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ABSTRACT

FREQUENCY INDEPENDENT EVALUATION OF
HIGHLY OSCILLATORY INTEGRALS

Oscillatory integrals appear in many applications and therefore, several differ-
ent quadrature rules for their accurate and efficient evaluation have been proposed
in the literature. The efficiency of these methods naturally depend on the degree of

smoothness of the integrands.

In this thesis, we present a survey for the paper [1] by Dominguez et al., which
is recently exhibited in the literature, about composite algorithm which eases the con-
ditions of the Filon-Clenshaw-Curtis rule and enables the use of the algorithm with
finitely many algebraic and logarithmic singularities or oscillators with a finite number
of stationary points. Our survey includes the complete error analysis in [1], which is
in the setting of appropriate Sobolev spaces of 27-periodic functions. We support the

results of this paper via providing some numerical experiments.
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OZET

YUKSEK FREKANSLI INTEGRALLERIN FREKANSTAN
BAGIMSIZ OLARAK HESAPLANMASI

Yiiksek frekansh integraller pek ¢ok uygulamada ortaya ¢ikmaktadir ve bu ne-
denle, bu integrallerin kesin ve etkili gekilde hesaplanmar igin literatiirde cesitli kuadra-
tir yontemleri bulunmaktadir. Dogal olarak, bu metotlarin verimlilikleri integrali hesa-

planan fonksiyonun diizgiinliigiine baghdir.

Bu tezde, Dominguez ve digerleri tarafindan yazilmig olan ve yakin zamanda
literatiirde yer almig olan, Filon-Clenshaw-Curtis kuadratiir kuralinin kogullarinin ne
sekilde hafifletilebilecegi iizerine olan ve ayrica algoritmay1 sonlu sayida cebirsel veya
logaritmik tekillik noktasi olan fonksiyonlara veya sonlu sayida durgunluk noktasi olan
osilatorlere uygulanabilir hale getiren [1] aragtirmasi sunulmaktadir. Ayrica bu ¢aligma,
aragtirmada bulunan, uygun sekilde secilmis 27 periyotlu fonksiyonlarin olugturdugu
Sobolev uzaylarini iceren tamamlanmig hata analizini de icermektedir. Bununla bir-

likte, aragtirmanin sonuclari bazi1 numerik deneylerle desteklenmektedir.
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1. INTRODUCTION

Highly oscillatory integrals of the form

/ £(t) explikg(t))dt (1.1)

for f € L'a,b] and k > 0 appear in many applications, such as boundary integral
methods for high-frequency wave scattering (see e.g. [2-7]). Therefore, several different
approaches for the accurate evaluation of these integrals have been proposed in the

literature.

Indeed, standard integral approximation methods depend on integrating the poly-
nomial interpolation of the function instead of integrating the function itself. If we
apply these classical methods to (1.1), they need a fixed number of quadrature points
per wavelength which is proportional to 1/k. Hence, the number of quadrature points
these rules require to keep a fixed error increases linearly with k which results the
increase in the number of calculations with increasing k. Therefore, instead of these

standard methods, alternative approaches have been considered in the literature.

These methods can be classified into three main categories consisting of Asymp-
totic methods, Levin type methods and Filon type methods. Asymptotic methods
depend on applying integration by parts repeatedly. Even if they need very small
number of operations, they do not generally converge for fixed k. Levin-type meth-
ods are another family of methods used for evaluating of oscillatory integrals of the
form (1.1). Basically, they depend on the approximation of a function F' satisfying
F'(t) + ikg'(t)F(t) = ¢(t) and this naturally requires f and g to be sufficiently dif-
ferentiable [8]. However, since error terms behave asymptotically like O(k") for some
r > 1, (see [9-12]), they converge very slowly for moderate values of £ [13]. Filon-type
methods are based on interchanging the function f with its N** degree polynomial
interpolant Q) f. The number of operations they need is independent of k and give

high accuracy for fixed k. However, when f has some singularities in [a,b] or g has



some stationary points, to bound the convergence rate of the quadrature rule becomes

problematic.

In this thesis, we follow the papers [1] and [14], and the book [15] to study
a modified version of Filon-type quadrature methods known as Filon-Clenshaw-Curtis
quadrature rule for highly oscillatory integrals of type (1.1) for functions f with finitely
many singularities and functions g with a finite number of stationary points. We present
a complete error analysis in the setting of appropriate Sobolev spaces and in addition

to it, we submit numerical implementations.

This thesis is organized as follows. In Chapter 2, we restrict ourselves to the
case of smooth f and consider the case of linear oscillators, namely g(x) = z, on
the interval [—1,1]. In §2.1, we present the quadrature rule with an error analysis.
In §2.2 we extend the quadrature rule and the error analysis to arbitrary intervals
[a,b]. In chapter 3, we study the case of f with finitely many algebraic or logarithmic
singularities. In §3.1 we treat the integrals over [0, 1] with singularity of f at x = 0.
Then, in §section:relate[a,b][0,1] we extend the method to functions f with finitely
many algebraic or logarithmic singularities in an arbitrary [a,b]. In chapter 4, we
generalize the developments in Chapter 2 and 3 to the case of nonlinear oscillator. §4.1
concerns the case of smooth f and g having no singular point in an generic interval
[a,b], and §section:comnon corresponds to f with singularities and g with stationary
points. In Chapter 5, we provide some implementation details and a stable algorithm
for the computation of quadrature weights. Finally, in Chapter 6, we present a variety
of numerical experiments for both the linear and the nonlinear oscillators and verify

the theoretical results.



2. FILON-CLENSHAW-CURTIS RULE FOR LINEAR
OSCILLATORS

Here we describe the Filon-Clenshaw-Curtis (FCC) quadrature rule for the accu-

rate approximation of oscillatory integrals of the form

190 = [ ) expliky 2.1)

where we assume that the function f is smooth aside from finitely many algebraic or

logarithmic singularities in the interval [a, b], and k > 0.

To this end, we first assume that the function f is smooth and, in this setting,
discuss the FCC rule for I (f) = I,L_l’l}(f) in §2.1. Next, in section §2.2, we show that
an affine change of variables allows one to modify the FCC method so as to cover the

case of the oscillatory integrals I/*(f).

In what follows, we say that I (f) is oscillatory when k& > 1/2 and non-oscillatory
when 0 < k < 1/2.

2.1. Smooth functions on the interval [—1, 1]
Here we study the FCC rule for the accurate approximation of integrals
1
B(f) = [ s expityi (2.2
-1
assuming that the function f is smooth.
When [, (f) is oscillatory, for a given natural number N, the basic FCC rule ap-

proximates I (f) by replacing the function f with its algebraic polynomial interpolant

Qn f at the Clenshaw-Curtis quadrature points cos(j7/N), j = 0,1, ..., N, and writing



this interpolant as a linear combination of Chebyshev polynomials of the first kind

T, (t) = cos(n arccos(t)). (2.3)
In more precise terms, setting
1
wn(k) = / T, (t) exp(ikt)dt (2.4)
~1
and
2 & . npm pT
() = 5 D2 " cos(2) f(cos(B0)), (25)
p=0

we have the approximation

(QNf)( ) exp(ikt)dt

3 M ()T (t) exp(ikt)dt

-1 n=0

”amN(f)/_ T, (t) exp(ikt)dt,

1

/f exp(ikt)dt ~

Il
\\

I
WE

3
Il
=)

and the FCC quadrature rule read as

Ik( N]kN ”OénN ) (26)

3

where Y '" means that the first and the last summands are halved.

When [ (f) is non-oscillatory, we directly apply the standard Clenshaw-Curtis
quadrature method [16] to the function f(t) = f(t) exp(ikt) which yields the quadra-



ture rule

where T),(t) and a, v are as in (2.3) and (2.5).

Let us note that

2

1 1 T2 n is even,
/ T, (t)dt = / cos(n arccos(t))dt =
-1 -1 0, n is odd.

Therefore, for the implementation of the FCC rule, we need to compute only the
quadrature weights w, (k) in (2.4) for n = 0,1,..., N. Deferring this to §5.1, we now

discuss the convergence of the FCC rule.

For the error analysis, we will use the Sobolev space H™ of 2r-periodic functions

with the norm [15]

I = PO+ 3 P fE, f =5 [ s@)esp(-ino)as (21

neZ\{0}

along with the truncated Fourier series

(S20)(0) = > (1) exp(ipd) (2.8)

p=-n



for ¢ € H® = L*[—n, 7], which converges to ¢ € H° as n — oo. Observe that if

¢ is an even function, we have
(S:0)(6) = 6(0) + 23 dwycos (u6) =1, 3w = [ oo costuo)as. (29)

We also use the notation
fe(t) = fleos(t)),  Zn={p€Z:-n<pu<n}, plr)=

and, for pu € Z,

; =70,

lul,  pez\{0}.

=
I

Also, note that with this notation, we can write (2.9) as

W = > 1 o).

MEZL

In the next theorem, we consider I;(f) as oscillatory for any k£ > 0.

Theorem 2.1 ( [14]). For r = 0,1,2 and v > vy > max{3, p(r)}, there is a positive

constant Cy,, such that for any positive k

r v—p(r)
im0 -t <G (3) () 1l

provided that f is smooth.



Proof. In Theorem A.3, setting

o 1/2
1
U’:fC7 'Ym:<1+22j2—m> :C’,,mm, n:N, m=v,
j=1

we obtain
len|lmr < Copun NI foll v (2.10)
where ey is the 2m-periodic even error function
en = fo— (@nf)e (2.11)

Via the cosine transform and Cauchy-Schwartz inequality, we have

B0 = 1Dl = | [ (= Qo) explibs)as
< [ lex(®)las < vAexlm

and, by (2.10),
[16(f) = Len (D] < Cog N7 fell v

which gives the result for » = 0. Further, since the Chebyshev points include the end
points 1, we get



Note that, by integration by parts

i) = 5= [ enlO)exp(-ind)a9

2 J_,

_ % |:€N<7T> exp(—ipm) — en(—) exp(ipm) + ip /7r en(0) exp(—iud)do

—T

I : .
= %z,u/ en(0) exp(—iub)do = ipey ().

—T

Then, we have

which gives

levllm < el (2.12)

Also, by integration by parts,

1. (f) = Len ()| =

/07r en(0) exp(ik cos(f)) sin(@)d@'
< |- [extm G explicostn)) = ex(0)p) explikcos(o)|
i /O " el (0) explik cos(e))de'

1 [7 1
<4 [ 1ev®)1d0 < LAl
0

_l_

Therefore, using (2.10) and (2.12), we obtain

1(5) = ()] < vllextls

1 Lo
< oVAlenllin < Copmz N fellr



which is the result for » = 1. For r = 2, we have

en(0) = —(f — Qu ) (cos(6))(sin(6)).

Thus,
ey(0) = ey(m) =0
Let
_en9) o
on(0) sin(@) —(f = QNf)( (0)).

Then, for u = ¢x(0) and dv = exp(ik cos(d)) sin(0)db,

I(f) — Len(f) = / ~(0) sin(0) exp(ik cos(6))do

_ K;_;) o () exp ik cos( ))_(;—kl) o (0) exp(ik cos(0))
111

+ - ) go’N ) exp(ik cos( 9))d9}
1

== [on () exp(ik cos(m)) — pn(0) exp(ik cos(0))]

_% _ /0 ) exp(ik‘cos(Q))d@}

_LiE-E

Concerning E, we note that

lim oy (6) = lim M =1 eN—w) = €’;(0)

60 6-0sin(f)  6-0 cos(f)

and

- 6—msin(f)  6—r cos(6)
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and therefore

pn(0) = ex(0) and @y(m) = —ey (). (2.13)

Thus, via using the Sobolev Embedding Theorem [17-20], we have

|Ex| = | () exp(ik cos(m)) — ¢ (0) exp(ik cos(0))]
< len(m)l[ exp(—ik)| + [on (0)[] exp(ik)|
= len(m)| + [en (0)] < Cllen (s

and, by (2.10),

1
|E1| < CVO v— 3HfCHHV = 1/0 —7/2 HfCHH”
N Nv=7/2

for all v > vy > max{3, p(2)} > 3 [14]. To estimate E,, we write ey as a cosine series

o)

1. R
en() = ieN(O) + mZZIeN(m) cos(m#)
where
A % fo7T en(6)do, m =0,

en(m) =
2 [Ten(0) cos(mb)do, m > 1.

Since, by (2.11), ey consists of subtraction of composition of smooth functions, its
derivative is smooth and also we have ey(—7m) = en(m), so we can differentiate its

Fourier series term by term. Hence

v (0) sm (mh)
onlf) = sin(6) Z méx(m sm(9)
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Here we note that o(z) = w € C* and for z € [-2, %],

2 /
<a(m) — —> =0 = = = tan(x).
T

Further, for g(z) = tan(z) — x, then we need to find the zero of g(x) on (-7, %), we

have ¢'(r) = sec?(x) — 1 so that
Jd(x)=0 = sec’ () =1 = x=2nm, ncZ,
and

lim g(z) = —oo0, lim g(x) = oo.

s
=7 =7

Therefore, there is only one critical point, = 0 of g in the interval (-7, 7), which has

image ¢(0) = 0 on that interval. Then, since we have lim, ,oo(z)/x — (2/7) > 0, we

get % < o(f) for 6 € [—%, g} Hence, for 6 € (0, %} and m > 1, we get

sin(mé)’ B —Sinr(:;e) ,
sin(6) N %

|emt) _ ot e)

o(0) a2(0)

5 | 0’ (m8) a(mé)a’'(0)
=" o) o

2 [0 (m0) 2 [a(m0)o’(0)
<t ||+ |

@8] |omb)o®)
<m 5 +m 3

G (3)

=m? [§|a’(m6’)| - (g) |0(m«9)0’(6’)]} = Cm?

for a constant C. Moreover, the identity

sin(mf)  (—=1)"sin(mm — m#) o pSin(m(m — 0))

sin(6) a (—1) sin(m — 0) = (=) sin(m — 6)
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allows us to extend the last result to § € [0, 7]. Accordingly

By =

/0 " o (6) explik cos(6))do

< / "L (O)1] explik cos(9))d6

— [ len@ias
0

< [ Ien(@)lmas
0

= @ ()]l

:wn( ZmeN S;fn(ef)> .

Since ¢y is the ratio of two smooth functions, by (2.13), we obtain

sin(#)

sin(m#)
i <= Y mlentonl | (S ) e
< Cng‘\éN(m)] (2.14)
for some constant C'. In addition to these results, interpreting the sum Zzﬂ m® and

Yo na1 (I/m ) (@ > 0) as lower Riemann sums corresponding to the functions

f(x) = 2% and f(x) = 1/2'7 we have the estimates

N N+1 7
Zm6</ xﬁdx:(N+1) —1<(N+1) (2.15)
— 1 7 7 7
and
> 1 * 1
>, < /N Sadr=—. (a>0). (2.16)

m=N-+1
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Therefore, splitting the sum in (2.14) to m < N and m > N + 1, we obtain, via

Cauchy-Schwartz inequality and the definition of ||.|| v,

N 00
Bl <C 1Y mPlen(m)|+ > m3\ézv(m)|]
m=1

m=N+1

<c||3

| m=1 m=1
o . 1/2 - o 1/2
v 2
rol| 3 2l |5 o]
m=N+1 m=N+1
N 1/2 ¢ N 1/2
<o| %] [Shevtmr
m=1 m=1
o . 12 1 o 1/2
v 2
+C Z 21/—6] [ Z m? ]eN(m)|]
m=N-+1 m=N-+1

Since r = 2, we have v > 1y > 7/2. Thus, if we apply the inequalities in (2.15) and

(2.16) to these two sums respectively, we get

<N+1)7 1/2 1 1/2
B <0 | (B5E) el + (Gr—giams) el

i 1 —7/2 1 1/2
<c|(3)  lexto+ (5a=)  lesln

[ 1 —7/2 1 v—7/2
—c|(5) teso+(5)  lenl

1 v—T/2
<Cu(y)  Ifla

(here note that the constants differ from line to line). Combining the estimates for F;

and Fs,, we therefore obtain

v—T/2
B) ~ (D) < g (B +IED <200 (5) Wil
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and this completes the proof. ]

Theorem 2.2 ( [1]). There is a positive constant C such that for any r € [0,2] and

for all integers m > max{3, p(r)}

T m—p(r)
1I:(f) = Ien () £ C (%) (%) I fellgm, k>1, N>1. (2.17)

provided f, € H™.

Proof. We have the results for k > % and r = 0, 1,2 in Theorem 2.1. Also, for 6 € [0, 1],

we have

116(f) = Lo ()] = Hk(f) = e (O 11e(f) = Lo (I (2.18)

and applying Theorem 2.1 for » = 1 and r = 2 to the first and the second terms in

(2.18) respectively, we get, for some constants C; and Cj,

1(f) = Ten ()] = He(f) = Ten ()1 Ik (f) = Ten ()]

NG 1\ e INZ20 /1 (m=7/2)1-0)
<[z - (1=6) [ = — m
1NZ? /1 m—1+30
—c(3) (3) 1l

where C' = 01905179)' Then setting § = 2 — r, which forces r € [1, 2] we have

2-0 /4 m—1+30
) (5) Wl

5(2—r)

2-(2-1) /4 m—I4+2220
(%) e

\L(f) = v ()| £ C

I I
Q Q
AN TN N

I
Q
e o ol -

N— ~—



15

This proves (2.17) for r € [1,2] and k& > 1. For r € [0, 1], we, again, apply 2.1 but now

for r =0 and r = 1 to the first and the second terms in (2.18) respectively and we get

mo 1-6 (m—1)(1-0)
nn-nanl=c(5) (1) (3) el

1 1-6 1 m—(1—6)
(1) () 1l

and setting § = 1 — r, which forces r € [0, 1], entails
1\" 1\ 1\" 1 m—p(r)
—_— < - i m = - e m
nn-natl=e(3) (y) Mam=c(3) (5)  Wla

For k < 1/2, it is the classical Clenshaw-Curtis rule for which the case r = 0
follows by Theorem 2.1 [21]; the same argument applies to the case r € (0,2) to yield
estimate (2.17) without the (1/k)" term. So, the result follows. O

We know use the following two results to get estimates for f.

Lemma 2.3 ( [1]). If (f). € L'[—m, 7|, we have

~

Fn) = 5 [ =1 = (190 + )] for €2\ {0}
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Proof. Since f, is even, an integration by parts entails

i = [ 1:60)cos(u)a
= || 0= g6y sinutyas

L
——— [y @)singuoiy
_ % (1) teos(8)) sin(u8)sin(0)at
— g [0 cost( — 1)8) = cos((u -+ )] o
= 5= [0 =1 = (P9 + 1)
as desired. [

Lemma 2.4 ( [1]). For any 0 < m < N + 1, there is a positive constant p, n such
that

I(Z = Sx) fellmm < o |(F)ellro.

Proof. Since Sy is the orthogonal projection of HY onto span{exp(ijf) : 0 < |j| < N}
[15], the result is immediate for m = 0. We can therefore assume m > 1. Since f, is

even, from (2.9), we have for all nonnegative J,

([ SJ c=2 Z fc COS Vﬂ and ”(I_SJ)]UCHEIW =2 Z M2m|f0(u>’2'

p>J+1 p>J+1

Thus, from Lemma 2.3, we obtain

(= S el < 5 37 w22l = 1) = (Pl + 1)P

p>J+1

< D =D+ D e+ )P

p>J+1 p>J+1

= (A D)) P+ Y (= DP (el P

pu=>J p=>J+2



so that

(T = So) fellfm <23 (122 (f) )|

Accordingly, for J > 1,

Using (2.20) m

with

u>J
J—|— 1 2m—2 . . 2
(7 = S5) fel B < (T) 23 i 2| (f)ew)
u>J
J+1

2m—2
) 1T = Sy ) (F)elZm s

g

k‘ ‘

— 1 times gives

1 = Sx) fellr < o (1 = Sxm) (£ D)ellin

C(N+IN"ON NP (N-m+3
TN =\ TN N_1 AN —m+2

17

(2.19)

(2.20)

(2.21)

Now, if m < N + 1, we can use (2.20) one more time in (2.21) together with the fact

that Sx_,, is the orthogonal projection on H to get the desired result. If m = N + 1,

(2.21) becomes

N —m+2 (

. < Ly o a . m—2) o
I = $3) elln < oy 21— S

and we can deduce the required result from the fact that

17 = So) (£ Dellar < NCF™)ell o

which is obtained from (2.19) with m = 1.
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Now, we will use Lemmas 2.3 and 2.4 and improve Theorem 2.2. To this end, we

introduce the weighted seminorm

) 1/2
Flrgian) = l/W—le d:c]

and we will write |.|gm when [a, b] = [-1,1]. Observe that

o = [ / |§y dw} 12

and with the change of variables x = cos(f), we have

0 2 1/2
| flm = 1G™-O)F )| sin(@))d&]

/1 — cos?(0)
[ IE@r ]
[ ]

/2

- [ 16, Qde} — VA, e (222)

Then we have the following result:

Theorem 2.5 ( [1]). Forr €[0,2] and 0 <m < N+ 1, if | f|lum < 00, then there is a

constant a,, n such that

1\" 1 m—p(r)
- htl <o (3) () Mo

Moreover a,, y = Cop n for Cindependent of m and N.

Proof. Since |f|gm < oo, we have f € L?*[—1,1] and we can define an algebraic poly-

nomial P of degree N by

P(2) = J.(0) +2 fuln) T (a).
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In fact, from (2.9), we have

n=1

Since I, n is exact for any polynomial of degree N, we have, via Theorem 2.2,

Ik (f) = Len(f)| = [Ie(f — P) = Ly n(f — P)
" mp(r)
(%) 1= Phla

r 1 m—p(r)
(%) =505l

w-tai=e(B) (&) 1050l

1\" 1 m—p(r)
<o (3) () 10l

— Cpun (%) (%)m” =[] "

Thus, if we use (2.22), we obtain

1\ (1\""" 1
() = D= Conn (1) () el

completing the proof. O
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2.2. Smooth functions on the interval [a, 0]

In this section, we will get the estimate for

119(0) = [ 10 exp(irt)at.

for a smooth function f. To this end, we use the change of variables

t=c+hr, Te€[-1,1] for c= b—12—a7 h = b;a'
to compute
b
1Mf) = / F(t) exp(ikt)dt (2.23)
_ / " et hr) explik(c + hr))hdr
—1 . ) )
= hexp(ikc) / f(r) exp(ikT)dT
-1

= hexp(ike)I(f) (2.24)

where

() = fle+ht), k=kh,

and we use the rule in §2.1 for approximating I;(f). i.e. We have the approximation

LN (f) = hexp(ike) I (). (2.25)

In the next theorem, we have the extension of Theorem 2.5 to the case of integration

over |a, b].



Theorem 2.6 ( [1]). Forr € [0,2], 0 <m < N + 1 we have

r m—p(r)
a,b a,b 1 mal—r 1 P
1£90) - 120 < (1) #7 (5) T Wz

provided | f|pmpap < 0.

Proof. From (2.23) and (2.24) and Theorem 2.5, we get

10 = 10| = P = B (D)
< 0-7/71,Nh (%)T (%) o |f~|H331
~ it () () e
= b (%) (%)mpm Fl

and, clearly,

FU() = wm f (e + ht)

so that
r m ! ‘f( (C + ht)| m
‘fﬁ{g@ = h’ /_1 m dt = h? ‘f‘lzﬁlgji[a,b]'
Therefore

P\
1220 - 1| < ot (1) () Wl

. . 1 r 1 m—p(r)
:UmNh - <E) (N) ‘f‘H{j‘[a,b}-
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One of the most important consequences of this theorem is that, for fixed N, the
convergence is obtained as h — 0 (which shows up at the case of composite algorithm).

Thus, for m = N + 1, we have the following corollary of Theorem 2.6:
Corollary 2.7 ( [1]). For r € [0,2], for each N > 1, there is a positive constant

ey = Colyyy y(L/N)NTI=P0) - such, that

a a, Ly’ -
1) = V)| < e (‘) P ma | O ()

k z€[a,b]

for f € CN*a,b].
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3. COMPOSITE ALGORITHM FOR LINEAR
OSCILLATORS

Until now, we considered the case where f does not have any singularity. Now
we will examine the case where f has some algebraic or logarithmic singularities in
[a, b]. We will assume firstly that we are in the case of integral over [0, 1] with a unique
singularity at x = 0. After that, we will study the case of finitely many singularities

in [a, b].

To get the composite algorithm, we introduce three norms and three subspaces

of L'[0,1]:
e For § € (0,1),

[)lm,p = max{ sup |v(z)], sup |27 PvV(z)]:j=1,2,..,m}
z€[0,1] 2€(0,1]

and the space Cj'[0, 1] of functions v such that |[v],, s < oco.
e For g € (—1,0),

s = mac{ sup o929 - 5 = 0,1,2, . m)
x€(0,1]

and the space Cj'[0, 1] of functions v such that |[v[,, s < oco.
e For 5 =0,

[¥]lmo = max{ sup |(|logz|+ 1)"'w(z)], sup |+/vV(z)]:j=0,1,2,...m}
z€(0,1] z€[0,1]

and the associated space is CJ*[0, 1].
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3.1. Singular functions on [0, 1]

Throughout this section, we will assume that f has a unique algebraic or loga-

rithmic singularity at x = 0.

When f € C7[0,1] for 8 € (—1,1), we use a mesh graded toward the singularity
to divide the interval into subintervals [22]. The right choice of mesh gives a uniform

error estimate on subintervals. The mesh

{2, = (%)q:j:(),l,...,M} (3.1)

where ¢ > 1 is well-known to give optimal approximation of functions with singularity

by fixed order piecewise polynomials [1]. Now we write
) M
1 (f) = [IEO’“(f) YL (3.2)
=2

and note that, for 2 < j < M, I,Exj_l’xj}( f) is an oscillatory integral without any
singularities. Thus, the method described in §2.2 can be applied to each one of them.
This reduces the problem to the approximation of I,[fo’“]( f), which will depend on
whether § < 0 or # > 0. To this end, we define

memlipy, it ge(o,1),

0, if Be(=1,0]

L) =

where

I (Q[lmo,m]f) (x) exp(ikz) dz, if Zorof > %7

o

L) =
Jor (@ g () da, if 5k <)
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and, for a function g,

( [xo,mg) (z) = g(z1) — g(xo)(

o — 2y X7 o) + g(2o).

is the linear algebraic interpolant of g at the points xy and x;. Then we have the

approximation
Ty nang(f) = Imo’m Z I[x] ' x]]

for I ,[60’1]( f) with singularity at x = 0.

For the error analysis, we have

M
) = 0] = [0 4 S0 - ) - S|
Jj=2 j=2

M
< |y = 1eon| + 3

=2
M
<ler+ 3 Jesl.
j=2

1) = 15 )|

Thus, we need estimations for €; and e;’s. For this aim, we have two results.

Lemma 3.1 ( [1]). For § € (=1,0) and any f € C§[0,1] there exists a positive constant
Cj such that for e € (0,1], we have

1£90)] < ot (3) Mol (3.3

where s € 0,1+ B]. Furthermore, for f € C3[0,1] there is positive Cy > 0 such that
for € € (0,1], we have

190 < Cute + tog() = (FEE)



where s € [0, 1].

Proof. Note that

1 £1l15 = max{ sup |27 f(x)], sup [~ f'(z)[}
z€(0,1] z€(0,1]

so that

f(2)] =2? [a7 f(2)] < 2”|| fllig, 220

Thus, for 5 € (—1,0), we have

129(p)] = \ | st@yeplita) da| < [0 expio)] do
= [ @l do= [ oo 1) da

¢ 1
< xﬁdx] fllig = P f
[ e 1o = 5
1

= | f
€ 1,8
18] g

This implies for ek < 1,

1
0,e —5_s
NN e ™ e s

U s (1)

which is the desired result. Therefore, we can assume that ¢ > % and write

IN

L) = ;) + ).

26



For the first term, we have

1/k

| = | [ s expika) o

1/k

<[ i@
1/k

:/ z? |x_ﬂf(x)‘ dx
0

1/k
< / |||l da
0

1 1 B+1
=135 (E) [BalFw:

1 1 B+1
< 1_—|5| (E) 1 £1l1,5-

For the second term, by integration by parts, we have

174 )| = / £ () exp(ika) da
- ‘%f(e) exp(ike) — = (1) exp() — = / f'(x) exp(ikz) dr
g% () exp(ike) — f(%)exp(ik%) +% I:k\f’@)! dx
< g et - restiep)| + [ ot oy @)
< ¢ [f@esplie) = f() explikp)| + [ / Lo fll g
< % f(€) exp(ike) — f(%)exp(ik%) + % e’ — (%)ﬁ] 1£1l1,8
<1 [eBHfller () 1o + |+ (%)B] Il

_I_

s (1)
¢+ (1) ] 171

| =
§|»—‘
.

Il
1



Since 5 < 0 and € > 1/k, we therefore have

1 1 1\? 1 1 1\”
e O [ S MO

1 1 B+1
=2 [1 + W} (E) 1£1l1,5-

Combining these two estimates, we get

20 = 1 + 1)

1 B+1 1 1 B+1
<2 (3) Wee2 e ] (5) 1

18] +201 = 183)] 1\
TSENE (> 17ls

i 1 \k
[ ()

18]+ 21— 18197 1as. (1)
| (5) ko

IN

This completes the proof of the first inequality.

For the second one, let us note that

1 £1l.0 = max{ sup |(|log(x)] +1)""f(z)], sup |zf'(x)[}

z€(0,1] z€[0,1]

and

[f ()] < (log(@)| + 1) [[ 110

which gives

[f(2)] < (1 —log(x)) || fllno for 2 € (0,1].
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Thus, we have

190] = | [ s expiois
< [ 1@l
<17l [ (logte)] + 1) ds
<1l [ (1 log(a)) ds

= [2e + eflog(e) ] [[ 110

= [2¢ + e[log(e)[]' " [2¢ + e [log(e) )" [| fl]1.0

Therefore if ek < 1, we have

1890 < 2e + eliog(ol™ | 2R

which is the result we desire. Thus, we can assume, as above, ek > 1. Then we have

o] < [ swlas

1/k
< 1 flho / (1 log(x))dz

1 1
M] 1o

and, by integration by parts, we have

17| < \ik ek - 7 (1) (it )] \ = / 72| do

1 [ 7(0) explike) — f @) exp (k%)] ] + 7 llog (€) + log(h)] | /o

< 211+ llog(9)] + 1+ [log(1/R)] 1/ 10 + 7 [og €) + log(A)] 710

2—|—2|log (%)|
k

/110
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For g(x) = 4o — x log(x), we have

g'(z) =1 —log(x).

Thus, we obtain ¢'(x) > 0 for x € (0, 1]. Since € > 1/k, we have

4+ 3log(k) 4 —3log(1/k)

4e + 3e|log(e)| = 4e — 3elog(e) > ? = ’

which enables us to write

1090] = [ + 1)

2+ |log (+ 2+ 2|log (1)
S( ‘Og(k”] + |0g k ‘])HfHLO

k

1_
4‘1‘3‘10% (%)‘ 4+3|10g (%)l ||f||
—k —k} 1,0
4+ 3 |log (1)
< [4e + 3¢ |log(e)[]" #] [ fll0

et ellog@~* |FEREE g

which proves the result. O

Lemma 3.2 ( [1]). For § € (0,1) and f € C3[0,1], there is a positive constant Cj
such that for e € (0,1] and s € [0, 1], we have

¢ (1Y
1890 < o= (1) 1o (3.4)
Moreover, if s € [1,1+ f],

1£90] £ £ 1S+ 1N+ Cae ¥ (1) 17 oo

l\D?vI»—

1 S
< PWloa + €= (1) Wlanor (3.5)
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Proof. Concerning (3.4), we have

19| = | [ st@yespliba) da| < [ 1f@)lda (3.6)
<[17los [ do
< ellfllos. (3.7)

By integration by parts, we also have

109)| =

/06 f(z)exp(ikz) dx

— ’%f(e) exp(ike) — %f(()) exp(ik0) — %/OE f(x) exp(ikx) dx
1

IN

1)+ 1FO + 7 39

/E f'(x) exp(ikx) dx
0

1 €
Ilos+ 7 | 1@l da

1 [ 4 _
s+ [ @ |2 @) do
0

11
- B
KB°
11
+ EEEBHJCHLB
1\ 1
24 ) 17l

IN

IA

IA

£ llo.6 + £l

IN

1fll.s

[\
A~ T o N N

Then interpolation of this last result with (3.7) we have

-

19| = 1| 1)
» 1\ 1 i
< (@™ | (245 ) 7170k

and taking Cjs = 2+ (1/0), we obtain

‘ S

6 (1) (1Y
1090| < ce (3) 1l < o= (7)1
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which gives the first desired inequality. As for (3.5), firstly note that if f € C’é [0, 1],
then f' € C3_,[0,1]. Therefore, by Lemma 3.1, we have

(1N
<™ () I aas

(1T
< (7)Mo

/O () explika) da

for any s’ € [0, ¢]. Then substituting this last result to (3.8) and taking s = 1 + ', we
get the result. |

To show the sharpness of the estimates in Lemmas 3.1 and 3.2 for £k — oo let us

consider the family functions of the form

a”, g e (=1,1)\{0},

log(x), B =0.

fo(z) =

For these types of functions, we note the following lower bounds confirming the sharp-

ness of the estimates in Lemmas 3.1 and 3.2.

Lemma 3.3 ( [1]). For p € (—1,1), there is a positive constant Ag > 0 such that for
all k sufficiently large, for B # 0

kmin{lJr,B,l}

[;[go’l](fﬁ)‘ > Ag,

and for 5 =10

2
log(k)

‘IJLO’I](JCO)‘ > Ap.

Proof. For the first inequality, we recall

1 s
/ 2% sin(bx)dr = 2—2 [1Fi(a;a+ 1;ib) — 1 Fi(a;a + 1; —ib)] (3.9)
0 a
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for b > 0, Re(a) > —1 and a # 0 [23, (3.761.1)], and
! 1
/ 1%t cos(bx)dr = % [1F1(a;a + 154b) + 1 Fi(a; a + 15 —1ib)] (3.10)
0 a

for b > 0 and Re(a) > 0 where 1Fj(a;b; z) is the confluent hypergeometric function
[23, (3.761.6)]. Therefore

1 1 1
1P f5) = /0 F3(t) exp(ikt)dt = /0 Fa(t) cos(kt)dt + i /0 [fs(t) sin(kt)dt
— /1 t7 cos(kt)dt —1—2'/175'8 sin(kt)dt
0 0

:m[1F1(B+1;5+2;ik)+1F1(6+1;5+2;—ik)]
+i2(ﬁ_—l1) LF(B+ 158+ 2:ik) — 1 Fi(B + 1; B+ 2; —ik)]
:gillﬂ(ﬂﬂ;ﬁm;m

1F1(a; b; 2) has the following asymptotic behavior

exp(ima)z=®  exp(z)z2~?
I'b—a) [(a)

Fifaitiz) = 10) ) o)

for —m/2 < arg(z) < 37/2 as |z| = oo [24, (13.5.1)], and therefore
L RB LB+ 2ik)
ﬁ‘i‘ 11 1 ) )

exp(em ik)=B+HD)  exp(ik)(ik)~!
=LF(ﬁ+2>( p( <5+F(11>)>(’“) + I;((;)ilf; )(1+o(!ik\1))

B+1
exp(im ik)=B+D  exp(ik) (k)™
:r(6+1)( P (5*;(11)))”) " ?((g)i’f)) )(1+O(|z’k|‘1))

-1 (F(ﬁ i 1)‘2’2,(]5)(;“(5 ), exp(ik‘)) (1+0(2[Y)

19 (fs) =

where we used that

I'(1+2)==2I'(2)
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Thus, for sufficiently large k and g € (—1,0),

10 (5)| = 108+ 1) fexp(im (8 + 1) k)7~ | = lexp(iR)] | (#%) "

1
=TB+DEP k1> LB+ 1)EA1
and for 5 € (0,1), with similar arguments,

1007 > k=5 + Dk >

N

which proves the first inequality.

To prove the second inequality, let us recall that [23, (4.381.1)]

/0 log(x) sin(ax)dx = —% [v +log(a) — ci(a)], a>0 (3.11)

and [23, (4.381.2)]

/01 log(z) cos(ax)dx = —2 <sz’(a) + g) (3.12)
where
si(z) = —g + /093 Sii(wdt, (3.13)

“cos(t) — 1

ci(x) = v+ log(x) + / dt (3.14)



and v ~ 0,5772 is KEuler-Mascheroni constant. This yield

L (fo)

fo(t) exp(ikt)dt

1

log(t) exp(ikt)dt

1

I
th\

log(t) cos(kt)dt + z/ log(t) sin(kt)dt

1) Giw+5) +i(- )mog )+ ci(h))

1
%
%) S+ iy +ilog(k)| + - [ei(k) + isi(k)

I
7~ N7 N

Also [24, (5.2.3)] and in [24, (5.2.9)] give

si(z) = —h(z) cos(z) — g(z) sin(z),
ci(z) = h(z)sin(z) — g(z) cos(z)

where

1 21 4! 6! 1 3! 5! 7!
h(z)~—(1——+———...), g(z>~—2(1——+———...

22 2t 6

as |z| — oo for |arg(z)| < m so that

1 1
as k — oo. Therefore we have the asymptotic behavior
[0,1] . 1 /m . i 1
Iy (fo) = % (§ + iy —|—zlog(l<:)> +0 (?) .
as k — oo. Hence, for sufficiently large k,

log (k)
k

’Iigo’ll(fo)’ >

35
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which gives the second inequality. 0

The estimation of e;’s is now given in the following lemma.

Lemma 3.4 ( [1]). For f € C’éVH[O, 1], B € (—1,1), r > 0 and choosing
q>(N+1—-r)/(B+1—=71), for r<1+p

there is a constant C' which depends on N, 3 and q such that
Stal<e (D) (E) i
= 7l = k M N+1,8-

Proof. Here, C is a constant which may depend on N, 8 and ¢ but its value may differ
from line to line. By Corollary 2.7 and recalling the notation h; = (z; — z;_1)/2, we

have

M 1 r M
Z|ej|§c<g) S ORNTT max | fNHD(x)]

TE€[wj_1,2;]

A

Q

N
| =
"
1
[]=
>

=z

-+2_T$f_1N_1] [l v-+1.6-

The mean value theorem applied to g(x) = (z/M)? over [j —1,j], j = 2,3,..., M, gives
that

and thus

1 N+2—r . 1 «@
N+42—r f—N-1 J
waso(y) ()
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where @ = ¢(f+ 1 —1) — (N + 2 —r). Therefore, we get

M r N+1—r [ M . «a
>lai=e(3) () b;%(%ﬁﬂ]nmwﬂﬂ

J]=

Here the sum in the right hand side is a Riemann sum for fol x® dx which is finite for

a > —1 which is ensured by the hypothesis the lemma. O

Next we give the estimation for é;.

Lemma 3.5 ( [1]). For the same hypothesis of Lemma 3.4, there is a constant C which
depends on B and q such that, for N > 1

1)’“<A14)N+” 1fll25,  for B € (=1,1)\ {0},

& <C (E
(1+log(k)) (log(M))'~"[| fll20, for B=0.

Proof. Note that during the whole proof, we will use the fact that zo = (0/M)? = 0.

We will consider two cases for g € (—1,1).

For 8 € (0,1), we have

QP ry =

‘f—U’ (3.15)

CL‘_1/ f'(z) dx
S—/ﬁf|m

= a0 f ()] d

1 [ 1
s—/xﬂmmm

Bxl s
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Also, for any t € [0, 2] and f € C3[0,1]

ol (1) = <f—Q[10’“]f>/(az)d < / (£ -Qr) ()] s
< [Mir@r|(@tr) @)
0
= [ir@iaes [ (@) @) do
o o — —B gl [0,21] ! o
_/O 1 ¢! 5f(x)|da:+‘(Q1 f) /O 1de
e 0.01] )’
< [M et a] (00))]
1 _ 2
< o0l + 2155 1 as = Safll s (3.16)
Then from (3.2) and (3.16), for f € C3[0, 1],
al=| [ () = QP™r@)) expliba) do| < Zal s (310
0 e ’

On the other hand, using integration by parts for the integral in (3.17), we have

& = /0 N ( (o) — Qo f(a:)) exp(ikz) dz (3.18)
= [(7 = Q7)) explibes) — (7~ QP5) (0) exp(iho)]

- ik [ (@)~ @ (@) expiba) da
_ M 001 203 (s
= | (@) =@ s@) expike) do.

Since [’ € Cév_l, we can use Lemma 3.1 replacing S with 8 — 1 and choosing s as [ to

obtain

<6 (3 >6||f||15 <63 ) oy (319

/ f'(z) exp(ikx) dx
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/
Also, since (Q[lo’xl] > is constant, we have

1 ,
/ ( [10’””f> exp(tkx) dx
0

(Q[f’“”f)"

B-1
1

Z1
/ exp(ikx) dx
0

T
<

ST

£ 1]1,5- (3.20)

Therefore, combining (3.19) and (3.20) with (3.18), we get

1 1+8 x,B—l
(3) +5 |1l

1+
<y (3) (4@ 1l (321)

&1 < C

Interpolating (3.17) and (3.21) gives

éx| = &’ e’

N s L, /1) 0900
<(3) s e (3)

_171-0 _
[1+ (z1k)° ] ||f||§,,30-
Also, since x1k > 1, we get

1+8)6
2 Flloss.

1\ (18)(1-6)
0

@l < (—
By taking 0 = (1 + 5 —1r)/(1 + ), we get

~ w1 ' 1+8—r w1 (1 A
al=c(z) ke <G (3) (7)) Mlks

which is the desired result for x1k > 1. If 21k < 1, replacing f by fi in (3.15), (3.16)
and (3.17) we obtain

2 2 (1\" s, 2 /1\" [/ 1\
ol < 3t M < 5 (5) I <5 (5) (3) Mo
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which proves the result for 8 € (0,1). For g € (—1,0], the integral over [0, x;] is
approximated by 0. Thus the result holds by Lemma 3.1 with ¢ = z; and s = r. O

Therefore from Lemmas 3.4 and 3.5, we directly get the following main result for

the error associated with the composite algorithm.

Theorem 3.6 ( [1]). Under the hypothesis of Lemma 3.4, there is a constant C that
depends on N, and q such that

[0,1] [0,1] ANERE
I <f>—fk,;v,M,q<f>\ =¢ <E) (M)

11541, for B € (=1,1)\{0},
(1+log(k))" (log(M))' " || flln+10,  for B=0.
(3.22)

3.2. Relating I,L“’b](f) with ]ILO,l](f)

Now, we will study the case of integral over [a, b] with finitely many singularities
at the points &1, ...,& with a <& <& < ..o <& < b, for £ > 1. In this case, we firstly

take the points
c; € (51'_1,&;), i:2,3,..,£

and we divide the interval [a, b] into subintervals

[CL, 51],
[gj—l’cj] and [C]’g]] j :2737”'7£
[E@ab]

(in case & = a, the interval [a,&;] is not included; similarly when & = b, [&,b] is

excluded). Therefore, we have subintervals each of which has a unique point of singu-
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larity which appears at one of the endpoints. Hence, we can map each subinterval to
[0,1] in an affine way such that the singularity appears at = 0. Then we can use
the method described in §3.1 for each of these subintervals. Thus, we get a quadrature

rule for the integral over [a, b] with finitely many algebraic or logarithmic singularities.
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4. FILON-CLENSHAW-CURTIS RULE FOR NONLINEAR
OSCILLATORS

We generalize the composite FCC rule discussed in the chapter 3 for the efficient

evaluation of more general oscillatory integrals of the form

b
1£95.9) = [ 1ta) exlibg(a)ds

where g € C*la,b]. To this end, in §4.1, we consider the case where f is smooth and
g has no stationary points. Then, in §4.2, we treat the case where the function f may
have finitely many algebraic or logarithmic singularities and the function g is smooth
and has finitely many stationary points in the interval [a,b]. Finally, in section §4.3,

we present an efficient method for the calculation of the quadrature weights w,, (k).
4.1. Relating I/*"(f,g) with 1]*"(f)

We assume [ has no singularities and ¢'(z) # 0 for any = € [a,b]. Considering

first the case that ¢'(x) > 0 for every z € [a, b], we use the change of variables

T =g(t) (4.1)

to write

1.9 = [ 10 exping()ar

g( 1

b)
- » flg (T))GXP(ZkT)de

g(b)

= / F(7)exp(ikT)dT
g(a)

a),g(b
_ [I[cg( ),9( )}(F)
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where

F(r)=flg (7))

7o) (4.2)

This shows that we approximate I ,Ea’b]( f,9) by I ,[jf](\?)’g (b)](F ).

When ¢'(x) < 0 for every x € [a,b], we use the change of variables in (4.1) to

write
, b
19(.9) = [ f®exping(®)de
ag(b) . . 1 p
o Tl () exels T)g’(g‘l(f)) "
g(a) . . 1
- ” f(g (T))eXp(ZkT)—g’(gfl(T))dT
g(a)
:/ F(7)exp(ikT)dr
g(b)
where

F(r)=~flg7 (1) 7=
Hence, agai imate 7Y [9(b),9(a)]
, again, we can approximate [ (f, g) by [k’N (F)
4.2. Composite algorithm for nonlinear oscillators

We assume the function f has finitely many singularities, the function g has
finitely many stationary points in the interval [a,b] and the singularities of f and the
stationary points of g do not coincide. Then we divide [a, b] into subintervals such that
each one has either a unique singular point or a unique stationary point as one of its
endpoints. Then, for each subinterval, the change of variables in (4.1) gives that the
unique singular point &; of f will appear as a singular point of F' at the point g(¢;).

Thus, we can use the composite rule described in Chapter 3 to approximate the integral
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for each subinterval with a singular point. Hence, we can consider the case of a smooth
function f with a smooth function g that has a unique stationary point at the point a.

We may assume without loss of generality that
da)=¢"(a)=..=¢"(a) =0, ¢"*Y(a)>0 (4.3)

for some n > 1. Then the change of variable in (4.1) gives a singularity to F' at the

point g(a). Thus, we have

1E9(8.9) = [ 16)explikg(t)d

g(b)
= / F(7)exp(ikT)dT. (4.4)

For understanding the regularity of the function F', we make use of Faa di Bruno’s

formula for the derivatives of composition of two functions ¢, ¥ which read as

!

m! m G\ %
(po \IJ)(m) — Z m (90(6) o \IJ) (H <‘I]—) ) , meN (4.5)

j=1

where the sum is taken over all solutions in nonnegative integers by, bs, ..., b, of

Lemma 4.1 ( [1]). Let g € C*[a,b] be as in (4.3) with a unique stationary point at a.

Then for all p € N, there exists a positive constant C,, such that

(57" (7)] < Gyl = gla)). (1.6)
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Proof. Condition (4.3) implies that g is increasing in [a, b]. By Taylor’s theorem with

integral remainder, we have

g(x) =g(a) +¢'(a)(x —a) + ¢"(a) (@ ;!a)Q + ...+ ¢"(a) (= ;!a)" + R(x)
= g(a) + R(z)
where
Ra) = o [ o= 0rg O ar
With the change of variables
t—a
A —
we have
Ry = = [ @ oo
= % i (= (y(x — a) + a))" " (y(z — a) + a)(x — a)dy
= %(:p —a) /0 (x —yzr + ya — a)”g(nﬂ)(y@ —a) + a)dy
—ilr=a) [ (@ a1 =) " e = a) +
= %(ﬂf a)"“/o (1—y)" g™ D (y(z — a) + a)dy
~ (¢ = a"T(2)
where
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Now, setting a = 1/(n + 1), we define

h(z) = (9(z) — g(a))* = (R(2))" = ((z — a)""'T(2))" = (z —a) (T(x))".  (4.7)

Note that, for any x € (a,b], R(z) > 0 and T'(z) > 0. Also, since we have g € C*[a, b),

T € C*®[a,b] and T'(a) = (nil)!g("“)(a) > 0.. Therefore h € C*|a, b] and for z € (a, b],

W(z) =a(g(z) — g(a))* " g'(x) > 0.

Moreover, since also h'(a) = (T'(a))?, it follows that h'(z) > 0 for x € [a, b]. Therefore,
h : [a,b] — R is invertible and (h)~' € C®[h(a), h(b)]. Thus, we have, via setting

T =g(z),

g (r) =2 =h""((r - g(a)"). (4.8)

To prove (4.6) , we use (4.5) with ¢ = A~ and ¥(7) = (7 — g(a))” to compare
the derivatives of the right hand side of (4.8) to obtain

(" (((r — g(a))™)) ™
! N7, o b & (r— gla)*\”
= 2 g (70 (= gta)) (H (ﬁ( ]?!( : ) ) )

7j=1
where b;’s and ¢ are as in Fad di Bruno’s formula (4.5). Since h™! is smooth, each of

the functions (hil)“) ((1 — g(a))*) is bounded on [a, b].

For the product appearing in (4.9), we have

p ; bs
dj ’ a— 1 a— 2+... oa— D
11 <ﬁ((f - g(a))“)) = C|r — g(a)| @ HlamDlatelammit (4.10)
7=1
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for a constant C'. Here the power of the term in the absolute value is ak — p. Since

ak —p > a— p, we get the result. O

For the regularity of the function F', we have the following result:

Theorem 4.2 ( [1]). For f and g in C*®[a,b] with a unique stationary point a of g of
order n, for p € N, there is a positive constant C, such that, for oo =1/(n+ 1)

|[FO(T)| < Cy |7 — g(20)|* 7", 7€ (9(a), g(b)]-

Proof. For

F(x)=(fog™")(z) (g7 (x)),

by Leibniz rule for derivative of a product of two functions, F®)(z) is a linear combi-

nation of

(fog )Y (¢ )", j=0,1,..p. (4.11)

Further by Faa di Bruno’s formula arguing as in the paragraph around Equation (4.9),

we see that ‘(f o g_l)(j) is bounded by

Cy (4.12)

li[l [(9—1)(71)}17"

for some constant Cy where b,’s are as in (4.5). As in the paragraph around (4.10),

this lead to the conclusion that ‘(f o g_l)(j) is bounded by C; |7 — g(a)|*™7 for some

constant C;. Then, each term in (4.11), except j = 0, can be estimated by

Clr = glao)|* 7 |7 = g(ao)[* 777" = Cp|m — glao) 77



For j = 0, the bound is
Gy I = g(ao)[* "7

where C), is a generic constant. Thus, the result follows.

48
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5. IMPLEMENTATION DETAILS

In this chapter, we present the implementation details related with the FCC-
algorithm. In this connection, in §5.1, we demonstrate a fast numerically stable al-
gorithm for the computation of quadrature weights w, (k) in (2.4). Also, in §5.2, we

address a numerical stability issue that arises in computing the function F in (4.2).

5.1. Calculation of w, (k)

Here, we demonstrate an efficient algorithm for the computation of [14]

—_

wn(k) = / T, (t) exp(ikt)dt, n=0,1,..N.

1

To this end, we note for the Chebyshev polynomials of the second kind,
Un(t) = =T (t) [24], that

n+1-n+1

1 1
—T1 () ——T'_
1 n+1
= sin ((n + 1) arccos(t
1 n-1
n—1y1-1¢
1
= T [cos(n arccos(t)) sin(arccos(t))]
1

V1i—¢
_ [QTn(t)\/l — t2} = 2T,(t)

1—1t2

Un(t) - Unf2(t) =

sin ((n — 1) arccos(t))

+

[cos(n arccos(t)) sin(arccos(t))]

—_

i

Thus, for n > 2

2 (k) = | 2T, (1) exp(ikt)dt — /_ L U(t) = Unalt) explikt)de]

1
1

T~

1
Un(t) exp(ikt)d / Upn—o(t) exp(ikt)dt.

1 1



20

Then if we define

prall) = [ Unt) explimi

1

we get
200 (k) = prss(k) = pur(k), 7> 2, (5.1)
Also, by integration by parts, we have

wn(k):/_ T, (t) exp(ikt)dt

1

B {Tn(l)e;};p(z'kl) B Tn(—l)fgp(—ik)} _% /_ T8 exp(ibt )i
_ eXIZ](:k) _ (=" e;;p<_ik) — %/_1 T) (t) exp(ikt)dt

(k) — % /_ IO explikt)s

(k)= 2L /_ T (1) explikt)dt

tkn J_;

where
2%2(]“), n is odd,
mk) =4 (5.2)
28%(16), n is even.
This gives
n
k) = (k) = pulk), 21 (5.3)

Combining (5.1) and (5.3), we therefore get

(k) = 2 pulk) = pra (k) = pur(k), m > 2. (5.4)



For n =0,

Also, we have

and

Ui (t)

Therefore,

wo(k) = /_11 To(t) exp(ikt)dt
= /11 cos(0 arccos(t)) exp(ikt)dt

1
= / exp(tkt)dt
-1
_exp(ik) — exp(—ik)
N ik
2sin(k)

Uo(t) =T{(t) = sin(arccos(t)) = 1

1 1 2
= 5T2’(1t) = sin(2 arccos(t))

21 —¢2
1

= 2sin(arccos(t)) cos(arccos(t)) = 2t.

VI—1#2

p1(k) = /_1 Up(t) exp(ikt)dt = /_ exp(ikt)dt = vo(k)

and

pa(t)

1

_ / i explikt)dt = | 2texpikt)i
9 He”iffk) (= )ez‘p( ““)] _i / 1 exp(zkt)dt]

k
_ 9 2cos 2

o1
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This gives a recursive algorithm for the computation of w, (k) for n = 0,1, ..., N. How-
ever, this algorithm becomes unstable when n > k. To resolve this issue, we add a
second phase to the algorithm where we do the following modification. When N > k,

we define
ng = min{m € N
0 mZk{ }

and fix an integer M such that M > max{n/2, N/2}. The recursion (5.4) implies that

the vector

XurB) = (o) pracaB) o oo (B)] (5.5)

is the solution of the linear system

Ay (k) = by (k) (5.6)
where
21'% 1 27n0 (k) + Pro—1
—1 2wt g 2Yng41 (k)
—1 Anetd g 2Yng+2(k)
Ay(k) = . bu(k) =
i —1 %_ _272M71(k) - /)QM(k>_
(5.7)

In solving the linear system, we use Oliver’s algorithm [26] which is the standard
(numerically stable) algorithm for the solution of tridiagonal linear systems. Aside
from p,,—1(k) and paps(k), all the quantities appearing in Ay, (k) and by (k) are explicit
(see (5.2)). On the other hand, p,,_1(k) was already computed in the first phase of

the algorithm. Concerning psy(k), we have the following result.
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Theorem 5.1 ( [14]). If M is an integer with M > k and

wlb) = = zsm(e)), po(6) = pg(Q)dinr_l(Q), r=12,.
then
pont(k) = 20 [ S (1) o (0) sin(k) + 31 o 1(0) cos(k) | + Ry(M, k)
where

|R;(M, k)| < CykM~2/=4

and C'y is a constant which is independent of M and k.

The proof for Theorem 5.1 can be found in [14]. The general algorithm for
computing w, (k) for n = 0,1,..., N is now given in Figure 5.1. We have to mention
that, when compared with the second phase, the first phase of the algorithm is faster as
it does not require the solution of a linear system. However, the sizes of the tridiagonal
linear systems (5.1) appearing in the implementation of the second phase are usually
bounded roughly by 15, and Oliver’s algorithm does not require an extensive amount
of time for linear systems of this size. Perhaps more importantly, the proof of the
stability of the second phase as presented in [14] depends heavily on the fact that the

tridiagonal matrix Ay, (k) is in fact diagonally dominant when n > k.
5.2. Resolving a numerical stability issue

In §4.1, we considered I ,Ea’b]( f,g) where the only stationary point of g is at z = a

in the interval [a, b]. We assume that the order of the stationary point is n > 1. Recall
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For0<n <N +1:

Define

2eos®) - if nis odd,
Yn(k) = .

251711(19)’ if n is even.

no = min,>;{z € N}

For 0 <n < min{N, k}:
(i) p1(k) = 0(k)
(i) pa(k) = 2 (k) — Z0(k)
(iil) pnt1(k) = 29n(k) — Fpn(k) + pp-a(k), n=2,3,.. min{N,k} —1

For ng <n < N:
Take M > mingen{m > 2} and compute the value psy(k) as in Theorem 5.1.

Construct A/ (k) and by (k) as in (5.7) and solve the tridiagonal system

Apr (k)X (k) = bar (k)

Define
pnoJrj*l(k) = (XM(k)) (])7 J= 1,2, 72M — o

wn(k) = (k) — Fpu(k), n=mngmno+1,....,N

Figure 5.1. An efficient algorithm for computing w,.
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from (4.4) that

] 9(b)
L :/ F(7)exp(ikT)dr
9(a)

where F' consists of some compositions and products of f,g and ¢’. When we transform

each of these integrals to integrals over [0, 1] to apply the composite algorithm, we have

g(b)
/ F(7)exp(ikT)dT
g(a)

=[:Famw—gmnt+m@wmmmumm—gm»v+mwbww»—m@wﬁ
which requires the computation of
F(lg(b) — g(a)]t + g(a))

for with very small values of ¢ which occurs during the use of mesh in (3.1). This
condition may cause rounding errors when g(a) > [g(b) — g(a)]t, and this, in return,
may cause inaccuracies in the computation of F' ([g(b) — g(a)]t + g(a)). Equation (4.2)

implies that this computational problem is equivalent to computing

z =g ' ([g(b) — gla)]t + g(a)) (5.8)

for very small values of ¢. Setting

x = [9(b) — g(a)]t,

we see that computing x in (5.8) is equivalent to solving the equation

g(x) —g(a) = x,
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and from (4.7), this is equivalent to solving

[T()]” (z — a) = X" (5.9)

Hence, if we define

H(z,x) = [T'(x)]" (x — a) = x*,

then we have to solve for z in the equation

H(z,x) =0. (5.10)

In this connection, we note from the proof of Lemma 4.1 that T'(a) > 0, and therefore

H(a,0) =0 # H,(a,0).

This implies, by the implicit function theorem, that there exists a neighborhood of

x = 0 in which x is a smooth function of x“, and there is a positive constant C; such

that

[z —al < Cix*

for sufficiently small y. Moreover, from (5.10), x is a solution of

T=a+ (Tz(x))a_[((x). (5.11)

Since T'(a) > 0 and T is smooth in a neighborhood of # = a, the derivative of K
is bounded in an compact neighborhood of a, which, in turn, implies that K(z) is
Lipschitz in a neighborhood a and its Lipschitz constant is C'x® for some constant C'.

Therefore for small enough Y, the fixed point algorithm converges to z, and we can
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deduce that we can choose z as

with error

@ — o = |K(7) — K(2)] < Cx*|lz — x| < CC1e* = O(x*).

Therefore, when

g(a) > (g(b) — g(a))t,

we use & = K(a) to deal with the roundoff error for K as in (5.11) with an error of

O(([g(b) — glx0)]t)*™).
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6. NUMERICAL EXPERIMENTS

In this chapter, we present numerical experiments depicting the performance
of the FCC-algorithm for the evaluation of highly oscillatory integrals I ,[f’b]( f) and
I ,La’b]( f,g). Experiments relating to the linear oscillator, namely I ,Lo’l]( f), are given in

§6.1 and those related with the non-linear oscillator, namely ],LO’l](f, g), appear in §6.2.

In all experiments, we take [0, 1] as the interval of integration, and we choose the
functions f and g so that the exact values of I ,LO’I]( f) and I ,LO’I]( f,g) can be expressed
in terms of some special functions (for which highly accurate evaluations are computed
using matlab). In Tables [6.1 — 6.8], we display the absolute errors for various different
values of the degree of interpolation N, number of subintervals M, and for increasing

values of k
6.1. The linear oscillator I/*(f)
Here we display numerical results for the evaluation of
[0,1] '
100 = [ fa(o)explika)da
0

for various different values of § € (—1, 1), where

a”, g e (=1,1)\{0},

IOg(i’ )7 g =0.
6.1.1. Increasing the degree of interpolation and the number of intervals
In tables [6.1 — 6.3], we display the absolute error for increasing number of N

and M and for different values values of § € (—1,1) and k£ = 1000. From Theorem
3.6 with r = 0, the error should converge to zero with the order O(M~™*Y) provided
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that ¢ > (N +1)/(8+ 1) for 8 # 0, and there is an extra log(M) term in the order of
convergence when § = 0. Here we choose ¢ = (N +1)/(8+ 1) +0.1. We can see the
error decreases as predicted by Theorem 3.6 for increasing values of N and M, and for

the values f =1/2, f=0and f=1/4.

Table 6.1. Absolute error for increasing values of N and M, and g = 1/2.

B=1/2| N=4 | N=6 | N=8
M=8 59¢ 6 | 5.2¢78 | 1.7e7?
M=16 | 9.4¢% | 5.7¢710 | 6.6e12

M=32 | 2.9¢79 | 2.0e7 12| 1.0e 4

M=64 | 83e 11|22 1| 1.4¢716

Table 6.2. Absolute error for increasing values of N and M, and 5 = 0.

B=0] N=4 N=6 N=8

M=8 | 2.7e7* | 7.9¢76 | 1.0e7©
M=16 | 1.0e5 | 7.2¢7% | 2.2¢7°
M=32 | 4.0e7" | 7.4e10 | 3.0e~12
M=64 | 1.4e78 | 3.7e712 | 3.4~ 15

6.1.2. Increasing the oscillation

Here we take M = 10, N = 3 and ¢ = 12, and test the performance of the
algorithm for increasing values of k, and for various different values of 3. The results
are given in Table 6.4. Recall from Theorem 3.6, the composite algorithm should

converge with order O(k™") as k — oo for r < (¢(8+ 1) — N —1)/(q — 1) which is

N+1—r
B+1—r"

3.6. As f — 17, the inequality 0 < r < 1+ [ allows r to increase and therefore the

which appears as an assumption in Theorem

coming from the inequality ¢ >

term (1/k)" appearing in (3.22), in Theorem 3.6 becomes more effective as k increases.

This is clearly visible in Table 6.4.



Table 6.3. Absolute error for increasing values of N and M, and = —1/4.

B=-1/4| N=4 | N=6 | N=8
M=8 4.5e75 | 1.7e7® | 6.0e7°
M=16 | 2.6e75| 7.8¢78 | 2.0e7®
M=32 1.9¢78 | 9.2¢719 | 1.0e 1!
M=64 2.3¢79 | 3.9¢712 | 2.9¢14

Table 6.4. Absolute error for increasing values of k and .

p=1/8|p=1/4|5=1/2 | p=3/4
k=103 | 4.9¢6 4.0e76 1.2¢76 2.2¢77

k=10 | 4.6e 7 | 2.7¢77 | 458 | 4.5¢7?
k=105 | 5.7¢% | 2.6e7® | 2.3 | 1.1e7 %
E=10%| 1.2¢78 | 3.8¢7? | 1.8e710 | 4.9¢7 12
E=10"7| 1.3e7® | 2.5e710 | 44e712 | 7.1e ™
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6.1.3. Increasing the oscillation for singular functions

Here we take M = 12 and N = 3 and = 0 so that, fz = log(z) and test the

algorithm for increasing values of k, and for various different values of ¢ > XH="_ Ag

B+1—r

q gets larger, the dependence of the convergence to k becomes more visible.

Table 6.5. Absolute error for increasing values of k£ and ¢ for 5 = 0.

log(x) | g=4 ] ¢=8|¢=12|q=16
k=10 | 5.5e74| 1.3¢e7* | 1.0e3 | 3.6e73
k=10%|52e"%| 5277 | 2.1e7* | 3.7e7
k=10%]52e"*|31e® | 3.8 | 1.0e74
k=10* | 5.0e7* | 6.7¢7% | 7.0 | 8.4 6
k=10° | 1.4e7* | 9.1e77 | 1.1e7% | 1.9¢76
k=10°|2.0e5 | 4.0e77 | 2.0e7 | 2.5~
k=107 | 1.9¢75 | 1.3¢™7 | 5.2¢7% | 8.5¢78

6.2. The nonlinear oscillator I1*%(f, g)

In this section, we show numerical results demonstrating the performance of FCC

rule for the evaluation of

1.0 = [ 1) explikgata)ds

where

f(z) = sin(z)



62

The choice of the function g, enables us to test the FCC rule as the singularity becomes

stronger with increasing d. When we apply the change of variables in (4.1), we get

which has a singularity at 7 = 0 for d > 3. Thus, we need to determine the vale of
for use in the composite algorithm. To this end, we apply Theorem 4.2 to deduce that,
for any p € N,

[FO ()] < Cylr = gl0)| ="
This implies

=B () (7-)‘ < Cpr—ﬁ 1T — g(o)ﬁ*P*l
= Cpr_ﬁTé_p_l

1—d
=Cyra P

so that, with g = %, we have F' € C'[0,1]. Since = 1%“{ — —1" as d — oo, this
allows us to test the quadrature rule for stronger singularities. Note that the error
bound (3.3) in Lemma 3.1 blows up as § — —1%.

Finally, let us note that for d = 1, I,Eo’l}(f, g) = £0,1](f)7 and the singularity of
the function F' is removable for d = 2. Thus, we expect to get better approximations

for d =1 and d = 2 compared larger values of d.

6.2.1. Increasing the number of intervals

Here we take k = 1000, N =4, = (1 —d)/d, ¢ = (N +1)/(f+ 1)+ 0.1 and
in Table 6.6, we display the absolute error as M and d increases. As we anticipated,
the algorithm delivers smaller errors for d = 1 and d = 2. For larger values of d,

the approximation get better with increasing M, however, as the singularity becomes
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stronger with increasing d, convergence is attained for larger values of M when d is

large as predicted in Theorem 3.6.

Table 6.6. Absolute error for increasing values of M and d.

M=8 | M=16 | M =32 | M =64
d=1 |34e 10| 3.5e712 | 3.1e ™ | 88713
d=2 |35 ] 6.3e712 | 1.7e71 | 8.3e 1
d=3 | 3.1le* | 1.2 | 7.3¢77 | 2.1e7®
d=4 | 75he™® | 1.le* | 1.8¢7 6 | 2.2e77
d=5 | 21le® | 1.6e* 1.3e7° 2.1e” "
d=6 | 3.9¢e72 | 6.0e7* | 2.5e75 | 1.6e°
d=7 | 33e !t | 433 | 1le* | 4.2e¢76
d=8 4.6 7.0e73 | 5.6e75 | 7.9¢°
d=9 124.9 1.2¢71 4.0e~* 1.2e7°
d=10 | 3833.4 3.5 3.4e73 1.4e7°

6.2.2. Increasing the degree of interpolation

Here we take k = 100, ¢ = 12, M = 8, and display the absolute error in Table

6.7 as N and d increases. As in §6.2.1, the algorithm delivers better approximations

when d is smaller. For larger values of d, even if we get convergence, it is very slow for

increasing values of V.

6.2.3. Increasing the oscillation

Finally, here we take N = 4, M = 8 and ¢ = 12, and test the algorithm for

increasing values of k. The results are depicted in Table 6.8. As in 6.2.2, we observe

better performance when d = 1 and d = 2. However, for other values of d, the error

does not decay with increasing k but it remains stable.



Table 6.7. Absolute error for increasing values of N and d.

N=4 | N=6 | N=8 | N=10
d=1 | 21e™® | 1.5e7 1 | 6.1e71% | 1.2e717
d=2 | 6812|7312 | 73e712| 7.3¢712
d=3 | 1.6e7* | 4475 | 7.5e76 | 2.8¢76
d=4 | 3.7e7* | 6.9¢75 | 3.2¢7° | 9.0e76
d=5 | 1.4e™3 | 29¢7* | 2.1e7* | 94e7°
d=6 | 5873 | 1.8¢72 | 9.1e™* | 4.5~
d=7 | 1.6e7? | 54e™3 | 2.6e73 | 1.3¢e73
d=28 | 3.3e72 | 1.2¢72 | 5.5e73 | 2.7¢73
d=9 | 5872 | 2.1e 2 | 9.6e73 | 4.7¢73
d=10| 9.0e7% | 3272 | 1.5e72 | 7.2¢73

Table 6.8. Absolute error for increasing values of k.

E=10° | k=10'| k=10% | k = 10°
1.4~ 2.1e7° 2.1¢78 1.2¢10

I
—_

2.4¢8 1.1e7® | 6.8¢712 | 7.2¢712

8.6¢7° 6.4e 4 1.6e* 5.5¢7°

8.6¢76 8.9¢ 4 3.7¢ 4 3.2¢74

1.3¢73 4.5¢* 1.4e73 1.7¢73

5.8¢73 4.8¢73 5.8¢73 6.2¢73

1.6e72 1.5e72 1.6e72 1.6e72

3.3¢72 3.2¢72 3.3¢72 3.4e2
58¢72 | 5.7¢7? | 5.8¢72 | 5.9¢7?2
9.0e2 8.9¢2 9.0e2 9.1e2

ol - - - - -V -~V I~V < ¥
I
© |0 | J | O | Ot | x] W | DN

I
—
]
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7. CONCLUSION

In this thesis, we presented a survey on the FCC algorithm for evaluation of

oscillatory integrals of the form

b
1%, g) = / £(x) explikg(x))da

where f has finitely many algebraic or logarithmic singularities and ¢ has a finite
number of stationary points. We also gave an error analysis which is supported by
numerical experiments. It can be seen from the numerical results that the algorithm
works effectively for singularities and stationary points of low degree. However, when
the degree of stationary points increases, even if the algorithm stays stable, it becomes

ineffective (see §6.2.2 and §6.2.3).

An algorithm for highly oscillatory integrals with high order stationary points is
still an unsolved question and so it remains as a possible research direction for this

area.
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APPENDIX A: AUXILIARY RESULTS

We have some notation for some auxiliary results.

n={r€Z:-n/2<x<n/2}, Pu= Z a(p) exp(ikp) (A.1)

HEKR

and

enalt) =2 3 explible = 1), Quu=3u (L))

- n
veKy, 7=0

In other words, @Q,u is the interpolation projection of 27 periodic function u. With
these notation, in the convergence analysis of the FCC method, we make use of the

following auxiliary results.

Theorem A.1 ( [15]). Form € R, if u € H™, then we have
n\ A—m
lu =Pl < (5)" " e, (3 < m)

where Pyu is as in (A.1).

Proof. Expanding u into its Fourier series, we estimate

1/2 1/2
lu—Paullgs = | D wMa@P | <[ D wmptra(w)
HEZ\Kn lul>n/2
1/2
nA=m 2y e (|2
<(5) [ X etao)

|| >n

n A—m
<= m.
<(3) lulx
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Lemma A.2 ( [15]). Foru € H™, m > 3, we have

exp(ipt).

(Quu)(t) =Y [Z a(p + nl)

pEK, LLEZ

Proof. Since m > 1/2, we have

Sl < Y plal) < 3 @ a(o)l = Julm < oo

MEZL REZ MEZL

which gives us that >, 4(u) is an absolutely convergent series. Since, for [ € Z, et

and e/ have the same values at the grid points = 2nj (7=0,1,2,...,n— 1), we have

Que It = Qe = ¢!

Thus, rearranging the Fourier series of u, we have

Qnu = Qn > _ a(1t) exp(ipt)

MEZL

=Qn Y _ Y _d(p+mnl)exp(i(p+ nl)t).

peK,, l€Z

Since Q,, € L(H", H*) for > 1/2, A € R [15, p. 242], we obtain

exp(ipt)

Quu= Y [Z a(p + nl)

peK,, LIEZ

which is the desired result. O

Using Theorem A.1 and Lemma A.2, we obtain the following estimate

Theorem A.3 ( [15]). Foru e H™, m > 1/2, there is a constant 7y, such that

n A—m
lu=Qutllr <3 (5)" " im0 A< m).
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Proof. Since m > 1/2, we can use Lemma A.2. Setting A, = (ZjeZ u(p + jn)) exp(ipt),

we have

1

<%wpw>zﬁ

/ (it — Py (1) exp(—iqt)dt

Z A, — Z exp(zpt)] exp(—iqt)dt

T LpeKny peKy,
/ > [ a(p + jn) — U(p))] exp(ipt) exp(—igt)dt
T peK, Ljez

- % > [Z (a(p + jn) —ﬁ(p))] /7r exp(i(p — q)t)dt.

JEZL -

Therefore, we have

— = 1 . i 27T7 lf q=2p,
(@Qnu = Fu)(q) = o > | > alp+jn) ‘
pEKn | jeZ\{0} 0, ifqg#p
Z]ez\{o} (q + jn) if qc Kn7
0, ifge Z\ K,

which enables us to write

1@t — PoullFn = > p™ | D ap+jn)| (A.2)

pekn JEZ\{0}

Since {exp(ikt) : k € Z} is a set of orthogonal functions with respect to the L? inner

product

r9) =5 | rwa
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we have

lu = Quullin = 1Y alp) explipt) = > Ayl

PEZL pEKy

= | > alp)exp(ipt) + Y ilp) exp(ipt) = Apllin
pEZ\K,, peKy, peEK,

= D alp)explipt) + > [ﬁ(p) =Y alp+nj)| exp(ipt) ||
pEZ\K,, pEK, JEZ

S et 1Y i) St | el
pEZ\Kn peKy JEZ

Using A.2, we can therefore conclude

lu = Quullzpy = llu — Paullzps + [ Pau — Quull.

From Theorem A.1, we have an estimation for the first summand. Thus, we need to

estimate the second summand. To this end, from (A.2), we estimate

HQnu_PnuH?{A = Zp Z u(p + jn)
peK, JEZ\{0}
- 12
p)\
< > —=——|p+jn|"a(p+ jn)| (A.3)
o P+ jnl
n _]EZ\{O} 1
_ q 2
p)\
= Z W|p+3n|m|u(l7+]”)|
pek, |jemqoy P T IN

and, from the Cauchy-Schwartz inequality, we obtain

2X

p o
1Quu—Paulin <> ([ Y —F— > lp+gnladp + jn)?

2m
sez | \semioy P97 JEIN0)

< €nllullzm
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where
ax
EZZ\{O} |P+J”|2m
2
< - 1—2m
max ) (5) Ip+in
Jjez\{o}
—2m | 9 —2m
( ) max <E> s —|—2j
pEKn i 2
jez\{o}
n\ 2(A—m) m "
<3 (e DR )
j=—o0
n = -—2m
(3" E:J -
=1
Therefore,
n\20-m &S 1,
Quu = Pl < (5) Do)l (A.4)
j=1
Theorem A.1 combined with A.4 implies
lu — Quullzs = [|1Pau = Quullfps + [lu — Puulf7s

n\20-m) SN 1, ny20-m)
<(3) >(5) lulle + (5) " lulln

Jj=

and this completes the proof. O





