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ABSTRACT  

 

 

PROBLEMS OF ADIABATIC QUANTUM PROGRAM DESIGN 

 

 
Although several quantum programming languages have already been proposed, 

none of these are based on the newly discovered adiabatic evolution approach. We 

acknowledge the main problem in adiabatic quantum computation to be the lack of insight 

that common programmers have about the design of Hamiltonians. 

 

In the present work we provide necessary background in physics and algebra and the 

basics of adiabatic quantum computation with comprehensive discussion of both examples 

seen in literature and new ones. We examine some flow control constructs like loops and 

branching from the adiabatic quantum perspective to illustrate the main design problems as 

a first step towards the development of an adiabatic quantum programming infrastructure.  
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ÖZET 

 

 

ADYABATİK KUANTUM PROGRAM TASARIM SORUNLARI 

 

 

Şimdiye dek önerilen kuantum programlama dillerinin hiç biri yeni bulunmuş olan 

adyabatik evrim yaklaşımına dayanmamaktadır. Adyabatik kuantum hesaplamanın ana 

sorunun sıradan programcıların Hamiltonyen’lerin tasarımı hakkındaki içgörü eksikliğidir. 

 

Bu çalışmada fizik ve cebir hakkındaki gerekli ön bilgileri verdikten sonra adyabatik 

kuantum hesaplama konusunun esaslarını hem literatürde bilinen, hem de bizce 

geliştirilmiş yeni örnekleri etraflıca tartışarak ortaya koyulmuştur. Bir adyabatik kuantum 

programlama altyapısının geliştirilmesi yönünde bir ilk adım olarak ana tasarım 

sorumlarını göstermek için döngü ve dallanma gibi akış denetimi komutlarını adyabatik 

kuantum açısından incelenmiştir. 
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1. INTRODUCTION 

 

 

In 1982, the physicist Richard Feynman pointed out that quantum computers may 

perform certain tasks more efficiently than classical computers [1]. Since then, the young 

field of quantum computation has enjoyed a rapid growth and excited a lot of interest. 

Many quantum algorithms have been discovered, the most notable being Shor’s famous 

algorithm [2] for polynomial-time factorization. However, there does not yet seem to be a 

unifying set of principles by which quantum algorithms are developed; this makes it hard to 

discover new quantum algorithms.  

 

In 2000, a new paradigm for designing quantum algorithms, namely, the model of 

quantum computation by adiabatic evolution, was discovered by Farhi et al. [3]. Adiabatic 

quantum computation is done by tracking the evolution of a Hamiltonian from the known 

ground state to a ground state which encodes the desired result by a quantum computer. It 

was established that this model is polynomially equivalent to the standard model of 

quantum circuits [4], nevertheless, it provides a completely different way of constructing 

quantum algorithms and reasoning about them. Shor in his review on progress in quantum 

algorithms [5] mentioned this model as a promising one for inventing new algorithms, 

although this approach has not yet been shown to yield a fast algorithm for an interesting 

problem.  

 

Meanwhile, adiabatic quantum computation is a hot topic in area of quantum 

computation. Adiabatic quantum algorithms for many well-known problems, such as 

Grover’s problem, Hilbert’s tenth problem, various NP-complete problems (SAT, 3SAT, 

Exact cover, MaxCut etc.), were proposed so far. Experimental implementation of the 

adiabatic quantum algorithm was realized on a nuclear magnetic resonance computer with 

three quantum bits [6]. 

 

In parallel to the work on quantum algorithms, efforts were started to develop 

quantum programming languages. Several imperative quantum programming languages 

were introduced, such as the earliest proposal by Knill [7] in 1996, followed by QCL [8], 

qGCL [9], and a quantum extension of C++ by Bettelli [10]. Some studies were done in the 
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direction of functional quantum programming languages, such as QFC [11], QML [12], 

and linear lambda calculus for quantum computation [13]. 

 

Till the present moment, none of the research on quantum programming languages 

was done within the framework of adiabatic quantum computation. We acknowledge the 

main problem in adiabatic quantum computation to be the lack of insight that common 

programmers have about the design of Hamiltonians. Compared to the others, this approach 

requires more knowledge and deep understanding of the physical and mathematical 

background. 

 

In the present work we provide necessary background and basics of adiabatic 

quantum computation with comprehensive discussion of examples seen in the literature [3, 

14] and new ones. Besides, we examine some flow control constructs like loops and 

branching from an adiabatic quantum perspective to illustrate the main design issues, as a 

first step towards the development of an adiabatic quantum programming infrastructure. It 

is hoped that looking at the topic from this “programming” perspective could also provide a 

better understanding of adiabatic quantum computation.  
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2.  PRELIMINARIES 

 

 

In the following three subsections, we will give the definitions and properties of 

different mathematical, physical and quantum computational objects that are used 

throughout the present work. 

  

2.1.  Some Algebra 
 

Definition 2.1 Vector Space: A vector space over a field F (ex. field of real or of 

complex numbers) is a set V together with two operations: 

- vector addition: defined on the Cartesian product V × V with values in V and 

denoted wv + , where V∈wv, , 

- scalar multiplication: defined on the Cartesian product F × V with values in V and 

denoted va , where Fa ∈ and V∈v , 

which satisfy the following axioms (for all a, b∈F and u, v, w∈V): 

1. Vector addition is associative: u + (v + w) = (u + v) + w.  

2. Vector addition is commutative: v + w = w + v.  

3. There exists an additive identity element 0 in V, such that for all elements v in 

V, v + 0 = v.  

4. For all v in V, there exists an element w in V, such that v + w = 0.  

5. Scalar multiplication is associative: a(bv) = (ab)v.  

6. 1 v = v, where 1 denotes the multiplicative identity in F.  

7. Scalar multiplication distributes over vector addition: a(v + w) = a v + a w.  

8. Scalar multiplication distributes over scalar addition: (a + b)v = a v + b v.  

The elements of V are called vectors and the elements of F are called scalars. In most 

applications the scalars are the real or complex numbers. 

 

Definition 2.2 Subspace: Given a vector space V, any nonempty subset W of V 

which is closed under addition and scalar multiplication is called a subspace of V. 

Subspaces of V are vector spaces (over the same field) in their own right.  
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Definition 2.3 Span: The intersection of all subspaces containing a given set of 

vectors is called their span; if no vector can be removed without diminishing the span, the 

set is described as being linearly independent. A linearly independent set whose span is the 

whole space is called a basis. 

 

Definition 2.4 Norm: Given a vector space V over a subfield F of the complex 

numbers (complex numbers themselves or the real or rational numbers), a norm on V is a 

function R→V: ; xx →  with the following properties: 

For all a in F and all u and v in V, 

1. 0≥v  (positivity)  

2. 0=v if and only if v is the zero vector (positive definiteness)  

3. vv  aa =  (positive scalability)  

4. wvwv +≤+  (triangle inequality).  

 

Definition 2.5 Metric: Given a normed vector space ( ),V , a metric (also called the 

distance function or simply distance) on V can be defined by yxyxd −=),( . This metric 

d is said to be induced by . 

 

Definition 2.6 Hilbert Space: A Hilbert space is a vector space over the complex 

numbers C. In quantum theory vectors are denoted ψ .  A Hilbert space: 

1. Has an inner product of two vectors ψ and ϕ denoted ϕψ . Inner product 

maps a pair of vectors to C and has the following properties: 

(i) Positivity: 0>ψψ ; 0=ψψ if and only if 0=ψ  

(ii) Linearity: ( ) 2121 ψϕψϕψψϕ baba +=+ , where Cba ∈,  

(iii) Skew symmetry: *ϕψψϕ =  (symbol * denotes complex 

conjugation) 

2. Is complete in the norm ψψψ = . 
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Definition 2.7 Linear Operator: A linear operator is a function taking vectors from 

a vector space V to vectors from a vector space W and preserving linear combinations:  

1. WV ∈→∈ ψψ A :A  

2. ( ) ψψψψ AAA baba +=+  

In the chosen bases of the vector spaces V and W, every linear operator 

WV →:A can be represented as a matrix. Conversely, matrices yield examples of linear 

transformations: if B  is a real m-by-n matrix, then the rule Bxxf =)( describes a linear 

transformation. 

 

Definition 2.8 Operator Norm: The operator norm of a linear operator WV →:A , 

where V and W are normed vector spaces, is the largest value by which A stretches an 

element of V: ψ
ψ

AA
1

sup
=

= .  One can show that the following definitions are all 

equivalent:  

{ }
{ }
{ }













≠∈=

=∈=

≤∈=

=∈≤=

0 with :
A

sup      

1 with :Asup      

1 with :Asup      

 allfor  A:inf

ψψ
ψ

ψ

ψψψ

ψψψ

ψψψ

V

V

V

VccA

 

Properties of the operator norm: 

1. 0≥A , and 0=A  if and only if 0A =  

2. AA aa = for every scalar a 

3. BABA +≤+  

4. ψψ AA ≤  for every Vψ∈  

5. If  V, W, X are three normed vector spaces over the same base field, and 

WV →:A ,  XW →:B are two linear operators, then ABBA ⋅≤ . 

 

Definition 2.9 Adjoint Operator: Adjoint operator of A, denoted *A , corresponds 

to the conjugate transpose of the matrix of A. Norm of the adjoint operator: *AA =  and 

2
AAA* = . 
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Definition 2.10 Hermitian Operator: If *AA =  then A is called a Hermitian 

operator. 

 

Definition 2.11 Unitary Operator: If A-1 = *A  then A is called a unitary operator. 

 

Definition 2.12 Positive Definite Matrix: A positive definite matrix is a Hermitian 

matrix A such that v*
Av > 0 for all vectors v. 

 

Definition 2.13 Positive Semidefinite Matrix: A positive semidefinite matrix is a 

Hermitian matrix A such that v*
Av ≥  0 for all vectors v. 

 

Definition 2.14 Eigenvectors and Eigenvalues: Informally, an eigenvector of a 

transformation is a vector whose direction is unchanged by that transformation. The factor 

by which the magnitude is scaled is called the eigenvalue of that vector. Mathematically, 

λ
ϕ  is an eigenvector and λ the corresponding eigenvalue of an operator A if the equation 

ϕλϕ =A  is true, where ϕA  is the vector obtained when applying the transformation 

A to 
λ

ϕ . 

 

Eigenvalues of square matrices can be found using the characteristic polynomial: 

saying that λ is an eigenvalue of the n-by-n matrix A is equivalent to stating that the system 

of linear equations  0)( =− vIA λ  (where I is the identity matrix) has a non-zero solution v 

(an eigenvector), and so it is equivalent to the determinant 0)det( =− IA λ . 

The function )det()( IAp λλ −= is a polynomial in λ of the n
th degree. This is the 

characteristic polynomial of A: the eigenvalues of a matrix are the zeros of its characteristic 

polynomial. The fundamental theorem of algebra says that this equation has exactly n roots 

(zeroes), counted with multiplicity. Once the eigenvalues λ are known, the eigenvectors 

can then be found by solving: 0)( =− vIA λ . 

Definition 2.15 Spectrum: The spectrum of an operator (matrix) is a set of all its 

eigenvalues. 
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Properties of Eigenvalues:  

1. The spectrum is invariant under similarity transformations: the matrices A and 

P
-1

AP have the same eigenvalues for any matrix A and any invertible matrix P.  

2. The spectrum is also invariant under transposition: the matrices A and AT have 

the same eigenvalues. 

3. All eigenvalues of a Hermitian matrix (A = A*) are real.  

4. Eigenvectors of a Hermitian matrix form a complete orthonormal basis. 

5. All eigenvalues of a positive definite matrix are positive. 

6. All eigenvalues of a positive semidefinite matrix are non-negative. 

7. All eigenvalues of a unitary matrix have absolute value one. 

8. The trace (the sum of the elements on the main diagonal of a matrix) equals the 

sum of the eigenvalues: ∑=
i

iAtr λ)( . 

9. The determinant equals the product of the eigenvalues (counted according to 

algebraic multiplicity) ∏=
i

iA λ)det( . 

 

Definition 2.16 Tensor product: Let A be an mxn matrix and let B be a pxq matrix. 

Then the tensor (Kronecker, direct) product of matrices A and B is an (mp)x(nq) matrix 

denoted by BA ⊗ and is obtained as follows: 

















=⊗

B
nn

aB
n

aB
n

a

B
n

aBaBa

B
n

aBaBa

BA

...21

............
2...2221

1...1211

: . 

 

Properties of Tensor Product: 

1. Bilinearity : CABACBA ⊗+⊗=+⊗ )(  if B and C have the same size; 

CBCACBA ⊗+⊗=⊗+ )(  if A and B have the same size; 

)()()( BAkkBABkA ⊗=⊗=⊗ . 

2. Associativity: )()( CBACBA ⊗⊗=⊗⊗ . 

3. QABPBA )( ⊗=⊗ , where P and Q are permutation matrices. In general, the 

tensor product of matrices is not commutative but BA ⊗  and AB ⊗  are 

permutation equivalent. 



 8 

4. The mixed-product property: if A, B, C and D are matrices of such size that one 

can form the matrix products AC and BD, then BDACDCBA ⊗=⊗⊗ ))((  

5. Inverse: if A and B are invertible, then 111)( −−− ⊗=⊗ BABA  

6. Transposition: TTT
BABA ⊗=⊗ )(  

7. Spectrum: suppose that A and B are square matrices of size n and q 

respectively. Let 
nλλ ,...,1 be the eigenvalues of A and qµµ ,...,1 be those of B. 

Then the eigenvalues of BA ⊗  are .,...,1;,...,1, qjniji ==µλ  

8. Trace: trAtrBBAtr =⊗ )(  

9. Determinant: nq
BABA )(det)(det)det( =⊗ . 

 

Definition 2.17 Matrix Exponential: Matrix exponential is a function on square 

matrices analogous to the ordinary exponential function. Let X be n-by-n real or complex 

matrix. The exponential of X, denoted by X
e or exp(X), is the n-by-n matrix given by the 

power series:  

∑
∞

=

=
0 !k

k
X

k

X
e . 

 

Properties of Matrix Exponential: 

1. Ie =0   

2. XbabXaX
eee

)( +=  

3. Iee
XX =−  

4. If Y is invertible then 11 −=
−

YYee
XYXY  

5. )()det( XtrX
ee =  

6. ( )†† )exp( X
eX = , where †X  denotes the conjugate transpose of X. 

7. Corollary from (6): if X is Hermitian then X
e is also Hermitian. 

8. If a matrix is diagonal: ),...,( 1 ndiagA λλ=  then its exponential can be obtained 

by just exponentiating every entry on the main diagonal: ),...,( 1 neediage A λλ= . 

9. Corollary from (8): Exponential of diagonalizable matrices: if 1−= UDUA  and 

D is diagonal, then 1−= UUee
DA . 
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10. The exponential of sums: if the matrices X and Y commute (XY=YX), then 

YXYX
eee =+ . 

 

Matrix exponential can be used to solve systems of linear ordinary differential 

equations. The solution of 0)0(  ),()( yytAyty
dt

d
== , where A is a matrix, is given by 

0)( yety
At= . 

 

Definition 2.18 Markov Chains: A Markov chain is a discrete-time stochastic 

process with the Markov property. In such a process, the past is irrelevant for predicting 

the future given knowledge of the present. A Markov chain is a sequence X1, X2, X3, ... of 

random variables; the value of Xn is the state of the process at time n. If the conditional 

probability distribution of Xn+1 on past states is a function of Xn alone, then: 

)(),...,,,( 12101 nnnn XxXPXXXXxXP === ++ , 

where x is some state of the process. The identity above identifies the Markov property. 

 

A simple way to visualize a specific type of Markov chain is through a finite state 

machine. In fact, a Markov chain is a finite state machine with probabilities for each 

transition, that is, a probability that the next state is js given that the current state is is . 

 

The construction of a Markov chain requires two basic ingredients, namely an initial 

distribution and a transition matrix.  

 

Definition 2.19 Initial Distribution: Initial distribution is given by a distribution 

vector n

n R∈),...,,( 21 λλλ  where )( 1 iXPi ==λ - probabilities associated with each value 

of variables.  

 

Definition 2.20 Transition Matrix: Transition matrix is a square matrix whose (i,j) 

element is given by )( 1 jXiXPp nnij === + - transition probabilities. Clearly, 0>ijp  and 

1
1

=∑
=

n

j

ijp . 
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Definition 2.21 Random Walks on Graphs: Given a graph G and a starting point, 

we select a neighbor of it at random and move to this neighbor; then we select a neighbor 

of this point at random and move to it, etc. The random sequence of points selected in this 

way is a random walk on the graph. A random walk is a finite Markov chain. 

 

The notion of a transition probability matrix allows us to examine distributions on G 

after some number of steps on our walk: if λλ =0  is initial distribution then Pλλ =1  is 

the distribution after one step, and t

t Pλλ = is the distribution after t steps.  

 

Definition 2.22 Stationary Distribution: Distribution π  is stationary or stable if 

ππ =P  (in other words, the stationary distribution of the Markov process is the non-

negative left eigenvector π  of the matrix P corresponding to the eigenvalue 1), in which 

case ππ =t
P . 

 

Definition 2.23 Limiting Distribution: Limiting distribution is t

t
Pλλ

∞→
∞ = lim . It can 

be shown that for every Markov process with initial distribution λ and transition matrix P 

its limiting distribution approaches to the stationary distribution π . 

 

Definition 2.24 Stochastic Matrix: Stochastic matrix P is a square matrix whose 

columns are probability vectors, i.e., the entries in each column are nonnegative real 

numbers whose sum is equal to 1. It is the same thing as the matrix of transition 

probabilities of a finite Markov chain. 

 

Given a stochastic matrix P with limiting distribution π  and a subset { }LB ,...,0⊆ : 

1. The flow from B is by definition ∑
∉∈

=
BjBi

iji PBF
,

)( π . 

2. π -weight of B is ∑
∈

=
Bi

iB ππ )( . 

3. The conductance of P is defined by 
)(

)(
min)(

B

BF
P

B π
ϕ = , where we minimize 

over all non-empty subsets { }LB ,...,0⊆  with 2/1)( ≤Bπ . 
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Theorem 2.1 Conductance bound of P: The eigenvalue gap of P is at least 2)(
2

1
Pϕ . 

 

2.2.  Some Physics 
 

Definition 2.25 Kets and Bras: In quantum mechanics, the state of a physical 

system is identified with a vector in a complex Hilbert space H. Each vector is called a 

“ket” and denoted as ψ . Every ket ψ  has a dual bra, denoted as ψ . The bra is simply 

the conjugate transpose of the ket and vice versa.  

 

Applying the bra φ  to the ket ψ  gives the inner product of vectors φ  and ψ  and 

results in a complex number (called a “bra-ket” or “bracket”), which is written as ψφ . 

In quantum mechanics, this is the probability amplitude for the state ψ  to collapse into the 

state φ . 

 

Properties of bras and kets: 

1. ( ) 22112211 ψφψφψψφ сссс +=+ , where Cсс ∈21 , - complex numbers 

2. ( ) ψφψφψφφ 22112211 cccc +=+ , where Cсс ∈21 , - complex numbers 

3. 2211 ψψ сс +  is dual to 2211 ** ψψ сс +  

4. *φψψφ =  

5. If A is a linear operator, it can be applied to the ket ψ  to obtain the ket ψA , 

or it can be applied to the bra φ  from the right hand side to obtain the bra 

Aφ : 

( ) ( ) ψφψφψφ AAA ==  

6. The outer product ψφ denotes the operator that maps the ket ρ  to the ket 

ρψφ  (where ρψ is a scalar multiplying the vector φ ) 

7. Given a ket ψ  of the norm 1, the orthogonal projection onto the subspace 

spanned by ψ  is ψψ  
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8. If ψ  is a ket in the Hilbert space V and φ  is a ket in the Hilbert space W, the 

tensor product of the two kets is a ket in WV ⊗ denotes as: 

ψφφψφψ ≡⊗≡ . 

 

Definition 2.26 Hamiltonian of the Quantum System: As explained above, the 

physical state of a system may be characterized as a vector in a Hilbert space. Physically 

observable quantities are described by Hermitian operators acting on these vectors. The 

Hamiltonian H is the observable corresponding to the total energy of the system. 

Mathematically speaking, it is a Hermitian operator.  

 

The eigenvectors of H, denoted ϕ , provide an orthonormal basis for the Hilbert 

space. The spectrum of allowed energy levels of the system is given by the set of 

eigenvalues, denoted { }ϕE , solving the equation: 

ϕϕ ϕEH = . 

Since H is a Hermitian operator, the energy is always a real number.  

 

The Hamiltonian generates the time evolution of quantum states. 

 

Definition 2.27 Ground State: The lowest-energy state of the quantum system is 

called the ground state. Any state with energy greater than the ground state is called 

excited state. If more that one ground state exists, they are said to be degenerate. It turns 

out that degeneracy occurs whenever a nontrivial unitary operator commutes with the 

Hamiltonian of the system. 

 

Definition 2.28 Local Hamiltonian: Local Hamiltonian is a Hamiltonian of the form 

∑=
j

jHH where each term jH  acts on a small number of particles of a quantum system 

(e.g., no more than some constant number, independent of the number of particles etc.). 

Such a Hamiltonian is realistic to construct as the Hamiltonian of an actual physical 

system. 
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Definition 2.29 Schrödinger Equation: The state of the quantum system is 

described by the unit vector ψ  in a Hilbert space. The evolution of the system in time is 

defined by the Second Postulate of Quantum Mechanics: The time evolution of the state of 

a quantum system is described by the Schrödinger Equation: 

)()(
)(

ttH
dt

td
i ψ

ψ
=h , 

where h  is a constant (Planck’s constant), and H is a Hermitian operator. 

 

Definition 2.30 Adiabatic Theorem: The adiabatic theorem tells how to follow the 

evolution of the quantum system described by the Schrödinger equation under certain 

conditions. Let Hamiltonian )(sH  be a smooth operator in the Hilbert space of the 

dimension N. Define the instantaneous eigenvectors and eigenvalues of )(sH  by: 

( ) ( ))()()()( sHsEsHsH iii ϕϕ = , 

with )(...)()( 110 sEsEsE N −≤≤≤ . Define ))()((min 01
10

min sEsEg
s

−=
≤≤

, it is called a spectral 

gap of )(sH . Take )/()( TtHsH =  where t is a real time variable ( Tt ≤≤0 ), s is re-

scaled time variable ( 10 ≤≤ s ), and so that T controls the rate at which )(sH  varies. 

 

Theorem 2.2 The Adiabatic Theorem: Let )(sH be a function from [0, 1] to the 

vector space of Hamiltonians on n qubits. Assume )(sH  is continuous, has a unique 

ground state, for every [ )1,0∈s , and is differentiable in all but possibly finitely many 

points. Let 0>ε and assume that the following adiabatic condition holds for all points 

)1,0(∈s  in which the derivative is defined: 

2
min )(

)(

g

sH
ds

d

T ≥ε  

Then, a quantum system that is initialized at time 0 with the ground state of )0(H : 

( ))0()0( Hgϕψ = , and evolves according to the dynamics of the Hamiltonians )(sH , 

ends up at re-scaled time 1 at a state )1(ψ  that is within cε  distance from ( ))1(Hgϕ  for 

some constant 0>c . 
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Informally, the adiabatic theorem affirms that for large T the final state of the system 

is very close to the ground state of )1(H . Just how large T should be for this to happen is 

determined by the spectral gap of the Hamiltonians )(sH . 

 

Definition 2.31 Pauli Matrices: The Pauli matrices are a set of 22 × complex 

Hermitian matrices, which proved to be very useful in the study of quantum physics. 

 









≡≡

10

01
0 Iσ , 








≡≡≡

01

10
1 Xxσσ , 








 −
≡≡≡

0

0
2

i

i
Yyσσ , 









−
≡≡≡

10

01
3 Zzσσ . 

 

2.3.  Some Quantum Computation 
 

Definition 2.32 Qubit: A quantum bit, or qubit, is a unit of quantum information. 

That information is described by a state in a two-level quantum mechanical system which 

is formally equivalent to a two-dimensional Hilbert space. The two basis states are 

conventionally written as 0  and 1 . 

 

Definition 2.33 Qubit State: A pure qubit state is a linear superposition of those two 

states, and each qubit can be represented as a linear combination of 0  and 1 : 

10 βαψ += , 

where α  and β  are complex probability amplitudes; α  and β  are constrained by the 

equation 1
22

=+ βα . The probability that the qubit will be measured in the state 0  is 

2
α  and the probability that it will be measured in the state 1  is 

2
β . This is significantly 

different from the state of a classical bit, which can only take the value 0 or 1. 

 

In general, we may consider a quantum system of n qubits. The computational basis 

states of this system are of the form nxxx ...21 where { }1,0∈ix , and so a quantum state of 

such a system is specified by n2  amplitudes. 
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Changes occurring to a quantum state can be described using the language of 

quantum computation. The basic principle of quantum computation is that the quantum 

properties of particles can be used to represent and structure data, and that devised 

quantum mechanisms can be used to perform operations with this data.  

 

Definition 2.33 Quantum Computer: A quantum computer is built from a quantum 

circuit containing wires and elementary quantum gates to carry around and manipulate the 

quantum information. The outputs of some of the gates are connected by wires to the input 

of others.  

 

Definition 2.34 Quantum Computation: Quantum computation is defined as a 

unitary evolution of the circuit which takes its initial state, input, into some final state, 

output. The entire quantum computation is thus a unitary transformation where a 

measurement is performed at the end to extract the result. However, a unitary 

transformation is itself reversible; therefore, we have to use reversible gates to be able to 

implement quantum gates. 

 

The size of the circuit is governed by its number of gates. The size of the input of the 

circuit is governed by its number of input gates, i.e. the qubits that are prepared 

appropriately at the beginning of each computation performed by the circuit. Inputs are 

encoded in binary form in the computational basis of selected qubits often called a 

quantum register.  
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3. ADIABATIC QUANTUM PROGRAMMING 

 

 

3.1.  Main Rules of Adiabatic Quantum Programming 

 

Suppose we have a quantum system of n qubits with a time-dependent Hamiltonian 

)(tH . The rules of Quantum Mechanics say (see definition 2.29) that the state of our 

quantum system )(tψ changes according to the Schrödinger equation: 

)()(
)(

ttH
dt

td
i ψ

ψ
=h  

(3.1)

 

A quantum computer program can be viewed as a specification of the time-dependent 

Hamiltonian )(tH  and an initial state of the quantum system )0(ψ , both chosen so that at 

a time T a state )(Tψ  gives the answer to our problem. 

 

In designing our quantum computer program we can take advantage of the Quantum 

Adiabatic Theorem (see Theorem 2.2), which claims that a quantum system will stay near 

its instantaneous ground state if the Hamiltonian that governs its evolution varies slowly 

enough.  

 

To follow this, first of all we have to initialize our quantum system so that the initial 

state of the system is the ground state of some Hamiltonian initH . For this purpose it is 

very convenient to use easy-to-prepare states, an example of which we will see in Section 

3.2. 

 

Next, for each specific problem that we want to solve by an adiabatic quantum 

algorithm, we have to encode the answer to that problem in a ground state of some other 

Hamiltonian, called the final Hamiltonian finalH . Although we may be able to construct 

finalH  easily for a specific problem, it may be computationally difficult to find its ground 

state, i.e. the answer to our problem. 
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Finally, to specify our algorithm we must have a time-dependent Hamiltonian )(tH  

for Tt ≤≤0  (T is the running time of the algorithm). We choose )(tH  so that 

initHH =)0(  and finalHTH =)( . For any other intermediate time t, )(tH  smoothly 

interpolates between )0(H  and )(TH . This can be done, for example, by linear 

interpolation )()/()0()/1()( THTtHTttH +−= , however there are no reasons not to use 

any other interpolation. 

 

Therefore, if our quantum system starts at 0=t  in the ground state of )0(H , that is 

)0(gψ , and if )(tH  varies slowly, then the evolving state vector )(tψ  will remain close 

to the instantaneous ground state )(tgψ  of )(tH , and in particular, at time Tt = , )(Tψ  

will be close to a solution to our problem. 

 

Note that a “speed” of such a Hamiltonian )(tH  is 
T

init
H

final
H

dt

tdH −
=

)(
 and therefore 

is in inverse dependence of T: if T is bigger then )(tH  varies slower. The correctness of an 

adiabatic quantum algorithm strongly depends on the choice of T: the slower the 

Hamiltonian varies, the more correctly the algorithm works. How slow is slow enough will 

be discussed in detail in Section 3.3.1.  

 

Definition 3.1 Adiabatic Quantum Computation Algorithm: [3] The general 

adiabatic quantum computation algorithm is designed and used as follows: 

1. A time-dependent Hamiltonian )(tH  is constructed so that the initial state of 

the system is the given ground state of )0(H  and a ground state of )(TH  

encodes the solution of the particular problem; 

2. T is selected big enough; 

3. The system undergoes Schrödinger evolution for time T; at the end of which the 

final state of the system )(Tψ  will be very close to the solution; 

4. The qubits of state )(Tψ  are measured. 
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3.2.  Simple Example of an Adiabatic Quantum Program 

 

As an example, we apply the adiabatic quantum computation algorithm (see 

definition 3.1) to the 3-SAT problem [3]. 

 

Example 3.1. An n-bit instance of 3-SAT is a Boolean formula MCCC ∧∧∧ ...21  

that is specified by a collection of M Boolean clauses, each of which involves 3 bits. Each 

bit nizi ≤≤1, , can be 0 or 1, and each clause C is associated with 3 bits 
CCC kji ,, .  

 

Final Hamiltonian. For each C the energy function is defined as follows: 







=
Czzz

Czzz
zzzh

CCC

CCC

CCC

kji

kji

kjiC  clause  violates),( if ,1

 clause satisfies ),( if ,0
),(  

(3.2)

The total energy function is ∑=
C

Chh , which is clearly nonnegative and equal to zero if 

and only if ),...,,( 21 nzzz satisfies all of the clauses. 

 

In quantum computation instead of bits we have qubits iz , where 1,0=iz , and 

nzzz ...21  are n2 basis vectors of the Hilbert space. We turn our energy function to a 

quantum operator which acts on those basis vectors as follows: 

1. For each clause C: nkjiCnCfinal zzzzzzhzzzH
CCC

...),,()...( 2121, = ; 

2. For all clauses the consolidated Hamiltonian is ∑=
C

Cfinalfinal HH , . 

 

So, basis vectors nzzz ...21  are eigenstates of finalH , and finalH  is a diagonal 

operator. Its eigenvalues are ∑=
C

Chh . The smallest eigenvalue possible is 0, and the 

corresponding eigenstate is a ground state of finalH  which describes the satisfying 

assignment of the given Boolean formula (or, in the case of existence of multiple satisfying 

assignments, the uniform superposition of satisfying assignments). In this context, solving 

a 3-SAT problem is equivalent to finding the ground state of a Hamiltonian. finalH  is a 

final Hamiltonian. 
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Initial Hamiltonian. Let us construct the initial Hamiltonian initH  whose ground 

state is easy to find. Define 1-bit Hamiltonian acting on (i)th qubit as follows: 

)1(
2

1 )()( i

x

i

initH σ−= , 
(3.3)

where 







=

01

10)(i

xσ , so explicitly 








−

−
=

11

11

2

1)(i

initH . Its eigenstates are 

∑=







=

iz

ii zx
2

1

1

1

2

10  (corresponding to eigenvalue equal to 0) and 








−
=

1

1

2

11
ix  

(corresponding to eigenvalue equal to 1). 

 

For each clause C associated with bits CCC kji ,, , define the Hamiltonian 

CCC k

init

j

init

i

initCinit HHHH ++=,  and for a whole Boolean formula ∑=
C

Cinitinit HH , . The 

ground state of initH  is: 

∑∑ ∑=
1 2

......
2

1
... 212/

00
2

0
1

z z z

nnn

n

zzzxxx . 
(3.4)

This means that the starting state of the algorithm is a uniform superposition of states 

corresponding to all possible assignments of bit values. 

 

Time-dependent Hamiltonian. To construct )(tH  we use linear interpolation 

)()/()0()/1()( THTtHTttH +−= . Taking Tts /=  we obtain the following: 

∑ +−=+−=
C

CfinalCinitfinalinit sHHssHHssH ))1(()1()( ,, , (3.5)

i.e. explicit form of )(tH  as a sum of Hamiltonians associated with individual clauses. 

 

Example 3.2. One-bit example of the adiabatic quantum algorithm for 3-SAT 

problem [3]: We apply the general idea of the algorithm presented in the example 3.1 

above to a concrete simple case. 

 

Consider a one-bit problem where the single clause C is satisfied if and only if 

11 =z . Energy function (see (3.2)) in this case is: 
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



=

=
=

). violatedis ( 0 if ,1

)satisfied is ( 1 if ,0

1

1

Cz

Cz
hC  

 

The final Hamiltonian in this case is 11 zhzH Cfinal = , or, in matrix form 

)(
2

1

00

01
Zfinal IH σ+=








= , where 









−
=

10

01
Zσ . Ground state in this case is 11 =z . 

 

The initial Hamiltonian is ( )Xinit IH σ−=








−

−
=

2

1

11

11

2

1
, where 








=

01

10
xσ . 

 

Time-dependent Hamiltonian now is:  










−−

−+
=


















+








−−

−−
=+−=

ss

sss

ss

ss
sHHssH finalinit 11

11

2

1

00

02

11

11

2

1
)1()( . 

 

From the characteristic equation for this matrix 0))(det( =− IsH λ  we find 

eigenvalues of )(sH : )2211(
2

1 2
2,1 ss +−±=λ . In figure 3.1 those eigenvalues are 

plotted; the spectral gap ming  between them is positive so we can adiabatically evolve from 

the ground state of 
initH  to 11 =z . 

 

 

Figure 3.1. Eigenvalues of the Hamiltonian for one-bit 3-SAT example of the adiabatic 

quantum computation algorithm. 
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Example 3.3 Three-bit example for the adiabatic quantum algorithm for the SAT 

problem [3]: Consider three bits and a Boolean formula that consists of clauses each of 

which acts on two bits only: 231312
agreedisagreeimply CCC ∧∧=Φ  , where: 

− 12
implyC  acts on 1st and 2nd bits and satisfying assignments are 00, 01 and 11 

( 2121.. xxxxei ∨≡→ ) 

− 13
disagreeC  acts on 1st and 3rd bits and satisfying assignments are 01 and 10 

( )()(.. 313131 xxxxxxei ∨∧∨≡⊕ ). 

− 23
agreeC  acts on 2nd and 3rd bits and satisfying assignments are 00 and 11 

( )()(.. 323232 xxxxxxei ∨∧∨≡⊕ ). 

 

Although each two bit clause has more than one satisfying assignment, the full 

problem has the unique satisfying assignment 011. 

 

Final Hamiltonian: =++= agree

P

disagree

P

imply

PP HHHH  























=























+























+























=

1

1

3

1

0

2

1

1

0

1

1

0

0

1

1

0

1

0

1

0

0

1

0

1

0

0

1

1

0

0

0

0

. 

 

Initial Hamiltonian:  

=+++++=++= )()()( )3()2()3()1()2()1(
BBBBBB

agree

B

disagree

B

imply

BB HHHHHHHHHH  

+

−

−

−

−

−

−

−

−

+

−

−

−

−

−

−

−

−













































=++=

10100000

01010000

10100000

01010000

00001010

00000101

00001010

00000101

10001000

01000100

00100010

00010001

10001000

01000100

00100010

00010001

)3()2()1( )(2 BBB HHH

.

31101000

13010100

10310010

01130001

10003110

01001301

00101031

00010113

11000000

11000000

00110000

00110000

00001100

00001100

00000011

00000011













































−−−

−−−

−−−

−−−

−−−

−−−

−−−

−−−

=

−

−

−

−

−

−

−

−

+  
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Time dependent Hamiltonian:  

.)1()(

231101000

123010100

10310010

011230001

1000)1(3110

01001301

001010231

000101123























=+−=

−−−−

−−−−

−−−

−−−−

−−−−

−−−−

−−−−

−−−−

ssss

ssss

sss

ssss

ssss

ssss

ssss

ssss

PB sHHssH  

 

Characteristic equation for this matrix:  

det 0

231101000

123010100

10310010

011230001

1000)1(3110

01001301

001010231

000101123

=























−−−−−

−−−−−

−−−−

−−−−−

−−−−−

−−−−−

−−−−−

−−−−−

λ

λ

λ

λ

λ

λ

λ

λ

ssss

ssss

sss

ssss

ssss

ssss

ssss

ssss

 

 

The eigenvalues ,8..1),( =isiλ  of )(sH  are shown below in the Figure 3.2 (taken 

from [3]) and it is obvious that gmin is not zero. This example illustrates how the adiabatic 

quantum algorithm evolves to the unique satisfying assignment of several overlapping 

clauses even when each separate clause has more than one satisfying assignment. 

 

 

Figure 3. 2. Eigenvalues of the Hamiltonian for three-bit 3-SAT example of the adiabatic 

quantum computation algorithm. 
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3.3.  Understanding the Idea of Adiabatic Quantum Computation 
 

3.3.1.  Running Time and Small Gap Problem 

 

The correctness of the adiabatic quantum algorithm depends on how slow a time-

dependent Hamiltonian H(t) varies. The Hamiltonian varies slower as T gets larger. When 

T goes to infinity, our algorithm becomes 100% correct, i.e. finds a solution to our problem 

with 100% probability, if solution exists. 

 

Since in our physical world we cannot afford infinite time algorithms, we have to 

accept a probability of finding solution that is less than 100%, thus running an algorithm 

for a finite time T. The question is how large T we should choose so that the probability of 

finding a solution is acceptable. 

According to the Quantum Adiabatic Theorem (Theorem 2.2), if 

)()( 2
min sH

ds

d
gT

−≥ε , where Tts /=  - re-scaled time, then the result state will be within 

a distance of cε  from a solution. Since, in particular for the linear interpolation, 

initfinalfinalinit HHsHHs
ds

d
sH

ds

d
−=+−= ))1(()(  

(3.6)

is no larger than the maximum eigenvalue of ( )
initfinal HH −  (see definition 2.8), which 

usually grows like a polynomial in n (n – length of input, number of qubits), the time of the 

algorithm, T, is governed by 2
min
−

g . 

 

Typically ming is not zero unless the Hamiltonian has special symmetry properties. 

Spectral gap is zero means that there is some value 'ss =  for which )'()'( 10 sEsE = . We 

can consider a general 2x2 Hamiltonian - a hermitian matrix with elements which are 

functions of s: 










−

+

)()()(

)()()(

sbsidsc

sidscsa
. 

(3.7)
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Since it is a hermitian matrix, a, b, c, d are real. Eigenvalues of this matrix are roots 

of the characteristic equation: 

0)())(( 22 =+−−− dcba λλ , (3.8)

( )
2

)(4 222

2,1

dcabbaba −−−+±+
=λ . 

(3.9)

 

Eigenvalues are equal if and only if:  

( ) 0)(4 222
=−−−+ dcabba ; 

044)( 222 =++− dcba  

if and only if  

a(s)=b(s) and c(s)=d(s), (3.10)

at some point s. This is in general not the case and possible if Hamiltonian has some 

special symmetry properties. 

 

However, for the efficiency of the algorithm it is not enough for ming  to be nonzero. 

It is also required to be not so small that the time T of the algorithm becomes very large. In 

other words, for an input of the length n a spectral gap ming  has to be not less than 

)(

1

npoly
. In this case, adiabatic quantum algorithm can solve the problem in time T which 

is less than poly(n). 

 

Therefore, in order to analyze the time complexity of an algorithm we should analyze 

the spectral gap of the corresponding Hamiltonian. In general, this is not always easy to 

manage, and often a numerical simulation is used to approximate a spectral gap [14]. 

 

3.3.2.  Different Paths 

 

In designing a quantum adiabatic algorithm, we are faced with the task of 

constructing a time dependent Hamiltonian from given Hinit and Hfinal. A particular H(t) 

such that initHH =)0(  and finalHTH =)(  is called a path from Hinit to Hfinal in the 
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Hamiltonian space. The adiabatic quantum algorithm will work with any such a path as 

long as it is smooth and the corresponding time T is much larger than ( )2
min
−

gO . 

 

The simplest path which satisfies those conditions is a “straight line”: 

finalinit HTtHTttH )/()/1()( +−= . (3.11)

But there is no reason to restrict attention only to that one. For example, one can consider 

paths of the form  

extraT

t

T

t

finalT

t

initT

t
HHHtH )1)(()()1()( −++−= . (3.12)

We can imagine that Hextra is an extra piece of the Hamiltonian that is turned off at the 

beginning and at the end of the evolution [15].  

 

Since the adiabatic quantum algorithm is guaranteed to give 100% probability of 

success only for infinite running time, a finite running time requires repetition. Repetition 

can be done with different paths [15]. For example, by using different Hextra one can design 

a family of possibly random adiabatic paths. In general, different paths correspond to 

different spectral gaps, and varying Hextra may help to avoid a region in a Hamiltonian 

space where the gap is small and be computationally advantageous. 

 

3.3.3.  Final Hamiltonian with more than one Ground State 

 

We design the adiabatic quantum algorithm so that the final state is the state with the 

minimum energy level. Therefore we have to ensure that the solution to our problem will 

have the minimum energy level.  

 

What if our problem has several solutions? Since each solution corresponds to a 

ground state of Hfinal, the system gets to a uniform superposition of all these states. If there 

is no priority among solutions, there is an equal probability to measure one of those ground 

states. As an example consider the following simple example involving several ground 

states. 

 

Example 3.4 Two-bit example for the adiabatic quantum algorithm for the SAT 

problem: Consider a two-bit Boolean formula  
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2121121121 )()( CCxxxxxxXORxx ∧=∨∨∧∨∨= . 

Energy functions for each of the clauses C1 and C2 in this case are: 







=

=
=

 violated)is ( 00 if ,1

satisfied) is ( 1110,01 if ,0

121

121

1
Czz

Corzz
hC







=

=
=

 violated)is ( 11 if ,1

satisfied) is ( 10or  01,00 if ,0

221

221

2
Czz

Czz
hC  

Final Hamiltonian is 4x4 matrix:  














=













+












=+=

1000

0000

0000

0001

1000

0000

0000

0000

0000

0000

0000

0001

21 C

final

C

finalfinal HHH . 

Initial Hamiltonian is 21 C

init

C

initinit HHH += . 

 

Clauses C1 and C2 both act on same two bits thus their Hamiltonians are equal: 














=⊗+⊗==

−−

−−

−−

−−

2110

1201

1021

0112

21

2

1
21

initinit

C

init

C

init HIIHHH . 

So the initial Hamiltonian is:  














==

−−

−−

−−

−−

2110

1201

1021

0112

12 C

initinit HH . 

Time-dependent Hamiltonian:  














=

−−−

−−−

−−−

−−−

sss

sss

sss

sss

sH

2110

1)1(201

10)1(21

0112

)( . 

.  

Characteristic equation for this matrix: 

( ) 0)1(2)34())1(2)(2(det 2

2110

1)1(201

10)1(21

0112

=−+−−−−−−=













−−−−

−−−−

−−−−

−−−−

sssss

sss

sss

sss

sss

λλλλ

λ

λ

λ

λ

. 

Eigenvalues are as follows and showed in figure 3.3:  

2

1632217)34(
4322

1632217)34(
1 ,2),1(2, +−+−+−−− =−=−== ssssss

ss λλλλ . 
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Figure 3. 3. Eigenvalues of the Hamiltonian for two-bit 3-SAT example of the adiabatic 

quantum computation algorithm. 

 

There are two ground states of Hfinal, 10 21 == zz  and 01 21 == zz . The starting 

state )0(gψ , which is the ground state of Hinit, is ∑∑=
1 2

212/

0
2

0
1

2

1

z z
n

zzxx . 

 

There is a bit-exchange operation X : 1221 zzzz →  that commutes with H(s). 

 

For any state ϕ  Hamiltonian transforms it to φϕ =H . If ϕ  is symmetric under 

a bit-exchange operation, i.e. ϕϕ =X , so is φ , since HXXH = and 

φϕϕϕφ ==== HXHXHX . 

 

Since the starting state )0(gψ  includes all possible combinations of two bits, it is 

invariant under this bit-exchange operation, and the state corresponding to s = 1 end of the 

lowest eigenvalue level E0(s) is the symmetric state ( )0110
2

1
2121 ==+== zzzz  

(since it is the only possible symmetric combination of two eigenvectors). The next 

eigenvalue level, E1(s), begins at the antisymmetric state ( )0
2

1
1

1
2

0
1

2

1
xxxx −  and ends 

at the antisymmetric state ( )0110
2

1
2121 ==−== zzzz . Since H(s) commutes 
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with the bit-exchange operation, there can be no transitions from the symmetric to the 

antisymmetric states. 

 

Therefore, E1(s) eigenvalue level is irrelevant to the adiabatic evolution of the ground 

state and the relevant gap is E2(s)-E0(s). As it can be seen from figure 3.3, this gap is not 

negligibly small. 

 

3.3.4.  Termination of the Algorithm Earlier  

 

By the adiabatic theorem the probability of finding the solution of a particular 

problem goes to 1 as the running time goes to infinity. We are, of course, forced to run an 

adiabatic quantum algorithm for a finite time and probability less than 1.  

 

What happens with the state of the system if we terminate the algorithm earlier? How 

early we can stop the evolution and get a sensible probability of finding the solution? 

 

In the efficient adiabatic quantum algorithm the spectral gap is not small and the state 

of the system at any time 1tt =  is expected to stay in the ground state of the instant 

Hamiltonian )( 1tH . In the following two examples we track the ground state change in 

rescaled, unitless “time” s. 

 

Example 3.5 Ground state change in adiabatic quantum algorithm for one-bit SAT: 

In the one-bit example 3.2 the time-dependent Hamiltonian is 








−−

−+
=

ss

ss
sH

11

11

2

1
)(  and 

its eigenvalues are )2211(
2

1 2
2,1 ss +−±=λ . Their plots were presented in Figure 3.1. 

 

Clearly, the ground state corresponds to the lowest eigenvalue 

)2211(
2

1 2
ss +−−=λ . When s goes from 0 to 1, the ground state changes as in Table 

3.1: 
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Table 3. 1. Ground state change in adiabatic quantum algorithm for one-bit SAT.  

Time State Probability to measure 1  

s=0 0.7071* 0 +0.7071* 1  0.5 

s=0.1 0.6669* 0 +0.7451* 1  0.5552 

s=0.2 0.6154* 0 +0.7882* 1  0.6213 

s=0.3 0.5505* 0 +0.8348* 1  0.6969 

s=0.4 0.4719* 0 +0.8817* 1  0.7774 

s=0.5 0.3827* 0 +0.9239* 1  0.8536 

s=0.6 0.2898* 0 +0.9571* 1  0.9160 

s=0.7 0.2011* 0 +0.9796* 1  0.9596 

s=0.8 0.1222* 0 +0.9925* 1  0.9851 

s=0.9 0.0553* 0 +0.9985* 1  0.9970 

s=1 0* 0 +1* 1  1 

 

Therefore, starting at ( )10
2

1
+ , the ground state vector rotates slowly, and as s 

gets closer to 1, ground state vector gets closer to 1 . Note that already at s=0.3 the 

probability to find solution is higher than 2/3. 

 

Example 3.6 Ground state change in adiabatic quantum algorithm for two-bit SAT: 

Let us consider the following Boolean formula which involves two bits: 21 xx ∧ . It has the 

unique satisfying assignment 11. The time-dependent Hamiltonian for this problem is: 



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
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
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finalfinalinitinitfinalinit

ss
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Ground state changes as in Table 3.2 below: 
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Table 3. 2. Ground state change in adiabatic quantum algorithm for two-bit SAT. 

Time State 
Probability to 
measure 11  

s=0 0.5000* 00 +0.5000* 01 +0.5000* 10 +0.5000* 11  0.25 

s=0.1 0.4448* 00 +0.4969* 01 +0.4969* 10 +0.5552* 11  0.3082 

s=0.2 0.3787* 00 +0.4851* 01 +0.4851* 10 +0.6213* 11  0.3860 

s=0.3 0.3030* 00 +0.4596* 01 +0.4596* 10 +0.6970* 11  0.4858 

s=0.4 0.2226* 00 +0.4160* 01 +0.4160* 10 +0.7774* 11  0.6043 

s=0.5 0.1464* 00 +0.3536* 01 +0.3536* 10 +0.8536* 11  0.7286 

s=0.6 0.0840* 00 +0.2774* 01 +0.2774* 10 +0.9160* 11  0.8390 

s=0.7 0.0404* 00 +0.1970* 01 +0.1970* 10 +0.9596* 11  0.9208 

s=0.8 0.0149* 00 +0.1213* 01 +0.1213* 10 +0.9851* 11  0.9704 

s=0.9 0.0031* 00 +0.0552* 01 +0.0552* 10 +0.9969* 11  0.9938 

s=1           0* 00 +         0* 01 +         0* 10 +         1* 11  1 

 

Here again we observe that the ground state gets closer to 11  as s changes from 0 to 

1. At s=0.5 the probability to find the solution is higher than 2/3. 

 

3.4.  Adiabatic Quantum Algorithms for Instances of NP-Complete Problems 

 

In this section six examples of adiabatic quantum algorithms for NP-complete 

problems (or their instances) are given and discussed in detail. Although we give the 

Hamiltonians explicitly, this serves only pedagogical purposes. In reality, it is not possible 

(nor required) when a sizable number of bits constitute a system. The program is supposed 

to be describable implicitly, and doing this without knowing the final state is what requires 

ingenuity in this form of computation. 
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The reader should note that most of the examples presented (except Examples 3.9, 

3.12, 3.13) are easily seen to be classically solvable in polynomial time, nevertheless, these 

algorithms operate in an entirely different way from classical ones and, hopefully, may 

bring an intuition for inventing other algorithms, more interesting and advantageous.  

 

Example 3.7 Adiabatic quantum algorithm for 3-SAT with an arbitrary number of 

bits: agree and disagree clauses: [3] Consider n clauses, each of them acts only on adjacent 

bits j and j+1, where j=1...n and n+1 is identified with bit 1. Let each clause be either 

‘agree’ (satisfying assignments are 00 and 11) or ‘disagree’ (satisfying assignments are 01 

and 10). The satisfying assignment of such Boolean formula exists if the number of 

‘disagree’ clauses is even. Suppose it is so. 

 

Note that there are two satisfying assignments: if nwww ,...,, 21  is a satisfying 

assignment, so is nwww ,...,, 21 . 

 

The final Hamiltonian can be written as following:  

12312 ...
21

++++= nn

CCCfinal n
HHHH , (3.13)

where each jC  is either ‘agree’ or ‘disagree’, and its ground states are nwww ...21  and 

nwww ...21 . 

 

Let K be the following unitary transformation:  

nn zzzzzzK '...''... 2121 = , where 







=

=

=
0,

1,
'

j
wif

j
z

j
wif

j
z

z j . 

(3.14)

Note that 12312 ...' ++++== nn

agreeagreeagreefinalfinal HHHKHH  with a symmetric ground state 

w = )1...110...00(
2

1 + .  

 

Note also that initinit HKH =  and 

)())1((')1()(' sKHsHHsKsHHssH PBPB =+−=+−= . (3.15)

So the eigenvalues of )(sH  and )(' sH  are the same and we can analyze gmin using final 

Hamiltonian finalH ' . 
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Recall that  

∑∑ ∑
== =

−=−⋅==
n

j

j

x

nj nj

j

x

C

initinit
nHH

1

)(

...1 ...1

)(

2

1 )1()1(2 σσ . 
(3.16)

 

For two bits  



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
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
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
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

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


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−
−=−=

0000
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)2()1(

2

112

10
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01
1

2

1
)1( zzagreeH σσ , 

(3.17)

so  

∑
=

+−=
n

j

j

z

j

zfinalH
1

)1()(

2

1 )1(' σσ  
(3.18)

and the time-dependent Hamiltonian is: 

∑∑
=

+

=

−+−−=
n

j

j

z

j

z

n

j

j

x sssH
1

)1()(

2

1

1

)( )1()1()1()(' σσσ . 
(3.19)

 

Let G be the operator of negation:  

nn zzzzzzG ...... 2121 = , (3.20)

which can be written explicitly as:  

∏
=

==
n

j

j

x

n

xxxG
1

)()()2()1( ... σσσσ . 
(3.21)

 

Note that the ground state of the Hamiltonian at s=0 is invariant under G and 

GHGH ''= , so we may consider only states that are invariant under G, such as w . 

 

The following transformations will help us to write our Hamiltonian as a sum of n/2 

commuting 2x2 Hamiltonians that can be diagonalized. 

 

Define  

)()1()()1()2()1( 1...1... njjj

xxxjb +
−

−= σσσσ  (3.22)

and   

)()1()()1()2()1( 1...1... njjj

xxx

T

jb +
+

−= σσσσ  (3.23)
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where 

( )
11

11

2

1

−

−
− =σ , ( )

11

11

2

1

−−+ =σ . (3.24)

Note that  

0},{ =kj bb     (because )()()()( jj

x

j

x

j

−− −= σσσσ ) (3.25)

jk

T

kj bb δ=},{            (because 1)()()()( =+ −++−
jjjj σσσσ ). (3.26)

where operation BAABBA +=},{ . 

)1( )(

2

1 j

xj

T

j bb σ−=    j=1…n (3.27)

)1()(
11 ))(( +

++ =+− j

z

j

zj

T

jj

T

j bbbb σσ  j=1...n-1 (3.28)

)1()(
11 ))(( z

n

z

T

n

T

n Gbbbb σσ−=+−              j=n (3.29)

 

Since we are restricted to the IG =  sector (i.e. only considering symmetric states), 

equations (3.28) and (3.29) are only consistent if bn+1= -b1, so we take this as the definition 

of bn+1. 

 

We can now express )(' sH  in terms of the b’s: 

∑
=

++ +−−+−=
n

j

j

T

jj

T

jj

T

j bbbb
s

bbssH
1

11 ))})((1(
2

)1(2{)(' . 
(3.30)

Because (3.30) is invariant under the translation bj → bj+1, and is quadratic in the jb  and 

T

jb , a following transformation will achieve the desired reduction of )(' sH . Let 

∑
=

=
n

j

j

npji

p be
n 1

/1 πβ       for p = ±1,±3, . . . ,±(n-1) 
(3.31)

which is equivalent to 

∑
−±±±=

−=
)1(...3,1

/1

np

p

npji

j e
n

b βπ  
(3.32)

and is consistent with bn+1= −b1 (we assume for simplicity that n is even). Furthermore, 

0},{ =qp ββ  and pq

T

qp δββ =},{ , as follows from (3.25) and (3.26). 

 

Substituting β ’s into )(' sH  gives ∑
−=

=
)1,...(3,1

)()('
np

p sAsH  where 

{ }][sin][cos1])[1(2)( pp

T

p

T

pn

pT

ppp

T

pn

p

p

T

pp

T

pp isssA −−−−−− −+−−++−= ββββββββββββ ππ . 
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Properties of β s:  

0},{ =qp ββ , (3.33)

0},{ =q
T

p
T ββ , (3.34)

0=ppββ , (3.35)

pq

T

qp δββ =},{ . (3.36)

 

The Ap’s commute for different values of p so we can diagonalize each Ap separately. 

 

For each 0>p  let pΩ  be such that  0=Ω=Ω − pppp ββ . When s = 0, pΩ  is 

the ground state of Ap.  

 

}sincos{
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Now )(sAp only connects 
pΩ  to

p

T

p

T

pp Ω=Σ − ββ . Note that in the { }pp ΣΩ ,  

basis )(sAp  is a 2×2 matrix. To calculate its elements, see how it acts on basis vectors: 

 

pn

p

pn

p

pp isssA Σ+Ω+=Ω ππ sin)cos()(  (3.37)

]}.[sin]

[cos{])[1(2)(

pppp

T

p

T
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p

p

T

pp
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T

pn
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T
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sssA
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−Σ−Σ+Σ+Σ−=Σ
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ββββββ

ββββββ

π

π (3.38)

 

Consider each element in the sum above, separately, using formulas (3.33)-(3.36). 

Since 

,)1( ppp
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therefore 
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ppp

T

p Σ=Σββ . (3.39)

Since 

,

)1(
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therefore  

ppp

T

p Σ=Σ−− ββ . (3.40)

Two next elements in (3.38) are zero since 

0)1( =Σ−Σ=Σ−Σ=Σ−=Σ −−−−−− pppp

T

pppp

T

pp

T

pp ββββββ  (3.41)

and 
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And the last element can be transformed into the following: 
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i.e.  

pppp Ω=Σ−ββ . (3.43)

 

Finally, (3.38) can be rewritten as follows, using (3.39)-(3.43): 

,sin)cos34(sin)cos)1(2.2(

]}[sincos{])[1(2)(

pn

p

pn

p

pn

p

pn

p

pn

p

pn

p

ppppp

ississs

isssA

Ω−Σ−−=Ω−Σ−+−=

=Ω−+Σ−Σ+Σ+Σ−=Σ

ππππ

ππ

 

and the matrix Ap(s) in { }pp ΣΩ ,  basis yields to:  










−−−

+
=

npssnpis

npisnpss
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For each p eigenvalues pE  of Ap(s) are roots of the characteristic equation: 
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2/12 )}/cos1)(1(4)2{(2)( npsssssEp π+−−−±−=± . 

 

The ground state corresponds to the lowest energy level ∑ −
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p sE )( . The next energy 

level is ∑
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1 )()(
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p sEsE . Therefore, the spectral gap is: 
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In order to find minimum spectral gap, we have to consider its first derivative: 
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for large n. We conclude, that the Hamiltonian (3.19) which describes an adiabatic 

quantum algorithm for 3-SAT with an arbitrary number of bits and agree and disagree 

clauses, has non-negligible spectral gap, thus the algorithm is efficient. 

 

Example 3.8 Two-bit example of an adiabatic quantum algorithm for 3-SAT with 

agree and disagree clauses: We apply the algorithm described in the Example 3.7 for a 

certain case of two bits. A Boolean formula in this case is 2112
disagreedisagree CCC ∧=  which has 

two satisfying assignments 10=w  and 01=w . Transformation K, according to 

(3.14), is 2121 zzzzK = . Under this transformation,  

1212
agreedisagree HKH = , 

2131
agreedisagree HKH = . 

According to (3.16), 
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and according to (3.18), 
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In order to write )(' sH in terms of b’s, we apply (3.22) and (3.23) to our case: 
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In order to write )(' sH  in terms of β ’s, we apply (3.31): 

)(
2

1
)(

2

1
2121

2/
1 bibbebe

ii −=+= ππβ , 

)(
2

1
)(

2

1
2121

2/
1 bibbebe

ii −−=+= −−
−

ππβ . 

And finally, )(' sH  yields: 

{ }][sin][cos1])[1(2)()(' 111121111211111 −−−−−− −+−−++−== ββββββββββββ ππ TTTTTT
isssAsH . 

Condition 011 =Ω=Ω −ββ  gives us 












=Ω

1

1

1

1

2

1
, and, consequently, 














=









































=Ω=Σ

−−

−−

−−

−−

−−−−

−−−−

−

0

0

0

0

1

1

1

1

11

11

11

11

11

11

11

11

11
8

1

ii

ii

ii

ii

ii

ii

ii

ii

TT ββ . 

 

Therefore, matrix )(1 sA in { }ΣΩ ,  basis is: 
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








−−
=

sis

iss
sA

34
)(1 , 

and its eigenvalues are 2/12
1 )}1(4)2{(2)( sssssE −−−±−=± . Finally, we can estimate the 

spectral gap of our algorithm: 

,
5

4
))1(4)2{(2

))}1(4)2{min((2))()(min(

5/4
2/12

2/12
11min

=−−−=

=−−−=−=

=

−+

ssss

ssssEsEg

 

which is not near zero and ensures the efficiency of the algorithm. 

 

Example 3.9 Adiabatic quantum algorithm for Grover Problem [3]: For the Grover 

problem we have a single generalized clause G, which depends on n bits with a unique 

satisfying assignment 
nwwww ...21= . Energy function is: 







=

≠
=

wz

wz
zhG ,0

,1
)( , 

(3.46)

and corresponding final Hamiltonian is:  

ww
wz

wzz
zzhzH Gfinal −=







=

≠
== 1

,0

,
)( . 

(3.47)

Time dependent Hamiltonian is as follows: 

)1()1()1()1()(
1

)(

2

1
wwsssHHssH

n

j

j

xfinalinit −+−−=+−= ∑
=

σ .
(3.48)

 

Let K be the following unitary transformation:  

nn zzzzzzK '...''... 2121 = , where 







=

=

=
0,

1,
'

j
wif

j
z

j
wif

j
z

z j .. 

(3.49)

Under this transformation H(s) becomes: 

)001()1()1()()('
1

)(

2

1 −+−−== ∑
=

sssKHsH
n

j

j

xσ . 
(3.50)

H(s) and )(' sH  are unitarily equivalent thus have the same eigenvalues. Therefore, we can 

study ming for )(' sH . 
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Note that the ground state of 
initHH =)0('  is symmetric under interchange of any 

two bits, and also )(' sH  is symmetric under interchange of any two bits. So, instead of 

working in 2n dimensional space, we can work in the (n+1)-dimensional subspace of 

symmetrized states ∑
=++

−










kzz

n

n

zzz
k

n

...
21

2/1

1

... . These states can be characterized as 

eigenvectors of ∑
=

=
n

j

j

zzS
1

)(

2

1
σ  or ∑

=

=
n

j

j

xxS
1

)(

2

1
σ - total spin: 

;...,,1,,
222

nnn

zzz mmmmmmS +−−====  (3.51)

;...,,1,,
222

nnn

xxx mmmmmmS +−−====  (3.52)

(because each )( j

zσ or )( j

xσ  has two eigenvalues: -1 and 1) 

( ) ∑
=++

−
=−=

kzz

nk
nn

z

n

zzzkm
...

21

2/1

2
1

... , (3.53)

( ) ∑
=++

−
=−=

kxx

nk
nn

x

n

xxxkm
...

21

2/1

2
1

... . (3.54)

Note that 0
2

=== zm
n

z , and so we can rewrite )(' sH  as (n+1)-dimensional matrix: 

]1[])[1()('
222

n

z

n

zx

n
mmsSssH ==−+−−= . (3.55)

Eigenvalues of )(' sH  are Es such that  

ψψ EsH =)(' . (3.56)

If we multiply left and right sides of (3.56) by rm
n

x −=
2

, we get the following: 

.])1([

,

)1(

,]1[][)1(

22222

2

22222

222222

ψψψ

ψ

ψψψ

ψψψ

rmEmmrmsrmrss

rmE

mmrmsrmsrmrs

rmEmmrmsSrms

n

x

n

z

n

z

n

x

n

x

n

x

n

z

n

z

n

x

n

x

n

x

n

x

n

z

n

z

n

xx

nn

x

−====−=−−=−+

−==

===−=−−=+−=−

−====−−=+−−=−

 

 

Let λ)1( ssE −+= . Then, the above transforms to the following: 

.
11

,))(1(

,])1([])1([

2222

2222

22222

ψ
λ

ψ

ψψλ

ψλψψ

n

z

n

z

n

x

n

x

n

z

n

z

n

x

n

x

n

x

n

z

n

z

n

x

n

x

mmrm
r

rm
s

s

mmrmsrmrs

rmssmmrmsrmrss

==−=
−

=−=
−

==−==−=−−

−=−+===−=−−=−+
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Multiply the last equation by rmm
n

x

n

z −==
22

: 

ψ
λ

ψ

22222

222

1

1

n

z

n

z

n

x

n

x

n

z

n

x

n

x

n

z

mmrmrmm
r

rmrmm
s

s

==−=−==
−

=

=−=−==
−

 

and sum over r: 

∑
=

−==
−

=
− n

r

P

n

x

n

z

r

rmm
rs

s

0

2

22

11

444 3444 21λ
, 

(3.57)

where 









=
















==








=−===

−

=++

−

∑
r

n

r

n

r

n
xxz

r

n
rmmP

nn
rxx

n

n

x

n

zr

n
2

1

2

1
..0

2

2/

2/12

...
1

2/1
2

22
1

 

(because each 








±
=

1

1

2

1
jx  and 

2

1
0 =jx ). So, the eigenvalue equation (3.57) can 

be written as:  

∑
= −








=

− n

r
n

rr

n

s

s

0

1

2

11

λ
, 

(3.58)

and its power is (n+1). 

 

Take *ss =  such that ∑
=

=
− n

r

r

r

P

s

s

1*

*1
. At *ss =  the eigenvalue equation (3.58) 

becomes: 

∑∑∑∑
==== −

=−
−

=⇒
−

=
n

r

rr
n

r

r
n

r

r
n

r

r

rr

P

r

P

r

PP

r

P

r

P

11

0

01 )(
][

λ

λ

λλλ
. 

(3.59)

 

Note that n
P

−= 20 . Let u
n 2/2−=λ : 

∑∑
==

−
≈

−
=

n

r

r
n

r
n

r

r

uP

urr

uP

u 1
2

1
2/ )2(

1
, 

∑
=

≈
n

r

r

r

P

u 1
22

1
, 

∑
=

−−− ±≈=
n

r

rnn

r

P
u

1

2/1

2

2/2/ )(22λ  
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∑
=

−−−≈−=
n

r

rn

r

P
sEEg

1

2/1

2

2/
01min )(2*)1(2 . 

Note that )
1

(
2

2
1 n

O
nr

Pn

r

r +=∑
=

 and )
1

(
4

32
1

2
n

O
nr

Pn

r

r +=∑
=

. Finally, 2/
min 22 n

g
−⋅≈ . This 

means that the required time for finding the satisfying assignment grows like n2  and 

quantum adiabatic evolution is not exponentially better than the classical algorithm which 

checks all n2  variable assignments. 

 

Example 3.10 Quantum adiabatic algorithm for “bush of implications” [3]: Consider 

the following Boolean formula:  

)(...)()( 020100 nzzzzzzz →∧∧→∧→∧ , (3.60)

i.e. we have n 2-bit imply clauses, each of them is satisfied by bit values 00, 01, 11 but not 

10, and one 1-bit clause which is satisfied if and only if 10 =z . Therefore there is the 

unique satisfying assignment 1,...,1,1,1 210 ==== nzzzz . 

 

According to general example 3.1, a final Hamiltonian is a sum of final Hamiltonians 

for each clause:  

)1(
2

1
: )0(

00
0

z

C

finalHzC σ+== , 

)1)(1(
4

1
:},..,1{, )()0(

0
j

zz

C

finaljj
jHnjzzC σσ +−=∈→= , 

∑ +−++= )1)(1(
4

1
)1(

2

1 )()0()0( j

zzzfinalH σσσ . 
(3.61)

 

Similarly, an initial Hamiltonian is a sum of initial Hamiltonians for each clause. 

Note that bit 0z  is involved in (n+1) clauses.  

∑
=

−+−+=
n

j

j

xxinit nH
1

)()0( )1(
2

1
)1(

2

1
)1( σσ . 

(3.62)

Therefore, the time-dependent Hamiltonian is: 

)]
2

)(1(
2

1
)1(

2

1
[]

2
)1(

2

1
)[1(

)1()(

)0()0()0(
zzzxx

finalinit

S
n

sS
nn

s

sHHssH

+−+++−+−
+

−=

=+−=

σσσ
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States that are symmetrized in the bits 1 to n are eigenvectors of Sx or Sz (take zm s) 

therefore H(s) acts different for different zm s and acts the same for states which are 

equivalent, up to a bit permutation. Adding 0z  gives us states like zmz0 , thus we can 

work in 2(n+1) dimensional space. The matrix of H(s) in this space has elements 

( ) ( )zz mzsHmz 00 )('' . 

Let us calculate matrix element of Sx in zm  basis: 

∑
−=++

−

















−
=

zn m
n

zz

n

z

z zz
m

n

n

m

2
...

1

2/1

1

...

2

; 

















−−++








−−+=

==

−+

=

∑

1,'
2

1,'

2

1

)(

'')1
2

(
2

)1
2

(
22

1

'
2

1
'

zzzz mmzzmmzz

n

j

z

j

xzzxz

mm
nn

mm
nn

mmmSm

δδ

σ

 

In [3] eigenvalues of matrix H(s) were found numerically for different n in the range from 

20 to 120, which then were plotted and it was seen that the spectral gap is not small and is 

of the order 
8

3
,~min ≈−

png
p . 

 

Example 3.11 Quantum adiabatic algorithm for “overconstrained 2-SAT” [3]: 

Suppose we have an n-bit Boolean formula consisting of 








2

n
 2-bit clauses, each of which 

is either agree or disagree clause. Under the unitary transformation K defined as follows: 

nn zzzzzzK '...''... 2121 = , where 







=

=

=
0,

1,
'

j
wif

j
z

j
wif

j
z

z j , 

(3.63)

all clauses become agree clauses, and we can analyze our problem for the final clause 

∑
<

=
kj

jk

agreefinal HH . 

 

Time-dependent Hamiltonian is: 
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]
4

[]
2

)[1)(1(

)1(
2

1
)

)(
1(

2

1
)1)(1()(

2

)()(

1

zzx

kj

k

z

j

z

n

j

SS
n

sS
n

ns

s
j

x
nssH

−+−−−=

=−+−−−= ∑∑
<=

σσσ

. 

(3.64)

 

Here we again consider only symmetrized states zm  (see Example 3.10). Moreover, 

we note that Hamiltonian is invariant under the operation of negating all bits in z basis, and 

in particular, final Hamiltonian has two ground states 
2

n
mz =  (all bits are 0) and 

2

n
mz −=  (all bits are 1) which are clearly invariant. So, restricting attention only to those 

states, eigenvalues of (n+1) dimensional matrix can be found numerically and plotted. In 

[3] it is done for different n and is observed that 7,0,~min ≈−
png

p . 

 

Remember that evolution time for an adiabatic algorithm is 
min

2
g

T
ε

≥ , where ε  is of 

order a typical eigenvalue of H. We showed that for overconstrained 2SAT 

7.0,min ≈≈ png
p . Also, maximum eigenvalues for initH and finalH are of order 2

n , so time 

required is 122
nn

p >− . 

 

Example 3.12 Adiabatic quantum algorithm for DOUBLE-SAT problem: DOUBLE-

SAT is an NP-complete problem and is defined as follows [16]: 

{ } sassignment satisfying least twoat  has  φφ=− SATDOUBLE  (3.65)

Suppose we have a Boolean formula. In order to learn whether this formula has at least two 

satisfying assignments, we apply the following algorithm: 

 

1. Convert this formula to 3CNF. 

2. Apply Adiabatic Quantum Algorithm for 3SAT, measure the final state. 

If there is more that one satisfying assignment, we have an equal probability to 

measure each of existing satisfying assignments. 

3. Repeat step (2) m times. 



 44 

If there are k ( 2≥k ) satisfying assignments, then, during step (3) the probability 

not to measure two (or more) different final states is mmk 2

11
≤ . By choosing 

sufficient m, that probability can be decreased to a desired small value. 

4. If, during the step 3, only one final state was observed, then (up to chosen 

probability) the given Boolean formula has a unique satisfying assignment. 

Otherwise, it has at least two satisfying assignments. 

 

Example 3.13 Adiabatic quantum algorithm for SAT≠ problem: SAT≠  is a set of 

3CNF Boolean formulas which have ≠  assignment [16] (assignment without assigning 

three true literals in any clause). SAT≠  is NP-Complete. Adiabatic quantum algorithm for 

this problem can be proposed as follows. 

 

Initial Hamiltonian initH  is the Hamiltonian from Example 3.1 with easy to prepare 

ground state. Final Hamiltonian is defined through the energy function. For each C the 

energy function is defined as follows: 







−≠

−≠
=

Czzz

Czzz
zzzh

CCC

CCC

CCC

kji

kji

kjiC  clausefor  assignmentan not  is ),( if ,1

 clausefor  assignmentan  is ),( if ,0
),( .  

(3.66)

The total energy function is ∑=
C

Chh , which is clearly nonnegative and equal to zero if 

and only if ),...,,( 21 nzzz is ≠  assignment of the whole Boolean formula. 

 

We turn our energy function to a quantum operator which acts on those basis vectors 

as follows: 

- for each clause C: nkjiCnCfinal zzzzzzhzzzH
CCC

...),,()...( 2121, = ; 

- for all clauses the consolidated Hamiltonian is ∑=
C

Cfinalfinal HH , . 

 

To construct H(t) we use linear interpolation )()/()0()/1()( THTtHTttH +−= . 

Taking Tts /=  we obtain the following: 

∑ +−=+−=
C

CfinalCinitfinalinit sHHssHHssH ))1(()1()( ,, ,  (3.67)

i.e. explicit form of H(t) as a sum of Hamiltonians associated with individual clauses. 
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4.  ADIABATIC QUANTUM COMPUTATION AND CLASSICAL 

QUANTUM CIRCUITS 

 

 

4.1.  Simulation of the Adiabatic Quantum Algorithm by a Quantum Circuit 

 

The adiabatic quantum algorithm can be recast within the conventional quantum 

computing paradigm [3]. Schrödinger’s equation, which describes the time evolution of the 

state of the quantum system, is: 

)()(
)(

ttH
dt

td
i ψ

ψ
= . 

If  )(),()( 00 tttUt ψψ = , where U(t,t0) is a unitary operator, then Schrödinger’s equation 

can be rewritten for the unitary time evolution operator U: 

),()(),( 00 ttUtHttU
dt

d
i = .  

(4.1)

U(t,t0) is called a unitary transformation induced by the Hamiltonian H(t). Then 

)0()0,()( ψψ TUT = ; 

.)0()0,()...2,(),(

...)2()2,(),()(),()(

ψ

ψψψ

∆∆−∆−∆−=

==∆−∆−∆−∆−=∆−∆−=

UTTUTTU

TTTUTTUTTTUT
 

So, the unitary operator U(T,0) can be written as a product of M factors: 

)0,()...2,(),()0,( ∆∆−∆−∆−= UTTUTTUTU , (4.2)

where MT /=∆ . 

 

If in a time interval [ ]∆+∆ )1(, ll  for all [ ]∆+∆∈ )1(,, 21 lltt the following is fulfilled: 

M
tHtH

1
)()( 21 <<∆−∆ , 

(4.3)

then we can consider H as a constant in a time interval [ ]∆+∆ )1(, ll   and we can use the 

solution of the time-independent Schrödinger equation at [ ]∆+∆ )1(, ll  as an approximation 

of the unitary time evolution operator:  

)(),)1(( ∆∆−≈∆∆+ lHi
ellU . (4.4)
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Remember that finalinit H
T

t
H

T

t
tH +−= )1()( . Then, 

,
1

)1()1()()(

2112

2211
21

M
HH

M

H
T

H
T

H
T

tt
H

T

tt

H
T

t
H

T

t
H

T

t
H

T

t
tHtH

finalinit

finalinitfinalinit

finalinitfinalinit

<<−
∆

=

=






 ∆
−

∆
∆<







 −
+

−
∆=

=







−−−+−∆=∆−∆

(4.5)

if  

1<<−∆ finalinit HH . (4.6)

Since )(npolyHH finalinit =− , the number of factors  

)(/ npolyTTM ×=∆= . (4.7)

 

Each term in a product representation of U can be approximated in the same way. 

Taking into consideration that 

finalinitfinalinit vHuHH
T

l
H

T

l
lH +=

∆
+

∆
−=∆ )1()( , 

(4.8)

we apply the Trotter formula: 

KKvHiKuHilHi finalinit eee )(
//)( ∆−∆−∆∆− ≈ , (4.8)

requiring 

( ) )(*1
2

npolyTHHMK finalinit =∆+∆+>> . (4.9)

 

Remember that Hinit is a sum of n commuting one-bit operators, so 
KuHi inite

/∆−
can 

be written exactly as a product of n one-qubit unitary operators (because if AB=BA then A 

and B are simultaneously diagonalizable and BABA
eee =+ ). Similarly, Hfinal is a sum of 

commuting operators and therefore can be written exactly as a product of poly(n) unitary 

operators, each of which acts only on the qubits involved in the clause. 

 

Finally, U can be approximated as a product of )()(2 2
npolyTnpolyKM =××  

unitary operators each of which acts on a few qubits. 
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4.2.  Adiabatic Quantum Algorithm for a Quantum Circuit 

 

Given an arbitrary quantum circuit it is possible to design an adiabatic computation 

whose output is the same as that of the quantum circuit [4]. 

 

W.l.o.g assume that the quantum circuit consists on n qubits, and all of them are 

initialized to 0  (otherwise, we can add at most n flip-gates to get the desired input). 

Assume also that the circuit is a sequence of L unitary gates LUU ,...,1 , each of which acts 

on two qubits only. This sequence of gates is applied to the initial state
n⊗

0 , and the state 

of n qubits after application of l gates is denoted by )(lα . Therefore, the final state of the 

system is )(Lα . 

 

Under these conditions we would like to design an adiabatic quantum algorithm. We 

have to decide on the initial and final Hamiltonians. 

 

Final Hamiltonian. We cannot define the final Hamiltonian so that its ground state is 

)(Lα , since this state is the output of the quantum circuit which is not known and thus it 

is impossible to explicitly specify such a Hamiltonian.  

 

Another possibility for the ground state of the final Hamiltonian is such a state that 

has a non-negligible inner product with )(Lα  [4].  

 

Consider the history state – a state that includes the entire history of the quantum 

computation by the quantum circuit, in superposition: 

 

∑
=

−⊗
+

=
L

ol

c
lLl

l
L

01)(
1

1
αη . 

(4.10)

The right L qubit register (with the superscript c) serves as a clock that counts steps, 

starting from all 0 ’s and adding 1s from left to right after each application of the unitary 

gate. The best thing about the clock is that it enables a local verification of correct 
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propagation of the computation by quantum circuit from one step (gate) to another, which, 

clearly, cannot be done without including all intermediate computational steps. 

 

Denote  

c
lLl

l l
−⊗= 01)(αγ , (4.11)

then the history state’s definition gets shorter:  

∑
=+

=
L

ol

l
L

γη
1

1
. 

(4.12)

 

We would like to define a local Hamiltonian finalH  with the ground state η . To do 

this, we write finalH  as a sum of terms: 

clockinput

L

l

lfinal HHHH ++= ∑
=12

1
. 

(4.13)

The terms in finalH  are defined such that the only state whose energy (i.e. eigenvalue) is 0 

is the desired ground state. This is done by assigning an energy penalty to any other state 

that does not satisfy the required properties of the ground state. 

 

clockH  checks that the clock’s state is of the form lLl −01  for some Ll ≤≤0 . This is 

achieved by assigning an energy penalty to any basis state on the clock qubits that contains 

the sequence 01 : 

∑
−

=
+

=
1

1
1,

0101
L

l

c

llclockH . 
(4.14)

Subscript indicates which clock qubits the projection operates on. Note that illegal clock 

states are eigenvectors of clockH with eigenvalue at least 1, and legal clock states have 

eigenvalue 0. 

 

inputH  checks that if the clock is 
c

L0 , the computation qubits must be in the state 

n0 : 

∑
=

⊗=
n

i

c

iinputH
1

1
0011 . 

(4.15)
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Again, note that any state which has the clock in the initial state 
c

L0 , is the eigenvector 

of the inputH with the eigenvalue at least 1, unless the computation qubits are in state n0 , 

which in this case is the ground state with the eigenvalue 0. 

 

We now proceed to the first term of the finalH . Each Hamiltonian 
lH checks that the 

propagation from step 1−l  to l  is correct and corresponds to the application of the 

gate lU . For Ll <<1 , it is defined as  

.110110110100

100110100100

1,,11,,1

1,,11,,1

c

lll

c

llll

c

llll

c

llll

IU

UIH

+−+−

⊥

+−+−

⊗+⊗−

−⊗−⊗=
 

(4.16)

 

Three-qubit clock terms move the clock state one step forward, one step backward or 

leave unchanged, and the corresponding matrices ⊥
ll UU ,  describe the associated time 

evolution. 

 

Due to the unitary transformations regarding the clock qubits state, the Hamiltonian 

lH  acts non-trivially only on intermediate computation states 1−lγ  and lγ . Since  

c

llll l
1,,11 100)1(

+−− ⊗−= αγ  and 
c

llll l
1,,1

110)(
+−

⊗= αγ , (4.17)

)1()( −= lUl l αα  and )()1( lUl l αα ⊥=− , (4.18)

we have 

ll

c

lllllll lUH γγαγγ −=+−⊗−−= −+−−− 11,,111 00100100110)1( , (4.19)

lll

c

llllll lUH γγγαγ +−=+⊗−−= −+−

⊥
11,,1

110110100)(00 . (4.20)

For the boundary cases Ll ,1=  

cccc
IUUIH

2,12,112,112,11 1010100000010000 ⊗+⊗−⊗−⊗= ⊥ (4.21)

c

LL

c

LLL

c

LLL

c

LLL IUUIH
,1,1,1,1

1111111010111010
−−

⊥

−−
⊗+⊗−⊗−⊗= (4.22)

 

It is easy to check that η  is the ground state of the finalH : 
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∑∑
==

++=







++=

L

l

linputclock

L

l

linputclockfinal HHHHHHH
11 2

1

2

1
ηηηηη . 

0
1

1

0

=
+

= ∑
=

L

l

lclockclock H
L

H γη , 

since each lγ contains the legal clock state thus isn’t penalized.  

0
1

1

0

=
+

= ∑
=

L

l

linitinit H
L

H γη , 

since the only lγ  which correspond to clock state
c

L0 is 
c

Ln 000 ⊗=γ and thus 

isn’t penalized either. 

( )

( ) 0
12

1

12

1

1

1

2

1

2

1

1
11

1
1

1 ..01

=+−−
+

=

=+
+

=








+
=

∑

∑∑ ∑∑

=

−−

=
−

= ==

L

l

llll

L

l

llll

L

l Ll

ll

L

l

l

L

HH
LL

HH

γγγγ

γγγη

 

Finally, 0=ηfinalH . 

 

Initial Hamiltonian. Having in mind all the above, we would like to define a local 

Hamiltonian initH with the ground state 
c

Ln 000 ⊗=γ : 

clockinputclockinitinit HHHH ++= . (4.23)

inputH is responsible for the desired input, clockH is responsible for the correctness of the 

clock qubits state.  

c

clockinitH
1

11= , (4.24)

i.e. penalizes states whose first clock qubit is 1. 

 

Summarizing the effects of the three terms in 
initH , the initial Hamiltonian has the 

ground state 
c

Ln 000 ⊗=γ corresponding to the 0 eigenvalue: 

00000000 =++=++= γγγγ clockinputclockinitinit HHHH . 

 

Time-dependent Hamiltonian. The time-dependent Hamiltonian is constructed from 

initH  and finalH  by linear interpolation: 
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finalinit sHHssH +−= )1()( , where 
T

t
s = . 

 

Analysis of the spectral gap of the time-dependent Hamiltonian. First of all, it is 

sensible to consider only states from the subspace 0S , which is spanned by Lγγ ,...,0  [4].  

 

Note that 0S  is invariant under )(sH . To check this, take an arbitrary linear 

combination of states from 0S , ∑
=

L

l

llc
0

γ : 

∑∑

∑∑∑∑

==

====

−+=

=−+==

L

l

ll

L

l

ll

L

l

lfinall

L

l

linitl

L

l

ll

L

l

ll

bsas

HcsHcssHccsH

00

0000

)1(

)1()()(

γγ

γγγγ

 

since terms in initH  and finalH  have lγ ’s either as eigenvectors (Hamiltonians 

inputH , clockH , clockinitH ) or transfer lγ ’s  to the linear combination of lγ ’s (Hamiltonians 

lH ). 

 

Since we assume that our initial state is 00 S∈γ  and 00)( SSsH ⊆ , then all possible 

states during the evolution are within 0S and it is sufficient to bound the spectral gap of 

)(sH in the subspace 0S . In the analysis below )(sH  means the restriction of )(sH to 0S . 

 

Let us take Lγγ ,...,0 as a basis of 0S and write initH and finalH  in this basis. Initial 

Hamiltonian is 














=

100

010

000

K

MOMM

L

K

initH , 

and its spectral gap is, obviously, equal to 1. Final Hamiltonian is 
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





















=

=−+−+

++−−=

−

−−

−−

−−

−−

−

−

=

+−

−

∑

2

1

2

1
2

1

2

1
2

1

2

1

2

1

2

1
2

1

2

1
2

1

2

1

00

10

010

010

01

00

1

1
12

1
12

1

2

1
12

1
102

1
002

1

)(

K

O

M

OOOOO

M

O

K

L

l

llllll

LLLLfinalH

γγγγγγ

γγγγγγγγ

 

Our task is to lower bound the spectral gap ming  of the Hamiltonian 

finalinit sHHssH +−= )1()( . In the analysis below we consider two cases, 3/1<s  and 

3/1≥s . 

 

Case 1: 
3

1
<<<<s . )(sH is sufficiently close to initH , whose spectral gap is 1. We can 

use the following lemma: 

 

Lemma 4.1 Gerschgorin’s Circle Theorem [4]: Let A be any matrix with entries ija . 

Consider the discs iD in the complex plane given by 

niaazzD
ij

ijiii ≤≤








≤−= ∑
≠

1 , . 

Then the eigenvalues of A are contained in iD∪  and any connected component of 

iD∪ contains as many eigenvalues of A as the number of discs that form this component. 

 

For 3/1<s , 

( ) 6/12/1*0*)1(1,1 <+−= sssH  

and 

6/12/1*0*)1()(
1

,1 <−−=∑
≠

sssH
j

j . 

Therefore, according to the Theorem above, there is one eigenvalue in 

{ } { }3/10 6/16/1 )()( 
1

,11,11 <<=<−⊂








≤−= ∑
≠

zzzzsHsHzzD
j

j , 

i.e. there is one eigenvalue smaller than 1/3. 
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Moreover, for any 1≠i ,  

6/56/13/22/1*1*)1()( , =+>+−≥ sssH ii  

and  

6/12/1*0*)1()( , <−−≤∑
≠ij

ji sssH . 

Therefore, for any 1≠i ,  

{ } { }13/2 6/16/5 )()( ,, <<=<−⊂








≤−= ∑
≠

zzzzsHsHzzD
ij

jiiii , 

i.e. all other eigenvalues are larger than 2/3. Hence, the spectral gap is at least 1/3. 

 

Case 2: 
3

1
≥≥≥≥s . We note that )(sH final  is the Laplacian of the simple random walk [4] 

(i.e. matrix of the form MI −=Λ , where M is stochastic symmetric matrix related to the 

particular Markov process) of a particle on a line of length L+1. A standard result in 

Markov chain theory implies that the spectral gap of )(sH final  is )/1( 2LΩ . For 3/1≥s , 

H(s) is sufficiently close to )(sH final  to apply Markov chain techniques, as follows. 

 

Let †
0 ),...,( Lαα be the ground state of H(s) with eigenvalue λ . Define the Hermitian 

matrix )()( sHIsG −= . It is easy to see that G(s) satisfies the condition of the following 

fact for all s>0. 

 

Fact 4.2 [4] Let G be a Hermitian matrix with real non-negative entries. If there 

exists a finite k such that all entries of k
G are positive, then G’s largest eigenvalue is 

positive, and all other eigenvalues are strictly smaller in absolute value. Moreover, the 

corresponding eigenvector is unique, and all its entries are positive. 

 

We obtain that the largest eigenvalue λµ −= 1  of G(s) is positive and non-

degenerate and the corresponding eigenvector †
0 ),...,( Lαα  has positive entries. We can 

now map the matrix G(s) to a stochastic matrix P(s) as follows: 
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ij

i

j

ij GP
µα

α
= . 

(4.25)

.  

The matrix P is well defined and is stochastic because all its entries are non-negative 

and each of its rows sums up to one:  

1===

∑
∑

i

i

i

j

ijj

j

ij

G

P
µα

µα

µα

α

. 

The transition matrix P(s) describes a random walk on the line of L+1 sites. We make use 

of the following fact: 

 

Fact 4.3 [4] The vector ),...,( 0 Lvv is an eigenvector of G with eigenvalue δ if and 

only if ),...,( 00 LLvv αα is a left eigenvector of P with eigenvalue µδ / . 

 

Proof of Fact 4.3 ⇒  Let ),...,(),...,( 00 LL vvvvG δ= . Check the conclusion of the 

fact. 

,...),(),...,(
1

1
1

000 ∑∑
==

=
L

i

iii

L

i

iiiLL PvPvPvv αααα  

jjj

j
L

i

iji

j
L

i

ij

j

i

L

i

ij

i

j

ii

L

i

ijii vvGvGvGvPv α
µ

δ
δ

µ

α

µ

α

µ

α

µα

α
αα ===== ∑∑∑∑

====

*
1111

 

Therefore, ),...,(),...,( 0000 LLLL vvPvv αα
µ

δ
αα = . 

⇐  Let ),...,(),...,( 0000 LLLL vvPvv αα
µ

δ
αα = . Following the same sequence of 

equivalences as above, we get: 

∑∑∑
===

===
L

i

iji

j
L

i

ij

i

j

ii

L

i

ijiijj GvGvPvv
111 µ

α

µα

α
ααα

µ

δ
, 

and therefore 

).,...,(),...,(),...,(

 ,

0
11

10

1

L

L

i

iLi

L

i

iiL

j

L

i

iji

vvGvGvvvG

vGv

δ

δ

==

=

∑∑

∑

==

=  
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Since we have taken )()( sHIsG −= , which has the largest eigenvector †
0 ),...,( Lαα  

with eigenvalue λµ −= 1 , and this eigenvector is at the same time the ground state of H(s) 

with eigenvalue λ , then, according to the statements above, the matrix P has the left 

eigenvector †22
0 ),...,( Lαα with eigenvalue 1

1

1
=

−

−

λ

λ
. Therefore, the limiting distribution of 

the stochastic matrix P is ),...,(
1 22

02 L

i

αα
α

π
∑

= .  

 

It is useful to note the relation between the spectral gap of H(s) and eigenvalues of 

P(s). If 01min EEg −= , where 10 , EE  are the lowest and the second lowest eigenvalues of 

H(s) (using the above notation λ=0E ), then the difference between the largest and second 

largest eigenvalues of G(s) is min0110 )1()1( gEEEE =−=−−− , and the difference 

between the largest and second largest eigenvalues of P(s) is 
λλλ −

=
−

−
−

−

−

11

1

1

1 min10 gEE
. 

 

We bound the eigenvalue gap of P(s) using the conductance bound (for details, check 

Section 2.1). The following claim has as corollary the monotonicity ofπ .  

 

Claim 4.4 [4] For all 10 ≤≤ s the ground state of H(s) is monotone, namely 

0...10 ≥≥≥≥ Lααα . 

 

Proof of Claim 4.4 The case s=0 is obvious. Assume that s>0. We first claim that the 

ground state †
0 ),...,( Lαα can be written in the following form: 

†

0

†
0 )1,...,1()/)((lim

1
),...,( l

l
L sG

с
µαα

∞→
= , 

(4.26)

 

where 0c is some positive constant. To see this, let Lvvv ,...,, 10  be an orthonormal set 

of eigenvectors of G(s), with corresponding eigenvalues Lµµµ ≥≥≥ ...10 . By fact 4.2, the 

largest eigenvalue of G(s) corresponds to the unique eigenvector, and hence we have 

†
00 ),...,( Lv αα= and µµ =0 . 
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The set of eigenvectors iv  forms an orthonormal basis, and we can write †)1,...,1( in 

terms of this basis: 

∑=
i

ii vc
†)1,...,1( . 

Now we have that: 

∑∑∑∑ 







====

i

i

l

l

i

i

i

i

l

il

i

i

i

l

l

i

i

ii

ll
vcv

c
vsG

c
vcsGsG

µ

µ
µ

µµ
µµ )()/)(()1,...,1()/)(( †  

By fact 4.2, we have µµ <i  for all 0≠i , and 0>µ . We thus have that  

.),...,(

limlim)1,...,1()/)((lim

†
0000

0
00

†

L

i

i

l

l

i

i
l

i

i

l

l

i

i
l

l

l

cvc

vcvcvcsG

αα

µ

µ

µ

µ
µ

==

=






















+=








= ∑∑

>
∞→∞→∞→  

 

It is easy to check that G(s) preserves monotonicity, namely, if G(s) is applied to a 

monotone vector, the result is a monotone vector. Hence, when µ/)(sG  is applied to a 

monotone vector †)1,...,1( , the result is a monotone vector. Thus, 00 vс is monotone. 

Finally, we observe that 00 )1,...,1( vc ⋅=   - the inner product of two vectors, entries of 

0v  are all positive (by fact 4.2), therefore 00 >c . This implies that †
00 ),...,( Lv αα= is 

monotone, as desired. 

 

Corollary 4.5 [4] The limiting distribution of P(s), ),...,(
1 22

02 L

i

αα
α

π
∑

= , is 

monotone.  

 

Proof of Corollary 4.5 Follows immediately from the monotonicity of †
0 ),...,( Lαα . 

 

Recall that the conductance of P is defined by 
)(

)(
min)(

B

BF
P

B π
ϕ = . 

 

Claim 4.6 [4] For all 13/1 ≤≤ s , 
L

sP
6

1
))(( ≥ϕ . 
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Proof of Claim 4.6 We show that for any nonempty subset { }LB ,...,0⊆ , 

LB

BF

6

1

)(

)(
≥

π
. We consider two cases. 

 

Case 1. First, assume that B∈0 . Let k be the smallest such that Bk ∈ but Bk ∉+1 . 

Then,  

1,
1

1,
1

1,
1

1,
,

)(
1

)(
1

)()()(
11

+
+

+
+

+
+

=

=

+
∉∈ −

≥
−

=⋅=≥=
++

∑ kk
k

kk

kk

kk

k

k

kkkk

BjBi

iji

def

sGsGsGsPPBF
kk

kk

λ

π

λ

ππ

πµ

π
πππ

πα

πα

 

where the last inequality follows from the monotonicity of π . Using the definition of G 

and the assumption that 3/1≥s  we get that 

( ) ( )( ) 6/1)
2

1
(0)1(0)()(

1,1,1,1,1, ≥







−+−=+−−=−=

+++++ sHsHssHIsG
kkfinalkkinitkkkkkk . 

 

We also have 110 ≤−< λ , where the second inequality follows from the fact that 

H(s) is positive semidefinite, and the first follows from 0>µ which is previously deduced 

from the fact 4.2. Hence,  

)(6)(

)( 1

BB

BF k

π

π

π
+≥ . 

 

By 2/1)( ≤Bπ  we have { }( ) 2/1,...,1 ≥+ Lkπ . Together with { }( ) 1,...,1 +≤+ kLLk ππ  

we obtain ( )Lk 2/11 ≥+π . This yields the desired bound 
LB

BF

6

1

)(

)(
≥

π
. 

 

Case 2. Now assume that B∉0  and let k be the smallest such that Bk ∉  and 

Bk ∈+1 . It is easy to see that  

kkkkkk sPsP ,111, )()( +++ = ππ  

since 

1,
1

1,
1

1, )(
1

)()( +
+

+
+

+
−

=⋅= kk

kk

kk

k

k

kkkk sGsGsP
λ

ππ

πµ

π
ππ  

and 
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kk

kk

kk

k

k

kkkk sGsGsP ,1
1

,1

1

1,11 )(
1

)()( +
+

+

+

+++
−

=⋅=
λ

ππ

πµ

π
ππ  

and G(s) is Hermitian.  

 

Hence, using the same arguments as before we can see that in this case 

)(6)(

)( 1

BB

BF k

π

π

π
+≥  also takes place. Since { }LkB ,...,1+⊆ , we have { }( ) )(,...,1 BLk ππ ≥+ . 

Hence, LBk /)(1 ππ ≥+ . Again, this yields the bound 
LB

BF

6

1

)(

)(
≥

π
.  

 

By theorem 2.1, the eigenvalue gap of P is: 

2

22

2

72

1

6

1

2

1

)(

)(
min

2

1
)(

2

1

LLB

BF
PP

B
=








⋅≥








=≥

π
ϕ . 

Recalling the relation between spectral gap of H(s) and the eigenvalue gap of P(s), 

2min
72

1
)1(

L
g λ−≥ . 

Finally, we notice that 
2

1

2
)( 00 ≤=≤

s
sH γγλ , and thus 

2min
144

1

L
g ≥ . 

We conclude that the spectral gap of the time-dependent Hamiltonian H(s) (precisely, H(s) 

restricted to 0S ), which describes the adiabatic quantum algorithm corresponding to the 

quantum circuit, is the inverse polynomial in terms of L – number of quantum gates. 

 

4.3.  Converting Quantum Circuit to Quantum Adiabatic Algorithm 

 

Using the technique presented in Section 4.2, let us apply it to a simplest case. 

Consider a two-qubit, one-gate circuit: 

 

 CNOT: 1  1          

              0  1  

 














=

0100

1000

0010

0001

U
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Recall that clockinputclockinitinit HHHH ++=  and 
clockinput

L

l

lfinal HHHH ++= ∑
=12

1
, 

where L is the number of gates, and 

∑∑
==

+
⊗===

n

i

c

iinput

L

l

c

llclock

c

clockinit HHH
1

1
1

1,1
0011,0101,11  

c

lll

c

llll

c

llll

c

llll IUUIH
1,,11,,11,,11,,1

110110110100100110100100
+−+−

+

+−+−
⊗+⊗−⊗−⊗=

 

In our case L=1, thus we need only 1 clock qubit. Therefore, there is no need in 

clockH term. Also, although inputH refers to the case when input is 0 , we can make it 

correct for our particular input 10 : 
c

inputH 00)111101010000( ⊗++= . 

Other terms are:  

c

clockinitH 11= ,  

cc

l

cc
IUUIH 111001001 ⊗+⊗−⊗−⊗= + . 

Explicitly, 























=

1

1

1

0

1

1

1

1

initH . 























=























+























=+=

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

−

11

31

11

11

11

13

11

13

0

1

0

0

0

1

0

1

11

11

11

11

11

11

11

11

1 2

1

2

1

2

1
inputfinal HHH

 

It is obvious that the ground state of initH is 
c

010 ⊗ . The ground state of finalH  

has to be a history state, i.e. ( )cc
111010

2

1
⊗+⊗=η . To check it, we do the 

following: 

( ) 01)1(11
22

1
=+−+−=ηfinalH . 
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4.4.  Speedup by a Factor 

 

As we have seen above, the correctness of the adiabatic quantum algorithm depends 

on the size of the spectral gap of the Hamiltonian: the larger it is the faster algorithm is. 

Therefore, one might be interested in how this spectral gap can be enlarged. 

 

One such technique was mentioned in Section 3.3.2, suggesting to use different paths 

like (3.12) to avoid regions where the gap is too small. 

 

Another idea, a more intuitive one, is to multiply the Hamiltonian by a factor, thus 

increasing the spectral gap by that factor. The following explains our idea in more detail. 

 

Suppose we have the initial Hamiltonian Hinit that is easy to construct, and the final 

Hamiltonian Hfinal, whose ground state we are aimed to find. We construct the time-

dependent Hamiltonian using linear interpolation: 

finalinit HssHsH )1()( −+= , where 
T

t
s = . 

T is the running time of the experiment and is determined by the spectral gap ming  of the 

)(sH :  









= ′

2
min

)(

g

sH
OT . 

 

If we multiply )(sH by some constant c, then we will have an experiment with the 

initial Hamiltonian cHinit and final Hamiltonian cHfinal: 

( ) ( )
finalinit cHscHsscHsH )1()()(

~
−+== . 

Note that the eigenstates of )(
~

sH and )(sH  are the same: 

- if )()()( sssH λϕϕ = then )(
~

)()()()()(
~

sscsscHssH ϕλϕλϕϕ ===  and  

- if )(
~

)()(
~

sssH ϕλϕ = then )()()()(
~

)()()()(
~ ~

sssHssscHssH
c
ϕϕϕλϕϕ λ=⇒== . 

Therefore the ground states are the same. But, as it can be seen from the equations above, 

the eigenvalues differ by the factor c. Therefore, the spectral gap min
~g of )()(

~
scHsH = will 

be c times that of )(sH . Plugging )(
~

sH  and min
~g  to the equation for the time of the 
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experiment we end up with cTT /
~

= . Therefore, the evolution of the system with the 

Hamiltonian )()()(
~

T

t
cHscHsH ==  will end up with the same result (the same ground 

state) but requiring time which is c times shorter. 

 

So, by multiplying any Hamiltonian by a constant we may increase the spectral gap, 

thus decreasing the running time of the experiment. 

 

Will this technique give any advantages when simulating the new “fast” system? 

 

As it was explained in Section 4.1, simulation of the quantum system with the time-

dependent Hamiltonian is performed by approximating the unitary transformation induced 

by that Hamiltonian by a polynomial (in terms of the size of the input) number of quantum 

gates - unitary transformations - each of which acts on a few qubits [3]. Each of such 

“small” unitary transformations in fact corresponds to a certain time slice of the overall 

evolution of the system. If the number of time slices (and therefore the number of quantum 

gates is) is M, and the evolution time is T, then the duration of each time slice is 

MT /=∆ . The approximation will simulate time evolution if ∆  satisfies (4.6):  

1<<−∆ finalinit HH . 

Therefore, the size of the time interval ∆ is in inverse dependence to the “distance” 

between initial and final Hamiltonians of the adiabatic quantum algorithm. In the “fast” 

system, the “distance” between the initial and final Hamiltonians is c times bigger: 

finalinitfinalinitfinalinit HHccHcHHH −=−=−
~~

, and it follows that size of the time 

interval ∆
~

, which is necessary to define for the simulation of the “fast” system, has to be c 

times shorter: c/
~

∆=∆ . 

 

Now we can calculate number of simulation steps of the “fast” system: 

MTTM
cc

T =∆==∆= ∆ //
~

/
~~

. 

We conclude that since the same number of simulation steps is required for simulation of 

our system and its “fast” version, there is no advantage of the “fast” system in this sense.  
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5.  FLOW CONTROL MANIFESTATIONS IN ADIABATIC 

QUANTUM PROGRAMS 

 

 

After comprehensive discussion of adiabatic quantum computation and adiabatic 

quantum algorithms, we wonder how this new paradigm can be used in developing a new 

programming technique, namely, adiabatic quantum programming (AQP). In this section, 

we discuss two familiar programming structures – loops and conditional branching – from 

the perspective of adiabatic quantum programming, to illustrate the fundamentally 

different “feel” of the framework. As will be elaborated in the discussion, this is basically 

an introduction about what not to do during adiabatic program design. 

 

5.1.  Loops in AQP 

 
Let us consider how loop structures look in the framework of AQP. The simplest 

loop format is: 

DO n times {loop_body} 

 

In a standard quantum program, this kind of loop would be implemented as a 

quantum circuit containing the sub-circuit which corresponds to {loop_body} n 

consecutive times. In an AQP, this will just correspond to a Hamiltonian. In the examples 

below, Hamiltonians of the body and its loop are constructed and compared.  

 

Example 5.1  Consider the circuit shown in Figure 5.1, and convert it to an AQP. 

The matrix representation of the π/2-rotation around the y-axis is: 

 













 −=−=
11

11

2

1)4/sin()4/cos()2/( πσππ yy iR  (5.1) 

 

According to Section 4.2,  

c

clockinitH 11= ,  

c

inputH 0011 ⊗= , 
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Figure 5. 1 Simple quantum circuit involving one qubit and one quantum gate 

corresponding to the π/2-rotation around the y-axis. 

 

clockH  may be ignored and 

( ) ( ) cc

y

c

y

c
IRRIH 11102/012/001 ⊗+⊗−⊗−⊗= + ππ . 

Therefore, 







=

1000

0100

0010

0000

initH , 







=

−−

−

−

−−

2101

12310

0121

1012

22

1
finalH  and 









=+−=

−−−

−+

−−

−−

sss

sss

sss

sss

finalinit sHHssH
24202

22420

02242

2022

4

1
)1()(  (5.2) 

 

Example 5.2.  Consider the “loop” in Figure 5.2, and convert it to an AQP. Again,  

c

clockinitH
1

11= ,  

c

inputH
1

0011 ⊗= ,  

c

clockH 0101= , 

( ) ( ) cc

y

c

y

c
IRRIH 101010002/00102/00001 ⊗+⊗−⊗−⊗= + ππ , 

( ) ( ) cc

y

c

y

c
IRRIH 111111102/10112/10102 ⊗+⊗−⊗−⊗= + ππ . 

Therefore,  



















=

10000000

010

0020

0010

0010

0010

001

00

M

M

KM

KM

KM

K

K

initH , 



















=

−−

−−−

−

−

−−−

−−

21000100

122011001

002400000

010230100

01002100

100112201

000000220

01000102

22

1
finalH  and 



















=

−−−

−−−

+

−+

−−

−−−

−−

sss

ssss

s

sss

sss

ssss

sss

sH loop

242000200

24022002

004400000

020240200

020024200

20022402

00000040

02000202

4

1
)( . (5.3) 

 

0  )2/(πyR  )10(
2

1
+  
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Figure 5. 2. Simple quantum “loop” circuit involving one qubit and two consecutive 

quantum gates each corresponding to the π/2-rotation around the y-axis. 

 

Compared to (5.2), (5.3) has a larger dimension, since more gates are involved in the 

computation. But what these examples really show is that one really should not be tempted 

to automatically build one’s AQPs by conversion from the circuit model. The obvious 

equality of a single Ry(π/4) (i.e. “not”) gate to Figure 5.2 makes this point clear: Like in all 

other kinds of programming, we should develop an insight about the “natural” way to write 

good programs in this new language. As mentioned in Introduction, this will probably 

require future programming students to learn linear algebra and related mathematical 

topics as thoroughly as today’s physics students as a prerequisite. 

 

Consider the following “hybrid” classical/quantum loop: 

DO n times {loop_body; measure; check} 

 

This loop describes the act of running of an AQP n times consecutively, checking the 

output for correctness after each run. (This can clearly be deemed efficient only for 

problems in NP). In practice, due to the probabilistic nature of AQPs, they have to be run 

several times in this fashion to amplify the probability of success. This causes an n-fold 

increase in the running time of the originally designed AQP. However, assuming that there 

are resources available to increase the number of qubits participating in the computation n 

times, the n copies of the AQP can be run simultaneously, keeping the original running 

time. The above-mentioned loop can be realized, therefore, by an AQP with the new 

Hamiltonian obtained by taking the tensor product of the original Hamiltonian by itself n 

times: 

{ } )()()()(
1,0:),,( AQPPll npolynnpoly

init

npolynpoly

init TH
⋅⊗⊗⊗

→ψψ  (5.4) 

 

 

 

0  )2/(πyR  1  )2/(πyR  
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5.2.  Conditional Branching 

 

Classical programs allow the conditional execution of code in dependence on the 

content of a Boolean variable, i.e. conditional branching:  

IF condition THEN branch1 ELSE branch2 

 

In standard quantum computation, pure quantum conditional branching can be 

realized using controlled gates. For instance, consider the conditional π/2-rotation shown 

in Figure 5.3. The unitary matrix of that quantum circuit is: 









=





=

−

1100

1100

0020

0002

2

1
)

2
(0

0
π

y
R

I
U . 

 

Following the conversion procedure from Section 4.2, for this particular circuit,  

100=initψ , 

c

inputH 00)111101010000( ⊗++= , 

c

clockinitH 11= , 

cccc
IUUIH 111001001 ⊗+⊗−⊗−⊗= +  

 and we ignore clockH . Explicitly,  



















=

10000000

01000000

00100000

00000000

00001000

00000100

00000010

00000001

initH , 



















=

−−

−

−

−−

−

−

−

−

22020000

26200000

02220000

20220000

00002200

00002600

00000022

00000026

4

1
finalH  

and  



















=

−−−

−+

−−

−−
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−+

−−

−+

sss

sss

sss

sss

ss

ss

ss

ss

sH cond

242020000

224200000

022420000

20220000

000024200

000022400

000000242

000000224

4

1
)( . (5.5) 

 
Two remarks are in order: First, note that, although we give the Hamiltonians 

explicitly for pedagogical purposes, this is clearly not possible (nor required) when a 

sizable number of bits constitute our system. The program is supposed to be describable 

implicitly, and doing this without knowing the final ground state is what requires ingenuity 
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in this form of programming Second, we see once again that automatic conversion from a 

circuit model does not yield obviously identifiable patterns corresponding to our intuitions 

about an if statement in the Hamiltonian. Once again, a “native” design approach is called 

for. 

 

 

Figure 5. 3. Simple quantum conditional circuit involving one control and one target qubit 

and one controlled gate corresponding to the controlled π/2-rotation around the y-axis. 

10  )1110(
2

1
+  

)2/(πyR  



 67 

6. CONCLUSIONS 

 

 

In this work we aimed to develop an understanding of relatively new paradigm for 

design of quantum algorithms – the model of adiabatic quantum programming. We have 

reviewed the continuous-time adiabatic quantum algorithm and comprehensively examined 

examples of application of the algorithm to several problems, demonstrating a different 

way of thinking about algorithms and of developing programs. 

 

We also discussed the equivalency of standard quantum computation in terms of 

quantum gates and adiabatic quantum computation in terms of Hamiltonians. Nevertheless, 

there are certain qualitative differences between two models. The major one is that standard 

quantum computation in terms of gates constitutes a sequential process of applying one 

gate after the other. Time is measured as the number of operations performed during the 

computation. On the contrary, adiabatic quantum computation is a single application of a 

Hamiltonian, which is continuous in real time. Evolution time plays a very important role, 

since the result of the adiabatic quantum program depends on the duration of the program.   

 

Since adiabatic quantum computation was shown to have universal computational 

power, it is only natural to ask how a programming language suitable for this paradigm 

would look like. We have started to examine this issue by “adiabaticizing” some well-

known flow control structures using the technique presented in [4]. As expected, such a 

direct conversion from programs written in a different paradigm neither yields efficient 

adiabatic programs, nor seems to be helpful about developing an insight about how to 

design them. The correct approach would indeed probably rely on the mathematical 

vocabulary and tools that have already been developed for dealing with these kinds of 

matrices, [4] and the educational requirements that this imposes on prospective adiabatic 

programmers are likely to have important consequences for the design of future computer 

science curricula. 
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