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ABSTRACT =

":In’ﬁbis ﬁhesis;dgeneral TPBVf‘s.in.Optlmal'Combrol have’
been'analyzedeuSing bbe'sensitivity method »A'SOlution.
method, 'whlch uses the tragectory sen31t1v1tles to solve
vgeneral TPBVP's, is developed Ex1stence of the solutlons
for the boundary value problems with llnear_boundary con-

ditions is also studied.

The proposed method allows us to parametrlze the boundary
condltrons. If the analytlc expreSSLOns for the parametric
ffuncblons are not avallable then ;t determines their nume-
rical values. In this way,'the method easily eonverfsrthe'
‘ original problem into an initial valﬁe problem. Then by .

changlng the parameters and usxng the traaectory sensiti-

v1tles, 1t oalculates the true parameter values that satlsfy_~’

the problem constralnts, hence flnds a solutlon for the

given problem.~



0zZET -

Bﬁitezdé,‘éﬁ‘iyi'denetihde'obtaya Gikan genel iki-nokta
‘sinir déger ﬁroblémleri duyarlilik yontemi kullanllarak
incelehmis;‘yérﬁnge duyérlll;klarlnlvkullanarak buitié

problemleri ¢dzebilen bir yﬁntém gelistirilmis ve dogrﬁ-
- sal s1nir ko$ﬁllu}s1n1rLdeger}problemlemlerinin gézﬁmleé

rinin varlik sorununa deZinilmigtir.

Oneriien yontem, 151ﬁ1f kosullarlnl-degistirgenleb xulla-

' narak yenlden tanlmlamamlza olanak verlr Eger‘degistirgen
igslevler: 191n qozumsel lfadoler bulmak ola51 deﬁllse, yon—'
tem kendlsl_bu ifadelerin sayisal degerlerlnl belirler. Bu
sekilde, siﬁlr—deger problemini- kolayca ilk-degér ppobléé.
mine dénﬁstﬁrﬁf.-Daha sonra iSe,degigtirgenleri degistire-
rekrve'yﬁrﬁnge duyarllllkiarinl kulianafak de&istirgenle-
rin problem leltlarlnl saglayan dogru degerlerlnl hesaplar,

»dolsylslyla problemln ¢Oziimiinii bulmus olur. v
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I. INTRODUCTION

oWhen we apply the calculus of varlatlons to the optlmal
'control problems, we generally end up wmth nonllnear two
p01nt boundary value problems. Unless the resultlng problems o
-'are qulte 51mple, we have to use a numerlcal technlque to

determine the.optlmal control, and trajectories.,

The nonllnear two p01nt boundary value problems encountered

'uln a large class of optlmal control problems can be summa-

" “rized as flndlng 2n state and costate variables and m control

1nputs, while satisfylng the 2n state and costate dlfferen-
_tlal equatlons, the m 0pt1mallty condltlons, and the initial

and. the flnal condltlons.

Most of the numerical metbods for the solution of such

' problens necessaiily use itefative,procedures. Generally a
nonlnalvsolution is chosen thst satisfies some but not all

. of the necessary Conditions, then it is'nodified so that the
rest of the condltlons are also’ satlsfled The mos§ popular
me thods of this kind are Gradient Methods, Qua3111nearizatlon

: Methods, and Varlatlon of Extremals.

Gredlent Methods werepdeveloped to overcome the initial
guess difficulty associeted with direct,integration methods.
ln this epproach nominal solution is cbosen to satisfy the
2n differential eQuations, and is characterized by the

iterative algorithms for improving the estimates of control



‘inpntstse aslte;eomelcloser?to;satisfjing the_eptimality '
: and'boundary.cendifions;'Alfnongh:~lt'is'considerably easy
to start thls method as an extremal is approached, the
gradlent becomes small and the method has a tendency to
t'converge.slowly. '
.ﬂdne ;erslon oleuasilineariZation_Methods ehoqses'nominal”
.'funetions for’stanes.and'cosﬁates.that”satisfy as many ef
the boundary conditlons as pos51ble. Then the nominal control
"1nputs are determlned by use of optlmallty condltlons. The
state and costate differential equations are linearized about
' lthe nominal solutlons, and su003551ve linear two p01nt boun-
bdary value problems are solved to modlfy the solutlon untll
1t;satlsfies the state and costate dlfferentlal’equations.
°Tne sequence of solutions ef the lineariZed equations of
states and costates, w1th a rate that is at least quadratlc,
converges to the deSLred solutlons, if the norm of the
deviation of the lnltlal guess from the des1red solutlons

~is sufficiently small.

In the Method eflvariatiens ef Extremals, eveny trajectory
.generated by the algonithm satisfies the state and’costate
differential equationsg henCe»is’an extremal. This methed

is characteriied by.iterafive algorithms fer.improving the
estimates of the unspecified initial (or final).conditions
so:as to satisfy the spedlfied final (or initial) conditions.
This is achivednby finding the transition matrix between tne

unspecified boundary conditions at one end and the specified



‘poundary conditions at the other-end.

The main dlfflculty of thls method is gettlng started in.
other words flndlng a. flrst estlmate of the unspec1f1ed con-
‘dltlons at one end . The reason for thls dlfflculty is that
the extremal solutlons are often VEPJ sen31t1ve to small »
 changes in the unspecmfled boundary condltlons and very small
pepturbations may s1gnlf1cant1y lncrease thg effects of the
'?inaccuradieé'caused»by numeriéal‘iﬁtegratipn{ and truﬁcation_r
‘and fouﬁd,off:érrors.'These difficulties_can’be’dvoided'to
-gsome extent by the-method'we have offered tb évaluate ﬁhe
traﬁsition matrices which we call sensitivity matrices;in
fother wOrds,'tﬁe méthod determines the differential eqﬁations'
' thatfthe sénsitivify'matrices’satisfj. Those matrices can be
‘iobtained‘éil o#er.the intervai bf integréﬁing thesé}differen—
tial eduations simultanebusly wiﬁh the state and costate
differential eduations. The appropriate initial coﬁdifions_
for the sensitiviﬁy matrices'may be'qalculéted very acdurately
usingvthe”method of parametrization of the nonlinear boundary

conditions. -

- Thus in thesis, we have developed a solutlon method using
_trajectory sensit1v1t1es to determine the optlmal control
and traaectorles. In Chapter 2, the necessary condltlons for
optimal control problem are given, the various boundary con-
ditions that may occur are discussed, and the general for-

mulation of two point boundary wvalue- problems is presented.



Chapter 5 dlscusses the solutxon method based on: trajectory-
“sen31t1v1tles. First the ldea is lntroduced by a specxal
'%_case, then the general case is con81dered and the pdramet- .
'rlzatlon of nonllnear boundary ‘conditions,to determlne the .
a flnal values of states, cootates, and the sensxt1v1ty matrlces,,
are explalned Flnally it is shown that, if parametrlc |
'”functlons dovnot.ex1st analytlcally, then thelr numerlcal
7ivalues and derlvatlves w1th respect to parameters can be

determlned.-

j‘In Chapter 4 we dlscuss the two p01nt boundary value problems
| w1th llnear boundary condltlons, and show that the problem
can be reduced to flndlng the roots of a system of trans—
cendental equatlons.'Necessary oondltlons for the ex1stence

‘ of the solutlon and convergence of the’ lteratlve method for

‘thls speclal case are examlned

<A sef*of‘numerical examples sre studied in Chapter 5. These
’f,_examples 111ustrate how the method glven in Chapter 3 lS

applled to a partlcular problem.



II GENERAL FORMULATION OF TPBVP FOR SOLVING
| | OPTIMAL CONTROL PROBLEMS

| 2.1‘:The Optimal COnﬁroiiProbiém'

The Optimal Control Problem‘is'to rind.an'admissible ‘Sit).

that cauees the system -
x%(t) = a(x(t),u(t),t) o C2.1.1

to follow an adm;ssible trajectory x(t) that mininizes

the performance measure
UORS 4>(x(tf),tf).+ of n(X(t),u(,t),t) ¢ . 2.1.2

where ¢(x(tf) tf) is the final state penalty, and |
jl(x(t),u(t),t) is an approprlate cost function.We shall
‘aSSume‘thef the. admlsslble4state and control regions are
npt-bounded, and ihiﬁial conditiens x(ta) rand'the.initial“
time té ere specified."As usﬁal x(t) 1is the nédimeﬁsibnal
 state vector end u(t) is the deimensIonel vector of

control inputs.
2.2 Necessary Conditions for thimel Control
If we epply'variational'methods to the optimal control prob-

'lem glven in equatlons 2. l 1 and 2. l._, then the necessary

conditlons for optlmal control are:
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B zeaa
T N for all

&?t) ~ = oH (ikt),i?t),d?t),t) e , 2.2.1.b

v<"9x AR S t € [to’tf] . o

0= gg‘(XKt),j?t).&?t).t) IR 2.2.1.c

8 Gle),mp) - o) T xg

b CHGHE), (6 nll5g) 60) + 38 (Xop)ytp) ) 88, = 0

‘ 2.2.2
wherc , o
HEx(6),7(6) u(®),b)
£ (x(6),u(e),8) + 7I(E) (alx(6),u(t),6)) 2.2.3
is the ﬁaﬁiltoﬁian, and
OK: (yl(t),Q...,yn(t))T R | 2.2.4

is the n-dimenSional éostate véctor..Equationv2.2.2 is

also known as ﬁhe natural boundary conditions, ahd_<$xf
étf-are the_variations introduced on"X(tf) and  tg, |
réspectively thrbughout;the derivations of'equatiqns 2.2.1
and 2.2.2. Since the derivaﬁion;of the heceésary conditions
is béyond the scopé,of thisvwork, we give only thé results
here. For fhose who'aré intéfested, details'danube found

in Kirk (1970) pp 185-188.

Notice tﬁat these'necessa?y conditions consist of a set of
‘2n, first order differential equations - the state and co-
state equations 2.2.1.& and b -~ and a set of m algebric

relations - 2.2.1.c - which must be satisfied throughout



.'_the;intervél ﬂ[po,ff]. The solutions of‘the’ététe and costate

equations will comtain 2n constants of intégration. To evaluate
thésé:conStants we will use,ﬁhe n equatiohs‘given'at thelihitialb

1vtime | | | E _ . R - ‘

o _x(to)'=_xo',' L | 2.2.5

énd,éﬁ addifioﬁai.Sethf’n‘(or n+1), relationships from

equation 2.2.2 which are all at thé,finai time. Thus we have

ﬁo solve éutwo pointvbdundaryFValue prbblem to deﬁermine thé

optimal control J(t).

Before stating the general formulation of two pointvboundary7
value problems we are going to deal with, let us discuss the
various boundéry conditiéns that may occur as a result of

~equation 2.2.2. -
2.3 Boundary Conditions

To deﬁermihe~the 5oundary_conditions of‘a,pérticular problem
is a matter of making the éppropriaﬁe substitutions in

equation'2;2.2; In all cases we will assume that we have the
'n eqﬁationé ,x(to)'z_xo. . | |
PROBIEMS WITH FIXED FINAL TIME: I‘f" the final time t, is
_specified, then the variation étf.= 0, for the'foliowing,

cases.

CASE i. (Final state specified) Since x(t;) is also specified

then 5xf = 0 and eqﬁation 2.2.2 is automatically satisfied.



Thus the required n equations are
-x(tf) = Xp ' _ _ 2.3.1

 CASE il. (Flnal state free) In thls case, varlatlon ‘Sxf'

w111 no more vanlsh So we have n equatlons
a0 * '56'-_ - » |
—i.(x(tf)) —.y(tf) = 0 , , 2.5.2»

to .satisfy equation 2.2.2.

CASE iii. (Final state lying on a surface ‘defined by
_m(x(t)) = 0.) Now we ‘have n state variables and 1< k é n-1
relationships that the states must satisfy at ¢t = tf, namely
o [mGen | |
' m(x(t)) = _E =0 : 2.3.3
m (x(£))

' ‘Wherebeach'comPOnent of m represents a hypersurface in the

|1}

'n—dimensional state space. Thﬁﬁ'the final state liés.onvthe
lntersectlon of these hypersurfaces, and éxf lS tangent to
each of the hypersurfaces at point (x(tf) tf) This means
-that .Sx normal-to'eaoh of the gradlent vectors

| Jdm ." | " -3 o

3 (;é‘(tf))‘,..‘..‘...,—é-;lz_(x"‘(’cf))» - o 2e5k

‘which_are assumed to: be linearly'independent, and normal

‘also to their linear combination. Thus
+F 2 | -
3 7 (X(62)) Sx = | , 2.3.5

where » , ,
o Vo= (Vi V) ; - 2.3.6



is a k-dimensional coefficient vector. Since

(2 G - e )T sxp # 9T 3R e sxp = O

- 9% T
o . o ‘ 2.3.7
we have n-equations
: (£(t 5)1‘ ?t 5'? ( aé‘ti?t'))‘jT v : 2 3 8
ax \*\bpll T IAbp) 7 A gk MAEel S T o
and k'équations_f‘ i
m(x(t;)) = O , L 2.3.9

to determine the integration constants and v, and to satisfy

-~ the equation 2.2.2.

PROBLEMS‘WITH,FREE”FINAL TIME: If the final.time:'is’ free, =

then the assumption Sty = 0 is no more valid.

CASE iv.ﬂ(Final staﬁeafixed) The appropriate substitution in-
equation 2.2.2 is éxf = 0. So we obtain (2n+l)st relationship,

to determine the final time t,, as
* * * B % R
BOe), 7 (6) ) bg) + B (Aegdite) =0 23000
whereas the other 2n equations are £zto)=xo, and

. S o | s
x(tg) =% o o .31

CASE v. (Final state free) In this case both 6x. end

Stf are arbitrary, and furthermcré, indépendent. So to

satisfy equation 2.2.2 we must have their coefficients to

vanish. Thus

2 (Ht)yg) = F(6p) = O . 2.3.12
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' and I T T . B o o

H(x(tf),y(tf) u(t ) tf) + 55 (x(tf) tf) -0 $2.3.15
CASE vi. (x(tf) lles on the mov1ng p01nt G(t)) Now, Sxp
| ~and St are related by ‘

BRI RE S

to a flrst order, maklng thls substltutlon into equatlon

'f2 2. a yxelds
VH(x*(tf)',y*(ti‘.)',xf(tf)‘,\tf) + 5% (X(tf),tf)
r 2 e - Fie )T (22 =0 2.3:15

'This'gives_enevequation:anddfeuaining‘n required relationev
ships are k . o . .
i o x(tf) = G(tf) - | r 2.3.16
CASE vii.. (Flnal state lylng on ‘the surface deflned by
,m(x(t)) O) The reasonlng used in bASE iii with fixed flnal

tlme also applles here. Slnce the surface where the final .
'state lies does’ net move,i.e., has no explicit dependence
.onzt,’then'the #ariation,in thf), namely ’éxf is indepen-

. dent of St'. Thus the required n+k+l equations are

2¢ (x(tf> £ = 7t = (5 <x?tf)> v 2.3.17

_ ': m(x(tf)) =0 | , . : - 2.3.18

"and , ‘
H(x(5) 7060 o ll8) 1 50) + a¢ Todepie) =0 239

" CASE viii, {Final state lying on the moviug surface defined

by m(x(t),t)=0) Notice that <Stf now influences the admissible



values of &xg, that is, to remain on the surface

',m(x(t),t)=0;vthe Value ofV.§x  doés dépend onStf. The'

-

~vector with components SXf and 5tf must be contalned in

’ :a plane tangent to the surface at p01nt (x(tf) tf) Thls ;

"means that

fffJ
&ty

is normal to each of the grédiént.vectors

R whlch are assumed to be llnearly lndependent and normal

dm_ .
sk Gty o)

c--ooot.aoooo-o- o * s 00

am
-53 (x(tf> tp)

LR ) * e 0 e 000 00 LI ]

amk

"5;& (X*Etf) 7tf)

~5% (iktf)’?f)

2.3.20

- 2.3.21

also to thelr llnear combination. Rewrltlng the equatlon,'

2,2

H(X*(tf) 1f(tf> 91f(tf) 1',tf) ', +. 'g.%)

.2 as

; 4 T am, % . N :
=V [ 5i(x(tf)9tf) E

'yields the necessary n+k+l

'AH(iktf);y%tf)’ditf)ztf)

and

22 (t,),8,) - 7t

@ 6 8 0 5 9 9 ¥ 6 85 s s 0 s e s e 0 e o0

.. o-.o*:o;-oo-oo osn.éoc

(x(tf),?f)

e | e,
3m, ¥ f
'é'%‘(x(tf),tf) 'oo-o»o =
LR Ste
equations

gg(x*(tf)’tf) - y*(tf) = [g?{(;(tf>’tf):, T v

m(x*(tf) stf).

+

3¢<x<tf>,tf>

[§%<£?pf>,tf>] T

0

S 2.3.22

2.3.23

2.3.24

2.3.25
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‘2.4  General Fofmplatiohi‘,

Now_let us try to state the geﬁeral'formulation'of‘two point -
' boundary value,problems such that it covefs allvcases'We héve.

.. discussed above.

. Since the technique_we have offered determines an'bpenfidop-
control, we Will‘asﬁumé that equation 2.2.1.c¢ can be solved
to obtain an expression for u(t) 'in terms of x(t), y(t),

and t, that is

) =Gl ema

If‘this expression is substituted intQ e@uations 2.2.l§a,
" and 2.2.1,b, we have a set of 2n"£irst order ordinéry
differential‘eQuations'(éo called the reduced differential

equations) involving onlyb 3?(1:), y*(fc), and t, namely

1 x(%) =‘f(x(t§,y(t5,t)T T a2

R F(6) = (x(6),3(6),8) . 2m.3

‘where - . - o . s R o
20x(6),3(6),8) 2 SE(x(5),5(6),2(x(6),7(5),£),8)

2.4.4

HE=

HGR(E),3(6),) & = Ze(6),5(6),5(x(8),7(8) ,8),8)

T From now on we will not use * to indicate (')* is

an optimal quantity
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~ The boundary cohditidns‘fof thesefdifferéntial equations

(which are of nonlinear nature) can be generalized as

R _ ,,": | | 4 4 . i .v | - 9 - . .
X(to) = _XQ. A : o 2.4 .5 a
m(x(t.),t) =0 2.4.5.b
"1(_'x(tf)-_,y(tf),v,tf') =0 2.4.5.¢c
'-»s(x_(tf').y(,t_f),v,tf)_ =0 2.4.5.4
where equatlon 4 5.4 is glven n relatlonshlps Equatlon

2.4.5.b forms 0K knén—l relatlonshlp(s) to define the °
Asurface-where »x(tf) ‘will lie at the f;nal time. In equations
2’4 5. c ‘and 2.4 5 d' 1 and g are ah n—diﬁensionalbvectof, and‘
a scalar valued functlons respectlvely, to satlsfy the -

‘equatlon 2.2.2."

"Noticé_that,‘a very 1little effort is necessary_to'put the
boundary'qonditions we have discussed into the form of equation

2.4.5,
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III THE SOLUTION METHOD USING
TRAJECTORY bENSITIVITIES . -

,?fiﬁ,lfp;ntrodhction'}"'h

'o*As we see 1n the prevxos-cbapter, in general the varlatlonal
approach to optlmal control problems 1eads to a nonllnear :
'1two p01nt boundary value problem that cannot be solved
'analytlcally;to obtalnpthe optlmalocontrol. So, somehow we
have to uée-a numerieal technique bo‘determine the optimal

control and trajeetory‘funetions,.

vathe boundary conditions were given; all at either to‘or.
t,, we could numerically integrate the reduced differential
equations to obtain x(t), y(t);forv té[bd,tf].-mhe optimal -

- oontrol-history could'then be found by substituting x(t),

fp;"y(t) 1nto equatlon 2 4, 1. Unfortunately the boundary con—*

7f>d1tlons are spllt,'so this method cannot ‘be dlrectly applled

But the lteratlve method we have developed somehow, makes
'iuse of this fact In other words, we make an. 1n1t1al guess
B for x(tf),- y(tf),,'v ‘and. tf to convert the problem into
“an lnltlal value problem in whlch equatlons 2.4.5.b through

2. 4 5. d are satlsfled Then we. lntegrate the dlfferentlal
A equatlons 2. 4 2 and 2. 4 3 backwards numerlcally, to obtain
.a value for x(t ), whlch w111 most probably be dlfferent
‘from Xy Then thls value is used to adjust the initial
- guess 1n an attempt»to make next value of x(to) come

‘}closerfto X, If these steps are repeated and the iterative
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procedure converges, then the optlmal traaectorles and control .

”._-satlsfying all boundary condltlons ‘will eventually be found.

3.2 ,A*Special‘Case7wf“

o TO'introduce the idea‘of the method let us-consider'the
1follow1ng speclal case. of two p01nt boundary value problem -

given by equatlons 2 4 2 through a 4, 5

i(6) - ‘f(x(t)‘_,y(t);,t)‘, S z2a
L) = nG(®),(,e - 3.2.2
x(65) = %y 4 3(tg) - yfA; ',; S s23

where x(t), and. (%) are n—vectors5 Xgs yfvare known and
te is fixed. Furthermore let us assume that f(x(t),y(t) t)

" and h(x(t),y(t), t) are: bounded and contlnuous functlons of

’ x(t), y(t), and;t,jand that satlsfy a uniform Llpschltz

conditionyto ensure'a:unique solution.ofvthe initiallvalue

"problemvfor'a given set of'Lthial (or as in.our'caSe final)v

conditions.

» Suppose we make an'initial guess fOra'X(tf)7theﬁ,we'have'
and the equatlon 5.2.4 together w1th the equatlons 5 2.1
and 5 2. 2 convert the orlglnal problem 1nto an lnltlal value

problem that can be solved, e. g by integration, easily. But

now, the calculated x(t ) will probably dlffer from the
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cdeSired velueexé. Sc, somehow we;have toladjust our initial
vgueSS'xf to catchfthe desiredfvalue;xd._f |
Certainly, introducticn of ,xf' causes a parametrlc dependence

of x(t) and y(t) on: xf, that is
x(t) 2 x(t;xf) , .y<t) 2 y(tixg) 3.2.5

’,Now also suppose-that ‘we lntroduce small changes in Xpo

Since the assumptlons made on f and h ensure that the solu-

tlons..x(t) and y(t) are contlnuously differentiable with

;'reSpect co f; the effect of such changes on  x(t) and y(t)
can be predlcted by the traaectory sens1t1v1t1es. Furthermore

;‘the sen31t1v1tles can be calculated whlle the lnltlal value

is belng 1ntegrated

‘Let us define the sensitivity’matrices as,

COR(e) 4 oI | . 3.2.8
o ,a‘xf | . , .
o, 9y (tixe) | ‘
S16 JENSHRA S | 3207
then R(t) and S(t) happens to be nxn mafrices, and
’ o Ix(tyx,) - S '
a a $Xg - |
& Rr(e) = & S lED . | 3.2.8

‘Siﬁce" t and X, are not depehdent, the order cf the

differentiation in equation 3.2.8 can be changed, yielding -



\iﬁ(t)‘g';é_'i(tjxf)}
- ) axf R
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3.2.9

or substitutlng ‘x(t) from equatlon 5 2 1 into equatlon

'5 2. 9, we obtaln

é<t>‘= 2o £ (x(b5%), ¥ (b3x)08)
o axf' ST _

3.2.10

'Momentarlly omlttlng the arguments, and applylng the chaln

1rules of partlal dlfferentlatlon,\

ar ax _ of 9y

CReey - 2.3, 32
' :Qx-axf 9y 9%,
or R R
: X Af
- | R(t) = 5% R(ﬁ) * 35 S(t)
Similarly )

!}
1
1

8 - R + P se)

3.2.11

3,2.12

To 1ntegrate the equatlons 3 2.11 .and 3.2. 12 we also have

'to know the values of the sen81t1v1ty matrices at tf, there

o vfollows from the deflnltlon of R(t),

or first evaluating x(t;xp) at tgiand then taking the

derivative with respect to Xgy We have

: - Ax(bayx.)
R(t,) ___-__El_ﬁ_
ax

But x(tf;xf) is nothing but Xpy thus

3.2.13 f

3.2.14
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 rR(t£) ='I 5‘ ,., L o 3.2.15
  &#¢?51¢11érl§v:S(tf)-can‘bé found as
LS(E) =0 T 3.2.16

v’r,If'we want to Write-thése fesulté'in a more~compact_fqrm;-f

we obtain

1 [ar as][.
S -2 I e
& dh oh R ' ' j
S| |5% 537|°
and SN
'FR(tf) |z | .
. - 3.2.18

;S(tif.) )

: Now, we can 1ntAgrate the syst@m of. equatlons 5.2.1, 3. a 2

7 and 3.2, 17 u51ng 3.2. 4 and 3. 2 18 to obtaln a value for x(t )

. and 1ts sen81t1v1ty for the varlaflons in xg, namely R(t ).

‘Suppose that we 1ntroduce a finite ohange ZXxf on the 1n1t1al
guess X then the resultln@ change in x(t ) can be

~approx1mated by :

P

Ax(t ) = R(t )Ax | TR - ‘3.2.1‘9

- Since our aim isvtolmake x(to)‘equal'to}xd,'the desired
"Lchange“in x(to) is Ax(to)=x(to)-xo;-and the necessary

éhange in Xf can be found épproximaﬁely'by using the formula
~ o1, . : ' o _ ‘ |
A.Xf =.R () (k) = xp) _. - 3.2.20

~provided that R(to) is invertable. If the‘éystem giVen.by
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_equations:5:2ﬁl”and 3 2 2 is. llnear (see Appendlx B) or the'_"

v“*;lnltldl guess ‘is very clooe to the true value, then lt lS

.‘poss1b1e to’ have x(t ) to be very close to Xg after maklng .
" the change on X found from equatlon 5 2.20, and solv1ng |
‘fthe initial value problem aealn But ln general thls is nots

_ the case and a few more lteratlons are necessary.

" ALGORITHHN

" Now We“can summarize thevmethod described above as an algorithm
1. ChooSe.ainormfin En_and an accuracy SX.

2. Makefan'initialkguess for xf.'

-3. Solve the initial value problems given by equations
5.2.1, %.2.2 and 3.2.4 for states and costates, and
the one given by 3. 2.17 and 3. 2.18 for sensitivities B
~ from tp to to' btore only the values x(t ) and nxn
-matrix R(t»). ' :

4, Check to see 1f the termlnatlon crlterlon "x(t ) “(
is satisfied. If this is the case, use the final
'iterated value'of Xp to reintegrate the system equations
S 3.2.1 and 3. 2 2 whlle evaluatlng the Optlmal control
'hlstory using u(t) z(x(t),y(t) t). If the stopping
"crlterlon is not satlsfled then determlne the new
| value of xf, us1ng L '

x, ;,xf' - B7NE,) (x(t,) - x) 3.2.21

and return to step 3.
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E 5.3f_Genersl«CaseeWithﬂﬁnalytic,Parametric Fﬁnctionsbgf'

"fNow let us: turn back to general Two P01nt Boundary Value.:
Problem that we have stated at the end of Chaoter 2 and .
' for the sake of completeness let us restate 1t agaln. We.:r

1have a set_of 2n_£1rst»order,dlfferentlal equatlons, namely

R - £G(0),3(6),8) 331

‘and

T = nx(e),y(8),8) o 3.3.2
'.'where-'x(t), and y(t) 'arefh—veotors and f(x(t),y(t);t),
and h(x(t),y(t) t) are‘bounded and continuOus funotions

of x(t),y(t), and t. rurthermore they satlsfy a unlform

; Lipschltz ooudltlon..

We have also a set .of boundary conditions

. X(fo7_= Xo ‘ o | ."‘ lo [ ;“.5;3.3,
fm<x<tf>,e£>_= o . 334
;(g(tf)iyrtf),v,tfj';;o r?.z.g.s_
fg(g(of),y(tfj,v,ﬁf) - Q}e k3.5.4;gx

where:» Oiand tf ‘are the lnltlal and the flnal tlmes res-—-

‘pectlvely. It is assumed that té and X, are given a priori.

:m(x(tf),tf) 1s an O<J(<Dr ' dimensional vector function

to deflne the surface where x(tf) w111 lie at t= tf

Of course if k=0 then uhere will be no constralnt on x(tf)

"deflned by m, SO k-dlmenSLOnal coefficient vector v will
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7falso dlsappoar from equatlons 5 5 4,0 and 5 5 4, c.nl and g

N are an- n-dlmen81ona1 vector functlon and a scalar valued

‘»1nfunction respectlvely to satlsfy the generallzed natural

“:}:‘boundary condltlons. If f'ls also flxed then 8 w111

'necessarlly dlsappear. We also assume that m, 1, and g

are contlnuous functlons of thelr drguments

The flrst thlng Wé have to do, is to somehow determlne x(tf),

»'_y(tf), v, and tf to satlsfy equatlons 3.3.4. But we have
2n+k+1 unknowns Wlth only n+k+l equatxons. Thus we can

4?]determ1ne n+k+l of them interms of remalnlng n unknowns, at
-:least in pr1n01ple. Alternatlvely we can parametrlze the

equatlons 5. 5 4 such that

| x(t

f) = $f(p), o o B n | 3.%.5.a
}yctf)v=‘3f(P)' - _..' | n . 5.5Q5.b'
v =“v”(,lp).‘ : o 3.3.5.c
bt : f(§5‘: 'n nn ;..f_ : 5;5'5'dA

fwhere_p is an n-dimensibnni parameter_vectbrg xf(p), yf(p),
v(p), and T(p) are continuous functions of p, and equations

5;5.4jare(satisfied for all values of p.

Now a Question"méy.qome ﬁo mind tnat "is.it always'pbssible
to find ﬁhcsé parametric functions in equations 543.5
analyticaliy?". Answer to this question‘is, unfortunateiy
and of course  "no". But wenleave the answer of‘the question

"What shall we do then7” to the next section and at the
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' moment, assume¢ that they . exist. -
.Suppose that we make an 1n1t1al guess for p, then’ through

"equatlons 5.5, 5 we have the necessary ‘set of flnal values’

»x(tf), y(tf), and tf to 1ntegrate the dlfferentlal equatlons

ff‘ 5 3 1 and 3.3, 2 as an. lnltlal value problem.>

Since the'different Vélues ef D, give'different Set of final
’values, thus dlfferent solutlons for the 1n1t1al value prob- i

lem then x(t), and y(t) depend on final values, i.e.

(%)

11

.xct-,‘x'f(px,yf(p),_v,<p>,'T,cjp)) . 3.3.6.a

ne-

F(£) & y(65%:(0),7:(0),v (), T(P)) 3.3.6.D
and. censequently depend on p parametrically, that is

x(t) ¢ x(t;p) L) 2 y(wie) 3.3.7

fEurthermore, they are contlnuously dlfferentlable with:

k"respect to p. leferentlablllty is guaranteed by the

assumptions on ,f and h.

The second thing is to determine the trajectory sensitivities
in the sense that we can predict the effects of small
' changes in p,.on the system response. We define the sen-

smt1v1ty matrlces in a same manner as. we did before. Let

R(t) 2 ——-=--- D 3.3.8
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;and.jk

8(t) 2 =me=mmm L 34349
o 8p ' o .

"Where_ R(t) and S(t) happen to be’ nxn matrlces. The diffe-
R rentlal equatlons whlch R(t) and S(t) satlsfy‘can be
,'obtalned by taklng the derlvatlve of the equations 3.3.1

. and- 5 5.2 with respect to p,'as- |

~vak(t;p)g or ax(t;p)_. 3¢ ay(tip)

mm————— = 2E cemem—— 22 -f---f“:_"l , -lv; .'B;B.lea

———— = 2R L e 2R - R 5.5.10;h
TTap T g % T . T
or ’ o ’ - B
of  9df
Bl I3z 57 (|®
= 3 : 3.%5,11
' h. 3dh “
°] s &) L°

'Calculaﬁion;Of the final values of R(t) and S(t) lS not

-~ very simple as the prev10us case and should be con51dered

"'.very carefully and in detall, Let us begin from the»deflnltion_f

of R(t) to calculate R(tf)
o Sx(t;p) o N o 3 :

Maklng use. of equatlons ’5;3;5 and'5.5.6,lequation 3.3.12

can be rewrltten as’

R(tp) = "'-'-------f —————————————— | 3.3,1%
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Expandlng equatlon 3 5. 15, by employlng chaln rules of

' partlal q;fferentlatlon,.lt follows that

'Rug_iﬁiﬁ@hﬁ@LﬁﬂESR  1€§9Z 

axf(p) 1 _fJ .'   t:T(p) iap  .: n

SX(t xf(b),yf(p) V(D) T(p))’. ’  _ayf(p) f
B L e

#mmmmmmSen SRl C ——nil 3.3.14

Momentarily dropping the p arguments, let us evaluate the

expression in the first line of equation 5.3.14,'namely

S S e > o  a —— — —

. | 'a_Xf- 1;=Tb_,_'

Since the eValuation of the expression at t-T .brings no -
 extra terms 1nvolv1ng xf, we can flrst do that and thpn

take the partlal deerdtlve Wlth respect to xf, so we have

o aX(‘t xf,yf,v T) v P ax(T xf,yf,v T)

‘buﬁ xKT;xf,yr,v,T) equals nothing but xf, that is
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. bax(t;Xf,stVaT) f_ “‘axf ~v.fI .  “ ‘ : bs 3 lgbvu

. -Same reasonlng ‘also applles to the expre351ons in the second

:_and the third llnec of equatlon 5 3. 14, yleldlng

: 8x{t;xf,yf,v,T) o BXf

_______________ I S S 3.3,16
R £ N 5 R S - |
and N :
DS E S S kerd RN i S L a7
- v £  ‘.ay , » : ~

-vFor the last expreSSLOn of equatlon 5.5;14; situation is a
bit dlfferent It can be shown that (see Appendix A),
ax(t xf,yf,v T)

——————————————— . ?'—f(if(P),Yf(P),T(b)) . ‘. 5‘3;18
E=T ' , o

Substituting the values of the expressions fouhd in equations

3.3.15 through 3.3.18 into equation 3.3.1l4, we have

o 3¥xep) 3T(p) . |
R(t,) = —75—?— SRICHONNORIONEEINNE X BE
| P S p |

Similarly->S(tf) can be calculated as.

97¢(p) | L anp)

S(t,) = ~ioet - BGe (00,0, B0)) o= 50320

or in a more compact form

.~ BOBATIC) ONIVERSITES KOTUPHANES!
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BRI BRI - PR Caxf(p)/ap‘
R(tf) v I | O, ,-fA(Xf(p),}_’f(D) ’T(P)) o S , S
o= o | eye(e)ep | 3.3.21
S(tf) O I o -h(xf(p) a(yf(P)"v'T<P)) : B
. SRR ; ST(p)/apJ

Thus we have now'two-initiél valué pfoblems;]for xét),y(t)
given“by‘equations_fB;B.l and 3.5.2,7and for: R(t);S(t)
v‘givén’by eqﬁapi6ns '5;5.11; éhd théir.#alués-ét t:tf given  .
by;QQuatioﬁs 3.3.5 and 5.5;21; respectivély;-So we can

ihtegrate them simulténeously;_

THe reSt'of‘ﬁhé-method‘is the same asvtﬁe prévious case.
-Tbvrepéat,,as-a‘result'df,the iﬁifiél:value problems, we - -
~ obtain é.value forb‘X(to), which is probably(diﬁferenﬁ from
‘the.desifed valuéb'xoé and a value for its’sensitivity to
' the Véfiaticns in ﬁ,’nameiy' R(to). Then thesebvalués. | |
\x(to),‘R(to))'aﬁd_xo _are used to adjust the .initial guess
' p‘inuan attempt to mak¢'the next value of x(to)«.cbme

~closer to x,, namely

Pnew = Pora = R (85) (x(8,) - xo) 5.3.22

providéd that R(t,) is nonsingular.

‘Algorithm that summarizes the method for the general case
is almost same as the one we have ‘discussed before, however
for the sake of completeness let us go over it again, while

makihg the appropriate modifications.
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1. Choose a norm in E™ and an accuracy SX.
2. Make,aniinitial,guessffor‘the parameter_vector .

' ’§§t’Determine”thé'values'*d} f(p), yf(p), v(p), and
" 2(p) - using equations 3.3.5, and the values for
. R(tf), ‘and b(tf) using equatlons 5 3.21.

;4;71U51ng these values, solve the lnltlal value problems,
. .given by equations . 5 3.1, and 3.3.2 for states
. and costates, and glven by equations = 3.3.11 for
-senSLtiv1t1es, from tf to t . Store'qnly values
x(t ) »and nxn . matrlx R(t )

5. Check to see 1f the termlnatlon criterion "x(t )-x "(5
- is satisfied.’ If this the case, use the final ‘
“iterated value of p to reintegrate the system equatlons
3.3.1 and 3. 5 2 while evaluatlng the optimal control
 :h1story using u(t) z(x(t),y(t) t). If the stopping
eriterion is not satisfied, then»determlne the new
" value of p using equation.5,5.22 and return to step 3.

3.4 Determinatidn'bf The Va1ues of‘The Parametric Eunctions

‘For a Given p,kNumerically

' Let us now: answe" the questlon "What .shall we do 1f the
} parametrlc functlons glven in equatlon 5 3.5 do not exist,
.analyt;cally?"; What we have done 'is to parametrlze a given

set of  n+k+l nonlinear. algebraic equations

n(x(tg),6p) =0 . . 3a4.l.a
1(x(6).3(6),7vi6) =0 . 3.4.10
g(x(60)¥(tg)yvy6,) =0 34l

using an n—dimensional’parameter vector p,yielding
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v ;x(ﬁf)'g gr(p)_r .   - ' ' :> ‘. S'Q'Zfa
VeV O sa2c
-,v,»‘-ff“é, m@ e sz

:‘such that Xf(p), yf(p), v(p), and T(p) are contlnuous
functlons of p,’and equatlons 3. 4 1 are satlsfled for all
p0351b e values of p " Since we cannot always flnd analytic
expre351on° for parametrlc funculons glven in °quatlon

3.4,2, we w1ll}deterplne them numerlcally. o

 Suppose that we - know a- set oi values for X (p), yf(p), v(p),
and T(p) such that they Satlofy equatlons 3.4.1. If we

. now Jntroduce some flnlte changes on thase valueo, then

' bhe resultlng changes ln__m, l, and g . can be approxxmated
' by the algebraic vector—matrlx equation |

-

[ ax. ()
m : £ :
Ay (D) ,
\ Av(p) |
g .
: AT(p
| 42,
. where Q"happéns to.be‘.n+k+lx2n+k¢iA matrix
Mo w  w ]
x Yy i | Mq, ‘
[ Iy Iy Ip - L 340
Gx Gyi’ ?v, GT
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3.4.5

ana
R %gg L, & %%; Gy A §§;
:My»' é'.aa.‘}!;} =0 L 4 %31;.; 2 (er 4 %%;
_ %ﬁgam | : é g_%'_ L ,GT’é o ,~

Of cenfee the equatinn 3.4 3 ean be:ueed tb determine-the
‘_necesoary changes on the values of xf(p), uf(p), v(p),
and T(o),‘to sathfy equatlons 3 u, 1. Thls can be'done
‘only if we -have flxed n out of 2n+k+1 unknowns beforehand,
'such that Q 13 reduced to 3 square matr1Y. Without IOS°
of generality we can set xf(p) equal to p, then by the
B lnltlal guess made for p, the values of xf(p) become

‘flxed namely

Now suppose tnat we'gnese also the values of the remaining
o n+k}l unknowns, namely> yf(p), v(p),:and‘T(p) and eva1uate
Jthe functions m, i, and g Which pfobably do not vanish.
'bThen we:hane t0 chenge the vaiues-of' yf(p); v(p), and T(p)
to satlsfy equatlone 3. 4. 1 while the values of xf(p) kept
flxed Thus the desired changes, inh order to make the next
v&ldeseof,sm, l, and g ‘come closer to zefo, can be
obtained by substituting Axf(p)=0_ in eéuatibn,3.4.3,
yieiding
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Ayf(p) e o) MT_»'m
(o) | = | By b, Iyl |1

| /L.AT(p) ‘ G, G, Gy gJA

30

3.4.7

provided that the indicated inverse exists.

' Certalnly any n of the unknowns,'as well as f(p), cank

be set equdl to Py and W*ll lead a square matrlx, by

‘substltutlng zero for tbelr varlatlons in equatlon 3.4.3.

We also have to determlne the derlvatlves of the parametrlc

functlons with- respect to p numerlcally, to use 'in the

eleuatlon of R(tf) and S(tf) Taking the partlal derlva-

: tlves of the equatlons 3.4, l w1th respect to p, we obtain.

4 <ﬁ " 'Mf B akf(p)/apﬁ
i, : I . >
LX N #V, ;z 9y ¢(p)/3p

* v 3v(p)/op
|6, 6 6, 6g |
N .y o g a?(P)/aP

-0 ": 7 348

or substituting f(p)/ p= I for the case of xf(p) =p,

“then the equatlon 3.4.8 reduces to'

~ .

aye()/ep | o O

.a#(p)/ap ==~ |L, D

37(p)/3p ~ e, o

L 3.9

where the matrix inverted is the same as we have used in

equation 3.4.7.
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',In'fhe'viewl'of this section cnly the Steps‘va, and 3

the algorlthm, needs to Dbe- modlfled as follows.f‘

'2b

2
n(xe(p), T<p>>u<s , and [10xp(p) 43¢ (p)»v(p), T(p))lksl,
~and ls(xf(p),yf(p) v(p),T(p))[< 8, are satisfied.

?Bbl

3¢

iChoose norms‘in* ER , B

Choose n of the flnal values to form the parameter
vector p,'and make an lnltldl guess for p‘x '

k and accuracies ém, 81, S

‘Also guess the remalnlng n+k+l flnal values

Evaluate m, 1, and g and check to see if

If it is, store the values of xf(c), yf(p), v(p), T(p)
to use in the next lterate (or as true values) and

“goto step 50';

if 1t is- not, then maklng the approprlate substltutlons,

asolve the algebrdlc equatlons 3.4.3% to determlne new
'-flnal values and return to step %a.

;Using the final velues found in step 3%a, and again |
?maklng the approprlate substltutlons, solve the equatlon‘.
"5, 4,8 to determlne the partlal derivatives of xf(p),
‘~yf(p), v(p), T(p) with respect to D, and‘evaluate
: R(tf) and S(tf) u31ng equatlon 3. 5 21. B



IV. EXISTENCE OF SOLUTIONS AND CONVERGENCE
- H:l Introductionf‘

\

"In the previous chapter, we made some assumptions on

o ‘f(x,y,t) and h(x,y,t) to'eneure that the initial value

‘ problem has a unlque solutlon for a given set of initial
-condltlons. Infact the unlqueness of the solutlon of the'.
}lnltldl vwlue problem is necessary, since bhen we ere'
vsolv1ng transcendental equatlons (1n which initial values
are the variables of the equatlons) to flnd its roots.and
ev16ent1y determlne the solutlon of the boundary value |

"problem.,

-In'this-chapter, we will sbudy the necessary conditions

~ for the ex1stence oi solutlons for the boundary value prob-
lems. of a speclal type, namely w1th llnear boundary condi-
'tions, by statlng the necessary theorems and prov1ng some
”of them._Tnls study lS done sxmply to 01ve an Lntultlon
;;Theeexrstence theory for more general boundary value prob-

L lems‘should be oonsidered as an independent research topic.
4.2 Initial Value:Problems

One of the ba510 results of the lnltlal value problems can

be tated as follows."

THEOREM 4.1 Let an n;vector'so and positive numbers g,;K

and M be given such that; with
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R‘s’ ,M'(:é'o)‘v':{(.t;,'.u')"."-]ﬁ—sbllggﬂﬂ(?;to)',. 564{:4 t'f};'

 (a) f(t u){ 1s contlnuoﬁs 1n Rg M(s ) B

| (b) lf(t u)l<M fvc’?rv'all | V(t,u)éRg,.Mts(‘,i) |

(e) [f(t',u)gf'(t,‘v)lalgfxrg_ f af"o'r‘,‘an : (fg',ﬁ),.<t",‘v)egé,M('so)_ |
'Then'ﬁhe iﬁitial'value prébleﬁ | S

u= f(t,u) : , ﬁ(t ) = s RN S a2 :
. héé.g_unique s§ utlonb u= u(t s) on’ [bo,tf] for each

sENg(s ) { “s g 3}

'Furthermore, the so1uLLon is prschltz contlnuous in s,

more precxsely
,u(t s)-—u(t p>l< R ;s ol h.2.2
for all t,é [to,tf], anc.ll all. s and_peNg(sQ').

Proof: For the moment suppose that u(t) is known and

satlsfles the relatlon
u(t) f f(?,"u(t’)) ae . a.2.3

- Now regard u(%) és ﬁnknOwn; let t lie in'the intervalv
[to,tf], and - con31der the sequence of functlons u (t), :

' ul(t),.....,u (t) ‘defined as follows,

]
w

'_Huo(t) , )

. t o
ul(t) s, +JZ f(C}uo(t)) az
, o



Wt :

"ti-
u,! S4 +;{ f(C}ui(C)) ar
E(t) ft f(c : (r)) da?-.:
u = S '+ u

0.

"It w111 now be proved

'1) that as n increaqes 1nd@fln1tely, the sequence of
~ functions u (t) tends to llm1t Whlch is a contlnuous--
functlon of t, ' '

s ii) that the lxm;t functionvsatisfies the differential
 equation 4.2.1, |

~iii) that solution is unigue and assumes 8, when t=to.

" We bave to show that ]u (t) -5 l<g+m(t % ) t, <t < bpe

Suppose. that Iun l(t;) [4g+M(t-_co),, t‘h_en.b

If(t up (t))I<M

;‘and coﬁsequently.- g
_ . o e :
]u (t) -s [ /t [e(eyu,_, =0] oz
o . o S -

< M(tl-(tor)

S 5<+ M(t t )

Clearly R :

a ' ',ul(t)—sol g + M(t t )

it is therefore tfueﬂthat :

"u<t>€R (s,)

g 1

“for all values of n.
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CLATi:

o f-For‘ n= 1 lt is obvxous. Suppose it to be true ‘that when
_  t € [fo’tf]
S | - . ND-1
] w, lct> o 2<t>l ------ (5=t )T,
- then . | ) |

s, <t>-un l<t> <j ]f(r, iy L@ (2 2(c>>] az

éftt Klﬁn—l'(fj—un—é(t) ' ac
o ST

'is abSolutelyvand uniformly ~convergent when t to,tf',

moreover each term is a continuous fﬁnction of t. But
- ) ' - n -
uw (£) = s +-§£i-{ur(t)-ur_l(t) };

consequently the limit function



%6

: _.“.u(f’) lin (t)

n-*w

o eXLSt% and contlnuous functlon of t é[ ;tf].>1tvcan be

'shown that
" lim u£(t) = 8 .+ llmJ[ f(f} Cf)) az
nvee et R

L o
| lim f 0 z d?:
,§O +ft im (2' ( ))

' -+DO
on

8 +/' f(z,u()) 4z ,
0
‘ t : :
) .
thus  u(t) is a solution of the_integral~équation 4.3.2,
‘and since f is a continuous function -

_________ f f(Z‘u(C‘)) dt
: dt__

='f<t9g(t>)
‘Now suppose that there exists U(t) which is a solution
distihct from u(t) satisfying the initial conmdition
U(ta)—s _and: contlnuous in an 1nterva1 Et th where
t
.tfgtf such that

,U<t)—sol <S +M_(.t—to)_

then it satisfies the ihtegral equation

. ®

U(t) = S, +/; f(z:,u(t')) ac
' . : 0
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‘and cons equently :
U = uy(8) = [ {2(Z0@) - (e, (@) aT
o R Jg b e ,
oL o . - e L e
| f_SucCeSSivelapplieaﬁiOnsloflﬁhe.Lipschitieeondition,:yield

‘ K (g+M(t -t,)) (b=t )n
a0y, ] 4 S L

'Henoe - : :
u(t) = llm un(t) = u(t)

N-~o00
for all values of 't 1n the lnterval.{}o,th and therefore

b‘the new solutlon is 1dent1ca1 w1th the old one.

_Demostratlon of equatlon 4 2 2 can be found in Keller (1968)

PP 3. l

’ ReplaCLﬁg condition (c) Vof Theerem 4, i by the re@uirement
that If(t, u)/au be contlnuous on Rg M(s ), one can show
-that the solutlon u(t,s) of equation 4,2.1 are contlnuously
differentiablevwith resbect to s in N (s ) and. té[t tf]Q |
,Ince (1944), pp 68-69, had shown it for scalar case, and

lts extentlon to vector case ls 1mmed1ate.
4,% Two-Point Boundafy-Value Problems (TPBVP)

Iet us consider the general system of n first ofder'

differential equations

VL), 5,488 43l
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_subjécﬁ_ﬁélfhe;mbstfgenefal'1inear boundary conditions:
Ay(t ) + By(tf) = oc T Y. P B
Where~ (t) is. an n—dlmenSLonal vector, f(t;y) is an

7n—vector functlon of" t and y. most of" the TPBVP s w1th

- linear boundary condltlons can be wrltten in the form of

1"Aequat10n 4 5 1. b, dnd they are llneerly 1ndependent if and

only 1f the :nx2n order matrlx [A B] has rank n. Let us

also con81der the lnltldl value problem
4 = f(t,u) . u(t&) = s . 4,3.2

where s is an n—vector to be determlned In terms of the
' _u(t s) ‘of the problem 4 3 2 we deflne the system of n

-equatlons,'namely
¢(s) As + Bu(tf,s) -x=0 O 4.3.3
Clearly, if s:s*’is‘abrootvof'this equation, we expect that’
N &
S y(6) = ult;d)
-_is.a,solution of the boundary value problem 4.5.,1. In fact
-1t is and we have the following theorem. |
o THEOREM,4;27*Let_ f(t,u) fbe<cehtinuous on
CRe ‘tc',._é't < tf'» ' lul<°°
and satisfy there'a_uniform\Lipechitz condition in u. Then

the boundary value preblem 4.3.1 has many solutions as

there are distinct roots s=s¢ of equation 4.3.3. These

solutions
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| . :y(t)_::"u_(t/,s;‘)"l. >
.are'aiso therSQIﬁtions of'the_initial‘valﬁe problem 4.3.2
'with s=si, | o |

- Proof- In Keller 1968, pp 8 9, it is proved for n= 2, and

in thls case, the proof is almost 1dent1cal. -}

We harevnow redpced the problem of eolﬁing the boundary
valueiproblem 4;5.1 to that of finding the-roots of a
system”of pltranscendental equations.'A_very efiective‘
cless.of numericaiwmethods are besed'on thie‘equivalance.
It is generally qulte dlfflcult to prove the eXLStence of
roots of such systems. For the SpeClal case that we are.

deallng w1th we have the followxng theorem.

‘THEOREM 4, 3 Let an ‘n-vector so and positive constants g,

K, M savisty, for

SM(S 5 . {(t u)[ [u-s l<g+M(t—t IR RS g tf},
() £(tw) is continuous in g, (%) .
® [f(t u>l | 3M<s )
'_(c) [f(t u)-f(t v)](Kju—v[ for all (t uj (%, v)éRg M(s )

Further, let the matrices and the interval length, [tf -t [
be such that |

(a) (A+B) is nonsingular

e)"ﬂ(A+B)‘13ﬂ-M(ff-to)f+ [CaeB)"3es [ <s:
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'iheﬁ‘the'eeupds?y vaige ppebiem.’
L Fetew L M) cEG -k m3a
".has.‘a’_{;: least oge'_sbletiéln‘wit@' ﬂto?é?‘g‘(éoif

'Prodf: frem eenditionsk (a) thfeﬁgh'(c); theereﬁ'4.1'is

‘applicable, hence'4.5.4 has s:solution‘if-and enly if the

n{tfanséendental equations
¢(s) As + Bu(tf,s) - =0

has a solutlon. We also know that ¢(s) =0 has identical -

roots w1th that of s= g(s) where |
g(s) £ s - Q(sf>4><s>

: if Q(s)- is sny n-th order matrix which:is bounded and .
7nonsingular for all s. Without loss of generallty we can

choose Q(s) (A+B) -1 by condition (d), then

“fg(s) 8 - (A+B) [As + Bu(tf,s) - x]

s - (A+B) [(A+B)s R B(u(tf,s)-s) - x]

i

(A+B) 1o o (A+B)'1B(u(tr,s)-s)

Since u(t ;s) 1s contxnuous with respect to.s in N (s )9

S0 g(s) is also contlnuous w1th respect to s in Ng(s ).

CLAIMV' g(s) maps the closed Sphere Ng(so) inteaitseif,
that is to say,. | |

.' | Hs(s)-soﬂ ¢ g" ‘v)ifo.x-‘ all f_seNg'(so)

The expression for g(s)-s, is
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5()-5, = (AeB)"ke-m - (A+B) T B(u(ty5e)-a)

*1¢6nsééueﬁt1y.;vs4 S | S |
ﬂv(s) soj{ H(A}B')'_‘% -so H%}j”_’(‘A+,B)'f'.lB_H.Hj{(fctf_',s)_-vs"__'_' . 4._5‘.'5

t

| u’lfx'but we have {A~

 u(tgzs) =8 4 f £ r(tyult)) at
B T
'::whichbimolles,lv“
"u(tf,s)-s[[ f r "f(t u(t))” at
eo_ - o
élm(tffto)'
'sﬁostifutlng ebovelineqﬁslit& into equsfiont4u5,5, we_have
”g(s)-s u ”(A+B) BI{ M(tf-t ) + H(A+B) % -s ]]
otand it follows from the condltlon (e), that 1

s ¢

"1wklch shows that g(s) maps Ng(s ) 1nto itself. Then by

ff.Brouwer Fixed P01nt Theorem, .8= g(s) has at 1east one

© . root 1n Ng(s ), 80 ¢(s) O doeo. Therefore boundary value

problem has - at least one solutlon w1th» y(t ) Ng(s ). 3
: 4,4"Convergenge

To solve equations of the form

g(s) = s - Qs)f(s)
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we need only to determlne the matrlx Q(s) such that g(s)
'1s contlnuous and maps S(s ) lnto itself. A partlcularly
ktceffectlve procedure of thls method is Newton 8- Method
f__whlch we take Q(S)A J (s) where | |
o, 30(s)
J(s>--‘i’---
. .ds
‘is the Jacoblan matrlx of ¢ Wlth respect to S. The corres-

- pondlng lteratlon scheme is then
g(itn) | g(1) _ “1<s(l))¢(s(l>) i=0, 1,.. 441

The convergence of the Newton s method is frequently rapld
even better. than the geometrlc type of convergence. We do :
not go.intc>the:detalls here, butus;mply state the follow1ng
theofem;'; : | | |
THEOREM 4,4> Let the function.:¢(s)b“have a zero s= so,‘

E continuous firSt_order defiuatives in some neighbourhood
 _ g(s’) of 8o and-nonsinguler Jacobian at s, that ls,'

" det J(s )%O Then for each A in O(A(l there exists a
p051t1ve number _32 such that for any s(o) NSA(SO) the
Newton iterates. (4.4, 1) converge to s, with

;bs(o)l

o

,,;:s(i)lé

,So

Proof: It is given in Keller 1968, pp 33-35. 0
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V. NUMERICAL EXAMPLES AND RESULTS -

. We are now 501ng to study some examples to 1llustrate the Ce

:’method we have dlscussed S0 far.'

EXAMPIE 5.1 »ASSume'thatkthebsystem équations are given by

) - x®) -y sl

o &(t)'vvi(t) . §<t> -  3-‘ - ‘-.Sil,i;b :
and.tﬁét thé'boundérj'éonditiOAS‘afe
'jtjx(dj ;'1 ;:::' - . ' ;' : 1:5;1.2;a f
”'Y(tf)4-ﬁ52-=“0 ’ ,' 2  i S 5.1.2.0

.  where Ko CosZ San, and g= CosZ+Sln2 Slnce the analytlc
L solutlon ls known for parametrlc functlons of this partlcular
'problem, we have chosen tf to be our parameter p; then

’ it follows that

_jxf(p)‘=o<ep 3 - o 3 o ' 5.1.%.a

LI}

:' yf(p)'

i

T(p) p »"'.. - - © 5.1.%.0

"and from equation 3.3.21, we have

CR(tp) = el - (xeP-pe?) 1

ge® R 5.1.4.a
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and S PR - : o ‘.
8ty = ~xeP sped R 5.1.4.0
Thé,diffefential,équationsAfor. R(t)'and'S(t) are foﬁnd,as

~

| 'é(t)' .R(t) —..S(t:)»‘,_» ERN (O L e s

B

R(E) +8(6) - 5.1.5.b

The initial guess used toIStértithe‘iterativé‘procedure Was'S

| p = 2.7000

and | ' .
|x(0)-1] < 0.0001

was used as’é'stopping criterion. The method conVerged after

4 iterationé'(With”é7nbrm 0.000016164) to
p = 2.000014904 "
- which yielded as the initial value -of state

x(0) = 0.9999838%6

TABIE 5.1 Solution of therexample 5.1

Iteration | - Sensitivity | Final Time | Initial X
| RO Cp | x(0)

0.2017 |  2.7000 1.27393
0.5681 1.%420 0.63375
0.5225 1.9867 0.99251
0.5394 . 2.0010 1,00046

0.5384 | 2.0001 | 0.99998

FW N HO
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EXAMPLE 5.2 We worked w1th the same problem again except
.that the boundary condltlon 5.1.2§b.was changed to

.

_y(tf)c-ﬁe o= o . oo 5.2.1

' then it follows that
ye(p) =@8e? | . 5.2.2

and o ' - : E

~ and the other relationship; remained unchanged. The initial‘

: guess'used to start the iterativé procédure was

p = 2.6000

thlch ylelded the solutlon given in Table 5.2. An initial
_-guess of p=2. 7000 ‘was also trled The first 1terat10ﬂ
. found.a negatlve value as'.a’ flnal\tlme, This points out

the importance of making a good iniﬁial guess.

TABLE 5.2 Solution of the exaﬁple 5.2

Tteration | Semsitivity | Final Time | Final X | Initial X
L R(O) | P xe(p) | x(0)

o 0.244% | . 2.6000 | -17.8456 1.37867

1 1.3602 |  1.0501 ~%.7882 | -0.18420

2 1.0185 | 1.9207 -9.0476 | . 0.92142

3 £ 0.9780 1.9979 | =9.7732 | -0.99780

4 0.9802- |  2.0001 ~9.7952 1.00000
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EXAMPLE 5 > The versxon of examole 5 5 was worked agaln,

.but thls tlme x(tf) was ‘taken as the parameter p Thpn

 ; we have - o D
| 'V,xf(p)i; P 5.3.1.a
u;:yf(p)té,{é f5L3.1.b 
. M =wm (B © 5.3.l.c
“and S S B U,

R(bp) = 1= (p - £p) &
- f?\ 5.3.2.a
St = £ - fpy &
.y 1>", S s3.20

" An initial guess of
p = -3.0000
was used to start the iterative procedure. We obtained the

‘results given ianable 5.3.

- EXAMPIE 5.4 "Thé last Version of the same problem was
'ﬁOfkéd dnce more. This timé the values of the-parametric
functions ‘were determlned numerlcally rauher than analytically.

The set of 1n1tlal guesses

EY -5.oooo\

6.0000

74(p)
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. TABIE 5.3 Solution of the examples 5.3 and 5.4

Tteration | ‘Sensitivity | Final Time
| o - 2(p)

"_R(Q):ﬁ i

Final X
P

Initial X |
S x(0)

 -0.4287
. =0.1940
~0.1191

~0.1001
~0.1001
-0.1001

U W NE O

0.8169
1.5919 |
7 1.9010 .
1.9917
2.0002
 2.0001

~3.0000

_6.5123 |

-8.8710

'T9i7155 :
-9.7964 .

“9-7947

-0.5056.
. 0.5423
1 0.8997

0.9917

© 1.0002°

1.0000

and

\Y_T(P) ?12;5000 ‘ B

and the corresponding matrix

Q=

0 1 -™®
1 0 e T(P)

.\\ |

'wére used to start,fhe procedure, and we obtained the same

"resultg givehkin Table 5.3.

a

-; ;EXAMPLE 5.5 Consider the"following nonlinear system of

equations -

i

i€

y(t)

P

y(8)

and the boundary conditions

x(0) = 0

.X(tf) -1l =

o

A1 - (1) - ()

5.5.1.a

5.5.1.b°

5.5.2.a8

5.5.2.b
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: y(tf)' = o' S . ssa2ee
where the last equatlon is necessary to determlne the free

f_f.boundary tf. Analytlc expressxons for the boundary condltlons‘

- . are

xe(p) = 1 5.5.3.a
-yg(p) =0 | 75;5.5.b
{T(P} =p | ) - e o | 1? o | 5.5.3.c

-‘The differential equations that the sensitivities satisfy

are L o |
R(t) = 8(¢%) _ 5.5.4.m
S(8) = -R(t) - 2y(8)S(¥) - 5.5.4.b
and their correspoﬁding final values are found as
R(tf) =0 : S(tf)‘=;2 S  5.5.5

eFor an lnltlal guess of p=1. OOOO ‘and the stopplng crlterla
of lx(O)i(O 01 - we obtained the ‘results given in the
followmng table. For this particular problem, we could not

reech to the desired value of x(O) with an error less

_ TABLE 5.4 Solution of example 5.5 -

Iteration Sensitivity Fipal Time | Initiai X
R(O) P x(0)
o . . -6.1555 1.0000 - =0.61312
1 -3, 7646 1 0.9004 -0.13561
2 -3.2390 0.8644 | . 0.00400




49

;than O 004 When we have used a stOpplng crlterla of greater
accuracy, the method has converved to x(O) =0. 00400 and
'3stayed there. Thls is because of the truncatlon errors and

'the nonllnear nature of the problem. L o ;r'

kEXAMPLE 5.6 The"last example that will be considered is a

' 2-dimensional problem given by | | '
‘,il(t)=x2Kt) _‘;: &2(t)=xl(t)  . | o »5.6.l.b‘

: and the boundary conditions for the problem are

% (0) =0 , x(0) =0 . s.6.2.a
x, (tf)+5tf-'3=o' r - 21:2 o . 5.6.2.1
and ‘
2x (tf)xe(tf)+10y (tf)t +6y (tf)

' Notice that the last equatlon is too complex to find an
vanalytlc expressxon for either yl(tf) or ya(tf), whereas
\the otber equations are so sxmple to apply a_numerlcalv'
technlque to determine the values of _xl(tr) and x2(tf),
of'ccurse‘if tf: is Chosen to be one of the‘parameters;
Soriu'such a}case, we can combine the methods, disduseed )
in sections 3.3 and'5;4, to reduce thevdimensiou of the
matrix Q which'needs to be inVerted. We proceed as follows:.

Letting

jp""’=[tf yl(tf>] - . 5.6.3
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. then we héVQ

| inf(?)v_ 5pi+5" :, ;.. , ‘“" “7  ‘.5,654.a‘

1o

xp(0) = 302 . 5640

: ;; Yif(p) = D5 " ' -  ' - e ) 5.6.4.c

™p) =p, . 5.6.4.d
. and the équation, that‘we:are going to make use of, to
~determiné- ygf(p)  numerically, |
G = »5pf+5pl+l0plp2f6p2+y2f(p)pl—pafygf(p) =0 - 5.6.5

" For ‘this particular problem, equation 35.4.3 réduces to

G = _-__-_-,Ayéf(p)v : ‘j ‘ ‘_\‘ ‘ 5.5.6,
where

3 "' ”””””” =»Pi - 2}’21'_(15) - _ o 5.6.7

and the,éorresponding,derivatives of yzf(p) with respect
. to Py and 108 may be found from |
,'/-- W

o . ' 1 5.6.8
any(P) L ay,zf(p) e VJG/apz

N y': 2 . - ]
dG/3ap, = 15p,+6p, +10p,+2y,:(P)p, 5.6

aﬁd'

R3]
<
Q
l-d‘
\V
1

10p +6-2p, ‘ . 5.6.9.b
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"V_SenSitiVity_maﬁrices2'R(ﬁ)'and Skt) rsatisfy.th¢ following

v.differenﬁial~eqﬁations

:ﬁ(t); S{t)f ’ff:- ¢;'- f’ E o  5§6f10;aE

8(%) O‘R(t’_): . 5.6.10.p

_ahd theirvfinal‘valueS’ma§ be ¢alcu1ated.as

:’R(t

ol | - oL g
&) 2 2 re [1 cﬂ :
P, O | Y2f(‘P) | .' ‘ ‘

5.6.11l.a

.

cand . T

R o -0 _ L= 2Py :
S(t'lf) V—U éYgf(P).. _832f(.P). - o E O]

\ 7
f

S T o - 5.6.11.b

fThe set of initial guesses -

g
=
]

= 1.0000

= 5.0000

ke
n
[

- 10.0000

eq
N
I )
BRI
el
~
[
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TABLE 5.5._Soiution'o£ thexexamﬁle'S;G

itr. Sensitivity Matrix Initial X _Einél Y | Final Time
R(0) | x,(0),%,(0) | Posype(®) | Py
0| -l4.1184 -3.1548 | -5545909 e .5Qoooo 1 2.0000
-5.2136 -2.8204 | =9.28671 14.6887 s
1 0.3711  =7.727% | 11.25268 ~ 0.6078 2.5948
16,9981 ~7.8836 | 14.8493% | 15.1111 | o
2 | -7.2626 -5.5864 | . 2.54387 | 2.0542 | . 2.3921
. 7.1809  -5.6203 2.81605 15.1508 '
'3 .| =9.7499  -5.4024 | -0.08058. | 2.5326 2. 5784
4.6189 -5.3844 | 0.28539 | 15.4958 L
4 -9.5580  -5.2308 | - 0.04247 2.5638 2. 3489
4,4542  =5,2092 | -0.0%3663 | 15.3278

| and the_stopping criteria

= lxi(le<Q;¥

‘éﬁd"lxé(d)r<o;l_f 

- were used to start-the prodedureg'and,wé;obtained the -

results given in the above table.




 VI. CONCLUSION
‘Let us now summarize the feaéﬁreefofitne method.

lfAh ioitial n—vector;perameter'p musc\bevselected to starg

-the_iteretlve procedﬁre: It is advieeble andbmay.be better;
to set the final values'"aboot which we‘havelﬁore knowledge
'from the phySLCal nature of the problem" equal to the para-

. meter vector p.

- If ﬁhe parameoriclfuncﬁlone introduced ln equeflohs'rB 3. 5
cannot be- solved analytlcally, then it is necessary to guess
the remalnlng flnal values, but this not a drawback. As
_explalned in sectlon 5.4, the algorlthm brlngs them to

the necessary_valuee to eatlsfy the boundary condltlons,“

',before‘starting each iteration.

"Noﬁrrejectoriesloeed to'be'stored.:dnljithe valﬁes of the
sénsitivity matrirv R(t,), the iteratedlfinal'velueS'or |
simply.the parameter:vector P, theogiven'initial etate

- value, 2nd the apprOprlate boundary condltlons (1f the
_'analytlc parametrlc functlons do not exxst) are retained

'ln,the computer memory.

If the initial gueeses are ‘such.that the iterated final
values are sufficiently close to the true values, then
the method will converge qulte rapidly. However lf the
lnltlal guesses.are very poor, then the method may not

converge at all. In this case, it should be restarted using



- a .different set'of’initia17guessés Of -course: all physmcal'
1ns15ht should be used to gulde us in selectlng the para-

meter vector p.

2n(n+l)“first order'diffefentisl equstions given by‘ 3.3.1,
.5,5.2, and 5.3.11" must be numerlcally lntegrated and nxn
tmatrix ,R(to) inverted in each lteratlon If agaln the-
parametric‘fnnctlons cannct_be solved analytlcally,_an
additicnal n+k+lxn+k+1 (at most) matrix inversion is el

necessary.

The,iterative procedure is terminated when
e -,

1s satlsfled, where .x lS a pre-selected pOSltlve constant.
1 ngher accuracy needs more Lteratlons. But -because of the N
'.truncatlon and roundoff errors in some nonllnear complex ' |

'problems, accuracy has an upper limit.

".Finally, it shouid»be noted thatfthe elgcrithms presented
above are quite:easy to understand The simplifying and \
unlfylng view of the sens1t1v1ty theory has made thls

.possible.




. APPENDIX A

 Derivation of Equation 3.3.18



{Let4us QQnsider the’f0110wing simple TPBVP'problem
x(t) f(x(t) t) o A
"v‘x<t°v)=)‘(0 5 x(tf)=xf < - _ _.A‘..2.

' where to,xo,Xf are known; whereas tf‘.is unknown. If we
N ‘ . -

. try to apply our method %o thls partlcular problem, we

| obtaln o
' xf(p) = X ":A;Ba
T(p) =p . | © A.3D
. | Qf e o
o ORS R(t) | o
| R(.tf)"’: ?.ZSE%IE)&EZ N

t;:p

. where equation A.5 shoﬁld be evaiuated fovsolvebthe problem.

- Suppose that we want to calculate the change Ax(t,p) when

both 't and p are changed by Ap, thus we have
: Ax(t;p)'é_x(t+Ap;p+Ap) - x(t;p) ' - - A.6

or expandlng the rlght—hand s1de of the equatlon A.6 lnto
'lts Taylor series, we obtaln ’
X(t+Ap,p+Ap) -AX(t,p)

_f 2.7
l‘._ x(t,p) + -Egtsz -Ap + égiti?lﬁAp + O(Ap ) - X(tap)

'Simplirying and:dividing thh-sides by Ap, we get
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_J_;;,;gzlgigpz_zgﬁzzl_é §§§§;22‘+ Bgégzel + o(4p) 4.8

”_Lét'ué évaluaté both'sides_at"t=b, thénFWe have

- oox(eaap)ox(p) | 9x(eip) | 2x(EiR)| L o(ap) - 4.9
B = L e t=p
taking the limit of.bothAsides as“Ap+0
9% aueipy| L 2x(h:
_ -—i = ax(tip)| , 2x(%ip) A.10
o ap b=p EYY) t=p "

but"vxf is fixed while p varies then 9x,/3p=0. Therefore

0. ox(eip)| ., 9x(vip) a1
| o a3t t=p | ‘ap t=p
or S ERT ' |
9x(t3p) = = £(x.,p) CA.12
op t=p : £9Es L

| Equation 3.5.18 is simply-an extention of the equation
A.12, where we'have,more variables but are refered as fixed

with réspectvto o(p). .



APPENDIX B
“One-éfeplcngergengé{,:v
e

7-_ Liﬂéar'Systems |



Let us conSLder the followxng llnear TPBVP, glven by |

x(t)

-A(t)x<t)'f;3<t>y(t>~+»e<t>'j’" . B.la

‘ y(t);"c(t)x(t):+ D(t)y(t) + £(t) ;Iﬁ.lb
and the boundaﬁy conditions1 |
“where t ' X, tf,yf 'are:all known quantities. The time
~ Tesponse of this system may be found from
x(6) | x(bp) | o e(7) | R
B T C ) R -+J£ ¢(ts,0)| | aT B2
y(e) | S RASTY) r f(f)

where -

<pn<tf,t> '«ié(ﬁf,w | |
@(tf,t) - I B.3
| ¢21(tf’t) . ?22(tf’t)

is the state—tran31tlon matrlx and vx(tf) needs to be

determlned.:In terms of x(t ), x(t) can be found as
; ST S ot Ce '
x(t) = @ll(tf,t)x(tf)+J[  ¢11(tf,f)e(f) ac
o e te | .
+'l<ﬂ12‘(tfst)yf +/ ’(pl2(tf}€)f(t) av B.4
and its value at' t¥to

"kx(to) = Xé + @ll(tf,to)x(tf) . o 3.5.
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‘Wherezthe constant X, is equal to
qléctf’to)yf_+JC' (411 (55,0)e(E)+¢)5(6£,2)E()) AT

Now let us apply our method to determlne the value of x(tf)
We are gomng to guess x(tf),»so we need to know the changeq
caused on x(t ), When we change the value of x(tf) -From
:equatlon B 5 this relatlon is glven by -

Ix(t )

CR(%.) = —-mn0C L /t:;t B
B gy Tl

 Then by the algoritham

xold(tf)‘?,ﬁ"l(ﬁo)(x(to)jxq)

._Xnéw(tf>'

x(tf> - fellu-f,t >(x +“’11< ,f,t S)x(tp)=x,)

x(tf)—qii(tf’to)xo_x(tf)+¢31(tf5to)xo

-<eﬁ<_tf',to>' (%5 -x) B

If we now substltute this new value value of x(tf) intd |
' 'equatlon B 5, then the next value of x(t )
. | e e oyp=lrs PR
: xnew(to) = X5 = ¢ l(tffto?qll(tf’to)(Xo‘xo)
or : . _

new o}

(t ) =x_ . - B.8
; Hence, whatever the initial guess for x(tf), the algorithm
‘cbnvefges to the desired solution in onefstep'if'the system

is linear.




" APFENDIX C

' Realization of example 5.6

~ BASIC Program Listing



'-3%5?;8ﬁ- S
METTIVITY THMATRIG
"‘J Nﬁl- TaEn

g

Jr

S5 X1, \f_"'(‘)

' Y!-' ql’, » rl (J.“. ’qi,'i"(f.'-}‘ SR S0 G ) ‘ uJ('..,'.?) ..: RO
e sy oo : e - o’ = 7
"~ pid) g FE ,;.,M),,UF\'N_,.I:‘..[?3(,&..3 yoaFR (2 _..l:&v‘(,...al ..ESI-;\‘( ,
: 2y ) 5 B5¢ (2 2) JRNGR 2, 82, 2RI, 2) .

INMITIALT: 1

oy
alw et ’_.

K3
50 IF  AES (B) ¢ 0.01001 THEN 60
5% Y(Z) = Y (R) - F Z'GY‘?* i

0 40

ok 10w P(R) 4
KD TR S SRS R N O

a2

L&D BR(L) = 1H %

W \;‘ .:’"_'.‘ ) LT

5.

) " : - ‘ : . - .
K \“),.1 _‘”" Ly 1y = = ER{L) / BY R aVRIR,. S = - BREY /6
AT l'"’l”""”\l”!" FOLys ™ Ry s "";"("\
1S5 TE = P

B R

160 XT (1) L
165 YT (L) i
170 RT{1 =

17 RT (2,
180 B5T(L,
185 5T (2,

fet b Bt hed

{2y = XTOR
TRy = YT (R , o
igl):hJ\I.“)-e HT(1, 2) s RI(2, 1) = RT
o ; ; RT (2, 2) . : S '
22 I (1, 1) = ST, D e8I (1,3 = ST, Da8I(R, 1) = 8T
‘ <$ﬂ1>:SJ<2;2)'m S“f' 2y
DM o= 0003
CREM BACKWARD
REM FOURTH-
REM 18T 87 o
FXOLY = YJ(L) % H
X AR m_Y":) w H
Y '
FY

£
{
PR
(1

Valig ol

v

2
13

ot

Eed ‘,\‘j { iy H .
XJ(Ly % W

m GBI, R

D

it

i
—

PR

et et
]
Pt
[P
i
(SRR I
—
ot
5 s

’-‘.
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P 4ok B S . :
v ey R . P S & %
- N g bl B SR s - ) i 3
o~ {1 . o s FERN RN M A Td et [0 s £
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ﬁiga

_’“7.“'\.’

7 ;?I-t:)

ARG
RS (1,10

L FED

) [~
"uw

7TH0
P00
710
LPR20

FEO

940 X . 13
YJ(l)»m YN 1)

=T

50

at \.J

BoHO

LOGO

101
101E
10520

LORE

Eaw i

1OED
10D

1100
1110

200

RN(L,2) = F

...' 71\)‘""i

P
o)

.,
" T

’

et

Y o= RV (L)

.
.

3

“'\
)
—
—
i
-
o
1]
g
+
i
]
=
.
™

1
il .

1 .

+ .
T

e

i =

g et

S e

\

o3 .v--<
Boy
P

[

Fre 1y 20 3 A
RN, 1 CRRGE, L)+ R

G gy S U
PR 5 SN

FRO2,2) . + 2
R (2 % 2y 4 B8R &
MOL, 1)y ==

i
-

SN{L,2) = 8J41,2) ~ (Fe, 2y 400
h“(iqﬁi ~'5?<1q2m3; &

SN2, 1 EOeR, 1) e D
Hﬂi?ql /b

GN{2, 2 (FS2,2) + 2
R, 2 P

REM  END OF !JFF%RATIQN

g g - ) ) .
FRINT J5" MIEN(L, 2V M RNAE

= O THEN 1000
P XJ (2
YR s e
J)nHJ\TqSL

IF g

XKJI Ly

RJ(L, 1)
f(é_ir
E’:)J \ L
(E,i)
GOTH
R

= i~- ‘!‘-H _” eRNOD s BB T R AR
EYT LY R MRTE .

FPREINMT " mpRNOE, 18 " M\! (RN
PEYT (2D

IF (O ABS (XW{1)Y)Y <
’T HEN | BTOF

M CRMOT, 1) % RN(2y2) -~ RNOL,2)
*1&1513 m RNOR,BY 4 MrRICLEY =
BT LP, 1y = - BNA{2, 1) AR RT (R, B
Fii) = 1y ~ RIGL, 1) % XM{i} -~
By om (R w"r::qi) # XMLy -

GOTO 325

K3

-t

Ll

.
1
7

5

R

HR =]

¥

S

F\‘(. (2 4

RY ¢

o+

2 )
2l
XN 1)

e

1y

il F
o~
2 He

s
oy e
al R

2%

)

4

= RN

= BN

w1y
b
LRl
¥

P
g
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