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ABSTRACT 

System analysis is an important topic for many 

scientific disciplines. By a system, we mean an orderly, 

interconnected arrangement of parts describing a phenomenon. 

The formal representation of systems is done through 

mathematical modeling. Thus the analysis of a system is 

performed by analysing the mathematical model of the system. 

The mathematical model of a system contains implicit 

information about the system it describes - how the system 

behaves under various conditions, what are the relationships 

between the variables, how the cause-effect sequence of the 

variables be arranged, etc. Currently, the exposition of this 

information in order to understand the system truly is 

usually performed by humans. This thesis is a step towards 

the automation of this process and introduces for this 

purpose some techniques. These techniques are based on the 

use of some well-known mathematical tools: partial 

derivatives and total differentials of the closed form 

functions defining a system. Partial derivatives and total 

differentials are analysed to make the causal relations 

implied by the model explicit. The mathematical models 

addressed by our work are restricted to models of the form of 

algebraic equations. 
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We can classify the process of system analysis into 

two: Quantitative analysis and qualitative analysis. The 

techniques introduced in this work are mostly qualitative in 

nature, but they also take into account the quantitative 

information available in a model. 
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6ZET 

Sistem analizi pek<;ok bilim dah n1 ilgilendiren bir 

konudur. BOltimleri araSlnda dtizenli baglanh lar bulunan 

herhangi bir olaYl bir sistem olarak tarif edebiliriz. Bir 

sistem matematik modelleme yoluyla ifade edilir. BOylece bir 

sistemin analizi sisteme ai t matematik modelin analizi ile 

yapl h r. 

Bir sistemin matematik modeli sistem hakkl nda onemli 

bilgiler i<;erir: degi~ik durumlarda sistem nasll davramr, 

deg i;; kenler araSl ndaki iIi;; ki ler ne lerdir, deg i~ kenlere ai t. 

sebep-sonu<; Sl raSl ne $ ekilde dti zenlenmi;; tir, vb. Gtintimti zde 

sistemi dogru olarak anlayabilmek i<; in bu bilgilerin <;1 karl ml 

genellikle insanlar taraflndanyapllmaktadlr. Bu tez, bu 

h lemin otomasyonu yontinde bir adl m atmayl ama<; lamaktadl r ve 

bu sebeple bazl teknikler ortaya koymaktaw r. Bu teknikler 

olarak kullanllan birtakl m matematik metotlara 

dayanmaktadl r: bir sistemi tarifleyen kapah fonksiyonlar1 n 

kismi ttirevleri -ve toplam ttirevleri. Kl smi ve toplam 

turevler modeldeki deg i~ kenler araSl. ndaki sebep-sonu<; 

ili~ kilerini ortaya <;1 karmak amac1 yla kullanl lmaktad1 r. Bu 

<;all~mada yer alan matematik modeller cebirsel denklemlerden 

olu~ maktaw r. 
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Sistem analizi i~ lemini iki gruba ayl rabiliriz: 

Sayl.sal analiz ve niteliksel analiz. Bu ';ah-~mada ortaya 

atllan teknikler genel olarak nitelikseldir. -ancak bir 

modelde bulunan say1sal bilgi de dikkate allnmaktadlr. 

vii 



TABLE OF CONTENT:;: 

Page 

ACKNOWLEDGEMENTS ..................................... . iii 

ABSTRACT .............................................. i v 

ij Z ET .................................................. vi 

TABLE OF CONTENTS ..................................... viii 

LIST OF FIGURES ....................................... x 

LIST OF TABLES ........................................ xi 

I. I NTRODUCT ION .................................... . 1 

1.1. Mathematical Models and Qualitative Analysis 3 

1. 2. Summary of Our Approach 9 

II. DEFINITIONS, NOTATION AND THE FUNDAMENTAL 

ASSUMPTION ....................................... 11 

III. SIGN ANALYSIS .................................... 24 

3.1. Sign Tables .. ~.............................. 25 

3.2. Sign Analysis of Total Differentials ....... 39 

3.3. Sign Analysis of Gains 60 

IV. VALUE ANALYSIS ................................... 72 

4.l. Gains 72 

4.2. Value Analysis of Total Differentials...... 80 

4.3. Elastici ties ................................ 84 

viii 



V. ILLUSTRATION OF THE TECHNIQUES .................. . 

5.1. 

5.2. 

5.3. 

5.4. 

5.5. 

5.6. 

Assemb 1 ing ................................ . 

Sign Analysis of Total Differentials ...... . 

Sign Analysis of Gains 

Ga i ns ..................................... . 

Elasticities .............................. . 

Value Analysis ............................ . 

86 

88 

90 

104 

108 

111 

112 

VI. IMPLEMENTATION.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 

6.1. Notes About the Program .................... 115 

6.2. Options.................................... 122 

VI I. CONCLUSION ....................................... 129 

APPENDIX A. NEWTON-RAPHSON METHOD ..................... 133 

APPENDI X B. PROGRAM MESSAGES .......................... 135 

APPENDIX C. SPECIFICATIONS .................. .......... 139 

APPENDIX D. A SAMPLE RUN......... ..................... 141 

APPENDIX E. PROGRAM LISTING ........................... 158 

BIBLIOGRAPHY .......................................... 201 

ix 



LIST OF FIGUREs 

Page 

FIGURE 1_ Stages of quantitative analysis ___________ . 2 

FIGURE 2_ Stages of qualitative analysis _______ . ____ . 2 

FIGURE 3_ A valve system -- ___ . ___________ .___________ 19 

FIGURE 4_ The valve attached to a vessel _____ .______ _ 19 

FIGURE 5_ A procedure for constructing the sign table 
of a function _________________________ . _ _ _ _ 35 

FIGURE 6_ Number of rows, N, in the sign table of 

an n-parameter function 36 

FIGURE 7. Two sign tables for the join example _______ 42 

FIGURE 8_ Example of join operation __________________ 43 

FIGURE 9_ Example system used in Section 5 ___________ 87 

FIGURE 10_ A pump system·of two branches ______________89 

FIGURE 11. Reduced tables for the increase in Q __ . _ . . 97 
F 

FIGURE 12_ Operator and function results in 

qualitative arithmetic .. ____ ._ ... _._._..... 119 

FIGURE 13. Program main menu ___ . __ ...... __ ... __ . ____ .. 123 

x 



LIST OF TABLES 

Page 

TABLE 1. Sign table of F(z)=O ....................... . 29 

TABLE 2. Sign table of F(Z1'ZZ)=0 ................... . 29 

TABLE 3. Sign table of F(z ,z~,z )=0 ................ . 
1 '" 3 

29 

TABLE 4. 30 

TABLE 5. Table of all sign combinations for F(Zi'ZZ)=O 34 

TABLE 6. 

TABLE 7. 

TABLE 8. 

TABLE 9. 

z 
Sign table of F=z -z =0 .1. Z 

Sign table of F=z +z =0 
Z 3 

Z 
Pure sign table of F=z -z =0 for [z J=+ ..... 

:1 2 :L 

Result of Example 3.2.1 for z >0 
i 

TABLE 10. Result of Example 3.2.2 for z >0 
1 

45 

45 

46 

47 

47 

Z 
TABLE 11. Pure sign table of F=z -z =0 for [z.1.]=- ..... 47 

1 Z 

TABLE 12 . Result of Example 3.2.1 ·for z <0 
i 

TABLE 13. Result of Example 3.2.2 for z <0 
i 

TABLE 14. Result of Example 3.2.3 for z <0 
i 

47 

48 

48 

TABLE 15. Result of E-join for Z1>0 .............. ..... 49 

TABLE 16. Sign table of F=Zi-Z2-Z3=0 .................. 54 

TABLE 17. Sign table of F=3z -2z -7=0 ................. 54 
i :;: 

TABLE 18. Result of example in Proposition 3.3 

Z 
TABLE 19. Sign table of gains of F=z -z =0 wrt z.1. .1. 2 

TABLE 20. Sign table of gains of F=z +z =0 wrt Z:1 
2 3 

54 

64 

64 

TABLE 21. Reduced form of Table 19 .................... 64 

TABLE 22. Result of sign analysis for gains ........... 64 

2 
TABLE 23. Sign table of gains of F=y -x =0 wrt Y:1 ..... 70 :1 .1. 

xi 



TABLE 24. Sign table of gains of F=x +x +y =0 wrt y.. 70 
~ 2 2 ~ 

TABLE 25. Reduced form of Table 23 .................... 70 

TABLE 26. Result of opposite changes in y~ and yz ..... 70 

TABLE 27. Result of sign analysis for Example 4.2.4 '" 83 

TABLE 28. Sign table of F=QF-Q~-Q2=0 ......... ......... 91 

TABLE 29. Sign table of F=Q -C Y P -P '=0 
~ v:1 F ~ 

TABLE 30. Sign table of F=Q -C Y P -P '-0 2 v2 F 2 

TABLE 31. Pure sign table of F=Q -C 7 P -P '-0 
:1 v~ F :1 

TABLE 32. Pure sign table of F=Q -C 7 P -P '-0 2 v2 F 2 

TABLE 33. Result of Example 5.2.1 

TABLE 34. Result of Example 5.2.2 

TABLE 35. Result of Example 5.2.3 

TABLE 36. Result of Example 5.2.6 

TABLE 37. Result of Example 5.2.7 

TABLE 38. Result of Example 5.2.8 

93 

94 

95 

96 

97 

98 

98 

100 

101 

101 

TABLE 39. Reduced form of T~ .......................... 103 

TABLE 40. Reduced form of T2 .......................... 103 

TABLE 41. Reduced form of T3 .. .... .... ..... ..... ...... 103 

TABLE 42. Reduced form of Table 41 .................... 103 

TABLE 43. Reduced sign table of gains for F=QF-Q:t-Q2=0. 105 

TABLE 44. Result of Example 5.3.1 

TABLE 45. Result of Example 5.3.2 

TABLE 46. Result of Example 5.3.3 

xii 

107 

107 

107 



I. INTRODUCTION 

System analysis is an important topic for many 

scientific disciplines. By a system, we mean an orderly, 

interconnected arrangement of parts describing a scientific 

event. Almost everything in the world around us can be 

regarded as a system or as a part of a more complicated 

system. Therefore it is inevitable for science, whose main 

aim is to explain the real world truly, to base its grounds 

on the systematic analysis of systems. 

The formal representation of systems is done through 

mathematical modeling. Thus the analysis of a system is 

performed by analysing the mathematical model of the system. 

We can classify this process into two: Quantitative analysis 

and qualitative analysis. 

There has been tremendous work in the literature for 

the analysis of mathematical models. This work is almost 

entirely based on quantitative techniques and the literature 

is full of a rich set of theories for this purpose. For 

example, the dynamic systems theory (e.g. [1]) concerns with 

the quantitative solution of models that can be expressed in 

terms of. difference and differential equations. Figure 1 

shows the stages of the quantitative approach. Once the 

problem under consideration is defined and converted into a 

mathematical model, it is solved quanti tati vely by using 

several techniques. The solutions are then interpreted, the 
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validity of the model is questioned. and the model is 

improved if necessary. The process of modeling, computation, 

and interpretatLon continues until the analyst is satisfied 

with the level of detail included in the model. 

Besides.these large amount of quantitative techniques~ 

recently researchers have begun to focus their attention 

towards methods which are qualitative in nature. Artificial 

intelligence literature includes several approaches to study 

causal behavior of (especially physical) systems by using 

qualitative versions of quantitative methods, such as 

qualitative arithmetic, qualitative causal calculus, and 

qualitative physics. Figure 2 shows the stages involved in 

the qualitative approach. In this case we are saved from the 

IMproveMent 

1 Modeling COl"lputo. tlon Interpreto. tlon 
Def'lnltlon )Mo.thel"lo.tlCo.l ) Ano.lytlc ) COMI"IOnSense 

of' probleM Model solutIons descrIptIon 

FIGURE 1. Stages of quantitative analysis 

IMproveMent 

1 ModelIng sot ve 
DefinitIon ____ ~) Mo. thel"lo. tlco.l quo.lIto. tlvel) COl"ll"lonsense 

of prololeM l"Iodel description 

FIGURE 2. Stages of qualitative analysis 
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rather expensive computation step and the computation and the 

interpretation steps are replaced by a single step which 

solves the model qualitatively. What constitutes the phrase 

"solving qualitatively" is the topic of research. 

The major advantage of a qualitative approach is that 

it parallels the way people solve problems in everyday life. 

It is well-known that a human being, when encountered with an 

analysis problem, does not try to generate the solutions 

quantitatively (which may indeed be very difficult or almost 

impossible for complex systems), instead he/she tries to 

capture the important parts of the problem, ignoring the 

irrelevant details, and makes deductions on these. This is 

referred to as commonsense reasonine. This explains why the 

field of artificial intelligence, whose ultimate goal is to 

simulate the functions of a human being, 

qualitative analysis. 

is interested in 

1.1. Mathematical Models and Qualitative Analysis 

Nearly all observed phenomena in our daily lives or in 

scientific investigation are based on mathematical models. 

Typical examples include physical, economical, and social 

systems as well as many others. It is 

that an adequate mathematical model 

absolutely 

of the 

essential 

system be 

generated if a meaningful understanding of the system is to 

be obtained. 

A mathematical model 

interrelationships of the parts 

is a 

of 

specification of the 

a system, sufficiently 

explicit to enable us to study its behavior under a variety 
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of circumstances and, in particular, to control it and to 

predict its future. There may be various models for the same 

system, differing in their amounts of detail. The degree of 

detail incorporated in the model depends on the choice of the 

model-builder, the amount of data available, and the 

application. 

A major decision, often taken at the very onset of 

modeling, concerns the nature of the variables involved. 

Basically variables are of one of two types. Those variables 

whose values can be set freely by mechanisms that are outside 

the particular model under consideration are called exogenous 

variables. Those variables whose values are to be determined 

by the model are called endogenous variables. The exogenous 

variables are treated as independent variables and the 

endogenous variables are treated as dependent variables in 

the mathematical sense. 

One important aspect of a mathematical model lies in 

the arrangement of the equations. It has been found by 

experience that if the equations are arranged in a logical or 

cause-and-effect sequence the model is stable. This sequence 

is termed the natural order, for it invariably closely 

parallels the-cause-and-effect sequence found in nature. The 

key to understanding the internal mechanism lies in being 

able to define this n~tural cause-and-effect sequence. 

Simultaneity, linearity, sufficiency and redundancy 

are some of the important properties of equations. The 

congept of simultaneity refers to the fact that the equation 

set must be solved simultaneously in order to determine the 
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values of the dependent variables. Here we call an equation 

linear if the relationship between the variables can be shown 

as a straight line on the graph. In order to obtain a 

solution to a set "of equations, it is necessary to specify as 

many independent equations as there are dependent variables. 

Independent equations mean that no redundant equation derived 

from the other equations can be used as an independent 

equation. 

A mathematical model can 

different kinds of mathematical 

algebraic equations, differential 

be constructed using 

notations, 

equations, 

including 

difference 

equations, integral equations, and partial differential 

equations. For example, a model may be purely algebraic (that 

is, represented as a set of simultaneous algebraic 

equations), or a mixture of algebraic and differential 

equations. 

There is a growing amount of research in the area of 

qualitative analysis of systems, although 

different titles (e.g. qualitative physics, 

often under 

qualitative 

process theory, qualitative simulation, commonsense 

knowledge, or causal ordering). All propose formalizing the 

commonsense knowledge about the everyday 

views this task rather differently. 

world, but each 

The work by de ~leer and Brown 

physics is motivated by the desire 

[2,3] on qualitative 

to identify the core 

knowledge that underlies people~s physical intuitions. Their 

interest in causality includes both the causal ordering among 

variables (what variables affect what other variables) and 
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the direction, positive or negative, of causal effects 

(whether an increase in variable x causes the value of 

variable y to increase or decrease). They describe behavior 

by a set of qualitative differential equations called 

confluences. Confluences are constraint equations written in 

terms of qualitative derivatives of variables, whose values 

are +, - or O. 

In the theory of qualitative physics as developed by 

de Kleer and Brown, two types of behavior are discussed: 

Intrastate behavior, or action within a state of the system; 

and interstate behavior, or the transformation of the system 

from one state to another. Boundaries between states are 

characterized by critical values of certain variables. 

They propose a method, called mythical causality, to 

discover the causal relations in the system. The system, 

which is presumed to be at equilibrium initially, is 

disturbed by a change in the value of a variable and the 

effect of this disturbance is then propagated through the 

confluences until all the variables are assigned new values 

and equilibrium is restored. During prupagation, if an 

equation is encountered in which there remains more than one 

variable whose values are unknown, then some assumptions are 

made to reduce the number of unknowns to one. These 

assumptions are based on some heuristic rules relevant to the 

properties of physical systems. 

The key to mythical causality is the 

heuristics. They must be good enough to prevent 

from generating unreasonable solutions. 

6 
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Iwasaki and Simon [4] propose a method for causality, 

somewhat different from that of de Kleer and Brown. It is 

called causal ordering. What causal ordering accomplishes is 

to make the asymmetric relationship among variables implied 

by the model explicit. Establishing a causal ordering 

involves finding subsets of variables whose values can be 

computed independently of the remaining variables, and using 

these values to reduce the structure to a smaller set of 

equations containing only the remaining variables. In this 

way, by knowing which variables can be computed outside the 

system and by using the modeling equations, a causal 

structure is generated for the system. 

Kuipers [5,6] follows a quite different approach to 

describe the behavior of systems. His work is based on 

qualitative ;simulation which is a key inference process in 

qualitative causal reasoning. A system is described by a set 

of qualitative constraint equations and an initial state is 

given. Then qualitative simulation is used to predict the 

possible behaviors of the system. An important aspect of the 

method proposed by Kuipers is that it allows new qualitative 

values indicating critical points, in addition to +, and 

0, to be discovered during the analysis. The basic idea 

behind qualitative simulation is that a parameter can change 

state only in specific directions defined by transition 

ordering rules and restricted by consistency filters. In this 

way a set of possible future behaviors of a system is 

generated. 
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Weld [7J describes comparative analysis, which can be 

seen as the 

proposes a 

complement of qualitative 

method called differential 

simulation, 

qualitative 

and 

(DQ) 

analysis. Whereas qualitative simulation takes a description 

of a system and predicts its behavior, comparative analysis 

takes as input this behavior and a perturbation and outputs a 

description of how and why the behavior would change as a 

result of the perturbation. DQ analysis uses inference rules 

to deduce qualitative information about the relative change 

of system parameters. A trace of the rules used in solving a 

problem is then translated into an intuitive explanation of 

the answer. 

Qualitative process theory, developed by Forbus [8J, 

is based on the concept of process. A process is defined as 

something that acts through time to change the parameters in 

a situation. The method reasons qualitatively about 

processes, when they will occur, their effects, and when they 

will stop. Studying naive physics reasoning about everyday 

physical situations, he determines the current set of active 

processes. The constraint equations are derived from the 

complete set of currently active processes. In this way, 

qualitative process theory provides the means to model 

aspects of commonsense reasoning about physical domains. 

Weld [9] describes an abstraction technique, called 

aggregation, to dynamically create new descriptions of a 

system~s behavior. Aggregation works by detecting repeating 

cycles of processes and creating a continuous process 
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description of the cycle~s behavior. The importance of the 

method is that it generates a higher-level abstraction for 

the behavior of a system by combining repeating processes. 

In addition to these works, several other researchers 

have contributed to the literature for qualitative analysis, 

such as Hayes [10,11] and Williams [12]. As indicated at the 

beginning of this section, all these aim to formalize the 

commonsense knowledge, usually in different directions, such 

as deriving causal relations in a system, predicting how a 

system behaves, and explaining changes in system behavior. 

1. 2. Summary of Our Approach 

The aim of this thesis is to analyse the mathematical 

model of a system ~ndto generate causal relations about- . the 

dynamics of the system. 

The mathematical model of a system 

information about the system it describes -

contains implicit 

how the system 

behaves under various conditions, what are the relationships 

between the variables, how the cause-effect sequence of the 

variables is arra~ged, etc. Currently, the exposition of this 

information in order to understand the system truly is 

usually performed by humans. Our work is a step towards the 

automation of this process and introduces for this purpose 

some techniques. These techniques are based on the use of 

some well-known mathematical tools: partial derivatives and 

total differentials of closed form functions defining a 

system. Partial derivatives and total differentials are 
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analysed to make the causal relations implied by the model 

explicit. 

The mathematical models addressed by our work are 

restricted to models of the form of algebraic equations. 

Furthermore, it is assumed that the equation set constituting 

the model does not include any redundant equations. The 

equations may be linear or nonlinear. The extension of the 

techniques to other types of mathematical models (models 

expressed in terms of differential equations, difference 

equations, etc) is an area left for future research. 

The outline of this thesis is as follows: Section 2 

gives the definitions and the notation that will be used 

throughout the thesis and explains the fundamental assumption 

on which all this work is based. Sections 3 and 4 

describe two techniques, referred to as sign analysis and 

value analysis. Section 5 illustrates what has been explained 

in previous sections by an example. Section 6 describes a 

prototype program which was implemented based on these 

techniques. Section 7 is a conclusion; it includes a 

comparison of our work with the previous works and discusses 

the possible future extensions of the techniques we have 

introduced. The appendices are reserved for the supplementary 

information about the program. Appendix A explains the 

Newton-Raphson method used in the program. Pro-gram messages 

are given in Appendix B. Appendix C is for the specifications 

and limitations of the program. In appendices D and E, a 

sample run and the listing of the program are given. 

10 



II. DEFINITIONS~ NOTATION AND THE FUNDAMENTAL ASSUMPTION 

This section explains the definitions and the notation 

that will be used throughout the thesis. 

Definition 2.1. A system, in its broadest sense, is an 

orderly, interconnected arrangement of parts describing a 

scientific event. 

This definition is general enough that nearly all 

natural phenomena can be described in the language of 

systems. Specific examples may arise, as well as many others, 

in (a) a physical system, such as a circuit, a traveling 

space vehicle, or a home heating system; (b) a social system, 

such as the behavior of an economic structure; or (c) a life 

system, such as population growth. 

The techniques introduced in this work can well be 

applied to systems from any domain, although we mostly take 

our examples from physical systems. 

Definition 2.2. A subsystem is a distinct conceptual part of 

a system. The working of the whole system is to be explained 

in terms of the functions of the subsystems that constitute 

the system. 

As an example; a complex electrical circuit system can 

be divided into different subsystems. Each subsystem 

describes One distinct self-contained part of the system, and 

11 



the principles about how the subsystems should communicate 

with each other are extracted. 

This modular approach to mathematical modeling, that 

is combining subsystems to form a single system, is referred 

to as assemb~in8 of systems. It simplifies both the 

formulation and the analysis of the problem since it allows 

the analyst to investigate the system at different levels of 

detail. At the beginning the system can be viewed as a rough 

approximation, consisting of only a few subsystems, of the 

corresponding natural phenomenon by suppressing the details. 

Then as the analysis progresses, we can turn this system into 

a subsystem, assemble it with other relevant subsystems and 

thus form a more complicated system for a better 

approximation. The process continues in this way. At a 

particular stage of the process we can add more detail into a 

subsystem by breaking it into sub-subsystems or remove those 

subsystems that are proved to be inadequate in order to make 

the system more resemble to its real world counterpart. 

Definition 2.3. A mathematica~ mode~~ of a system (or of a 

subsystem) is the description of the system (or of the 

subsystem) in the mathematical language in terms of the 

following: 

(1) A set of simultaneous equations, and 

(2) A set of parameters. 

t~rm mat h~mat ~cat mode-t ",i.n a.bbrevi.ated 

12 



The terms equat. ion and /l.mc t ion will be used 

interchangeably throughout the thesis. A function denotes a 

relation between the parameters (see Definition 2.4) of the 

system and is written in the form of an equation while 

defining the model of the system. 

As indicated in Section 1.2, the basic restriction 

imposed on the equations in this work is that the equations 

must be algebraic in form. 

We will occasionally use the term stibmode~ to indicate 

the mathematical model of a subsystem. 

Definition 2.4. A parameter denotes either a variable or a 

constant. This is called the type of a parameter. 

Definition 2.5. The type of a variab~e is either exogenous or 

endogenous. An exo8enous variab~e is one whose value can.· be 

set freely by mechanisms that are outside the particular 

model under consideration. An endo8enous variab~e is one 

whose value is to be determined by the interactions between 

the parameters in the model. 

Exogenous variables and endogenous variables are 

sometimes called independent variables and dependent 

variables, respectively. 

The choice of the type of a variable in a model 

depends on several factors, including the properties of the 

system under consideration, the level of detail incorporated 

into the model, and the taste of the model-builder. There is 

no clear-cut rules valid for all systems in this issue. 

13 



At this point it is worthwhile to state an important 

property of the variables which is applicable to most 

systems. A variable included in the model of a system which 

is termed as endogenous stays as endogenous if the model is 

enlarged by adding models for new subsystems. On the other 

hand, a variable which is termed as exogenous may either stay 

as exogenous or become endogenous after the same enlargement. 

This is basically due to the fact that, in the latter case, 

the value of the exogenous variable, which we can set freely, 

is now determined by a (newly incorporated) subsystem, thus 

the type of the variable becomes endogenous in the enlarged 

model. On the contrary, in the former case, the addition of a 

new subsystem does not enable us to set freely the value of 

an already endogenous variable. 

A constant, as it name suggests, is a parameter of the 

model whose value remains constant throughout the analysis. 

In this work we treat constants as exogenous variables for 

all cases because of their similarity. Thus, in contrast to 

the above definition of a constant, we will talk about the 

"change" in the value of a constant. Also, as is the case for 

an exogenous variable, a constant is allowed to change its 

type to an endogenous variable in case new subsystems are 

added to the model. This approach is more flexible than 

fixing the value of a constant because a constant may be 

replaced by another one, similar to the change of the value 

of an exogenous variable, and it may be interesting to 

examine the variations in the system behavior in such a 
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situation. 

Defini t.ion 2.6. The difference between the number of 

parameters and the number of equations in a model is called 

the deerees of freedom of the model (or of the system). 

Defini t.ion 2.7. A system whose degrees of freedom is equal to 

the number of exogenous variables and constants is called 

sineu~ar if, when the values of the exogenous variables and 

constants ·are given, the determinant of the resulting 

equation set is zero. The system is nonsineu~ar otherwise. 

Singularity is a mathematical (numerical) issue. It 

may arise for different reasons. A common reason is that a 

model may be wrong in the mathematical sense. That is, either 

the model contains redundant equations or a number ·of 

improper equations are added to the model in order to reduce 

the degrees of freedom of the system. 

Definit..ion 2.8. If the degrees of freedom of a system is 

equal to the number of exogenous variables and constants and 

the system is nonsingular, then the equations can be solved 

uniquely for the values of the endogenous variables for a 

given set of values for the exogenous variables and 

constants. The resulting set of values for the parameters is 

called the state of the system, or the s),Ist.em. state. The 

system state is a complete description of the system. 

Definit.ion 2.9. The operatine reeion of a parameter is the 

range of values that the parameter may take on. 
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Definiti,on 2.10. The union of the operating regions of all 

the parameters in a model (or system) is called the space 0/ 

the system, or the system space. 

The degrees of freedom of a system being greater than 

the number of exogenous variables and constants denotes the 

number of additional equations that can be given about the 

system. This is usually done by fixing the values of a number 

of endogenous variables to reduce the degrees of freedom, 

thus making those variables exogenous. This must be done in a 

way such that the resulting system is nonsingular. 

Definition 2.11. The si6n of a, denoted as [a], where a may 

be a parameter, a total differential, a partial derivative, 

or an arithmetic expression, is defined as follows: 

[a]=+ iff a>O, 

[a]=O iff a=O, 

[01]=- iff a<O. 

Definition 2.12. The inverse of the si~ of a, denoted as 

[a], where a is as in the previous definition, is equal to 

the sign of the negative of a. That is, [a]=[-a]. 

Definition 2.13. The direction of chan6e of a parameter p, 

denoted as {p}, indicates in which direction the value of p 

changes. It is defined as follows: 

{p}=+ iff the value of p increases, 

{p}=O iff the value of p does not change, 

{p}=- iff the value of p decreases. 
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Since the total differential of a parameter p, 

represented as dp, indicates mathematically the magnitude of 

the change in the value of p, we can state that {p}=[dp] . In 

other words, p is increasing iff dp>O, the value of p does 

not change iff dp=O, and p is decreasing iff dp<O. 

Def i ni ti on 2. 14. The i nuerse of t.he dfrec t. fon. of change of Q. 

parameter p, denoted as {p}, is defined as follows: 

{p}=+ iff {p}=-, 

{p}=O iff {p}=O, 

{p}=- iff {p}=+. 

Definition 2.15. A function is said to be in c~osed form if 

it is written in such a way that the value of the function is 

equal to zero. 

An ordin~ry function can easily be converted to a 

closed form function. For example, the closed form of the 

function y=x is y-x=O. 

Below is a listing of the notation that will be used 

throughout the thesis: 

x. an endogenous variable 
1 

Yi an exogenous variable or a constant 

Zi a parameter (i.e. either an endogenous variable, an 

exogenous variable, or a constant). 

total differential of the parameter z .. 
\. 

Fi(Zl~···~zn) a function of parameters z~, ... ,zn' The 

parameter list will be dropped and the function symbol will 

be denoted simply as F. when no confusion arises. 
\. 

17 



total differential of the function F .. 
(abbreviated as dF t )· 

of. (zl ' ••. , z ) 
1. n 

op. partial derivative of the function F. with 
\. 

J 
of. 

respect to (wrt) the parameter p 
J 

\. 
(abbreviated as op). 

J 

az 
i 

az . partial derivative of parameter z. wrt the parameter z .. 
\. 1 

J 

[a] the sigh of a (Definition 2.11). 

{z)- the direction of change of the parameter z (Definition 

2.13). The braces {} will also be used to represent the 

elements in a set. The distinction will be clear from 

the context. 

s the inverse of s, where s represents either a sign or a 

direction of change. The distinction will be clear from 

the context. 

At this point, the definitions given above will be 

illustrated by an example. 

Consider the system shown in Figure 3, which 

illustrates a simple valve. The model of the system can be 

described as follows 2
: 

Z 
We 

... quali.ons and 

abbreviated 

",i.ll de scri.b ... 

param",l",r·s. 

form: exo 

a. mod ... l i.r,forma.lly by 

For· ';;;..l.c.\-" f-,;:u··am.;. t.;.l'·. i..ls 

fr..1" oftX-C''£I oftnr.>Y s V"IJ'·i.."I.~'1.oft, 
... ndvg ... nvus variabl ... , al.,d consl for conslanl} 

apptico.bte> 0. brief &xpto.no.tion o.r& diepto.y&d. 
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Equations 

Q=C "" P -p v .1. 2 

Parameters 

Q , flow rate (endo) 

C , valve constant (const) 
v 

P~, pressure at the left-hand side of the valve (exo) 

Pz , pressure at the right-hand side of the valve (exo) 

It is assumed that P.1. is greater than P2 and thus the 

flow is from left to right. (P.1.-P2) is called the pressure 

drop across the valve. 

There is one equation and four parameters. The degrees 

of freedom of the system is three, thus the equation can be 

solved to determine uniquely the value of Q given the values 

of other parameters. 

Since C represents the valve constant, physically it v ~~ 

can take on only positive values. Therefore we can denote the 

operating region of C by the interval (O,c] for some value 
v 

c. 

Now consider the system spown in Figure 4, which is an 

extension of the previous system in having a vessel 

Cy 

~~------~~~-------P~. 

FIGURE 3. A valve system 
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containing liquid at the left-hand side. The model of this 

new system can be described as follows: 

Equations 

Q =C --I P -P 
v 1. 2. 

P =he+P 1. 0 

Parameters 

Q , flow rate (endo) 

C
v

' valve, constant (const) 

P1.' pressure at the left-hand side of the valve and at the 

bottom of the liquid (endo) 

Pz ' pressure at the right-hand side of the valve (exo) 

h , height of liquid (exo) 

e , density of liquid (const) 

Po' pressure above liquid surface (exo) 

Note that the type of the variable P1. is changed from 

exogenous to endogenous. This means that in the first system 

the value of P is set freely by the analyst in order to find 
1. 

the value of Q, but in the extended system P1. is determined 

by the model itself (Le., by the second equation, given the 

values of h, e, and Po) which in turn determines Q given 

and P
2

' 

c 
v 

The system'can be thought of as being composed of two 

subsystems, say the valve system and the liquid system. We 

can construct the models of these two subsystems separately 

and then assemble them to form a single syste~ by defining 

the mappings between the parameters. The model of the valve 

system is given above; the liquid system can be modeled as 

follows: 
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Equations 

P=he+P o 

Parameters 

P , pressure at the bottom (endo) 

h , height of liquid (exo) 

9 , density of liquid (const) 

P , pressure above liquid surface (exo) o 

The two can then be merged into a single system by indicating 

that the type of P changes to endogenous and P of the valve 
~ . ~ 

model and P of the liquid model denote the same quantity. 

The techniques introduced here are based on a 

fundamental assumption: A relation expressed in the form of 

an algebraic equation between the parameters of a system 

implicitly represents the causal relations between the 

parameters as well. 

Consider the following closed form function 

F(x,y)=x+y=O (2. 1) 

Suppose that x is an endogenous variable and y is an 

exogenous variable. It is customary to write the equations in 

a model explicitly for endogenous variables to denote the 

fact that the endogenous variables are to be computed from 

the model for a given set of values for the exogenous 

variables. Following this recipe, the relationship between 

the two variables in the above function can be shown more 

clearly in the following form 

x=F(y)=-y 
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which states that the endogenous variable x is a function of 

the exogenous variable y and the function maps the negative 

of y to x. This relation between x and y may also be 

interpreted that if the value of y is increased then the 

value of x w.ill decrease to satisfy the equation and vice 

versa. This interpretation of the function implies the 

following causal relations between x and y: 

an increase in the vaLue of y causes a decrease in the vaLue 

of x. 

a decrease in the vaLue of y causes an l:n.creo..se 1:n. t.he 1.la.l.ue 

of x. 

These relations may be rewritten as follows using an if/then 

construct keeping in mind that the if/then construct 

represents causality. 

if y changes in posi t ive direc t ion then x chanees in neea.t l.1.)e 

direc t ion 

if y chanees in negative direction then x chanees in positive 

direction 

On the other hand, considering the form of the 

function shown in -( 2.1) and assuming that we have imposed no 

distinction between the variables from the point of being 

ei ther endogenous or exogenous, it is possible to treat the 

variables in a uniform way and to generate the following four 

relations betw~en the variables: 
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if ') chan·.5es in posi t il)e direct1~on then. x changes 1~ n. negat 1~ve 

d i 1-·';';:::: t ion. 

if y changes in negat ive direc t ion then x changes in posi t iue 

direc t ion 

if x changes in posi t ive direc t ion then y changes in negative 

direc t ion 

if x changes in negative direc t ion then y chanees in positive 

direc t ion 

Note that two of the relations above would be invalid 

if one of the variables was indeed an endogenous variable as 

in the first case. This means that we will treat all of the 

variables as if they are all exogenous variables for the sake 

of uniformity, but then we will make use of any information 

available on their being endogenous or exogenous. In case 

there is no such information we will assume that any of the 

variables can be changed freely. In this case all four of the 

relations will be assumed to hold and the relations will be 

interpreted as representing mathematical causalities. 
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III. $1 GN ANAL YSI $ 

The first technique that will be introduced here is 

called sign analysis. Sign analysis examines how a system 

will react to perturbations in its parameters. 

The idea can be explained as follows: The model of a 

system is given. This model may only contain the equations 

and the parameter names. It is not necessary to state whether 

the type of a parameter is variable or constant and whether 

the type of a variable is exogenous or endogenous, since the 

sign analysis technique treats all the parameters in a 

uniform way and leaves the interpretation of the results to 

the analyst. The values of the parameters (i.e. a particular 

system state) need not be known, either. 

When the model to be examined is given, we state a 

perturbation in one or more of the parameters. In other 

words, we state the directions of change of those parameters. 

The model is then analysed and the result is the directions 

of change of the ~emaining parameters. 

We will examine the application of the technique on 

two quantities: Sign analysis of total differentials and sign 

analysis of gains. The technique is based on the use of what 

we name as sign tables, which is the topic of the following 

section. 
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3.1. Sign Tables 

In this section we will examine in detail the sign 

tables for total differentials of closed form functions. In 

Section 3.3, we will briefly discuss the application of sign 

tables to gains. 

For each equation (function) in a model, we form a 

two-dimensional matrix called the sign tabLe of the equation 

(function). The sign table of an equation has as many columns 

as the number of parameters in the equation. A column for a 

parameter z is titled with the sign of the total differential 

of z, that is [dz], and each element under the column is the 

sign of a partial derivative representing a sign for the 

total differential of z. Since we know that [dz]={z}, the 

elements can also be interpreted as denoting the directions 

of change of the parameter z. Each row represents a 

combination of the signs of total differentials of the 

parameters (i.e. directions of change of the parameters) in 

the equation. The number of rows in a sign table depends on 

the number of parameters in the equation, as will be 

described below. 

Let us consider the following closed form function of 

two parameters 

The total differential of this function expressed 

symbolically is 
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dF=:; 
~F 

dz =0 dz +--
:I. OZ 2 

:1 2 

Note that dF is equal to zero since it is the total 

differential of the constant zero, i. e. the change in the 

value of the function (dF) must be zero regardless of the 

changes in its parameters. For simplicity, let us denote the 

signs of the partial derivatives and (oF] 
oz and 

[oF] 
oz 

:2 

, as 

:1 

sand s , respectively. Then possible combinations 1. 2 

for the signs [dz1.J and [dz
2

J of the parameters z1. and Z2 may 

be given in the following sign table: 

[dz;1.J 

s ;1. 
s ;1. 
o 

As indicated above, [dzJ denotes the same identity as 

{z}. Therefore we could as well title the columns in the 

above table as {z;1.} and {Z2} instead of [dz;1.J and [dz
2

J· 

Note that the elements in the table correspond to the 

signs of partial derivatives. 

Each row of- the table represents a possible change in 

the values of the parameters. The first row says that a 

change in z:1 in the same direction as s:1 and a change in Z2 

in the opposite direction of S2 is compatible with the model. 

Likewise, the second row corresponds to a change in z;1. in the 

opposite direction of s;1. and a change in Z2 in the same 

direction as s ; and the third row corresponds to a change in 
, 2 

none of the parameters. 

26 



If we consider that each parameter has three possible 

directions of change, there are 3 n sign combinations for a 

function of n parameters. This corr~sponds to nine for a 

two-parameter function but as indicated above and as will be 

derived below only three of these are valid. For example, a 

change in z 
1. 

in the same direction as s 
1. 

and a change 

in the same direction as s is not possible. 
2 

in 

It is important to emphasize that the above discussion 

is valid regardless of the values of the parameters, i. e. 

regardless of the system state. 

Now let us give an example to make the point clearer. 

Consider the following two-parameter closed form function 

F(z ,z )=z +z =0 
:l. 2 :l. 2 

The total differential of the function is 

The partial derivatives are 

of 
oz =1 

:l. 

of =1 az 
2 

Putting these into the above equality, it becomes 

Since of s =[;--] =+ 
:1 vZ 

:1 

and 

dF=dz +dz =0 
:l. 2 

of 
s =[~] =+, 

2 uz 
2 

the table for a 

two-parameter function given above in its general form 

reduces to the following particular table for this example 
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[d2
i

] [d2~] 

+ 

+ 

o 0 

Thus we conclude that the parameters of the function 

can change in one of three ways (regardless of the values of 

z and z ): z increases and z decreases, z decreases and 
~ z ~ z ~ 

22 increases, or z~ and 22 remain unchanged. The remaining 

sign combinations are not valid. For example, it is not 

possible for both z~ and 2 
2 

to increase (that is, a change in 

z~ in the same direction as s~=+, and a change in Z2 in the 

same direction as s =+) and still the equation to hold. This 
2 

can also be easily seen from the function. 

Tables 1, 2, 3, and 4 give the sign tables for 

functions of one, two, three, and 

respectively. As in the above discussion, 

for the parameter z .. 
\. 
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TABLE 1. Sign table of F(z)=O 

[dz] 

o 

TABLE 2. Sign table of F(z ,z )=0 
1. 2 

TABLE 3. 

[dz ] 
:1. 

Sign 

8 
1. 

8 
:1. 

o 

table 

[dz ] 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

8 
:1. 

0 

0 

0 

[dz ] 
2 

8 
Z 

8 
2 

o 

of F(z ,z ,z )=0 
:1. 2 a 

[dz ] 
2 

[dz
3

] 

8 8
3 2 

8 8 
2 3 

8 8 
2 3 

8 0 
2 

0 8 
3 

8 813 2 

8 8'_ 
2 3 

8
2 

0 

8
2 

8 
3 

0 8
3 

8 
2 

8
3 

8
2 813 

0 0 

29 



TABLE 4. Sign table of F(Z~,Z2,Z3,Z4)=O 

[dz1.J [dz
2 

J [dz<:) J [dz
4

J [dzl.J [dz
2

J [dz<:)J [dz J 4 

S S S 8 8 S 0 8 1. 2 <:) 4 ~ :2 4 

8 8 8 8 8 8 0 0 
:I. :2 3 4 ~ :2 

S 8 8 8 8 S S 8 
:I. :2 <:) 4 :I. 2 3 4 

8 8 8 0 8 8 8 S 
:I. :2 3 1. :2 3 4 

8 8 0 8 8 8 8 0 
1. 2 4 1. ;:: 3 

S 8 S 8 8 8 8 8 
:I. :2 3 4 :I. :2 :3 4-

8 8 8 S 8 8 0 8 1. 2 :3 4 1. :2 4-

8 8 8 0 S 0 8 S 1. :2 3 :I. 3 4 

S 8 8 8 S 0 8 8 
:I. :2 :3 4 :I. :3 4 

8 8 S 8 8 0 8 0 
:I. 2 :3 4 1. :3 

8 8 S 0 8:1. 0 8 8 
:I. Z :3 :3 4 

8 8 0 8 8 0 0 8 
:I. :2 4 1- 4 

8 8 0 8 0 8
Z 

S 8 
:I. 2 4 :3 4 

8:1. S 0 0 0 8 8 8 
Z Z 3 4 

8 0 8 8 0 8 8 8 
:I. 3 4 2 2. 4 

8 0 8 8 0 S 8 0 
:1. 3 4 2 3 

8 0 8 8 0 8
2 

0 8 
:1. <:) 4 4 

S 0 8 0 0 8 8 8 
:I. :3 2 :3 4 

8 0 0 8
4 

0 8
2 

8
3 

S 
:1. 4 

8 S S 8 0 8' 8 0 
:I. 2 3 4 2 3 

8 8 8 8 0 S 8 8
4 :I. 2 :3 4 Z 3 

8 8 8 0 0 8 0 8 
1- Z -3 :2 4 

8 8 8 S 0 0 S S 
:1. Z 3 4 <:) 4 

8 8 8 8 0 0 8 8 
:I. Z 3 4 3 4 

8 8 8 0 0 0 0 0 
:I. ;;: 3 

8 S 0 8 
:I. Z 4 
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In the following proposition we will explain the 

mathematical foundation of sign tables. 

Proposi tion 3.1. The sign table of an equation includes n.l.l. 

the possible directions of change of the parameters in the 

equation. 

Proof We give the proof for the general case. Consider the 

function F of n parameters z , ... ,z 
j. n 

F(z , ... ,z )=0 
j. n 

The total differential of the function is 

(3.1) 

By referring to the mathematical meaning of partial 

derivatives and total differentials we -can state the 

of . of 
following facts: [a--] =+ (l.e. a-- >0) means that the value 

z. z. 
1. 1. 

of the function F changes in the same direction as the value 

of the parameter z. ; that is, either increasing z. 
• L 

causes F 

to increase or decreasing z. causes F to decrease. [~F] =-
1. vZ . 

• 
(~F <0) means that F changes in the opposite direction of z . • 
z. ; that is, either increasing z. causes F to decrease or . ~ 

decreasing z. • 
case [oF] =0 oz. 

• 

causes F to increase. We do not consider the 

of 
(~ =0), since z. is a parameter 
vZ. • 

that appears 
to 

in F with a nonzero coefficient, thus the partial derivative 

of F wrt z. cannot be zero. 
1. 

Now consider the total differentials of parameters. 

[dz. J=+ (dz. >0) means that the value of the parameter z. is 
1. L L 
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increasing. [dz. ]=~ (dz. <0) means that z 
L L L 

is decreasing. 

[dz ]=0 (dz. =0) means that z does not change. 
\. \.. L 

of of . 
If [~] =[dz ], then [~ dz. ] =+. In other words, if 

vZ. \. vZ. \. 
\. \. 

of both oz. and dZ i are positive or both of them are negative, 
I. 

then the multiplication of these two quantities is positive. 

This means that a change in z. , no matter whether it is an 
l 

increase or a decrease, causes F to increase. If 

of 
[~] =[dz. J=+, then z. is increasing and F and z. change in 

LIZ. ~ 1. L 
I. 

of 
the same direction, thus F increases. If [--] =[dz. J=-, then oz. l 

\. 

z. is decreasing and F and z. change in the opposite 
\. I. 

directions, thus F increases_ If of --
[-r-] =[dz J, 

uZ. L 
then 

\. 

of 
[~ dz. ] =-. In other words, if one is posi ti ve and the other 

vZ. \. 
\. 

is negative,then the multiplication is negative. This· means 

that a change in zi' no matter whether it is an increase or a 

of 
decrease, causes F to decrease. If [oz.] =+ and [dziJ=-, then 

z. is decreasing and 
I. 

thus F decreases. 

\. 

F and z. change in the same direction, 
L 

If [~F J =- and [dz. ]=+, then z. is 
vZ. \. \. 

\. 

increasing and F qnd z. change 
\. 

in the opposite directions, 

of 
then [oz. dz,.] =0. In other thus F decreases. If [dz. ]=0, 

I. 
\. 

words, if the total differential of z. 
I. 

is zero, then 

aF 
of a--mUltiplication is zero regardless of the value 

z. 
I. 

the 

We require the total differential shown in (3.1) be 

equal to zero. In order for this equality to hold, either 

none of the parameters change or there are at least two 

32 



parameters, one causing F to increase and one causing F to 

of decrease. In the former case, [dzi.. ]=0 (dzi. =0), so [Gz. dzi.] =0 

(:; dzi.=O) for each i=l, ... ,n and thus the equality holds. 
i. 

The row of the sign table corresponding to this possibility 

contains [dz. ]~O for each i=l, ... ,n. In the latter case, 
L 

there are at least two parameters, say z. and Z., 
L J 

i~j, such 

of of of of--
that [a- dz.] =+ ([a-] =[dz.]) and [a- dz.] =- ([ a-] =[dz. ]). z. 1. z. L z. J z. .) 

L L J J 

The row of the table corresponding to this possibility 

of ar 
contains [dz. J=[ a-J and [dz. ]=[ a-J . There is exactly one 

L z. J z. 
L J 

row in each table corresponding to the former case, usually 

shown as the last row of the table. The other rows correspond 

to the second case. 0 

As can be seen from Tables 1 through 4, all the rows 

are in accordance with the definition given in the proof of 

the proposition. For example, consider the sign table for a 

two-parameter function given in Table 2 and the table, given 

in Table 5, of the same function showing all of the nine sign 

combinations. Each of the six rows that appear in Table 5 but 

not in Table 2 has the common property that either it 

contains at least one element in the same direction of the 

corresponding partial derivative but lacks of an element in 

the opposite direction, or vice versa. For instance, the 

first row of Table 5 says that both of the variables change 

in the same directions as the corresponding partial 

derivatives.. That is, of [ -;--J = [ dz J 
vZ J. 

J. 

and of 
[~J =[dz J. vz 2 

2 

So, 
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TABLE 5. Table of all sign combinations for F(z ,z )=0 
:1. :2 

[dziJ [dz
2

J 

s s :1. 2 

S S :1. 2 

S :1. 0 

S S :1. 2 

s:1. S 
2 

S 0 :1. 
0 S 

:2 

0 S2 

0 0 

[ of dz ] =+ of dz ] =+. This means that of dz >0 and oz :1 and [oz :2 oz :1. 
:1. :2 :1. 

of dz 
oz 2 

>0. Putting these quantities into the total 
2 

differential of F (where the notation (+) indicates that the 

quantity is positive), 

= (+) + (+) =0 

leads to an inconsistency since the addition of two positive 

quantities cannot-be equal to zero. 

Figure 5 gives a Pascal procedure for constructing the 

sign table of a function. The inputs to the procedure are the 

number of parameters in the function and the partial 

derivatives of the function wrt the parameters. We left how 

to represent the derivatives unspecified. The array l10de 

indicates whether the sign of the partial derivative, the 
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Const 
MaxPar = { maximum number of parameters } 

Type 
ParRan$e = 1 .. MaxPar ~ { ~arameter range} 
Derivative = Arra~ [Parnange] Of .... 

{ partial derlvatives of the function wrt parameters } 
{ each element of the array is an expression } 

Procedure SignTable (n . : Par~ang~; { nUl!lb~r of p~ram~ters in the funcqon } 
Derlv : Derlvatlve ); {partlal derlvatlvel for the functIon } 

Var 
Mode: Array [ParRange] Of 1 .. 3 ; 

{ modes of parameters in the following sense : } 
{ for a larameter z, } 

! 1: dZj = sign of partial derivative of the function wrt z l 
2: dz = 0 . 
3: dz = inverse of the sign of partial derivative of the unction vrt z } 

i: arRange; 

Function ModesConsistent : Boolean; 

f 

this function checks whether the modes of the parameters are valid, i.e. 
either all must be 2 or there must be at least two parameters, one 
having mode 1 and the other having mode 3 

Var 
ModeSet : Set Of 1 .. 3 ; 
i : Par Range j 

Begin 
HodeSet :=[] j 
For i:=l To n Do 

HodeSet := HodeSet + [Mode [iJ]' {HodeSet holds the union of modes} 
HodesConsistent := (HodeSet * [1,3j = []) OrlHodeSet * [1,3] = [1,3]) 

End j 

Procedure DisplayRow j 
{ this procedure outputs a row of the table } 

Var 
i : Par Range j 

Begin 
For i:=1 To n Do 

Case Hade [i Of 
1 : Write Deriv [iJ) ; 
2 : Write 0) j 
3 : Write Inverse of Deriv [ill 

End 
End j 

Beuin 
Bode [1J := 0; {initialize mode of first parameter} 
i:= 1 "I { begin with the first parameter } 
While i > 0) Do -

If Hade [iJ < 3 Then { continue with the next mode of the parameter } 
Begin 

Hade [i] : = Hade [i J + 1 " 
While Ii < n) Do - t initialize modes of following parameters} 
Be~in . 

1 := i + 1 ; 
Hode [i] := 1 

Rnd ; 
If HodesConsistent Then 

DispiayRow 
End 
Else 

i := i-I 
End ; 

{ all modes of the parameter examined, } 
{ continue with the previous parameter } 

FIGURE 5. A procedure for constructing the sign table 

of a function 
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inverse of the sign of the partial derivative, or the sign 0 

will be used as an element of the table. We begin with mode 1 

for a parameter and increase its mode until reaching 3. The 

procedure generates all 3
n 

sign combinations for a function 

with n parameters, which are then filtered by the function 

l1odesConsistent to agree with the condition defined in the 

proof of Proposition 3.1. The procedure DisptayRow outputs a 

row of the table in an informal way. 

The number of rows in the table of a function depends 

only on the number of parameters in the function. Therefore 

two functions with the same number of parameters will have 

tables with the same number of rows. The formula to calculate 

the number of rows in the table of a function is 

n 

N= E (~) (2i.-2 ) + 1 
i. = 2 t. 

where 

N number of rows in the table 

n number of parameters in the function. 

The calculation is shown in Figure 6 for functions up to 10 

parameters. 

n 1 2 3 4 5 6 7 8 9 

N 1 3 13 51 181 603 1933 6051 18661 

FIGURE 6. Number of rows, N, in the sign table of an 

n-parameter function 
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One important point that must be indicated here is 

that, since the elements in a sign table correspond to the 

signs of partial derivatives, we must know in advance these 

signs before starting the analysis in order to be able to 

reduce the sign table to one in which each element is either 

+, 0, or -. The expression of a partial derivative mayor may 

not directly lead to a sign symbol when we take the partial 

derivative. In such a case, it is necessary to supply 

sufficient information about the parameters appearing in the 

partial derivative in order to find the sign of the partial 

derivative. This does not mean that we must specify the state 

of the system (i.e. the values of the parameters), instead we 

restrict the system space. 

As an example, suppose that the partial derivative of 

a function F with respect to a parameter z is found to be 

of 
---=z-2 oz 

In order to be able-to specify [:;] uniquely, we must 

know whether z>2, z=2, or z<2. These three possibilities 

aF correspond to [az ] being +,0, or -, respectively. By making 

such a statem8nt, we restrict the system space. For instance, 

if we say that z>2, this amounts to leaving nearly half of 

the operating region of z out of consideration (assuming that 

z can take on all the values on the real line) and the result 

of the sign analysis will only be valid for this region of 

the space. 
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On the other hand, if a partial derivative evaluates 

to a constant such as 

of =1 
oz 

or to an expression whose sign can be calculated directly 

such as 

then we do not require any information about that parameter. 

In most systems, a large nu~ber of partial derivatives 

would either be constants or their signs would be readily 

determined from their expressions for most functions 

even though the values of the parameters are not specified. 

This would greatly simplify sign analysis. For example, 

consider the following equation 

F=P -he-P =0 
1. 0 

which was used in Section 2 for the valve and liquid model. 

The partial derivatives are 

of 
oP =1 

1.' 

of 
oh =-e 

of 
oe =-h 

of -=-1 oP o 

Since only positive values are meaningful for the 

parameters e (density of the liquid) and h (height of the 

liquid) in the system they take place (i.e. operating regions 

of e and h do not contain negative values), the signs of all 

four of the partial derivatives would be easily determined 

without imposing any restrictions on the system space. 
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It must be noted that even though we are sometimes 

forced to partition the system space into regions in order to 

be able to evaluate the signs of partial. derivatives, we can 

perform sign analysis on different regions of the system 

space and then merge the individual results into results 

which are valid for the whole system space (or valid for a 

subset of the system space which we are satisfied with). 

As a final point, if one is interested in performing 

sign analysis for a particular state of the system, then the 

values of the partial derivatives will be evaluated first, 

from which their signs will be determined. 

The above discussion leads us to the following 

definition. 

Definition 3.1. A pure sign tab~e is a sign table in which 

each element corresponds to a sign symbol, i.e. +, 0, or 

We can convert the sign table of a function into a pure sign 

table by supplying information about the signs of parameters 

and expressions in the table and comp~ting the signs of those 

expressions. 

3.2. Sign Analysis of Total Differentials 

Sign analysis is based on the fact that the equations 

in the model satisfy a particular system state at a time. We 

can disturb this state in specific directions and the 

equations reach a new state. In between the old and the new 

states, the closed form equations always evaluate to zero 
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regardless of in which direction the system is disturbed. The 

idea behind sign analysis is that it always keeps this 

principle in mind. When a parameter is being changed, it 

changes another parameter in such a way that the equations 

always hold. 

Consider a set of m functions F , ... ,F 1. rn 
of n 

parameters z1."",zn as given below 

F (ZA""'Z )=0 :1... n 

(3.2) 

F (z , ... , Z ) =0 
rn:l. n 

where n~m. To perform sign analysis on such a system, we 

first form the sign table of each function showing the 

possible sign combinations. (Although we have written the 

equations as though each function is a function of n 

parameters, a function need not contain all the parameters. 

The table of an equation will only contain columns for the 

parameters it includes). Given a perturbation in the system 

(i.e. directions of change for some of the parameters), we 
-

join the individual tables (see Definition 3.3) with respect 

to the perturbation to obtain the result of the analysis. 

Definition 3.2. Suppose we have a model consisting of a set 

of m functions F~, .•. ,Fm and n parameters z~"",zn as given 

in (3.2). A pertu.rbation formu.~a, denoted by 6, for the model 

is a logical formula in the form of 

{r }=s A{r }=s A ... A{rk}=sk' where O~k~n; r.E {z , ... ,Z }, 
:1 :1 2 2 1. :1 n 
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i=l, ... ,k; r. =r. iff i=j, i,j=l,.~.,k; and s 
l J l 

represents a 

direction of change symbol, i.e. s.t {+,O,-}, 
1. 

i=l, ... ,k. 

Informally, a perturbation "formula is the logical conjunction 

6f the directions of change for some of the parameters. 

Definition 3.3. Suppose that we have two functions 

F (p , ... , p ) =0 
:1:1 n 

and 

F:2 ( q:1 ' ... , ~ ) =0 

where P:1, ••• ,Pn are parameters occurring in F1. and q1.""'~ 

are parameters occurring in F~. p. and q. may denote the same 
... I. J 

parameter for any i=l, ... ,n and j=l, ... ,m. Suppose that we 

represent the pure sign tables of F1. and F2 by the symbols Tl. 

and T:2' respectively. Let e be a perturbation formula for F 
:L 

and F:2' i.e. a conjunction of the directions of change for 

some of p , ... ,p ,q , ... ,0 . Then the a-join of si8n tab~es 
i n:1 -m 

T t and T2 , denoted as T c~ , is defined as follows: 
i a 2 

(1) Form the cartesian product of T:1 and T:2' i.e. combine 

each row of Ti with all the rows of T . 
:2 

Call the 
, 

resulting table T:1' 

(2) Remove those rows of T:1 which contain different 

directions of change for the same parameter. That is, 

[dr. ]=s. and [dr.]=s. are two different columns on the 
I. I. J J 

same row such that r =r and s.~s., Call the result T . 
i. j 1. J :2 
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(3) For each column of T
2

, if there is another column for the 

same parameter then project out (delete) one of those 

columns. Call the result T . 
3 

(4) Remove those rows of T which do not agree with e. A row 
a 

does not agree with e if e contains a conjunct {r }=s 
~ ~ 

and the row contains a column [dr.]=s. such that r. =r. 
J J l. .I 

and s.~s .. The result is the a-join of T and T . 
1. J i 2 

Property 3.1. For any sign tables T , T , and T~, and any e, 
i 2 '" 

(1) T 1. Ce::::JT 2 =T zt::e::::JT 1. (commutati vi ty of join) 

(2) (T C:~::::JT )~~T =T c~~(T c-::::JT ) (associativity of join). 
1. e 2 e a :1 e 2 e a 

As an example, Figure 7 shows two sign tables. Figure 

8 is the e-join of these tables where e=({z1.}=+)' 

Let us call the join operation T C-=::lT 
:1 e 2 where e is 

empty, the e--join 0/ Tt and Te , and represent it by the 

notation T C:~::::JT . 1. e 2 Note that the first three steps of the 

above definition do not make use of e. e is used only in the 

fourth step. If e is empty then the fourth step will have no 

function. Therefore T1.ce::::JT2 also represents an operation 

which is defined by the first three steps of the above 

definition. 

[dz 1. ] [dzz ] . [dzzJ [dz ] 
'3 

+ + + 

+ 

0 0 0 0 

FIGURE 7. Two sign tables for the join example 
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[dz J [dz J [dz ] [dz J [dz ] [dz_J [dz_J [dz_J 
:I. 2 2 :3 :l. ... ... '" 

+ + + + + + 

+ + + + 

+ + 0 0 0 0 0 0 

+ Step 2 

+ 
0 0 

0 0 + 

0 0 + 

0 0 0 0 

Step 1 

[dz:l.J [dz_J [dz J [dz ] [dz J [dz J 
" 3 :I. ;: :3 

+ + + -I-

+ Step 4 

0 0 0 

Step 3 

FIGURE 8. Example of join operation 

De.finit.ioT! 3.4. Consider a model whose functions and 

parameters are given as in (3.2). The Information matrix, 

denoted by I, of this model is defined as follows: 

z1. 

of 
F 

1. 

1. oz 
1. 

I = 

of 
F 

m 

m oz 
1. 

Z 
n 

of 1 
1. 

oz 
To 

of 
m 

OZ 
n 

That is, the Information matrix is the matrix of partial 

derivatives of functions wrt parameters. When the above 
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matrix is formed from partial derivatives of functions wrt 

endogenous variables only, we will refer to it as the 

Jacobian matrix of the system and denote by J. 

Defi_ni tion 3.5. A sign matrix is a matrix in which each 

element represents a sign. 

We will denote by I the sign matrix formed from the 
s 

Information matrix I. 

Definition 3.6. A pure sign matrix is a sign matrix in which 

each element is a sign symbol, i.e. +, 0, or 

The importance of the Information matrix is that it 

contains the elements that will be used in forming sign 

tables. If we convert the Information matrix of a model into 

a pure sign matrix by restricting the system space, as 

explained in Section 3.1, then the sign tables of the model 

will be pure sign tables. 

Now let us give an example on how to perform sign 

analysis on a simple system. Suppose we have a system which 

can be modeled as follows: 

Equations 
2 F =z -z =0 

1. 1. 2 

F =z +z =0 
223 

Parameters 
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The partial derivatives are 

Zi Z2 Zg 

F [ 2z -1 : ] I 
1. i 

= 
F 0 1 z 

and the I matrix is s 

Z Z Z 1. Z :3 

F [ [z ] : ] I 
1. 1. 

= s F 0 + 
.2 

Since both F and F are functions of two parameters, 1. z 

we use Table 2, which is the general form of the sign table 

for a two-parameter function. Substituting the signs of 

partial derivatives into the table, we obtain Tables 6 and 7 

as the sign tables for F and F , respectively. 1. .2 

Table 6 contains elements that are expressed in terms 

of the sign of z1.. We must know whether z1.>O, z1.=O, or Z <0 ;1 

in order to evaluate [Z;1] as +, 0, or -, respectively. 

Suppose that, for the purpose of the analysis, we let 

Z1.>O. Then Table 6 results in Table 8. 

TABLE 6. Sign table of F=z 
:2 

=0 -z 
:1. z 

[dz ] 1. [dzz ] 

[z1. ] + 

[z1. ] 

0 0 

TABLE 7. Sign table of F=z +z 
Z 3 

=0 

[dzz ] [dz
3

] 

+ 
+ 

° ° 
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TABLE 8. Pure sign table of F=Z2_Z =0 for [z ]=+ 
1. 2 1. 

[dz1.] 

+ + 

o o 

Now using the pure sign tables shown in Tables 8 and 7 

of functions F and F , respectively, we answer the following 
1 2 

questions. Let T1. represent table of F 
1. 

and T 
2 

represent 

table of F . e denotes the perturbation formula. Keep in mind 
2 

that the following results are valid only for the region of 

the system space where z1. is positive. 

Example 3.2.1. How Z2 and 23 change if we increase 21.? 

e=({2 }=+) 1. 

T1.C:e=:::JT2 is shown in Table 9. There is one row 

possibility), so we conclude that 

(one 

2 be i ng pos i t i ve if z is inc reased U·a,?n zinc reases and z 
1. 1. 2 3 

decreases. 

Example 3.2.2. How 21. and 23 change if we decrease 2 z ? 

e=({2 }=-) 
2 

T D-=:::JT is shown in Table 10. The result is 1. e 2 

21 bein$~ posi t ive 

increases. 

if z2 is decreased then z1 decreases an.d 

Example 3.2.3. How 23 changes if we increase 21. and decrease 

e=({z }=+A{z }=-) 1. 2 

The operation T C:-::::JT leads to an empty table so we conclude 
:L e 2 

21 being positive it is n.ot. t.o i n.c rea.s:e and 

decrease 22 at the same time. 
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TABLE 9. Result of Example 3.2.1 for z 
"' 

>0 
~ 

[dz1. J [dzzJ [dzsJ 

+ + 

TABLE 10. Result of Example 3.2.2 for z >0 
1. 

[dz:1. J [dz J 
.2 

[dzaJ 

+ 

Let us also consider the case when z <0. In this case, :1. 

Table 6 results in Table 11. Using Tables 11 and 7 as T :1. and 

T , respectively, we answer the above questions which result 
.2 

in Tables 12, 13, and 14. Thus we conclude that 

Example 3.2.1. at beine neeative. i/ at is" inc:reas-ed then a
2 

decreases and 23 i.n.crease.s. 

Example 3.2.2. 2t being negative. if 22 is decreased then 

both 2t and 23 increase. 

Example 3.2.3. 2t being negative. if 2t is increased and 2;;:­

is decreased then 23 increases . 

.2 
TABLE 11. Pure sign table of F=z -z =0 for [z1. J=­:1. 2 

[dz:1. J [dz
2

J 

+ 
+ 

o o 

TABLE 12. Result of Example 3.2.1 for z <0 
:1. 

[dz:1. J 

+ + 
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TABLE 13. Result of Example 3.2.2 for Z <0 
1. 

[dziJ [dz~J ... 

+ + 

TABLE 14. Result of Example 3.2.3 for z <0 
:1. 

[dz ] 
:1. 

+ 

[dz ] 
2 

[dz ] . 3 

+ 

The two sets of results for the cases z >0 and z <0 
:1. :1 

can be merged, if desired, to yield the following: 

Example 3.2.1. If 2t is increased then 22 increases and 23 

decreases if 2t is positive. 22 decreases and 23 increases if 

Zt is negat i'Ve. 

Example 3.2.2. If 22 is decreased then 23 

d~·.-··,.·= .. ~.·",·=·-· ,. f·"'" ~ .. -. '''';.'~>-~'' I ~. ~.~.,;. -~ ... ,. •• ~,.,.=-,~ •. -,""--, 
=~~-~=~ ~ ~1 ~~ r--···~-~ ~1 .r~&=~~~= 

increases and 

Example 3.2.3. We can increase 2t and decrease 22 onty if 2t 

is negat i'Ve. in which case 23 increases'. 

Although all of the above questions resulted in 

single-row tables (Tables 9, 10, 12, 13, and 14), in general 

there may be several possibilities. The number of 

possibilities is determined in part by the number of 

conjuncts in the perturbation formula - the more the number 

of conjuncts, the less the number of possibilities. This is 

obvious if we consider that the number of rows removed from a 

table during the join operation increases if the number of 

conjuncts increases, thus resulting into a smaller table. For 

example, if the perturbation'formula is empty, the result 
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will contain all the possible directions of change for all 

the parameters, that is, a summary of the possible b&havio~s 

of the system. Table 15 shows such an' analysis on the 

previous example for the case z >0. We see from the table j. 

that this particular system can change its state in only one 

of two directions (excluding the case in which all parameters 

remain in the same state; this possibility, of course, is 

valid for all systems). 

Note that, in the above analysis, we did not 

distinguish between the types of parameters nor between the 

types of variables. If this classification is to be done 

prior to the analysis, an 'analyst will normally be interested 

in finding the signs of the endogenous variables for a given 

set of signs of the exogenous variables and constants. In 

this case, the analysis will usually result in a few number 

of possibilities. 

Sign analysis is completely a qualitative technique. 

It does not require to know the quantitative aspects of the 

model. In other words, the values of the parameters are 

immaterial in the analysis. Actual values of the parameters 

in the equations can remain unspecified because all that 

TABLE 15. Result of E-join for z >0 
:1. 

[dzj.] 

+ + 

+ 
o o o 
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matters is which parameters appear in which equations with 

nonzero coefficients. That is, sign analysis is performed by 

using the directions of change of the parameters, not -by 

using their values. (Here we must note that the restrictions 

we impose on the system space that are necessary to evaluate 

the signs of partial derivatives do not interfere with the 

qualitativeness of the technique). 

As we give the model of a system and indicate a 

perturbation on the model, the analysis mayor may not result 

in a unique combination of signs for the parameters (i.e. a 

single row in the resulting table). We may be encountered 

with a table containing more than one possibility. This is 

basically due-to the fact that sign analysis depends entirely 

on qualitative information. However, this situation should 

not be regarded as a disadvantage of the technique. - This 

simply means that the system behaves differently in different 

states, since sign tables generate all the possible solutions 

for the remaining parameters regardless of the values of the 

given parameters. This situation simply is a property of the 

technique and should be perceived as an advantage, rather 

than a disadvantage, of the technique over quantitative 

techniques. Why it is an advantage becomes clear if we 

consider that the analysis allows us to see all the solutions 

that are possible for the given system without _forcing us to 

choose a particular system state. This is not possible to 

achieve using quantitative techniques unless we exhaustively 

explore all numerical combinations of values of the 
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parameters of the system and all possible amounts of the 

changes of the parameters in the perturbation. 

Definition 3.7. An actuaL soLution for a model is a solution 

(a combination of directions of change of parameters) which 

is indeed a solution for the system the model represents. 

Definition 3.8. A spurious solution for a sign analysis of a 

model is a solution that participates in the sign table 

resulting from the analysis but is not an actual solution for 

the model. 

Using the above definitions we will prove two 

important aspects of the sign analysis technique in the 

following propositions. 

Proposition 3~2. Suppose that we have a model of n functions 

F , ... ,F . Let T , ... ,T denote the pure sign tables of these 
~ n ~ n 

functions F , ... ,F , respectively. Let e be a perturbation 
~ I") 

formula for the model. Call the table resulting from the 

operation T c=-:::::JT C-:::::J ... c=-:::::JT c-:::::JT, T. (That is, T is the 
1. e 2 e e n-1. e n 

table resulting from performing sign analysis indicated by 

the formula e on the model). Then T contains aLL the actual 

solutions of the analysis. 

Proof. The proof follows directly from Proposition 3.1. 

According to Proposition 3.1,T , .. :,T include all the actual 
1. n 

directions of change of the parameters appearing in their 

respective equations. Since T is obtained by performing a 

join operation on T , ... ,T wrt e, we must examine this 
1. n 
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operation. In step 2 of the definition of join (Definition 

3.3), the rows that contain different directions of change 

for the same parameter are excluded from the cartesian 

product of the tables. These rows indeed cannot participate 

in an actual solution since a parameter cannot change in 

different directions at the same time. In step 4, the rows 

which do not agree with e are removed. These rows also cannot 

participate in an actual solution since they are inconsistent 

with the desired perturbation. The join operation does not 

remove any other rows, thus it does not prevent any actual 

solution from taking place in T. Therefore we conclude that T 

includes all the actual solutions. 0 

Proposition 3.3. Suppose that we have a model of n functions 

F , ... ,F . Let T , ... ,T denote the pure sign tables of these 
~ n ~ n 

functions F , ... ,F , respectively. Let e be a perturbation 
~ n 

formula for the model. Call the table resulting from the 

operation T c-::::JT c-::::J ... c-::::JT D-::::JT, T. (That is, T is the 
~ e z e e T,-:L e n 

table resulting from performing sign analysis indicated by 

the formula e on the model). Then T may include spurious 

solutions. 

Proof. We will prove the proposition by giving an example 

without resorting to details. Consider a system modeled by 

the following two functions 

F =z -z -z =0 
:l. :L ::z 3 

F =3z -2z -7=0 
2 :1 2 
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The I matrix is 
s 

- 1 

o J 

The sign tables of these functions, say T1. and Tz ' are 

shown in Tables 16 and 17. We wish to analyse the directions 

of change of Zi and Z2 in case za is increased. To answer 

this question, we perform the operation T c:~~T 
1. e 2 

where 

e=({z }=+). The resulting table is shown in Table 18. We see 
3 

that there are two solutions which can be stated as follows: 

1/ z3 is increased then either both Zt 

both Zt and Zz decrease. 

and 

However, only one of these solutions is actual: z1. and Zz 

both decrease. The other one is a spurious solution. To see 

this, suppose that v , v , and v~ constitute a particular 
:I. 2 "' 

state of the system, 

respectively. Now suppose that all three parameters are 

increased. Let i1.' i
2

, and iB stand for the amount of 

increases in z1.' Z2' and Z3' respectively, 

i
3

>0). Then for the equations to hold, we have 

F =(v +i )-(v +i )-(v +i )=0 
1. i i 2 2 a 3 

After rearranging the terms, we get 

F =v -v -v +i -i -i =0 
i i 2 3 i 2 3 

F =3v -2v -7+3i -2i =0 
21.21.2 
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TABLE 16. Sign table of F=Zi-Z~-Z~=O 
'" ::l 

[dz:1.] [dz ] z [dz ] 
3 

+ + 

+ + 

+ + + 

+ + 0 

+ 0 + 

+ 

0 

+ 

0 

0 + 
0 + 
0 0 0 

TABLE 17. Sign table of F=3z -2z -7=0 
i 2 

[dz;1.] 

+ + 

o o 

TABLE 18. Result of example in Proposition 3.3 

+ + + 

+ 
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Since the values Vi' v;;,:, 

system , we have 

and v 
3 

const.itute 

v -v -v =0 
i :c: S 

3v -2v -7=0 
:1 z 

Substituting these equalities, we find that 

Written explicitly for i:1' 

i -i -i =0 
:1 Z 3 

3i -2i =0 
:1 Z 

i =i +i 
• :1 2 3 

. 2. 
1 =--1 

:1 3 2 

a state of the 

The first equality says that the increase in Z :1 is the sum of 

the increases in Zz and Z3' i.e. the increase in z :1 must be 

greater than the increase in Z2 since i3>0. On the other 

hand, the second equality says that the increase in Z 
:1 

must 

be less than the increase in Z2' which leads 

contradiction. Thus the solution where z:1 and Z2 both 

to a 

increase as a result of an increase in Z3 does not represent 

an actual solution although it takes place in Table 18. 

Therefore we conclude that a sign table resulting from sign 

analysis may contain spurious solutions. 0 

The main reason of getting spurious solutions is that, 

as can be seen from the example in the proof, sign tables do 

not contain any information about the amounts of change of 

the parameters. That is, we do not know how much a parameter 
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increases or how much it decreases. All we know is that it 

increases or decreases. This is simply because we do not 

exploit the quantitative information that is available 

implicitly in the modeling equations, but we 

qualitative part of this information. For 

only use the 

causes one of the solutions in the above 

example, what 

example to be 

spurious are the coefficients of z and z (namely, 3 and 2) 
:1 :2 

of the second equation. If these two coefficients were 

interchanged, then that solution would be actual. 

This situation results from the ambiguity inherent in 

qualitative techniques, as discussed in [2,3,4,5,7]. However, 

we emphasize that the quantitative information that must be 

used to prevent spurious solutions is already present in the 

model, and .we believe that it is possible (and not so 

difficult) to make use of this implicit information in this 

direction. This is an area left for future work. 

In [5], a solution that is actual but cannot be found 

by the technique is called a false nesative, and a solution 

that is not actual but is found· by the technique (i.e. a 

spurious solution) is called a false positive. As indicated 

by Propositions 3.2 and 3.3, there can be no false negatives 

but there can be false positives in sign analysis. 

Before closing this section, we want to point out 

another important property of sign analysis. 

Definition 3.9. The inverse of a row of a pure sign table is 

obtained by replacing each element of the row (which is a 

sign) by its inverse. 
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Defini Lion 3.10. The inverse of a pu.re sl;gn tabl.e T is a pure 

sign table obtained by replacing each row of T by its 

inverse. 

Definition 3.11. The inverse of a perturbation formula e is a 

perturbation formula obtained by replacing each direction of 

change symbol in e by its inverse. That is, the inverse of 

{r:l.}=s;1A ... A{rk }=sk' where rl., ... ,r
k 

denote parameters, is 

{ r 1. } = S :I. A. . . i\ { r k } = sk . 

Proposi~ion 3.4. Suppose that we have a model of n functions 

F , ... ,F . Let T , ... ,T denote the pure sign tables of these 
:I. n ~ n 

functions F , ... , F, respectively. Let e be a perturbation 
:I. n 

formula for the model. Call the table resulting from the 

operation T c-::::JT C-::::J ... c-::::JT c-::.:::1T, T. (That is, T is the. 
:1: e :2. e e n-:I. e n 

table resulting from performing sign analysis indicated by 

the formula e on the model). Let e be the inverse of e. Then 

the result of the operation T c':(::::JT c':(:::::l ... C:~=JT C:=::-":3T is the 
1. ~ Z r.o e 1'1-.1. e I", 

inverse of T. 

Proo£ In the first part of the proof we will show, by 

referring to the proof of Proposition 3.1, that each row in a 

sign table of a function has an inverse in the table. 

Suppose we have a function F of n parameters z , ... ,Z 
:I. n 

F (z , ... , z ) =0 
1. n 

The total differential of F is 

of of 
dF=-- d + + dz =0 oz z1.' •• OZ n 

1. n 
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Let T denote the sign table of F. Let us represent a row of 
F 

the table made up of signs s~, ... ,s~ for [dz~J, ... ,[dz~J, 

respectively, by the notation <s , ... ,s >. 
1. . n 

Suppose the contrary of the above claim: TF contains a 

row <s , ... ,s >, but does not contain a row <s •... ,s >. TF 
1. ·n· ;1 ,., 

containing a row <s , ... ,s > means that either all s. =0, 
1. n L • 

i=l, ... ,n, or there are at least two signs in the row, say s. 
L 

of of 
and S., i."ej, such that [a- dz. ] =+ and [a- dz.] =-, i. e. the 

J z. ~ z. J 
L J 

change in z. causes F to increase and the change in z. causes 
L J 

F to decrease (from Proposition 3.1). In the first case, 

<s , ... ,s >=~O, ... ,0>, 
1. n n limes 

so <i , ... ,i >=<0, ... ,0>, 
1. n 

n lime s 
Le. the 

inverse of the row is itself, already in the table. For the 

second case, consider the inverses of s. and s., s. and s .. 
L J 1. J 

Then [~F dz.] =- . and [~F dz. J =+. This means that the change 
<.Iz. L . <.Iz. J 

L J 

in z. causes F to decrease and the change in z. causes F to 
L J 

increase. Since we have at least one parameter causing F to 

increase and at least one parameter causing F to decrease, 

this row must participate in the table regardless of the 

signs of other parameters (from Proposition 3.1). According 

to this, for the signs of other parameters, sk' k=l, ... ,n, 

k."ei, k."ej, in this row, let us use the inverses, i.e. i k . Then 

all the signs i.n this row are the inverses of s , ... ,s. So, 
1. n 

<i , ... ,i > is a row of T . 
1. n F 

Now having proved that each row of the table T., 
L 

i=l, ... ,n, has an inverse in T 
i ' 

we will show that the 

operation T'~T', (i.e. the first three steps of the join 
1. e 2 
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, , 

operation T ~~~T ), for any two tables T and T~, preserves 
.1 €I Z· .1 '" 

this property. The first step is the cartesian product of the 

two tables, say T If T has .1 a row <s1. ' ... ,sk > and T z has a 

row <t •... ,t > then .1 m 
T will contain the rOvl 

<s •...• sk ,t , ... , t >. Since T must also contain the r01;v 
.1 -.1' m .1 

<8 , ... ,8k > and T' must contain the row <t , ... ,t > 
.1 - Z .1 m 

(by the 

above discussion) , then T will also contain 

<8 , ... , 8 k ,t , ... , t >. Thus the first step preserves the .1 .1 m 

property. In the second step, if we remove a row <s.1, ... ,sk> 

from T because s. and s., i,j=l, ... ,k, are the signs for the 
I. J 

same parameter such that s. ~s. , 
I. J 

we also remove the row 

<8 , ... , sk > since S. ~s.. Thus the second step also preserves 
:I. • I. J 

the property. Call T the table resulting after the 

application of the second step. In the third step, if we 

project out the ith column of T then any two inverse rows 

<s , ...• sk > .1 . and <s , ...• sk > 
1. . 

will result in 

and <s , ... ,s. ,so , ... ,sk>' .1 1.-:1 1.+:1 
, , 

i=l, ...• k, which are still inverses. So, after T c-~T, each .1 E 2 

row will have an inverse. 

Suppose that we have computed 

T.1c-~T c-~ ... c-~T c-~T, call this table T . Let us apply 
E 2 E E n-.1 E n 

the fourth step to T using and 

tables T and T 

• ..0: ""', call the 

respectively. 

resulting 

Let 

e= ({Z1. }=s1. A ... A{zk }=sk ) where z1. ' ... , zk 

parameters of the model. Suppose there is a 

are some of the 

row <t •... , t > 1. m 

in T which agrees with €I, 

is the sign for [dz. ], 
J 

i.e. s =t. , ... ,sk=t. 
J. 1. 1. 1. k 

where t. 
1. 

j=l, ... ,k. Then this row will 
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participate in T . T must also contain the row <t , ... ,t > 
1 m 

and this row agrees with s. To see this, note that 

and s =t. s -t 1. ~ " •• '}.:-i. j=l, ... ,k. 
.1 k 

Thus this row will participate in T . Therefore T is the 

inverse of T 

It remains to show that, for any perturbation formula 

a., T C~--:::JT C~~ ... c~~T c~~T results in the same table as .1 01 2 01 01 n-.1 01 n 

applying the fourth step wrt to the table 

T c-::::JT C=-::::J ... c-::::JT C:-::::JT But this is intui ti ve since the 
.1 E 2 E E n-.1 E n 

only difference between the two operations is that in the 

latter case the rows that are inconsistent with 01 are removed 

at the end instead of during each operation. 

Therefore we conclude that T c=-:::tI' C-::::J. . . c.--:::tI' c-:::tI' 
.1 e 2 e e n-.1 e n 

is the inverse of T C:-::::JT C:-::::J ... C:-::::JT C:-<JT. 0 .1 e 2 e e n-.1 e n 

3.3. Sign Analysis of' Gains 

We have explained sign analysis technique in detail in 

Section 3.2. In the present section we will discuss the 

application of the technique to gains. 

Consider a set of functions 

F. (x. , ... , x , Y. , ... , y __ ) =0 
~ ~ n ~ fu 

(3.3) 

F (x •... ,x .y , ... ,y )=0 
n ~ n ~ m 

where x.1, ... ,xn represent endogenous variables and Y.1' ... 'Ym 

represent exogenous variables and constants. Suppose that we 
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change the value of one of the exogenous variables, say y, 
J 

j=l, ... ,m, while keeping the values of other exogenous 

variables y, 
\. 

i=l, ... ,m and i~j, unchanged. As will be 

derived in Section 4.1, we can write 

of oy. of Ox of Ox 
~ ___ J+ ___ ~ ~+ ~ ___ 1"1=0 

oy. oy Ox oy . ... ax ay 
J J ~ J It.l 

(3.4) 

of oy. of Ox of ox 
It J n ~ n n 

oy. oy.+ox a--+' "+a-- ---=0 . y. x oy. 
J J ~ J n J 

ox. 
\. 

The partial derivative oy. represents the ratio of the 
J 

change to be occurred in the value of the endogenous variable 

x. for a change specified in the value of the exogenous 
I. 

variable/constant y. 
J 

and it is called the 

respect to Y
j 

in the control literature and the "ftareina! 

vatue of x. with respect to y. in the economics literature. 
t J 

We will prefer to use the term gain because we will be mostly 

interested in physical systems. 

For each of the equations in (3.4) we form a sign 

table. In this case the columns of the sign tables will be 

titled as 

represent signs of gains. 

That 

oy. 
J 

We note that oy. 
J 

is, the columns 

is unity, thus 

oY. 
[rJ =+. 

Yj 
Therefore we will only consider those rows of the 

tables in which this condition holds, i. e. a subset of the 

tables will be used. (Of course, this is applicable to tables 

whose functions include the parameter,Y
j
). 
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ax. 
The sign of a gain, [~] , represents the direction of y. 

J 

change in the value of the endogenous variable x for a 1. 
ax. 

change in the value of the exogenous variable Y
j 

[ ay 1.] =+ 
J 

means that x. and Y. change in the same direction. That is, 
\. J 

increasing y. causes x. to increase and decreasing y. causes 
J \. J 

x. to decrease. 
I. 

ax. 
l [ ~] =- means that x. and y. change in vy. I. J 
J 

opposite directions. That is, increasing Yj causes x. 
l 

to 

ax. 
decrease and decreasing y. causes x. to increase. [~J =0 

J l vy. 
J 

means that the change in y. has no effect on x. . 
J I. 

When the sign tables are formed, converted to pure 
oy. 

sign tables, and the rows in which [~J ~+ are eliminated, 
Yj 

using these reduced pure sign tables (call these T , ... ,T ), 
:I. n 

we compute T C:-:::::JT C:-:::::J ... C:-:::::JT C:-:::::JT. This shows us in which 
:I. E 2 E E n-:I. E n 

direction the endogenous variables x , ... , X 
:I. n 

change for 

change in the exogenous variable y .. 
J 

As an example, consider the model of Section 3.2, 

Equations 
:2 

F =z -z =0 
:I. :I. :2 

F =z +z =0 
2 :2 ::I 

Parameters 

z:l. (exo) 

Z2' Z3 (endo) 

a 

For the sake of illustration, we have made the types of the 

parameters explicit (This was not necessary for the sign 

analysis of total differentials). Converting the equations 

into the form of (3.4) for the exogenous variable z:l.' we get 
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of (lz of n -_-z of n -_-z 
~ ~ ~ 2 ~ __ 3=0 

Oz oZ +oZ OZ ·OZ OZ 
:1 i 2 :1 3 i 

of oz of oz of oz (3.5) 
2 i 2 2 2 3 

OZ OZ +OZ --+-- a-=O OZ OZ Z 
:1 1. 2 1. 3 1. 

The partial derivatives are shown in the Information matrix, 

Z:1. Z 
2 

I = :: [ 
2z 

1. 

o 

-1 

1 

Substituting into (3.5), we get 

oz oZ 
:t 2 

2z -----=0 
:tOZ oZ 

:t :t 

oZ oZ 
2 3 

OZ + OZ =0 
:t :1. 

Assuming z >0, the I matrix evaluates to 
:1 s 

+ 

(3.6) 

(3.7) 

Now we form the pure sign tables of the equations shown in 

(3.6) using the signs of partial derivatives (3.7). The 

tables are shown in Tables 19 and 20. Note that 

are titled with the signs of gains. We also note 

the columns 
GZ 

:1. 
that [oz ] 

:1. 

must be +, so only the first row of Table 19 is valid. 

Therefore Table 19 reduces to Table 21. The E-join of Tables 

21 and 20 results in Table 22, which leads us to the 

following result: 
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TABLE 19. Sign table of gains of F=z 

GZ GZ 
1. 

[GZ ] 
2 

[OZ ] 
1 .1 ----------

+ + 

0 0 

TABLE 20. Sign table of gains of F-'7 -.c. 

az az 
[_2] 3 

GZ [az ] 
1. 1. ---------

+ 
+ 

0 0 

TABLE 21. Reduced form of Table 19 

az 
1. 

[az ] 
1. 

+ + 

2 
=0 -z 

1 Z 

+Z =0 ;;: 3 

TABLE 22. Result of sign analysis for gains 

+ + 

wrt z 
1 

wrt Z 
1 

21 beine posi t ive. when lJ.le change the uatue of 2
1

, 22 changes 

in the same direction as 2t and 23 chan8es in the opposite 

direction of 2
1

. 

Let us examine the relationship between sign analysis 

of gains and sign analysis of total differentials. In Section 

3.2, we asked the question 

increase 
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on the same mode 1 for the case z 1 >0, and arr i ved at the 

answer 

21 be i ne pos i t i 've , 

Z -::;. dec reases. 

is increased then z'J increases Gy"d 
<-

-' 

From Proposition 3.4, we also know that 

Z1 beine positive, is decreased then dec reases and 

increases. 

The combination of these two clauses is identical to the one 

extracted from Table 22. 

It must not be surprising that sign analysis of gains 

and sign analysis of total differentials yield identical 

results. To see this, let us write the total differentials of 

the functions in (3.3) 

of of of of 
~ ~ ~ ~ 

dF =~ dx + ... ~ dx ~ dy + ... ~ dy =0 
1 vX 1 vX n vy 1 vy m 

1 n ~ m 

of of of of 
dFn=axn dx1 +···+0x

n 
dxn+oy

n 
dY1+···+ayn dYm=O 

1 n:1 m 

As we did above, suppose that we change the value 

(:3.8) 

of Y., 
J 

j=l, ... ,m, while keeping the values of Y., i=l, ... ,m and i~j, 
I. 

unchanged. So dy.=O and (3.8) becomes 
1. 

(3.9) 
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Now we form the sign tables of funct ions in (3.9). The 

columns will be titled as [dx], 
t 

i= 1, ___ ,n, and [dy] _ 
J 

The 

point is that the sign tables for gains in (3.4) and the sign 

tables for total differentials in (3.9) will be exactly the 

same since the equations have the same coefficients. The only 

difference is in the titles of the columns of the sign 

tables. For instance, compare Tables 8 and 7 with Tables 19 

and 20. 

In sign analysis of gains we require 
oY. 

[ a;:f] =+ 
Yj 

and 

reduce the tables. On the other hand, in sign analysis of 

total differentials, we perform the same analysis first for 

[dy.]=+ then for [dy.]=-, and combine the results (or, for 
J J 

either [dy.]=+ or [dy.]=-, and then use Proposition 3.4). 
J J 

In the method of sign analysis of gains as described 

above, we can change only one exogenous variable. Now let us 

expand the method. If we remove the restriction on (3.4), 

i.e. if all the exogenous variables are allowed to be 

changed, it reduces to the following equations in terms of 

signs (the use of y. is arbitrary here, we could use any 
J 

other exogenous variable as well) 

of Ox of ox of oy of oy 
:1. :1. :1. n :1. :1. :1. 

~J=O [ ox a-] + ... +[ a- a-] +[a- a-J + ... +[ a-y. x y j Y 1. y. Y oy. 
:1 J n J m J 

(3.10) 

of ox of ox of ay of ay 
[ax n 

1. n n n :1 n am] =0 a-] + ... +[ a- a-J +[ a- a-] + ... +[ a-y. x y j Y:1 y. Y y. 
:1 J n J m J 
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As before we form the sign tables of these equationE::, The 

columns will be titled as 

k= 1, , , . , m, We again require 

ox. 
[ oy L] , 

J 
oy. 

[ oy J] =+, 
J 

i=l"",n, and 

so remove rows which 

disagree with this condition, What this analysis is about can 

be summarized as follows: 

We chanee y., ~ve can also chanee other exoeeno'Us variables. 
J 

In wh.i..ch. di..rec t. i.. on. wr t. y j t.he endoeen.r..J1.ls 1,)CtJ'l.ab l.es cha.nee? 

ay. 
I. 

Note that [ay.] , i~j, does not correspond to the phrase 
J 

instead it corresponds to the phrase 

In which direc t io~., Wl"' t Y do t:.'e c ha~. '''8- y ;3 j' 0 i' 

because both are exogenous variables and a change in y. does 
J 

not affect 

ay. 

y. , 
I. 

i. e. we can change independent of Y 
J 

[rJ =+ means that we change Yi. in the same direction as Yj' 
Yj 

ay. 

[ oy ~ J = means that we change y. in the opposite direction of 
I. 

J 
ay. 

Y
j

' and [ay ~ J =0 means that we do not change Yi.' 
J 

i.mpose 

OZ. 

a.ny 

for a.ny parameter z 
j 

a.nd perform t.he a.na.\.y;::.i.;::. for -:\.fJy 
[ __ I. J . 

az . 
J 
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As an example, consider the follo~ing model 

Equations 
F ::y2_x =0 

1. 1. 1. 

F =x +x +y =0 
2 1. 2 2 

Parameters 

x ,x Cendo) 
1. 2 

Y 1.' Y z (exo ) 

Suppose that we ask the following question: 

We chan6e Y
t 

and Y
2 

in opposite directions. How do x
t 

and x
2 

chanee? 

Using (3.10), we write 

(3.11) 

The I ma.trix is 

-1 o 2y1. 

1 1 o 

Substituting into (3.11), we get 

ox1. oy 1. 
[ -~] +[ 2yA-.. ] =0 

vY 1."".Y 
1. 1. 

(3.12) 
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Assuming y >0, 
1. 

the Is matrix evaluates to 

Xi X
2 Yi Y2 

-F [ 0 + : ] I 
1. (3.13) --s F ° + + z 

The sign tables of the equations in (3.12) using (3.13) are 
a y1. 

shown in Tables 23 and 24. Since Cay J =+, Table 23 reduces to 
:l 

Table 25. We set from the question. Thus 

ayz 4 
e=C[oy J =-) . The e-join of the two tables, Tables 25 and 24, 

1. 

results in Table 26. 

Thus we conclude that 

bein8 posi t ive, 

di:r-ec t ions, then x 
i 

a.re 

t .l-~e s aNoe 

X
2 

may chanee in any direction Cwrt Y
t

;;". 

dil'ec t ion as y 1 and 

Note that we could perform the same analysis wrt y z 

instead of y1.. That is, we could write 

ax 
(3.11) wrt yz· Then 

:l 
[oy ] , 

z 
titled with 

ax ay 
z 1. and [ayJ , [a-J 
z yz 

the tables would be 

ay ay 
Z 1. [ --] ., we would set [--J ay oy =-; and the results would indicate 
Z 2 

directions of change wrt y 2. Since y 1. and y z change in 

opposite directions, it is not hard to see that the analysis 

in this case would result in the following clause: 

4 
In :5~gn o.no.tY:5~:5 of go.~ne, 0. perturbati.on for-mula i.s 

for-med fy-.::.m tho& co .... ,jUy'ct.i.Oy, of sigy,& of F-ay-ti.al d"'I'-i.v.:tl!i,·v'O&s 

i.nstea.d of di.recti.ons of change of parameters. 
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:2 TABLE 23. Sign table of gains of F=y -x =0 wrt y. 
:l 1. ... 

+ 
o 

oy 
:l 

(oy ] 

'+ 
o 

:t 

TABLE 24. Sign table of gains of F=x +x +y =0 wrt Y:t 
:l 2 2 

ax 
:l 

[oy ] 

+ 
+ 
+ 
+ 
+ 

o 
o 
o 

:t 

+ 

o 
+ 
+ 
+ 

o 
+ 

o 

+ 

o 

+ 

o 
+ 
+ 

+ 
o 

TABLE 25. Reduced form of Table 23 

TABLE 

+ 

oy 
:t 

[oy ] 
:1 

+ 

26. Result of 

ax oy 
:l :l 

[oy ] [ oy.] 
:l :l 

opposite changes 

ax oy 
2 2 

[oy ] [oy ] 
:l :l -----------------------------

+ + + 
+ + 
+ + 0 
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betn;;! pos it ll)e, l~f and \1 
-'2 are 0ppo5f te 

directions, then x t chanees in the opposite direction 0/ Y2 

and x
2 

may chanee in any direction Cwrt Y2:'> 

which is identical with the previous one. 

As a final note let us point. out that this extended 

form of sign analysis of gains is also similar to sign 

analysis of total different ials. The reason is, as in the 

previous case, that the two equation sets of (3.8) and 

(3.10) have the same coefficients, so produce the same sign 

tables. In sign analysis of gains, we change y. and indicate 
J 

ay. 
[~] , i=l, ... , m, i;z!j. On the other hand, in sign analysis of 

y. 
J 

total differentials, we perform the sign analysis first for 

[dy.]=+ then for [dyJ=-, and combine the results. For 
J J 

[dy. ]=+, 
J 

ay. 
~ 

[dy.J=[~]. For [dy.]=-, 
L uy. J 

J 

oy. 
[dy. J=[ a ~ JI. Therefore" the 

L y. 
J 

two methods will produce the same results. 
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IV. VALUE ANALYSIS 

Another technique that will be introduced here is 

called value analysis. Value analysis is based on the use of 

gains and examines in which amounts the parameters change due 

to a perturbation in the system. In this respect it can be 

regarded as the quantitative complement of sign analysis. 

The idea can be explained as follows: The model of a 

system is given. We specify a state of t.he system (i.e. 

values of the parameters). Then we compute the gains for the 

given state and examine the total differentials of the 

parameters. 

4.1. Gains 

Let us consider a model of the form of 

F (x , ... ,x ,y , ... ,y )=0 
~ ~ n ~ m 

F (x A , ••• ,x ,y A , ••• ,y ) =0 
n ~ n ~ m 

where x , ... ,x 
:l. n 

represent endogenous variables and y , ... , Y 
:l. m 

represent exogenous variables and constants. The number of 

endogenous variables is equal to the number of functions, so 

the degrees of freedom in the system is equal to m. Thus the 

system can be solved uniquely for the values of the 

endogenous variables for a given set of values of the 
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exogenous variables and constants, provided that the system 

is nonsingular. 

Suppose that we change the value of one of the 

exogenous variables, say y., 
J 

j=l, ... ,m, while keeping the 

values of other exogenous variables y., i=l, ... ,m and i~j, 
1. 

unchanged. We want to examine the change in the values of the 

endogenous variables. 

The total differentials of the functions are 

of of of of 
.1 .1 1. l. 

dF =a-- dx + .. '+a-- dx +a-- dy + ... +a-- dy =0 
1. Xi 1. xn n Y1. 1. Ym m 

(4.1) 

of of of of 
dF =~ n dx + ... +~ n dx ~ dy + ... +~ n dy =0 

n vx 1. vx n vy 1. vy m 
1. n 1. m 

As we know, the total differential of a parameter z 

indicates the change in the value of z. Thus dy.=O, i=l, ... ,m 
t 

and i~j, since we do not change the values of exogenous 

variables except y .. So, (4.1) becomes 
J 

of of of 
n dx + ... + ~ n dx = n dy. ox 1. vX n - oy . J 
1. n J 

(4.2) 

This is a set of n linear equations in n unknowns 

dx , ... ,dx . Solving for unknowns and after a little bit of 
:I. n 

algebra, we get 
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ax 
dx =.", ,... dy

J
. 

n uy. 
J 

(4.:3) 

Putting these terms into (4.2) and cancelling dy terms, we 
J 

get in scalar form 

or in vector form 

of 
:1 

ax 
:1 

of 
n 

ax 
:1 

of ox aFax aF 
:1.:1. 1. n :I. 

ox a--+ ... +a-- oy.- -oy . 
. < y. x 
... J n J J 

of ax of ax of 
n:l. n n n 

ax a--+" '+a-- a--= -oy. 
< y. x YJ. 
... J n J 

aF 
:1 

ax 
n 

of 
n 

ax 
n 

ax 
:I. 

oy. 
J 

--

ox 
1") 

a--Yj 

(4.4) 

aF 
1. 

oy. 
J 

(4.5) 

of 
1") 

oy. 
J 

The above matrix is the Jacobian matrix of the system. By 

denoting the column vector at the left-hand side of the 

equality by x, and the one at the right-hand side by £, the 

notation can be simplified as 

Jx=-£ (4.6) 

These equations constitute a set of simultaneous linear 
ax. ax 

t · . k :1 nand equa lons ln n un nowns oy.""'oy. 
J J 

can be solved by any 
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method used for solving simultaneous linear equations, such 

as Gaussian Elimination or CramerJs method, for a given state 

of the system. 

As explained in Section 3.3, the partial derivative 
ax 

1. a-- represents the ratio of the change to be occurred in the 
Yj 

value of the endogenous variable x for a sufficiently small 
1. 

!) 

change specified in the value of the exogenous variable/ 

constant y. and is called the gain of x. wrt y .. 
. J 1. J 

The above derivation is performed for a single y .. 
J 

What we have done is that we specify a particular state of 

the system (i. e. the values of the parameters 

x:1, ... ,x
n

'Y:1""'Ym) and a parameter Yj' j=l, ... ,m, whose 

value is to be changed. We then compute the nxn partial 

of 
i. 

~derivatives ax ' 
k 

of. 

i,k=l, ... ,n, and the n partial derivatives 

ax 
1. i=l, ... ,n. Then by using (4.4), 

i=l, ... ,n. This gives us the gains 

we solve 

of the 

for 
ay. ' 

J 

endogenous 

variables wrt the exogenous variable y .. 
J 

The same analysis can be performed for any exogenous 

variable by simply replacing the in (4.4) with the term y. 
J 

name of the desired parameter. In the notation of (4.5), the 

Jacobian matrix remains the same, only the elements of the 

vector .f are to be changed. In this way we obtain all the 

1$ 

si.nce the 

di.ff erent i.o.t i.on, i.t i.s 

<::l'''':~T''tI;;.. infini.tesimaL 

equa.tions; 

restri.ct ion. 

for a 

Hovever, 

gen.a-rat, this point 

the resuLts obtained from 

deri.vati.on 

onLy va.Lid 

This is 

tin.a-Cir 

as ve deaL 

i.n 

ffi'.I·Z;\' b .... ].:""F'\. 

gains. 
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ax 
i. gains for that state of the system, ~' i=l, ... ,n, j=l, ... m. 
J 

Gains can be used to compute the total differentials 

of endogenous variables for -. a given set of values of the 

total differentials of exogenous variables. The total 

differential formula can be easily derived from (4.1) by 

letting y , ... ,y to change (i.e. the terms dy , ... ,dy do 
1. m :1 m 

not vanish). This evaluates to 

ax ax 
1. .1 

dx =a-- dy + ... +a-- dy 
1. Y.1.1 Ym In 

(4.7) 

ax ax 
n n 

dXn = ay dY:1 + ... +ay- dYm 
1. m 

which is an extended form of (4.3) and means that the total 

differential of an endogenous variable is simply the sum of 

the contributions of each of the exogenous variables. 

Now we will illustrate the point by a simple example. 

Consider a system modeled as follows 

Equations 

F = x -By +y =0 
.1 :1 .1 2 

F =-x +x +y y =0 
2 .1 2 1. 2 

Parameters 

x1.' x 2 (endo) 

Y1.' Y2 (exo) 
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Suppose that the system state is given as follows6 

x =5 
:1. 

x =2 
2 

y =1 
.1 

Y =3 
2 

(4.8) 

The partial derivatives for endogenous variables are 

calculated as 

of 
.1 

ox =1 
.1 

So, the Jacobian matrix is 

J 

of 
2 

-=-1 ox 
.1 

of 
~=1 ox 

2 

The partial derivatives for Y.1 and Y2 are 

of 
__ .1=-8 

oy 
.1 

of 
2 

;:;;--=y =1 vy .1 
2 

that can be represented by the column vectors £ and £ as 
.1 2 

[ ~ ] 
£.1 is the vector of the partial derivatives of functions for 

and £~ is the vector of the partial derivatives of 
.!. 

functions If we denote and the column 

vectors of gains for y.1 and Y2' respectively, as in 

the 

<5 
The 

va.Lues 

gi.vi.ng the 

"'hi.ch ",e 
va.ri.a.bLe-e. 

system 

ef a.iL 

va.Lues 

st.ate 

the 

of 

ca.n soLve 

can be 

pa.ra.meters 

fer t.h ... 

In thi.e ee-cend a.pprea.ch, 

spe.d.f\.e.d 

a.s i.n the 

vol. ... I&a of 

a. 

set ef s,\.m ... lt\.a.n-e-ous, non\.\.n-e-ar 

the modeLi.ng equa.ti.ons or"" r,onlil"r""';'" 

-e-q"'IO.t.\.ong. 

i.,., g·"",.,""I·al. 

me-thod 
m ... Is,\' 

."i.t.h;';')' by g\.ving 
exa.mpLe or by 
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Y1. = [r ~ ]1 
oy 

:1 

we arrive, by using (4.5), to the following two sets of 

simultaneous equations 

ax 
1 0 

:1 

a-Yi 
ox 

-1 1 
z 

oy 
:1. 

dX 
1 0 

i 

oy 
z 

ax 
-1 1 

2 

a-yz 

or in matrix form (by using (4.6)) 

Jy =-£ 
i i 

Jy =-£ 
Z 2 

Solving these separately we get 

ox 
.:I. 

-=8 oy 
i 

Ox z 
-=5 oy 

i 

-8 
--

3 

1 

= 
1 

The results can be interpreted as follows: 

Whi ~e keepi.ne Yc const.ant.. a.n i.ncrease i.n 

(4.9) 

t.he ·ua.l. 1.le 0 f XI . ·I'l 
ca'Uses an 8 t im.es· increase in the ')cd.'Ue of x.

t 
r:J.nd r:J. .5 t. Lm.e.,;; 

increase in the va['Ue 0/ xc. 
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constant, an increase in the val.ue of y ;:: 
!Y'hi ~ e keepi ng Y t 
ca·u,,;;.,;.,,;; an .:;.qual. am.o·unt th.,;. ·valu.,;. of x· 

t 
times decrease in the val.ue oj xc' 

The ~nterpretation in the opposite direction is also valid: 

Whil.e 

causes an 8 times dec rease 

decrease in the vaLue of xc' 

a decrease i r~ 

in the val.ue of 

a decrease { ", ... ~ 

x 
1 

and a 5 

oj- y 
1 

times 

tl'te ·va.lue 0/ y c 

causes an equa L amoun t inc rease 1: n the 1)(Zl. ue 0 f x t and a c 
times increase in the val.ue of X?' 

c.. 

The two can be combined into a general form: 

Whil.e keeping Yc constant. d change in the vaLue of Yt causes 

an 8 times change in the value of x
t 

in the same direction as 

Y t and a 5 times change in the val.ue of Xc in the same 

d i rec t i on as Y t ' 

WhiLe keeping Y
t 

an equa L am.oun t 

constant. a cha.nge in the ua.bJ.e of ':':.'.~, causes 
c.: 

chanee in the value oj x in the oppos-i te 
t 

direct ion oj y and a c ;£: t i "'lJ::S· oj x 
C 

in 

the opposite direction of Yc' 

The results can be used to calculate the total 

differentials of endogenous variables. From (4.7) and (4.9), 

we can write 

and 

ax aX 1-1-
dx -a- dy +a-

;I, y 1. yz 
:1. 

ax ax z 2 
dx -a- dy +a-

;z y 1- :1. yz 

dX:1,=8dy:1,- dY2 

dxz =5dY1--2dy;z 
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4.2. Value Analysis of Total Differentials 

Suppose we have a set of n functions 

F (x , ... ,x ,y , ... ,y )=0 
1. 1. n 1.m 

F (x , ... ,x ,y , ... ,y )=0 
n 1. n 1. m 

where x , ... , x are endogenous variables and y , ... , yare 
i n i m 

exogenous variables and constants. Suppose also that a system 

state is specified. Then we can compute the gains as 

explained in Section 4.1 and, similar to (4.7), we can write 

This is a set of n simultaneous linear equations in n+m 

unknowns dx , ... ,dx ,dy , ... ,dy , 
1. n 1. - m 

and can be solved by 

specifying the values of m of the unknowns. Normally we will 

be interested in solving for dx , ... ,dx 
1- n 

(the amounts of 

changes in the vaiues of the endogenous variables) given 

dy , ... , dy ( the amounts of changes in the values of the 
1. m 

exogenous variables). 

As an example, consider the model of Section 4.1, 

which was reproduced below 

80 



Equations 

F.1 = x.1 -By -i +Y;2 =0 
F =-x +x +y Y =0 

Z i 2 i Z 

Parameters 

Xi' 

Yi' 

(endo) 

(exo) 

For the system state given in (4.8), 

X =5 :1. X =2 
Z 

Y =1 :1. Y =3 
Z 

the gains were computed and the total differential equations 

are (from (4.10)), 

dx -8dy + dy =0 
:1. :1. :2 

(4.11) 
dx -5dy +2dy =0 

Z :1. :2 

Now we can answer questions such as the following: 

Example 4.2.1. We increase y and y such that the increase in 
:1. :2 

Y is twice that of y . How do x and x change? 
:2 :1.:1.:2 

Substituting dY:1.=l (a unit increase) and dYz=2, we get 

dx =6 :1. 
dx =1 

:2 

increases 6 times the increase 

amount equa~ to the increase in Y
t

. 

in Y and 
1 

increases an 

Example 4.2.2. We change y . We want to change y in such a way :1. :2 

that the value of x:1. does not change. How must yz be changed 

and what is the effect on x ? 2' 

Substituting dy =1 and dx =0 into (4.11), we get 
1. 1. 

dy = 8 
:2 
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y ~ m1...lst be chan;.'Jed 8 t 1: mes t. he 
c: 

and 

dir-ec t ion. rom.a i n5 tho 5aiTt& and x"';) c h,,:tn.;5€1S 1 i 
~ 

chanee in V
t 

i.n. t.he opposi.t.e direct-i.on.. 

ths 

Example 4 .. 2 .. 3.. We want x and x to increase in the same :L 2 

amount. How must Y:L and Yz be changed? 

Substituting dx =1 and dx =1, we get :L z 

We must increase 
t 3 

11 t i rr.es an.d dec reo.se''!l2 11 
desired increase in Xt' 

Example 4.2.4. We want a unit increase in x:L' How can we change 

Y:t and Yz for this purpose and what is the effect on x z ? 

Substituting dx =1, we get :t 

-8dy + dy =-1 
:I. z 

dx -5dy +2dy = 0 z :L Z 

Since there remains three unknowns, the equations have 

infini te number of solutions. Let us perform sign analysis 

for this question. Without delving into details, we show the 

result of the sign analysis on the model for the perturbation 

e=({x:l.}=+) (and using the assumptions that Y:t>O and Yz>O), in 

Table 27. The table can be summarized as follows: 

If we decrease Vt or keep it unchansed then we must decrease 

Y2 and x 2 increases. If lJ.le inc reO-'se V t then lJ.le can chan;8e ~J2 

in any direct ion and x 
2 

chanses in any di.re-ct. i.on. 

Suppose we decided to decrease Y:l. in the same amount of the 

increase in x:l.' So, dy =-1, and we get 
:1 

dy =-9 z 
dXz =13 

As expected from Table 27, y decreases and x increases. So z 2 

we can conclude that 
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TABLE 27. Result of sign analysis for Example 4.2.4 

[dx.1. J [dx
2 

J [dY.1. J [dYzJ 

+ + 
+ + + + 
+ + + 
+ 0 + + 
+ + + 
+ + 
+ 0 + 
+ + + 0 
+ + 0 
+ 0 + 0 
+ + 0 

If we decrease Y
t 

t "unit and decrease Y
2 

9 units, then ~>e 

wi~~ observe a t unit increase in x
t 

and a 1"3 "w"tits increase 

in x
2

. 

What this example tells us that in some circumstances sign 

analysis and value analysis must go hand in hand for a better 

understanding of the system. 

As a final note, the technique we have presented here 

is based on the use of gains. The method to compute gains (or 

marginal values) has been well-known and used widely in the 

economics literature for a long time (e.g. [1,4,13J). It is 

known as the method of comparative statics. Comparative 

statics presumes that the system is initially at equilibrium 

and examines how the equilibrium values of endogenous 

variables respond to a change in one or more of the 

parameters, that is in which direction they change and 

establish a new equilibrium to match "the new configuration of 

the parameters. 
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4.3. Elasticities 

In addition to gains, another value that can be of 

interest is called elast Lei ty. Elasticities can be computed 

from gains. Elasticity of an endogenous variable x with 

respect to an exogenous variable y, E , is defined as 
xy 

E xy 

ax 
x y ox 

x oy (4.12) 

ox and it represents the relative change in the value of x x 

for a relative change oy in the value of y. 
y 

As an example, we can calculate elasticies for the 

example of Section 4.1 by using (4.8) and (4.9) as 

Y:1. ~ ~x 
8 E 

:1. 
1.6 -- a-= ~= x :1. Y 1. X Y1. 1. 

Y:1. ax 5 E 
2 2.5 -- oy - 2""= x z Y:1. X 

Z :I. 

yz ox 1. 3 
E -- a-=-~=-O.6 x 1. y Z X 1. Y2 

For example, elasticity of x:1. wrt y1. means that 

although the change in x 1. is 8 times the change in y :1. (from 

(4.9)) for the particular system state given in (4.8), the 

corresponding relative change is only 1.6. 

Elasticities are useful in cases where the parameters 

represent quanti ties that are very different in magnitude. 

For example, if the typical values that an endogenous 
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variable, say x, can take on are in the order of 0.1, the 

typical values that an exogenous variable, say y, can take on 

are in the-order of 100, and if a change in y causes a change 

in the same amount in x, the gain is 1 although the 

elasticity of x wrt y is almost 1000. In this case the value 

of the elasticity is more useful than the value of gain. This 

becomes clear if we consider that, for instance, a change of 

0.1 in y causes a change of 0.1 in x, but such a change is 

almost negligible for y (compared to 100) although it doubles 

the value of x. 
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Y. ILLUSTRATION OF THE TECHNIQUES 

In this section, we will illustrate the techniques 

presented in the previous sections by using a complete system 

taken from [14]. Consider the system shown in Figure 9. This 

is a piping system of the form of a T junction with a pump at 

the left-hand side supplying a constant flow rate Q to two 
F 

locations through two valves, discharging into pressures P 
1. 

and P
2

, respectively. The mathematical model of the system is 

given as follows: 

Equations 

~=Q:I. +Q2 
Q =C -{;--;::P:-----;=:P~ 

- :I. v:l. F 1. 

Q =C -f P -P , 
2 v2. F 2. 

Parameters 

Q
F 

constant flow rate of the pump (exo) 

Q1. flow rate of the first valve (endo) 

Q
2 

flow rate of the second valve (endo) 

C valve constant for the first valve (const) 
vi 

P
F 

discharging pressure of the pump (endo) 

Pi pressure at the right-hand side of the first valve 

(exo) 
C valve constant for the second valve (const) 

v2 

P 2. pressure at the right-hand side of the second valve 

(exo) 

The first equation above can be consid,ered as the 

material balance for the T junction and the last two as the 

material balances for the two valves. We assume that P
F 

is 
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GI, ----)0 P, 
Cy\ 

PI 

.~ 
----)0 ----)0 Q. 

J 
C". 

PI 

----)0 Gle 

FIGURE 9. Example system used in Section 5 

greater than P and P and the flows through the valves are 
1. 2 

in the directions as indicated on the Figure. (P -P ) and 
F :1 

(P
F

-P
2

) are called pressure drops across the valves 1 and 2, 

respectively. 

The functions can be written in closed form as 

=0 

F (Q ,C ,P ,P )=Q -C Y P -P '=0 
2 1. vl. F :1 :1 v:1 F :1 

Note that the determination of the types of the 

parameters and the types of the variables depends on the 

choice of the model-builder. For this system, QF' Pl.' and Pz 

are treated as exogenous ,variables; Ql.' Q2' and P
F 

as 

endogenous variables; 

physical considerations. 

and C 
vl. 
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Now as the system is given, we can begin the analysis. 

However, before this process let us discuss the application 

OT the assembling concept which was explained in Section 2 on 

this example. 

5.1. Assembling 

Suppose that a valve system, shown in Figure 3, is 

modeled as follows 

Equations 

Q=C -t P -P 
v :l. Z 

Parameters 

Q flow rate through the valve (endo) 

C valve constant (const) 
v 

Pi pressure at the left-hand side of the valve (exo) 

Pz pressure at the right-hand side of the valve (exo) 

We assume that Pi is greater than Pz and the direction 

of the flow is_from Pi to Pz ' 

Now suppose that a pump system made up of two 

branches, as shown in Figure 10, is modeled as follows 

Equations 

Q. =Q +Q 
~n outi outz 

Parameters 

Q. flow rate of the pump (exo) 
I.n 

Qout :1 flow rate of the first branch (endo) 

Qoutz flow rate of the second branch (endo) 

For the purpose of reference, let us name the valve 

model and the pump model as Va1.ue and Pu:mp, respectively, 
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FIGURE 10. A pump system of two branches 

Having these two subsystems, we can now construct the 

model of the system shown in Figure 9 as in the following 

informal notation: 

Subsystems : Pump 

Parameter 

Pump 

Valve-t 

Valve-c 

Q. =Q . +Q 
l.n out:1 out 2 

Value (call it Value-l~ 

Q=C -{ P -P , 
v :1. 2 

Value (call it Value-cJ 

Q=C -{ P -p 
v :1. 2 

names & types 

Q. 
l.n 

.. Q
F 

Qoul 1. .. Q1. 

QOUlZ .. Qz 
Q .. Q:1 
C .. C 

v v:1. 

P .. P (endo) 
:1. F 

P:2 .. P1. 
Q .. Q:2 

C => C 
v v2 

P1. .. P
F 

P .. P :2 :2 
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We use the pump model and two copies of the valve 

model, referred to as Valve-j and Valve-2. The parameters are 

renamed as shown above. Also the types of those parameters 

whose types are different in the submodel and in the 

resulting model are changed, the other parameters use their 

original types. The result of this assembling process is the 

model given in the previous section. 

Note that the identification of the parameters is 

implicitly done during renaming. For example, by giving the 

same name for Q of Pump and Q of Va~ ue-t, we indicate 
out 1. 

that the two refer to the same identity. 

5.2. Sign Analysis of Total Different.ials 

To begin sign analysis, we first form the sign tables 

for each of the modeling equations. For this purpose we 

calculate the partial derivatives and express them in terms 

of the Information matrix of the system, 

~ Q
i 

Q
2 

C 
vi 

C 
v2 

P
F P;t P." ... 

F 1 -1 -1 0 0 0 0 0 
1. 

C C 
F2 0 1 0 -Y'P -p 0 

v:! v:! 
0 

I= 
F 1. 

2-1 P -P 2-1 P -P 
F 1. F -1. 

C C 
Fs 0 0 1 0 -Ip -P v2 

0 
v2 

F 2 
2-1 P -P 2"-.f P -P 

F ;2 F 2 

of. 
which is 

\. 
an m*n matrix of elements oz. with i=l, ... ,m and 

J 

j=l, ... ,n, where m (number of functions) is 3 and n (number 

of parameters) is 8 for this example. 
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We assume, as indicated above, that (PF-P~) and 

(PF-P
2

) denote positive quantities because otherwise the 

square roots would have no real values. Based on this 

assumption, the I matrix is converted to the I matrix s 

c c 
v j. v:2 

o o 

+. o o 

o + o 

o 

[Cv j. ] 

[C-] 
v2 

Pj. P 
:2 

o 

[C ] 
vj. 

o 

based on the fact that [~ P -P '] =+ and [~ P -P '] =+. 
F j. F 2 

The first equation has 3 parameters and the other two 

equations have 4 parameters each. Making use of Tables 3 and 

4 for a three- and a four-parameter function, respectively, 

we can construct the sign tables of these functions as in 

Tables 28, 29, and 30. 

TABLE 28. Sign table of F=~ -Q -Q =0 :1 :2 

[dQF J [dQ:1] [ dQ2] 

+ + 

+ + 

+ + + 

+ + 0 

+ 0 + 

+ 

0 

+ 

0 

0 + 

0 + 

0 0 0 



Tables 29 and 30 contain entries expressed in terms of 

C and C 
v:1. v2 

In order to be able to convert these into pure 

sign tables, we must know the signs of C 
v1. 

and C 
v2 

Suppose 

that C and C are both positive7
, 

v 1. v 2 
thus [C ]=+ and 

v:1. 

[C ]=+. Substituting these into Tables 29 and 30 results in 
v2 

Tables 31 and 32. 

Now we can perform sign analysis by using Tables 28, 

31, and 32. Call these tables T , 
:1. 

and T
3

, respectively, 

for functions F, F, and F. Let us first generate a 
1. 2 3 

notation for ease of presentation. We will use, for a 

parameter z, the following terms 

{z}=+ the value of z is increased 

{z}=- the value of z is decreased 

{z}=o the value of z remains unchanged 

{z}=? the direction of change of z is unknown. 

The first three represent terms we have already been 

using and the last one represents a parameter whose direction 

of change is to be determined by the analysis. A perturbation 

formula, 9, is formed by taking the conjunction of the 

parameters whose signs are known. 

Below we give some examples together with their 

interpretations. Keep in mind that all the following results 

are valid for the case C and C are positive. 
v1. v2 

7 
In fact, 

onLy possi.bUi.ti. ... s 

repr..:,.S<&rll 

physi.cally. 

va.lva 

i.n sysl.em being the 

that mak... sens ... 

conSllla.nts 

thi.s 

.... hi.ch 

a.ssumfjti.or. 

restri.cti.on i.nto the system space. 
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TABLE 29. Sign table of F=Q -C -{ P -P '=0 
.1 v.1 F .1 

[dQ.1] [dC ] v.1 [dP
F

] [dP ] 
~ 

[dQ ] 
1. 

[dC ] 
v.1 

[dP
F

] [dP ] 
J. 

+ [c-] [c-] 0 [c-] v.1 vl. vl. 
+ [C V.1] [C ] vl. 0 0 

+ [C V.1] [c-] + [c-] [C ] v1. v1. v1. 
+ [C ] 0 + [c-] [c-] v.1 v1. v1. 
+ 0 [c-] + [c-] 0 V.1 v1. 
+ + [c-] [C ] + [C ] [C '.1:1. ] v.1 v1. '.1:1. 

+ + [c-] [c-] + 0 [C V.1] vi vi 
+ + [c-] 0 0 [c-] [C ] vi vol vJ. 

+ + [CV1.] [C ] 0 [c-] [c-] V.1 v1. vi 
+ + [C V1.] [c-] 0 [CV1.] 0 v:1. 
+ +- [C ] 0 0 [C ] [C ] v 1.- vi vi 
+ + 0 [C ] 0 0 [C ] v:1. v:l 
+ + 0 [c-] 0 [c-] [~,~ v:l vl- v -1. 

+ + 0 0 0 [CV1.] [C V.1] 
+ 0 [c-] [c-] 0 [C ] [C-] vi v:1. v:1. v:1. 
+ 0 [C V:1.] [C

V
.1 ] 0 [CV:1. ] 0 

+ 0 [C ] [c-] 0 0 [C
V

1.] v:1. v:1. 
+ 0 [C ] 0 0 + [c-] [C ] v:1. v1. v1. 
+ 0 0 [C--] 0 + [C--] [C--] v.1 v.1 v:1. 

[c-] [C ] 0 + [c-] 0 v:1. v:1. vi 
[C-] [Cv 1. ] 0 + [C ] [C ] v:1. '.1.1. '.1.1. 

[c-] 0 0 + 0 [C v 1. ] v:1. 
[C

V 
1. ] [C ] 0 0 [C-] [C-] v:1. v:1. v.1 

[C ] [c-] 0 0 [C ] [Cv 1. ] vi vi vi 
[C ] 0 0 0 0 0 v1 

0 [C ] v:1. 
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TABLE 30. Sign table of F=Q -C ,2 v,2 -I P -P 
F ,2 '=0 

[dQ,2] [dC ] v,2 [dP
F

] [dP,2] [dQ,2] [dC ] v,2 [dP
F

] [dP ] 
.2 

+ [C-] [C-] 0 [C-] v2 v2 "-.#~ 

+ [C ] v,2 [C ] v,2 0 0 

+ [C V2] [C-] + [C-J [C ~J v,2 v,2 V.e. 
+ [C ] 0 + [C-J [C-J v2 v,2 v2 
+ 0 [C":"J + [C-J 0 V.e. \12. 

+ + [CV2 ] [C 
..... 2 J + [C ] [C 

V2 J v2 

+ + [C-] [C-] + 0 [C v.z J v2 v2 
+ + [C"'z] 0 ·0 [~J [C J .. .,~ .:. ;.;.'2 

+ + [C ] [C V,2J 0 [C-] [C-J v,2 v,2 v2 
+ + [CV,2 J [C-] v2 0 [C-J v2 0 

+ + [C ] 0 0 [Cv.z ] [C J v,2 v2 
+ + 0 [C J 0 0 [C J v,2 v:z 
+ + 0 [C-J v,2 0 [Cvz J [C ..... z J 

+ + 0 0 0 [C ] [CV2 ] v2 
+ 0 [C-J [C-] 0 [C J [C-] v,2 v,2 v2 v2 
+ 0 [C V2] [C ] v,2 0 [C J v2 0 

+ 0 [CV2 ] [C-] 0 0 [c:] v2 '01_ 

+ 0 [CV2 ] 0 0 + [CV,2 ] [C ] v2 
+ 0 0 [CV,2 J 0 + [C-] [C-] v2 '\,.f2 

[CV,2 J [C ] v:Z 0 + [Cv:z ] 0 

[C-] [C-] 0 + [C ] [C ] v2 v2 v2 v2 
[C-] 0 0 + 0 [CV2 ] v2 
[C ] [C ] 0 0 [C-] [C-] v2 v2 v2 v2 
[CV2 ] [CV2 ] 0 0 [C ] [C ] , v2 v2 
[CV2 ] 0 0 0 0 0 

0 [C ] v2 
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TABLE 31- Pure sign table of F=Q -C -( P -p -0 
1. v1. F 1. 

[dQ ] 
1. 

[dC ] 
v1. 

[dP ] 
F 

[dP ] 
~ 

[dQ~J [dC J 
v~ 

[dPFJ [dP J 
~ 

+ 0 

+ + + 0 0 

+ + + + 

+ + 0 + 

+ 0 + 0 

+ + + + + + 

+ + + 0 + 

+ + 0 0 + 

+ + + + 0 

+ + + 0 0 

+ + + 0 0 + + 

+ + 0 + 0 0 + 

+ + 0 0 

+ + 0 0 0 + + 

+ 0 0 + 

+ 0 + + 0 + 0 

+ 0 + 0 0 

+ 0 + 0 0 + + 

+ 0 0 0 + 

+ 0 + 0 

0 + + + 

0 0 + 0 + 

+ + 0 0 

+ 0 0 + + 

+ 0 0 0 0 0 

0 + 
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TABLE 32. Pure sign table of F=Q -C -I P -p '=0 
2 v2 F 2 

[dQ. ] CdC ] [dP ] [dP J [dQ_J CdC J [dP
F 

J [dP_] 
2 v2 F 2 " v2 " 

+ 0 

+ + + 0 0 

+ + + + 

+ + 0 + 

+ 0 + 0 

+ + + + + + 

+ + + 0 + 

+ + 0 0 + 

+ + + + 0 

+ + + 0 0 

+ + + 0 0 + + 

+ + 0 + 0 0 + 

+ + 0 0 

+ + 0 0 0 + + 

+ 0 0 + 

+ 0 + + 0 + 0 

+ 0 + 0 0 

+ 0 + 0 0 + + 

+ 0 0 0 + 

+ 0 + 0 

0 + + + 

0 0 + 0 + 

+ + 0 0 

+ 0 0 + + 

+ 0 0 0 0 0 

0 + 
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Exampl e 5.2. 1. We increase Q while keeping other exogenous 
F 

variables and constants unchanged. How do the endogenous 

variables change? 

{~}=+ {C }={C }={P }={P }=O 
vi v2 i 2 

{Q }={Q }={P }=? 
i 2 F 

e=({Q }=+A{C }=OA{C }=OA{P }=OA{P }=O) 
~ vi v2 i 2 

T c~~T c~~T is shown in Table 33. 
i e 2 e 3 

So, there is one solution: {Q }={Q }={P }=+. 
i 2· F 

Let us give an explanation of how the result is found. T 
:1. 

has 

5 rows satisfying {~ }=+, Tz has 3 rows satisfying 

{C }=OA{P }=O, and T has 3 rows satisfying {C }=OA{P }=O, 
vi i 3 vZ 2 

as shown in Figure 11 and the tables formed by these rows are 
, , 

named as T , T , and Ta , 
i z· respectively. [dQ ] and [dQ ] must 

, i , z 
[dP ] of T and [dP ] of T do not 

F Z F 3 
be the same in order for 

That is, [dQ ]=[dQ ]=+, [dQ ]=[dQ ]=-, 
i 2 :1. 2 

conflict. or 

[dQ ]=[dQ ]=0. Only the first one of these exists in T
i

. Thus 
i Z 

Q
i 

and Qz both increase, and it is found from the 

corresponding row of either 

increase. 

T 
Z 

TABLE 33. Result of Example 5.2.1 

or that must 

[d~] [dQi J [ dQ 2 J [dCVi ] [dP
F

] [dP i] [dCV2 J [dP z] 

+ + + 0 + 0 0 0 

[d~J [dQJ.J [dQzJ 

+ + 
+ + 
+ + + 
+ + 0 
+ 0 + 

[dQ J J. [dC J vJ. [dP
F 

J [dPJ.J [dQzJ [dC J vZ [dP
F

] [dPz ] 

+ 0 + 0 + 0 + 0 
0 0 0 0 

0 0 0 0 0 0 0 0 

FIGURE 11. Reduced tables for the increase in Q
F 
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Example 5.2.2. We decrease C while keeping other exogenous 
vi 

variables unchanged. How do the endogenous variables change? 

{C
V

:1. }=- {~}={Cvz }={P:1. }={P z}=O {Qi }={Qz }={P F }=? 

e=({Q }=OA{C }=-A{C }=OA{P }=OA{P }=O) 
F vi v2 i 2· 

T c~~T c~~T is shown in Table 34. :1. e :2 e 3 

Q
1 

decreases whi te Q.;:. and P r increase. 
~ , 

Example 5.2.3. We increase Q
F 

and decrease C while keeping 
vi 

other exogenous variables unchanged. How do the endogenous 

variables change? 

{~}=+ {C }- {C }={P }={P }=o 
vi v:2 i Z 

{Q }={Q }={P }=? 
i ;; F 

e=({Q }=+A{C }=-A{C }=OA{P }=OA{P }=O) 
~ vi vZ i :2 

T c~~T c-~T is shown in Table 35. 
i e Z e 3 

Qz and P
F 

increase white Qf may chan6e in any direction. 

The existence of three solutions in this example means that 

wi th different system states and with different amounts of 

perturbation (i.e. dQ
F 

and dC
V

:1) , it is possible for Q to 
:1 

change in anyone of the directions. 

TABLE 34. Result of Example 5.2.2 

o + + o o o 

TABLE 35. Result of Example 5.2.3 

[d~J [dQ:1. J [dQzJ [dC J [dP
F

] [dPiJ [dC ~] [dP~] 
v:1 v~ '" 

+ + + + 0 0 0 
+ + + 0 0 0 
+ 0 + + 0 0 0 
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Exampl", 5.2.4. Suppose that we are able to increase the 

endogenous variable Q~ without affecting the exogenous 

variables. How do Q and P change? 
Z F 

{Q }=+ {Q }={C }={C }={P }={P }=O {Q }={P }=? 
~ Ir vL v2 L Z 2 F 

e=({Q }=OA{C }=OA{C }=OA{P }=OA{P }=OA{Q }=+) 
F vL v2 ~ 2 ~ 

T C:~::::JT C:~::::JT results in an empty table. 
L e 2 e 3 

This means that, in a particular system state (i.e. without 

changing the values of exogenous variables and constants), 

even if we are able to change the value of Q , it will return 
1. 

immediately to its original value. In other words, given the 

values of the exogenous variables and constants, there is a 

unique solution for the values of the endogenous variables 

and we cannot alter those values without changing tne values 

of the exogenous variables and constants. 

It is worth noting here that if the value of C were . v 1. 

declared as negative at the beginning of the analysis (in 

which case [C ]=- so Tz ' which was produced from Table 29, 
v1. 

would be different) then the above join operation would 

result in a single solution: Q
2 

and P
F 

decrease. This means 

that without changing the values of the exogenous variables 

and constants, endogenous variables may take different 

values. In other words, the system is not stable. 

Example 5.2.5. We increase Q while keeping other exogenous 
F 

variables unchanged and we want Q to increase. Is this 
1. 

possible, and if so how do Qz and P
F 

change? 

{Q }={QA}=+ {C }={C }={P }={P }=O {Q }={P }=? 
Ir ~ vL vz 1. Z Z F 

e=({Q }=+A{C }=OA{C }=OA{P }=OA{P }=OA{Q }=+) 
F v1 v2 1 2 1.. 

T C:-::::JT C:-::::JT results in Table 33. 
L e z e 3 

We conclude that this is possible and Q and P increase as z F 

well. 

This question is similar to the first one. In the first 

question we did not have a restriction on Q1. but the result 
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has shown that Q being increased is the only solution. Thus 
~ 

these two questions give the same signs for Q
2 

and P
F

• 

Example 5.2.6.. We want P to increase and Q and Q remain 
F 1 2 

unchanged. How must exogenous variables and constants be 

changed in order to satisfy this condition? (or, It is 

observed that P
F 

is increasing while Q~ and Q
2 

remain 

unchanged. What can cause this?) 

{P }=+ 
F 

{Q }={Q }=O :I. 2 {Q }={C }={C }={P }={P }=? 
F v:l. v2 1 Z 

e=({Q }=OA{Q }=OA{P }=+) 
~ 2 F 

T c-~T c~~T is shown in Table 36. :I. e 2 e 3 

There are 25 possibi Ii ties. We can summarize the result as 

follows: 

TABLE 36. Result of Example 5.2.6 

[d~J [dQ:l. J [dQzJ CdC ] v:l. [dP
F

] [dP:I.] CdC ] vZ [dPzJ 

0 0 0 + + + 
0 0 0 + + 
0 0 0 + + 0 
0 0 0 + + + + 
0 0 0 + + 0 + 
0 0 0 + + 
0 0 0 + 
0 0 0 + 0 
0 0 0 + + + 
0 0 0 + 0 + 
0 0 0 + 0 + 
0 0 0 + 0 
0 0 0 + 0 0 
0 0 0 + 0 + + 
0 0 0 + 0 0 + 
0 0 0 + + + + 
0 0 0 + + + 
0 0 0 + + + 0 
0 0 0 + + + + + 
0 0 0 + + + 0 + 
0 0 0 0 + + + 
0 0 0 0 + + 
0 0 0 0 + + 0 
0 0 0 0 + + + + 
0 0 0 0 + + 0 + 
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OF mu.st not If C 
v1 

is decreased then P 1 can be 

changed in any di.recti.on, otheru,-i.se ,01 mu.st be i.ncreased. 

Simi~ar~y, if C ? is decreased then p.~ can. be chaneed in. an.y 
·Vc...... :::: 

direc t ion, otherwise P2 must be increased. 

Example 5.2.7. We increase P 
l. 

while keeping Q ,C , and C 
F vl. v2 

unchanged. We want P
F 

not to change. How must we change P
2 

to 

satisfy this condition and how do Ql. and Q change? 
2 

{P }=+ 
1. 

{O }={C }={C }={P }=O "F v1. v2 F 
{P }={Q }={Q }=? 

2 .1 2 

e=({Q }=OA{C }=OA{C }=OA{P }=+A{P }=O) 
F v:l v2 .1 F· 

T c-~T c-~T is shown in Table 37. 
1. e :;,: e 3 

We must decrease P2' 0t wi~~ decrease and 02 wiLL increase. 

Example 5.2.8. We decrease Q and increase C while keeping 
F V:l 

C
V 

z unchanged. We want Q.1 to decrease and P F not to change. 

be changed to satisfy this condition and How must P and P 
1. 2 

how does Qz change? 

{Q }={Q }=-
F :l 

{C }=+ 
v1. 

{C }={P }=O 
v2 F 

{P }={P }={Q }=? 
:l 2 2 

e=({O }=-A{C }=+A{C }=OA{Q }=-A{P }=O) "F v:l v2 1. F 

T c-~T c-~T is shown in Table 38. 
:l e 2 e 3 

We m:v.s tine rease P and we can chanee P- in 
t 2 

wiLL chanee in the opposite direction of P
2

. 

TABLE 37. Result of Example 5.2.7 

o + o o + o 

TABLE 38. Result of Example 5.2.8 

[dQ ] 
F 

[dQ ] 
:I. 

[dQ ] 
:;;: 

[dC ] 
v:l. 

[dP ] 
F 

[dP ] 
:I. 

[dC ] .." .. z 

+ 0 + 0 
+ + 0 + 0 
0 + 0 + 0 
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We can perform sign analysis in a different way also. 

Suppose that Q is increased, C and C are kept unchanged, 
F v1 v2 

and Q is decreased. Then Tables 28, 31, and 32 reduce to the 
1. 

sign tables shown in Tables 39, 40, and 41, respectively. (We 

assume, as above, that [C ]=+ and [C J=+, so use Tabl~s 28, 
v 1. v 2 

31, and 32). Wee see from Table 39 that there is one 

possibility for Q , namely, it increases. So, Table 41 can be 
2 

further simplified, yielding Table 42. 

Using Tables 39, 40, and 42 (call T , 
1. 

T , 
2 

and T , 
3 

respectively), we can now extract the following rules, for 

the situation where [C J=+ and [C ]=+: 
vi \12 

I I Q
F 

i.s: 1: nc rea.s:ed a.nd 0 t i.s: dec rea.s:ed then O
2 

~J.!J: 1. ~ inc rea.s:e 

Cfrom T t :>. 

II Q t 
is decreased whi te keeping C

vt 
unchanged then if P

F 
increases then P

t 
shou~d increase Cfrom T2 ). 

If Qt is decreased white keeping C
vt 

unchanged. then if P
F 

decreases then P t may increase, decrease, or stay unchanged 

C from T 2:>' 

I I Qt is decreased whi ~e keeping C
vt 

unchanged then if P F 

increases or stays unchan6ed then P
t 

sho'U~d increase ('frofh 

T 2:>' 

is 

decreases 

increased whi ~e keeping C ._ unchanged 
v.::.' 

then P2 shoutd decrease Cfrom T3:>' 

then 

If Q
2 

is increased u-.rdle heepirt.8 C
vt 

·unchart.$¥ed then if Pr 
increases then P

2 
may increase, decrea?e, or stay unchanged 

C from T 3'>. 

If Q
2 

is 

decreases 

T 3:>' 

increased whi te keeping C 1 unchanged then if P
F v~ 

or stays unchanged then P 2 shoutd decrease C from 
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TABLE 39. Reduced form of T 
1. 

[ dQF] [dQ:1] [dQz] 

+ + 

TABLE 40. Reduced form of T z 

[dQ:1] CdC ] v:1 [dP ] F [dP ] :1 

0 + 
0 
0 0 
0 + + 
0 0 + 

TABLE 41- Reduced form of T 
3 

[dQZ] [dC ] vZ [dP ] F (dP ] Z 

+ 0 
+ 0 + + 
+ 0 + 
+ 0 + 0 
+ 0 0 

0 + 
0 
0 0 
0 + + 
0 0 + 

0 0 
0 0 + + 
0 0 0 0 

TABLE 42. Reduced form of Table 41 

[ dQ2] CdC ] 
v2 

[dPF ] [dP ] 
2 

+ 0 
+ 0 + + 
+ 0 + 
+ 0 + 0 
+ 0 0 
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and if C i.,;; k.,;.pt u.;-.chan;5.;.d th.,;.;-. if 
v2 

should decrease (from. T t and T 3:>' 

t. h&n (-::1
2 

\;)1: 1. 1. 

P
F 

d.;. c y- .;..ag';'5" 

This analysis is exactly identical to the one 

presented earlier. The two both yield the same results. The 

difference is that, in the latter one, the join operation is 

done implicitly by reducing the tables first and then 

searching for the possibilities. In fact, once the sign 

tables are formed, we can perform sign analysis on these 

tables in any way we desire. 

5.3. Sign Analysis of Gains 

As explained in Section 3.3, to begin sign analysis of 

gains-, we write the equations in the form of (3.10), for an 

exogenous variable. Suppose that we perform the analysis for 

aF aQ aF aQ aF aQ aF ae aF ae aF ap 
:1. F -1."1. "1. 2. :1. v 1. 1. v 2. -1. F 

[aQ aQ J +[ aQ aQ J +[ aQ aQ J +[ ae ~ J +[ oe ~ J +( ap aQ ] + 
'F F :1. F 2. F v:1. F v2. F F F 

aF ap of ap 
:1.:1. :1. 2. 

[ap aQ ] +[ ap oQ ] =0 
:1. F 2. F 

aF aQ aF aQ of oQ of oe of oe of op 
2. F 2.:1. 2. 2 2. v:1. 2. v2. 2. F 

[oQ aQ ]+[aQ aQ ]+[aQ oQ ] +[oe 00 ]+[ae ~J+[ap oQ]+ 
F F :1. F 2. F v:1. """'F v2. F F F 

aF ap of op 
2:1. 2 2. 

[op aQ ] +[ ap aQ ] =0 
:1. F 2. F 

aF aQ aF aQ aF aQ aF ae aF ae aF ap 
3 F 3:1. 9 2 3 v:1. 9 v2. 3 F 

[aQ aQ ] +[ aQ aQ ] +[ aQ aQ ] +[ ae aQ ] +[ ae aQ ] +[ ap aQ ] + 
F F :1. F 2. '"'r v:1. '"'r V2. '"'r F '"'r 

aF ap aF aP 
9:1. 9 2 

[op oQ ] +[ ap oQ ] =0 
:1. F 2 F 
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Using the I matrix, these simplify to 

oQ oQ oQ 
F 'l 2 

[oQ ] -[ aQ] -[ a~ ] =0 
F F F 

oC C ap C op 
V'l] _[ V'l 

~ 2-1P-P 
F] +[ ',I:l 

oQF 2-1P-P 

:1 
~1=0 

F 
F 1. F 1. 

aQ 
2 [-] -[ -IP -p oQ F 2 
F 

oC C 
~] _[ v2 

aQF 2-1P -p 

op C op 
F, [ v2 2, -0 

oQ j+ ~;==;~ oQ j-
F -IP -P F 

F 2 F 2 

Now we form the sign tables for gains of the above 

equations. Assuming 

[-IP -P 'J =+ 
F :1 

[-IP -P 'J =+ 
F 2 

[C ]=+ 
v:1 

[C ]=+ 
v2 

as in the previous section, we get the pure sign tables shown 

in Tables 28, 31, and 32, except the column titles; the title 

[dz] must be replaced by az 
[aQ ] for 

F 

ze{Q ,Q ,Q ,C ,P,P,C ,P}. As explained 
F :1 2 v:1 F :1 v2 2 

in Section 3.3, 

the equations for total differentials and gains possess the 

same coefficients, thus the sign tables are identical. 

aQ 
We require [aQF] =+, . so Table 28 reduces to Table 43. 

F 

Call Tables 43, 31, and 32, T , T , and T , respectively. Now 
:1 -2 3 

let us answer the following questions. Keep in mind that C 
v:1 

and C are positive. 
v2 

TABLE 43. Reduced sign 

a~ aQ 
:1 

[oQ ] [aQ ] 
F F 

table 

aQ 2 
[aQ ] 

F -------------
+ + 
+ + 
+ + + 
+ + 0 
+ 0 + 

of gains for F=~-Q:1-Q2=0 
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Example 5.3.1. Q
F 

is changed. Other exogenous variables are 

kept unchanged. How do the endogenous variables change? 

ac aC ap ap 
vi v2 i 2 

[~] =[~] =[aQ ] =[ aQ ] =0 
F F F F 

aQ aQ ap 
[ __ i] _[ __ 2] _[ __ F] _') 

aQ - aQ - aQ -, 
F F F 

ac ac ap ap 
V1 v2 ~ 2 

e=([ aQ""J =OA[ aQ""J =OA[ ao ] =OA[ aQ ] =0) 
F F ~ F 

TiCe~T2Ce~T3 is shown in Table 44. 

Qt' Q2' and PF change in the same direction as QF , 

Example 5.3.2. 

direction of 

Q
F 

is changed. C is changed in the opposite 
vi 

~ . Other exogenous variables are kept 

unchanged. How do the endogenous variables change? 

ac 
[~J=­
a~ 

ac ap ap 
v 2 1. 2 

(aQ""] =( OQ ] =( aQ ] =0 
F F F 

ac ac ap ap 

aQ aQ ap 
( 1.] _[ 2] _[ F]_,) 

itQ - <tQ - aQ - , 
F F F 

vi v2 i 2 
e=([ aQ J =-A[ ~] =OA[ aQ ] =OA[ aQ ] =0) 

~ F F F 

Q
2 

and P
F 

change in the same direction as QF' Qt may change 

in any direction, 

Example 5.3.3. Q is changed. C is changed in the opposite 
F vi 

direction of Q . C is kept unchanged. We want Q to change 
F v 2 :1 

in the same direction as Q and P not to change. How must P 
~ F i 

and P 
2 

be changed to satisfy this condition and how does Q
2 

changes? 

T c~~T c~~T is shown in Table 46. 
1. e 2 e 3 

We must chanee Pi in the opposite direction of OF' and we can 

chanee P 2 in any direc t ion. 02 wi 1.1.. chanee in the opposi te 

direc t ion. 0/ P 2' 
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TABLE 44. Result of Example 5.3.1 
. aQ aQ aQ.., ac op ap aC ap 

F 1. v1. F 1. [OQV2] [ OQ 2] [aQ ] [aQ ] [ aQ ~] [BQ ] [ BQ ] [BQ ] 
F F F F F F 'F F 

+ + + o + o o o 

TABLE 45. Result of Example 5.3.2 

oQ oQ oQ~ oC op oP oC oP 
F 1. 

[ a~] [~] 
F :l [~] [ aQ2] [oQ ] [ a~] a~ [ a~] [ a~] aQ 

F F F 
--------------------------------------------------

+ + + + 0 0 0 
+ + + 0 0 0 
+ 0 + + 0 0 0 

TABLE 46. Result of Example 5.3.3 

aQ aQ aQ BC ap ap BC ap 
F .l. Z "11. [~] 1. "t.,J°2 

[ oQ:] [ a~] [a~] [ oQ ] [--J [aQ J [--J 
F 

aQ
F 

aQ
F F 

aQ
F .. 

--------------------------------------------------
+ + 0 0 + 
+ + + 0 0 
+ + 0 0 0 0 

Note that the above examples are similar to the 

examples 1, 3, and 8, respectively, of Section 5.2. In fact, 

the results of the above examples could be derived from the 

results of the corresponding examples in Section 5.2 and by 

using Proposition 3.4. In other words, we can solve any sign 

analysis of total differentials question in which Q
F 

is 

changed by the method of gains using T1.' Tz , and T
3

• 

The above discussion was for QF' We can do the same 

analysis for another exogenous variable or constant as well 

(or for an endogenous variable if it makes sense). 
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5.4. Gains 

To begin value analysis, we must first compute· the 

gains of the model for a particular system state. 

Let us consider a system state where the values of 

exogenous variables and constants are given as 

Q =8 
F 

C =2 
v1. 

C =3 
v2 

P =8 
1. 

P =5 
2 

We substitute these values into the equations 

F =8-Q -Q =0 
1. 1. 2 

F =Q -2-f P -8 '-0 
2 1. F 

F =Q -3-f P -5 '-0 
:3 2 F 

and solve for the values of endogenous variables, yie~ding 

Q =2 
:1 

Thus the system state is 

Q =6 
2 

P =9 
F 

Q =8 C =2 C =3 P =8 P =5 Q =2 Q =6 P =9 
F v:l. v2 :1 2 :1 2 F 

The equations for gains are 

of oQ of oQ of ap aF 
Z 1. 2 Z 2 F 2 

oQ:1 oy 'oQz oy 'oPF oy =-oy 

of oQ of oQ of op of 
:3 1. :3 Z :3 F :3 

oQ ay+oQ ay+oP oy =-oy 
1. Z F 

(5.1) 

where y EO {QF'C
V

1.'P1.'Cvz 'Pz }. This equation set can be shown 

in matrix form as 

JZy=-£" 

1()R 



where J is the Jacobian matrix, x" and £.. are the 
y y 

column vectors 

oQ of 
l. :1 

oy oy 
oQ of 

2 

£y 
2 

X - oy = oy y -

op of 
F 3 

oy oy 

of. 
for the exogenous variable y. The partial derivatives, L 

ox ' 
i=1, ... ,3, XE{Q ,Q ,P }, are computed as 

:1. 2 F 

of of of 
l. 1. l. 0 oQ =-1 aQ =-1 ap = 
1. 2 F 

of of of z z 
0 

:2 

oQ = 1 oQ = ap-=-1 
1. :2 F 

of of of 
3 3 

0 3 
1 3 

oQ = oQ = op =-"4 
i z F 

which constitute the Jacobian matrix 

[-1 -1 
o ] J= ~ 0 -1 

1 -3/4 

of. 
The partial derivatives wrt variables, L exogenous ay' 
i=l, ... 3, are computed as 

of of of of of 
:1. :1. :1. :I. 

0 
:I. 

oQ =1 oC = 0 op =0 oC = -"'0 op 
F v:1. :1 V2 2 

of of of of of 
2 2 2 2 

0 
2 

oQ =0 oC =-1 op =1 oC = op =0 
F v:1. :I. v2 2 

of of of of of 
3 3 3 3 3 3 

o~ =0 oC = 0 oP =0 oC =-2 oP ="4 
v1. 1. vZ Z 
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from which the vectors £ are formed: 
y 

£c = [-~] 
v:l. 0 

Solving for x , we get 
y 

[
4/7] [ 3/7] zQ = 3/7 Xc = -3/7 

F 4/7 v:l. -4/7 

Thus the gains are 

aQ 
:I. 4 

~= 7 

aQ 
1- 3 

ac = 7 
vi 

aQ 
1- 3 

ap =-7 
1-

aQ 
1- 8. 

ac =-7 
v:2 

aQ 
1- 3 ap-= 7 
2 

£c = [ 6] 
v2 -2 

£p = [ g ] 
2 3/4 

[
-3/7] [-8/7] [ 3/7] xp = 3/7 Xc = 8/7 xp = -3/7 

:I. 4/7 v2 -8/7 2 3/7 

aQ 
3 

ap 
4 :2 F 

~= 7 aQ""""= 7 
F F 

aQ 
3 

ap 
4 2 F 

ac --7 ac --7 
'.11 v1 

aQ 
3 

aP 4-:2 F 

aP = 7 aP = 7 
1- l. 

aQ 
8 

aP 8 :2 F 

oC = 7 ac =-"7 
v2 v:2 

aQ 
3 

ap 
3 2 F 

aP =-7 aP = 7 
·2 2 

For example, the gains wrt ~ say that if ~ is changed then 

Ql. will change ~ times of the change in QF' Qz will change ~ 

times of the change in QF' and PF will change ~ times of the 

change in ~, all three being in the same direction as ~. 

The total differentials of endogenous variables are 
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aQ aQ aQ aQ aQ i i 
dC 

i i 
dC 

i 
dQl.=<nL dQF+ac- Vl.+ap- dPl.+ac;- Y:2+ap"- dP~ 

"'" F vl. l. v:2 :2 

aQ aQ aQ aQ . aQ 
2 :2 :2 :2 :2 

dQ:2=O~ d~+ac dCv i +ap dP i +ac-- dCY2 +ap elP 
2 vl. l. v:2 2 

ap ap ap OP OP 
dP 

F 
dQF1ac 

F 
de 

F 
dP 

F 
de 

F 
dP 

F-a~ 
+-- 1. +ac- +--vi ap v2 ap 2 vi i v:2 2 

By substituting the gains, we arrive at 

4 d~+¥ de 3 dP 8 3 dP dQ =- -7 -- de +-
.:l. 7 v;l 1. 7 v2 7 2 

3 3 dC ~ dP +~ 3 dPz dQ =- d~-7 dC --z 7 vi 7 i 7 vz 7 (5.2) 

4 4 dC -4 dP 8 3 dP =- d~-7 -- dC +- dP F 7 vi 7 i 7 v:2 7 z 

5.5. Elasticities 

Once the gains are computed the elasticities can be 

found easily. Using (4.12) where XE{Q ,Q ,P } 
i z F 

and 

EQi ~ = 
16 

EQ:2~ = 
4 

EpF~ = 
32 

-r -7- 63 

EQ C = 
3 1 

Ep 
8 

-7- EQ C =--7- C =-63 
i vi Z vi F vi 

12 
EQ P = 

4 
Ep P = 

32 
EQ P =--7- -r 63 i i :2 i F i 

12 
EQ C = 

4 
Ep - 8 

EQ C =--7- -7- C - -21" 
:L v Z 2: ~v·:Z F" \..- Z 

EQ P = 
15 _ 5 

Ep 
5 

14 EQ p --14 P = 21 
:l. :2 :2 :2 F :2 
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Val ~le Analysi s. 

As the gains are computed for the system state given 

in (5.1), we can begin value analysis. We repeat . the 

equations of total differentials, shown in (5.2), below: . 

(5.3) 

In order to solve this set uniquely, we need to 

specify the values of five of the unknowns. 

Consider the following examples: 

Exampl e 5. 6. 1. We increase Q
F 

1 uni t , whi le keeping other 

exogenous variables unchanged. How do the endogenous 

variables change? 

Substituting dO =1 dC =dP =dC =dP =0 into (5.3), we get 
~ , v1 1 v2 2 

increases t im.es the increase increases 

t i m.es t lV2 inc rea.se in i~lC1."·eases 
4 

t inu:s 

increase in Qr 

Exampl e 5. 6. 2. We increase Q and decrease C , both in the 
F V1 

same amount, while keeping other exogenous variables 

unchanged. How do the endogenous variables change? 
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Substituting dO =1, dC =-1, dP =dC =dP =0, we get 
~ v.t i v.2 .2 

1 
dQ:1=-r 

dQ =~ 
2 7 

dP =~ 
F 7 

increases times 

times the inc reaseJ: n. 

increase in QF. 

the increase increases 
8 

Note that in Section 5.2, the sign analysis of the same 

question has resulted in a table containing 3 possibilities. 

For the part icular system state and the amounts of 

perturbations in QF and C ,we arrive at the above solution. 
v:1 

Example 5.6.3. We increase P :1 1 unit while keeping QF' C , 
v1. 

and C unchanged. We want P 
v2 F 

not to change. How must we 

change P z to satisfy this condition and how do Q:1 

change? 

Substituting dP =1, dQ =dC =dC =dP =0, we get 
:1 F v~ v2 F 

4 
dPz=----:r-

dQ =-1 
:1 

dQ = 1 
2 

must be decreo.sed t i m.es the increase in 

and Q 
2 

decreases and Q
2 

increases a.n. amo·un.t. eq:ual. t.o t.he i.ncr-ease i.n. 

Pi" 

Example 5.6.4. We decrease Q 1 unit and increase C 2 
F vi 

units, while keeping C unchanged. We want Q to decrease 1 
vZ :1 

unit and P
F 

not to change. How must Pi and Pz be changed to 

satisfy this condition and how does Q
2 

changes? 

Substituting dQ =dQ =-1, dC =2, de =dP =0, we get 
'""F:l v:l vZ F 

dP =3 
:1 

dP =0 
2 

dQ =0 
2 
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m.ust be increased .3 th.e 1~ ncr-ease P? m.u'St. 
L. 

be kept unc;~,anO'6'd. AS'a T"6's"ul t, Q.:> d06<:5 .. -,-,.ot cha-,-.O'.;.. 
c.. 

Example 5.6.5. We want P
F 

to increase 1 unit and Q:l and Q
2 

remain unchanged. How must exogenous variables be changed in 

order to satisfy this condition? 

Substituting dQ =dQ =0 and dP
F

=l, there remains 5 unknowns in :l 2 

3 equations, so the equations have infinite number of 

solutions. Consider the sign analysis of this question, which 

was done in Section 5.2 and resulted in Table 36. Suppose 

that we decided to decrease C and C both in 1 units. 
\/1 · .. i2 

Substituting dC =dC =-1, we arrive at the answer 
v:i v 2 

dQ = 0 
F 

dP = 0 
1-

dP =-~ 
2 3 

and keepin6 Q
F 

and P
t 

unchaneed sat is/y U'ee a.bo-ue cor'tdi t io ... <. 



VI. IMPLEMENTATION 

The techniques introduced in this work are coded as a 

computer program named as KGMM (Knowledge Generation from 

Mathematical Models). The program is written using Turbo 

Pascal v.3.0 under the operating system MSDOS 3.1. 

In this section we will describe the program. 

Appendices D and E contain a sample run session and the 

listing of the program, respectively. 

6.1. Notes About the Program 

A model consists of a name, equations, and parameters. 

Naming of models is necessary for the purpose of reference. 

Each equation is an array of characters, as will be explained 

below. For each parameter, there are two items: the name of 

the parameter and the type of the parameter (exogenous 

variable, endogenous variable, or constant). A parameter name 

consists of a letter followed by any combination of letters 

and digits. 

As explained in Section 2, a model can be formed from 

several submodels, each submodel from sub-subm~dels, and so 

on, called assembling. For this purpose the program maintains 

a model library. Each record of the library is a model. The 

library is maintained in a file and it can be listed, new 

models can be added, or existing models can be removed from 
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it at will. 

The model being examined by the program at any time is 

referred to as the current mode~. Current model is the one 

that is loaded into memory. All the operations are performed 

on the current model. The current model can be changed as 

desired by loading another model as the current one. 

The bottom line of the screen is reserved for 

messages. A message may indicate either an error or the 

successful completion of an operation. Each error message has 

a number. When an error message is given the operation is 

terminated and the execution returns to the main menu. 

Messages will be explained in Appendix B. Also, on the top of 

the screen, the name of the current model is displayed. 

An operation may be terminated by the user by pressing 

Ctrl-C at any time. In case long outputs are generated, the 

Ctrl-S key can be used to pause the screen. 

As will be explained in Section 6.2, main menu options 

1 and 11 require. the user to give a model as input. First the 

name of the model is given. The library is searched to see 

whether it contains a model with the same name. If so, an 

error occurs and the operation terminates. Otherwise, the 

user is asked for the equations. This can be done ·in one of 

two ways: When~the program is waiting for an equation to be 

given, the user may either write the equation explicitly or 

write the name of a library model preceded by the symbol @. 

In the first case, the equation is parsed and the user is 

asked for the next equation. In the second case, the 
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assembl ing process is act i vated: the mode I with the given 

name, call it the submodel, is loaded from the library (if no 

such model exists, an error occurs),· the equations of this 

submodel are added to the equations of the model, and the 

names and types of the parameters of the submodel are asked 

for. These are the names and types that will be used for the 

model. That is, parameters are renamed as explained in 

Section 2. I f the name of a parameter is not given, it 

defaults to the name in the submodel. Similarly, the default 

for the type of a parameter is its type in the submodel. When 

the assembling is completed, the user is asked for the next 

equation. After all the equations are given, the types of 

those parameters whose types are not already given are 

requested. This completes the input of the model. 

An equation is an arithmetic expression formed from 

operands (parameter names, numbers, and function designators) 

and operators. Operators fall into four categories, denoted 

by their order of precedence: 

(1) Unary minus (minus with one operand only) 

(2) Power operator : ~ 

(3) Multiplying operators : * and / 

(4) Adding operators : + and -

Sequences of operators of the same precedence are 

evaluated from left to right. Expressions within parantheses 

are evaluated first and independently of preceding and 

succeeding operators. 
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A function designator is a function identifier 

followed by an expression enclosed in parantheses. The 

occurrence of a function designator causes the function with 

that name to be activated. The functions currently supported 

by the program are (Num denotes an expression): 

SinCNum) 

returns the sine of Num, which is expressed in radians. 

CosCNum) 

returns the cosine of Num, which is expressed in radians. 

Arct.anCNum) 
returns the angle, in radians, whose tangent is Num. 

ExpCNum) 
returns the exponential of Num, i.e. 

LogCNum) 

returns the common logarithm of Num. 

LnCNum) 
returns the natural logarithm of Num. 

SqrCNum) 

NUllI 
e 

returns the square of Num, i.e. Num*Num. 

Sqrt.CNum) 
returns the square root of Num. 

As will be explained in Section 6.2, main menu option 

3 requires the calculation of signs of expressions. To 

calculate the sign of an expression, without knowing the 

values of parameters, we use qualitative arithmetic. Figure 

12 shows the tables for operators anc} functions used in 

qualitative arithmetic '(6 denotes unary minus). The operators 

*, /, +, and - take two expressions; the operator unary 

minus and all the functions take a single expression. On the 

upper left-hand corner of the table is the symbol of the 
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+ + 0 + 0 * + 0 
+ + + ? + ? + + + + 0 
0 + 0 0 0 + 0 0 0 0 

? ? 0 + 

/ + 0 + 0 
+ + + + + + 
0 0 0 0 0 

+ ? + ? 

9 , + 0 Sin + 0 Cos , + 0 
0 + ? 0 ? ? + ? 

EXpl + 0 Ln + 0 Log + 0 
+ + + ? ? 

sqrl + 0 sqrtJ + 0 ArctanJ + 0 
+ 0 + + 0 + 0 

FIGURE 12. Operator and function results in 

qualitative arithmetic 

operator or the name of the function. For a binary operator 

where a and b are expressions, and ~E{~,*,/,+,-}, the rows of 

the table correspond to [a], the columns to [b], and an entry 

l' n the ' lh d ,lh 1 rowan J column, i,j=l, ... ,3, corresponds to 

[a~b] for [a] is the sign in the ith row and [b] is the sign 

in the jth column. For a unary operator 

ED (a) 

where a is an expression and $ is the unary minus operator or 

anyone of the functions, the columns of the table correspond 

d 'h ,lh 1 '1 3 to [a] an an entry 1n tel co umn, 1= , ... , , corresponds 

to [~ (a)] for [a] is the sign in the ith column. 
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An entry is one of the following: 

+ the result is positive 

the result is negative 

° the result is zero 

? the result is indeterminate 

the result is not defined 

The sign of an expression is computed by using these 

tables and by getting from the user as much information as 

necessary to determine the sign uniquely. The calculation is 

done recursively, beginning from the operator/function having 

the lowest precedence. For a parameter, the sign of the 

parameter is given by the user. For an operator or a 

function, tables in Figure 12 are used. This is explained 

below for each operator and function, where a and b denote 

·8xpressions, and Sgn (c), where c is an expression, denotes a 

function that returns a positive number if [c]=+, a negative 

number if [c]=-, and the number zero if [c]=o. 

a+b 

[a] and [b) are computed. If one is positive and the other 

is negative then [a+b] is given. Otherwise [a+b] is 

[Sgn(a)+Sgn(b)]. 

a-b 

[a] and [b] are computed. If both of them are positive or 

both are negative then [a-b] is given. Otherwise [a-b] is 

[Sgn(a)-Sgn(b)] . 

a*b 

[a] is computed. If [a]=O then [a*b]=O. Otherwise [b] is 

computed and [a*b] is [Sgn(a)*Sgn(b)]. (We can as well 

compute [b] first and evaluate [a*b] as ° if [b]=O, since 

multiplication is commutative). 
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a/b 

[a] and [b] are computed. If [b]=O then [alb] is undefined. 

Otherwise [alb] is [Sgn(a)/Sgn(b)]. 

a ..... b 

[a] is computed. If [a]=+ then [a~b]=+. Otherwise [b] is 

computed. If [a]=- and [b]E{+,-} then [a~b] is given. If 

[a]=- and [b]=O then [a~b]=+. If [a]=O and [b]=+ then 

[a~b]=O. Otherwise the operation is undefined. 

-a 

[a] is computed. [-a] is [a]. 

Sin(a) 

[a] is computed. If [a]=O then [Sin(a)]=O. Otherwise 

[Sin(a)] is given. 

Cos(a) 

[a] is computed. If [a]=O then [Cos(a)]=+. Otherwise 

[Cos(a)] is given. 

Arctan(a) 

[a] is computed. [Arctan(a)] is [a]. 

ExpCa) 

[Exp(a)] is +. 

LogCa) 

[a] is computed. If [a]=+ then [Log( a)] is given. Otherwise 

the operation is undefined. 

LnCa) 

[a] is computed. If [a)=+ then [Ln(a)] is given. Otherwise 

the operation is undefined. 

Sqr(a) 

[a) is computed. If [a)=O then [Sgr(a»)=O. Otherwise 

[Sgr(a»)=+. 

SqrtCa) 

[a) is computed. If [a)e{+,O} then [Sgrt(a»)=[a). Otherwise 

the operation is undefined. 



Consider the following example: 

Sqrt(z +Exp(z~»*(z /10) 
:1 "'" :1 

To find [Sqrt(z +Exp(z »)*(z /10)] we must compute 
:1 2 :1. 

[Sqrt(z +Exp(z »] and [z /10] since * is the operator having 
:1 2 :1 

the lowest precedence. For [Sqrt(z:1+Exp(zz»] we must compute 

[z:1.+Exp(zz)]' Now we must compute [z:1] and [Exp(zz)J. Since 

z:1. is a parameter, [z:1J is given by the user, call it s:1' 

[Exp(zz)J is + regardless of [zz]' Thus [z:1+Exp(zz)] is found 

from the table of addition with one sign s and the other +. :1 
Call the result s . Then [Sqrt(z +Exp(z »J=s unless s =-, 

2 :1 2 2 2 

in which case the operation is undefined. For [z /10] we must. :1 
compute [z ] :1 and [10J. 

evaluates to +. Then 

[z ] 
:I. 

[z:1./10J 

is already given as s . [10J :1 
is found from the table of 

division with the first sign s:1 and the second one +, caLl it 

Sg' Finally we use the table for multiplicati~n, with one 

sign Sz and the other S3 for the result. 

6.2. Options 

The main menu is shown in Figure 13. To execute an 

option, enter the number shown on the left-hand side and then 

press <Return>. 

The first option is used to input a mathematical model 

as the current model. When this option is selected, the 

current model, if any, is deleted from memory and the model 

given by the user as explained in Section 6.1 becomes the 

current model. If the number of endogenous variables is not 

equal to the number of equations, then an error occurs. Note 

that if an error is encountered during the process, no 

current model exists in memory. 
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Analysis of Algebraic Mathematical Models ver 1.00 

Main Menu ----------
1. New model (from user) 

2. New model (from library) 

3. Sign of Information matrix 

4. Sign analysis of total differentials 

5. Sign analysis of gains 

6. Parameter values 

7. Value analysis 

8. Gains 

9. Elasticities 

10. List library 

11. Insert to library 

12. Delete from library 

13. Save current model 

14. Exit 

FIGURE 13. Program main menu 

Option 2 is used to load a model from library to the 

memory as the current model. When this option is selected, 

the current model, if any, is deleted from memory and a model 

of the library becomes the current model. The user is asked 

for the name of a library model. The library is searched and 

the model with the given name is loaded to memory and becomes 

the current model provided that the model exists in the 

library. Otherwise an error occurs and the option is 

terminated (but the current model, if any, continues its 

existence) . 
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Option 3 is used to reduce the Information matrix. I. 

of the current model into a sign matrix. This matrix is used 

to form the sign tables of the modeling equations. As 

explained in Section 6.1, in order to reduce this matrix into 

a sign matrix, we must compute the sign of each entry in the 

matrix. For this purpose the user is asked for the necessary 

information about the expressions. This process must precede 

the sign analysis (options 4 and 5). It restricts the system 

space of the current model. Once this process is completed, 

all the sign analysis results will be valid for this 

restricted system space until this option is selected again 

and the system space is changed. 

If no current model exists when this option is 

selected, an error occurs. 

Option 4 is used to perform sign analysis of total 

differentials for the current model. The user is asked for 

the direction of change of each parameter as in the following 

format: 

+ the parameter is increased 

0 the parameter is kept unchanged 

the parameter is decreased 

? the direction of change of the parameter is unknown and 

will be determined by the analysis 

The perturbation formula is formed from the parameters given 

in the first three cases, and the analysis results the 

directions of change of the parameters given in the last 

case. Finally the number of possibilities found is displayed. 

The analysis uses the system space given by option 3. 
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If no current model exists or if option 3 has not been 

selected before this option then an error occurs. 

Option 5 is used to perform sign analysis of gains for 

the current model. The user is asked for the name of the 

exogenous variable or constant, say z, whose value is to be 

changed. Then the directions of change of other exogenous 

variables, relative to z, are given in the following format: 

+ the parameter is changed in the same direction as z 

o the parameter is kept unchanged 

the parameter is changed in the opposite direction of z 

The result is the directions of change of the endogenous 

variables relative to z. The analysis uses the system space 

given by option 3. 

If no current model exists or if option 3 has not been 

selected before this option then an error occurs. 

Option 6 is used to give the values of the parameters, 

i.e. the system state of the current model, before performing 

value analysis. The values of all the parameters are given. 

Then the user is asked whether he/s~e wants the equations to 

be solved for the values of the endogenous variables. If so, 

the values given for the endogenous variables are treated as 

the initial values and the equations are solved by using 

Newton-Raphson method. This iteration method is explained in 

Appendix A. If the equations converge, then the values of the 

endogenous variables are found for the given set of the 

values of the exogenous variables and constants. If the 

equations do not converge, then an error occurs and the 

parameter values become undetermined. In this case, the user 
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may repeat the process with different initial values. If the 

user does not want the equations to be solved, then- the 

values given are treated as the system state, i. e. they 

satisfy the equations. 

Once this process is completed, all the value analysis 

results will be valid for this system state until this option 

is selected again and the system state is changed. 

If no current model exists when this option is 

selected, an error occurs. 

Option 7 is used to perform value analysis on the 

current model. The user is asked for the directions and 

magnitudes of change of the parameters in the following 

format: 

+ the parameter is increased 

0 the parameter is kept unchanged 

the parameter is decreased 

? the direction of change of the parameter is unknown and 

will be determined by the analysis 

Magni tude is needed only if the direction is + or The 

number of unknown parameters must be equal to the number of 

equations. The result is the magnitudes of the unknown 

parameters. The analysis uses the system state given by 

option 6. 

If no current model exists or if option 6 has not been 

selected before this option then an error occurs. 

Option 8 is used to display the gains of the current 

model for the system state given by option 6. The user is 

asked for the name of the exogenous variable or constant 
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whose gains are to be displayed. I f no parameter name is 

specified then the gains wrtall exogenous variables will be 

outputted. 

If no current model exists or if option 6 has not been 

selected before this option then an error occurs. 

Option 9 is used to display the elasticities of the 

current model for the system state given by option 6. The 

user is asked for the name of the exogenous variable or 

constant whose elasticities are to be displayed. If no 

parameter name is specified then the elasticities wrt all 

exogenous v~riables will be outputted. 

If no current model exists or if option 6 has not been 

selected before this option then an error occurs. 

Option 10 is used to list the models in the library. 

Option 11 is used to insert a new model into the 

library. The model is given by the user as explained in 

Section 6.1. Note that the current model, if any, is not 

affected by this process. 

Option 12'is used to delete a model from the library. 

The name of the model is given. Then the library is searched 

to see whether the model with the given name exists. 

the model is removed from the library. If no such 

If so, 

model 

exists, then an error occurs. Note that the current model, if 

any, is not affected by this process. 

Option 13 is used to insert the current model into the 

library. If the model is already in the library, then an 

error occurs. This process is useful when one wants to 
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continue the analysis of a model at a latte:e time. He/she 

inserts the model into the library and loads it again from 

the library by· using option 2 at another time - and analyses 

it. 

Option 14 is used to terminate the execution of the 

program and return to DOS. 
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VII. CONCLUSION 

In this work we have introduced several techniques to 

generate causal relations from mathematical models of the 

form of algebraic equations. The techniques are based on the 

use of partial derivatives to analyse the signs of total 

differentials of parameters, and to compute the gains and the 

elasticities of parameters, which are then converted into 

causal relations between parameters. 

Our work is a step towards the automation of analysis 

of systems. System analysis is a broad concept concerning 

many scientific disciplines; and we have attempted to 

formalize only one aspect of the problem, which is to extract 

causal relations regardless of the domain. There remains 

several questions which require additional work. Below we 

discuss briefly possible future extensions of our work. 

Causal relations are expressed in terms of the 

parameters of the original mathematical model. On the other 

hand the domain of the mathematical model may not be so 

suitable for use directly in the reasoning process. 

Transformation of causal relations from the domain of the 

mathematical mode~s to a domain used in commonsense reasoning 

is one of the most challenging areas requiring future work. 

One strategy is to make some simplifying assumptions, 

possibly by using domain-dependent knowledge, on the causal 

relations for typical cases and extreme cases of a system and 
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to express these assumptions as either preconditions for the 

causal relations or as probabilities. 

Another area to work on is to extend the sign analysis 

and value analysis techniques to other types of mathematical 

models. In that sense models expressed in terms of 

differential equations, difference equations, and mix of 

algebraic, differential and difference equations can be 

considered. Some new techniques may as well emerge for these 

types of models. 

In their work [2J, de Kleer and Brown discuss two 

types of behavior: Intrastate behavior and interstate 

behavior. The work in this thesis has considered only· the 

first one of these. The equations of a model are in fact 

valid for a certain region of the values the parameters may 

take on. As the parameter values go outside of this region 

for some reason, the form of the equations change and we 

continue the analysis with a new set of equations. The work 

can be extended in this direction to take into account the 

transformation between states by using methods that are 

similar to those of other researchers. 

In Section 3.2, we have shown that sign analysis 

technique can generate spurious solutions, i. e. solutions 

that are not actual for the system. Since a mathematical 

model, as in the form discussed in this thesis, contains 

complete information about its parameters, it must be 

possible to prevent spurious solutions. We think that the 

most plausible way to do this is to extend the sign tables in 
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the sense that each element of, a sign table will have a 

magnitude in addition to the sign of the partial derivative. 

In fact, for sign analysis, the equations in a model need not 

be quantitative in form. For instance, the constraint 

equations suggested in [5] include certain relationships 

between parameters such as monotonically increasing and 

monotonically decreasing. In such a case the ambiguity in the 

solutions is unavoidable. To prevent this the model must 

contain sufficient quantitative information. 

One of the attractive application areas of the 

techniques is the diagnosis of faults. Possible behaviors of 

a system can be generated, particularly to warn of surprising 

or disastrous events. Also the techniques can be used for the 

generation and synthesis of fault trees. A fault tree is used 

to explain the possible causes of an undesirable event 

associated with the system [15J. The construction of a fault 

tree requires a structure, such as a directed graph, that 

represents the causal relations between the parameters in the 

system, where our techniques may prove useful. 

An expanded form of value analysis is interval 

analysis. Instead of assigning a single value to a parameter, 

we can represent the typical values the parameter may take on 

by an interval. In that sense interval analysis is in between 

sign analysis (analysis on system space) and value analysis 

(analysis for a particular system state). The same principles 

used in value analysis can be applied to interval analysis. 

However, as is well-known, interval arithmetic is expensive 
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and ambiguous (e. g. [16]). For example , solving a set of 

simultaneous linear equations by using different methods may 

give different results. Also obtaining r~sults that are 

precise enough for the analysis to make sense may require 

excessive computation time. 

The techniques presented in this work may seem 

expensive in terms of computation time. However this is not 

exactly the case. The most time-consuming one is the sign 

analysis. This becomes clear if we consider that the sign 

table of a medium-size function contains thousands of rows 

and the sign analysis of a question requires the cartesian 

product (for join) of several such functions. This process 

far exceeds the memory and time limits. For instance, in the 

program described in Section 6, no sign tables are created 

and the join operation is done implicitly. So the computation 

time is reduced to a reasonable limit. For example, each of 

the results of Appendix D is obtained in a few seconds on an 

8 Mhz computer. 

Finally we want to point out that the key to the 

techniques introduced in this work is the use of the 

simultaneity in the equations. We think that processing all 

the equations 

them one by 

at a time is more 

one, because, in 

efficient than processing 

the latter case, while 

generating a solution for an equation, the interrelations 

between that equation and other equations are overlooked, 

which may cause an unreasonable solution for the system and 

force us to backtrack. 
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APPENDIX A. NEWTON-RAPH.S.ON METHOD 

This appendix describes the Newton-Raphson (e.g. [17]) 

method as it is used in the program for solving a set of 

simultaneous nonlinear equations. 

Consider a system modeled by the following functions 

F (x , ... ,x ,y , ... ,y )=0 
1. 1. 11:1 m 

F (x , ... , x , y , ... , y ) =0 
II 1. 11:1 m 

where x , ... ,X represent endogenous variables, and y , ... ,y 
:1 II :1 m 

represent exogenous variables and constants. 

The notation denotes the value of Ol at the 

iteration, where Ol may be a matrix, a column vector, an 

endogenous variable, a partial derivative, or a function. 

The Newton-Raphson method solves a set of simultaneous 

nonlinear equations, shown above, for the values of the 

endogenous variables given the values of the exogenous 

variables and constants and the initial values of the 

• (0) (O) 
endogenous var~ables, x , ... ,x . 

1. II 

The iteration formula is 

(k> 

of of 
II II 

ox ... Ox 
1. II 

X 
::I. 

x , ... 

<k+ 1. ) 

= 

of of 
II II 

Ox ... Ox 
1. II 
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which can be expressed in matrix form as 

where J is the Jacobian matrix, X is the column vector of 

endogenous variables, and f is the column vector of function 

values. 

This is a set of n simultaneous linear equations and 

can be solved for the n unknowns 
(k+l.) 0;:+:1] 

X •••• ,x 
i n 

i. e. 

{k+ 1.} 
X by any method for solving simultaneous linear 

equations. 

The iteration continues until either the solution 

converges or it is understood that the solution will not 

converge. It is accepted by the program that the solution 

converges if the number of iterations is equal to or less 

than 10. Since Newton-Raphson provides fast convergence, 

usually in three or four steps, it is almost impossible for 

the solution to converge if convergence has not already been 

established within 10 steps. 

The convergence criteria used by the program is 

/ n 
't'" ( <k+1.>_ <k»2 < T 
L.. x. x.. 

i. =1 I. I. 

and 
/

'--i:-C-F-. -)-2....,'~ T 

i. =1 I. 

-6 
where T indicates the tolerance, which is equal to 1*10 . 
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APPENDI X B. PROGRAM MESSAGES 

The following is a listing of error messages the user 

may get during the execution of the program. Many error 

messages are self-explanatory, but if one feels to get some 

explanation, he/she can refer to the following listing via 

the error number. 

An error causes the active process to terminate. The 

user is required to press the Esc key and then the execution 

returns to the main menu. 

1 : unexpected end of source (Posi·tion=xx) 

The equation cannot end the way it does. It must contain some 

other operands and/or operators. The number xx specifies the 

position of the error relative to the beginning of the 

equation string. 

2 : unexpected character in equat.ion CPosit.ion=xx) 

An unexpected character is encountered while expecting a 

parameter name, a number, an operator, a function identifier, 

_ (, or ). The number xx specifies the position of the error 

relative to the beginning of the equation string. 

3 : improper equation syntax (Position=xx) 

The syntax of the equation is wrong. Check the syntax to 

agree with the rules of ordinary arithmetic expressions. The 

number xx specifies the position of the error relative to the 

beginning of the equation string. 

4 : unmatched) (Position=xx) 

The right paranthesis does not have a corresponding left 

paranthesis (. The number xx specifies the position of the 

error relative to the beginning of the equation string. 
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5 : ) expected (Position=xx) 

The number of left parantheses is greater than the number 

of right parantheses ). The number xx specifies the position 

of the error relative to the beginning of the equation 

string. 

6 . . sign of Information matrix 

( Eqn: xx, Par: yy) 

ent.ry cannot be zero 

During the process of reducing the Information matrix, I, 

into a sign matrix, the signs of all the entries of the I 

matrix (except those entries for which the parameter does not 

appear in the equation) must be either positive or negative. 

However, the sign of the indicated entry is computed as zero 

for the given signs of the expressions. The number xx 

specifies the number of the equation and the symbol yy 

specifies the name of the parameter. 

7 : # of equations must be equal to # of endogenous vars 

In order to be able to perform value analysis on a model, the 

number of equations must be equal to the number of endogenous 

variables. 

8 : cannot execute selection before a model is given 

Before this option, load a current model by using main menu 

options 1 or 2. 

9 : cannot execut.e select.i~-)n bef'ore sign of' I mat.rix '::.liven 

The Information matrix, I, of the current model must be 

reduced into a sign matrix by using main menu option 3 before 

sign analysis. 

10 : cannot execute selection before par values are given 

The parameter values, i.e. the system state, must be given by 

using main menu option 6 before this option. 

11 : equations do not converge for the given initial values 

The program cannot find the values of the endogenous 

variables by solving the equations for the given values of 

the exogenous variables/constants and the initial values of 

the endogenous variables. Either change the initial values 

and try again or solve the equations outside the program. 
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12 : singular mat.rix encount.ered in analysis 

While solving a set of simultaneous linear 

singular matrix is encountered which means 

cannot be solved uniquely. 

13 : error in division operat.or 

equations, a 

that the set 

Division by zero attempted, the operation is undefined. 

14 : error in power operat.or 

The power operation, a-b, is undefined for the values of the 

numbers a and b. 

15 : error in In operat.or 

The argument of an In operator is found to be negative or 

zero. 

16: error in log operator 

The argument of a log operator is found to be negative or 

zero. 

17 : error in sqrt. operat.or 

The argument of a sqrt operator is found to be negative. 

18 : model does not. exist. 

The library does not contain a model with the given name. 

19 : model already exist.s 

The library already contains a model with the given name. 

20 : invalid selection 

No option with the given number in the main-menu. 

21 : number of equat.ions cannot. be great.er t.han 5 

Number of equations in a model is limited by 5 (Appendix C). 

22 : number of paramet.ers cannot. be great.er t.han 20 

Number of parameters in a model is limited by 20 (Appendix 

C) . 

23 : number of parameters is zero 

The model does not contain any parameter. 

24 f no such par-a:me;.t...,.r- in t.h..,. curr·ent. model 

The model does not contain a parameter with the given name. 
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25 : paramet.er must. be an exogenous variable or a const.ant 

This is necessary 

elasticities. 

for value analysis, gains, 

26 : # of" unknowns must be equal to # ot~ equations 

and 

This condition is needed to obtain a unique solution in value 

analysis. 

50 : user breaJc~ command aborted 

This is actually not an error. It indicates that the process 

is aborted by the user by pressing Ctrl-C. 

In addition to these error messages, there are 

messages that indicate the successful completion of a 

process. These are listed below. Each message corresponds to 

one of the menu options. 

When a message is given, the user is required to press 

the Esc key, after which the main menu is displayed. 

Model given by user is loaded as the current model. 

Model from library is loaded as the current model. 

Signs of I matrix entries are initialized. 

Sign analysis of total differentials completed. 

Sign analysis of gains completed. 

Parameter values are initialized. 

Value analysis completed. 

Listing of gains completed. 

Listing of elasticities completed. 

Listing completed. 

Current model is inserted to the library. 

Model is deleted £rom library. 

Model is inserted to the library. 
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APPENDIX C. SPECIFICATIONS 

The program can be run on IBM PC, XT, AT and 

compatibles; either on the hard disk or on one of the floopy 

diskets. It requires approximately 200 KB of memory. 

The program disket contains the following files: 

KGMM.COM 
This file includes the executable code of the program. 

MODELLIB 
This file contains the models in the model library. 

KGMM .. PA.S 
This is the program source file. It is heavily commanded 
for ease of understanding. 

INCLUDE; PAS 
This is the iclude file containing additional subroutines. 

Among these four files, only the first two need to 

reside on the disket. If the file MODELLIB is absent, an 

empty library file will be created. 

To execute the program, enter the command 

KGHM 

at the terminal. The program will log on and the main menu 

will be displayed. 

The program has some limitations imposed by the 

program structure.~ Some of these are due to the memory 

management method used by the compiler. The program is coded 

as a prototype for the techniques introduced in this work and 

it is not intended to analyse large systems. Its main aim is 

to demonstrate that the techniques work and produce useful 
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resul ts. A more complete implementation can be wri tten by 

using better programming tools. 

The limitations are as follows: 

The maximum number of equations in a model . 5 . 
The maximum number of parameters in a model . 20 . 

The maximum length of a parameter name . 20 . 
The maximum length of a model name . 20 . 

The maximum length of an equation : 70 

The maximum number of models in the library 32767. 



APPENDIX D. A SAMPLE RUN 

In this appendix, we give a sample execution of the 

program on the example model of Section 5. The analysis will 

be similar to the one performed in that section. 

Before the execution of the program, the library is 

assumed to be empty. 
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C>KGHM 

Analysis of Algebraic Mathematical Models ver.1.00 
Main Menu Current model : 

1. New model ffrom user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 11 

Insert to library Current model : 
Add a new model to the library 
------------------------------------------------------------------------------
Model name : PUMP 

Kguations 

Egn : QIN-QOUT1-QOUT2 
Kgn : 
Parameter types (1:Endo 
---------------
QIN 
QOUT1 
QOUT2 

--> 2 
--) 1 
--) 1 

2:Kxo 3:Constant) 

model is inserted to the library 

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 11 

Insert to library Current model : 
Add a new model to the library 
------------------------------------------------------------------------------
Model name : VALVE 

Eguations 

142 



Eqn : Q-CV*SQRT(Pl-P2) 
Eqn : 
Parameter types (l:Endo 2:Kxo 3:Constant) 

~V 
Pi 
P2 

--) 1 
--) 3 
--) 2 
--) 2 

------------------------------------------------------------------------------
model is inserted to the library 

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : 

1. New model ifrom user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete fron library 
13. Save current model 
14. Exit 

Choice : 10 

List library 
Models in the library are listed 

Current nodel : 

------------------------------------------------------------------------------
Model no : 1 
Model name : PUMP 
Equations 

1. QIN-QOUT1-QOUT2 
Parameters (Name & Type) 

1. QIN 
2. QOUTl 
3. QOUT2 

Kxo var 
Kndo var 
Endo var 

Model no : 2 
Model name : VALVR 
Equations 

1. Q-CV*SQRT(P1-P2) 
Parameters (Name & Type) 

1. Q 
2. CV 
3. Pl 
4. P2 

Rndo var 
Constant 
Exo var 
Rxo var 

listing completed ------------------------------------------------------------------------------

Analysis of Algebraic Mathematical Models ver.l.OO 
Main Menu Current model : 

1. Nev model ~from user} 
2. New model from librar } 
3. Sign of In ormation malrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
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6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 

- 10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 1 

New model 1from user} Current model : 
A new mode is given by the user and becomes the current model 
------------------------------------------------------------------------------
Hodel name : HODEL1 

Equations 

Eqn : @PUMP 

Hodel no : 1 
Hodel name : PUMP 
Equations 

1. QIN-QOUTI-QOUT2 
Parameters (Name & Type) 

1. QIN Exo var 
2. QOUTl Rndo var 
3. QOUT2 Rndo var 

QIN --) QF 
Ty~e (O:DefaultA1:Rndo,2:Exo,3:Constant) : 0 
QOUT1 --) ~1 
Ty~e (O:DefaultA1:Endo,2:Exo,3:Constant) : 0 
QOUT2 --) ~2 
Type (O:Default,1:Endo,2:Rxo,3:Constant) : 0 

Eqn : @VALVE 

Hodel no : 2 
Hodel name : VALVE 
Equations 

1. Q-CV*SQRT(P1-P21 
Parameters (Name & Type) 

1. Q Kndo var 
2. CV Constant 
3. PI Exo var 
4. P2 Exo var 

Q --) Q1 
CV --) CVI 
TIpe (O:Default~1:Endo,2:Exo,3:Constant) : 0 
P --) rF 
Type (O:Default~I:Endo,2:Exo,3:Constant) : I 
P2 --) r1 
Type (O:Default,1:Kndo,2:Rxo,3:Constant) : 0 

Eqn : @VALVK 

Hodel no : 2 
Hodel name : VALVE 
Equations 

1. Q-CV*SQRT(P1-P21 
Parameters (Name & Type) 
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1. Q Kndo var 
2. CV Constant 
3. Pl Kxo var 
4. P2 Kxo var. 

Q --) Q2 
CV --) CV2 
Type (0:DefaultAl:Kndo,2:Kxo,3:Constant) : 0 
PI --) rF 
P2 --) 
Type (O:Default,1:Endo,2:Exo,3:Constant) : 0 

Rqn : 

Parameter types (l:Endo 2:Kxo 3:Constant) 

model given by user is loaded as the current model 

Analysis of Algebraic Mathematical Models ver.l.OO 
Main Menu Current model : MODELt 

t. Mew model ~from user} 
2. Mew model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
1. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete"from library 
13. Save current model 
14. Exit 

Choice : 3 

Sign of Information ~atrix 
Signs of pars & par expressions given to reduce I matrix into a sign matrix 

Sign of PF (- 0 +l : + 
Sign of PI (- 0 t : t 
Sign of (PF-Pl) (- 0 t) : + 
Sign of CVl (- 0 t) : + 
Sign of CV2 (- 0 t) : + 
Sign of P2 (- 0 +) : + 
Sign of (PF-P2) (- 0 +) : t 

signs of I matrix entries are initialized 

Analysis of Algebraic Mathematical Models ver.1. 00 
Main Menu Current model : MODELl 

1. Mew model ~from user) 
2. Mew Dodel from librar ) 
3. Sign of In ormation marrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
1 .• Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
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12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot difs on current model, signs of ? pars are determined 
------------------------------------------------------------------------------
QFl - 0 +? : + 
Q -Of? .? 
Q2 - 0 +? :.; 
CVl - 0 +? : 6 
PF - 0 +? .? 
Pl - 0 +? : 6 
CV2 - 0 +? : 0 
P2 - 0 +? : 0 

Possibilities 

Q1 = + Q2: + PF: + 

Possibilities found : 1 

sign analysis of total differentials completed 
------------------------------------------------------------------------------

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot difs on curre~t model, signs of ? pars are determined 
------------------------------------------------------------------------------
QF - 0 + ? : 0 
Ql - 0 + ? . ? 

~~l - 0 + ? : ? 
- 0 + ? 

: ? PF - 0 + ? 
Pl - 0 + ? : 6 
CV2 - 0 + ? : 0 
P2 - 0 + ? : 0 

Possibilities 

Ql = - Q2: + PF: + 

Possibilities found : 1 

sign analysis of total differentials completed 
------------------------------------------------------------------------------

Analysis of Algebraic Mathematical Models ver.l.OO 
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Main Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library} 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librar¥ 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot difs on current model, signs of ? pars are determined 
------------------------------------------------------------------------------
QF - 0 t ? : t 
Ql - 0 t ? . ? 

Q2 - 0 t ? : ? 
CVl - 0 t ? 

: ? PE - 0 + ? 
Pl - 0 t ? : 6 
cn - 0 + ? : 0 
P2 - 0 t ? : 0 

Possibilities 

Ql = -
Ql : 0 
Ql : t 

Q2 : t 
Q2 : t 
Q2 : t 

PF : t 
PF : t 
PF : t 

Possibilities found: 3 

sign analysis of total differentials completed 
------------------------------------------------------------------------------

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : MODKLl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
6. Gains 
9. Elasticities 
10. List librar¥ 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 
Sign analysis of total differentials 
Sign analysis of tot difs on current model, signs of ? pars are determined 
------------------------------------------------------------------------------
QF - 0 t? : 0 
Ql - 0 t? : t 
Q2 - 0 t? .? 
CV1 - 0 t? : 0 
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PF 
P1 
CV2 
P2 

- 0 + ?) : '? 
- 0 + ?) : 0 

o + ?) : 0 
-O+?):O 

Inconsistent, no possibilities 

sign analysis of total differentials completed 

Analysis of Algebraic Mathematical Models ver.l.OO 
Main Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librar{ 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot .difs on current model, signs of ? pars are determined 

QF (- 0 + ?) : + 
Ql - 0 +? : + 
Q2 - 0 +? :? 
CV1 - 0 +? : 0 
PF - 0 +? :? 
Pl - 0 +? : 0 
CV2 - 0 +? : 0 
P2 - 0 +? : 0 

Possibilities 

Q2 : t PF: t 

Possibilities found : 

sign analysis of total differentials completed 

Analysis of Algebraic Mathematical Models ver.1.00 
Main Menu Current model : MODELl 

1. New model ~froD user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
6. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 
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Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot difs on current model, signs of ? pars are determined 
------------------------------------------------------------------------------
QF - 0 f? .? 
Ql - 0 t? : 6 
Q2 - 0 f? : 0 
CVl - 0 t? :? 
PF - 0 t? : t 
Pl - 0 t? .? 
CV2 - 0 t? :? 
P2 - 0 t? :? 
Possibilities 
-------------
QF :: 0 CVl :: - Pl :: t CV2 :: - P2 :: t 
QF :: 0 CVl :: - P1 :: t CV2 : - P2 :: 0 
QF :: 0 CV1 :: - Pl :: t cn :: - P2 :: -
QF : 0 CV1 : - P1 :: + cn : 0 P2 :: t 
QF :: 0 CV1 :: - P1 : + CV2 :: + P2 :: t 
QF :: 0 CV1 :: - Pl :: 0 CV2 :: - P2 :: t 
QF :: 0 CV1 :: - P1 :: 0 CV2 : - P2 :: 0 
QF : 0 CV1 : - P1 : 0 cn :: - P2 :: -
QF :: 0 CVl :: - PI :: 0 CV2 :: 0 P2 :: t 
QF :: 0 CV1 : - Pl :: 0 CV2 :: + P2 :: t 
QF :: 0 CV1 : - PI :: - CV2 :: - P2 : + 
QF :: 0 CVI :: - Pl :: - CV2:: - P2 :: 0 
QF :: 0 CVI :: - Pl : - cn :: - P2 : -
QF :: 0 CYl : - P1 : - CV2 : 0 P2 :: + 
QF : 0 CVI : - . Pl : - CV2 : + P2 : + 
QF : 0 CV1 :: 0 P1 :: .t CV2 : - P2 :: t 
QF : 0 CYl :: 0 PI :: + CV2 :: - P2 :: 0 
QF :: 0 CVl :: 0 P1 : t CV2 :: - P2 :: -
QF :: 0 CVI : 0 Pl :: + CV2 : 0 P2 :: + 
~F :: 0 CV1 :: 0 Pl :: + CV2 :: t P2 :: t 
F :: 0 CYl :: t P1 : + CV2 :: - P2 :: t 

QF :: 0 CVI : + Pl : + CV2 :: - P2 :: 0 
QF :: 0 CVl :: + PI :: + CV2 :: - P2 : -
QF :: 0 CVl : t Pl :: t cn :: 0 P2 : t 
QF :: 0 CVI :: + PI :: + CV2 :: + P2 : t 

Possibilities found: 25 

sign analysis of total differentials completed 
------------------------------------------------------------------------------

Analysis of Algebraic Mathematical Models ver.l.OO 
Hain Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot difs on current model, signs of ? pars are determined 
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QFl - 0 + ?l : 0 
Q -o+?:? 
Q2 - 0 +? :? 
CVl - 0 +? : 0 
PF - 0 +? : 0 
Pl - 0 +? : + 
CV2 - 0 +? : 0 
P2 - 0 +? :? 

Possibilities 

Ql = - Q2 = + P2 = -
Possibilities found: I 

sign analysis of total differentials completed 

Analysis of Algebraic Mathematical Models ver.I.OO 
Main Menu Current model : MODELl 

1. New model (from user) 
2. New model (from library) 
3. Sign of Information matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 4 

Sign analysis of total differentials 
Sign analysis of tot difs on current model, signs of ? pars are determined 

QF - 0 + ? . -
QI - 0 + ? 
Q2 - 0 + ? : ? 
CVl - 0 + ? : + 
PF - 0 + ? : 0 
Pl - 0 + ? • ? 

CV2 - 0 + ? :.6 
P2 - 0 + ? : ? 

Possibilities 

Q2 = -
Q2 = 0 
Q2 = + 

PI = + 
Pl = + 
Pl = + 

P2 = + 
P2 = 0 
P2 = -

Possibilities found : 3 

sign analysis of total differentials completed 

Analysis of Algebraic Mathematical Models ver.I.OO 
Main Menu Current lodel : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
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5. Sign analysis of gains 
S. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice: 5 

Sign analysis of gains 
Sign analysis of gains on current model,gains of endos wrt a exo/cst determined 
------------------------------------------------------------------------------
Name of exo var/constant : QF 

~p = ~ !j ~ ~ 
CV2 - 0 + : 0 
P2 - 0 + : 0 

Possibil ities 

Q1 = + Q2 = + PF = + 

Possibilities found : 1 

sign analysis of gains completed 

Analysis of Algebraic Matbematical Models ver.1.00 
Main Menu Current model : MODELl 

1. New model lfrom user) 
2. New model from library) -
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
S. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 

·14. Exit 

Choice : 5 

Sign analysis of gains 
Sign analysis of gains on current model,gains of endos wrt a exo/cst determined 

Name of exo var/constant : QF 

CV1 - 0 +1" -P1 - 0 + : 0 
CV2 - 0 + : 0 
P2 - 0 + : 0 

Possibilities 

Q1 = -
Ql = 0 
Q1 = + 

Q2 = + 
Q2 = + 
Q2 = + 

PF = + 
PF = + 
PF = + 

Possibilities found : 3 
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sign analysis of gains completed 
_._----------------------------------------------------------------------------

Analysis of Algebraic Mathematical Models ver.1.00 
Main Menu Current model : MODELl 

1. New model }from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to Ilbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 6 

Parameter values 
Par values given by the user & equations solved, if desired, forendo vars 

QF 
Ql 

~~1 
PF 
PI 
CV2 
P2 

= 8 
= 1 
= 10 
= 2 
= 10 
= 8 
= 3 
= 5 

Will the equations be solved for endogenous variables? (Y/N) Y 

Q1 = 2.00 
Q2 : 6.00 
PF = 9.00 

parameter values are initialized 

Analysis of Algebraic Mathematical Models ver.1.00 
Main Menu Current model : MODELl 

1. New model }from user) . 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete frOB library 
13. Save current model 
14. Exit 

Choice : 8 

Gains 
Display gains for a single exo var/constant or for all exo vars/constants 

Nalle of exo var/constant : 
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Gains for QF 
------------
Ql 0.57 
Q2 0.43 
PF 
Gains for CVl 

0.57 

-------------
Ql 0.43 
Q2 -0.43 
PF 
Gains for pi 

-0.57 

------------
Ql -0.43 
Q2 0.43 
PF 0.57 
Gains for CV2 
-------------
Ql -1.14 

~~ 1.14 . -1.14 
Gains for pi 
------------
Ql 0.43 
Q2 -0.43 
PF 0.43 

listing of gains completed 

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14.Kxit 

Choice : 9 

Elasticities 
Display elasticities for a single exo var/const or for all exo vars/constants 

Name of exo var/constant : 

Gains for QF 

Ql 

~i : 
Gains for CVl 

2.29 
0.57 
0.51 

Ql 0.43 
Q2 -0.14 
PF : -0.13 
Gains for PI 

Q1 -1. 71 
Q2 0.57 
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PF 
Gains for CV2 

0.51 

-------------
Ql -1. 71 

~~ 0.57 
-0.38 

. Gains for pi 
------------

n 1.07 
-0.36 
0.24 

listing of elasticities completed 

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : MODELl 

1. Nev Dodel ~from user) 
2. Nev Dodel from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 7 

Value analysis 
Value analysis of tot difs on current model, magnitudes of ? pars determined 

Sign (- 0 + 7) Magnitude 
-------------- ---------

~i + 1 
? 

~~1 ? 
0 

PF ? 
PI 0 
CV2 0 
P2 0 

Results 

Ql = 0.57 
Q2 = 0.43 
PF = 0.57 

value analysis completed 

Analysis of Algebraic Mathematical Models ver.1.00 
Main Menu Current model : MODELl 

1. New model ifrom user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
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9. Elasticities 
10. List librarf 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 7 

Value analysis 
Value analysis of tot difs on current model, magnitudes of 7 pars determined 

Sign (- 0 + 7) Magnitude 
-------------- ---------

QF + 1 
QI ? 
Q2 7 
CVI 1 
PF 7 
PI 0 
CV2 0 
P2 0 

Results 

Q1 = 0.14 

~~ = 0.B6 
= 1.14 

value analysis completed 

Analysis of Algebraic Mathematical Models ver.l.OO 
Main Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
B. Gains 
9. Elasticities 
10. List library 
11. Insert to llbrary 
12. Delete from library 
13. Save current model 
1( Exit 

Choice : 7 

Value analysis 
Value analysis of tot difs on current model, magnitudes of 7 pars determined 

~i 
~~I 
PF 
PI 
CV2 
P2 

Results 

Sign (- 0 + 7) Magnitude 
-------------- ---------

o 
? 
? 

6 
o 
+ 1 o 
? 

QI = -1.00 
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= 1.00 
:: 1.33 

value analysis completed 

Analysis of Algebraic Mathematical Models ver.l.OO 
Main Menu Current model : MODELl 

1. New model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 7 

Value analysis 
Value analysis of tot difs on current model, magnitudes of ? pars determined 

Sign (- 0 + ?) Magnitude 
-------------- ---------

~i 1 
1 

Q2 ? 
CV1 + 2 
PF 0 
PI .- ? 
CV2 0 
P2 ? 

Results 

Q2 = 0.00 
P1 = 3.00 
P2 = 0.00 

value analysis completed 

Analysis of Algebraic Mathematical Models ver.l.OO 
Hain Henu Current model : HODELl 

1. Hew model ~from user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains 
9, Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 7 
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Value analysis 
Value analysis of tot difs on current model, magnitudes of ? pars determined 
------------------------------------------------------------------------------

Sign (- 0 +?) Magnitude 
-------------- ---------

~i ? 
0 

~h 0 

PF + 
Pi ? 
CV2 
P2 ? 

Results 

QF = 0.00 
PI = 0.00 
P2 = -1.61 

value analysis completed 

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : MODELl 

1. New model ffrom user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
1. Value analysis 
8. Gains 
9. Elasticities 
-10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit -

Choice : 13 

Save current model 
Add the current model to the library 

current model is inserted to the library 

Analysis of Algebraic Mathematical Models ver.l.00 
Main Menu Current model : HOD ELl 

1. New model ffrom user) 
2. New model from library) 
3. Sign of In ormation matrix 
4. Sign analysis of total differentials 
5. Sign analysis of gains 
6. Parameter values 
7. Value analysis 
8. Gains , 
9. Elasticities 
10. List librarf 
11. Insert to lIbrary 
12. Delete from library 
13. Save current model 
14. Exit 

Choice : 14 

C> 
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APPENDIX E. PROGRAM LISTING 

Program KnowledgeGenerationFromMathematicalModels (Input, Output) 

Canst 
HaxKquation 
HaxParameter 
ParameterNameLen 
HaxPostfixKntry 
HodelNameLen 

= 5 j 
= 20 ; 
= 10 j 
: 30 j 
= 10 j 

{ max I of equations in a model l 
{ max' of varameters in a model 

{ • of characters In a parameter's name 
{ max I of entries in a postfix expression 

{ • of characters in a modet's name 

HodelLibraryFileName = 'HODKLLIB' { name of file containing model library} 

{ common logarithm of e } 

{ code of Esc key } 

{ linefeed } 

LogOfe = 0.4342944 ; 

Esc 

LF 
Type 

ParameterName 
ParameterRange 
ParameterRangeW 
TypeOfParameter 
ParameterInfo 

ParameterType 

EntryType 
OperatorType 

PostfixEntryRange 
PostfixEntryRangeW 
PostfixEntry 

PostfixType 

SignTypeW 
SignType 

IKatrixRowType 

InfixType 

EquationRange 
EquationRangeW 

= .27 j 

= TJ j 

= String [ParameterNameLenl 
= 1 .. HaxParameter j 
= 0 .. HaxParameter ; 
= (Endo\ Kxo, Cnst) ; 
= Recora 

{ string for parameter name } 

Name : ParameterName j 
Type_ : TypeOfParameter 

Hnd j 
= Record 

ParNo 
ParInfo 

End j 

{ record holding parameters in the model } 
: ParameterRange ; 
: Array [ParameterRange] Of Parameter Info 

= (Operator I Paramet~r_, Number_l '. . 
= (Plus_~ BH1nus_, UK1nus_, Hult_, D1V_, Power_, S1n_, Cos_, ArcTan_, Exp_, 

Ln_, Log_, S9r , Sqrt_) ; 
= 1 .. HaxPostflXintry ; 
= 0 .. HaxPostfixEntry ; 
= Record 

Case Type_ : EntryType Of 

Parameter_: Index : ParameterRange); {which parameter in array Par Info } 
Operator : {operator: OperatorType) ; 

Rumber_ : Number: Real) 
Hnd . 

= Reco~d { record holding information about an } 
HntryNo : PostfixEntrlRangeW A { expression in postfix form } 
Entry : Array [PostfixEntrYKange] Of PostfixEntry 

Hnd ; 

= (_neg, _zero, -pos! _undef) 
= (neg_, zero_, POS_I ; 

= Array [ParameterRange] Of PostfixType ; 

= String [255] ; 

= 1 .. HaxEquation ; 
= 0 .. HaxEquation ; 
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{ just an array of characters } 



Equationlnfo 

Rquationiype 

HodelNameiype 

Hodeliype 

HodeliypePtr 

= Record 
KX2ression : Postfixiype ; 
Infix : Infixiype ; 
IMatrixRow : IHatrixRowiype 

Rnd ; 
= Record { record holding equ~tions in the model }-

RqnNo : KquationRange ; 
Eqnlnfo : Array [EquationRange] Of Equationlnfo 

Rnd ; 

= String [HodelNameLen] 

= Record 
Name : HodelNameiype ; 
Equations : Equationiype ; 
Parameters : ParameterType 

End ; 

= . Hodeliype ; 

{ record holding information about a model } 

HodelLibraryFileiype = File Of Hodeliype ; 

IHatrixSiype 

EquationVectoriype 

EquationHatrixiype 

ExoEndoHatrixType 

CrHodelInfo 

CrHodelType 

SignArrayType 

StringType 

SetOfChar 

Var 

= Array [EquationRange, ParameterRange] Of SignType i 
\ I matrix in sign matrix form } 

= Array [EquationRange] Of Real ; { vector type} 

= Array [EquationRange] Of EquationVectoriype ; 

= Array [ParameterRange] Of EquationVectorType ; 

{ matrix type } 

{ matrix of gains } 

= Record { additional info about the current model } 
IHatrixS : IHatrixSiype ; 
ExoEndoHatrix : ExoEndoHatrixType ; 
KxoParNo , - { • of exo vars/constants } 
EndoParNo : ParameterRangeW ; { • of endo vars 1 
KxoParAr , - { indirect index into array Par nfo for I 
EndoParAr : Array [ParameterRange] Of Parameter Range ; {exos and endos 
Value : Array [ParameterRange] Of Real { system state 

End ; 

= Record 
Model : HodelTIpe 
Hodellnfo : CrHode Info 

End ; 

= Array [ParameterRange] Of SignTypeW ; 

= String [255] 

= Set Of Char 

HodelLibFile : HodelLibraryFileType ; 
CrHodel : CrHodelType ; 

{ file of model librarI } 
{ current mode } 

CrHodelGiven , 
IHatrixSGiven, 
ParValuesGiven : Boolean ; 

SPReg , 

HeapPtrSeg , 
HeapPtrOfs : Integer ; 

{ current model loaded? } 
{ I matrix reduced to sign matrix ? 

{ systelll state specified ? 

used when error occurs to directly jump to main menu } 
'I integer variable holding stack pointer (SP), } 

segment & offset of heap pointer, used to allocate space on heap in 
svecific locations. Because when error occurs,we return to main menu{ 
Without disallocating heap, so New causes heap to grow infinitely ~ 

{ *** returns upper case of string ·s· *** } 
Function UpCasestr (8 : StringType) : StringType ; 
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Var 
i : Byte j 

Begin 
For i:=l To Length(s) Do 

s [il := UpCase (5 [ill j 
UpCaseStr := s -

End j 

r *** removes lead ina blanks in string "5" *** } 
Funytion TrimL (s : §tringType) : StrlngType j 
Be~ln 

While (s <> ") And (s [1] = ' ') Do 
Delete (6, 1, 1) j 

TrimL := s 
End j 

{ *i* removes trailing blanks in string "s" *** } 
Funytion Trim! (5 : StringType) : StringType j 
Begln 

While (s <> ") And (s [Length (s)] = ' ') Do 
Delete (s, Length (s), 1) j 

TrimT := s 
End j 

{ iii returns a string of length Len formed from character Ch iii } 
Function Spc (Ch : Char ; 

Len : Byte ): StringType j 

Var 
s : StringType j 
i : Byte j 

Begin 
s:= i 
For i:=1 To Len Do 

s := s + Ch j 
Spc := s 

End j 

t 
**i outputs the strin~ s and controls if Ctrl-S is pressed. i*i } *** If so, waits until a kel is pressed i** } 

rocedure WriteSc (s : StringType) j 
Canst 

CtrlS = U9 ; 
Var 

Ch : Char j 
Begin 

Writeln (s) . 
If KeyPresse~ Then 
BeRin 
Ifa~(~b~tr~)Then 

End 
End j 

Read (Kbd, Ch) 

I 
i*i displays the error message corresponding to ErrorCode, waits until iii I *** Esc is preessed, and returns to main menu directly. Number iii 
i*i additional information for some errors *i* 

rocedure GiveError (ErrorCode, 
Number : Byte) j 

Var 
Ch : Char ; 

Begin 
Window (1, 1, 80, 25) j 

Go~oXY (! 25) i 
IirIte (Error ,ErrorCode,': ') j 

Case ErrorCode Of 
1 : lirite ('unexpected end of equation') 

160 



'unexpected character in eguation') ; 
'improper eguation syntax') ; 
'unmatched I') ; 
') expected) ; 

2 : Write 
3 : Write 
4 : Write 
5 : Write 
6 : Write 
7 : Write 
8 : Write 
9 : Write 
10 : Write 
11 : Write 
12 : Write 
13 : Write 
14 : Write 
15 : Write 
16 : Write 
17 : Write 
18 : Write 
19 : Write 
20 : Write 
21 : Write 
22 : Write 
23 : Write 
24 : Write 
25 : Write 
26 : Write 
50 : Write 

'sign of I matrix entry cannot be zero') ; 
'. of equations must be equal to • of endogenous vars') ; 
'cannot execute selection before a model is given') ; 
'cannot execute selection before sign of I matrix given') 
'cannot execute selection before par values are given') '1 
'eguations do not converge for the given initial values' 
'slngular matrix encountered in analysis') ; 
'error in division operator') ; 
'error in power operator') ; 
'error in In operator'l j 
'error in log operator I ; 
'error in sqrt operator) ; 
'model does not exist'j ; 
'model already exists' ; 
'invalid selection') ; 
'number of equations cannot be greater than 'I MaxKguation) . 
'number of parameters cannot be greater than , MaxParameterl 
'number of parameters is zero') ; 
'no such parameter in the current model') j 
'parameter must be an exogenous var or a constant') 
'I of unknowns must be equal to 1 of equations') ; 
'user break, command aborted') 

End ; 

Case ErrorCode Of 
1 .. 5 : Write (' (Position=', Number, ')') ; 
6 : With CrModel. Hodel. Parameters Do 

End ; 

Write (' (Egn:', (Number-I) Div ParNo + 1 ',Par:', 
Trlm'f (Parlnfo [(Number-1) Mod ParRo + 1]. Name), 

Go~oXY (68, 25); , 
WrIte ( Press Esc ... ) ; 

Repeat 
Read (Kbd, Ch) 

Until (Ch = Esc) And (Not KeyPressed) 

T) 

Inline (189/$ECI L: MOV SP,BP I 
5DI POP BP 
39/$26/SPReg/ CMP SP,SPReg 
75/$F7 I . JNZ L I 

SP is saved into BP when a procedure is called } 
BP is saved into stack } 
SPReg contains address of top of stack } 
if not stack emptied yet, jumv to L } 

{ now stack holds address of maln menu, } 
{ return to main menu } 

C3 ) RET } 
End ; 

t 
*** displays a message corresponding to MsgCode indicating the *** } 
*** successful completion of a main menu operation *** } 

rocedure Message (MsgCode : Byte) ; 
Var 

Ch : Char ; 
Begin 

Window (1, 1, 80, 25) 

GotoXY (1, 25) ; 

Case MsgCode Of 
1 : Write 'signs of I matrix entries are initialized') ; 
2 : Write 'parameter values are initialized') ; 
3 : Write 'sign analysis of total differentials com~leted') 
4 : Write 'current model is inserted to the library} ; 
5 : Write 'listin~ completed') ; 
6 : Write 'llodel IB deleted froll library') i 
1 : Write 'llodel ia inserted to the library ) i 
6 : Write 'model from library is loaded as the current Dodel'l ; 
9 : Write 'model given by user is loaded as the current Dodel ) ; 
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10 : Write 'sign anallsis of gains conpleted') ; 
11 : Write 'value ana ysis completed') . 
12 : Write 'listing of gains completed'l ; 
13 : Write 'listing of elasticitIes completed') ; 

End ; 

Go~oXY {68, 25); , 
WrIte ( Press Rsc ... ) ; 

Repeat 
Read (Kbd, Chl 

Until (Ch = Esc And (Not KeyPressed) 
End j 

{ *** line editor, inputs a string of length Len position of cursor *** } 
Procedure· ReadInput ( Len : Byte ; 

Var InputStr : StringType ); 
Const 

Home = .71 j End = '79; CR = '13; BackSp = 18 ; 
Left = .75 i Rignt = #77 i Del = '83; CtrlC =.3; 

Var 
Row, Col, 
x y : Byte i 
Endfnput : Boolean i 
Ch : Char j 

Procedure DeleteChar (CharNo : Byte) i 
Begin 

InputStr := Copy (InputStr,1,CharNo-l) + Copy (InputStr,CharNo+l,Len-CharNo) + ' 
GotoXY (Col, Rowj ; 
Write (InputStr 

End; 

Begin 
InputStr := Spc (' " Len) ; 

Row := WhereY ; 
Col := WhereX ; 
y := Row ; 
x := Col . 
EndInput := False ; 

Repeat 
GotoXY (x, yl ; 
Read (Kbd,Ch ; 
Case Ch of 

Esc : If KeyPressed Then 
Begin 

Read (Kbd~Ch) ; 
Case Ch OI 

Left : If x <> Col Then 
x := x - 1 ; 

Right : If x <> ColtLen-l Then 
x := x t 1 i 

End_ : x := Col t Len - 1 ; 
Home : x := Col j 
Del : DeleteChar (x-Colt1) 

End {Case Ch of } 
End i {If ... Then} 

BackSp : II x <> Col Then 
Begin _ 

DeleteChar·(x-Col) 
x := x-I 

End j 
CR : End Input := True j 
CtrlC : GiveError (50, 0) j 
Else Begin 

Ch := UpCase (Ch) j 
Write (eh) j 
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InputStr [x-Coltl1 ::: Ch ;, 
If x <> ColtLen-l Then 

x ::: x t 1 
End 

End { Case } 
Until RndInput j 

Writeln 
End j 

{ *** reads an integer, returns in Number **t } 
Procedure ReadInputI ( Len : Byte j 

Var Number : Integer I ; 
Var 

InputStr : StringType ; 
Result : Integer ; 

Begin 
ReadInput (Len, InputStr) ; 
Val (InputStr, Number, Result) 

End j 

{ *** reads a real l returns in Number *** } 
Procedure ReadInputR ( Len : Byte ; 

Var Number : Real ); 
Var 

InputStr : StringType j 
Result : Integer ; 

Begin 
ReadInput (Len, InputStr) ; 
Val (InputStr, Number, Result) 

End ; 

{ *** reads a string, returns in InputStr *** } 
Procedure ReadlnputS ( Len : Byte ; 

Var InputStr : StringType ) 
. Begin 

Readlnput (Len, InputStr) 
Rnd ; 

{ H* reads a character, returns in Ch. ChSet contains legal characters H* } 
Procedure ReadChar (Var Ch : Char ; 

ChSet : SetOfChar ) j 

Var 
InputStr : StringType ; 
Row, Col : Byte j 

Begin 
Row := Where! ; 
Col := Where! ; 
Repeat 

Goto!! (Col Row) ; 
ReadInput {i, InputStrl 

Until (InputStr [1J IN ChSet) 
Ch := InputStr [1] 

End i 

{ *** Is Overator a binary or unary operator *** } 
Function BlnaryOperator (Operator: OperatorType) : Boolean j 
Begin 

BinaryOperator := (Operator IN [Plus_,BHinus_, HulL. Div_, POlfer_J) 
End j 

{ Hi RquationNoR~n of model Hodel contains the parameter whose index is NoPar ? H* } 
{ iii It contains If the parameter appears in the infix form of the equation *** } 
Function ParlnRqn (Var Kodel : HodelType ; 

NoPar : ParameterRange j 
NoRqn : RquationRange ): Boolean j 

Begin 
ParlnRqn := (Pas {Trill! (Hodel. Parameters. Par Info [NoPar 1. Name). 

Mode. Equations. EqnInfo [NoEqn]. Infix) <> 0) 
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End ; 

{ **~ The following five functions are for operators that may result in an error *~* } 
{ *** division operator *** } 
Function DivOp (Operand1, Operand2 : Real) : Real ; 
Begin 

If Operand2 = 0 
Then GiveError (13, 0) 
Else DivOp := Operandi I Operand2 

End j 

{ *** power operator *** I 
Function PowerOp (Operand , Operand2 : Real) : Real j 
Vu 

Result : Real j . 
Begin 

If (Operand1 > 0) Or ((Operand1 (0) And (Operand2 = Int (Operand2))) Then 
Begln 

Result := Exp (0~erand2 * Ln (Abs (Operand1))) . . 
If (Operand1 < 0) And (Odd (Round (Abs (Operand~)))) Then 

Result := - Result 
Rnd 
RIse 

If (Operand1 = 0) And (Operand2 > 0) 
Then Result := 0 
Else GiveKrror (14, 0) 

Rnd j 

{ *** In operator *** } 
Function LnOp (Operand : Real) : Real j 
Begin 

If Operand <= 0 
Then GiveRrror (15, 0) 
Else LnOp := Ln (Operand) 

Knd j 

{ *** log operator *** } 
Function LogOp (Operand : Real) : Real j 
Begin 

If Operand <= 0 
Then GiveRrror (16 0) 
RIse LogOp := Ln (6perand) * LogOfe 

Rnd j 

{ *** square root operator *** } 
Function SqrtOp (Operand : Real) : Real j 

Begin . 
If Operand < 0 . 

Then GiveKrror (17 0) 
RIse SqrtOp := Sqrt (Operand) 

End j 

{ *** returns the result of an operator *** } 
Function OpResult (Operand1 , 

Operand2 : Real ; 
Operator : OperatorType ): Real ; 

Begin 
Case Operator Of 

UHinus_ : OpResult := -.Operand2 
Sin : OpResult := SlD Operand2 
Cos- : OpResult := Cos Operand2 
Arcfan : OpResult := ArcTan Operand2 
Kxp -: OpResult := Kxp Operand2 
Ln - : OpResult := LnOp Operand2 
Log_ : OpResult := LogOp Operand2 
Sqr_ : OpResult := Sqr Operand2 
59rt : OpResult := SqrtOp Operand2 . 
Plus: : OpResult := Operand + Operand~ ; 
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BHinus_ : OpResult := Operand! - Operand2 ; 
Hult : OpResult := O~erand! * Operand2 ; 
Div_- : OpResult := D1VOp (Operand!, Operand2l 
Power_ : OpResult := PowerOp (OperandI, Operand2 

End 
End ; 

{ *** returns the inverse of sign Sign *** } 
Fun~tion Signlnverse (Sign: SignType) : SignType 
Beglll 

Case Sign Of 
neg_ : Signlnverse := pos_ ; 
zero : Signlnverse := zero ; 

Enaos-- : Signlnverse := neg_-

End ; 

t 
*** Library contains a model whose name is Name? If so, return *** } 
i** the file index in Index, else Index is undetermined. H* } 

unction ModelExists ( Name: HodelNameTYDe ; 
Var Index: Integer " ): Boolean; 

Var 
Hodel : HodelTypePtr ; 
Found : Boolean ; 

Begin 
Found := False . 
Reset (HodelLibtile) ; 

Hodel := Ptr (HeapPtrSeg, HeapPtrOfs + $7FFF) ; f create space on heap for the model. Space is 32K t 
beyond the beginning of heap, since top of heap mal 
contains another model before this function is cal ed 

While (Not Found) And (Not Eof (ModelLibFile)) Do 
Begin 

Read IHodelLibFile, Hodel") ; - . -
If Hodel". Name = Rame Then 
Begin 

Found := True . 
Index := FilePhs (HodeILibFile) - I 

End 
End ; 

HodelExists := Found 
End ; 

t 
parameter whose name is Name exists in Parameters ? *** } 
If so, return its index in Index, else return ParNo + I *** } 

unction ParameterExists ( Parameters: ParameterType ; 
Name : ParameterName j 

Var Index : ParameterRange ): Boolean ; 
Var 

Found : Boolean ; 
Begin 

With Parameters Do 
Begin 

Found := False ; 
Index := 1 ; 

While (Not Found) And (Index <= ParRo) Do 
If Parlnfo [Index]. Name = Name 

Then Found := True 
Else Index := Index + I 

ParameterExists := Found 
End 

End ; 

{ *** postfix expression Item is formed from a single number *** } 
Procedure NumberKntry (Var Item : PostfixType ; 

NUll : Real ) ; 
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Begin 
With Item, Entry [1] Do 
Begin 

KntryNo = 1 ; 
Type_ = Number_ ; 
Number = Num 

End 
End ; 
f *** postfix expression Item is formed from a single operator *** } 
Procedure OperatorEntry (Var Item: PostfixType ; 

Ope : OperatorType ); 
Begin 

With Item,Entry [1] Do 
Begin 

KntryNo : = 1 ; 
Type_ := Operator_ ; 
Operator := Ope 

End 
End ; 

{ *** solves Ax=b for x by Gauss Elimination. No is • of unknowns u* } 
Procedure GaussElimination ( A: RquationHatrixType ; 

b : RquationVectorType ; 
No : RquationRange ; 

Var x : EquationVectorType ) j 

Var 
i, j, k : RquationRange ; 
HaxRowNo : KquationRange ; 
Hultiplier : Real 

Procedure InterchangeRows (RoliNol , 
RowNo2 : RquationRange) j 

Var 
Vector : RquationVectorType ; 
Number : Real j 

Begin 
Vector := A [RowNol1 

. A [RowNol1 := A [RowN02] 
A [RowN02] := Vector 

Number := b [RowNol] j 
b [RoliNol] := b [RowN02] ; 
b RowNo2] := Number 

End ; 

Begin 
For i:=l To No-l Do 
Begin 

lIaxRowNo := i j 

For j:=i+l To No Do 
If Aba (A [j,i]) > Aba (A [HaxRowNo,i]) Then 

MaxRowNo := j j 

If MaxRowNo <> i Then 
InterchangeRows (HaxRowNo, i) ; 

If A (i,i] = 0 Then 
GiveError (12, 0) j 

For j:=i+1 To No Do 
Begin 

Multiplier := A [j,i] / A (i,i] 

For k:=i+l To No Do 
A [j,k] := A [j,k] - Multiplier * A (i,k] 

b [j] := b [j] - Multiplier * b (i] 
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End 
End i 

For i:=No DownTo 1 Do 
Begin 

x [i] := b [i] 

For j:=i+1 To No Do 
x tiJ := x [i] - A [i,j] * x [j] ; 

If A [i, i] = 0 Then 
GiveError (12, OJ ; 

x [I] := x [I] / A [i,i] 
End 

End ; 

{ *** multipli~s matrix A br vector x~ ret¥rns result in b *** } 
Procedure HatrlXVectorHult No : I!quationRange t' 

A : RquationMatrix ype i 
x : RquationVectorType ; 

Var b : RquationVectorType ) i 
Var 

i, j : RquationRange ; 
BegIn 

For i:=1 To No Do 
Begin 

b [iJ := 0 i 
For a:=l To No Do 

b ti] := b [I] + A [i,j] * x [j] 
End 

End ; 

{ *** computes the value of the postfix expression. For parameters, svstem state is used *** } 
Function KvaluateExpression (Expression : PostfixType) : Real ; . 
Const 

HaxStackltem = 50 ; 
Type 

stackltemRange = 1 .. HaxStackltem ; 
StackltemRangeW = 0 •• HaxStackltem ; 
StackType = Record 

Top : StackltemRangeW . 
Item: Array [StackitemRange] Of Real 

End ; 
Var 

Stack : StackTYI~e i 
NoEntri : PostfixKntryRange ; 
Operand! , 
Operand2 : Real 

Procedure Push (Var Stack : StackType ; 
Number : Real ) ; 

Begin 
With Stack Do 
Be 17in 

fop := Top + 1 i 
Item [TopJ := Number 

End 
End ; 

Function Pop (Var Stack : StackType) : Real ; 
Begin 

With Stack Do 
Begin 

Pop := Item [Top] 
Top := Top - 1 

End 
End ; 
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Begin {Evaluate Expression} 
With Stack, Expression Do 
Begin 

Top :: 0 ; 

For MoEntry:=l To EntryNo Do 
With Entry [NoEntry] Do 

If Type = Parameter Then 
Push TStack, CrModel. Modellnfo. Value [Index]) 

Else 
If Type = Number Then 

Push TStack, Number) 
Else Begin 
O~erand2 := Pop (Stack) ; 
If BinaryOperator (Operator) Then 

Operandi := Pop (Stack) ; 

Push (Stack, OpResult (Operandi, Operand2, Operator)) 
End ; 

EvaluateExpreasion := Pop (Stack) 

End { With} 
End ; 

{ *** parses equation string, inserts p'arameters into the model *** } 
Procedure ParseEquation (Var Model : ModelType ; 

KoEgn : EquationRange ; 
EqnStr : StringType ) ; 

Const 
KaxStackltem = 50 ; 

TYT~kenType = (_Plus, BKinus, UMinus, _Mult, _Div, _Power, 
_Sin, _~OSA _ArcTan, _Rxp, _Ln, ~og, _Sqr, _Sqrt, 

. _LeftPr~ _KightPr, _Parameter, _Humber) ; 
StackltemRange = 1 .. Kaxotackltem ; 
StackItemRangeW = 0 .. MaxStackItem ; 
StackType = Record 

Top : StackItemRanaeW . 
Item: Array [StackYtemRange] Of TokenType 

End ; 
StateType = 0 .. 3 ; 

Var 
Token : TokenType 
Stack : StackType , 
TokenSymbol : ParameterName ; 
State : StateType ; 
PrCount : Integer 
EqnPos : Byte 

Procedure DelStr (Var B : StringType ; 
Posl, 
Poa2 : Byte ) 

Begin 
Delete (a, Posl, Pos2) . 
EqnPos ::EqnPos + (Pos2 - Poal + 1) 

End ; 

Function TrimL (s : StringType) : StringType ; 
Bedn 

While (s <> ") And (8 [l) = • ') Do 
• DelStr (8, 1, 1) ; 
TrimL := s 

End ; 

Function Get Token : TokenType ; 
Var 

TokenLen : Integer ; 
Begin 
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EqnStr := TrimL (EqnStr) 

TokenLen := 1 ; 

If EqnStr = .. Then 
GiveKrror (1, EqnPos) ; 

Ca~e.Kq!S~r [1] Qf " 
A .. Z : Belln 

While (TokenLen < Length (KqnStr)) And (EqnStr [TokenLentl] IN [·A·., 'Z', '0'" '9']) Do 
TokenLen := TokenLen t 1 ; 

TokenSymbol := Co~y (EqnStr 1, TokenLen) ; 
If TokenSymbol = SIN' T~en GetToken := _Sin Else 
If TokenSymbol = 'COS' Then GetToken := _Cos Else 
If TokenSymbol = 'ARCTAN' Then GetToken:= ArcTan Else 
If TokenSymbol = 'EXP' Then GetToken := -Exp Else 
If TokenSymbol = 'LN' Then GetToken := -Ln Else 
If TokenSymbol = 'LOG' Then GetToken := -Log Else 
If TokenSymbol = 'SQR' Then GetToken := -Sqr Else 
If TokenSymbol = 'SQRT' Then GetToken := =Sqrt Else 

GetToken := _Parameter 
End . 

'0' .. '9' : Beli~ 
While (TokenLen < Length (EqnStr)) And (KqnStr [TokenLentl] IN [·0· .. ·9·]) Do 

't' 

TokenLen := TokenLen + 1 i 
If KqnStr [TokenLentl1 = '. Then 
Begin 

TokenLen := TokenLen t 1 . 
While (TokenLen < Length IEqnStr)) And (EqnStr (TokenLentl] IN ('0' .. '9']) Do 

TokenLen := TokenLen t i 
End . 
If KqnStr (TokenLentl] = 'E' Then 
Begin 

TokenLen := TokenLen t 1 ; 
If KgnStr (TokenLentl] IN ('-', 't'] Then 

TokenLen := "TokenLen t 1 ; 
Wh. ile (TokenLen < Length (EqnStr)) And (EqnStr (TokenLentl1 IN ['0' .. '9']) Do 

TokenLen := TokenLen t 1 
End ; 
GetToken := _Number 

End . 
: GetToken := -Plus 
: If State = 0 

Then GetToken := _UHinus 
Else GetToken := _BHinus 

: GetToken := JHult 
: GetToken := J)iv 
: GetToken := _Power '1' : GetToken := _LeftPr j 

• • : GetToken := JUghtPr j 
E se GiveError (2, EqnPos) 

End ; { Case } 

TokenSymbol := Copy (EqnStr, 1, TokenLen) ; 

DelStr (EqnStr, 1, TokenLen) 
End ; 

Function StackEmpty (Var Stack: StackType) : Boolean j 

Begin 
StackKmpty := (Stack. Top = 0) 

End ; 

Procedure Push (Var Stack : StackType j 
Operator : TokenType ) j 

Begin 
With Stack Do 
Begin 

Top := Top + 1 ; 
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Item [Top) := Operator 
End 

End ; 

Function Pop (Var Stack : StackType) : TokenType ; 
Begin 

With Stack Do 
Begin 

Pop := Item [Top) 
Top := Top - 1 

End 
End j 

{ *** precedence of operators ***} 
Function Prcd (Operatorl, Operator2 : TokenType) : Boolean j 
Begin 

Case Operatorl Of 
_Sin , Cos, 
_ArcTan, ~xp, 
_Ln ,_Log, 
_Sqr ,_Sqrt: Prcd := False j { Operator2 may only be ( } 
_LeftPr : Prcd:= False j 
_UHinus : Prcd:= Operator2 IN 
_Power : Prcd:= Operator2 IN 
_Kult, _Div : Prcd:= Operator2 IN 
TP1us, _Bllinus : Prcd:= Operator2 IN 

Enu 
End j 

_RightPr, Ylus, _Bllinus, Jlul t, _Div, _Power.j _Ullinusl) 
_RightPr, _Plus, _Bllinus, _Mult, _Divj _Power) j 
_RightPr, _Plus, . ..:Bllinus

j 
_Mult, _Div ) j 

_RightPr, _Plus, _Bllinus } 

Procedure AddToPostfixExpr (TypeOfKntry : EntryType j 
TokenStr : ParameterName . 

TypeOfOperator : OperatorType I 
Var 

ResultCode : Integer ; 

Procedure ProcessParameter ( ParName: ParameterName j 
Var Index : ParameterRange ) 

Var 
Found : Boolean j 
No : ParameterRange j 

Begin 
ParName := ParName + Spc (0 0, ParameterNameLen) ; 

With lIodel, Parameters Do 
If Not ParameterExists (Parameters, ParName, Index) Then {assigns index} 
Begin 

If ParNo = lIaxParameter Then 
GiveError (22, 0) j 

ParNo := ParHo + 1 ; 
Parlnfo [ParNol. Name := ParName 

End 
End ; 

Begin {AddToPostfixExpr} 
With Hodel. Equations. Eqnlnfo [NoEqnl. Expression Do 
Begin 

KntryNo := EntryNo + 1 j 

With Entry [EntryNo] Do 
Begin 

Type_ := TypeOfEntry ; 
Case Type_ Of 

Operator : Operator := TypeOfOperator ; 
Parameter : ProcessParam.eter (TokenStr, Index) 
Humber_ -: Val (TokenStr, Number, ResultCode) 

End 
End 

End 
End j 
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Begin {ParseEquation} 
KqnPos := 1 ; 

Hodel. Equations. Eqnlnfo [NoEqn]. Expression. EntryNo := 0 ; 

With Stack Do 
Begin 

Top := 0 ; 

State := 0 ; 
PrCount := 0 ; 

Re~eat 
Token := GetToken ; 

S1 --) SO Parameter S2 I Number S2 I Sin .. Sqrt S3 
SO --) ~ SO Parameter S2 Number S2 Sin .. Sqrt S3 

S2 --) S2 I +-*1' S1 
S3 --) (SO 

Case State Of o : Case Token Of 
_LeftPr : PrCount := PrCount + 1 ; 
_Parameter, 

Number : State := 2 ; 
-UKinus : State := 1 ; 
Else State := 3 

End ; 
1 : Case Token Of 

LeftPr : Begin 
- PrCount := PrCount + 1 ; 

State := 0 
End ; 

_Parameter, 
Number : State := 2 ; 

lIse State := 3 
End· -

2 : Case'Token Of 
RightPr : PrCount := PrCount - 1 ; 

lIse State := 1 
End. ; 

3 : BegIn 
PrCount := PrCount + 1 ; 
State := 0 

End 
End ; { Case } 

If Token = Parameter Then 
AddToPostiixExpr (Parameter_, TokenSymbol, Plus_) {_PIns dummy} 

Else 
If Token = Number Then 

AddToPostiixExpr (Number_, TokenSymbol, Plus_l { -Plus dummy} 

- Sl 

Elae Begin {operator} 
While {Not StackEmpty (Stack)) And (Prcd (Hell [Top], Token}) Do 

AddToPostfixExpr (Operator_I ", OperatorType (Ord (Pop (Stack)))) 
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If Token = RightPr Then 
Be"in -

if StackEmpty (Stack) Then 
GiveError (4, EqnPos) ; 

Top := Top - 1; {delete matching ( from stack } 
If (Not StackEmpty(Stack)) And (Item[Top] IN [_Sin, Cos,_ArcTan/_Exp,_Ln,_Log,_Sqr,_Sqrt]) Then 

End AddToPostfixExpr (Operator_, " OperatorType (Ora (Pop (StacK)))) . 

Else 
Push (Stack, Token) 

Rnd 
Until (TrimL (EqnStr) = ") 

If State <> 2 Then 
GiveError (1, KqnPos) j 

If PrCount <> 0 Then 
GiveError (5, RqnPos) j 

While Not (StackEmpty (Stack)) Do 
AddroPostfixKxpr (Operator_, ", OperatorType (Ord (Pop (Stack)))) 

Rnd { lhth } 
End j 

l 'i* converts I matrix into a sign matrix by restricting system space i** } *** signs of expressions are asked for when needed' *** } 
rocedure SignOflnformationHatrix j 

Const 
MaxExpr = 50 j 

T12e 
KxprNoRange = 1 .. KaxExpr j 
RxprHoRangeW = 0 .. HaxExpr j 
KxprSignType = Record { holds expressions whose signs are asked } 

RxprNc : RxprNoRangeW . 
ExprAr : Array [ExprNo~ange) Of Record 

Rxpr : InfixType j 
Sign : SignType 

End 

Var 
RXl1rSign 
NoEqn 
NoPar 

End j 

: KxprSignType 
: RquationRange j 
: ParameterRange j 

Procedure SignOfExpression ( Expression: PostfixType j 
Var Sign : SignType ) ; 

Var 
Rxpr1, Rxpr2 : PostfixType -; 
Sign1, Sign2 : SignT¥pe ; 
NoEntry : PostflxEntryRangeW ; 
Counter : Integer 

Procedure ShiftEntries ( Rxpr1 : PostfixType ; 
Index1 , 
Index2 : PostfixEntryRangeW ; 

Var Expr2 : PostfixType ) 
Var 

i : PostfixEntryRangeW ; 
Begin 

Expr2. EntryNo := Index2-Index1+1 ; 

For i:=l To Rxpr2. EntryNo Do 
Rxpr2. Entry [i) := Expr1. Entry [lndex1+i-l) 

Rnd ; 
Function NumberSign (Number : Real) : SignType ; 
Begin 

If Number < 0 Then 
NumberSign := neL 
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Else 
If Number = 0 

Then NumberSign := zero_ 
Else NumberSign := pos_ 

End ; 

Function SignNumber (Sign: SignType) Integer j 
Begin . 

Case Sign Of 
neg_ : SignNumber := -1 j 
zero : SignNumber:= 0 j 

En~os-- : SignNumber:= 1 

End ; 

Function ReadSign (Expression: PostfixType) : SignType j 
Var 

InfixExpr: InfixTzpe ; 
No : ExprNoRange j 
Found : Boolean ; 
SignCh : Char j 

Function ConvertTolnfix (Expression: PostfixType) InfixType; 
Const 

KaxStackltem = 50 ; 
TYl1e 

StackItemRange = 1 .. KaxStackltem j 
StackItemRangeW = 0 .. KaxStackltem j 
StackType = Record 

Top : StackItemRangeW' 
Item: Array [StackltemRange] Of StringType 

End ; 
Var 

Stack : StackTYl1e ; 
HoEntri : PostfixKntryRange ; 
NUllberStr • . 
Strl, Str2 : StringType ; 

Procedure Push (Var Stack : StackTipe ; 
Str : StringType ) 

Begin 
With Stack Do 
Begin 

Top := Top t 1 . 
Item [Top] := Sir 

End 
End ; 

Function Pop (Var Stack: StackType) : StringType j 
Begin 

With Stack Do 
Begin 

Pop := Item [Top] 
Top := Top - 1 

End 
End ; 

Function OperatorStr (Operator : OperatorType) : StringType ; 
Begin 

Case Operator Of 
Plus_ : OperatorStr ;= 't' ; 
BKinus_. 
UKinus_ : OperatorStr := '-' 
Kult_ : OperatorStr := '*' 
Div_ : OperatorStr := ',' 
Power_ : OperatorStr := ,., 
Sin : OperatorStr := 'Sin' 
Cos - : OperatorStr : = 'Cos' 
Arcfan_ : OperatorStr := 'ArcTan' 
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Exp_ 
Ln_ 
Log_ 
Sqr_ 
Sqrt_ 

End 
End ; 

: OperatorStr := 'Ex~' 
: OperatorStr := 'Ln 
: OperatorStr := 'Log' 
: OperatorStr := 'Sqr' 
: OperatorStr := 'Sqrt' 

Begin {ConvertTolnfix} 
iith Stack, Expression Do 
Begin 

Top := 0 ; 

For NoEntry:=1 To EntryNo Do 
With Entry [NoEntry] Do 

Case Type_ Of 
Parameter_ : Push (Stack, TrimT (CrModel.Model. Parameters. Parlnfo [Index]. Name)) ; 
Number : Begin 

- Str (Number :1:2, NumberStr) ; 
Push (Stack, NumberStr) 

End. ; 
Operator_ : BegIn 

Str2 := Pop (Stack) ; 
If BinaryOperator (Operator) 

Then Strl := Pop (Stack) 
Else Str1 := " ; 

If Operator IN [Sin , Cos , ArcTan , Exp , Ln_, Log , Sqr , Sqrt_] Then 
If Str2 [1] = T- - - - --

Then Pusn (Stack, OperatorStr (Operatorl + Str2) 
Else Push (Stack, OperatorStr (Operator + '(' + Str2 + ')') 

Else 
Push (Stack, '(' + Str1 + OperatorStr (Operator) + Str2 + ')') 

End 
End j { Caae } 

ConvertTolnfix := Item [1] 

End { With} 
End j 

Begin {ReadSign} 
With ExprSign Do 
Begin 

InfixExpr := ConvertToInfix (Expression) 

Found := False ; 
No := 1; ~ 

While (Not Found) And (No <= ExprNo) Do 
If ExprAr [No]. Expr = InfixExpr 

Then Found := True 
Else No := No + 1 ; 

If Found Then 
ReadSi~n := ExprAr [No]. Sign 

Else BegIn 
Write ('Sign of " InfixExpr, ' (- 0 +) ') 
ReadChar (SignCh, ['-','0','+']) i 
ExprNo := ExprNo + 1 . 
With ExprAr lExprNo] bo 
Begin 

Case SignCh Of 
'-' : Sign := neg_ ; 
'0' : Sign := zero_ ; 
'+' : Sign := pos_ 

End . 
Rxpr':= InfixExpr ; 
ReadSign := Sign 

End { With} 
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End { Else Begin } 
End { With} 

End ; 

Begin {SignOfExpression} 
With Expression ·Do 

If EntryNo = 1 Then 
Case Entry [1]. Type_ Of 

Parameter_ : Sign := ReadSign (Ex2ression) ; { signs of parameters are given by user} 
MUlllber_ : Sign : = NumberSign (Entry [1 ]. Number) 

End 
Else Begin 

MoEntry := EntryNo - 1 j 
Counter := 1 ; 
While (Counter> 0) Do { find the operator with lowest precedence} 
Begin 

If Entry [NoEntry]. Type_ (> Operator_ Then 
Counter ;= Counter - 1 

Else 
If BinaryOperator (EntrI [NoEntry).Operator) Then 

Counter := Counter + ; 
NoEntry := MoEntry - 1 

End ; 

ShiftEntries (Expression, 1 ,NoEntry ,Exprl); {first &: second Darts. If a unary } 
ShiftKntries (Expression, NoEntry + 1, EntryNo - 1, Expr2); {operator, then Rxprt is not used} 

Case Entry [EntryNo]. Operator Of 
Plus :. Begin 

- SignOfExpression ~Expr1' Signt) ; 
SignOfExpression Expr2 Sign2); 
If {(Signt = pos_ And !Sign2 = negJ) Or ((Sign1 = negJ And (Sign2 = pos_)) 

Then Sign := ReadSign (Ex2ression) 
Else Sign := NumberSign (SignMumber (Sign1) + SignNumber (Sign2)) 

End . 
BMinus_ :Begi~ 

SignOfExpression ~Exprl' Signt) ; 
SignOfExpression Expr2 Sign2); 
If ((Signt = pos_ And !Sign2 = p08_)) Or ((Sign1 = neg_) And (Sign2 = neg_)) 

Then Sign := ReadSign (ExpressIon) 
Else Sign := NumberSign (SignNumber (Sign1) - SignNumber (Sign2)) 

End . 
UHinus_ : Begi~ 

SignOfExpression (Expr2, Sign2) 
Sign := Signlnverse (Sign2) 

End . 
MulL : Begin 

SignOfExpression (Expr1, Sign!) 
If Sign! = zero Then 

Sign := zero_-
Else Begin 

SignOfEx2ression (Expr2, Sign2) . 
Sign := NumberSign (SignNumber (Sign1) * SignNumber (Sign2)) 

End 
End . 

Die : Begi~ 
SignOfExpression IExprl, Sign1) j 
SignOfEx2ression Expr2 Sign2) j 
Sign := NumberSign (Di;6p (SignMumber (Signl), SignNumber (Sign2))) 

End • 
Power_ : Begin 

SignOfExpression (Exprl, Signl) j 
If Signt = pos_ Then 

Sign := pos_ 
Else Begin 

SignOfExpression (Expr2 Sign2) . 
If (Signl = neg ) And (Sign2 1M tpos_, neg_]) 

Then Sign := EeadSign (ExpressIon) 
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SgrL 

RIse Sign := HumberSign (PowerOp (SignNumber (Signl), SignNu~ber (Sign2))) 
Rnd 

Rnd . 
: Begi~ 

SignOfExpression (Expr2, Sign2) ; 
If Sign2 = zero 

Then Sign := zero 
RIse Sign := Read~ign (Expression) 

Rnd . 
: Begi~ 

-SignOfExpression (Expr2, Sign2) ; 
If Sign2 = zero 

Then Sign := pos 
Else Sign := ReaaSign (Expression) 

End . 
S· ' : Ign:= pos_ i 

: SignOfExpresslon (Expr2, Sign) j 
: Begin 

SignQfExpression (Expr2, Sign2) 
If SIgn2 = zero 

Then Sign := zero 
Else Sign := pos_-

End. ; 
: BegIn 

SignOfExpression (Expr2, Sign2) . 
Sign := NumberSign (SgrtOp {SignNumber (Sign2))) 

End . 
Ln_. Log_ : Begi~ 

SignOfExpression (Expr2, Sign2) j 
If Sign2 : pos_ 

-Then Sign := ReadSign (Expression) 
Else Sign :: HumberSign (OpResult(O, SignNumber(Sign2), Entry[EntryHo].Operator)) 

End 
End { Case } 

End { Else Begin } 
End ; 

Begin t SignOfInformationHatrix } 
KxprSlgn. ExprHo := 0 ; 

IHatrixSGiven :: False ; 

With CrHodel. Hodel, Hodellnfo, Eguations, Parameters Do 
For MoEgn::l To EgnHo Do 

For HoPar:=l To ParHo Do 
If ParlnEgn (Hodel, HoPar, HoEgn) Then 
Begin 

SignOfEx~ression (Egnlnfo [HoEgn]. IHatrixRow [HoPar], IHatrixS [HoEgn, HoPar]) j 

If IHatrIxS [MoEgn, HoPar] = zero_ Then 
GiveError (6, (HoRgn-l) * ParHo + HoPar) 

End ; 

Message (l) ; 

IHatrixSGiven := True 
Rnd ; 

~ 
*** sign analysis on the current model. In this vrocedure exo and endo means parameters *** } *U whose signs are given and parameters whose sIgns are unknown, respectively u* } 

rocedure SignAnalysis (Signs : SignArrayType) ; 
Label 

EndProc ; 
TYP'e 

HodeType 
HodeSetType 
TableEntryType 

: 1 .. 3 . 
: Set Of HodeType ; 
: Record 

Sign : SignType ; 
Hade : HodeType 

End ; 

{ l:derivative sign; 2:zero ; 3:inverse of derivative sign} 
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TableType 
EndolnfoType 

= Array fEquationRange~ ParameterRange] Of TableEntryType ; 
= Array EquationRangeJ Of Record ' 

EndoHo : ParameterRangeW . 

ParEqnNoType 
ExoSetType 

EndoAr : Array [ParameterRangel Of ParameterRange 
End . 

= Array [Parameter Range] Of Equ~tionRangeW ; 
= Set Of ParameterRange ; 

Var 
Table : TableTzpe ; 
Endo : EndolnfoType 
ParEqnHo : ParEqnHoType 
ExoSet : ExoSetType ; 
NoEqn : EquationRangeW ; 
HoPar : ParameterRange ; 
SignCh : Char ; 
PossibilityHo : Integer ; 
Init ialized , 
InitOkey , 
Continue : Boolean 

Procedure TableEntry (Var Entry : TableEntryType ; 
Sign : SignType ; 

. Kode : KodeType ) 
Begln 

Entry. Sign := Sign; 
Entry. Kode := Kode 

End ; 

Procedure WritePossibility j 
Var 

NoPar : ParameterRange j , 
Begin 

With CrKodel. Kadel. Parameters Do 
For NoPar:=l To ParHo Do 

If (Signs [HoPar] = _undef) Then 
Begln 

Write (TrimT {Parlnfo [HoPar]. Name}, ' = 'J-j 
Case Table [parKlnHo [HoPar], HoPar). Sign Of 

neg_ : Write '-'}; 
zero_ : Write '0· ; 
pos_ : Write 't' 

End ; 
Write (' ') 

End ; 

WriteSc ( , ') ; 

PossibilityHo := PossibilityHo + 1 
End ; 

{ *** finds next Vossible sign combinations using Table *** } 
Function HextPosslbility (HoKqn : EquationRange) : Boolean; 
Var 

NoPar : ParameterRangeW ; 
i : ParameterRange ; 
ExitLoop, 
Found : Boolean 

~ 
*** modes consistent if all modes are zero or if there are at least *** } *** two parameters one with mode 1 and the other with mode 3 *** } 

unction KodesConsistent (HoKqn : KquationRange) : Boolean i 
~ . 

HoPar : ParameterRange ; 
KodeSet : KodeSetType ; 

Begin 
KodeSet := [] ; 

With CrKodel, Kodel. Parameters Do 
For HoPar:=l To ParHo Do 
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If ParlnEqn (Hodel, NoPar, NoEgn) Then 
HodeSet := HodeSet t [Table LHoKqn, HoPar]. Hade] ; 

HodesConsistent := ([1,3] * HodeSet = (]) Or ([1,3] * HodeSet = (1,3]) 
End ; 

Begin 
KxitLoop := False ; 

With CrHodel. HodelInfo, Endo (NoEqn) Do 
Repeat 

KxitLoop := True ; 
Found := False ; 
NoPar := EndoNo ; 

While (Not Found) And (HoPar > OJ Do 
If Table [NoEqn, EndoAr [HoPar ]. Hode < 3 

Then Found := True 
Else HoPar := HoPar - 1 ; 

If Found Then 
Begin . 

Table [HoEgn& EndoAr [HoPar]]. Hode := Table [HoEgn, EndoAr [HoParJJ. Hode t 1 ;{ try next mode} 
Case Table [noEgn, EndoAr [HOparJj' Hode Of 

1 : Table ~HOKqn, EndoAr (HOpar I' Sign := IHatrixS [HoEqn, EndoAr [HoPar]] ; 
2 : Table HoEqn, EndoAr HoPar . Sign := zero ; 
3 : Table HoEqn, EndoAr HoPar . Sign := SignTnverse (IHatrixS [NoEgn, EndoAr [HoPar]]) 

End . 
For 1:=NoPart1 To RndoHo Do { initialize following parameters} 

TableRntry (Table [MoRgn~ EndoAr [ill, IHatrixS [MoEqn, EndoAr (i]], 1) ; 
If Mot HodesConsistent (No~qn) Then 

End 
ExitLoop := False 

Until ExitLoop ; 

NextPossibility := Found 
End ; 

{ *** initialize signs & modes of parameters in the equation *** } 
Function InitializeKqn (MoEqn : EquationRange) : Boolean ; 
Var 

MoPar : ParameterRange ; 
HodeSet : HodeSetType ; 
E9nOkey : Boolean ; 

BeglD 
With CrHodel, Hodel, HodelInfo, Equations. hnlnfo [MoEqn], Parameters, Endo (NoEqn] Do 
Begin 

HodeSet : = [] ; 

For HoPar:=l To ParHo Do 
If (ParlnEgn (Hodel,MoPar,HoEqn)) And ((Signs [HoPar] <> _undef) Or (ParEqnNo[HoPar] < HoEqn)) Then 

HodeSet := HodeSet + [Table [HoRgn, HoPar]. Hode] j 

EqnOkey := True ; 

Case EndoHo Of o : If ([1
1

3J * HodeSet <> []) And ([1,3] * HodeSet <> [1,3]) Then 
EgnOIey := False ; 

1 : If ([1,3J * HodeSet = []) Then 
TableEntry (Table [HoEgn, EndoAr [1]], zero_, 2) 

Else 

{ 80, e9uation cannot } 
{ be inltialized } 

. If (31M HodeSet) , 
Then TableEntry (Table (MoEgn, EndoAr [1]], IHatrixS [HoEgn, EndoAr [1]], 1) 
Else TableEntrl (Table [HoEgn, EndoAr [1]], SignInverse (IHatrixS[KoRgn, EndoAr[l]]), 3) ; 

Else If (3 IN HodeSet) Then 
For KoPar:=l To EndoMo Do 

TableEntry (Table [KoEgn, EndoAr [MoPar]], IHatrixS [HoEqn, EndoAr [HoPar]], 1) 
E18e Begin 

For HoPar:=l To EndoHo-1 Do 
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TableEntry (Table [MoEgn EndoAr [NoParj]' IHatrixS [NoEgn, EndoAr [NoParl], 1) ; 
TableRntry (Table [NoEgn, tndoAr [KndoNo] , Signln,erse (IHatrixS[NoEgn,EndoAr[EndoNoll), 3) 

End 
End { Case } 

End ; { With } 

InitializeEqn := EgnOkey 
End ; 

Function InitialPo8sibility (NoEgn : EquationRange) : Boolean; 
Var 
NoPar : ParameterRange ; 

Begin 
With CrHodel, HodelInfo, Hodel. Parameters Do 

For NoPar:=1 To ParNo Do 
If !ParInEgn (Hodel, NoPar, NoEgn)) And (Signs [NoPar] = _undef) And (ParRgnNo[NoPar] < MoRgn) Then 
Begm 

Table [NoEgn, NoPar]. Sign := Table [ParKqnNo. [NoParl, NoPar]. Sign; 
If (Table lNoEqn~ NoParl. Sign = IHatrixS [NoEqn, No~arl) Then 

Table [NoEgn, ~oParl. Hode := 1 
Else • 

If Table [NOErn, NoPar]. Sign = zero_ 
Then Table HoRqn, NoPar]. Hode := 2 
Else Table NoEqn, NoPar]. Hade := 3 

Hnd j 

InitialPossibility := InitializeRqn (NoEgn) 
End j 

Begin {SignAnalysis} 
With erKodel, KodelInfo, Hodel, Equations, Parameters Do 
Begin 

KxoSet := [] j 

For NoPar:=! To ParMa no 
If Signs [MoParl <> _undef Then 

ExoSet := ExoSet + [NoPar] j 

Writeln (LF, 'Possibilities', 
LF, • -------------. ) j 

PossibilityHo := 0 j 

If KxoSet = [1 .. ParHo] Then 
Goto EndProc ; 

FillChar (ParEqnHo, ParHo, 0) ; 

For NoEgn:=1 To EqnHo Do 
With KgnInfo [HoEqn], Kndo [MoEgn] Do 
Begin 

KndoHo := 0 j 

For NoPar:=l To ParHo Do 

{ if no unknowns then no possibility} 

If ParInEqn (Hodel, NoPar, HoEqnl Then 
Begin . 

If Signs [NoPar] <> undef Then { assign signs and modes of known parameters into} 
Begin - { Table. These do not change during the analysis } 

Table [NoEgn, NoPar]. Sign := SignTfpe (Ord (Signs [NoPar])) j 
If Ord (Signs [NoPar]) = Ord (IHatrlxS [NoEgn, NoPar]) Then 

Table [NoEgn, NoParJ. Hode := 1 
ElBe . 

If Signs [NoPar] = _zero 
Then Tacle [NoRgn, NoPar]. Hade := 2 
Else Table [NoEgn, NoPar]. Hade := 3 

End ; 

If Not (NoPar IN ExoSet) Then 
Begin 
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EndoNo := EndoNo + 1 . 
EndoAr[EndaNa] := Na~ar 'J 
ExaSet := ExaSet + [NaPar 

End ; 

If ParEqnNo [NoPar} =0 Then 
ParEqnNa [NaPar} := NaEqn { • af the "first" equation the parameter appears } 

End f If·& Far } 
End; { With & For} 

NoEqn := 1 . 
Initialized':= False; 
Repeat 

InitOkey := InitializeEqn (NaEqn) ; 
If Enda [NaEqnl. EndaNa = 0 Then { if • af endas in NaEqn > 0, then InitializeEqn returns True} 

If Not InitOkey 
Then Gata EndPrac 
Else NaEqn := NoEqn + 1 

Else 
Initialized := True 

Until Initialized ; 

With Endo [NaEqnl Do 
Table [NaEqn, KndoAr [EndaNo}}. Mode := Table [NaEqn, EndoAr [EndaNa]]. Hade - 1 j 

While (NoEqn > 0) Do 
Be l1 in 

eontinue := True; 
If NextPossibility (NoEqn) Then 
BegJn 

While (Continue) And (NoEqn < EqnNo) Do 
Begin 

NaEgn := MoEqn + 1 . 
If Not InitialPossibility (NoEqn) Then 
Begin 

NoEqn := NoE~n - 1 j > 

Continue := False 
End 

End ; { While } 
If Continue Then 
Begin 

iritePossibility ; 
MoEqn := EqnNo 

End 
End { If } 
Else 

No.~~n := MoEqn - 1 
End { While } 

End; { With} 

EndProc : 

Writeln' . 

{ initialize following equations} 

If POSSibilitrMo = 0 
Then Write 'Inconsistent, no possibilities') 
Else Write 'Possibilities found: " PossibllityMo) 

End ; 

{$I INCLUDE. PAS} 

{ *** displals main menu and calls the option selected *** } 
Procedure HalnHenu j { no variables must be passea to this procedure } 
Var ' 

Choice : Integer j 
Begin 

ClrScr j 
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GotoXY 154, 3) ; 
Write 'Current model : ') ; 
If CrMo elGiven Then 

Write (CrModel. Hodel. Name) ; 

GotoXY p, 2) i . 
Write ( AnalysIs of Algebraic Hathematical Models ver.1.00', LF, 

'Hain Henu', LF, 
'---------' LTI 
LF ' " 
'1: New model ~from user)', LF, 
'2. New model from library)', LF 
'3. Sign of In ormation matrix', tF, 
'4. Sign analysis of total differentials', LF, 
'5. Sign analysis of gains', LF, 
'6. Parameter values't LF, 
'1. Value analysis', F, 
'S. Gains', LF, ' 
'9. Elasticities', LF, 
LFA 
'lv. List library', LFI 
'11. Insert to lIbrary, LF 
'12. Delete from librarf', tF, 
'13. Save current model, LF, 
LF, 
'14. Exit', LF, 
LF 
'do ice : ') j 

ReadInputI (2, Choice) 

[f (Not CrModelGiven) And (Choice IN [3 .. 9,13]) Then 
GlveError (8, 0) ; 

If (Not IMatrixSGlven) And (Choice [N[4,5]) Then 
GlveError (9, 0) j 

If (Not ParValuesGiven) And (Choice IN [1 .. 9]) Then 
GlveError (10 0) j 

If Not (Choice IN [1 .. 14]) Then 
GiveKrror (20, 0) ; 

[f (Choice <> 14) Then 
BegIn 

ClrScr i 
Write ( Option', Choice, ' - ') j 
Case Choice Of 

1 : Write ('New model (from user)', LF, . 
'A new model is given by the user and becomes the current model') 

2 : Write ('New model (from library)', LF 
'A model of the library IS loaded as the current model') ; . 

3 : Write ('Sign of Information matrix', LF, 
'Signs of pars & par expreSSIons ~iven to reduce I matrix into a sign matrix') j 

4 : Write ('Sign analysis of total differentIals', LF 
'Sign analysis of tot difs on current model, signs of ? pars are determined') ; 

5 : Write ('Sign analysis of gains', LF, 
'Sign analysis of gains on current model, gains of endos wrt a exo/cst determined') ; 

6 : Write ('Parameter values' LF 
'Par values given bl the user & equations solved, if desired, for endo vars') ; 

7 : Write ('Value analysis', LF, 
'Value analysis of tot difs on current model, magnitudes of ?pars are determined') ; 

8 : Write ('Gains', LF, 
'Display gaIns for a single exo var/constant or for all exo vars/constants') ; 

9 : Write ('Elasticities', LF, 
'Displa¥ elastIcitIes for a single exo var/constant or for all exo vars/constants') ; 

10 : Write ('List lIbrary', LF, 
'Models in the librarr are listed') ; 

11 : Write ('Insert to library', F, 
'Add a new model to the library') ; 

12 : Write ('Delete from library'! LFi 
'Remove a model frol he ibrary'); 
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13 : Write ('Save current model', LF, 
'Add the current model to the library') 

End ; 

GotoXY 154, 1) . 
Write 'Current model: ') ; 
If CrMo elGiven Then 

Write (CrHodel. Hodel. Name) 

Write 
Goto!! 
Write 
Window 
GotoXY 

LF, LF, '-------------------------------------------------------------------------------') !, 24) ; , 
------------------------------------------------------------------------------- ) ; 

1, 41 80, 23) ; 
1, 1 J 

End ; 

Case Choice Of 
1 : ReadCurrentHodel ; 
2 : LoadCurrentHodel . 
3 : SignOflnformationHatrix ; 
4 : SignAnalysisOfTotalDifferentials ; 
5 : SignAnalysisOfGains ; 
6 : ParameterValues ; 
1 : ValueAnalfsisOfTotalDifferentials ; 
8 : DisplayGalns ; 
9 : Elasticities j 
10 : ListLibrary ; 
11 : InsertToLibrary ; 
12 : DeleteFromLibrary ; 
13 : SaveCurrentHodel ; 
14 : Begin 

Close (ModeILibFile) 
Halt 

End 
End { Case } 

End; 

{ *!* main program *** } 
Begm 

Assign (HodelLibFile, HodelLibraryFileName) 

f$I-} 
Reset (HodeILibFile); 
{SI +} 
If (IOResult <> 0) Then 

Rewrite (HodeILlbFile) 

CrHodelGiven := False ; 

Inline (i89/J26/SPRegl HI OK/SPRegl 
FFI OK/SPReg ); f 

HOV SPReg,SP } 
DEC SPReg 
DEC SPReg 

{ open model library file } 

{ if file does not exist, create it } 

{ no cnrrnt model } 

move (address of top of stack - 2) to SPReg 
this IS the address that will contain the 
return address of main pro~ram when it calls 
the procedure MainHenu. HalnHenu must not be 
called with a variable\ otherwise SPReg points to 
these variables insteaa of the return address 

HeapPtrSeg := Seg (HeapPtr') ; 
HeapPtrOfs := Ofs (HeapPtr') ; 

{ to? of heap: segment & offset. The program allocates } 
{ pOInters on heap at top of heap & at (top of heap + 32K) } 

TextColor (LightGray) 

Repeat 

KainHenu 

Until False 
End. 
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{ *** sign analysis of total differentials *** } 
Procedure SignAnalysisOfTotalDifferentials ; 
Var 

Signs : SignArrayType ; 
NoPar : ParameterRange ; 
SignCh : Char ; 

Begin 
With CrHodel. Hodel. -Parameters Do 

For HoPar:=! To ParHo Do 
Begin 

Write (ParI~fo [NoP,rj.,N,m~,,',,: 0 t 7) ') 
ReadChar (SlgnCh, [ - , 0 , + , . ]) ; 
Case SignCh Of 

'-' : Signs Hoparl:= neg ; 
'0' : Signs HoPar := =zero ; 
't' : Signs HoPar := -pos ; 
.1 4 

: Signs HoPar := _undef 
End 

Rnd ; 

SignAnalysis (Signs) 

Message (3) 
Rnd ; 

I *** sign anal¥sis of gains. similar to sign analysis of total *** l 
*** differentlals. sign of given exo/const becomes t. signs of .*** 
*** other exos/consts initialized. signs of endos found *** 

rocedure SignAnalysisOfGains ; 
Var 

Signs : SignArrayType ; 
ParHame : ParameterName ; 
Index , 
HoPar : ParameterRange ; 
SignCh : Char ; 

Begin 
With CrModel, Hodel, Parameters Do 
Begin 

Write ('Name of exo var/constant : ') i 
ReadInputS (ParameterHameLen, ParHame) i 

If Not ParameterRxists (Parameters, ParName, Index) Then 
GiveRrror (24, 0) ; 

If ParInfo [Index]. Type_ = Rndo Then 
GiveError (25, 0) i 

Writeln ; 

For HoPar:=! To ParNo Do 
If ParInfo [HoPar]. Type = Rndo Then 

Signs [HoPar] := _under 
Else 

If Par Info [HoPar]. Hame = ParName Then 
Signs [HoPar] := -pos 

RIse Begin 
Write (ParInfo [HoParj. Name, ' (- 0 t) ') 
ReadChar (SignCh, ['- ,'0', 't']) ; 
Case SignCh Of 

'-' : Signs (NOpar~ := _neg i 
'0' : Signs HoPar := _zero i 
't' : Signs HoPar := -pos 

Rnd 
Rnd i 

SignAnalysis (Signs) 
End i { With } 
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Message (10) 
End ; 

{ *** input a system state *** } 
Procedure Parameterialues ; 
Var 

Egniector : KguationiectorType ; 
EgnMatrix : EguationMatrixType ; 
NoEgn : EquationRange . 
SoPar : ParameterRange 
Answer : Char 

{ *ii solves the nonlinear equations by Kewton-Raphson method *i* } 
Procedure Sewton_Raphson ; 
Const 

Tolerance = 1E-6 ; 
Haxlteration = 10 ; 

: EquationVectorType ; 
: EquationMatrixType ; 
: KquationRange ; 
: ParameterRange ; 

Var 
EqnVector 
EqnMatrix 
SoEgn 
SoPar 
Oldiector , 
SewVector , 
RHSVector : EguationVectorType 
IterationSo : Byte _ 
Value! , 
Value2 : Real 

Begin 
[terationNo := 0 ; 

{ 10 itera.tions is enough for convergence } 

With CrModel, Modellnfo, Model, Equations, Parameters Do 
Re.Qeat 

For SoEgn::! To EgnSo Do 
EgnVector [KoEgn] :: EvaluateExpression (Egnlnfo [KoEgn). Expression) 

For SoEqn::! To EgnNo Do 
For SoPar::! To EndoParNo Do 

EgnMatrix [SoEgn,NoPar] :: EvaluateExpression IEqnlnfo[KoEqn]. IMatrixRow [KndoParAr[NoPar)]) 

For HoPar::! To EndoParHo Do 
OldVector [NoPar) :: Value [EndoParAr [HoPar]] ; 

HatrixVectorMult IEqnNo, KqnHatrix, OldVector, RHSVector) 

For NoEqn::1 To KgnNo Do 
RHSVector [NoEgn) := RHSiector [SoEgn] - Egniector [NoEqn] ; 

GaussElimination (EqnHatrix, RHSVector, EqnNo, SewVector) ; 

For SoPar::1 To EndoParHo Do 
Value [EndoParAr [HoPar)] :: NewVector [HoPar] ; 

Value! :: 0 ; 
Value2 :: 0 ; 

For SoPar::! To EndoParNo Do 
Value! :: Value! + Sqr (NewVector [HoPar] - OldVector [HoPar]) ; 

For HoEgn::1 To KgnHo Do 
Value2 :: Value2 + Sqr (KvaluateExpression IEqnlnfo [HoEqn]. Expression)) 

IterationNo :: IterationHo + 1 
Until ((Sqrt (Valuel) < Tolerance) And (Sqrt (Value2) < Tolerance)) Or (IterationNo > Haxlteration) 

If IterationNo > Haxlteration Then 
GiveError (11, 0) 

End ; 
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Begin 
ParValuesGiven :: False; 

Wit~ CrHodel, Hodellnfo, Hodel, Equations, Parameters Do 
BegIn 

For HoPar::1 To ParHo Do 
Begin 

Write (Parlnfo [HoParl. Hamel' : ') ; 
ReadInputR (10, Value [HoPar ) 

End ; 

Write (LF
1 

'Will the equations be solved for endogenous variables? (Y/H) ') 
ReadChar Answer, ['Y','H']I ; 

Writeln ; 

If Answer: 'Y' Then 
Begin 

Hewton Raphson; . 
For Ho~ar::1 To EndoParNo Do 
Begin 

Write (ParInfo [EndoParAr [NoFar]]. Name, ' : " Value [KndoParAr [HoPar]] :7:2) 
WriteSc ( .. ) 

End . 
End ; 

For HoEqn::! To EqnHo Do 
For HoPar::1 To EndoParNo Do 

EqnHatrix {NoEgn, HoPar] :: EvaluateExpression (Eqnlnfo [HoEgn]. IHatrixRow [EndoParAr [HoPar]]) 

For HoPar::! To ExoFarNo Do { calculate gains} 
Begin 

For HoEqn::! To EqnNo Do 
Begin 

EgnVector [NoEgn] :: KvaluateExpression (Egnlnfo [HoEgn]. IHatrixRaw [ExoParAr [HoPar]]) 
EqnVector [HeEgn] :: - EgnVector [NoEqn] 

End ; 
GaussElilDination (EqnHatrix, KqnVector, KqnNo,ExoEndoHatrix [HaPar]) 

End 
End; { With} 

Message (2) ; 

ParValuesGiven := True 
End ; 

t 
*** value analysis on the current model *** } 

rocedure ValueAnalysisOfTotalDifferentials ; 
yp'e 
HagnitudeArrayType : Array [ParameterRange] Of Real; 

hr -
Signs : SignArrayType ; 
Hagnitudes : MagnitudeArrayType ; 
EqnVector , 
ResultVector : EquationVectorType ; 
RqnMatrix : EquationHatrixType ; 
Gain : Real ; 
NoEgn : EquationRange ; 
UndefHo , 
NoPar , 
i : ParameterRange ; 
SignCh : Char ; 

Begin 
With CrModel, Modellnfo, Kodel, Equations, Parameters Do 
Be o1 in 

6ndefNo :: 0 ; 

~~ti~i~ f: ~~~~-~=-~-~-~! ~~~~~:~~::J t 
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For NoPar:=! To ParNa Do 
Begin 

Write (ParInfa [NaParl. Name, ' : ') 
ReadChar (SignCh, [' - ,'0','+', T]) 
Case SignCh Of 

'-' : Signs [NoPar] := ~eg j 
'0' : Begin 

Signs [NaParl:= zero j 
Magnitudes [SaParI := 0 

End . 
't' : Sign~ [NoPar] := -pos j 
'?' : Begin . 

Signs [NoPar] := _undef ; 
UndefNo := UndefNo + 1 

End 
End i 
If Slgns [NoPar] IH (~eg, -pos] Then 
Begin 

GotoXY (33, WhereY-1) . 
ReadInputR (5, MagnituJes [NoPar]) j 

End 
End j 

If UndefNo <> EqnNo Then 
GiveError (26, 0) i 

For HoEqn:=1 To EqnNo Do 
Begin 

{ solve the equations } 

KqnVector (HoEqn] ::: 0 i 
UndefNo ::: 1 i 

For HaPar:=1 To ParHo Do 
Begin 

If ParInfo [HoPar 1. Type : Endo Then 
If NoPar : EndoParAr [ioEqn] 

Then Gain ::: l' . 
Else Gain ::: 0 

Eire :~efi~ 
While ExoParAr [i] <> HoPar Do 

i ::: i + 1 . 
Gain ::: - ExoEndoMatrix [i, HoEqn] 

End j 

If Signs [HoPar] :: _undef Then 
Begin 

KqnMatrix (HoEqn~ UndefHo] :: Gain j 
UndefNo ::: Undefno t 1 

End 
EIse Begin 

If Signs [HoPar] :: -pos Then 
Gain ::: - Gain i 

EqnVector [HoEqn] ::: EqnVector [HoEqn] t Gain * Magnitudes (HoPar] 
End 

End { For NoPar ... Do Begin} 
End i { For HoEqn ... Do Begin} 

GaussElimination (EqnMatrix, EqnVector, EqnNo, ResultVector) j 

Write (LF, 
'Results', LF, 
• -------" LF ) ; 

i ::: 1 i 
For HoPar::1 To ParHo Do 

If Signs [NoPar] :: _undef Then 
Begin 

Writeln (Parlnfo [HoPar]. Name, • : ., ResultVector [i] :6:2) ; 
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i := i t 1 
End 

End ; { With } 

Message (11) 
End ; 

[ *** output gains for the given system state *** } 
Procedure DisplayGains ; 
Var 

ParName : ParameterName ; 
Index , 
NoPar , 
i : ParameterRange ; 
AllGains : Boolean ; 

Begin 
With CrModel, Modellnfo, Model, Parameters Do 
Begin 

Write ('Name of exo var/constant : ') ; 
ReadInputS (ParameterNameLen, ParName) ; 

AllGains := (Trim! (ParName) = .. ) ; { if no name is given then output all gains } 

If (Not AIIGains) Then 
If Not ParameterExists (Parameters, ParName, Index) Then 

GiveKrror (24, 0) 
Else 

If ParInfo [Index]. Type_ = Kndo Then 
GiveKrror (25, 0) ; 

Writeln ; 

For NoPar:=l To KxoParNo Do 
If AllGains Or (KxoParAr [NoPar] = Index) Then 
Begin 

Writeln ('Gains for', ParInfo [ExoParAr [NoPar]]. Namel ; 
WriteSc (Spc ('-', Length (TrimT (Parlnfo [ExoParAr [NoPar]]. Name)} t 10)) 
For i:=l To EndoParNo Do 

End 
Writeln (Parlnfo [EndoParAr [ill. Name, ' : " ExoEndoMatrix [NoPar, i] :6:2) 

End ; { With } 

Message (12) 
End ; 

{ *** output elasticities for the given system state *** } 
Procedure Elasticities ; 
Var 

ParName : ParameterName ; 
Index , -
NoPar , 
i : ParameterRange ; 
AIIElasticities : Boolean ; 

Begin 
With CrModel, Modellnfo, Model, Parameters Do 
Begin 

Write ('Name of exo var/constant : ') i 
ReadlnputS (ParameterNameLen, ParName) ; 
AllKlasticities := (TrimT (ParNallle) = ") i { if no name is given then output all elasticities} 

If (Not AllElasticities) Then 
If Not ParameterExists (Parameters, ParName, Index) Then 

GiveError (24, 0) 
Else 

If Parlnfo [Index]. Type_ = Endo Then 
GiveError (25, 0) i 

Writeln i 
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For NoPar:=l To ExoParNo Do 
If AIIKlasticities Or (KxoParAr [HoPar] = Index) Then 
Begin 

Writeln ('Elasticities for', ParInfo [KxoParAr [NoPar]}. Name) ; 
WriteSc (Spc ('-', Length (TrimT (ParInfo [ExoParAr [HoPar]]. Rame)) + 17)) 
For i:=1 To EndoParHo Do . 

Writeln (ParInfo [KndoParAr .[i]). Name ': " . 
ExoEndoMatrix [NoPar, 1] * Value [ExoParAr [HoPar]] / Value [EndoParAr [ill :6:2) . 

End 
End ; { With } 

Message (13) 
End ; 

1 

*** simplify the expression. For example, if there is a + operation *** I 
*** where both operands are numbers, then add those numbers and *** 
*** insert the result as a single entry instead of three entries *** 

rocedure SimplifyExpression (Var Expression: PostfixType) ; 
Const 

HaxStackItem = 50 ; 
Type 

StackItemRange = 1 ., HaxStackItem ; 
StackltemRangeW = 0 .. HaxStackItem ; 
StackType = Record 

Top : StackItemRan~eW . 
Item: Array [StackitemRange] Of PostfixType 

End ; 
Var 

Stack 
NoKntry 
Ited, Item2, 
ItemA, ItemB, 
ItemC, ItemD 
Error 

: StackType ; 
: PostfixEntryRange ; 

: PostiixType 
: Boolean 

Procedure Pop (Var Stack : StackTYEe ; 
Var TopItem : PostfixType ) 

Begin 
With Stack Do 
Begin 

TopItem := Item [Top] 
Top := Top - 1 

End 
End ; 

Procedure Push (Var Stack : StackType ; 
TopItem : PostfixType ); 

Begin 
With Stack Do 
Begin 

Top := Top + 1 ; 
Item [Top] := Topltem 

End 
End ; 

Function Result (Operandl • 
Operand2 : Real ; 
Operator : OperatorType ): Real ; 

Begin 
If Operator = Div_ And Operand2 = 011 Or 

Operator = Ln_ And Operand2 <= 0 Or 
Operator = Log_ And Operand2 <= 0 Or _ 
Operator = Sqrt_ And Operand2 < 0 Or . 
Operator = Powerr And 
(Operandi <= 01 nnd 
(OEerandl >= 0 Or {Operand2 <> Int (Operand2))) And «Operandi <> 0) Or (Operand2 <= 0)))) 

Then Error := True 
Else Result := OpResult (Operandi, Operand2, Operator) 
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End ; 

Procedure NegativeOfltem (Var Iteml : PostfixType ; 
. Item2 : PostfixType ); 

Befln 
teml := Item2 ; 

With Iteml Do 
Begin 

EntryNo := EntryNo + 1 ; 
Entry [EntryNo]. Type_ := Q2erator_ ; 
Entry [EntryNo]. Operator := UMinus 

End -
End ; 

Function CondFalse (Condition: Boolean , 
Item : PostfixType ): Boolean ; 

Begin 
Condition := Condition And (Not Error) ; 

If Condition Then 
Push (Stack, Item) ; 

CondFalse := Not Condition 
End ; 

Procedure Kergeltems (Item1, Item2 : PostfixType ; 
Operator : OperatorType ); 

Var 
i : PostfixEntryRange ; 

Begin 
For i:=l To Item2. EntryNo Do 

Iteml. Entry [Item1. KntryNo + i] := Item2. Entry [i] ; 
- Iteml. EntryNo := Iteml. EntryNo + Item2. EntryRo + 1 ; 

ItemL Entry [IteDll. EntryNol. Type_ := Operatoc ; 
Item1. Entry [Iteml. EntryNol. Operator := Operator ; 

Push (Stack, Iteml) 
End ; 

Begin {Simplify Expression} 
With Stack, Expression Do 
Begin 

Top := 0 ; 

For NoEntry:=l To EntryNo Do 
If ~ntry [RoEntry]. Type_ <>Operator_ Then 

. Begln 
ItemA. EntryMo := 1 . 
ItemA. Entry [1] := Entry [RoEntry] ; 
Push (Stack, ItenA) 

End 
Else Begin 

Pop (Stack, Item2) . 
If BlnaryOperator 1Entry [NoEntry]. Operator) Then 

Pop (Stack, Item ) ; 

Error := False ; 

Case Entry [NoEntry]. Operator Of ~ 
Plus_ : Begin 

NumberEntry (ItemA, Item1. Entry [1]. Humber + Item2. Entry [1]. Number) l' 
If CondFalse ((Item1. EntrIHo = 1) And (Itell. Entry [1]. Type_ = Mumber_ And 

(IteI2.intryNo = 1) And (IteI2.EntrI[l]. Tlpe- = Humber_) temA) Then 
If CondFalse ((Item1. EntryNo = 1) And (Itell. KntrI [ J. Type_ = Humber_) And 

(Iteal. Entry [1]. Rumber = 0), Item2 Then 
If CondFalse (iIteI2. IntryHo = 1) And (IteI2. En rl [1]. Type_ = Mumber_) And 

Item2. Kntry [1]. Rumber = 0), Iteml} Then 
KergeItems ( tem1, Item2, Plus_) 
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Knd . 
BHinu5 : Begi~ 

- NumberKntrI (ItemA, Iteml. Entry [1]. Number - Item2. Entry [1]. Number) ; 
NegativeOf tem (ItemB, Item2) ; 
If CondFalse ((Iteml. EntryNo = 1) And (Iteml. Entr¥ [lJ. Type_ = Number_) And 

(Item2.EntryHo = 1) And (Item2. EntrYl1].TIDe = Number) , ItemA) Then 
If CondFalse ((Iteml. EntryNo = 1) And (Item1. Entry [ ].-Type_ = Number_) And 

(Iteml. Entry [1]. Number = 0), ItemB) Then 
If CondFalse ({Item2. EntryNo = 1) And (Item2. Entry [1]. Type_ = Number_) And 

Item2. Entry fl). Number = 0), Item1) Then 
Hergeltems ( teml, Item2, BHInus_) 

End . 
UHinu5_. Sin_r 'Cos_, ArcTan_, Exp_, Ln_, Log_, Sqr_, Sqrt_ : 

BegIn 
NumberEntry (ItemAA Re5ult (0, Item2. Entry [1]. Number, Entry [NoEntry]. Operator)) ; 
Iteml. EntryNo := v ; 
I. f .CondFalse ((Item2. EntryNo = 1) And (Item2.Entry[1].Type_ = Number_) , ItemA) 1hen 

HergeItem5 (Item2, Iteml, Entry [NoEntry]. Operator) 
End. ; 

Hul t_ : BegIn 
NumberEntry (ItemA, Item1. Entry [1]. Number * Item2. Entry [1]. Number) ; 
NumberEntrI (ItemB, 0) . 
NegativeOf tem lItemC, item2j ; 
NegativeOfItem ItemD, Item1 ; 
If CondFalse (( teml. EntryNa = 1j And (Iteml. Entry [1]. Type_ = Number~) And 

(Item2. EntryNo = 1 And (Item2.Entryl1].Type = Number) ItemA) Then 
If CondFalse (({Item1. EntryNo = !lAnd (Item1. Entry [0-:- Type_: lfumberJ And 

Iteml. Entry [1]. Number = 0)) Or 
. ( Item2. EntryNo = 1) And (Item2. Entry [1]. Type_ = Number_) And 

I

Item2. Entry [1]. Number: 0)), ItemB) Then 
If CondFalse ( Iteml. EntryNo : 1) And (Iteml. Entry [1]. Type_ : Number_) And 

Iteml. Entry [1]. Humber = 1), Item2) Then 
If CondFalse ((I.tem2. EntryNo : 1) And (Item2. Entry [1]. Type_ : NumberJ And 

(Item2. Entry [1]. Humber = 1), Iteml) Then 
If CondFalse ((Iteml. EntryNo = 1) And (Item1. Entry[l]. Type_ = Number_) And 

(Iteml. Entry [1]. Humber = -1), ItemC) Then 
If CondFalse ((Item2. KntryNo = 1) And (Item2.Entry[lJ.Type_ = Number_) And 

(Item2. Entry [1]. Humber = -1), ItemD) Then 
Hergeltems (Iteml, Item2, Hult_) 

Knd . 
: Be i~ . 

9umberEntry (ItemA, Result (Iteml. Entry [1]. Number, Item2.Entry[1].Number, Div_l) ; 
NumberEntrI (ItemB, 0) . 
NegativeOf tem (ItemC, iteml) ; 
If CendFalse ((Iteml. EntryNe = I) And lIteml. Entry [1]. Type_ : Number_l And 

(Item2. EntryNo : 1) And Item2.EntrYll].TI~e : Number_) , ItemAl Then 
If CondFalse ((Iteml. EntryNo = 1) An (Iteml. Entry [ j.-Type_ = Number_) And 

(Iteml. Entry [1]. Rumber = 0), ItemB} Then 

End . 

If CondFalse ((Item2. EntryNo : 1) And (Item2. Entry [1]. Type_ = Number_) And 
(Item2. Entry [1]. Rumber = 1), Iteml) Then 

If CondFalse (IItem2. EntryNo : 1) And (Item2. Entry [1]. Type_ = Number_) And 
Item2. Entry [1]. Humber = -1); ItemC) Then 

Hergeltems ( teml, Item2, Div_) 

B ·' : egin 
NumberEntry IItemA, 1) ; 
NumberEntry ItemB, 0) ; 
NumberEntry ItemC, Result (Item1. Kntry[1].Number1 Item2.Entry[1].Number, Power_)} ; 
If CondFalse (( Iteml. EntryNe = 1) And (Iteml. Entry [1]. Type_ = Number_) And 

Iteli. Entry [1] . Rumber = 1)) Or 
( I telll2 . EntryNo = 1) And (Item2. Entry [11. Type_ = Number _) And 

Ite1l2. Entry [1]. Rumber : 0)) ItemA) Tlien 
If CondFalse (Iteml. EntryRo = 1) And (Itemi. Entry [1]. Type_ = Number_l And 

(Iteml. Kntry [1]. Rumber : 0), ItemB) Then 
If CendFalse ((IteIll2. EntryNo : 1) And (Item2. EntrI [1]. Type_ = Number_) And 

(Item2. Entry [1]. Humber: 1), Iteml Then 
If CondFalse (IItem1. KntrINa : 1) And (Iteml. En ry [1]. Type_ : Number~l And 

Item2.EntryNo=l) And (Item2.Kntry[1].Type_:Number_), Item~) Then 
KergeItells ( teml, Item2, Power_) . 
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End ; 
En~n~ f ~Igg ~egin & For } 

Expression := Item [11 

End { With} 
End ; 

{ *** finds derivative of the e9uation wrt all parameters *** } 
Procedure DerivativeOfEquation (Var Hodel : HodelType ; 

KoEqn : EquationRange ); 

Const 
HaxDerivExpr = 50 ; 

Type 
DerivExprRange = 1 .. HaxDerivExpr ; 
DerivExprType = Record 

Kxpr : PostfixType ; 
Deriv : Boolean 

End ; 
DerivativeType = Record 

ExprNo : DerivExprRange ; 
ExprAr : Array [DerivKxprRange1 Of DerivExprType 

End ; 
Var , 

Derivative : DerivativeType 
MoExpr : DerivEx~rRange 
MoEntry : PostfixKntryRangeW 
MoPar : ParaneterRange 
Counter : Integer 
Found : Boolean 

Procedure SbiftExpressions (Var erivative: DerivativeType ; 
Index : DerivExprRange ; 
ShiftMo : Byte ) 

Var 
i : DerivExprRange ; 

Begin 
With Derivative Do 
Begin 

KxprMo := ExprNo + ShiftMo ; 

For i:=ExprNo DownTo Index+ShiftNo Do 
ExprAr li] := ExprAr [i-ShiftNo] 

End 
End ; 

Procedure ShiftEntries (Var EntryAr : PostfixType ; 
ShiftNo : Byte ) 

Var 
i : PostfixEntryRange ; 

Begin 
With EntryAr Do 
Begin 

RntryNo := EntryNo - ShiftNo - 1 j 

For i:=l To EntryNo Do 
Entry [i] := Entry [i+ShiftMo] 

End 
End ; 

Procedure OperatorIten (Var Expression: DerivExprType ; 
Ope : OperatorType ) 

Begin 
OperatorEntry (Expression. Kxpr, Ope) 
Expression~ Deriv := False 

End ; 
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Procedure NumberItem (Var Expression: DerivRxprType ; 
Number : Real ) 

Begin 
NumberRntry (Kx~ression. Rxpr, Number) 
Expression. Derlv := False 

End; .. 

Begin {DerivativeOfKquation} 
With Derivative Do 
Begin 

ExprNo := 1 . 
ExprAr [1). Expr := Hodel. Equations. RqnInfo [NoRqn]. Rxpression ; 
KxprAr [1 . Deriv := True ; 

Re~eat 
Found := False ; 
SoRxpr := 1 ; 

While {NoRxpr <= ExprNol And (Not FoundlDo 
If (ExprAr [NoExpr]. Deriv) And (RxprAr [NoRxpr]. Expr. RntryNo > 1) 

Then Found := True 
Else NoRxpr := NoRxpr + 1 ; 

If Found Then 
Begin 

With RxprAr [RoRxpr]. Rxpr Do 
Begin 

RoRntry := RntryNo - 1 ; 
Counter := 1 ; 
While (Counter> 0) Do { find operator with lowest precedence} 
Begin 

If Entry [RoEntry]. Type_ <> Operator_ Then 
Counter := Counter - 1 

Else 
If BinaryOperator (RntrI [RoEntry]. Operator) Then 

Counter := Counter + ; 
NoEntry := RoEntry - 1 

End . 
End; { With} 

Case RxprAr [NoRxpr]. Expr. Entry [RxprAr [RoRxpr]. Rxpr. EntryNo]. Operator Of 
Plus_ , 
BHinus : Begin 

- ShiftExrresSions (Derivative, NoRxpr, 2) ; 
ExprAr RoExpr+l] := Rx~rAr RoRxpr] ; 
Kx~rAr NoRxpr]. Rxpr. Entry a := NoEntry ; 
ShlftKntries (RxprAr ,NoRxpr+l]. Rxpr, NoRntry) ; 
OperatorItem (RxprAr NoRxpr+2] 

RxprAr[ oRxpr+2].Expr. Rntry{RxprAr[NoExpr+2].Expr.EntryRo]. Operator) 
Rnd . -

UHinus_ : Begi~ 
ShiftRxpresslons (Derivative NoRxpr, 1) . 
RxprAr lNoRxpr]. Rxpr. RntryRo := ExprAr {RoRxpr]. Rxpr. RntryNo - 1 ; 
Operator Item (RxprAr [NoRxpr+l], UHinus_) 

End . 
HulL : Begi~ 

ShiftExrressions (Derivative, SoExpr, 6) ; 
RxprAr NoExpr+l] := ExprAr· NoRxpr] ; 
Ex~rAr NoRxpr]. Rxpr. Entry a := MoEntry ; 
ShlftEntries (RXlrAr fMoExpr+l]. Rxpr, NoEntry) ; 
RxprAr INoRxpr+3 := ExprAr fNoRxprJ ; 
ExprAr NoRxpr+3. Deriv := False ; 
RxprAr NoExpr+4 := RxprAr fHoExpr+l] ; 
ExprAr NoRxpr+l. Deriv := False ; 
Operatorltel iRxprAr (NoExpr+21' HUlt_~ ; 
Operatorltel ExprAr NoExpr+5, Hult_ ; 
Operatorltem ExprAr NoExpr+6, Plus_ 

B
End. ; 

Div_ : egln 
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ShiftKxrreSSions (Derivative, NoKxpr, 9) ; 
KxprAr NoRxpr+l1 := KxprAr NoRxpr] ; 
Kx~rAr NoKxpr]. Kxpr. Entry 0 := NoRntry ; 
Sh1ftKntries (RXjrAr [NoExpr+1]. Expr, NoEntry) 
KxprAr NoKxpr+3 := ExprAr [NoRxpr] ; 
KxprAr NoKxpr+3. Deriv := False ; 
KxprAr NoKxpr+4 := KxprAr [NoExpr+1] ; 
KxprAr NoRxpr+l . Deriv := False ; 
KxprAr NoRxprt 7 : = KxprAr [NoRxpr·~ 1] 
Operatorltem KxprAr NoExpr+2, Kult_ 
Operatorltem KxprAr NoExpr+5, Hult_ 
Operatorltem KxprAr NoKxpr+6, BHinus 
Operator Item KxprAr NoExpr+B, S~r_ -
Operatorltem ExprAr NoRxpr+9, D1V_ 

Rnd . 
Power_ : Beai~ 

§hiftRxrreSSions (Derivative, NoExpr, 13) ; 
KxprAr NoExprtl] := KxprAr NoKxpr] ; 
Kx~rAr NoKxpr]. Kxpr. Entry 0 := NoEntry ; 
Sh1ftRntries (Ex rAr [NoKxpr+l]. Expr, NoEntry) 
KxprAr NoKxprtB := ExprAr {NOKXpr] . 
KxprAr NoRxprt3 := KxprAr NoRxDr+1j ; 
KxprAr NoKxpr . Deriv:= alse"; 
KxprAr NoKxpr+l . Deriv := False; 
KxprAr NoExpr+4 := KxprAr INOExprl ; 
KxprAr NoKxpr+9 := KxprAr NoExpr] . 
KxprAr NoExpr+7 := KxprAr NoExpr+lj ; 
Operatorltem ExprAr NoKxpr+ 2 , Power_ 
OperatorItell ExprAr NoKxpr+ 5 , Ln 
Operatorltell KxprAr NoKxpr+ 6 , HuTt_ 
Operatorltem RxprAr NoRxpr+10, Div_ 
Operatorltem RxprAr Noixpr+ll, Hult_ 
OperatorItem KxprAr NoExpr+12, Plus_ 
Operatorltem KxprAr NoRxpr+13, Hult_ 

Kn~ ; 
Sin_ : Begln 

ShiftKXlressions (Derivative MoRxpr, 3) . 
KxprAr NoKxpr]. Rxpr. KntryRo := ExprAr {NoRxpr]. Expr. KntryNo - 1 ; 
KxprAr NoExpr+2] := ExprAr [NoExpr] ; 
ExprAr NoRxpr]. Deriv := False; 
Operatorltem (RxprAr [NoExpr+1], COB_ ) ; 
OperatorItell (ExprAr [NoKxpr+3], HulU 

Rnd . 
COB_ : Begi~ 

ShiftExlresBions (Derivative NoExpr, 4) . 
ExprAr NoExpr]. Rxpr. EntryRo := KxprAr {NoRxpr]. Rxpr. RntryNo - 1 ; 
KxprAr NoExpr+2]:= KxprAr [MoExpr] ; 
KxprAr NoRxpr]. Deriv := False; 
Operator Item !EXprAr INOExpr+1}, Sin_ l; 
OperatorlteD ExprAr NoRxpr+3, Hult_ ; 
Operator Item ExprAr NoExpr+4, UHinus_ 

End . 
ArcTan : Begin 

- ShiftKxlressions (Derivative MoExpr, 5) . 
ExprAr NoRxpr]. Rxpr. RntryRo := ExprAr {NoRxpr]. Rxpr. EntryNo - 1 ; 
ExprAr NoExpr+2] := KxprAr [NoRxpr] ; 
ExprAr NoRxpr+2]. Deriv := False; 
Numberlten IRxprAr IMoRxpr+ll' 1 I; Operatorltel RxprAr NoRxpr+3, Sqr ; 
Operatorlten RxprAr NoExprt4, Plus ; 
Operatorltem KxprAr NoRxprt5, Div_-

End, ; 
Exp_ : Begln 

ShiftExlreSsions (Derivative MoRxpr, 3) . 
Kxpr.Ar NoExpr] .. Expr. KntryRo : = KxprAr {NoRxpr]. Expr. EntryNo - 1 ; 
KxprAr NoKxpr+2] := ExprAr [NoRxpr] ; 
KxprAr NoKxpr]. Deriv := False; 
Operatorltel (ExprAr [NoKxprtll, Exp_ ) ; 
OperatorlteD (ExprAr [NoRxprt3], Hult_) 
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End . 
Ln_ : Begi~ 

ShiftExrreSSions (Derivative Noixpr, 2) . 
ExprAr NoExpr]. Expr. EntryNo := KxprAr tNoExpr]. ixpr. EntryNo - 1 ; 
ExprAr NoExpr+l] := ExprAr [NoKxpr] ; 
ExprAr [NoExpr+l]. Deriv := False i 
Operatorltem (ExprAr [Noixpr+2), DIV_) 

End . 
LOL : Begi~ 

ShiftExlressions (Derivative NoExpr, 4) . 
ixprAr NoExprl. Expr. EntryRo := KxprAr [NoExpr]. Expr. EntryNo - 1 ; 
ExprAr NoExpr+l]:= ixprAr [Noixpr] ; 
ExprAr NoExpr+l]. Deriv := False i 
Operatorltem IExprAr ~NoExpr+2}' D1v_ } ; 
Numberltem ExprAr NoExpr+3, LogOfe ; 
Operatorltem ExprAr NoExpr+4 , Mult_ 

indo ; 
Sgr_ : BegIn 

ShiftExlressions (Derivative NoExpr, 4) . 
ExprAr NoExpr]. Expr. EntryRo := KxprAr tNoExpr]. Expr. EntryNo - 1 ; 
ExprAr NoExpr+3] := ExprAr [NoExpr] ; 
ExprAr NoExpr]. Deriv := False; 
Numberltem !EXprAr tNoixpr+l}, 2 }; Operatorltem ExprAr NoExpr+2, Hult_ ; 
Operatorltem ExprAr NoExpr+4, Mult_ 

End· ' 
SqrL : Begin 

ShiftExlressions (Derivative NoExpr, 5) . 
ExprAr NoExpr]. Expr. EntryRo := KxprAr tNoExpr]. Expr. EntryNo - 1 ; 
ExprAr NoExpr+2] := ExprAr [NoExpr] j 
ExprAr NoExpr+2]. Deriv := False j 

NumberItem ExprAr INOExpr+lj' 2 I; Operatorltem ExprAr NoExpr+3 , Sgrt_ ; 
OperatorItem ExprAr NoExpr+4 ,Hult_ ; 
Operatorltem ExprAr NoExpr+5 , Div_ 

End 
End { Case } 

End { If Found Then Begin } 
Until Rot Found i 

With Hodel, Equations. EqnInfo [RoEgn], Parameters Do 
For NoPar:=l To ParRa Do 

If ParInEgn (Hodel, RoPar, RoEqn) Then 
With IHatrlxRol lRoPar] Do 
Begin 

KntryNo := 0 ; 

For RoExpr:=l -To ExprNo Do 
If ExprAr [RoExprl. Deriv Then 
Begin 

KntryNo := EntryNo + 1 ; 
Entry [EntrINo). Type := Number . 
If ExprAr [NoExpr}. Expr. Entry rl~. Index = RoPar 

Then Entry [EntryRo]. Number := ! 
Else Entry [EntryNo]. Number := 0 

End 
Else Begin 

For NoEntry:=l To ExprAr' [NoExpr]. Expr. EntrlNo Do 
Entry [EntryNo + NoEntry] := ExprAr [RoExprj. Expr. Entry [RoEntry] 

Entr!Ro := EntryRo + ExprAr [Noixpr]. Rxpr. EntryNo 
End ; t If & For } 

SimplifyRxpression (IHatrixRol [HoPar]) 

End { With & If & For & With } 
Rnd { With} 

End i 

{ *** list a model *** } 
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" 

Procedure ListKodel (Var Kodel : KodelType ; 
Index : Integer ); 

Var 
NoEqn : EquationRange ; 
NoPar : ParameterRange ; 

Begin 
With Hodel, Equations, Parameters Do 
Begin 

Writeln ; 

Write ('Kodel no :', Index, LF, 
'Kodel name: " Name, LF, 
'Equations', LF, 
'---------', LF ) ; 

For NoEqn:=l To EqnNo Do 
Writeln (NoEqn :2, '. " EqnInfo [HoEqn). Infix) ; 

Write ('Parameters (Name & Type)', LF, 
'----------', LF) ; 

For NoPar:=l To ParNo Do 
Begin 

Write (NoPar :2~ '. '~ Parlnfo [NoPar]. Name,' ') i 
Case Par Info [Noyar). lYP,e

I 
Of 

Exo : Write i'EXO var' i 
Endo : Write 'Endo var' ; 
Cnst : Write 'Constant' 

End . 
Writ~Sc ( .. ) 

End ; 

Writeln 
End { With } 

End ; 

{ *** list models in the library *t* } 
Procedure ListLibrary ; 
Var 

Hodel : HodelTypePtr j 
Begin 

Reset (KodelLibFile) i 

Hodel := Ptr (HeapPtrSeg, HeapPtrOfs) ; 

w1ile Not Eof (HodelLibFile) Do 
Begin 

Read (ModelLibFile, Hodel') j 

'ListModel (Model', FilePos (HodelLibFile)) 

Writeln 
End ; 

Hessage (5) 
End ; 

{ *** delete a model from librarv *** } 
Procedure DeleteFromLibrary; . 
Var 

TempFile : HodelLibrarYFileType ; 
Model : ModelTypePtr ; 
Name : ModelNameType 
Index : Integer ; 

Begin 
Hodel := Ptr (HeapPtrSeg, HeapPtrOfs) ; 

Write (LF 'Model name: 'J ; 
ReadlnDutS (ModelNameLen, Rame) ; 
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If Not HodelExists (Name, Index) Then 
GiveError (18, 0) ; 

Assign (TempFile t 'TEHP') ; 
RewrIte lTempFile/ ; 

Reset (HodelLibFile) i 
While Not Eof (HodelLlbFile) Do 
Begin 

Read IHodelLibFile! Hodel A

) ," 

If Fi ePos (HodelLlbFile} - I <> Index then 
Write (TempFile, Hodel ) 

End ; 

Close (ModelLibFile); 
Close (TempFile); 

Erase (HodeILibFilel' 
Rename (TempFile, HodeiLibraryFileName) ; 

Assign (HodelLibFile, HodelLibraryFileName) ; 

Message (6) 
End ; 

{ t.t.* insert current model into library *** } 
Procedure SaveCurrentHodel ; 
Var 

Index : Integer ; 
Begin 

If HodelExists (CrHodel. Hodel. Name, Index) Then 
GiveError (19, 0) ; 

Seek (HodeILibFile, FileSize (HodeILibFile)) 
Write (HodelLibFile, CrHodel. Hodel) ; 

Message (4) 
End ; 

{ *t.t input a model *** } 
Procedure ReadModel (Var Model : ModelType) ; 
Type 

ParlnfoType : Array [ParameterRangeJ Of Record 

Var 
SubModel 
Name 
Index 
Info 
EqnStr 
NoRgn 
NoPar , 
i 
StrPos , 
NamePos 
TypeCh 

: ModelTypePtr 
: HodelNameType 
: Integer 
: ParlnfoType 
: Strin~Type 
: EquatlonRange 

: ParameterRange ; 

: Integer 
: Char 

Name_ : Parameter Name ; 
Index_ : ParameterRange ; 
Type_ : 0 .. 3 

End ; 

Procedure ChangeParlndex (Var NewExpression : PostfixType ; 
OldExpression : PostfixType ; 
OldIndex , 
New Index : ParameterRange ) ; 

Var 
NoEntry : PostfixEntryRange ; 

Begin 
With OldExpressionDo 
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'. 

For NoEntry:=l To EntryNo Do 
With Entry (HoEntry] Do 

End j 

If (Type_ = Parameter_) And (Index = OldIndex) Then 
NewKxpression. Entry (HoEntry]. Index := NewIndex 

Begin 
SubKodel := Ptr (HeapPtrSeg, HeapPtrOfs t $7FFF) ; 

With Model, Equations, Parameters Do 
Begin 

Write ('Hodel name: ') j 
ReadInputS (HodelNameLen, Hame) ; 

If ModelExists (Name, Index) Then 
GiveError (19, 0) j 

EqnHo := 0 ; 
ParHo := 0 ; 

For NoEqn:=1 To HaxEquation Do 
For HoPar:=1 To HaxParameter Do 

HumberEntry (EqnInfo [HoEqn]. IHatrixRow [HoPar], 0) ; 

For HoPar::1 To HaxParameter Do 
Info (HoPar]. Type_ :: 0 j 

Writeln (LF, 'Equations', 
LF, '---------' ) ; 

Repeat 
Write ('Eqn : ') ; 

ReadInputS (70, EqnStr) 

If TrimL (EqnStr) <> " Then 
If EqnStr [1] = '@' Then 
Begin 

If Hot ModelExists (Copy (EqnStr, 2, Length (EqnStr) - 1), Index} Then 
GiveError (18, 0) ; 

Seek (HodelLibFile, Index) . 
Read (HodelLibFile, SubModel") ; 

ListHodel (SubHodel" , Indext1) ; 

If EqnNo t SubHodel". Equations. EqnNo > KaxEquation Then 
GiveError (21, 0) ; 

For HoPar:=l To SubHodel". Parameters. ParHo Do 
Begin 

Write (SubHodel". Parameters. Parlnfo [HoPar]. Name, ' --> ') j 
ReadlnputS (ParameterNameLen, Info [HoPar]. Rame_) ; . 
If TrimL (Info [HoPar]. Name) : ., Then 

Info [NoPar]. Hame_ := SubHodel". Parameters. ParInfo [NoPar]. Name j 
If ~ot ParameterExists (Parameters, Info [NoPar]. Name_, Info [HoPar]. Index_l Then 
BegIn 

If ParHo = MaxParameter Then 
Gi veEnor (22, 0) j . 

ParNo := ParHo't 1 j 
ParInfo lParNo]. Name := Info [HoPar]. Name_ j 
Write ('lfpe (O:Default,1:Endo,2:Exo,3:Constant) : ') ; 
ReadChar (Ty~eCh, ['0'.: 3' ]) ; . 
If TypeCh = O~ . 

Then Info (ParHo]. Type_ := Ord (SubHodel". Parameters. Parlnfo [NoPar]. Type_) + 1 
RIse Info ParNo]. Type_ := Ord (TypeCh) - 4B 

; 

(, 

bd; . . 
SubModel'. Parameters. Parlnfo[NoPar). Name :: TrimT (SubHodel' .Parameters.Parlnfo[NoPar).Name) 

End ; {For } 
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'. 

Writeln ; 

For NoEgn::EqnNot1 To SubModelA, Equations, EqnNo t EqnNo Do. 
With EqnInfo [NoEqn] Do 
Begin 

Infix :: SubHodelA, Equations. EqnInfo fNoEqn-EqnNo). Infix ; 
Expression := SubHodelA, E~ations. EqnInfo tNoEqn-EqnNo]. Expression; 
For HoPar::1 To SubHodelA, Parameters, ParHo Do 
Begin . 

strPos := 1 . 
With SubHodelA, Parameters. Parlnfo [HoPar), Info [HoPar] Do 

Repeat 
HamePos :: Pos (Name~ Copy (Infix, StrPos, 255) ; 
If {HamepOs <> 0) Ana 

Copy (Infix, StrPostNamePos-l, Length (Hame)} = Name) And 
(Not (Infix [StrPostNamePos-ltLength(Name)] IN [T .. T , '0' .. '9']») Or 
(StrPostNamePos-1+Length(Name) > Length (Infix)) 

Then Begin 
Infix :: Copy (Infix~1,StrPos+HamePos-2)t TrimT(Name 1+ 

Copy(Infix~~trPostNamePos-ltLength(Hame),255 ; 
StrPos := StrPos + namePos - 1 + Length (TrlmT(Hame_) 

End 
Else 

StrPos :: StrP08 t HamePos 
Until NamePos : 0 ; 

ChangeParlndex (Expression, SubHodel A. Equations. EqnInfo [NoEqn-EqnNol. Expression, 
KoPar Info [NoPar]. Index) ; . 

IHatrixRow[Info[NoParj.lndex_):=SuoHodelA.iquations.EqnInfo[NoEqn-EqnNo].IHatrixRow[HoParl; 
For i::l To SubHodelA. Parameters. ParNo Do 

ChangeParlndex (IHatrixRow [Info [HoPar]. Index) 
SubHodelA. Equations. Eqnlnfo [WoEqn-EqnNo]. IHatrixRow [HoPar], 
i, Info [i]. Index_) 

End { For } 
End i { With & For } 

EqnNo :: EqnNo t SubModelA. Equations. EqnHo 
End { If ... Then Begin} 
Else Begin 

EqnNo :: EqnNo t 1 . 
EqnInfo [EsnNo]. Infix :: EqnStr ; 
ParseEquatlon (Hodel, EqnNo, EqnStr) 
DerivativeOfEquation (Model, EqnNo) 

End 
Until (TrimL (EqnStr) : ") Or (EqnNo : KaxEquation) 

If ParNo : 0 Then 
GiveError (23, 0) ; 

Write ('Parameter types (l:Endo 2:Exo 3:Constant)', LF, 
'---------------', LF) i 

For NoPar::1 To ParNo Do 
Begin 

If !Info [NoPar ]. Type_: 0) Then 
BegIn 

Write (Parlnfo [NoPar]. Name ': ') ; 
ReadChar (TypeCh, ['1'.:3']\; . 
Info [NoParJ. Type_ :: Ord (TypeCh) - 48 

End . 
ParI~fo [NoPar]. Type_ :: TypeOfParameter (Info [RoPar]. Type_ - 1) 

End 
End { With} 

End ; 

{ *** insert a model into library *,. } 
Procedure InsertToLibrary ; . 
Var 

Hodel : ModelTypePtr ; 

198 



Begin 
Hodel := Ptr (HeapPtrSeg, HeapPtrOfs) j 

ReadKodel (Model") j 

Seek (KodelLibFile, FileSize (KodeILibFile» j 
Write (KodeILibFile, Kodel") j 
Kessage (7) 

End j _ 

{ *** initialize info of current model *** } 
Procedure InitCrKodellnfo j 
Var 

MoEqn : EquationRange j 
NoPar : ParameterRange j 

Begin 
With CrKodel, Kodellnfo, Hodel, Equations, Parameters Do 
Begin 

EndoParNo := 0 j 
RxoParHo := 0 ; 

For HoPar:=l To ParHo Do 
With Par Info [NoPar] Do 

If fype_ = Kndo Then 
Begln 

EndoParNo := RndoParHo t 1 . 
EndoParAr [EndoParNo] := NoPar 

End 
Else Begin 

ExoParNo := ExoParNo t 1 . 
ExoParAr [ExoPa?No] := NoPar 

End ; 

If EqnNo <> EndoParNo Then 
GiveError (7, 0) 

End ; { With } 

CrKodelGiven := True ; 
IMatrixSGiven := False ; 
ParValuesGiven := False 

End ; 

{ *** load a model from library *** } 
Procedure LoadCurrentHodel ; 
Var 

Name : HodelHameType ; 
Index : Integer ; 

Begin 
Write (LF 'Hodel name: ') ; 
ReadInputS (HodeINameLen, Rame) j 

If Not HodelExists (Name, Index) Then 
GiveError (16, 0) ; 

CrHodelGiven := False ; 

Seek (HodeILibFile, Index) j 
Read (HodelLibFile, CrModel. Hodel) 

InitCrHodellnfo j 

Hessage (6) 
End j 

( *t* read a current model *** } 
Procedure ReadCllrrentHodel j 
Begin 

CrHodelGiven := False ; 
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ReadModel (CrModel. Hodel) 

InitCrKodellnfo i 

Message (9) 
End i 

( 

{ . *** Turbo Pascal routines used in the program that are not available in Standard Pascal *** 
Procedures : 

ClrScr --} clears screen, places cursor in the u~per left-hand corner. 
GotoXY (Column, Row) --) moves cursor to the specIfied location. 
FillChar {Var~ Num, Value} --} fills Num bytes of memory, starting at 

the rirst byte of Var, with Value. 
Functions: 

Abs (Num) --} absolute value of Num. 
ArcTan (Rum) --) angle, in radians, whose tangent is Num. 
Cos INuml --} cosine of Num which is in radians. 
Sin Num --) sine of Num which is in radians. 
Exp Num --} exponential of Num. 
lnt Hum --) integer part of Num. 
Ln ( um) --) natural logarithm of Rum. 
Sqr (Num) --) square of Hum. 
Sqrt (Num) --) square root of Num. 
Odd ~NUm) --) true if Num is an odd number. 
Ord Var) --) ordinal number of Var in the set defined by the type Var; 
Roun (Num) --) the value of Num rounded. 
Ke~Pressed --) true if a iey is pressed at the console. 
UpGase (Ch) --} uppercase of Ch. 
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