ratios are the same and do
not have a significant difference among the weeks of supply values. However, for the
systems with balance in supply, Smart MA has the lowest lost sales and weeks of supply
values for each allocation strategy. This is because the simulated system is a basic sales
environment with promotion uplifts. Smart MA covers all the features of the system,
but in case of a system with cannibalization and substitution effects moving average

methods would not be sufficient. Random forest is a more powerful method as features
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Table 17: KPI analyses of the prediction methods for different inventory cases

Allocation Strategy

WH Oriented Balanced Store Oriented
System Type Avg. Wos Avg. Ls Avg. Wos Avg. Ls Avg. Wos Avg. Ls
Supply T Ratio ST Ratio T Ratio
Shortage A 0.15 49 9% 0.26 49 9% 0.50 49 9%
Smart MA 0.13 49 9% 0.25 49 9% 0.49 49 9%
SAA 0.16 49 9% 0.26 49 9% 0.49 45 9%
RF 0.14 49 9% 0.26 49 9% 0.49 49 9%
Balance MA 0.66 9 2% 125 6.2% 2.32 3.7%
Smart MA 0.59 4 3% 1.20 3.2% 2.29 1.8%
SAL 0.67 8.1% 125 7.2% 2.32 6.1%
RF 0.67 6.79% 1.26 6.1% 232 5.5%
Excess MA 133 7.5% 276 3.4% 5.28 0.0%
Smart MA 127 3.7% 273 1.8% 529 0.1%
SAL 134 5.40% 277 2. 7% 5.29 0.1%
RF 136 2.7% 279 1.4% 528 0.0%

of the system increases because it considers all demand related features. In addition to
the substitution and cannibalization effects, creating stock outs in the system would
also mislead the moving average methods, and random forest is supposed to identify

such links between the stock-out feature and sales information.

For the systems with excess in supply, it can be stated that the random forest is
still the best prediction method in terms of lost sales performance. Lost sales values of
smart moving average are higher than the lost sales values of the random forest. How-
ever, the smart moving average method keeps lower weeks of supply values. This can be
explained by the variation considered in the optimization framework. As stated before
for the optimization model, demand scenarios are generated and random forest pro-
vides a predictive distribution as the moving average provides point estimates. In case
of having excess inventory on hand, thanks to the variation covered in the optimization
model with the random forest prediction method, the system keeps inventory with a

buffer and performs better in terms of lost sales value for each allocation strategy.
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6. CONCLUSION

Shipment decisions for multi-period and multi-location inventory systems are
studied in this thesis. After conducting a literature review study, it is seen that the
complete knowledge of probability distribution of demand is a common assumption
in the literature. However, Bertsimas and Kallus (2020) suggest a new optimization
approach without making any assumptions on the distribution of demand. With the
help of the suggested framework, a mathematical model as linear programming is used
to solve the optimization problem by better estimation of demand distribution based
on conditional probabilities estimated by random forests. The optimization problems
are solved via Gurobi packages. In order to handle the stochasticity of demand na-
ture, instead of using point estimates in the mathematical model, demand scenarios
are generated by better estimation of demand distribution obtained by random forest
and sample average approximation prediction methods. Moreover, to create a bench-
mark, the moving average method is used as an example for point estimate prediction
methods. Different prediction points retrieved from the demand distribution are used
as scenarios. The main goal of the model is to maximize the profit, by obtaining the

optimal inventory levels with the consideration of each demand scenario.

To evaluate the robustness of the suggested method, a simulated system is used for
the analyses. Firstly, the effect of the number of demand scenarios in the mathematical
model is analyzed. It is seen that as the number of demand scenarios increases, the
system stabilizes and performs better due to the consideration of variation in demand.
Then the inventory level cases are tested because, during the literature review, it
is seen that the starting inventory levels for locations and the review frequency are
important for the system performance. Therefore, nine different inventory level cases
are generated. Statistical tests show that inventory level cases have significant effects
on the objective values of the system. Therefore, the optimal strategies might change
according to the inventory level cases of the management system. After the comparison
of the systems with and without lateral transshipments, it is concluded that allowing

lateral transshipment decisions improves the lost sales values of the system escpipecially
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if the system is in excess in supply. The strategies should be selected with consideration
of the trade-off between lost sales and weeks of supply. After the inventory level
case analyses, in order to evaluate the robustness of the proposed methods for each
inventory case, the distribution of the objective results of the mathematical model
is analyzed. The results reveal that, the method using random forest prediction has
a wider distribution for objective results over demand scenarios. Moreover, for the
systems with shortage in supply, there are scenarios with outlier objective results,
indicating that optimization model with random forest demand scenarios is not a robust
solution. After analyzing the distribution of the system profit over scenarios, the
strategy used for the review period of the system, periodic or single-period review, with
lateral transshipment strategy is tested. The test concludes that there is a significant
difference between the systems with periodic and single-period review strategy and
periodic strategy obtains lower lost sales values. Finally, although the analyses reveal
that the systems with the random forest method perform better than the other systems,
smart moving average method is introduced and tested. For the systems with balance
in supply, the smart moving average is a better method than the random forest. This
is because the simulated system is a basic sales environment with promotion uplifts.
For the systems with excess in supply, random forest method performs better than the
smart moving average. This reveals that the variation in the random forest method
provides the system to keep higher inventory compared to the others, and in case
of keeping the inventory considering different demand scenarios the system performs

better.

As future work, the same analyses can be conducted for different cost structures
to evaluate the effect of the cost structure on the suggested method. The results might
change for each inventory level cases if a different cost structure is considered. More-
over, as multi-period consideration is used, substitution effects among items can be
taken into account in the prediction methods. For the complex systems, it can be
tested if random forest provides better results compared to the smart moving average
method. Creating stock-outs might also change the prediction method’s power, it can

be tested with additional simulated data sets. Multi-period consideration also enables
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to include resource capacity constraints in the suggested model. As the model allows
lateral transshipment decisions, including distance information among locations can
be considered and the effect of distance among locations on the optimal decisions can
be analyzed. In addition to the shipment decisions, pricing decisions can be added as
variables to the optimization model so the model can generate pricing and shipment
decisions jointly. The suggested method can be tested with real data instead of a
simulated data set. Therefore, auxiliary variables can be extended to obtain better
predictions for the random forest prediction method. Additionally, demand scenario
weights, wy stated in Equation (4.16), can be studied with various methods as sug-
gested in Bertsimas’ framework. Finally, the suggested mathematical model uses linear
programming assumptions and does not use integer constraints. However, integer pro-
gramming can be used to solve the same problem but additional solutions should be

suggested to prevent the possible run time issues for large data sets.
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