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ABETRACT

In designing control systeme-with:bptjmal'performénce
parameter variations pose a great problem. In”pfinciple, it
is possible to attain an ideal performance by sens:ng the
uncertain parameters and using an adaptive controller. But
such controllers are usually difficult or expensive 1o rea—'
‘lize and there is a strong motivation for consnderzng snmpler
controllers. TR

The simpler control strategy under parametef unéeftaine
ty is the min-mox controller which operste the system .accordin,
to one control law thet minimizes the maximum variations from
the optima corresponding to each parameter.'There*existsvarious
methods to find the parameters of the min~max controllerge

Tn this study two approaches have beeh'consjdered to
find the wmin-max controller parameters:  iterative or'séareh
procedure, and game theoretic approach.



CHAPTER T

INTRODUCTION

1.1 PROBLEM STATEHENT

Intelligent design of an optimum control system can
be carried out only if the designer knows the dynamic charac-
teristics of the plant or process to be controlled. TheveXQ'
tent to which system design can prdceed in a logical, sys-—
tematic, and intelligent manner is, to a considerable degree,
dir-ctly measured by the knowledge of the process dynamics,
Thus, the first thing in control systew design iz to deter-
mine the dynnmic choracteriustics of the process to be cont-
rolled. IMgure 1-1. below illustrates the block diagram of

a8 plant.
' w
1 L
—i e
. Process . X

u . . . il

- . (or Plant) .
——#«‘

Fig. 1-1. A Multjvariable process.

The dynamic characterization of a plant is usually
described by a set of differential equations

X = ax, (+) fj[Xl(t),Xz(t),...Xﬁ(t);Ul(t),..,Um(t);
d.-t ‘ N , . N
Wy (), e e, W (6)58]

j L] 1,2)3,0.,!1,



In vector-matrix notation, this set of equatjonsvmay'bei

written as ' o |
X(t) = ax(t). = £[X(t),0(t),u(t),t]

at

In above equatjons,vthe-plant,js'assumed to be of ﬁ'th_
order; X(t) is defined as the state vector '

X = L% (8),X508) 50 X (8]

whose n components are the state variables; U(t) is the m-dimen-
sional control vector ‘

() = [uy(8),0,(8), Le0,u (8] 5

whose m components are control signals; V(t) is an s-dimensjo-.

nal vector-valued random function known as the disturbance vec-

tor ’ | ‘ |
H0E) = [w ()0, (8) 000, W (4)]

whose s components represent the randowm disturbances, and £ is,
a known vector function. RS

‘At each moment, the control Sjgnals must gsatisfy the

inequalities !

g;j(Ul’UQ,ann,U[”)éo . j =_l‘,2,o‘o"’m1

or in vector notation

g(U)£0 (where g is a general function)
which refiects the restrictions imposed upon the control systeu
The control vector U which satisfies the ebove inequality is
referred to as the admissible control vector. FFor instance, in
many practical situations the values of the control signals can



not exceed certain upper bounds because of saturation effects
or physical limitations. Under such circumstances, the admis-—
sible control signals must satisfy the inequalities

!UJ.}AMJ. j=1,2,..,m

Now, considering the design of an optimum control sys-—
tem, if the designer does not know the dynamic characteristics
(parsmeters) of the plant or process exactly, he can proceed
in the follownng two ways: - ‘

A) Systewm Identification

One tries to estimate the parameters of the system
(thus identify the system) by gathering some statistical data
about the gystem and using caertoin techaiques (such ag Least
Square, Maximum Likelihood, Gradient llethod, NAP, etc.)
Afterwards, the cptiwum control law is found out in 8 counven-
tional manner, with known plant dynamics.

B) Min-Msx Approach

In this case, the desngner cons:ders the system
persmeters as uncertain. over a range. lle assumed that. the worst
will happen; and accoraingly, he tries to choose a controller
which results in the lesst drastic effect on the systeuw per—
formance. ' |

In this study the seccond approach (Min~Hax approach)
will be used. JdJust like in parameter estimation there are va-
rious methods to solve min-max problem and here in this study
the two wost comwmon methods will.be used to solve it.

The uncertainty Jn the system parameters may arise
because of lack of precise information about a specific system

to be controlled or the requirement to determine a fixed



controller suitable for use with an enseuble of systems diffe-
ring in the values by some group of parameters. In such situ-
ations two reasonable design criteria can be jmmediately con-
Joctured: L) Minimize the meximum deviation from the optimsl
behaviour; and 2) Minimize the average deviation from dptimal
behaviocur. Either of these criteria might be applied when'the;‘
designer is sttempting to find a single controller for a num-
ber of similar plants or when he is attempting tc find e cont-
roller for a single changeable plant. The first criterion is,
of course, the mcre meaningful when critical tolerances are
present, the second, however, wculd probably find more "pro-
duction line" use. ' | ' '

Although the methods which will be used in this thesis
are applicable to nonlinear systems, here.an'uncertain linear
autcncmous system will be considered which may be modelled by
the vector differential equation. '

(1) = AGwE() # B(x)U X(t,) = X,

where X is an nxl state vector, A .is an nxn matrix, B is an’
nxm matrix, and U i3 an mxl control vector, and v is 2 set of
p time-invariant parameters. The uncertainty is introduced by
assumig that the actual value of v is not known but may be
assumed to lie in the compact; -i.e., closed and bounded set v.

The performance index to be minimized is
(0.0}

I(u,v) = j(zc_T.(gai* u' P u) dt
where P is a positive definite n x n matrix and Q is a positive
semidefinite n x n matrix.

Let 3? be the élass'of a1l admissible controls and F°
be the subset of the set of all admissible controls which are
optimal for some parameter v € V.



Then, £ind a control u® and @ purameter v° such that

fJ(uo,vo) - J(u;v)\éé max l{(u,vo) - J(u,v)l‘ »for’all ge'

1.2 MIN-MAX PHILOSOPHY

A min-max controller is cne which is least sensitive
to parameter variations, within an sssumed range in terms of
the changes in the performance index. ¥%e know that an optimal
control is evaluated at a particular set of parameters, and
the variation in parameters requires a fresh determination of-
the "control law" to ensure cptimality. One sclution would be
to operate the system accordirz to ohe control law that mini-

" mizes the maximum variations from the respective optima; i.e.
min-max controller. The philcsophy way be expla:ned with the
aid of the f]nure 1-2.
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Fig. 1-2. Illustration of min-max concépt.



Performance index J is represented as a function of a single
variable u. But this is adequaté for the sake of explanation.
Figure 1l.2. shows the plots of the cost functionals for two
values of parameter vl and Vo For parameter value Vys the ‘
- optimal control is ui and the optimal value of the cost funec-
tional is J% For parameter value vz; the opt:mal control is
ug and the optimal value of the cost functional is JO. If the
system initielly has the psrametric value Voo its control is
set at ug resulting in optimal performance. If the paremetric
value changes to Vo the value of the cost functional would b
Jé,,the resulting difference from the optimal value being ;
(75 - JS).ASjmjlarly, if the control is set at ug correspondi
to the parameter value Vo and if the parameter assumes a val
Vis the resulting perturbation from the optimal value would
be (J' - Jl)‘ As in Fig 1.2. one has

-9 7 3y - I3

That is to say u; is a better control, since it result
in a lesser value of the maxiwum deviation from the optiwum

It vy and'v2 are the only parameter values for the systeuw,
o)

u
1

is clearly the min-max control. The argument can be extend
to any number of parameter values. ' ‘

1.% METHODS OF SOLVING MIN-MAX PROBLENS
The available methods for solving mjn—max problems ax

1) To find an analytic solution to the meximization step,
if it exists, and then minimize '

2) To locate a seddle point if it exists and show thet it
 represents a global solution



5) To search or use an iterastive procedure

4) To use a game theoretic approacti.

Experience has shown that the first two wethods are
seldom useful in paractical controller design. For instance,
the maximizing solution can not be found in a tractable form,
or it is not unique end thus, the minimization step is not
possible in the first method. In the second wmethod, a saddle
point solution does not exist in general. That is way, in this
study to find the solution of the mjnfmax‘problem the last two

wethods are congidered.

A brief overview of the remaining parts of this study
could be summarized as follows: '

In chapter 2 'a brief summary of soue importaht oohéepts
in game theory and their relation to control problems wilL be
given. In chapters 3 and 4 the two methods, namely the gaﬁé the-
oretic approach and the grid-point search methods will be jﬁtro—
duced, regpectively. In chapter 5 three specific problems which,
are solved_by.the two methods will be given. These three speci-
fic problems involve from one to three psrameter uncertainties.
I'inally, chepter 6 will be a conclusion and compérison chapter.

In this study the numerical solutions of two famous mat-
rix equations were needed. One of them was Algebraic Matrix
Riccati fquaticn (ALd) and the other was Liapunov Eguation.

In Appendix A Algebrsic Riccati Hguation (ARE) solution with
an example proolem is given and in Appendix B Liepunov Equa-
tion solution with en example problem is given. In Appendix G
the proof of- the pin-uax theorem is given.



CHAPTER II
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2.1 DISCRETE GAMES AND SOME DEFINITIONS

Elementary game theory is concerned with discrete _
optimization problems involving two players with conflicting
-interests. In a typical matrix gamé there are two players;'
U end v, and a selection of strategies, u;, i = 1,2,..m and_
vj, j = 1,2,..n for each player.

DEFPINITICH:

By a gtrastegy for u in a matrix game it is meant a
decision by u to play the various rows with & given proba-
bility distribution, say to pley row one with probability
Pl’ to play row two with probability P2.

This strategy for u is formally denoted by the pro-
bability vector P = (91;92,93,...9@), For example, if the = 7
matrix game has two rows and u tosses a coin to decide which
row to play, then this strategy is the probability wvector

P = (1/2 1/2). A strategy which contains a 1 as & component
and 0, i.e., where u decides to play a given column is called

PURE STRATEGY; otherwise, it is called MIXED STRATEGY.

For each pair of strategies there is a ¢brresponding
pay off, J = ij where ij are elements of a matrix game.

DEFINITION:

A geme is said to be ZERO-SUM GAME if and only if the
pay off function (11’12"“ln) gatisfies



; In general, a zero-sum game représents a closed system:
everything that cne wins must be lost by sowmecne else. Two
person:zero-sum games are sometimes-called strictly competi-
tive games. Player u attempts to minimize his pay off, while
v attempts to maximize his pay off. This is a "perfect infor-
mation game", in the sense that each player has gll,thenin~
formation sbove and that each player knows the other's choice
of strategies. Now, iy V (the maximizer) plays first he shOuid
cbviously pick the coluun with,largést winimum since he knows
u will subsequently pick the row with the winimum. Similarly,
if u {the minimizer) plays first he should pick the row with
the sméllest maximum, since he knows v will subsequently pick
the column with the maximunm.

Exosmpla 2,1

Consider the following matrix gawme:

_
i V2
L, =2 Ly =T '
Uy n= 12 “4—row with smaller maximum
U . :
R S S P

~ column with lerger minimum

Figure 2-1. A simple discrete game with a saddle
point. ‘

The cptimal chcices for the above'game are u, and Vo
with payoff 7, regardless of who plays first, i.e., we have

x min L., = = min max L. .

max min i T ij
\ N . V.

vJ ul i j

(V plays first) (U plays first)
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L(up,vy) £ TLluy,v,) & T(uy,vy)

The choice u,,v, is called the mihjmax’solutjon of

the game. And the payoff element L, is called saddle point.

. However, the choice is not always so siuple; suppose
that the value of Lll is changed frow 2 to 11.

Exanple 2-2.

V-is maximizing

Vi Vo
up | Tpq=ll Ly =7
U .
/f u, Lpy=5 Lop=9d
U is minimizing -

Mgure 2-2. A discrete gamc where order of play
makes a difference.

Then we have

max min = 7 min max = 9
v u . uov
(V pleys first) (u plays first)

If v (the maximizer) plays first, he should pick v,, since
this is the «column with the larger winimum, namely, 7. If
U (the minimizer) plays first, he should pick u,, since
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this is the row with the smaller maximum, namely, 9. Thus,

it wakes a difference who plays first, and we say that'theré
is not & "saddle point" (or s minimax solution). This dilemns
may be resclved by having each side make a random selectjon
of strategies on each p]ay -according to some fixed probabn—
lity. Since we are considering probabilistic strategies, it

- is clear that we will desal with mixed strategies.

2.2 MIXED STRATEGIES

In mixed strategy the strategy should be chosen at
random but the rendomization scheme should be chosen using
a specific technique. Before going on further, let's give
the definition of mixed strategy.

DEFINITION:
A mized strategy for e player is a probability distri-

bution cn the set of his pure strategies. lfor simplicity,
let's consider a 2 x 2 matrix game, say

L1 o

Higd
i

1

o1 b

22

Suppose player u adopts thebstrategy 2 = (Pl .PQ) and player'
v adopts the strategy g = (ql q2). Then U plays row 1 with
probability Py and V plays column 1 with orobabnlnty 9y and
so the entry llL will occur with prooab:lxhy Pyd 1. Hence,

the expected winning of U is '

-
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Expected payoff = E(p,q) = P19;1 1 1o, + péq21é2

11 ¥ et * Pody
o T e 1 A

22| 92

Player V will fear that U will discover his choice of strategy.
If this should happen, then U will certainly choose p so as

to minimize E(p,q); i.e., V's expected gain-floor assuming he
uses q, will be '

V(g) =min p L gt = min g Ltgt
pEP - pPEP -

Thus, the minimum will be attained by a pure strategy, i
. t . .th o
V(q) = min L;-q (lﬁ' is the i"" row of the matrix L)
j —

Hence, player V should choose g so as tc maximize V(q)

V. = max min L. gﬁ

I~ q€Q i 3

One should prove that & maximum exists; hcwever, since Q is
compéot and the function V(g) isg continuous, a maximum exists.
Such a q is V's max-min strategy.

3imilarly, if U chooses p he will obtain the expected

loss~ceiling.

V(p) = mex p L a® = mex g Lp°

QeQ - qeqQ -

The meximum will be obtained by a pure strategy, j

»

V(p) = max p Tey (L.y is the jte

3 column of the matrix L
J ' B —
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and the player U should choose p so as to obtain

Vor = win max p L.f
11 PEP J

Such a p is U's min-max strategy.

Thus we obtain the two numbers VI and VII' These two numbers
are called the values of the game to V and U, respectively. .

9.3 THE MIN-MAX THEOREH

It is easily proved that, for any function #(x,y)
defined on any cartesian product X x ¥

F) .
mex min PF(x,y)#% min max F(x,y)
xEX y€Y , yEY x€EX

, e L
Hence we have V; & Vg

It is very natural that V's gain-floor can not exceed U's

loss-ceiling.

CPHE MIM~AR PHEOREL

The min-max and the max-min values are equal in ex-

pected velue basis, i.e., |

Proof : Reference 12

Let's try to jllustrate this theorem by the exanple 2.3
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V is maximizer

V1 V2

/ U2 L21=5 L22'-'=9
U is minimizer

If V plays a fixed chcice while U uses a random choice, the
expected payoffs for various probability mixes of UI’ and-Uef
is shown in the figure 2.3. ' '

Similerly, if U plays a fixed choice while V uses a’
random choice, the expected payoffs for various probability.
mixes of vy and Vs is shown in the figure 2.3'.

, - * ’
u's exPcc_'{‘.cJ ‘o;s-ceu\unﬁ V'S CXPCCM 3‘“."__“00,_

Y e

9 -
12
t ¥
)
' ¢
' 5 '
' ; 5 4
I
|
I
|
|
! .
!
U, /2. U, v, 3y v,
Figure 2.3. mﬁn—max-u plays Figure 2.3'. max-min-v plays

first first
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In figure 2.3, if U plays any probabjlity mix other
than half of tiue U, half of tjme&u2; V can obtain & higher
average payoff by playing the fixed strategy indicated by .
the solid line. Similarly, we see that V must play the proba-
bility mix one-quarter of the time V1o three quarters’of the .
time Vo to realize the maximal expected payoff. It is no I
accident that

E min wax Ly, =8 =E max win Iﬁj
p g J qa 7P
That is, by randomization the difference between
minimex and maximin cen be equalized on the expected value

basis. In this case 'poa_l/2 ,Xq°‘= 3/4.

2.4 COMPUTATION OF OPTIHAL STRATEGIES
Minimax theorem assures us that every two-person
zero~-sum game will have optimal strategies, but it dces not

give 8 hint as how to cowmpute these optimal strategies.

Saddle pointg

Phe simplest case odeurs if a saddle pdint exists, i.e.,
if there exists an entry L, ij which is both the maximum entry'
in its column and the minimum in its row. In this case, the
pure strategies i and j, or equivalently, the mixed strate-

: “gies p and'q thh py= 1 qj= 1" and all otherfcomponents o |
equal to zero, will be optimel strategies for players u and v,

respectively.

Domination =

-~

th th

In a metrix L, we say the i°" row dcminates the k

row if
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and ,
Lnj > ij for at 1egst one j

th th

Similarly, we say the j column dominates the 1 column if

', Z. 1 V-
1jj le for all i
and

ij < le for at least cne 3.
THREORIE

Any optimal strategy for the game obitained by remo-
ving the dominated rows (or columns) will also be an optiumal

strategy for the original game.

2 x 2 Games: Suppose we are given the 2 x 2 matrix game -

I = |f11 112

1 1

21 22

It may be that this gawme has 8 saddle point; if so,
there is no problem. Suppose, however, that the goame hes no
saddle point. It follows that the optimal strategies :

R = (pL p2) and g = (ql q2) must have positive components.
Now, if the velue of the game (V =V = V) is V we have
+ 1

+ 1

1 v 2.1

11P191 * T1aP1%2 * l21Prdy + looPpdp =
or

The two terws in parenthesis are both less than or
equal tc -V, since g is by hypothesis an optimal strategy.
Suppose one ol them were less than V, i.e., Suppose '
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lllq.l + 112q2 Vv | 2.3
L)1ay # Lysa, £V 2.4

Then, since Py 0 and pi+p2 = 1 it follows that
Eq. 2.2 would be strictly smaller than V. Then, it follows
that the terms in parenthesis must be equal to V. Hence

Ly + Lptp =V e v
or L g’ = [VJ 2.5
1519y + 1ppdp =V
Similarly it can be seen that
lllpl + 112p2 =V _ :
’ or p L= [V V] . . 2,6
LyyPy + 1popp =V |

These equations together with the equations
P # pé = 1 ‘and 9y # 4 = 1 _ » 2.7
allows us to solve for p, g, and V.
Tet L be a 2 x 2 matrix game; Then, if L ddes:not

have a saddle point, its unique optimal strategies and valve
will be given by ' ‘ '

T |
Q=== | 2.8
PRA |
o. " ' ’ |
p=L% 2.9
Wt ' ,
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12l
t

o - 2.10
1L -

Hb* —

where L is the adjoint of I, |L| is the determnnant of
L, end "J is the vector [1 1] . |

—

2.5 CONTINUOUS GAMES

_ If the choices of U and V are continuous insteed of
discrete, there must be a continuous payoff function, L(u,v)
instead of a payoff matrix L,

1J
uo, vo,‘such that

. We look for a pair of choices,

T(u®,v) £ L(u®,v°) £ L(u,v°) for all u,v

It is claimed that necessary conditions for u°® and v° are ,

oL _
su - 0 9L - 2.11
22, >0 , 2% Lo | 2,12

vl 3v2

and‘suffjcjent conditions are Egq. 2.11 and Eq. 2.12 with the
equalities changed to inequalities. Any u® R v° satisfying
the sufficient conditions is called s "game-theoretic saddle
point". It should ve pcinted cut that the two equations are
not equivalent to- the ususl condntzons for a "calculua saddle_'

point", which are

—= =0 QL _ \
u . ’ v - O ;2'11'
321, 32q, 2 2
=5 - (2L )2y 202
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CHAPTER 'III

LA i@ THHORELIC ADPEFROACH

3.1 TORMULATION IN GAME SETTING

e can view the determination of a control law for .
on uncertain gsystew as & zero - sum two-person game. The |
. first player is the DESIGNER who must choose a feedback
control law which generates the control function based on
«jnstantaneous‘observations of the states of the uncertain
- gystem. His opponent, referred to as NATURE, chooses the
system parameters. When system performance is meaSuréd'by
a cost'functjonal, the value of the cost functional is viewed
as the designer's loss and nature's gain resulting from ope-
ration of the system viewed as the play of the geme. The
min-max criterion by which the control is chosen in a game
formulation yields the swmallest guaranteed upper bound on
the cost. In the game formulation, the criterion used by
the controller as a basis for determining the velue of con-
trol to be applied not knowing v, is ‘

min max  J(u,v)
ugEvu vEV

After this formulation in game setting the general
min-max feedback control problewm will be stated and formula-
ted; then the formulas evolued will be appliéd to the speci-
fic case - linear, autonomous uncertajn system.

%,2 STATEMENT OF THE MIN-KAX FEEDBACK CONTROL PROBLEM

-

In géneral; the uncertain dynamical system to be
controlled may be mcdelled by the vector differential equatio

é(t) o £ ( x(t), u(t), vy t) y VEV | 3.1
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Here, x(t) is an n-vector referred to as the state
at time t, g(t) represents 8 vector of m forcing functions,
and v a set cf p time invariant parsmeters. .

The first participant in the geme is the DESIGHER who
is to choose a control law which generates u(t) based on .
instantaneous observations of the state and time. Such a ,
control is referred to as a memoryléss or instantaneous feed-
back control and msy be represented in the form '

u(t) = Xk (x(t),t) - 3.2

Denote hy U the get of permissible feedback controls
of the form Eg. 3.2 with elements u mapping K" x [to,T] into
R x [t,,7] . |

The designer's cpponent, referred to as NATURE, chooses
the vector of parameters v frowm the set V. '

Associated with an initial condition

x(t) =x, | , 3.3
for the system in Eq. 3.1 is & performance functional, deno- ‘
ted»by J(g,g,go,to) of the fixed time, free endpoint form '
S T . o
J(wyvix ,t,) = b(x(1)) + Jl(zg(t),_u_('t),t)d-t 5.4
t «
J(g,!,go,t) is viewed as the controller's loss and nature's .
gain as a result cf a play of the game corresponding to
éperatjon of the system, Phe criterion used by the controller,

o

in the game theory formﬁ}atjon, was
min - max - I(u,¥,x,,t) - 3.5
u€l vEev

~
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Because a dynamic programmjng»approéch will be used;;
in order to avoid technical difficulties, it is convenient to
assume that all functions involved in Eq. 3.1, Eq. 3.2 and
Eq. 3.4 are continuous with respect to thejr arguments. |

Note that the initial condntnons 50, and to appear Jn
Eq. %.5 as specified conqtanto. Hence, a solution to BEq. 3. 5,

‘denoted by the pair uo, v©

will depend parametrically upon
Xy and to’ from a game viewpojnt the initial conditions is
treated as having been chosen by a neutral agent. Then Eg. 3.5
corresponds to the cese where both the designer and nature

base their decision upon knowledge of X,

In seeking to apply techniques of deterministic optimal
control to the min-wax criterion used as a basis of chcosing
e control low for uncertain systems in the game settjng;,the
ma jor obstécle to be overcome is that the order of mjnimiﬁa—
tion and maximization cannot, in general, be jnterchanged,
i.e., a min -max sqQlution may exist but not a saddle point.
In the theory of gemes (Ch,2), the introduction of mixed
qtrateg:eu3Js used to create a saddle point solution.

3.3 INTRODUCTION OF WILED STRATLQI’“ OVER Tis JHCERTAINTY SLT

Viewing the :direct solution of the min-max problem
(Bq. %.5) ss the minimizstion with respect to u of the func-
tional ¢qdefjned as

$ (u) = wex  J(u,v) | | | 3.6
vev .
indicates two sources of ditficulty. idrst, evaluation of
the functional g by maximization with respect to y cannot
usually be donc in s convenient form.‘uucondly, if the maxi-
mizing v is not unique, then @ may not differentiable and
" hence the minimum cannot be characterized as a stationary

point of @ with respect to u.
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Consider the :nterchange of the order of the mnn:m1—~ 
zation and max:mjzat:on oparatjons. The max—min problem'_

max min J(u'v) o ‘ i ’ "3.7 |
veEvueu T - , S

‘ ‘isvréadjly solved by using deterministic optimal controihfo‘~i
. minimize with respect to u end, noting the parasmetric depen-
”fi‘dence of the optimal control on v, cvhen maximizing over V. s

I'rom the game theory we know that

max win  J(u,v) ‘fé min  mex  J(u,v) 3.8
vEV u€UuU uey v€vV

For equality to hold in Eq. 3.8 a saddle pcint should
exist. If it doesn't exist it is generated by introducing
mixed strategies defined as the set of probsbility measures
over the pure strategies, which sre U and V in cur case.
Because of the measurability and implementation probleus asso-
ciated witn introduction of randomized feedback, we will int-
roduce mixed strategies only over the uncerta:nty set, V. \
Let V denote the set of all probabnlnty measures over the
compact set V. Elements in Vmare dencted by ¥. Note that the
pure strategies are a subset of the mixed strategies correc-
pohdjng to point distributions. :

In the case c¢f a finite uncertainty set

Vi viideleodl 3.9,

then the mixed strategies V correspond to the simplex in RY
consisting of-the set of all probability weights which
satisfy the linear constraints. o

.

M

.>/',O y j ﬂl,-o.c’olq 3.10
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At this point one should state a very jmportantblemma,
called as equivalence lemma which states thét”min4max problem}'
with mixed strategies over the uncerta:nty set is equnvalent
to the criginal min-max problem w:thout m:xed strategnes.l g,,::

Equivalence Lewmma ¢

- min max J(u,v) = min max J(u,¥)
unel yev u€U gEV

.Prbof : Reference 1
3.4 MIN-EAX THEOREM AND SOLUTION OF HODIFIED PROBLEM

The equivalence lemme assures that the min-max probiém7
with mixed strategies over the uncertainty set is equivalent
- to the original min-max problem. Now a min-max theores is
needed which provides suffiecient conditions such that solu-.
tion of the modified probleu

max min  J(u,?)
qev uedl |

MIN-HIAX THeO e Assume

'.1) J(u,v) is continuous with respect to u and v for each
- u€U and vEV.

2) V is compact, i.e., closed and bounded.

3) For each § €V there exists a unique minimizing u€U for
the problem with random parameters

-

“min J(u,d) 30l
uel : : _

~denoted by g?(i) which depends continuously on 9.
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Then therg exists a saddle point UWEU and y_*E\'} for.
U(u,¥) over U x V and S

-

min  max J(u,v) = max  min J(u,9) 3.12
ueEU vev YEV ueu :
= (9% T

Proof : Appendix C.
We can now examine the properties of the modified problem

max  win J(u,9) 'j‘,ljl."ﬁ -
Yevuel V : e
It is clear that min-max theorem gives sufficient
conditions for both existence of a solution to this problem

and its equivalence to the min-max problew defined at hq. 3 5
The dynemic programming viewpoint is applied to determnne a

necessary condition for a feedback control to solve the problem”

min  J(u,?) - | 3,14

viewed as an optimel control problem of minimizing the ex-
- pected cost for a systen wnth constant random parameters

described by the arbitrary but fixed probebility dJstIgbution‘g.
As a result an integro-differential equation which is snalogous”
to the Hamilton-Jacobi equation for the corresponding determi-—~

nistic control to be a solution of £q. 3.14. in terws of this

equation.

To obtein the necessary cond:tnon, we assume ex:stence
of a minjmizing feedback control u ®£ U of the form
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for the random paraweter expected cost prdblem for all toét_T ;,_
and all X,+ Next, we define & real valued function S(x ts v) for

all t Z—t £T, all x, and all v €V by
S(etsy) = 3%, wix,t) - o 316

The interpretation of S(x,t,v) is that it denotesvthe.v
value of the cost functional resulting from using the feedbaékff~
control which is optimal for the expected cost, uo, wnth a.
system whose parameters are actually equal to Y over the Jnter-'f
val [t,T] and sterting et point x. Note that S(x,t,v) does not
therefore denote an optjmal'value.function for any system. The
optimal value function for the expected cost functional is howeve
given in terms of S by expectation of S, i.e., | “

jS(_)_C_O,tO;y_)di = min J:(E’E;xo’to) o | B 3,]_7 N
\4 uevu. B RSN

This way be verified from Egq. 3.4. and assuaption th?t Egii$f¥%1

optjmal. ‘ ST

For arbitrary po:nts tl end 1, sat:sfy:ng t -41;1 At LT
the dynamic prcgramming argument applned to the minimum: cost .o
function for the expected“cost problem (Eq. 2. 16) JmleES\ ::7

J&@pﬁﬂﬂ%? &#ﬂt)J{guxM%+Suﬁ)t
Vv EA I

where k(x(t) t) is written in place u to emphasnze a feedback
control, as indiceated in Eq. 3.15, is being sought. x(t )

j13 the result of the treosition of the symtem frou the atate
at t, via the equation .- :

Vanzic) ONVERSITES! KTOPHANES!
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= £(x,k 'V, t) - B S 3.19

Integrating along the trajectory determined by Eq. 5.19 we
may write

S(x(%)5%5%) = S(xp,%y,3) +5 95 £ 493 ]ac 3‘.‘20';_3_‘1
o) =Sty ¢ {2 Lot g0

. t,
Substntutnng Eq. 3 20 into Eq. 3.19 we get

§ S(xq,t7,v)d% = min {[b(_)_c_ v) +S(l+ +
Jsten, o k(x(%),%) 1 “fd}‘”
\ Vv \

o 3 21

From Eq. 3. 17 we conclude that the term on the rnght snde of f':'

Eq. 3.21 given by

S(Elytly.‘_’.)di’.

is independent of k and hence may be cancelled from both sides
of kkg. %.20 to luuvu '

O-m:mfjl«as + 9S azag - | 3.2é
5 ax L 5?% _ ; : S

Under enerql cond:t:ons of Jntegrabnlnty the Qrder of I

integration in Eq. 3.22 way be reversed by Fubini's theorcm fg‘
to obta:n

0 w m:ln jj ___:?‘. £ + a_g_} dﬁ dr . (R 3,23 Lo
x = 09t R

1,£, and k with respect to all their arguments are continuous |

which implies the continuity of the integrand wi th respect |

to along trajectories agsociated with the opt:mal feedback for

all v. This juplies continuity with respect to of the inner
integral and honoo applying mean value theorem to eliminate the

Jntggral over 1we obtain that for souwe té.[tl,tél
O:m:inj{l%g__S_f-bé_S_%d_?_ o 3.24
. k QX ot ; B
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Since %, and %, were erbitrary, we conclude that Eq.f;

3.24 is @ necessary condition which the optimal control u
must setisfy for 8ll t in [to,T]

If the expression

JYl(X k,t) q»aS (x,%,v) f(g,g,x,t)} ag 3.25
ax 4

. V |

which is the expected Hsi.iltonian has the property of having

a unique minimum with respect to k for all x and all té,[to,T]

then the problem is said to be normel in analcgy with the ’

deterministic case. Let 5 denote the unique minimizer in the

normal cese. Then by substituting E? into Eq. 3.24 we obtain

the analogous ol Humilton-Jacobi equotion.

lea
/\

j{l(x (1)) + 2805, 6 205K (xt,3) + 3B(x, ) ae =
35063

V ' _ | | 32'6‘”4

o
t

--

which is a integro-differential equat:on whnch must be satns— o

fied by S(x,t,v)

The sufficient condition for a control 59(§,t) to be
optimel can now be stated in terms of Eq. 3.26 in'analogy
with the Hawilton. Jacobi sufficiency condition for determi-
- nistic optjmal control problem as follows. If Egq., 3.25 is
normel and a unique solution S(x,t;v) can be found satisfying
the integro-differential equation (Eq 3.26), then a solution
to problem

min  J(u,¥)
ved

is found which is unique except on a set of measure zero.

In tﬁe following section these results are applied to
the linear system quadratic cr:ter:on case where S(x,t;v) se-

parates into the quadrat:c form x R(t v)x
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3.5 THE LINEAR SYSTENM, QUADRATIC CASK

We begin by specializing the results of the ﬁrevdous
-sectjqn tp the case of a linear system, described by setting

2{x,u,v) = Alv)x + B(y)u : 3.é71

u 3.28

'_J
1
ic
1l

I'"'
~
N
x
[ 1O
I
+
=
~
N
Ic
I Ird

where Q is nonnegative definite and P is positive definite.
As in the deterministic case assuue g quadratic form
for S given by

T

S(xv) = /2 x8 mR(v)x | - 3.29

Note that the assumptions on Q and P imply that J(u,v)
~is nonnegative for all vEV, u€U, and hence the matrix
R(v) may be assumed symmetric and nonnegative definite.

- On analogy to the deterministic case, the'followjng‘
Riccatti integro-differential equation for R(v) is obtained,
where the bar notaticn denotes expectation with respect to ¢

o.ex V.
R) = a"8 -2 A" ¢ BR)T R ER+ERETTR .30
-g- @) pt p" vev
Minimization of the Hamiltonian yields a uniqué solﬁtion
W = - v ETR x(6) | N 3.31

By normality of the problew, fthe existence and unigue-
ness of the minimizing feedback contrcl is equivalent to
exiotence and uniqueness of o solution to Riceati integro-
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differential equation.

In case of & finite uncertainty, set ¥ i3 reorebented
by probability weights satisfying :

N

>\'|>O’Z.>‘i = 1
izl

Then Riccati -~ Integro - differential equation (£x.3.30) .

reduces to a set of N-coupled Riccati Differential equations
with parameters .

Now two theorems about existence and uniqueness of
solution will be stated without proof. For prcofs one may
refer to reference 1.

THIOREN

The minimum expected cost feedback control for the
case of a linear systeuw, quadratic criterion finite uncer-
tainty set problém exiuts, 35 unique snd depends continuously
on ¥. It is given by ‘

1, T

°z - P

llw
llw
lx

(%)

in terms of a solution cf the coupled Riccati-differential
equations (Eq. 3.30).

DO Rigil 3

In the case of a finite uncertainty set, & solution
exists to the linear systen quédratjc criterion min-max
control problem. The feedback law and win-mex value are given
by Eq. 3.31 and’Eq. 3.29, respectively, and in terms of the
soluticn of the coupled Riccati differential equations (3.30),
The min-mex feedback law is linear except for parametric de-

pendence upon initial state X, .
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In the probleu considered in this study

to = 0 and T— oo
and that's why, differential term ﬁ(z) drops and Eq. 3.30
becomes simpler, called Algebraic Riccati Equation (ARE).

3.6 A SADDLE POINT TEST

In many min-max problems the hypctheses of a min-max
theorem previding sufficient conditions for existence of a
saddle pcint cannct be verified. LEspecially in such situa-
tions it should be pointed out that if a max-min solution
is obtainable, then it may be possible to apply the follo-
wing test giving necessary and sufficient conditions for the :
solution to be a saddle pcint and hence also a min-mex solution.

Saddle Poant Test:

Let V., denote an arbitrary subset of V and assume
u'€l and ¥'€ V, are a solution to the max-min problem

maxa min  J{u,¥) 3432
TEV, ueu | |

Then u',®' is a saddle point for J(u,%) over U x V and
hence salso a sclution to min-max problem

min max  J(u,v) - ' 3433
uel veEv

if and only if

max . J(E',l) ; J(E',ﬁ') , 3434
v €V .

PROOE : Reference 1
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3.7 PROCEDURE FOR SOLVING 1HE WIN-MAX PROBLEH IN GAsl
THEORETIC APPROACI DRI

In this thesis study the following procedure has been
used to solve the min-max feedback control problem in a game
theory setting.

1) Solve the max-min problem without‘jntroduction df-mixed-
strategies. ' ‘

To solve the max-min problem, one first finds the
sclution to the deterministic optimal control problem with
parameter v obtained by solvtion of the Riccati equation.
Then one maximizes the quadratic cost functional J which is
fgiven by ’

, A ' _ : 2 -
J = x g(x) X - 3.35
over the set of pavameter 1; and note the wax-win value.

2) Apply Saddle-Point Test

a) Stability test

First, to test the condition of the saddle po;nt test,
it is ncted that for an arbitrary constant feedback matrix
K such that closed lcop systen

X:(

| =

+ B K) X | 3.36

is stable. In this case, the quadratic cost is given by
Ex. 3.35, bul now, R is the symmetric nonnegative definite
solution of the equations (Lispunov Equations) below

' N &
(h+B ¥ E

s
=
i
D
ll>
lltf-1
i)

=2-

Hrw
| o
1R

3.37

b) In place of

(Rts

matrix in above equation the max-min



control vector (or'matrjx) is replaced, and TLjapunov equation
is solved. The solution of Lnapunov equations depend para- o
metrically on v; and max:mnzatnpn of the cost funct:onal_Ju;?_";i
over the set of parsmeter v will give us a new value. This’
new value is compared with the max-min value found at step‘l of
the procedure. ‘ o L

3) If the max-min value of step 1 and the new value found
at step 2 are equal, it weans that there exists a saddle SRR
" point and max-min value equals min-max value. ' '

If, hocwever, those two values are not equal, it means
that mixed strotegies should be introduced or as jt.is::

“ﬁdone in this study successive search method can be used.

As it is clear from the above procedure the two'métrjx‘-‘-
equaticns, nswmely, Algebrajd Riccati and Liapunov equations,
have to be sclved in computer in order to Tind the max-min
solution aud mske the saddle-point test. Ancther po:nt which -
should be pointed cut in the above procedure is that the cost
functional J in step 20 is agein given by

T

J - X
- =0

l}=e
{»

as in step 1l; however, R, in this cese, is the Liapunav
equation solution. This point is & claim which needs at 1east
a justification. This justification will be given in the
appendix pert of this thesis.

Wow, a flow-chart of this game theoretic spprcach
method will be given in corder to give an cverview of the
computer prograt.

-
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5.8 ILOW - CHART Ol* THE METHOD

QVSTAHT )

Riccati Equation is solved : .
to £find R for each value '
of parameter

test for the
closed loop systen
‘ formed
?

'Unstable

Print and_note
unstable parameter

Stable -

Opt:mum value (x R ) is
calculated and pr:nted for
gach parameter value v.

Maximum of these optimum
value is noted as wax-min _
velue and gain-matrix (or
vector) is noted and printed.

From A matrix _
A=A+ B K where K is gain

— -—

. maLrJA of max-mnn Jolutxon

@




P

Solve the Lisapunov egn.

)
(4+BE)'R+BA+BK -
~-Q-KPX -

== =

'Calculate cost functional

T. . " .
(x R x,) and note the maxi-
mum cf these values over the

parameter set V.

Compare
the last maximun

value with the max-mi

‘.34,

BQUAL

value. MAX-[IN

HOT | EQUAL

SADDLE POINT LOES NOY
EXIST: Search iethod
Should be Used. '

SADDLE-POINT EXISTS

Min-Max Value equal

| Max~bin Valgs/,//’f

(LffrOié i *)
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3.9 DISCUSSION
. The most important aspect cf this method is that if -

there exists a saddle point the solution is found out rather
rapidly. For instance, the program runs for 1 minute 38
seconds for one parameter uncertainty (ll‘grid pcints),

and it runs for 1 minute 42 seconds for two parameter (16
gridvajnts), and it runs for 3 minutes 7 seconds for three
parameters (64 grid points). If, however, the saddle point
does not exist, then it is faced with a rather difficult

problem of introduction of mixed strategies. In this study,
| this problem has been skipped and search method has been
used since there hed been a difficulty in CbOOanU the pa-
rameter set tc introduce mixed strategies. Thus, mnxed |
stratevaeb would be a new area for thcse who are Jnteres—,
ted; and hopefully this thesis will be s good reference |
-gnd hopefully o bsusis for those people. '
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CHAPTER IV

GRID POIWNT SEARCH WEvTHOD

4.1 PHILOSOPHY OF THE KETHOD

‘ One clagsical approach to the problem of uncertainty
~in the design of control systems is to introduce a suffi-
cient amount of feedback so as.to make the system ingensitive
~ to variations in plant parameters or controllers. However,~

the mere incorporastion of negative feedback around the plant
does not guerantee for which the controlled quant:ty is
uneffected by the uncertainty.

Since our aim is to design an insensitive system
against various variations in plant we have to have a de-
finition of sensitivity. The sensitivity of a control system;
is usueglly taken to be the normalized variation of some de-

sired characteristic with the vaeriation of plant or controller

parameters. Let us assume that T is desired quantity and v is
the perameter; then the 3ensnt3ve is defined to be

ST - AT «V. SR
av T 41

This form of sensitivity gives a measure of the nox-
malized deviation from desired value T. The above descrip;r'
tion is an absolute sensitivity definition. In this search
method the absolute sensitivity measure.has been used. As
it is discussed in chapter 1 section 2 it has been searched

c

for u~ and a parameter v°© such that

}IJ(uO,vq). - J(u,v.)[émax[J(u,vo’) - J(u,v)‘for eli ﬁeFo

4,2
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Since the whole idea behind this method is presented
in section 2 of Chapter 1 now the procedure will be considered.

4.2 PROCEDURE I'OR- GRID-POINT SEARCH

Let us assume that there are two parameters vl,vz
subject to the variations ‘

0.8 L v L 1,2

1172
The two-dimensional parameter space is divided into

twenty-five grid points. The spacing is 0.1 on each axis,

that is, we will allow for 0.1 changes in the two parameters

VayV,e
V2 v,

1.2 — "

(A

4.0

0.3

0.8 03 1o 44 L2 ~ V)

Figure 4.2. Parameter grid.
The procedure consists of the following steps..

1) The cptimal control law for a partjcuiar;grid
point is evaluated using the principles of ¢ptjmal control
theory. For optimality, u is given as a function of the

state veriables



u=-2"3"Rx

t

[Wiss)
| iz

vhere R satisfies the matrix equation (ARE).

ul p=1gT

Li>
|-
tod
R E=e
1>
!
{ o
@
w
=4 ]

'9_@:0

¥
¥

(I'he equation is algebraic, since the system is autoncmous. ).

2) Taking the optimal control law for the grid point
{1,1), the performance indices at sll other points are eva-
luated (this corresponds J5 in Fig. 1.2.1) and deviations
from their respective optims are calculated (corresponding
to the difference (Jé - Jg)). The meximum of these devjétjons
is noted. Now taking the optimal control for the grid point
(1,2), the calculations are repested and the maximum devia=-
tion is found agein. The prccedure is repeated for all the
sther grid points., The control vector that yields the mini-
1um of these maximum deviations is the one that will be cho-
sen for the system, since it ensures the least dractic ef-
fects on the performance.. ) '

In the study of Sudhakar and Eymen (Ref 2) the proce-
jure was developed for two perauweter uncertainty. Here in
this study s program has been developed up to five parameter

uncertainty case.

The flowchart of the computer program of this method
is given cn the next page.
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5 FLOW-~CIHART OF GRID-POINT SEARCH

Stability

Teii////Qf

UNSTABLE

[Print the parametersj
and 'SYSTEM UNSTABLE|
WITHOUT FEEDBAC ‘

gY s

STABLE

Solve Riccati Equation

tTR + RA - BBIP™1BR + Q=0

for a ngd point. I'orm

the closed-loop syftgm
(A=A + B K), K——P B*R

— — — —.

UNSTABLE

Print the unstable
parameters, and -
'SYSTEM UNSTABLE .
WITH FEEDBACK'. .

STABLE

Form a new A matrix
(A4 +3BK)

for the grid points
other than optimum is
calculated using gain-
matrix K of optimum

value. ~




o)

Solve the Liapunov Eq.

L -1
ARy, + Bf--Q - K'E R

=

to f£ind R‘. -

“

Calculate the performance

value using Ljapunov‘qu'
SRR .

solution x EL X,

Pind the difference between
optimum value and the per-
formance velue calculated

above. ©

Note and print the
maximun of these

deviations

Note and print the
minimum of those
maximum values
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© 4.4 DISCUSSION AUD COMPARISON .

This grid-point search method is used When thé saddieg; :
pocint solution doea not ex:et, s:nce it dnrectly gives the

~in-max solution. This is the mann advantage of this method.i ﬁ

However, one great disadvantage of thjé method when
compared to game theoretic approach is that run-time (CPU);
of the computer program of this search method is almost
twice of the game theoretic spproach method.

Por instance, it tekea 7 minutes 33 seconds for three
Cporpmeber uncertudnty problom (64 grid points); whereos

the same problem is solved in 3 minutes 7 seconds by the
game theoretic approach method.




CHAPTER V

-

EX¥ANMPLE PROBLEWN SO TUT I 0N s
IW TWO METHODS |

5.1 ONE PARAMETER UNCERTAINTY CASE - R

Consider the determination of the win-wax feedbéék:ﬂr]j~

control for the uncertain second order stationary lnnear
system described by ‘ ‘ ‘
2
X + 2wk + w"x = u

We know from control theory if 04 %<1, the closed-
loop poles are complex conjugates and lie in the left-half
‘S-plane. The system is then called underdamped, and transient

regpconse is oscillatory.

Suppose that ? = 0.5, and the varnatnon in the natural I
frequency term w is as follows '

0.2 £w £2.2

- with initisl conditions

and the quaératic cost functional
' . 5 o
J(u,v) = J(xZ + 22+ u ) dt.

In the state.varjable’formulatjon’correspondjng to letting

- [g) -2
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we have

[ =

t

that is, o 11 - To o [y  ]5,» $’
%= _vi v X +{q|u E(O)vz ol
j(ﬂc [ }x +u2) dt
A) SOLUTION OF GAME THEORETIC APPROACH KETHOD
MAX-MIN VATUE = 51.6
PARAMETER VALUE = 0.2
SADDLE POINT DOES NOT EXIST

B) SOLUTION OF GRID POINT SEARCH

PARAMETER VALUE = 1.6

5.2 TWO PARAMETER UNCERTAINTY CASE

In this case I have considered a second order plant

wnth two parameter uncertainty described by

Plant: o 1 ol 1
| k= v vy |E Y [}] v 5(0)’= 0

Porforunnce Tndex

o 17 o] 1] 1
Tl 2Tt @=lo 1| F=1 200,
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Variation in parameters

0 L L2.0
10 vaVT"&O
grid is set up as in fjgur575;2; below‘ ,}

v, 4

.0 @

{.GL ' . | v ( e

133

o
-

10 133 {4 20 Vi
Pigure 5.2. Parameter grid.

A) SOLUTION OF GAME THEORETIC APPROACH WETHOD

MAX-MIN VATUE = 1.41
PARAMIETIER VATUES :
Vi = 1.0, v, = 2.0

GAIN VECTOR X =| 041
~0.41

'~ SADDLE POINT DOES WOT iXIST

'B) SOLUTION OF.GRID—POINT SEARCH ETHOD
PARAMETER VALUES
Vl = 100 L) V2 - 200

Eventhough, those values for the paremeters.coincide in
min-max and wax-min solution it does not require a saddle-
point.



5.% THREE PARAIMETER UNCERTAINTY CASE

.

In this case I have considered again a sécon::d".{ordérf:;'_.'
system with three parameter uncertainty which is dgsci‘ibéd"’by;'

Qlant: 0 - v3 ) 0 : | .- ' ﬂyi:i¥;if{{€  
X~ -V, -V X *‘ 1 u | X, = ;(O) = _Ob   %;; 1 

2

.

Performance Index given by 1,
o . -
J(u,v) = [(_)ST [2)' ?]g_ + u2) at-
e
and psrameters variation

1.0 £ V11VpiVs £ 2,0

v 1 [ ) m_)\’

@42

14,21 '
(:.) .y,

4,41

Vi A2, ) (2,21)

TFig. 5.3 Grid-points for three parameters

Grid is set up as in figure 5.3 above.
A) SOLUTION OF GAHE THEORETIC APPROACH}HETHQD :

MAX-MIN VALUE = 1.51
PARALETER VALUES | |
GAIN VECTOR K =[ 0.23] .
_0.57.




1) SOLUTION OF GRID-POINT SEARCH MNETHOD

PARANETER VALUES
Vl = 100 y V2 '_"..’1'-0 [} VB = 200



CHAPTER VI

CONaLHTTON AND TCOUWPARISOW U

o P PWO METHODS

This study has revealed that when the saddle pojﬁt'L°f‘
‘does not exist it is better to apply a search method over i
the uncertain parameter set; since search methods dnrectly
gives the min-max solut:on, When the saddle point. PXJStS, Jt
iz wiser to apply the name theorptnc apprcach method. Howe-“
ver, if one shows that even after the introduction of the
mixed strategies over the uncertein parameter set computer:
procgram of the game theoretic approach method takes'shorter
time than the search wmethod, then it may be concluded that
game theoretic apprcach is breferable for the two cases -
saddle - point exist or saddle - point does not exist. | e )

If the systew under consideration is a non-linear one,
then it is azgain preferable to use game theoretic approach -
method since irtegro-differential equation (Eq. 3.24) which
js analowous'to Hamilton~Jacobi Equation of Control theory
i ready for use. To spply the search method in the case of
a nonlinesar plant requ:res further development.

Thus, iantroducing mixed strategies over the uncertain
parameter set in case of nonexistence of saddle-point will B
" be s further study sree. The countribution of such a study
will be great since it will give an 2nswer to question of N
computer time after the introduction of mjxed;strategjes, :"
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For both grid-point search or gamé theoretic’a?proacn:
it is true that as one wants to be more accurate one needs
more grids points which in returnimplies more computer
time. In this study no criteria has been"developed din éhcoé
sing the nuwber of grid points. This may also be a further
study area together with introduction of mjxed strateg:es =
over the uncertain parameter set. ‘ '

It is also true as the number of uncertain parameters
_ Jncreases it becomes harder and harder to be accurate be-
- cause. run-time (LEU) in computer increases very rap:dly.
In go:nn from 2 parameteﬁ uncertvainty case to 3 parametcr

uncertainty case with the same accuracy one needs four t:meslfi
a3 .much computer time, because the number of grid-points
incresses geometrically.
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APPENDIX A

NUMERTCAL SOLUTION OF ALGEBRAILCG

HMAPRIX RICCATI EQUATION -~

A.1 METHODS OF SOLVING (ARE).
The quadratjc matrix equation

T

l{=
<
+
IE
e
He<
jod
1<
-
]
'
{o

arises in many diverse application - steady state'dptjmal‘
control end filtering, radiative transfer end neutron diffu-

sion, and economic equnlnbrna, to neme a few. ILg. Al, wndely
known as the Algebraic. Rnccat: Equation (ARL), is. deceptnve- :

ly simple in apnoarance, however, consnderable effort has

'Eq.Al .

gone into development of effective numerical procedures foriféﬁ
solving the Riccati equation Al. Upto now six solut:on methodsl

actually have been used.

v

(i) Integrate the Riceati ditferential equatjonf‘f""‘v

e
]
L=
i<
+
|1
Htx:
H.»<

XBX+C to steady state

-(31) Integrate the "Hémjlfonjan" system of lihear‘djfferen—
tial equations X "&f X '
‘ Y = | Y|

where
T.

! -

-

-B
-A

Rt

to steady—state-(Kalman wnd Englark(1966))



(333) ‘Solve the linear system p(}() K =0
where }ﬁ is the "Hamiltonian" matrix defined - above
and p(s) is the polynomial whose zeros are the n. engen—

values of }{ having negative real parts (Bucy and Jo— ;g} 
seph (1968))

(iv) Trensform equation Al to s (discrete Riccati) quadra-
tic matrix eqqgtjon and sclve that (Hitz and Anderscn
(1972))

- {U
(v) Cealculate X=01 where Lﬁ.l consiats of the eigen-
vectors of , corresponding he n eigenvalues with 7
negative real parts (Mc Farlane (1963) and Potter (1964)).

(vi) Convert the quadratic matrix problem to a sequence of'
X+XA +C=Owhere A=A-XB
und solve these Jteratavely (Kle:nman

linear problems
ond ¢ = C + X B
(1968)).

IP<H>

Recent investigations suggest that wethod (v), eigenﬁé-
lue-eigenvector method and method (vi), quasilinearization
method, are effective general-purpose algorithms for solving
the Riccati Metrix equation Al.

A.2 SOWE PROPERPIES OF SOLUTIONS TO (ARE).

in this éection let us quate relevant results concer-
ning properties to the Algsbreaic Riccati Equation (ARE). The
basic existence theorem was establisned by Kelman. It is '
given below as theorem Al. Pirst, we restate the RJccatJ_:
equation Al in a umore guitable form. It is

T r .cct -0 £q. A2

i
-
S

=

)

1<
oz}

i

&
{1

-n
{{e]
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where A,B and C are given matrices - (n x n), (w x n) and

(n x 1), respectively, such that BTB is positive definite:

and C C is nonnegative definite. Dependnng upon the conditi-.
ons whnch A, B and C are required to satisfy there may be a ;g'

unnque solut:on, a finite number of solutions or Jnfnnntely
many solutions.

‘Definition 1 An eigenvalue js Stable if its real part is Q ‘f;1
‘negative and it is unstable otherwise. N

Definition 2 The metrix peir (A,B) is stabjljzable if there
exists an X such that all eigenvalues of

A - XB'B T are stable.

THEOREM Al A necessary and sufficient condition for the
Riccati matrix equation (A2) to possess a uni-

que solution X, for which all eigenvalues of
U — .
A - X B"B ere stable, is thet (4,B) be stabi-

Tizable and (Q,A) be detectable. : o

An eigenvalue of A is (A,B) - contrcllable if
XB =0 idmplies x =0 for all (left) eigenvec-
tors of A xA— X 3 is (A B) - uncontrollable
if x B B -0 for a nontrivial e:genvector x of A.

Definitiog

r

Definition 4 The matrix pair (g,g) is controllable if all
unstable eigenvalues of A are (é,@) - controllable

T) is

i —

W

The matrix pair (C, A) is detectable if (A

Definition
' conbrollaol‘.

De,t,wtumhty is thus the dual cond:\tmn Lo zon!
. rollabnl:ty : S
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TUSORE A2 A sufficient condition for (A B) to be stamln—"-'
zable is that (A B) be controllable. t

'In this thesis study I have used wethod (VJ), quabJJJnearn—':
zation wethod of Kleinman (1968). ‘

A3 QUASiLiNEARIZATION MIETHOD-

- This method is essentially a Newton—raphson procedure.-:
It prcceeds as follows

(i) Choose an initial X such that A=A

ll¢><
fo

(id) Solve the Liapunov matrix equation

T
y = 0

1=
od
-

1>

L

-
1

where C =@ +

=
liw

X using the previous é.,.

(ii1) If the relstive change in X is sufficiently swall and
if the error A X + p¢ AT -XB ; + C is suffnc:ently small,
then exist. Otherwnse, return to step (ii).

Notice that, under the assumptjdns neceSsary to assure
the existence of a unique solution to the Riccati matrix
equation, an initial stabilizing é exists. Moreover, the
sequence of solutions tc the Liapunov equation in step (ii)
converges uwonotonically to the solution of the Ricouhi Bqua~- _
tion (Al). ‘

Tc becomé a competitive nuuerical method for sdlving
the (ARE), the quasilinearization algorithm requires effi-
cient numerical procedures for stabilization, that is, com—
puting an Jnntnal X in step (i), and for solving the_Liapunov
matrix equation in step (i1 ). ' o '
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The computer program for solving Riccatj Matrix equa-
“tions employs a stabilization procedure as follows. IT (A1)
is controllable, then an initial stabilizing X ig given by

X = ¥7'B where ¥ is the "observability" metrix
T
T
W= ﬂj e =" B e™A'S g5
— 0 - :

for sowe T20. A Siupson quedrature algorithm is used to .= o
‘calculate ¥. This involves choosing a stepsize h and éppro:“*:'
ximating the integral by ' '

1=

where y!- e'éh

Thias approech requires the user to furnish two paruv- =
meters T and h, for whjéh he may have little feeling or con-
cern. But the typical valve of h that was found satisfactory
tc use in the algorithm was

h. fund 1
20 [hop(8)]

where A (A) is the dominant eigenvalue of A, i.e.,

dom

) - o
Aa) £ Aa8) d =120
In this study one example problém is solved by hand
calculation and computer sclution of the same prcblem is
compared with it; it is seen that with this value of h sclu-
tion converged to at least 6 significant figure accuracy.

A.4 EYAWPLE SOLUTION OF ALGEBRAIC RICCATL KQUALION (ARE)
Phe following Algebraic Riccati Lquation is considered

T

A-RBYBE+Q=0

et

4

>
=
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with ‘ _
0o 1 ol - T
NS R LR )

and the following result has been got fromw the cowputer in 1
minute 11 seconds : :

[1.420079 0.4494897]

i)

0.4494897  0.7924826
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APPENDIX B
MNOUMERICAL SO0LUTIOHN ©OF.

THE LIAPUNOV HMATRIX EQUADIONW -

B.1 THE LIAPUNOV MATRIX EQUALION

The Tinear IMatrix Bquation

T

1=
TES

*)-(' + T

=

BL

115
it
o

where A and B are given (n x n) matrices and B is symmetric,
is known as the Lispunov umatrix equation. Note that X must
be symmetric as well.

A number of procedures have been proposed.for solving
the Liapunov lMatrix Equaticn (Bl). These include direct so-
lution, iterative procedures, finite series approxjmatjoné,
and transformation to various canonical forms. In thns stu—
dy, the follcwing iterative procedurp is Uotd.

B.2 WMETHOD OF SOLUTIONW

| Let q'be a positive paraweter, let I be an (n x n)
identity wetrix and let

U=1(q1-~ A) B2
V=U{ (ql +«4A) ‘ B3
W = 2q(U B UY) | B4
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If all engenvalues of A have negative real parts
(which means a stable system),

L : » |

Y. Z yi-ly (yi-1yt | . Bs

B izl - . | j .

converges and is the solutnon of Lq (Bl). L may gd to‘infjf‘
nity for exact sclution.

-

The rate of convergence can be improved by using the
sequence of partial sums

i=1
which can be obtained recursively from t
L=4% - -ow
Lyyr =4y * :‘é2v Xy (Y;QV)T Bé,.

Ten application of ‘the Recursion formula B8 yield the
Lirst 1024 terms of the series sulutnon B35.
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2 H00F O THE S doi oo AK
THEOREH

C.1l DEFINITIONS OF HOTATION

U denotes an arbitrary set with elements u .
V denctes a set from a uetric space with elements v
.H(_\g_,;{_)denoteb a real valued mupping of UXV into R
N V denotes the set of probab:lnty measures over V. -
with elements ¥.

Assuming J(u,v) is measurable witn respect to ele-
ments of ¢ then dy J(u,?) we denote '

Jue) = [Ty e uw€u,9EV a

THE MIN-MAX THEOREL Assume

HL J(u,aV) is continuous with respect to u, and y for
each u€U and v €V. -

/

12 V i35 compact

H% For each i}éV there exasts a un:que element denoted
wH)EU such that '

min J(y,¥) = 5@, e
uéed ‘ ‘ '

" ,
"and uo((') is a continuous mappiug from V into U,

Then there exists a saddle point u €U and & €V for J(y_?i) -

over U x V and



,  358i}  "‘

min wmax J(u,v) = mex~min J(u,i) = J(u ,¥ 03
ueu yev L VéVuCU( : (-‘"’f') >

PROOF : The proof will proceed'jn three steps. Pirst, we show
existence of a pair u € U and ¢ €V which satisfy

mex. min J(u,9) = J(u , ¢ ) ‘ o4
¢CVvuey =7 . .
Hext we show that the panr U, ¥ are a saddle point for
J(u,®) which implies

maxs min  J(u,¥) = min max J(u,¥) c5
$EV LU uel LEV .

Finally,we must show
min max Ju,v) = min wax. J(u,¥) c6
WEU v EV " uCUYEV '

We begin with the proof of C4. Define

W(®) = min  J(u,9) | c7
uel _

~Then (y(g) is upper semicontinuous with respect to g. The
set V.is compact by H2 and by the following Lemnma.

Lemma : Compactness of V implies that Vig a cgmpact set.

Hence QV(Q) achieves a maximum over V for some
. * . . .
element which we dencte by ¥ which satisfies

Yy Ve eeld \ g



W) =

ax mwin  J(u,%) o - ¢9

(<> 2

However, by H3 there exists an element u°(v*) € U such that

W™ = min 3(u,9%) = 5(2(27),2%) e
u ‘ . | - ST
Setting u* = u’(¥ ) cll -

and combining C9 and ClO yields C4 .

Hext we turn‘to the proof of C% . By the definition
of a saddle peint, CH5 jshsatjsfjed if existence c¢f a saddle
point for J{u,¥) in U x Vecan be shown. We will show that the
pair u” , #” shown to exist and satisfy G4 constitutes such
a saddle point. Let '

g U™ ,e ) | | c13
Then we mwust show thet
T )£ 3% L (u,eY) Yu€Uoend $EV c13
By the defﬁnitjon ¢l of J(u,?) we have that J(u,?)
is linear and hence concave with respect to ¥ for all ué&dU
Concavity of J(u,¥) over the convex set Viuwplies that for -
any 0 £ 5 £ 1 all u€U and all $EV. |
3, (1-7)2 +78) = =-PVYEH +» Taw,2) - c14
Using G7 end 14 yields

‘;T(p_,(l-?.)ir_ +89) 2 (1-3) Y@ +fJ(E§»2) - '»’015”

Replace u in @15 by




Eq{ S0 ((-)* 5 98) o s

o otase R y s
P91 +10>1-7) Y @en « §J<g‘§2>017
Erém 012 and C8 | \_ | | Rt
o \P(iﬂ =3 W - D ¥ e D) - 018

and therefore cowbining C18 with CL17

T z (L =% « '?J(y_?{,ﬁ) B 019

or for 04 § 41
.

T'Ju’,{, 0) £77 | o ceo]ﬂ',,:j

By continuity, setting = O in €20 end using C11

yields the left inequality of C13. Setting $=0 in'Cl5-
and noting Cl8 yields the right inequality of Cl3. This
completes the proof of C1l3 which shows that u , & :is“;_a-v,"‘
saddle point and hence _(_3_5___ holds., S

To prove Cl6 we simply note that this corre’spoﬂn\d's;f'bb_”
the enuivalence lemma. The proof of this lemma also e*c:sts
in the work of Howard Blum (R1). B ’
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57, IF (NPARAMLEQ.ILI)IGO TO 804
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39, anyg CONTINUE
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O PRINT*e 0 VALUES OF THE. PARAMETERS FOR: SUBOpTIMAL GRID POTNT?
PRINT*2V1,V2,y3 o ) L L

S .60 TO 988 : : L
Lo r,887,IF(1CEK Eqel.AND, JCEK EQ l)XMINMA PEROLD
st IFOKMINMA LT PEROLD)I GO TO 988
- AMINMAZ PEROLD ,
cole e VL EVIINHCICEK= 1)*DELv1
V2=v2IN+H(JCEK-1) #pELy2.
7 PRINT*/»9CoORDINATES OF SUROPTTMAL GRID. POTNTn
__ PRINT*,1CgK,yJCcEK
o PRINT*9 9 VALUES OF THE PARAMErERS FOR SUBOpTIMAL ‘GRID POINT?

CPRINT*,V1,V2 o o o . I
CLGOETO 988 o '
987 IF(ICEK.Eq. 1)xw1N,A pEROLD
S UIRE(XMINMALLTY,.PEROD)GO. TO 98y -
. XMINMA= PEROLD A
L V1ZVIINF (1CEK-1) *pELyL e BRI
S PRINT*r,COORDINATES oF SUBOPTIWAL GRID pOINTr o
U PRINT*pICEK - SELTEL
o H_PRIHT*,yVALUES OF THE PARAMETEPS FOR SUBOpTIMAL GRID POINT
S o PRINT#VA '
~....=288 1C=1
%= 999 CONTINUE
. B8 CONTINUE
o788 CONTINUE
. 088 CONTINUE _
588 . CONTINUE.
. END

,r ﬁ§SUBROUTIN[ RICATI(A1B,PrQ¢Nry,HIR, GAIN BARB) e :

DIMENSTON A(10,10)#B(10710) 1P (10¢10),0(10,10) (EXPA(10,10) s

l) V(lO)vJL(lO);BSQ(lo 10) ASQ(]‘O'ID)'QSQ(lo'ln)PRB(].O,].O),;
1, lU)vAT(lﬂrlﬂ),ERR(lO'lO) ET(lO’lﬂ)vR(10v10)yARB(10,10), -

lﬁARBY(lo'lo)rEXpAT(lo.lo),BARB(lo,lg,,GAIN(lo e
v(l)=1.

T CAkL- GJR(P'lOlepmrM,gso,JC,d)‘

Do 181 I=1'N

Do 18l UM

181 BARB(I, S =B(1,J) AT

TCALL MXMLT (0P ARRINo oM 10s1g)



,QIN1111-15 ?07rTHF3\§r10an
‘..MAIN

17/27/79-16 203(+0)

l‘.

e
e
‘{;\Sl
D
' w

» 1
S

2.
3.
oy
5.
6.
g

g,

3,
SO'
51 .
2 o
3.

4,

'.r).
sf)e

WiR

DIMENGSTON ACInetn)

,IRéAHIM”EKSTN:;'

LY N N

fa V3T . T

vn(lnr1n):P(10 1n)-n(10-10l-a(10 1n).p1c

1 AUHEIG(]O)obAIN(lﬂ:]U)oXTN(]O):HARH(lanO}'ARﬂ(lﬂtlﬂ)

COMPLEX POLEIGEN
REAO();7)N Me NN, NPARAM

DATA V1IN VQIN'VlFIN'V?FIN/l 0 1 o.a.n...n/

IST=0

Pltr1)=1.
al1.1)z1,
alirp) =0,
0lr:1)=0.
algr2)=1,

7

FALI
703
702
701

1339

59 .

UM

80u

XIin{2)=0
FORMAT (415)
NNM1ZNN=-1
11z1

IF (NPAR MeE0.TI)G0 TO 701

I=1T+1 ‘
IF(NPARAMJEQ.IIYGO TO 702
TIzIT+1

IF (NPARAM.EQ, II)GO TO 703

II=11+1

IF (NPARAM.EQ. II)GO TO 704
DELVSZ(VSFIN~ VSTN)/NNMI_
DELVUZ (VLr iN=-VETIN) /NNM1
DELV3I=(V3FIN=V3TIN)/NNM1
DELV2=Z(VPFIN=V2TN)/NNM1
DELVI=(VIFIl~ vllN)/NMMl
IC=1

11z

TF{NPARAMEQ.TIIIGO. TO RO
II=17+1 -
IF(NPARAM.EQ.II)GO TO 802
I1=11+1

IF (NPARAM.EQ,I1)GO TO 803

111141

IF (NPARAM.EQ.II)G0 TO aou

DO 588 MCEK=1sNN
CONTINUE
DO 688 LLCEK= 1'NM




803 CONTINUE =
Do /88 KC{K l!\jN
802 CONTINUE . -
. DO 888 JCgK=z1, VN
CONTINUE :
DO 999 ICEK 1NN
i1=1 e
, lF(NPARAM EQ. 11)60 To 901; e
SOIIEIIHL L R
- IF(NPARAM EQ, II)GQ To 902,
o LISIIAL A S R
?,A_KIF(NPARAM E@ II)GO To 903MM T )
CATIIETINL Y ShepEERnAE o T
“:,IF(NPARAM EQ II)Go To 90w
S VTS INF (MCEK= 1) #pELYS.
.. 904 Vu=v4IN+ (| CEK-1)*pELyY | o
©903 V3=V3IIN+H(KCEK 1)*DELV5‘~'-'
902 Vo=y2IN+ (JCEK-1)*pELY2
901 VI=VLIINFOICEK=-1)*pELYY 7 S
, A SYbTEM DESCRIBTION-,— A,AND B,MATRICES
A(112)~lr
A(gpl)_—Vl**Z
CA(2,2)=-V3
By =0
B(2,1)=1,
.CALL EIGVAL(A,B8BrcrN,POLYEIGEN)
- D0_201 J=1N
~IF(REAL(EIGEN(J)) .GT,0.)60 TO 58
01 CONTINUE. 7 o
=60 TO 59 s : ' LT e E
58 PRI T*rvSYSTEM 15 UNSTABLE FOR THESE PARAMETERS WITHoUTiEEE|
16Tl i ‘ s R R
VCONTINUE -
IR S A B [0 B CY5 W e 1 N
55 ABSEIG(I)—CABS(ElgEN(I))
S BIGEIG=ABGEIG(1)
Do s6 1=2yN _
.. 56 BIGEIG AMAXl(ABSEIG(I)yBIGEIGY
 _H=1,/(20+*BIGEIG)
Lo CALL RICATI(A,3P,QoN,MrH, RrGATNvBARd)
IF(IST.EQ,1)Go TO 16 7
w760 TO 69 el
16 CALL MXMLT(BARBrGAINrARB'M' 'u.lo 10) _ -
“o o CALL MXADDCAPARBeArNyN#10y -0 o e
. CALL EIGVAL(A'BB'C'N POL'FI(?E_IJ)
U IST=0 S
Do 17 1=1, N
;IF(REAL(EIGEN(I)) GT 0.760 T0 58"
7 CONTINUE ] . : .
260 TO 89
PRIHT*vrSYSTEw UNCTABLE FoR BCLOW PARAMETERS waH STATE FEE
S PRINT* e PARAMETER l---PARAMETER 2.-=PARAMETER 3~=PARAMETER
B PRINT*,Vl S
Q- CONT.INUE - TRt
CALL OPTImA(XIV'R N;w,QPT) .
'PQINT*',OPTIMUW VaLkUg=,rOpT
I1=1 e
IF (NPARAM,EQ, II)Go TO 987 . St
IT=11+1
’*LF(HPARAM EQ. 1160 To 887

L B e —————— —— - - Al Sar S deaudadart anan ——Tr AT MRS b MR S SR HET SN SN M RS ASE S but e as e |



TISLIAL o
;IF(NPARAM E@ II)Go To 787

,”1 1160 TO 500 .

©60 T0 500
G0 T0: 500"
60 TO 500

987, LF (ICEK. Eo'l)GO To 500
- 500- CONTINUE

T U IF(OPT.EQ.OPTOLDIGO T0O 988
......500 OpPTOLD= OPT

“ ST DO 301 IS
Do 301 U= 1'N
OPGAIN(I'J)—bAIN(I'J)
11=1

II=1I+1

IF(HPARAM,EQ,T1)Go To 502
CII=IIvl

U IF(MPARAM,EQ.II)Go To 503
“ [I=1I+1

. V50PT=V5
504 V4OPT=VY
503 .V30PT=V3
=502 V20pT=v2
501 Vi10pT=V1

GO -TO 999

£ 999-CONTINUE

588 CONTINUE

788 CONTINUE

688 CONTINUE

=588 CONTINUE

1121

IF (NPARAM EQ, 11>bo To 601
I1=11+1

~ L IF{NPARAM,EQ. 1160 TO 602
CII=1Itl

[1=11+1
IF(NPARAM Ed II)GO T0 60“
Do 188 MKz 1:NN g
[,604 CONTINUE -
UO 288 LKz 1NN
D0 388 KK =1 /NN
CONTINUE
Do 488 JK=1. NN
CONTINUE ‘

'IF(NPARAM;EQZII)GOATO:687 )
C1FCICEKEQylyAND, JCEKEQ. 1, AND KCEK

IF (1CEK.EQ.1. AuD JCEK ta. 1)Go TO 500 |

_IF(OPT,LT OPToLD)Go 10 999

T IE(NPARAM, EQ 11)Go TO 501
CIF(PARAM,EG.II)Gp TO 504

- PRINT*2 o MaXIMIN Sol- OPTOLD—rrOPTOLD S
PRINT*91GAIN VECTOR FOR MAXMIN SOL». . ‘aa-.

CPRINT*e ((GAIN(Trdyrd=1 o N, Izgym). 0 0

; PRINT*,,PpRAMETERs FOR MAXMIN GOLr'Vl

IF (NPARAM,EQ.II)60 TO 603v

IF(1CEK, EQ 1 AND JCEK EQ ] AND KCEK EQ 1)60 TO 500

988 pRINT*..THERE EXISTS ANOTHER MAXWIN SOLvrvlvVZ

d;i;ANb;LCEK,EQ.l.AND;h

1F(1CEK.EQ.1, AVD JCEK EQ 1. AMD KCEK E@ 1 AND LCEK E@ 1)GO Tc

—— DU O A ) i AN A sta SN AN S L A0 R VR S DRI VN



“DOI499 IK=1, NN

T1=1.
IF(uPARAM EQ, I1)60 To 101
. 1I=1I+1 o
EE U IF(NPARAM,EQ, II)GO To 102 = -
II=11I+1

CIF(NPARAM,EQ,T11)60 TO 203 .-~ 7+
o l1=ri+ o R
< IF(NPARAM,EQ, 11060 To 104 -
. . V5=y5IN+(MK-1)%DEL VS
eol0u VOaSvgIN+(LK=1)4DELVY o
103 V3=V3IN+(kK-1)%DEL V3
=102 Vesv2IN+(JK=-1)xDE V2
101 V1=V1IN+(1K~1)%DE| V1
- SYSTEM DESCRIBTION=—= a,AND B MATRICES
A(1,1)=0.

A(ly2)=1e
-A<2'1)—-V1**2 e C -
A(272) ==Vl T T e
d(l'l)—O' ..:,
Bl2rld=le v e e
CALL PERFoR(A BvOPGAINrP'QrXIN NrvaOR) .
II l S P
IF(NPARAM EQ II)GO TO 487 '
TI=11+1
IF (NPAR, M E@ 11)60 To 387
LI=pI+1
1I=11+1 e
IE(NPARAM,EQ.11)60 T 287 . o i
IF (NPARAM EQ,11)Go To 187 7
IE{IK+EQs1+ANDVJK . EQ, 1. AND. KKeEQe 1 AND LKL EQu1s AND MK < E0% 14
o 1400 _ ; ; o ST
G0 T0 399 r ' ' e
-ﬁIF(IK.LQ 1 AND JK EG 1 AND KK FQ 1 AND LK EQ 1)GO To 400
60 T0 399 . s
7 IF(IKeEQe1s AND JK E@ 1. AND KK FG 1)60 TO uOOMY
- 60 TO 399 1 S T R
CIF(IKEQe1. AND JK EQ 1)60 TO u00 L
G0 TO 399 S EEE R
87 IF(IK.EQ. 1)60 70 400
599 CONTINUE. - :

. PRINT*s¢Z0R VALUE—rrzOR .

i IF(ZORVLE ,ZOROLD)GO TO 499 ¢
, ZOROLD ZOR ,

NIF(HPAQAM EQ 11)60 To 202
SLI=ITHL . R RS ¥ ORI e
IF(NPARAM EQ 11)60 To 203

II=11+1.

Ir(NPARAM E@ 11>Go To 204
SIIETI+L '
_[F:(NPARAVI EQ 11)60 TO 205

VSZOR=V5 .
, _V4ZOR=VH

pz T T

e V‘: -
,WC'NTINUE =
CONTINUE




2BACONTINUE ‘v - s e
--188_CONTINUE
IFCORTOLD EQ ZOROLD)GO TO 215 B e = S
PPIHT*;:SADDLE PO}NT DOES NOT [XIST, e _
GO-TO 216 - o S
A“?PRINT*'.SADDLE POINT EXISTS.:,T”.,
SPRINT*VLOPT o AT

. SUBPOUTINL RICATI(A BiPrQ, Now,HvR GAIN:BARB)
. DIMENSION A(10,10)¢B(10710)sP(10210)+Q(10,10) EXPACL10,10),W
S 1),V (10)eJc(10) 8BS 10,10) Asa(lo.lo).age(lo 10)RE(10,10) o R
S 19100 9AT(L0010) +ERR(LOP10)ET(10220) vRE10,10) +ARB(10.,10) v
1ARBY(10710)rEXPAT(10 lU"BARB(10r10)vGAIN(lorlﬂ) ,
oo NL =1 ,
. CALL GJR(Prlo.lo q'M $50'JCvV)
- D0 181 I=1eN
... Do 181 J=1M
1 BARB(IrJI=BLI ) R
:AV:CALL MXMLT(B PpARB'N;MrM?lOrlO)
coo T CALL MXTRM(ByBeNemel1ge10) o0 i o
. CALL MXMLTCARBBrBSQrNeMiny 10;10) o
-i°Do.88 I=1,N : e
. bo 88 J= l,N ) o - : . o
COB(INd)ZBSEUIeg) i
W(Ied)=BSE(Ird) e _ R
S CALL MXSCACARNGNr1Or=14)
CCALL MATEXP(A,EXPArN,H) ]
— CALL -MXMLT(BrEXPA,ARB NeNyNy 10,10) S LA 2
MXTRN(LXPAIEXPATIN 'Ny10,10) L e ]
.MXMLT(EXPATrARB.ARBY,.I\x"r\J",tr;n1ov10)'’—,f.'*..ﬂ;ff':;._.~ e
stCA(ARBY'N,Nployu.) S e |
MXADD (BrARBY (WeNeN2 Q) L T N
MXSCA(ARBY 'N,Nr10¢0.5) —
MXMLT(EXPAT ARBY 1 ARB, NrNvalo 10)
MXMLT (ARB, EXpAr ARBY » N2 Ny Nle 10)
MXADD (e ARBY , WeNe N2 LQ) "
MXSCA(ARBY 'N,Nr10924) . S
<_WXWLT(:XPAT'AR87.ARB N'N M:lo 10 .
MXMLT (ARBEXpArARBY +NeNyN,10,10)
\LL "MXADD (Wr ARBY, W'NrerO) SRR
D..H/s.
CALL MXSCACurneNr1005) . .
Vil)=1, . o
CALL GJR (110,107 HrNs S50 4C oY)
, GO TO 152 '
-155 CONTINUE
Do 183 I=1'N
s Do 183 J=1'N
183 W (I,J)=0»
. - Do 302 I=)'N
302 W(I.D)=1e
S=o0 152 CaLL V‘XV\LT(H B5QrR N/ Ny N'lo'lO)




Do 99 1=1,N .
DO 99 J=1,N
99 ERR(I J)'10 E~05" '
— CaLL MXSCaACArPN, Nthv-l ) .
0111 CALL MXMLT(RyBSQrRBeNeNY» Nplo,ln)
CALL MXSUB(AIRBIASQIN/NILD) N
55 CALL MXMLT(RB,R7ARBsNsN*N, 10, 10),A,“'* '
CALL MXADD(QvARBrQSQerNvlo) B
DO gy I=1,N G
o DO 98 J=1,N
- 98 ROLD(I, J)—R(I.J) R O L
- CaLL LIAPUN<A50 Q50 N'R) e
Do 78 1=1,N SR
- Do 77 J=1,N o
L1IF(ABS(R(1'J)-ROLD(I,J)).LE ERRI, J))Go TO 77
- GO TO 111 B ; o R

L EEI77 CONTINUE
. ... 78 CONTINUE
T CALL~MXML1(A1R ET NyNyN» 10110)
. CaLL MXTRNCA,AT#N,Ne10,10)
MLECALL;MXMLT(RvAT'ARB'N NeNy10; 10)

‘ CalL MXADGUET,ARB,ET, Nerlo),
"WCALL”MXMLT(R'B:QrARB NrNtN!lU,lO)
_CaLL MXMLTCARBIRe ARBY yNINyNy 10 10)

ezCAtL‘WXSUB(LTrARBvaT.N 'Ny10)

CIFCABSIET(I00) ) oLEWERRIIN ) )GO TO 70 -
. Go 1O 11}
72 CONTINUE -~ -

73 CONTINUE

. WRITE(6164) . s D et
,HA;_,PRINT*v((R(I'J)rd 1vN) I 1'N)
GO TOBL _

- ,uRITE(orluO> o

60 TO 155 .
CONTINUE
©s CALL MXTRi[(BARB1BARB, NeMr10,10) o
 CALL MXMLT(BAR3sR,ARB,MIN, N'10y10)ruﬂ
;:;;A};ijALL’MXWLT(PrARBrGAINrM 'MyNy10,10)
o CakL MXSCA(GAIV My Nlev-l
,errfA‘w;ﬂv(l)_ . E
~ CALL GJR(Pvlo 100 Mr My $50rJC'V) i e
L UPRINT*reGAIN yECTOR K IS GIVEN BELOW, -~
 PRINT*» (CGAIN(Ird)yrd= 1oN) ,I=1,M)
64 FORMAT(1X; *RICATI MATRIX 1S GIVEN BELOWsy/)
EoRmAT(levINVFRS[ DOES NoT LXIST,'/)

SUBROUTINE™ LIAPUN(ASG,QSQ¢NyR)
DIMENSION ASQ(10¢010),Q@5Q(10 10)-R(10

)'sIDEN(lo 10)'U(10
YV(L00 10):JT<10110)1Y(10 10y42(10r10).

rZT(100 10),ARB<10.10




A}

c110),ZLN(1o,10)

=0.,1

S o 101 J=1eN

CSIDEN(J»Jd)=S

—CALL MXSUB(STDENY ASQrUYNrNY 10

v(l)zl, e

SCALL - GUR(UPI0, 10PNy $50,dc,v)-=*fiv**%

._60_T0 105

102 "CONTINUE

00103 I=1/N

D0:103 JZ1 PN

103 . U(l,J)=0. ‘
F2DO 10 TITF1eN

g ,:AU(I'I)—'l.
05=CONTINUE: - ' Gl ol

_CalL MXADD(SID NrASQ vv N ero). "

SCALL MXMLT(UryyrARBINININy 1O, 10) el

DO 181 I=1*N =

DO 181 J=1N

181 Z2(I,J)=ARB(1,y) ,

CCALL MXMLT(U»SQrARBYMeNeN2L1g,10)

CakL MXTRN(UrUT Ny Nr10010)

CALL -MXMLT (ARE), UT Y NiMrNy 10, 10)

- S2=2,%5 ~

~ CALL MXSCA(YrNyNr10/52)

DO 203 KK=1r190

IF(KKEQ.1)GO. TO 190 BRI

CaALL MxMLT(ZerARBrN N N'lOrlO) o . I

00182 I=1N “F S i s
Do. 182 J=1 N

190 CaLL MXMLT(Zvy.ARnrN N N:lo.lo) o
CCALIMXTRN(Z e ZT o NeNedlpe20) o in e
_.CALL MXMLT(ARB»ZT,ZEN/NIN, ero'lo) R
SICALL MXADD(YquNryvaerO) T
"""" DO 204 I=1 N
. D0o._204 J=1'N
4RIy )=y lred)
.60 TO 51 .
0 WRITE(6,140)
.60 710 102 , | 7 |
S CONTINUE . - ’ oA e
FORMAT(lxulev”RS[ DOES NoT EXIST,v/)
_iRETuRN »
_END_w!ﬂ,

SUBROUTINE MATEXP (ArEXPAYNIT) ' ' ,
DIM&NSION A(lOle)vExPA(lo 10) ST(lO 10)'ENTEXP(10 10)
DO;l J 1 H ,
STOLr N =A(Lr ) xT

1 EXPA(I»J)=5T (1) e
IPOWER=10Q o e e

TESTAL VEARD Loy L e mE



o D07 T Iz2rTPOWER
. EPOyR= IPOvER—1+2
DO B Jdz1ey
. DO 3 K=ty L
CENTEXP (I ) ZEXPA( 1K) /EPOWR.
ENTEXP(Jr J)ZENTEXP(J,J)+1,0
7 CALL MXMLT(ST,ENTEXP,EXPA, N,N ers 15)
. D0 9 J=1rp
TEXPA(J ) EXPA(J:J)+1 0
. RETURN
CCEND

SUBROUTINE PERFOR(A'B GAIM P.@.XIN.J My PER’,_W ,
L U DIMENSION: A(lo:lD)'B(lﬂ'lo)rP(10'10)rQ(10 10 GAINCLOY 10) # X

LrARB(10,10) 0 ARBY (100 10)-AS@(10y10)'QS®(10 10)
LU CALL MXMLTA(ByGAIN,ARB¥NIMyN9 10,109~ S
CALL MXADD(ArAQB.ASQ NeNv10r10)
S CGALLMXMUET(PyGAIN, ARBMeMyN,1G,10)-
_CalL MXTRMUGAIN'GAIN/MrNr»10,10)
TCALL. MXMLT(GATNIARBYARBY FNeM,;Ny10,10) .
CALL MXADD(Q@rARBY,85Q/N7N,10, 10)
CAaLL LTAPUN(ASRIQ5QrNeR)

cakL OPTIvA(xIV R, pr;PER)
S RETURN S :

; ,END o

C L SUBROUTINE OPTIMA(XIN/ReNyMyOPT)
~ DIMENSION XIN(10), RR(10)rr(10,10)
“CALL MXMLT (R, XIN'RR NeNrlyl0,10)
CALL MXTRMUXINGXIN?Ns1¢10, 10)
2o CALL MXMLT(XIN/RR,OPT,1/Ny1r10,10)
. _RETURN

bUBROUTINF EIGVAL(A'BBr 'NrPOL'EIG-d)

CDIMENSION.A(10,10)+BB (10, 10),c(10, 10)'P(lo)'POL(ln).EIGEN(J
LOMPLEX PQL'EIGEN

‘ 000001




DO 1-J=ien o

BB(1,J) A(Ivd) , ;

DO-2 Mgy o

P(M)=0, 0

CEMEM o

-.Do 21 1= =1,N
'TIP(M)_P(M)4BB(I,I>/FM S
= :BB(1 I)—BB(I 1)—P(M) LT
CALL MXMLT(A B83:C, NvN Nvl[) 10)

D0 H Ky

.Do g L=1» u
“BB(K L)-C(KrL)

‘iCONTINdE e

SNTENS e L R e

. D0 41 I=1,N : -

iL=NaT#+1 ' N ST

. IF(P(L) WNEW0,)50 TO 51
1 NI=N=I B

_CONTINUE

S IF(NICEQep)GO TO 22

. bo 4 I=1rpl

T J=NI-I41

POL (J)=CMpLX (-~ P(I)r0,0) : : Lo

. HPLz=NI+1 f BRI SANRERASES S &
_POL(NP1)=CMPLX(1.0*0,0)

SCALL ROOTCP(POLrNIvEPS-KMAXrEIGEN Jr366)

.60 TO 85 ‘ o B

CNPL1z=NI+1

, CONTINUE o S S

D023 I=NpLyNyL S e T R
EIGEN(I)=CMPLX(040*0,0)

CWRITE(6011) (EIGEN(I) yI=LeN)

.60 10 31

 WRITE(6077)J

. CONTINUE

 _FORMAT (1X, I4y,TH ROOT DIVERGEDpr//)

06i000l042521; . 1723% IBANK WORDS DECIMAL =
043000 061020 7185 DBANK WORDS DeCIMAL
ESS 035763 S o ST

SEGMENT SMAINS i 001000 042521 043000 061020
(1) 002280 00213 5(2) 043000 043002 -

C$(3) - 002132 02146
CB(5) ¢ 002147 0021“7,

e e vt g e

5(2) fv;0u3003,043314.

S D LA S I O SO S PSR U Sy

-y

**:FORMAT(lx,-**EIGENVALUES ARE -AS FoLLows**,.// 1X'F12.095X,F

o~
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