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In designing control systems 'with optjmal performance 

parameter variations pose a great problem. In prjnciple, it 

is possible to attain an ideal performance by sensing the 

uncertai n parameters and using an' adaptj ve c.ontroller. But 
such controllers are usually difficult or expensive torea­

lize and there is a strong rno.tivation for considering simpler 

controllers. 

The sjmpler control strategy under parameter uncertajn­

ty j3 the min-max controller which operate the system .according 

to one control law that minimizes the maximum varjationsfrom 

the optima correspondi ng to each par~3meter. Thereexi st various 
methods to find the parameters of the mjn-max controller. 

In this study two a~proaches have beeh considered to 
fjnd the mjn-max controller parameters: jteratjve or sear9h 
procedure, and game theoretic approach. 



CHAPTER I 

I N T ROD U C T ION 

1 .. 1 PROBLEM STATElfJEN'r 

Intelbgent desjgn of an optimum control system can 
be carrjed out only if the designer knows the dynamjc charac­
terjstjcs of the plant or process to be controlled. The ex­
tent to whjch systenj desjgn can proceed jn a logjcal, sys­
tematjc, and intelligent manner js, to a consjderable degree, 
djr~ctly measured by the knowledge of the process dynamjcs. 
Thus, the fjrst thjng jn control system design j3 to deter­
lid ne the dynnrnj c chorocterj utj cs of the prolJess to be cont­
rolled. Fjgure 1-1. below :illustrates the block djagram of 
a plant. 

~ 

• . 
~ 

Process x u 
(or Plant) 

Fjg. 1-1. A Multivarjable process. 

The dynamjc characterjzatjon of a plant. js usually 
descrjbed by a set of djfferentjal equatjons 

j "" 1,2,3, .. ,n 
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In vector-matrjx notation, thjs set of equations may be 
wrjtten as 

. 
X(t) = df(t). ::: f[X(t),U(t),YL(t),t] 

dt 

In above equatjons, the plant js assuwed to be of n'th 
order; X(t) js defjned as the state vector 

whose n components are the state variables; U(t) is the m-dimen­
sjonal control vector 

whose m components are conttol sjgnals; R(t) is an s-dimensio­
na 1 vector-va lued random functi OtT k.nown as the di'sturbance vec­
tor 

whose s components represent the random disturbances, anq ! js I 
,I 

a known vector function. 

·At each moment, the control sj(Snals must sa~isfy the 
i nequob ti es 

j = l,2, .•• ,m 

or jn vector notatjon 

(where g is a general function) 

which reflec'ts the restrictions imposed upon the control systelll 
The control vector U which satisfies the above inequality is 
referred to as the admissible control vector. For instance, jn 
many practical situations the values of the control signals Ca~ 
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not exceed certain upper bounds because of saturation effects 
or physjcal ljmitatjons. Under such circumstances, the admis­
sible control signals must satisfy the inequalities 

Iu .\ L 1,1. 
J- J 

j=1,2, •• ,m 

Now, considering the design of an optimum control sys­
tem, if the desjgner does not know the dynamic characteristics 
(parameters) of the plant or process exactly, he can proceed 
in the following two ways: 

A) System Identification 

One tries to estimate the parameters of the system 
(thus identify the system) by gathering some statistical data 
ubout I,he D'y::Itern find uuj Ilg curtuin 'technjqutw (l.'1UGll aD Least 
Square, f;Iaximurn Likeljhood, GrBdj~nt i':Iethod, liMP, etc.) 
Afterwords, the opU IlJurn contr.o 1 law is found out ina conven­
tjonal manner, wjth known plant dynamics. 

B) Min-Max Approach 

In this case, the designer consider8 the system 

parameters as ullcertBin. oyer u range. lIe assumes that the worst 
vdll happen; and acco.c.-.dngly, he tries to choose a controller 
which results in the lea~t drastjc effect on the system per­
formance. 

In this study the second approach (Min-i'Jax approach) 
will be used. Just like in parameter estimation ther~ are va­
rious methods to solve min-max problem and here in this study 

the two 1lI08
4
t common lIlethods wi 11. be u:Jed to 301ve j t. 

The uncertainty in the system parameters may arise 
because of lack of precise jnformation about a specific system 
to be controlled or the requirement to determine a fixed I 
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controller suitable for use vdth an ensemble of systems diffe­
ring in the values by some group of parameters. In such situ­
stjons two reasonable desjgn .criterja can be jmmediately con­

;luutul'ud: 1) M:it)jlllj~t1 the rniJxjmum d(Jvjot:ion J:rorn tho optjrnol 
behavjour;and 2) Minimize the average deviation from optimal 
behavjour. Ejther of these criteria might be applied when the 
designer is attempting to fjnd a single controller for a num­
ber of similar plants or when he is attempting to find a cont­
roller for a single changeable plant. The first criterion is, 
of course, the more me~ningful when critical tolerances are 
present, the second, however, would probably find more "pro­
ducti on Ij ne" use .. 

Although the methods- which wjll be used in this thesis 
are applicable to nonljnear systems, here an uncertain linear 
autonomous system will be considered which may be modelled by 

the vector differential equation. 

... X 
-0 

where X is an nxl state vector, A is an nxn matrix, B is an 
nxm mctrix, and U j3 an mxl control vector, ~nd v is a set of 
p time-jnlJsrjant para!ll,::ter.:>. The uncertainty is introduced by 
assumj~G that the actual value of v is not known bu~ may be 
assumed to lie in the compact;j.e., closed and bounded set v. 
The performance jndex to be mjnimized is 

00 

J ( U , v) = J C~? g 2S. -&- U Tp ~) d t 
o 

where P is B posjtive definite n x n matrix and Q is a positive 
semidefinite n x n matr1x. 

Let ~ be the class'of all admissjble controls and Fa 
b~ the subset of the set of all admissible controls which are 

optimal for some parameter y £V. 



Then, fjnd a c6ntrol uO and a purameter VO such that 

for all ufo l 

1 .. 2 MIN -MAX PHILOSOPHY . 

A min-max controller is one whjch is. least sensjtjve 
to parameter vBrjations, wjthjn an assumed range in terms of 
the changes jn the performancejndex. We know that an optimal 
control is evaluated at a particular set of parameters, and 
the variation in parameters requires a fresh determination of 
the "contro 1 lav/" to ensure optj ma li ty. One so luti on would be 
to operate the system accordjn~ to one control law thatrnjni­
mizes the maxjmum variations from the respective optima; i.e. 

mjn-max controller. The philosophy Ulay be explained wjth the 
aid of the fjgure 1-2. 

t 
N 
0.: 

Fig. 

.;,' 

.J:' 
1. 

J" 
;l-

JO 
I 

\-2. 

UO 
• 

Illustration 

• 
I 
I 
I 
I 
I 
I 
I 

uo 
1 

con-trol u_ 

of min-max concept. 
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Performance jndex J is represented as a functjon of a single 
variable u. But this is adequate for the sake of explanation. I 

Fi gure 1. 2. shows the plots of the cost .functi ana Is for two 
values of parameter vl and v2 " For parameter value vI' the 
opti ilia 1 contro 1 j s u~ and the opti rna 1 value of the cost func-, 
tjonal js JZ. For parameter value v2 ' the optjmal control js 
u~ and the 0 ptj rna 1 value of the cost functj anal is J~ .If the, 
system initjally has the parametrjc valu~ v l ' its control is 
set a t u~ resul ti ng j n optj lila 1 performance. If the parame tri c 
value changes to v2 ' the value of the cost functional would bl 

J~"the resultjng djfference from the optimal value being 
(J2 - J~).SjmjlarlY, jf the control js set at u~ correspondj: 
to the parameter value v2 , and if the parameter assumes a va~ 
vl' the r~.sulting perturbation from the optimal value would 
be (J{ - j~). As in Fig 1.2. one has 

J' JO > J' _ JO 
, 1 - 1 2 .2· 

That is to say ul is a better control, since it ~esult 
in a lesser value of the maximum deviation from the optimuni 
If v l and v2 are the only parameter values for the system', 
u~ is clearly the min-max control. The arg~ment can be extena 
to any number of parameter values. 

1.3 METHODS O.b' SOLVING MIN-MAX PROBLEi\lS 

The avaj lable methods for solvjng min-max problems arl 

1) To find an analytjc solutjon to the maxjmization step, 
if it exists, and th~n minimize 

2) To locite a saddle pojnt jf it exists and show that it 
rep'resents a global solution 
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3) To search or use an iteratjve procedure 

4) 'l'o use a game theoretic approactt.· 

Experi ence has shown tha t the 1'i rs t tlVO methods are 
seldom useful in paractical controller design. For instance, 
the maximizing solution can not be found in a tractable form, 
or it is not. unique and thus, the minimization step is not 
possible in the first method. In the second me.thod, a saddle 
point solution does.. not exist in general. That is why, in this 
study to fjnd the solutjon of the rnin"'!"max problem the last two 
Iliethod::I uro conojdcred. 

A brjef overvjew of the remainjng parts of this study 
could be summarjzed as follows: 

In chapter 2 a brjef summary of some important concepts 
jn game theory and thejr relatjon to control problems will be 
given. In chapters 3 and 4 the two methods, namely the gam~ the­
oretjc approach and the grjd-point search methods wjll be intro­
duced, renpectively. In chapter 5 three specifjc problems which· 

" ' ,I 

are solved, by the tvvo methods wi 11 be given. These three speci-
fic problems jnvolve from one to three parameter uncertajntjes. 
Pjnally, chapter 6 will be a conclusion and comparjson chapter. 

In thjs Jtudy the numerical solutions of two famous mat­
rjx equations were needed. One of them was AlgebrajJ Matrjx. 
Rj cca tj 2qua ti 0 n (AliZ) and the other was IJj apunov Equatj on. 
In Appendix A Algebrajc Hjccatj Equation (ARE) solutjon with 
an example proolem js gjven and in Appendix B Ljapunov Equa­

tion solution with atl example proble:n is given. In Appendix C 

the proof of· the mjn-u~x theorem is gjven. 



8 

CHAPTER II 

2.1 DISCRETE GAMES AND SO?;lE DEFIN ITIONS 

Elementary game theory is concerned with discrete 
optimization problems involving two players with conflicting 
interests. In a typical matrix game there are two players, 
u end v, and a selection of strategies, u j , i - 1,2, •• m and. 
v j , j = 1,2', •• n for each player. 

DEPINTJI I on: 

By a strategy for U in a matrix game it is meant a 
du~jsjon by u to play the various rows with a given proba­
biljty distributjo~, say ~o play row one with probability 
Pl , to play row two with probability P2 " 

This strategy for u is formally denoted by the pro­
bability vector P = (Pl ,P2 ,P3 , ••• PllJ)' For example, if the' ,', 
matrj;( game has two rows and u tosses a coin to decide which 
row to play, then this strategy is the probability vector 
P = (1/2 1/2). A strategy which eontains a 1 as aO component 
and 0, j.e., where u decides to playa given column is called 
PURS S'l.'HATEGY; otherwi se, it is called i'.l:tXED STHATEGY. 

For each pair of strategies there is a corresponding 
payoff, J = L.. where L.. are elements of a matrix game. lJ lJ 

DEl!'IHn~IOn : 

A game is said to be ZEHO-SUM GAME jf and only if the 

payoff function (11,12, ••• ln) satisfies 

1. = 0 
J 



In General, a zero-sum game represents a closed system: 
everythjng that one wjns must be lost by someone else. Two 
person; zero-sum games are sometj mes ... ca lIed stri c tly competj­
tjve games. Player u attempts to min1mize his pay off, while 
v attempts to maxjmize his payoff. This is a "perfect jnfor­

mation game", in the sense that each player has all the in­
f'ormation above and that each player knows the other's choice 
of strategjes. Now, ji V (the maximizer) plays first he should 
obvj ously pi ck the column wi tho largest I1lj nj mum sj nce he knows 
U wjll subsequently pick the row wjth the minjmum. Sjmilarly, 
jf u (the rrdnjmizer) plays first he should pick the row with 
the smallest maxjmum, since he knows v wlil subsequently pick 
the column with the maximum. 

Consider the following matrix game: 

u 

V 

~ row wi th sma ller max:i mum, 
~------t------f ;, 

t column with larger m;n;mum 

Figure 2-1. A simple discrete game with a saddle 

poi nt. 

Theoptjtnal choices :or the above ga:lle are u l and v2 , 
with payoff.7, regardless of who plays first, i.e., we have 

max min L .. = 7 = min max L .. 
JJ lJ 

V. 
J 

U: 
1 

u j v. 
J 

(V plays fj rst) (U play!3 fjrst) 
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The choice ul'v2 is called the minimax solution of 
the game. And the payoff element L12 is called saddle point. 

However, the choice is not always so simple; suppose 
that the value of Lll js changed frow 2 to 11. 

Example 2-2. 

U 

/ 
U is 

'l'hen 

v is maxj mi zj ng 

v l v2 

ul I Lll-ll L12-7 

u2 
L2l=, L22 =9 

minimizing .. 

we 

Figure 2-2. A discrete gamo ~here order of play 
makes a difference. 

have 

max min = 7 min max ... 9 

v u u v 
(V plays fj rst) (u plays fi rst) 

If v (the maximi zer) play.s fj rst, he should pi c k v 2' si nce 
this is the "Column with the larger t1dnimum, namely, 7. If 
ti (the mjnjm~zer) plays first, he should pick u2 , since 
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this is the row vdth the smaller maximum, namely, 9. Thus, 
jt makes a djfference who plays fjrst, and we say that there 
j(3 not [l "saddle point" (or a mjnfrnax solution). This dilemna 
may be resolved by havjng each sjde make a random select jon 
of strategies on each playaccordjng to some fixed probabi­
lity. Sjnce we are consjdering probabilistic strategies, it 

is clear that we will deal with mixed strategies. 

2.2 MIXED STHAT£GIES 

In mixed strategy the strategy should be chosen at 
random but the randomization Bcheme should be chosen usjng 
a specjfic technique. Before going on further, let's give 
the defjnition of mixed strategy. 

DEl?D1 D:IOn: 

A Ird xed strategy J'or a player is a probabi bt.y dif:J-tr:i­
bution on the set of his pure strategies. ~or simplicjty, 
let's conal del' a 2 x 2 rnatd x game, say 

L = 

Suppose player u adopts the strategy f = (PI P2 ) and player 
v adopts the strategy ~ = (ql q2)' Then U plays row I with 
probabjljty PI and V plays column 1 vdth probability ql' and 

so the entry 111 wi 11 occur wi th probald Li ty Pl ql' Hence, 

the expected wi nnl ng of U is 
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Expected payoff = E(p,q) = Plqllll + Plq2112 + P2ql 121 + P2Q2122 

- [Pl P2] [111112]'[~ql] :: Q L !It = !l ~t]. 
. 121 122 q2 

Player V will fear that U will discover his choice of strategy_ 
If this should happen, then U will certainly choose p so as 
to minimize E(p,q); i_e~, V's expected gain-floor assuming he 
uses q, will be 

V(q) = min 
pE.P 

"" min 
pEP 

Thus, the nd nj mum wj 11 be attai ned by a pure strategy, j 

V(q) = min 
i 

L .• (1 
-] .:.. 

t (Li • is the i th 'Cow of the matrix L) 

Hence, player V should choose q so as to maximi.ze V(q) 

VI :: max min 
q€.Q i 

L. n t 
-J.':" 

One should prove that a maximum exists; however, since Q is 
compact and the function V(q) is continuous, a maxjmum exjsts. 
Such a ~ is V's max-min strategy_ 

Similarly, if U chooses p he will obtain the expected 

loss-cei Ii ng. 

The maximum will be obtained by a pure strategy, j 

V(p) ; max £ 1- j 
j 

(L •. is the jth c61umn of the matrix L 
- J . 
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and the player U should choose p·so as to obtajn 

VII = min max £. J!.J" 
EP " P J 

Such a p is U's min-max strategy. 

Thus we obtai n the two numbers V I and V II. These two numbers 
are called the values of the game to V and U, respectively. 

2.3 THE liUN-MAX THEOREM 

It js easjly proved that, for any f~nctjon ~(x,y) 
defined on any cartesian product X x Y 

~ 

max F( x,y) ~ mi n max F(x,y) 
x:fx yf..Y y£Y xEx 

Hence we have 
". 

It js very natural that V's gajn-floor can not exceed U's 
loss-cej lj ng. 

The min-max and the max-min values are equal in ex­

pected value basis, i.e., 

l1roof : Heference 12. -----

Let's try to jllu3trute thjs theorem by the example 2.3 
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v j s maxi mi zer 

u 

/ 
U j s rnj nj rrd zer 

If V playas fixed choioe while U uses a random choice, the 
expected payoff3 for vB~jouS probabiljty mjxes of U1 ' and U2 
js shown jn the fjgure 2.3. 

Simjlarly, jf U plays a fixed choice while V uses a 

random chojce, the expected payoffs for various probabjli~y. 
mjxes of VI and v2 js shown, in the figure 2.3'. 

u'.s V'~ expec.td ja;ifl- floor 

II 

expect75_ce;\;n~ 

II II 

'0 
'1 

~ 

71 , , 
~ I 

I 
1 

'/2. 

Fjgure 2.3. rnin-max-u plays 
fj rst 

10 

3 

3 
.,. , 

5 

.l/Lf 

:B'i gure 2.3'. max-mi n-v plays 
first 

" 

~ 

1 
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In fjgure 2.3. jf U plays any probabjlity mix other 
than half of tj file Up half of tj me~'u2' V can obtai n a higher 
average payoff by playing the fjxed strategy indjcated by 
the solid Ijne. Simjlarly, we see that V must play the proba­
biljty mix one-quarter of the time vl ' three quarters of the 
time v2 to realize the maximal expected payoff. It is no 
accident that 

E mjn max Lij 
p q 

= 8 - E max mj n Lij 
q p 

That is, by randomization the difference between 
minimax and maximin can be equalized on the expected value 
basis. In this case po ... 1/2 , qO= 3/4. , 

2.4 CQ[';1PU'l'ATION OF OPl'IhlAL STRATEGIES 

~inimax theorem a8s~res us that every two-person 
zero-sum game will have optjmal strategjes, but it does no~ 
6ive a ·hjnt as how to compute these optjmal strategies. 

Saddle oDjnts 
-""--..;.-"--........ ---~-

The 8jmpleat caso odours if a saddle pojnt exjsts, i.e., 
if there exists an entry L .. which is both the maximum entry lJ. ' 
in its column and the minimum in its row. In this case, the 
pure strategies i and j, or equivalently, the mixed strate­

gies p and q with Pi- 1 qj= l' and all othe~components 
equal to zero, will be optimal strategies for players u and v, 

respectively • 

. In a matrix IJ, we say the j th row dcminates the k th 

row jf 
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and 
-~-

for at least one j 

Simjlarly, we say the jth column dominates the Ith column if 

II. . L Li 1 for all i JJ 
and 

L .. <. Lil for at least one j • JJ 

'I'llfWHE:,l 

Any optimal strategy for the game obtained by remo­
ving the domjnated rows (or columns) will also be an optimal 
strategy for the original game. 

2 x 2 Games: Suppose we are given the 2 x 2 matrix game 

It lIlay be the t Md s game has a saddle poi nt; j f so, 

there is no problem. Suppose, however, that the game has no 
saddle point. It follows that the optimal strategies 

Q = (PI P2) and S = (Ql.Q2) must have positive components. 
Now, if the value of the game (VI =- VII =- V) is V we have 

2.1 

or 
2.2 

The two terms j n parenthesi s are both less than or 
equal to-V, Ednce.9. is by hypothesis an optimal strategy.­
Suppose one of them were less than V; i.e., suppose 

' . . ' 
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Then, since PI 0 and Pl+P2 = 1 it follow~ that 
Eq. 2.2 would be strictly smaller than V. Then, it follows 
that the terms in parenthesis must be equal to V. Hence 

or L ~t = [i ] 2.5. 

Similarly it can be seen that 

or ..e. 1! ;: [V V] . 2.6 

These aqua t:i ons toeether wi th the equations 

and 

allows us to solve for E, ~, and V. 

Let ~ be a 2 x 2 matrix game. Then, jf ~ does not 
have a saddle pohlt, its unique optimal strategies ~nd valve 

will be given by 

El :: 2.8 
IJ r/,rt - --. 

J? --
J'L'" 

J L,\;t 
2.9 

- =-
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V r.l I~I 2.10 
J L'" Jt 
-, --

. it 

where L j s the adjoi nt of 1, I~ lis the detE!rmi nant of 
~, and J is the vector [1 11 . 

2.5 CONTINUOUS GAMES 

If the chojces of U and V are continuous jnstead of 
discrete, there must be a continuous payoff function, L(u,v) 
instead of a payoff matrix L jj • We look for a pair of choices, 
u O , va, such that 

for all u,v 

It is clajmed that necessary conditjons for U
O and va are 

dL - 0 dL au - = 0 2.11 Clv 

d 2L ~ 0 d 2L L.O 2.12 -::;;;-

d v 2 d u2 . 

and sufficjent condjtjons .are Eq. 2.11 and Eq. 2.12 with the 
equalities changed .to jnequalities. Any uO

, vO satisfying 
the sufficient conditions is called a "game-theoretic saddle 
point". It should be pointed out that the two equations are 
not equi VB lent to' the usus 1 condj tions for a "calculus sadd le 

point", 'Nhich are 

2.11' 

2.12' 

.' 



CHAPTER I III 

A r I' H 0 11 G 1I 

:; .1 FORtI1ULATION IN GAME SETTING 

We CDn vjew the determjnetjon of a control law for 
on unc(:r'toj n oyute::1 0:3 F.J zero - sum tVl'oo-perGon gome. r.J.'he 
fi rst player is tl1e DESIGN1~H who must choose n :t'!?edback 
control law which generates the control functjon based on 
instantaneous observatjons of the states of the uncertain 
system. His opponent, referred to as NATUHE, chooses the 
system parameters. When system performance is measured by 
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a cost functional, the value of the cost functional is viewed 
as the designer's loss and nature's gain resulting from ope­
ration of the system vfewed as the play of the game. The 
min-max criterion by which the control is chosen in a game 
formulation yjelds the smallest guaranteed upper bound o~ 
the cost. In the game formulation, the criterion used by 
the controller as a basis for determining the value of con~ 
trol to be applied not knowing ~, is 

max J(u,v) 

ufU vEV 

After this formulation in game setting the general 

min-max feedback control problem will be stated and formula­

ted; then the formulas evolued will be appliid to the speci­

fic case - linear, autonomous uncertain syste~. 

3.2 STATti:WENT Ol!l THE iIlIH-f'iiAX iEEDBACK CONTROL PROBLEM , 

In general, the uncertain dynamical system to be 
controlled may be modelled by the vector differential equatiOl 

~(t) _ ! ( !(t), y(t), y~ t) , v E. V 
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Here, ~(t) is an n-vector referred to as the state 
at tjme t, y(t) represents a vectar of m forcjng functjons, 
and v a set of p time invariant parameters. 

The first participant in the game is the DESIGNER who 
is to choose a control law which generates y(t) based on 
instantaneous observations of the state and time. Such a 
control is referred to as a memoryless or instantaneous feed­
back control and may be represented in the form 

u(t) = ~ (~(t),t) 

Denote by Uthe set of permissible feedback controls 
of the form Eq. 3.2 wi th elements }d mappi ng Rn x [to ~.T] into 
R

m 
x [to ,Tl . 

The designer's opponent, referred to as NATURE, chooses 

the vector of parameters y from the set V. 

= x -0 

for the system in Eg. 3.1 is a performance functional, deno­
ted by J(u,v,x ,t ) of the fixed time, free endpoint form 

- - -0 a 
T 

J(~,v;~,to) ... h(3S(T)) + Jl(£(t),y(t),t)dt 3.4 
t.o 

J(y'Y'3Sa,t) is viewed as the controller's loss a'nd nature's 
gain as a result of a play of the game corresponding to 
o pcratj on of the t.1Y:3telll. 'rtlc crj ted on ut:led by the contra llar, 

j n the game theory formulati on, was 

maxJ(~'Y'3S0,t) 
};lE.U vEV 
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Because a dynamic programmjng approach will be used, 
jn order to ovojd technjcal diffjculties, jt is convenient to 
assume that all functions involved in Eq'. 3.1, Eq. 3.2 and 
Eq. 3.4 are continuous with respect to their arguments. 

Note 
Eq. 3.5 as 
denoted by 

that the jnitjal conditions x , and to appear in 
, ~ 

specjfied constants. Hence, a soiution to Eq. 3.5, 
the pa,j r uO

, vO wi 11 depend parametri ca lly upon 
~o' and to. From a game vjewpoint the injtial condjtions is 
treated as havjng been chosen by a neutral agent. Then Eq. 3.5 
corresponds to the case where both the desjgner and nature 
base thejr decisil...ln upon knowledge of ~. 

In seeking to apply teclmjques of determinjstic optimal 
c6ntrol to the mjn-max crjterion used as a basjs of choosing 
B control luw for uncertajn systems jn the game settjng,. the 
major obstacle to be overcome is that the order of minimiza­
tjon and ~axjmization c~nnot~ jn general, be interchanged, 
j .e., a I'Q~:n-lTJax solution may exist but not a saddle point. 

In the t~e?ry-of games (C~2), the introduction of ~jxed 
~irategje~ is used to create a saddle pojnt solutjon. 

Viewjng thedjrect solution of the min-max problem 
CEq. 3.5) 08 the minjmjzatjon with respect to u of the func­

~fonal ¢ '~efined as 

indicates two sources of difficulty. ~irst, evaluation of 
the functjonal ¢ by maxjmization wjth respect to I cannot 
usually be don~ jn a convenjent form. Secondly, jf the maxj­

mj z"j ng y. j s not unj que, then ¢ may not differenti able and 
hence the ad nj mum cannot be characteri zed as a statj onary 

pojnt of ¢ wjth respect to £. 
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Consider the interchange of the order of the mjnimi-" 
zation and maximization operatfons·. The max-mjn problem 

max min J(Q,~) 
vfV ufU - -

is readily solved by usjng deterministic optimal control to 
, minjmjze vdth respect to u and, noting the parametric depen-. 

dence of the optimal control on v, ~hen maximizjng over V. 

From the game theory we know that 

max aJj n J (u , v) L rnj n max 
y"E.V Y.,f.U :!!GU ~€V 

For equaljty to hold in Eq. 3.8 a saddle point should 
exist. If it doesn't exjst it is generated by introducing 
mixed strategies defjned as ~he set of probability measures 
over the pure strategies~ which are U and V jn our case. 
Because of the measurability and implementation problems as~o­
cieted with introduction of rendomi~ed feedback, we will int­
roduce mixed strategies only ove~ the uncertajnty set, V. 

A . 

Let V denote the set of all probability measures over the 
A 

compact set V. Elements in V.· .. are denoted by -(f. NotE~ that the 
pure strategi es are a subset of the mi xed strategi es .correc­
ponding to point distributions. 

In the case of a finite uncertainty set 

v = v,: i. 1, ••• N 
J 

3.9 ' 

then the mixed strategies V correspond to the simplex in RN 
consisting of4the set of all probability weights which 

sa ti sfy the li'near constrai nts. 

:Ai ~ 0 , j ... 1, ••• ~ • N = 1 
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At this point one should state a very important lemma, 
called as equivalence lemma which states that min-max problem 
wi th mixed strategies over the uncertainty set is equiv,alent 
to the orj gj ne 1 mi n-n;ax problem vd thout mixed stra·~egi es~ 

min max 
1!fU y"G.V 

J (u, v) 

Proof: Reference 1, 

- min max 
£f U ~ f. V 

3 .. 4 MIN-MAX THEOREl'/i AND SOLUTION OF I,DDIFIED PROBIJEf:/i 

The equivalenoe lemma assures that the min-max problem 
with mixed strategies over the uncertainty set js equivalent 
to the orj gj nB 1 mi n-max prob lem. Now a mi n-max theorern is 
needed which provjdes suffjcjen~ conditions such that solu­
ti on of the modi fj ed problelil 

max 
'" vfV 

Assume 

1) J(Q,y) is continuous with respect to u and y for each 

uE.u and y£V. 

2) V is compact,i.e., closed and bounded. 

"'. 
3) l!'or each v ~ V there exi sts a uni que mi ni mi ~~j ng E. 6 U for 

the problem with random parameters 

mjn J(~,!) 
u £U 

denoted by ,go (~J whi c h depends conti nuous lyon v. 
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Then ther~ exists a saddle point if:U and ~I(E. V for 
rr(£,~) over U x V and 

min max J(y,~) 
uEU ~E.V 

Proof :' Appendjx C. 

= max min 
!f.V yE.U 

3.12 

= J(u~!~) 

We can now examine the propertjes of the modifjed problem 

rua x: Ill] n 
!G.V yEO 

)~ 13 

It is clear that min-max theorem gives suffjcient 
condi tion!;1 for both existence of a solution to this problem 
and jts equjvalence to the min-max problem defined at~q. 3'.~. 

The dynamic programming viewpqint is applied to determine a 
necessary condit jon for a feedback control to solve the problem 

" 

viewed as an optimal control problem of minimizing the ex­
pected cost for a system with constant random parameters 

described by the arbitrary but fixed probability distr~butjon!. 
As a result an jntegro-djfferen~jal equation which js analogo~s 
to the Hami 1 ton-Jacobi equati on for the correspondi ng determj­
ni stj c contro 1 to be a so luti on of Eq. 3.14. j n terms of thj s 

equati on. 

To obtain the necessary condition, we assume existence 
of a mj ni [(Ii zj ng feedback contra 1 )do E U of the form 

3.15 
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for the random parameter expected cost problem for all t .Lt6T 
, 0-

and all :0. Next, we defjne a real v'alued function S(,!,t;:y,) for 
" , 

all toft f..T, all 2£, and all y.. f-V by 

3.16 

The interpretatjon of S(~,t,y) is that it denoted the 
value of the cost functjonal resultjng from using the feedback 

control which is optimal for the expected cost, uO , wjth a 

system whose parameters are actually equal to y over the inter­

val [t,T) and starting at point 2£. Note that S(!.,~,y) does not 
therefore denote an optj mal valuefunctjon for any system. The 

optimal value function for the expected cost functional js howevel 

gjven jn terms of S by expectation of S, i.e., 

,3';17 

This may be verified from Eq'. 3.4. and assumption that £ol,S,' 

optimal. 

For arbj trary poj nts tl and t2 satj sfyi ng to .ft 1 6t2 6T 
the dynamj c programmi ng argument appli ed to the mj ni mum cost 

function for the expected cost problem (Eq. 3.16) impljes\ 

! S (Ell tl ;:!)~~ = ~t ~( t l, t l I [ f(E,1l dr +'3(E( t 2 ), t2;~ 
3.18 

where k(2£(t),t) is written in place £ to emphasi~e a feedback 

control, as jndicated in Eq. 3.15, is being sought. 2£(t2 ),' 

j ';1 tho rCllult of 'the 'trunlJ:i tion of the ayotern fro III the uto'te 

Xl at tl vja the equatjpn. 
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x = f(2S,}f,y,t) 3.19 

Integrating along the trajectory determined by Eq. 3.19 we 

may write ~. . 

S(X(t2 ),t2 ;V) • S(!'\,tl':!) + jg~ ~ + ;!-l dC 3.20 
t - . -

I 

Substituting Eq. 3.20 

f S (2£1' tl ,y) di = 
V 

into Eq. 3.19 we get 

mi .n f [ S ( x t . v ) 
k(2S(t),t) -1' 1'-

V 
3.21 

From Eq. 3.17 we conclude that the term on the right side of 
Eq. 3.21 given by 

is independent of k and hence may be cancelled from both sides 
of Eq. 3.20 to luuvo 

t2. 

o = m;n f J£l + as f T ast de d2 
k V t dlS - at. . 

I . 

'. 

3.22 

Under peneral con~jtjons of integrability the order of 
integratjon jn Eq. 3.22 way be reversed by Fubinj 's theorem 
to obtain 

o ... mi n fl;.J 5 1 + dS f + as 1 d~ d'C 
k t d2S- otj 

i, V 
1,f, and k with respect to all their arguments are continuous 

which :implies the cont:inuity of the integrand ,,'lith respect 
to along trajectories associated with the optimal feedback for 
all y. This implies continujty wjth respect to o:f the inner 
integral and hence applying mean value theorelll to eliminate the 
integral over ·ttl , t 2Jwe obtai n that for sowe t E. L t l , t21 

o :ID~ n J [1 + ; ~f + ;~ 1 d~ 3.24 

V 

. : 
.J 
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Si nee tl and t2 were arbi trary, we conclude that Eq. 
3.24 is a necessar,Y' condi ti on whi ch~the opti mal control uo 

must satisfy for all t in [to,T] 

If the expressjon 

S[l(3S,k,t) -J"~ (3S,t,yJ f(~,1,y',t)1 dy 3.25 
\j a~ 

which is the expected Ha;.;.iltonian has the property of having 
a uni que mi ni mum wi th respect to k for all x' and all t E. [to' T J 
then the problem is said to be normal in analogy with the 
deterministic case. Let kO denote the unique minimizer in the 
normal C8se. Then by substituting ~o into Eq. 3.2~ we obtain 
tho onologouu 0'£ Ilurnj lton-Jacobj equo·tion. 

J {l(2S,kO(2S,t)) 

V 

... !!i(,2S,t,y}d! = 0 
i) t J,. . 

3.26 

which is a integra-differential equation which must be satis-
fi ed by S (.::s, t ,:y) ". 

The suffi oj ent condi ti on for a contro 1 kO (,!,t) to be 
optimal can now be stated in terms of Eq. 3.26 in analogy 
with the Hamilton. Jacobi sufficiency condition for determi­
nistic optimal control problem as follows. If Eq. 3.25 is 
normal and a unique solution S(,2S,t;y) can be found satisfying 
the integra-differential equation (Eq.3.26), then a solution 

to problem 

is found which is unique except on a set of measure zero. 

In the following section these results are applied to 
the linear system quadratic criterion case where S(~,t;y) se-

. T ( ) parates into the quadratlc form ~ R t,y' ~ 

;. 
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We begjn by specialjzing the results of the prevjous 
section to the case of a linear system, descrjbed by setting 

3 .• 27 

and quadratic criterion given by 

3.28 

where Q ja nonnegative defjnite and f is positive definite. 

As in the deterministic cose aSSUilie a quodratfc form 
for S given by 

Note that the assumptions on .9. and P imply that J(Q,y,) 

is nonnegative for all y"E.V, l!£U, and hence the matrix 
R(v) may be assumed symmetric and nonnegative definite. 

On analogy to the deterministic case, the following ~ 

Riccatti integro-differentjal equatjon for B(Y..) is obtained, 
where the ~ar notatjon denotes expectation with respect to t 
o.~r v . 

• 
R(v) --

y"E.V 

Minimization of the Hamiltonian yjelds a unique solution 

Uo __ ~-l BTR x(t) 
- - - -- 3.31 

. 
By normality of the proble:;l, the B.:dstence and unique-

ness of the minimizing feedback control is equivalent to 

c.:d sto nce lllld unj qlHHhJSS of a so lutj on to ib cooti j ntegro-
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djfferential equatjon. 

In case of a fjnjte uncertainty, set V i3 represented 
by probability weights satjsfying 

N 
Ao > 0 , L AOI ::: 1 

I . 1 
J= 

Then Rjccati - Integro - djfferentjal equatjon (Ex.3.30) 
reduces to a set of N-coupled Riccati Djfferential equatjons 
w:ith parameters 

Now two theorems about existence and unjqueness of 
solution will be stated wjthout proof. Fo~ proofs'one may 
refer to reference 1. 

THl~ORElii 

The rnj nj mum expected co'st feedback contro 1 for the 
case of a lj near syste!ll, quadratj c crj terj on fj nj te uncer­
tainty set problelli e;d:Jt:3, is unique arlLl uepend:3 contjnuously 
on v. It js given by 

in terms of a solutjon of the coupled Riccatj-differential 

equations (Eq. 3.30). 

I.PilJ~O Hi~i.1 

In the case of a finite uncer~ajnty set, a solution 

ex:i sts to ttlC l:i near syste;n quadrati c ori teri on mj n-max 

control problem. The feedback law and mjn-max value are given 

. by Eg. 3.31 and 4 Eq. 3.29, respectjvely, and in terms of the 

solution of the coupled Rjccatj djfferential equations (3.30). 
The min-max feedback law is Ijnear except for parametric de­

pendence upon injtial state 2Sa. 
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In the prob lew consi dered in thi s study 

and T-oo 

. 
and that's why, differentjal term R(~) drops and Eq. 3.30 
becomes simpler, called Algebraic Riccati Equation (ARE). 

3.6 A SADDLE POINT TEST 

In many min-max problems the hypotheses of a min-max 
theorem providing sufficient conditjons for existence of a 
sadcr:_e pojnt cannot be verjfied. Especjally in such situa-

tions it should be pointed out that if a max-min solution 

is obtainable, then it maj be possible to apply the follo-

wing test giving necessary and sufficient conditions for the 
solution to· be a saddle point and hence also a mjn-max solution; 

Let V1Adenote an arbjtrary subset of V and assume 
u'fU and i'£ Vl are a solution to the max-min problem 

J(u,v) 

Then u' t' js a saddle pojnt for J(~,t) over U x V and - ,-
hence also a solutjon to mjn-max problem 

max 
Y.. f. V 

i f a nd 0 n ly i f 

J(u,v) 

max: J(u',v) = J(!!',Y.') 

Y.. E. V 

PllOOP : Referenoe 1 --._--

3.32 
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In this thesis study the following procedure has been 
used to solve the min-max feedback control problem in a game 
theory setting. 

1) Solve the max-min problem without introduction of mjxed­
strategies. 

rro solve the max-min problem, one first finds the 
solution to the deterrrdnistic optimal control problem with 
parameter y.. obtained b;y sol"t;jon of the Riccatj equation. 
Then one maxi mi zes the quadrati c cost func ti ana 1 J ~vhi ch is 
[dven by 

nl 

J - xJ. R(v) x --0=- --0 

over the set of parameter Y..i and note the [oax-min value. 

2) Apply Saddle-Point Test 

a) Stabi Ii ty test 

First, to test the condition of the saddle point test, 
j t j s noted that for an arbi trary constant feedback matri x 

K such thot closed leap system 

3.36 

js stable. In this case, the quadratic cost is given by 
Ex .. 3.35, l)uL now, H j:3 the symmetrjc nonnegative definite 
solutjon of ~he equations (Liapunov Equatjons) below 

3·37 

b) In place of K matrix in above equation the max-mjn 
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control vector (or matrjx) is replac~d, and Ljapunov equatjon 
js solved. The solutjon of Ljapunov~quatjons depend para­
metrjcally on v; and maxjmjzatjon of the cost functionalJ 
over the set of parameter v will gjve us a new value. Thjs' 
new value js compared wjth the max-mjn value found at step 1 of 
the procedure. 

3) If the max-min value of step 1 and the new value found 
at step 2 are equal, it means that there exists a saddle 
pojnt and max-min value equals mjn-max value. 

If, however~ thos~ two values are not equal, it means 
that mixed strategjes should be jntroduced or EISj'tjS:' 

.,i"done in this study successive search method can be used. 

As jt js clear from the above procedure the two matrix 
equatjons, namelYt Algebraic Riccatj and Liapunov equations, 
have to be solved in computer in order to fjnd the max-min 
solutjon and make the saddle-pojnt test. Another pojnt v .. hich 
should be pojnted out jn the above procedure js that the cost 
functjonal J in step 2b is again gjven by 

J - xT 
R x 

- -0 - -

as jn step 1; however, R, jn this case, js the Ljapunav 
equati on so lutj on. llhi s poj nt j sac laj Ifl whi ch needs at least 
a justificatjon. This justjfjcatjon wj Ll be given in the 
appendjx part of this thesjs. 

Now, a flow-chart of thjs game theoretjc approach 
method wjll be 8jven jn oreler' to gjve on overvjew of the 

computer program. 



3.8 .l?LO'..v - CHART OJ!' THE METHOD 

START 

Riccati Equation is soived 
to find R for each value 
of parameter 
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closed loop Unstab Ie 

formed 

Stable· 

Optimum value (xTR x ) is 
-0= 'd) 

oalculated and printed for 
each parameter value v. 

Maxjmum of these optimum 
value is noted as max-mi.n 
value and gain-matrix (or 
vector js noted and rjnted. 

Prom A matrix 

! = A ~ ~ ~ where 
matrix of max-min 

! js::l 
SOlut~:: n I 

Print and note 
unstable parameter! 

, 



Solve the Ljapunov eqn. 
(A ;. B K)TR -I- R(A ;. B K) ... 

== ="=' _=;::::I1:i:l 

-Q-KPK 
t=::$ == a:::::a ::::I 

Calculate cost func jona 
(xTn x ) and note the maxi­
-0= =0 

mum cf these values over the 
porameter Bet v. 

Compare 
last maxjmum 

34 

EQUAL value vd iih the max-mjl!;>o-______ --. 

va lue. MAX-hUN 

NOT EQUAL 

SADDLE POINT 10ES NOlr 
EXIST~ Search ~ethod 

Should be Used. 

SADDLE-POINT EXISTS 
Min-Max Valu~ equal 

. Max-Mjn val~ 

STO P 
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3.9 "DISCUSSION 

The most important aspect of this ~ethod is that if . 
there exists a saddle point the solutjon is found out rather 
rapjdly. For instance, the program runs for 1 mjnute 38 
seconds for one 'parameter uncertainty (11 grid points), 
andjt runs for 1 minute 42 secorids for two parameter (16 
grid points), and it runs for 3 minutes 7 seconds for three 
parometero (64 grjd point3). If, however, the saddle point 
does not exist, then it is faced wjth a rather difficult 
problem of jntroductjon of mixed strategies. In thjs study, 
this problem has been skipped and search method has been 
used since there had beeQ a difficulty in choosing the pa­
rameter set to introduce mixed strategjes. Thus, mixed 
strategjes would be B new area for thcse who are interes­
ted; and hopefully this thesis vdll be a good reference 
[mel hopefully u bULlj:; :for those people. 

'. 



36 

CHAPTER IV 

G R I T) POI N 'r SEA ED II 

4.1 PHILOSOPHY OF THE METHOD 

One classjcal approach to the problem of uncertainty 
in the desjgn of control systems is to introduce a suffi­
cient amount of feedback. so as to make the system ~nsensjtjve 
to variatjons in plant parameters or controllers. However, 
the mere incorporatjon ~f negative feedback around the plant 
does not guarantee for which the controlled quantity is 
unaffected by the uncertainty. 

Since our aim is to design an insensitive system 
against various varjatjons in plant we have to have a de­
finition of sensitivity. The sensjtjvity of a control system 
js usually taken to be the normalized variation of some de­
sired characterjstic with the varjation of plant or controller 
parameters. L~t us assume that T is desired quantity and v is 
the parameter; then the sensjtjve is defjned to be 

4.1 

This form of sensjtjvity gjves a measure of the nor­
malized deviatjon from desjred value T. The above descrjp­
tion is an absolute sensitjvjty defjnjtjon. In this search 
method the absolute sensitjvity measure.has be~n used. As 
it is discussed in chapter 1 sect jon 2 it has been searched 

for UO and a parameter V
o su?h that 

IJ(uo ,VO) - J(u,y')lfmaxIJ(u,yO) - J(u,v)\ for all u EFo 

4.2 
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Since the whole idea behjnd thjs method js presented 
in sectlon 2 of Chapter 1 now the pro-cedure vd 11 be considered. 

4 .. 2 PROCEDum~ POR GHID--POINT SEARCH 

Let us assume that there are two parameters 'V'1,v2 
subject to the varjatjons 

The two-djmensjonal parameter space js djvided jnto 
twenty-fjve grid pojnts. The spacing is 0.1 on each axis, 
that ja, we wjll allow for 0.1 changes in the two parameters 

v l ,v2 - '{ 

1;'0 1----1--4--1----1 

D.j +---I---t---t--I 

l-~~~---+-~------~~ Y-
0.(3 O.~ 1.0 1.1 L2. I 

Figure 4.2. Parameter grid 

The procedurE! (~on::;j sts of the fo l.lovd ng steps. 

1) The optimal control law for a particular grid 

point is eva~uated using the prjnciples of optimal control 
theory. For optjmality, u js given as a function of the 

state vDrj ob les 

I • 



'ihere B sati sfi es the matri x' equati on (ARE). 

(The equatjon is algebraic, since the system is autonomous.) 

2) Taking the optimal control law for the grid point 
(1,1), the performance indices at all other points are eva­
luated (this corre~ponds J~ in Fig. 1.2.1) and deviations 
from their respective optima are calculated (corresponding 
to the djfference (J~ - J~». The maximum of these deviations 
js noted. Now taking the optimal control for the grid point· 

(1,2), the calculatjons are repeated and the maxjmum devia­
ti on is found again. The procedure is repeated for all the ' 
other grid pojnts. The control vector that yields the mini­
:Dum of these maxi mum deviations· is the one that wi 11 be cho­
sen for the system, since it ensures the least dractic ef­
fects on the performance~ 

In the study of Sudhakar and Eyman (Ref 2) the proce­

dure was developed for two parameter uncertajnty. lIere in 
this study a program has been developed up to five parameter 
uncertainty case. 

The flowchart of the c6mputer program of this method 

is given on the next page. 

. . 



4.3 FLOW-CHART OI!' GRID-!>OINT SEAHCH 

START 

S'l'ABLE 

~-----.'--------, 

Solve Riccati Equation 
ATR ... RA .- RBTp-lBR -t Q=O 
for a grid point. Form 
the closed-loop slItMm 
(A,,:,A ... B ~), K=-R B.LR 

--- - --

STABLE 

Form a new A matrix 

(A 7 !i: i- ~ ~) 
for the grid points 
other than optimum is 
calculated using gain­
matrix K .ofoptjmum 

·value. 

39 

UNSTABLE 

Prj nt the parameters: 
and 'SYSTEM UNSTABLE· 
WITHOUT .E'EEDBAC ' 

UNSTABLE 

Print the unstable 
parameters,. a nel 
'SYSTEM UNSTABLE 
WITH l!'EEDBACK' . 



... 

Calculate'the performance 
value usi ng Liapunov eq. 

T . 
solution ~o ~ ~o 

.,' i 

Fin4 the djfference between 
opti mum value and the per­
formance value calculated 

above. .. 

Note and prln e 
maxjm~m of these 
deviations 

Note and print the 
mj nj mum of those 

40>1 
,. ,.;" 

I.,' 
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li.4 DISCUSSION AIm COMPARISON 

Thi s gri d-poi nt search metho~a is used when the saddle: 

point solution does not exist; since it directly gives the 

'·,"in-max solution. This is the main advantage of this me'thod.· 

However, one great djsadvantage of this method when 

compared to game theoretic approach is that run-tjme (CPU). 

of the computer program of this search method is almost '" 

tvdce of the game theoretic approach method. 

l!'or j nstonce, j t takes 7 mi nutes 33 seconds for three 
put'uIl1u!;ur UllGU1:tu.lnty problullI (6~ g.t':id Ilo:intu); whoreas 

the same problem is solved in 3 minutes 7' seconds by the 

game theoretic approach method. 

; , 

, . ~ 
.!! -; .. 



CHAPTEH V 

.~. 

PRO B L E hl SOL UTI 0 N S 
I N T VI 0 METHODi3 

, . 5.1 ONE PARAWETER UNCER~rAIHTY CASE ".1., i 

Consider the determjnation of the min-max feedback 
control for the uncertain second order statjonary linear 
system described by 

Vie know from control theory jf 0L..~.c(1, the closed­
loop poles are complex conjugates and lie in the left-half· 
S-plane. The system~s then called underdamped, and transjent·· 

response is oscillatory. 

Suppose that ~ = 0.5, and the variation in the natu~al 

frequency term w js as follows 

0.2 ~w ~ 2.2 

and the quadratic cost functional 

. J ( U , v) = J ~x2 
o 

2 2 +:t -i. u ) dt 

In the state. variable formulatjon corresponding to letting 



we have 

that 

. ~ = [~l 

jS~ =[ 02 l]X ' + ['10] \l 
- -vI vI --

. U;) 

P~I = j ("£T [6 ~]"£ 
o 

, [1 0] .. 
Q = 0' 1 ,P=l 

2£(0) 

A) SOIJUTION OF GAME Jl'HEORETIC APPROACH f'iJETHOD 

N~X-MIN VALUE = 31.6 
PARAMETER VALUE :: 0.2 

SADDLE POINT DOES NO~r EXIST 

B) SOLUTION OF GRID POINT SEARCH 

PARANJETER VALUE = 1.6 

5.2 TWO PARAM~TE~ UNCERTAINTY CASE 

43 

In this case I have consjdered a second order plant 
wjth two parameter uncertainty descrjbed by 

Plant: [0 1 ] 
x - x + "- -: -vI -v2 -

, 2S(O) 

l\n't'orlllnnce Index: 

J(u,v) = r"T [~ ~J" + u
2) dt 

o 

, 1 

. . i 

" : 
! 



Varjatjon jn parameters 

1.0 Lv 1...' v 2 L 2 .0 

grjd js set up as jn fjgure 5.2. below 

"2. 

Figure 5.2. Parameter grid. 

A) SOLUTION OF GAME THEORETIC APPROACH hlETHOD 

MAX-~;1IH VALUE = 1.41 

PARAi\1I~TIEH VALUES : 

vl = 1.0 , v2 = 2.0 
GAIN VECTOR !S = ( 0.411 

-0.41J 

SADDLE POINT DOES HOT EXIST 

J3) SOLUTION Oli' GRID-POINT SEARCH I'/;ETHOD 

PARAMETER VALUES 

v1 ~ 1.0 v2 = 2.0 

44 

, .~, . 

Eventhough, those values for the parameters coincide in 
min-max and wax-min solution it does not require a saddle­

poj nt. 



'. 

5 .. 3 THHEE PARAMETER UNCEHTAINTY CASE 

In this case I have considered again a second order· 
system wjth three parameter uncertainty whjch is descrjbedby . 

plant: 

Performance Index given by 
Q? 

,r(u,v) = j(1S.T [6 Z]1S. + u
2

) dt 
o 

and parameters variatjon 

q,l,2.) 

. i 

Fig. 5.3 Grid-points for three parameters 

Grjd is set up as jn figure 5.3 above. 

A) SOLUTION OF GAl-liE THEORE~nC kPPHOACH 'ii.iETHOD 

MAX-MIN VALUE = 1 .. 51 
P.ARAi.~ETEH VALUES 

. v
l 

= 1.0 , v2 = 1.0 , v3 = 2.0 

GAIN VECTOH ~ =[°.231 .. 
-O.5~ 

.. 

'. 

, , 'I 

i 
.1 



, .. 
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'r: 

B) SOLUTION O.l!' GIUD-POINT S.l!:AHCH MBTHOD 

PAHlIt.'fE1'EH VAUJES 

Vl = 1.0 , V2 = ~.O t V3 = 2.0 

I 

, 1 
, 1 

! ;.' .... 

','j 



CHAPTER VI 

o p I' 'd 0 

This study has revealed that when the saddle pojn~ 
does not exjst jt is better to apply a search method over 
the uncl:!rtaj n parameter set; sj nce search methods directly, 
gives the min-max solutjon~ When the saddle pojnt, exjsts, it 
is wiser to apply the game ~heoretjc a~proach method. How~­
ver, jf one shows that even after the i ntroductjon of the 
mixed strategies over the uncertain parameter set computer 
program of the game theoret,i c' approach method takes shorter 
time than the search method, then it may be concluded that 
game theoretic approach is preferable for the ,two cases -
saddle - point exist or saddle - point does not exist. 

If the system under consjderation js a non~ljnear one, 
then it js agajn preferable to use game theoretic approach' 
m(:;!thod sjnce iy'tegro-differential equation (Eq. 3.24) v.,rhich 
js analogous to Hamjlton-Jacobi Equation of Control theory 

, j s ready for use. ~~o apply the search me'thod j n the 'cose of 
a nonlinear plant requires further development. 

Thus, introducing mixed strategjes over the uncertain 
parameter set jn case of nonexjstence of sa~dle-point ~jll 
~e a further study area. The contribution of such a study 
will be great since jt will gjve an ~nswer to question of 
computer tjme after the idtroductjon of mixed atrategjes. 
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For bothgrj d-pojnt search or game theoretic approach 
it is true that as one wants to be more accurate one needs 
more grjds points which in return~'jmplies more computer 

, , 

time. In this study no criteria has been developed jn choo-
sing the number of grid polnts. This may also be a further 

study area toge t~er wi th i ntroducti on of mixed strategj es 
over the uncertain parameter set. 

It is also true as the number of uncertain parameters 
increases jt becomes harder and h~rder to be accurate be­
cause run-time (CPU) in computer lncreases very rapidly~ 
In going from 2 parameter uncertajnty case to 3 parameter 

"':,, J: .' 

uncertajnty case with the sawe 
as much computer t:i me I . because 
increases geometrically. 

accuracy one needs four tfmes '. 
the number of grid-points 
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APPENDIX A 

1'1 U r~ E H I C 11 L ,. 
0 1.1 U T I 0 N 0 lP A L G E B R A I C It ...J 

.' ' 

" 11 '11 It I v H I a c A 'II I E Q u A T ION J;,l A 

A.l METHODS OF SOLVING (ABE). 

The quadratic matrix equation 

T 
A X + X A - ~ ~ X+Q - Q Eq.Al 

arises in many diverse application - steady state optimal 
control anq fjlterjng, radiatjve transfer and neutron djffu­
sion, and economic equjljbrja, to Dame a few. Eq. Al, widely 
known as the Algebrajc Riccatj Equation (ARE), is.deceptive-

, . -
ly sj rnple j n appearance; however, consi derable efforttias " 

gone :i nto dcvelopillentof, effectjve numerical procedures;f6~::;' 
so lvi ng the Ri ccab equati on A 1. Upto now six soluti ori:me'th6d~ 
actually have been used. 

(i) Integrate the Riccetjdjfferentjal equatjon 

. (j j) Integrate the 
tj a 1 equatj ons 

where 

"Hami 1 toni an" 

[~] =Jf [~] 

[

AT -B] 

~~ -~ 
.- -

to steady state 

system of ljhea~ djfferen-

to steady-state (Kalman und Eng13r (1966)) 



so 

(jjj) Solve the Ijnear system p(:te2 (i\= 0 

where J{ js the "Hamjltonjcm" matrjx defjned above 

and p(s) js the polynomjal whose zeros are the nejgen~ 

values of J{ havj ng negative real parts (Bucy and Jo- " 
seph (1968). 

(jv) Transform equatjon Al to a (djscrete ruccatj) quadra­

tjc matrix equ.atjcn a.nd solve that (rBtz and Anderson 
(1972) ) 

(v) Calculate! = ~ ~-l where r~l consi3ts of the eigen-
vectors of correspondi ng ~ty he n ejg,envalueswj th 

negatjve real parts (Me Farlane (1963) and Potter (1964».: 

(vi) Convert the quadratjc matrix problem to a sequence of 
. T 

Ijnear problems ~ ~ + ~ ~ + C = 0 where ~ = ! - ~B 

end Q _ Q + ~ li ! und solve these jteratively (Kleinman 

(1968» • 

Recent j nvestjgatjons suggest that method (v), eigenva­

lue-ejgenvector method and method (vj), quasl li neari zatj on 

method, are eff~ctjve general-purpose algorjthms for solvjng 

the Riccatj Matrjx equatjon Al. 

A ~ 2 SOl;18 l)ROPEll'.HES Oi!' SOLUTIOllS TO (ARE). 

In thjs sect jon let us quate relevant results concer­

ni ng propertj as to the A 1ge braj c [b ccatj Equati on (ARE). The 

basjc exjstence theorem was estabb.3iled by Kalman. It js 

given below 88 theorem Al. First, we restate the Rjccatj 

equation Al jn a more $ujtable form. It is 

. fIl 

II X· ... )C 11.1. T . 'r XB 13X .. ·CC =0 - - Eq.· A2 
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where A,B and C are given matrlces - (n x n), (Ill x ri) and 
(n x 1), respectively, such that BTB js posjtjve defjnjte' 

T --
and ~Q. is nonnegatjve definite.-n;pendjng upon thecondjti-· 
ons which A, Band Care requjred to satisfy there may be a 
unique solutjon, a finite number of solutfons or infinjtely 
rna ny so luti ons. 

"DefjnjtjQE':...J: An eigenvalue is Stable if its real part is 
negative and it is unstable othervdse~ 

Definition 2 The matrix pair (!,~) is stabilizable if there 
ex:i sts an X such that all ej genva lues of 
A - ~ ~T~ = are stable. 

rrHEOREM 1\1 

Definition ") 
--~ 

A necessary and suffjcient condition for the 
Riccatj matrjx equatjon (A2) to possess a uni­
que solution !, for which all eigenvalues of 
A - X BTB arc-stable, is that (A,B) be stabj-= === .. == 
lizable and (~,~) be detectable. 

An eigenvalue 
! ~ = 0 impUes 
tors of ! ; xA= -

of A is (A,~) - controllable jf 
~ =-Q for-all (left) ejgenvec­
!.; js CA,~) - uncontrollable 

if ~ ~ = 0 for a nontrjvial eigenvector ~ of !. 

i • 

Defi nj tj on 4 The matrix pair (~,~) is controllable jf all 
unstable ejgenvalues of ! are (~,£) - controllable 

"Definition 5 .. ---
The matrix pajr (Q,A) is detectable if (AT,CT) 1s 
contra 11a b 1.:;. 

,,i 

Detect8bjljty 13 thus the dual condition. to ~6oni~ 
, ... :.,j:' 

.. ro 118'oi li ty. 
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JH~WRE~'LA.?:. A suffj ci ent condi ti on for (~,~) to be stabj lj ~ , , 

zable is that (A,~) be'~ontrollable. 

In thjs thesis study I have used method (vi), quasjlineari­
zati on Ulethod of Klej nman (1968). 

A.3 QUASILINEARIZATIOH MBTHOD 

Thj s me thod j s essenti a lly a Newton-raphson: procedure. 
It prcceeds as follows 

. ;, 
(j) Choose an jnitial X such that ~ = ~ - X B 

(ij) Solve the Liapunov matrix equation 

A X v AT C _ ~ .~ = + = = 0 

where C = 
= a + ~ ~ ~ using the previous ~. 

" 
(iii) If the rela'tive change in ! is 8uffjciently swall ahd 
if the error A X ~ X AT - X B X-+ C is sufficiently small, -= == === = 
then exj;;t. Otherwise, return to step (ii). 

Notice that, under the assuwptions necessary to assure 
the exi stance of a unique solution to the Riccati matrix 
equatjon, an initjal stabilizing ~ exists. More0ver, the 
sequence of solutjons'tc the Ljapunov equation in step (ii) 

converges 11IoIlotoni cully to the so lution ot' the Hicoati 'Equa­

tion (Al). 

Tc become a competi tj ve nUIlIiH'i ca 1 method for solving 
the (ARE), the quasibnearization algorithm requjres effi­
cient numerical procedures for stabilization, that is, com­
p'uting an injtial X jn step (j), and for solving the Ljapunov 

matrix equation in step (ij). 

.' 
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The computer program for solving Riccati Matrjx equa­
tions employs a stabjljzation procedure as follows. If (Al) 
js controllable, then an initial stbbiljzin~ X is given by 

1 t:> -

X = W- !?. where YL j s the 110 bservabj lj tyll rna tri ~ 

VI = j Te_&,s 11, e-&,Ts ds 

o 

for some 1.1' > O. A Sj .upson quadrature a 19orj thm is used to 
calculate ~. Thjs jovolves choosing a ste~sjze h and appro~" 
ximatjng the integral by 

where -Ah 
e = 

This opproach requires the user to furnish two paru­
meters T and h, for which he may have little feeling or con~ 
cern. But the typical valv~ of h that was found satisfactory 
to use in the algorithm was 

where 

h = 1 

20 Phorn(~)1 

/\ (A) is the dominant eiaenvalue. of A, j .e., dam = ..... 

Ad (A) j = 1,2, ••• n om = 

In this study one example problem is solved by hand 
calculation and computer solutjon of the same 'problem is 

compared with jt; jt js seen that with this value of h solu­

tjon conv~rged to at least 6 significant figure accuracy. 

A.4 EXA L';PLE SO'LU'rION O.P A'LGEBHAIC lUCCAT IEQUNl'ION (AHE) 

The l'ollovdng Algebrcdc lUccati Equation i;;:; considered 

n B Tp-1B R + __ Q = 0 
=== = == 

. , 
: ~ 
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wjth 

a nd the fo 110wj ng result has been got from 'Che cOllJputer j n 1 

mjnute 11 seconds 

R = [
1.420079 

. 0.4494897 
0.4494897] 
0.7924826 
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NUUERICAL 
...... 

SOLUTION o p 

THE 
I,: ,". 

EQUATI{)N 

B.l THE LIAPUNOV MA~PRIX EQUATIml 

The Ljnear Matrix Equatjon 

Bl 

where A and ~ are given (n x n) matrices and B is symmetric, 
js known as the Ljapunov matrix equation. Note that X must 
be symmetrjc as well. 

A number of procedures have been proposed,for solvjng 
the Liapunov Matrix Equation (Bl). These include direct so­
lution, jteratjve procedures, finjte serjes approxjmations', 
and transformatjon to various canonical forms. In this stu­
dy, the following iterative procedure js used. 

'B" 2 METHOD OJ? SOLUTION 

Let q be a posjtjve parameter, let! be an (n x n) 

identity matrix and let 

U - (q I _ ~)-l 

v = Q (CJ1. .. A) - - -
W = 2q(g B ~T) 

B2 

B3 

B4 



If all ejgenvalues of A have n~gatjve real parts 
(whjch means a stable system), 

1-
"!. = L ~j-l y!.. (yi-l)T 

j=l 
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B5 

converges and js the solutjon of Eq.(B1). L may go to jnfi-
nity for exact solutjon. 

The rate.of oonvergence can be jmproved by usjng the 
sequence of partial sums 

which can be obtajned recursjvely from 

y = VI 
=0 

136 

B7 

B8 

Ten appljcatjon of the Recursjon formula BB yield the 
fjrst 1024 terms of the serjes solution B5. 

. ; 
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APPENDIX C 

',) Fr 0 0 i~ 

T 11 E 0 H B 1;: 

C.l DEFINITIONS OF NOTATION 

U denotes an arbjtrary set wjth elements u 
V denotes a set from a metric space with elements v 

.IT(}:!,y)denotes a real valued mupping of UJCV intoR 
V denotes the set of probability measures over V 

with elements -Q-. 

Assuming J(y,~) is measurable wjth respect to ele­
ments of t then by J(y,!) we denote 

J(u,-Q-) = J .!1(y,y) d! 
A 

u£U,-Q-E.v - -
V 

THE MIN-MAX THEOREhl Assume 

HI J(g,eV) js contjnuous with respect to y, and ~ for 

each ]d t: U and y eV. 

H2 V jJ compact 

" 

,Cl 

H3 For each !f V there exists a unique element, denoted 

u 0 ( 11 ) E U s uc h t ha t 

02 

"" 'and }:!o(~) js a contjnuo1.w lllappjlJg from V jnto U. 

,. 
Then there exists a saddle point ~ E U and ~ e v for J(Q,~) 
- A· 

over U :x: V and 
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The proof will proceed in three steps. First, we show 
exi stence of a pai r l! f. U and ~ E. V whi ch sati sfy 

C4 

Next we show that the pair E. ,v ore a saddle point for 
J(u,t) whjch impljes 

max ... min 
v(;.V.llf.U 

Fjnally.we must show 

mjn max 
QEUvE.V 

We begin with the proof of 04. Defjne 

C5 

C6 

C7 

Then~ ~(!) is upper semi~ontinuous with respect to t. The 
set V;is compact by H2 and by the following Lemma • 

... 
Lemma : Compac~ness of V implies that Vis a compact set. 

A 

Hence If/ (;2:) achi eves a maxi mUGl over V for some 
*' .element which we denote by! which satisfies 

08 ,.. 

., 
.' ~ 

, 
.' 



By 07, 

= max min 
v(;.V £fU 
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09 

However, by H3 there exjsts an element UO (VX) f. U such that 
! 

LJJ(v~) = min J(u,v~):: J(uo(v*),!"lt) 
}l U 

Setting ~~ = uO(v ) 

and combjning 09 and 010 yields 04 • 

CIO 

011 

Next we turn to the proof of CS_ . By the defjnitjon 
of a saddle point, 05 is satjsfjed jf exjstence of a saddle 

A 

point for J(~,!) jn U x Vcan be shown. We will Dhow that the 
pair:!::!.71- , :Y:~ s'hovm to exjst and saMsfy 04 constitutes such 

a saddle pojnt. Let 

* It * J = U(u ,v ) - -
'l'hen we IIIW3t Dhow that 

,. 
V ~ f. U and ! E.v 013 

By the defjnjtjon 01 of J(y,!) we have that J(£,v) 

j s lj near and hence conCDve wi th respect to v for all £ G U 
A 

Concavjty of J(y,!) over the convex s~t Vimplies that for 
any 0 L 1 L 1 all ~ EU and all v(;v. 

014 

Usjng 07 Dnd ~14 yields 

015 

Replace ~ in 015 by 

" ,:: ',< 

i I 

" "' 



60 

016 

to obtajn 

From 012 and 08 

018 

and therefore cOlllbjn:ing 018 w:i th 01.7 

oX 

J ~ (1 - -r ).J ~'r J(y"~,~) 019 

or for 0 f. 1 L 1 

f J ( u 0
1 

' ~) L r J * 020 

By contj nuj ty, settj ng 1 = 0 in 020 and using 011 

yields the left i nequab ty of ~ Settj ng S = Din 'C15', 

and not:i,ng 018 yjelds the right inequality of 013. This 

completes th(:! proof of 013' which shows that u ,'\T is a 

saddle point and hence 05 holos. 

To prove 016 we sjmply note that this corre~pondsto 

the e~uivalence lemma. The proof of this lemma also exjst~ 

in the work of HO'oNard Blum (Rl). 
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i 1 234~h I H';I 012 3/j ~)f> l Flq n 1 2 :'Il~5fl7 f,gO 1 ~3456 7 RgO 1 ::>34507 Hgn 1'2345n 7 FIg 012345(,7 f\ql 
.~SIN'11]-13-207'THF5TS,tO,5n .IRRAHIM EKSTN 

.MAIN 
07/27/7g-1h:OS{,U) . 

1. 0 I MnJS T ON A ( 10' 1 0 ) , R ( 10,10) , P (-t 0 ~ 10) , Q ( 10, 10) , R ( 10,10 ), E T 
2 • 1 , 1\ t~ ~~E I G ( 1 0 ) , G 1\ INC 10 , 10 ) , X t N ( 1 0 ) , BAR f.H tn, 10 ) , ARB ( to, 1 0 ) 
3. COMPLEX POL,EIGEN 
4. READ(S,7)N,M,NN,NPARAM 
~). DATI\ V1IN'V2HJrV1FTN'V2FIN'l1.nrt.0,2.n,2.01 
n. 
7. 
il. 
:) . 

1 n • 
1 : • 
I ') 
• L • 

u. 

1 ~-) • 
1 (J • 
17. 
1 n. 
1'J. 
20. 
;JL 
') of) 
(~(;- . 
2~S • 
21t. 
:? ':i • 

'.: J .. 

27. 
2fl. 
29. 
:~u • 
Sl. 
~)2 ~ 
°1 ·'t 
J,J. 

~)I+ • 

:)~) . 
.( , 
JO. 

57. 
:5 f) • 
:)9 .. 
I (} .. 

I5r::o 
~)(lrl)=1. 

CHId)=l. 
Q{ll'Cll=O. 
O(2r11=O. 
()(2,2)=1. 
X I r·..j( 1> = 1-
XIN(2)=O. 

7 FORMAT(415) 
NN,\'J 1 =N~J-l 
11=1 
IF(NPI\RI\~.F.O.tI)GO TO 701 
II;:!!"'1 
IF(NPI\RI\~.EQ.II)GO TO 702 
II=II+l 
IFUJPMU\1.1.EO.IllGO TO 703 
11;:11+1 
IF{NPI\RA~.EO.II)GO TO 704 
OELV5;:(V~FIN-V5TN)/NNMI 

704 DELV4=CV~FIN-V4TN)/NN~1 
70::S OELV3= (J7,Flr·j-v:SPJ) /N'\JMl 
70? DELV2= (V~FUJ-V2HJ> ir'JNMl 
701 OELV1= (\11 FIrJ-Vl IN) INNMl 

lC::1 
11::'1 
IF(NPARI\~.EQ.II)GO TO ROt 
11::11+1 
IF(NPI\RI\~.EO.IIlGO TO A02 
Il::1I+1 , 
IF(NPI\RAM.EO.II)GO TO A03 
11=11+1 
IFCNPARAM.EO.II1GO TO R04 
DO SMR MCEK=l,NN 

804 CONTINUE 
00 bRH LeEK:1 ,N~ 

.. 

I 

I 

I 
I 
I 



" 

Q~~,~~~:8'1J31ioNTI NU E 
.~~QO. 788 KCEK=1,NN 

o~.,_'~~c"",'n 2LCONTI NUE'-'-- ' 

.-:o,~-,-",~-:DO 8BBJCEK=1, \IN 
Cf::~;~~~f::::ROYCONT I NUE ' 

~~}lli:~&6'6··g~(f~:E'~:~~~~' i~,.~52:' '. 
""".11=1 " 

·,~-:.:c.::."IF (r·jPARAM. EQ. II ) GO TO, 901 
Ir=II+l 

tCt'JPAR'AM. EQ.I I )GO TO 902', ' 
lI=Il+l 

·<IF:( (,JPARAM. EQ. II) GO, TO 90,3 
" ,II=n+1 
"'. IFfNPARAM.EQ.II)GO,·T0904 ''' 

DO 577 \1M=1,NN 
- · .... :--90''+- ~CONT,lNUE " 

00 G 77 L=l' NN 
903 CONTINUE 

," ,',',' DO 777 ,K=l ,NN 
; .. '. --g02'<coNTINUE ' 

uQ 877J=1'NN 
CONTINUE 
DO 977 1=1' NN 
11=1 
IF(NPARAM.NE.II)GO TO 401 

-:: ~lF(I • EQ. I CEK )GO TO 556, 
,-' ,401 11=11+1 
i ---.. IF<t-JPARAM.NE.II)GO TO 402 
.~.. _', r F( (I. EQ. I C EK ) • AND. (J. EQ. JCEK) ) GO TO 557 
~"::'~402 ,II = II +1 

_ IF(NPARAM.NE.II)GO TO 403 
----,1 F « I • EQ. I CEK) • ANn. (J. EQ. JCEK) • ANn .(K. EO .KCEK ) ) GO TO 5513, 

403 II=II+1' 
-. -IFCI'JPARAM.NE.II)GO To 404 

IF ( (I. EG. I CEK) • ANn.( J. EQ. JCEK) .ANn. (K. EQ. KCEK) • ANo. (L. E,G.LCI 

·lTO 559 '.,! 
4041I=II+1 
'IF(NPARAM.NE.II)GO TO 977. 

',," IF( (I .EQ.rCEK) .AND. (J.EQ •. JCEK) .AND. (K.EQ.KCEK) .ANo. (L.EQ.L~ 
',.:-10 (Mf'>l.EQ.MCEK) )GO TO 560 " ., 
97.7 CoNTINUE 
B7~7 CONTI NUE 

,,' .777 CONTI NUE 
';677 CoNTINUE 

"77 CONTINUE " 
"-:' .. ·,.~6-0 V5=V5 I N+ (r,1M-l ) *DEL V5 

55g V4=V41N+(L-1)*DELv4 
-55R V3=V3IN+(I(-1)*oEL\l3 
557 V2=V2IN+(J-l)*JEL V2 
~556 Vl=VlIN+(I-1)*DELv1 

, .. C SYSTEM DESCHIBTION--- A,AND B 1\1ATRICES 
A(1,1)=0. 6. 

!. 

A{2tl)=-Vl**2 
A(2,2)=-V.1 
A(1,2)=1. 
1:3(1.1)::0. 
[3(2,1>=1. 
CALL EIGVAL(A,SB,C,N,pOL,EIGEN) 
00 201 J=l'N 
IF(REAL(EIGEN(J».GT.O.)GO TO,58 



":::---"~:::--:::-":"-::""--:--:..-
:--:::"---"..::---;~--"--

"LfF(t:jI?ARM{EQ.II>-GO TO 987 
1=V1IN 

..... V2;:V2+DELV2, 
··?jJ=J+l ... " 

IFtJ.LE.Nt'i)GO TO. R5 '.'_'., .. , ......... . 
.:...U+l·,.... "'" 

~IFjNPARAM.EQ.II)GO TO 887 
·.Vl=VlIN . 

~o=C""- •. :cv'2=V2IN 
"c':;?"f;~o:·'':.' .' . J= 1 ... 

1=1,. 
'V3=V3+DELV3 . 

K=K+1 
I F(K;LE. Ni'J )GO TO. 85 ..•. 
11= II +1 
IF(~PARAM.EQ.II)GO TO 787 
V3=V3IN 
V2=V2IN 
V1=V1IN 

-K=l 
J=l .. 
1=1 
V4=V4+DELV4 
L=L+1 
IF(L.LE.NN)GO TO 65 
11=11+1 
IF(NPARAM.EQ.II)GO TO 687 

'V4=V4IN 
V3=V3IN 
V2=V2IN. 

,_, '-. V 1 = V 1 I N 
L=1 
K=1 
J=1 
1=1· _ 

.' \/5=V5+DELV5 

'I 
1 

I 

0,., ""'. ,,:,,_I"~l\=MM+ 1" .,'.. ' '~.' " . '.'.j 
o==~:~,:':';~~',IF(r'1M.LE'NN)GO TO 85 ,. '.' _. "., .'. i 

, 
I. 

'. 
) . 
... "" 
) .. 

IFtI ~EK:~~p 1. AND. J~EK. EQ .1. ANO.I<CEK. EQ .• 1.AND. LCEK. EQ.1: ANDl .1JxIVl I N "1 _ EROLD ..' .. , .' -, .,...-_ 
IF(XMINMA.LT.PEROLD)GO TO 98S 

.,., ..•.. X~"I N~1A=PEROLD 
V1=V1IN+(ICEK-l)*D~LV1 
V2=V2IN+(JCEK-l)*nELv2 
V3=V3 IN+ (I<CEK-1) *DELV3 
v'4=V4iN+(LCEK-l)*nEL V4 
V5=V5IN+(MCEK-1>*OELV5 
PRINT*"COORDINATEs OF SUBOPTI~AL GRID POINT, 
PRINT*,ICEK,JCEK'KCEK,LCEK,MCEK. i 

. PRINT*, ,V{\LJEs OF THE PARAMETERS FOR SUBOpTIMAL GRID POINl1 
PRINT*,Vl,V2,V3,V4'VS 

)." .. , ,GorO 988 
6R7 IF(rCEK.EQ.1.AND.JCEK.EQ.l.AND.KCEK.EQ.l.AND.LCEK.EQ.l)XMI 

7. 
3. 
~o 
) . 
l. 
:> -. 
3 •. , ._ .... 

• • • I 

10LD 
IF(XMINMA.LT.PEROLO)GO TO 98s 
X~lI NMA=PEROLD 
Vl=VlIN+(lCEK-1)*oELV1 
V2=V2IN+(JCEK-l)*nELv2 
V3=V3IN+(KCEK-l)*nELv3 

'V4=V4IN+ (LCEi(-l )*nELv4. 



.. 

a "----- -

.. 
-' 

PRIWT*"COORDINATES OF SUBOPTI~ALGRIDPOINT, 
PRINT*,ICEK,JCEK'KCEK,LCEK 
PRINT*"VAL0ES DF THE PARAMETERS FOR~SUBOptIMAtGRID POINT' 
PRINT*,V1,V2,V3,V4 - .. . .... 
GO TO 988 .. ~. . 

787 IF(ICEK.EQ.1.AND.JCEK.EO'1.ANO.~CEK.~0.1)XMINMA=PEROLO 
PRlbJT*, ,Mr Ni\1AX=, 'XMIN~1A.. ...... . .... . ... .. .... . . .....•. . . . 
IF(XMINMA.LT.PEROLD)GO TO 98i· 
XtHNMA=pEROLD 
Vl=V1IN+(ICEK-l)*nELvl 

- \. V2=V2IN+(JCEK-l)*nELv2 
V3=V3IN~(KCEK-l)*nELv3 
PRINT*(,COORDVJATES OF SUsOPivMi..l GRID·PO!N'[;~· 
PRINT*,ICEK,JCEK'KCEK 
PRHJT*"Vi\LUES OF THE. PARAMETERS FORSlJROpTIMALGRID POtNT'~ 
PH I ['JT* '.V 1 , V 2, V 3 
GO TO 988 

BA71 F ( leEK .• Eo_l. AND. JCEK. EO.l) XHINMA=PEROLD ... 
. 1 F(XM I NMA • LT. PEROL D) GO TO 988 ., .• 
XMIrIMA=PEROLD ..... . 
V1=V1IN~jlCEK~1)*DELVl 
V2=V2IN+(JCEK~1)*nELv2 ..... .. 
PRINT*"CoOROINATrS o~ SUBOPTIMAL~GRIQPOTNT, 

_ PR hH* rI CEK, JCEK ... ... 
.. P~INT*"VAL0ES OF THE PARAMETERS~6R SU~O~~iMALGRIDPOINT~ 
. PRINT*,V1, V2 
GO·T0988 

981 IF(ICEK.EQ'l)X~INMA=PEROLD 
·.'IE(XMINMA~LT.PEROLD>GO TO 98B 

XMINMA=PEROLD . 
·Vl=VlIN+(lCEK-l>*oELV1 

PRINT*',COORJINATES OF SUBOPTIMAL GRID pOINT, 
.PRhH*,rCEK· . 

PRINT*"VALUES OF THE PARAMETERS FOR SUBOpTIMALGRJD PqJN~~ 
_ .. -PRlhlT*,V1 
988 lC=1 

.. 999- CONTI NUE 
8B8.CoNTINUE 
788 C()NTINUE. 
688. CONTINUE. 
588 CONTINUE 

Ef'ID 

I. . •.. SUBr10UTIN[ RICATI (A,B,P,O,N'M,H,R,GArN,BARB) 
r. . . D I ~1 E N 51.0 N A (1 0 , 1 0) , B (10 , 1 0 ) , P (1 0 -' 1 0 ) , 0 ( 10 , 1 0) , EX PA ( 10 ,10) , 
t- - ·-TJ,V(lOrrJC(lO) ,8S0(10,10) ,ASO(10'10),OSQ(10dO) ,RB<10,10), 

- 1-, 10 ) , AT (10' 10) , ERR ( 10,10) , ET ( 10 ,10) , R (10, 10) , AHB ( 10 , 10 ) , . 
: •. ~o.c=~·:·.'c::.:,. 1 ARI3,( 10,10) , ExpAT ( 10, 10 );!3ARlj (lO '10) , GAIN (10, 10) . 

l. V (1) = 1. 
) • .C;ALL GJR (F>' 10,10, r,1' M, $50 ,JC , V) 

00. 181_I~1' N 
'.0.0' 181J=1' M. _ 

~_"... 181 BARS(I,J)=B<r,J) .. 
5-,±:c~£?~\iI:-~.~;'CALL,_ M)(MLT CS, P ,ARR' N, r.-1' M, 10 , 10 ) 



- ..... , • • ~-~ .... - '" I ~0,..1~" .. 1'.·" ~ 'I "~'-~'·1"'''.''''',' '-_.~.·_:_U 

:51'N'11t-l:~-207'THFSTS,tO,50.IRRAHIM EKSTN _..~._ 
~~AIN .. 

17/27/7 g ... 1 h : a :5 ( , U ) _ "_ 
1 • 0 I M F 1'1 S T 0 ~J 1\ ( I 0 , 1 n ) , n ( 1 0 , 1 0 ) , p ( to, 1 0 ) , () ( in, 1 n I , H (1 0 , 1 0 ) , F T 
2 • 1 , 1\ U~; E 1 G ( 1 () , b 1\ I ~J( 1 n • 1. 0) , x HJ ( 1 () ) -, flA R f I ( 1 n , 1 0 ) , 1\ R 1'1 ( 1'0 , 1 0 ) 
3. COMPLEX POL,EIGEN 
4. READ(S,7)N,M,NN,NPI\RAM 
5. DATA V1IN,V2IN'V1FIN'V2FIN/1.O,1.0,2.n,2.0/ 
- IST::O . . bo 
7. P(t,l)::l.· 
B¥ Q(l,l}=l. 
q~ 

· (J • 

1 • 
. ) 

.' . 

• (J 0-

.7. 

.0 .. 

· C) • 

'0. 
) I 
- J.. • 

~2 • 

:1.1. ~ 
~~) . 
~,b • 
~.7 • 
:B. 
);j - , . 
so. 
51. 
~2 • 
U .. 
')1.1 • 
)~) . 
i6. 
) -, . 
~ 11 •. 
Sq. 
10. 

0(1,2)=0. 
O(~~~l)=O. 
0(2,2)=1. 
XIN(ll=l • 
XIN(2)::O. 

7 FORMAT(4TS) 
NNlvI1 ::f>l'>I-1 
11::1 
IF(NPM, . .'vl.[O.II)GO TO 70t 
11::11+1 
IF(NPARI\~.EQ.II)GO TO 702 
I I;: I r +1 
IF(NPARA~.En.II)GO TO 703-
II=II+l 
IF(NPARAM.EQ.II)GO TO 704 
OELV5::(VSFIN-v5TNl/NNMl 

7n~ UELV4=(V4~lN-V4IN)/NNMI 
703 DELV3::(V3FIN-V3INl/NNMl 
70? DELV2=(V?FIN-V2IN)/NNMl 
70 1 0 E LV 1 = ( V 1 F Hl-V 1 IN) / N N M 1 

IC::1 
11::1 
IF(NPARA~.EO.II)GO TO ROt 
II::II+l 
IF(NPARAM.EO.II)GO TO R02 
II=II+l 
IF(NrARAVI.EQ.II)GO TO R03 
II::II+l 
IF(NPARA~.EO.II)GO.TO R04 
00 5HR MCEK=l,NN 

1104 CONTIt~lJE 
DO 6BH LtEK=l,NN 

. ':: 



~. -: 

'. 

803 CO~JTI NUE 
DO 788 KCrK=l,NN 

802.CONTINUE 
DO 888 JCEK=l,NN 

801 CONTINUE 
DO 999 ICEK=l,NN 
11=1 
IF(NPARAM.EQ.II)GQ TO 901 
II=U+l" 
IF(NPARAM.EQ.II)GO TO 902 
rr=Il +1 

. IF(NPARAM.EQ.II)GO TQ 903 

.~. - . -. - ~--

.. . . . Tr=II+l .' . 

C 

IF(NPARAM.EQ.II)GO TO 904 
.··.·V5=V5IN+(lViCEK-l'*DELV5 '. 
904.V4=V4IN+(LCEK-l'*OELV4 
903 V3=V3 Hl+( KCEK-l) *OELV3 
902.V2=V2IN+(JCEK-l)*OELV2 
90f'Vl=VlIN+(ICEK-l>*DELVl ... 

SYSTEM DESCRIBTION-_-A,AND B MI\TRICES_ 
. All ,1) :::0 •. 

A(1,2)=.1. .. 
A(2 rl)=~V 1 **2 . 
/l.(2,2)=-Vl 
8(1,1)=0 • 

. 8(2,1)=1. .. 
:~~CALL' ;EIGV AL( A ,BB, C ,N, POL, EIGEt~) 
.. 00.201. J=l' N 

cIF(REAL(ErGEN(J» .GT~O.)Go TO 58 
201 CONTINUE 

'~'\GO: .-TO 59. ._ _ -"~ __ .. :: __ .. _.~ .. :_ 
58 PRINT*"SySTEM IS UNSTABLE FOR THESE PARAMETERS WITHOUT FEE! 

151=1· 
59 CONTINUE 

D055I=1,N 
55 ABSEIG(I)=CABS(EIGEN(I» 
. 'SIGEIG=ABSEIG( 1) 

DO 56 I=2,N 
56 BIGEIG=AMI\X1(A3SEIG(I> ,BIGE1G) 

H=1./(20.*BIGEIG) 
.' C /\ L L RICA T r (/\ , 3 , P , Q, N , r,1r H , R 'G A I N, BARB ) 

IF(IST.EQ.l)GO TO 16 
Go TO 69 

16 CALL MXMLT(B/\Ra,GAIN,ARB'~J'Mrl'J,10,10) 
.. ·CALL MXADo(A,/\qB,/\,N,N,lO, . 

CALL EIGVAL(A,3B,C,N,POL,EIGEIJ} 
IST=O 
00 17 r=1,N, . 
IFJREAL(EIGEN(I» .GT.O.)GO TO 68 

17 CONTINUE 
~/G6 'r069' 

66 PRINT*"SySTEM UNSTABLE FOR BELOW PARAMETERS WITH STATE FEE 
;,' "PRINT*;, PARA~1ETER I---PAR/\METER 2;;':-;';'-PARAMETER 3~~PAR/\METER 
. PRINT*,Vl 

:',;5'C2i"~F69:f2~~[I~~~II"iA (XI N, R, N, M, OPT) 
PRINT*,c.·, ppT I MU'-1 VALUE=,' OrT 

: ~~-'~~:.-~:~:: , .... jr(~p-A ,q AM. Eo.· I I') GO To 987 
II=II+l 

:·fF=;.:(r·jPARAM ~ EQ .il) GO TO 887 



:.'Tt ::;11 -t 1'. " - -. --
",". -" :" ... 

.. IF(NPARAM,EO.II)GO TO 787 
1r=11+1., . , 
I F( NPARAM. EO. I I)GoTO 687 _ .... .. .. . ... . .. 
IFtrCEK'. EO,I.ANO. JCEK. E0.1. AND. KCEK. EO ,1. AND. U:EK. EO .1. AND. 

1,UGO TO SOD. . .... '. ...... . ' 
GO;TO 600.. . . ....,. . 
IFtICEK.EQ.1,ANO.JCEK.EO.l.AND,KCEK.EO.l.ANO.LCEK.EO.1)GO T 
GO TO 600 ........... '. . . 
IE(IC~K.EO.l,ANO.JCEK.EO~l.ANO.KCEK.EO.l)GOTO 500 

,GO TO 600 '.. ., 
887 IF(ICEK.EO.1.A~O.JCEK,EO'1)GO TO 500 

_''. ... . GO TO 600 
... ~87IF(ICEK.EO·1)GO TO Sao 

'dJoo' CONTINUE 
IF(OPT.LT.OPTOLO)GO TO 999 
IF(OPT.EQ,OPTOLO)GO TO 988 

... 500 OPTOLD=OPT 
./ ... ···· .. 00301 I=l'M 

..... DO 301 J=l'N 
... ·:"~:C-301cOPGAI N ( I 'J) =GA I N ( I ' J) 

11=1 
.' .. ,,1P(NPARAM,EQ.II)GO To Sal 

lr=rI+1 
IP(i'JPARAM.EQ. II )Go To 502 
11=11+1 

... ,. TF(NPARAM.EO.1I)Go TO S03 
.' 11=11+1 

... ,I F( I\JPARAM. EQ. II ) Go TO S04 
VsOPT=VS 

',:)04 V40PT=V4 
.. 503 V30PT=V3 

:'.':S02 V20PT=V2 
~01 VI0PT=Vl 

~:PR1NT*"MAXIMIN SoL-OPTOLD~"opTOLO~ 
PRINT*"GAIN VECTOR FoRMAXMIN SOL~ 
PRINT*, «GAIN(r ,J) ,J=1,N) ,I=l,~J1) 
PRI~lT*, ,P/IRM1ETERS FOR· MAxMIN SOL, ,Vl 
~O TO 999 . 

.. .988 PRHJT* , ,THERE EXISTS ANOTHER f>1A XM r N SOL" Vi ,V2 
~::';:::999· CONTINUE 

588 CONTINUE 
',.:"".::788.' .CONTI NUE' 

688 CONTINUE 
,~88 CONTINUE 

lr=l 
IF(NPARAM.EO,1I,GO To 601 
II=rr+1 
IF(NPARAM.EQ.II'GO TO 602 
II=rr+1 
IF hJPARAI-1. Eo. II' Go TO 603 
II=II+l 
IF(NPARAM.EO.II,GO. To 604 
DO 188 MK=l,NN 

,604 CONTINUE 
00 288 LK=l,NN 

603 CONTINUE 
DO 388 KK=1, N[\J 

602 CONTINUE 
Do 488 JK=1,NN 

,~~,-,.,C 601CNlTINUE 



DO 499 r K=l,NN 
11=1 
IF(j·JP/\RI\M.EQ.IT)GO TO 10.1 
II=II+l 
IF(NPARAM.EQ.II)GO TO 10.2 
II=II+1 
IF(NPARAM.EQ.11 )GO TO 103. 
lI=II+1 

:IF(NPARI\M.EQ.IU GO TO, 10.4 
V5=V5IN+(MK-l)*DELV5 

10.4 V~=V4rN+(LK-l)*DELV4 _ 
10.3 V3=V3INt(KK-l>*DELV3 . 

0.2 V2=V2IN+(JK-1)*DELV2 
1o.1Vl=V1IN+(r K-1HDELV1 '. " .. 

.t ·s YSTE~1 OESCRI BT I ON~_- A, AND. B,vlATRICES ,.' 
A(l,1)=o. • 

. A(1,2)=1 • 
. -A( 2I1 )=-\.(1 **2 
->A( 2,Z}:::-V-l 

0(1,1>=0._. 
U3(2,l>=1/;' '.' .... :::; _ 
CALLPE~FOR(I\,8,OpGAIN,P'Q'XIN,N'~'ZOR)~ 
11=71-- .. ',- . . 

~F(NPt\RAM.EQ. II)60 TO '+87 . 
:11.=IL+1"-­

_ IF(WPARAM.EQ,II'GO TO 387 
". i'I;:r If 1 

____ I I=U +1_ .. 
:L~~-rE:( i\jp t\Rt\M~ Eq ,Ll>GO To 287 

.. _c.JF(J,jPA8AM.EQ.rI>GO TO 187., .' ___._'--=._.,,_., 
c.~.,-.~,:c-:-~-'\LIE(IK.. EQ_·l~AND ... JK. EQ .1, AND, KK. EG. t.AND,LK,EG.l ~ANb.MK.E()'~~U~( 

140.0. . ' 
-,~_ ".-" . G.o~~i:~TO··.:~:39:9:-.· "_~_ _ __ -- -- . 
_l87.IF ( I K. EQ ,1. AND, JK. EQ ,I. AND. KK, EG'l • AND, LK. EG. 1) <'?Q 

__ _.;<_:~GO·r0399. ' . ' . " 
.2B!}F( IK.,EQ'l' AND. JK .EG.l. AND. KK .EG'l) GO TO 400. 

,._: __ l:iO.TO --399 __ ._ 
387 IF(IK,EQ'l.AND.JK.EG,l)GO TO 400. 

··~_.i-._:§OT0399 
ij87 IF(IK,EG'l)GO TO 4 00 

. . 399 CON I NUE . . ... .. T .'. 
PRINT*"ZOR VALUE="ZOR 
IF<ZOR.LE.ZOROLD)GO TO 499 

40.0. ZOROLD=ZOR 
. <::' .. 11=L 

IF(NPARAM.EQ.II)GO TO 20.2 
. 1.1=11+1 '. ':._ 

IF(NPARI\M.EQ.II)GO TO 203 
tl=Il+L . 
IP(NPARAM.EQ.II)GO TO 20.4 
IL=Lltl 

_______ . ___ . IF(NP,i\RAM.EG. II )GO TO 205 
~~~~fR2I~r'J:T~;l~:t~'::V5 z 0 B = V 5 .' 
• 20.5 V4Z0R=V4 
ft(ff5tI~i2))~y.K~{3toR=V3,.' 
• 20.3 .Y2~OR=~2 
~;g,~--i~i~:j-~2 b~zkVIZOB=Vl .. '.' -
'. " . PRI~lI*_,.,-ZOBgLQ="ZOROLD' 'VlZ0R=' 'Vl_ 
~1l.~~§J!+:Ci9·LG~Oi'JTINUE·. ' ' .. '~ .. - .,. " 
• 488 CONTINUE 
~;;~JfIfi~[58'?(t6~JTiN0t . 



~~~':'-.±~ S~2'::if-B~'7C'''OC:'N''T': 'I'e. 'N' :lU' 'E' :: 
~,;.-:..::':'::;"'::':::' '-0 ._-_:.. _:'. - -- .... 

",~:c.c188c:CONlINUE' '.... " . ., 
.::::jf,;,y::SL':";:.c.:~,rFrbPTOLD .. EQ~ZOROLD) GO TO .215 . 
::,:cc':::o',cc.c,c::::·-:PrUNT*., , SI\DDLE POr.tH DOES NOT EXIST, 
:ic:'.;cc.::L+,=-'GO_T0216 ' , 
~~'~::ci=215.PRINT*"S/\DDLE POI~JT .EXISTS; 
;=-c~;;l:~';-"-::'L~":.PRINT*, V 1 0 PT . 

216.STOp 
' .. ::::EI\10 

j 

SUBROUTINE RICATI(A'B,P,Q'~'M,H,R,GAIN,BARB) . I 
o I ~1ENS ION A ( 10 r1 0) , B { 10 rl 0 ),p ( 10'10) , Q( 10,10) , EXP A ( 10 ,10) , VI C 

1) ,V(10) ,JC(10) ,BSO(10,10) ,ASO.(10rlO) ,QS(H10rlO) ,Re(to,10) ,Kg 
,'- -< 1,10),AT(10,10) ,ERR(10,10) ,EI(lOrlO) ,R(10,tOJ,I\~B(10,10)' i 

lARBy(lo,10) ,EXPAT(10,10)'BARB(10'10),GAIN(10,10) 
V( 1 )=1. . 
CALL GJR(p,10,10'M,M,$50'JC,V) 
00 181 I=l'N 
DO 181 J=l,M 

,~:l'lBl BARB U , J) =B ( I , J) 
~CALL MXMLT(B,P,ARO,N,M,M'lO'10) 

._-__ ' " CALL MXTRt .. j(B'B,N'~Jl'10r10) , . 

..... --~ .. 

. CALL MXMLT(ARB,B,BSQ,N,M,N,10,tO) 
.•. DO 88 1=1, N . 

Do 88 J=1,N 
8 ( I , J ) =BS6 <r , J) 
~'J (I, J) =BSQ ( I , J) 
CALL MXSCA(A,N,N'lO,-1.) 
CALL fl.1AT EXP (A,EXPA,N,H) 
~ALLMXMLT(B'EXPA,ARB,N,N,N'10,lQ) 
CALL MXTRN(EXPI\IEXPAT,N,N,10,10) 
C/\LL MXMLr(EXPAT,ARB,ARBY,N,N,N,10'10) 
CALL MXSCI\(ARBy,N,N'lO,4.) 
CALL MXADO(B,I\RBY,W'N,N,10) 
CALL MXSCA(ARBy,N,N'10,0.5) . 
CALL MXMLT(EXPAT'ARBy,ARB,N,N,N,10'10) 
CALL MXMLT(ARB,EXpA,ARaY'N,N,N,10,10) 
CALL MXADD(W'I\~By,W'N,N,lO) .' 
CI\LL MXSCA(ARBy,N,N'10,2.) 
CI\LLMXMLT(EXPAT,/\RBy,ARB,N,N,N,10,10) 
CALL MXMLT(ARB,EXpA,ARBY,N,N,N,10,10) 
CALL MXADO(W,ARBY,W,N,N,lO) 
S=H/3. 
CALL MXSCI\(W,N,N'lO,S) 
V(l)=1. 
CI\LL GJR(W,10,10'N,N,$5 0 'JC,v) 
GO TO 152 

. 155 CONTINUE 
DO 183 I=1.,N 
DO 183 J=l,N 

18 3 \~ ( I , J ) = 0 • 
DO 302 I=l,N 

302 W(I,I)=l. . . 
: .....•.. 152 CALL MXMLT(~~'BSQ'R'N'N,N'1~'10) 

i 

i 



... -. 

.. 

DO 99 I=l,N 
0099 J=l,N 

99 ERR(I,J)=10.E-05 . 
CALL MXSCA(A'N,N'lO,-l.) .... 

.. 111 CALL MXMLT(R'8SQ~RB'N'NiN;10'10) 
CALL MXSUB(A,RB,ASQ'N,N,lO) 

55 CALL MXMLT(RB,R,ARB'N,N'N~lO,lO) .. ' 
CALL MXADO(Q'ARB'OSQ,N,N'10) ~ . 

·00 98 I=1,N 
DO 98 J=l,N 

98 ROLO(I,J)=R(I,J) 
CALL LIAPUN(ASQ,QSQ'N,R) 
DO 78 I:::l,N 
DO 77 J=l,N 
IF(ABSCRCl'J)-ROLD(I,J» ~LE.ERRlI;J) )GO 'Tt) 77 
GO TO 111. , 

c77 CONTINUE 
.78 CONTINUE 

CALL MXMLT( A, R, ET , N, N, N,l 0' 10} 
CALL MXTRNCA,AT,N,N'10,lO) 
~CALL,MXMLT (R 'AT, ARB, N, N,N,1 0 ,i'o) . 
CALL MXADOCET,ARB,EJ,N,N'10) 
CALL MXMLTCR'BSQ;ARB'N,N;N~10, io) ." 
CALL MXMLT (ARB, R, ARBy ,N, N,N,1 0,10) 
CALL MXSLJnC ET,ARBy' ET, N,N, 10) 
CALL MXADOCET,Q,ET,N,N,lO) 
DO 73 r=l;N 
DO 72J=1,N 

~;.'. iEtABSJETC i ,J) }. Le. ERR' I, J) ) GO r.o· 72 
GO TO 111 

: i2.(::ONTI NUE: . 
73 CONTINUE 

··\vRI IE (6,64) . 
PRINT*,( (R(I,J) ,J=1'N) rI=l'N) 

'GO rO'51 . 
50 VIR I T E C 6 , 11+ ° ) 

·~O TO 155 
51 CONTINUE . 

CALL MXTRNCBA~B,BARB,N,M'10~lO) . 
·c ALL 1\11 X ,\1 L T ( BAR 3 , R , ARB, rvl , N , N, 1 ° , 1 0 ) 

.. CALL MXMLTCP'ARB'GAtN,t~'M,N'10,lO) 
CALL MXSCA(GAIN,M,N~10,-1.) 

·V(l)=l. . . 
CALL GJRCp,10,lO'M,M,$50'JC,V) 

'. PRHn*, , GAIN VECTOR K IS GIVEN BEL0I'J, 
.... PRHn*, «GAIN(I,J) ,J=l,N) rI=l,~~) . ... .... . 
.;64·FOR~lAT(1X,'RICI\TI MATRIX IS GIVEN BELO\·j,,/) .. 

. tORW\T(lX, ,HJVERSC DOES NOT EXISJ,'I> .. 
:RETURN . . ' .. 

'cc,END 

!;;.:;r~.:~,c::·:;r'~.,··StJBR6LiTINE' LIAPUN'( ASQ, QSQ, N,R)· . ... .... .... . 
.:-- .... -- .... - ...... biMEN'S'! ON A5Q( 10, 10) , Qsa C 10 '10.)' He ~O,)O.) , SIDEN' 10,10) , U C 10 
;.;{:;'JtiS?~t·FE(lr\{,W(19.;1. O)'.q(qo '1 0 ) , Y (10 ,1o·),z(lO'JQ),~l(~0,10), I\RB( 1 0,10 



.- ".- .~--- .:: :. "". , 
--~-~~-:-"'.--:-~-.--'~_c------. ,-.-

~~~Ii~{~~~2c~X~lj8C 0 0), 2 EN'( iO;l 0) 
.. , "'."'-C"", .. ,~ .....•. 5=0 .• 1 . 
:~~'::{:o:.:0~3}:.;~~j:.rO, 10i J=l ~ N . 
='-~'~cl01, 5IDEN (J, J) =5 .. 
:j;t.i::t:i:jlj-,~ CALL MXSUo ( S {bEN, A5Q ,U', I-J, N ;io ). 
8fE[~g11~r~::'N~~G~~~:JR( u' 10,,10 , tl,r~; $50 , JC , V ) .. 

",.,.GO,TO 105 . ...., 
.• '102:CbNTI NUE 

,DO,103 I=l'N 
:00::10 3J= f; N 

3VCI,J)=0 • 
. ".~"".",-... ,'.',DOI0!tI = 1 ' N 

;~~::;~::.lg4 .. U ( 1,1 ) =1. 
", .• ~=X05,CONT·INUE 

,CALL MXADO(SIDEN'ASQ,VV,N,N'10) 
CALL MXMLT(U,VV,ARB'N,N,N,10,10) 
DO 181 I=l,N . 
DO 181 J=l'N 
Z(l,J)=ARB<I,J) 

,CALL MXMLT(U,QSQ'ARB,N,N;NrlO,lO) 
CALL MXTRr'i (U 'UT, N, N, 10,10) 
'CALL,MXMLT(AR8,UT,Y~N,N'N,10'10) . 
52=2.*5 
CALL MXSCA(Y,N,N'1 0 ,S2) 

,203. KK=l, 10 
~lKKiEQ·l)GO TO 190 

.CALL MXMLT(Z,Z,ARS,N,N,N'10,10) 
:COO 182 I=l' N 

•• -,'",c. ,.-~, .. ,,- J) 0 182 J = 1 ' N 
~~c'~fi;""tc182:Z(I , J )=ARO ( I , J) . 
-c ='c,'" 19 0 CALL M X M L T ( Z , Y , A R R ; N , N , N , 1 ° , 1 0 ) 
i£k:i:'~"_j-·cc:':::':<.C ALLMX TRN ( Z , Z T , N, N' 1 '0,10 ) 

. CALL MXMLT(ARB,ZT,ZEN,N,N,N'lO,10) , 
~~~CA~L MXADO(Y'ZEN,y,N,N, 101 ' 

._"._", •. ,,203 . ,CONTI NUE 
~~:~~~:l_i~f';ci';~;iD 0 2 04 I = l' N 

~I~!t~1£f~.04~~ ~I;~ i = ~~ ~ : ~ ) 
GO TO 51 

, vIR ITE (6,14 ° ) 
GO TO 102 
CONTINUE 

140 FORMAT(lX,'lNVERSE DOES NOT EXIST,'/) 
. , ..• :.'- -- • RETURN 

END 

SUBROUTINE MATEXP(A'EXPA'N,T) 
DIMENSION A(10,10),EXPA(lO,lO),ST(10,lO)'ENTEXP (lO,10) 
DO 1 l=l'N ' 
DO 1 J=l'l'l 
ST(l,J)=A(I,J)*T 

1 ExPA(!,J)=SJ(I,J) 
IPOvJER=1 00 

i 
'I 

i 



DO' 7I=2'1~6wER 
EP OWR=IPOWER-I+2 
DO 5 J=l' t'-! 
DO 3 K=l' 1'1 

3ENTEXP(J'K)=EXPA(J'Kf/EPO~R 
5 ENTEXP(J'J)=ENTEXp(J,J)+1.0 ~. 
7 CI\LL MXMLT (ST , ENTEXP, EXPA, N, N,N,15 '15) . 

00 9 J=l rt'J 
9' EXPA( J, J)=EXPA (J, J) +1.0.· 

RETURN 
END 

.... - _.-- ~ - .... -' 

SUBROUTINE. PERF OR (A, B, GAl t\j'P,Q, X IN, N, J1, PER'... . ..•. c ., ........ " 

'DIMENSr OWA( lad 0), B (10 ,lo),p (10'10 ),Q(10,,1 o),GAI N(io',10t~x j 
1, AR8 (10,10 J.,ARBY (10,10 ),ASQ( 10rlO) ,QSQ (10,1.0) 

CI\LLMXMLT(B 'GAIN, ARB,N; M ,N, 10,10) . . .. ' 
. CALL MXADO(A,ARB'ASQ,N,N'10'101 ..... ~ 
~CI\LL·MXMLT~P~G~IN,ARB;M'M,N'lO,lQ) 

CALL MXTRN(GAI~,GAIN,M,N'10'10) 
:CALL, MXiVlLrJGA I t\J ,ARB, ARBY, N, M; N, 10,10).' 
CALL MXADD(Q,ARBy,QSQ,N,N,10dO) 

c'·.-o:CALL ,LIAPUN (ASQ "QsQ, N,R)' . 
. ~A~L qPTIMA(XI~,R,N'M,PER) 

.', .f3tTURN 
.END 

,. " 'SUBROUTINE OPTIMA (XIN, R, N,M, OPT) 
DIMENSION XIN(10),RR(10)'R(10,10) 
C 1\ L L M X ~1LT ( R , XI N , R R , N , N rI, 10 ,10 ) 
tA~L MXTRN(XI~,XIN'N,1,10,10) 

.~::? ..... CALL MXMLT(XH~,RR,OPT,1'Nr1'10,10) 
, RETURN 
E~JD 

1~1E2'~ili%E::·':_'S'tJBi~6UT INt E I G vALe 1\ , BB,C , ~J' P()L, EIGEt\j) . ., ' . . ." ,. • 
~·[)iMEf'lS16N.A (10,10) , BB no, 10), C (lQ~10" Pqo),POL(10l, EIGEf\J (j 

C OMPLEX' PoL, E I GEN 
EP'S=.OQ 00 oX. ,. 
~~'Ai~50 .. ' 
QOlI=rnJ 



{,J=irn' 
. L ~B(I' J) =A ( 1,J) 

,/DO:2M=1' t'l 
, .. " fl ( M ) = 0 • 0 . 

FrJ1=~1 . 
0021 I=l,N .'" 

,e<M)=p(M)+BBCI,I)/FM 
DO 3 I=l'N 

3 BB(I,Ir=BB(I,l)-P(M) , 
, .CALL MXMLT(A,B3,C,N'N,N,lO'10) 

DO 6 K=l'lJ ' ''' .. ,. .., .' . 
, DO 6 L=1' rJ 

'~, 6BB(K, L) =C (K, L) 
CONTINUE 
Nr=N' 
00 41 r=l,N 
L=N-I+1 
IF(P(L).NE.O.)GO TO 51 

"41 NI=H;';'I 
51 CONTINUE 

IF(Nl.EQ·O)GO TO 22 
004,I=1'NI 
J=NI-I+l 

4 POL(J)=CMpLX(-P(I),O.O) 
rW1=NI+1 
POL(NP1)=CMPLX(1.0'0.0) .' 

<CALL ROOTCP( POL' Nr ' EPS, KMI\X; EIGEN, J, $66) 
GO TO 85 

~22 NP1=NI+l 
B~ CONTINUE 

00 23 I=Np1,N,l, 
ErGEN(I)=CMPLX(O.O'O.O) . 
~1RITE(6,11r(EIGEN(I) d=l,N) .. 

,GO TO 31 . 
WRITE (6,77) J .. 

•. "-=-,,~ .• 31CONTI NUE .' ", . .' . .'! 
~"~·'l;c~~}c:C11,FoR~lA T (1 X, , **El GEf>,jVALUES ARE·' AS F OLLOWS:t*~, / /,lX, F12. 6 ,5x,A 

FORMAT(lX,I4"TH ROOT DIVERGED,'//) , 
,'RETURN . ',;,.~ 

END 

.It3ANK, 5393 DBI\NK 
t~·;!~:~M ArNe. " 
,J1.-:09/14179 14:05: 57 

"-----" . --~--

lSL, ,;,001000 ,042521 
. .D43000 061020 

17234 IBANK WORDS DECIMAL 
71a5 DBANK WORDS DECIMAL 

RESS.035763 

."----

SEGMENT $fvll\ I N$ 001000 042521 

$(1 ) OOll~O 0021~~ $(2) 
$(3) 002132 002146 
$(5) r OD2147 002147 

043000 061020 

$(2) 043003 043314 
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