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ABSTRACT

RECIPROCITY LAW OF QUADRATIC EXTENSIONS

In the first chapter, basic definitions and results which will be used in the fol-

lowing chapters of this thesis are presented.

In the following chapter, ideal classes and classes of quadratic forms are reviewed.

Then the relationship between the ideal classes of the quadratic field Q(
√
D) with

discriminant ∆ and the classes of quadratic forms having discriminant ∆ is established.

It is proved that if two forms are equivalent, then they are constructed by two equivalent

ideals and conversely equivalent ideals construct equivalent forms.

The next chapter aims to present one of the proofs of the quadratic reciprocity

law which is based on the theory of quadratic number fields. Instead of developing

the theory of binary quadratic forms, a proof using the ideal theoretic approach is

given since the relation between ideals and forms is discussed in the previous chapter.

The Hilbert’s symbol for quadratic number fields is defined in this chapter and it is

compared with Legendre symbol. Then genus is defined by using character sets and

the quadratic reciprocity law is proved. Furthermore, the number of genera is found.

The following chapter again aims to prove the quadratic reciprocity law by using

the theory of quadratic number fields. But for this chapter, we will first discuss how

the strict sense equivalence change the class number. Then, we will find the number of

genera by using exact sequences. It is easier than the previous section since considering

strict equivalence brings all cases into one case. With these results, again a proof of the

quadratic reciprocity law is given. In addition, genus character and genus field with

their properties is presented.

In the last chapter, quadratic reciprocity law over Q(i) is presented. The proof is
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based on the theory of Dirichlet number fields. The relative Hilbert symbol is defined

for quadratic number fields over Q(i) and the number of genera of a Dirichlet number

field is found by using the parallel arguments in Chapter 4. The number of genera

again leads us to prove the quadratic reciprocity law over Q(i).
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ÖZET

İKİNCİ DERECEDEN CİSİM GENİŞLEMELERİNDE

RESİPROSİTE KANUNU

İlk bölümde tezin daha sonraki bölümlerinde kullanılacak olan temel tanımlar

ve sonuçlar verilmiştir.

Bir sonraki bölümde ideal sınıfları ve ikinci dereceden form sınıflarına deǧinilmiştir.

Sonrasında diskriminantı ∆ olan Q(
√
D) cisminin ideal sınıfları ile diskriminantı ∆ olan

ikinci dereceden formlar arasındaki ilişki incelenmiştir. İki form birbirine denk ise bu

formların birbirine denk iki idealden oluştuǧu ve birbirine denk ideallerin oluşturduǧu

formların da birbirine denk olduǧu ispatlanmıştır.

4. bölümde ikinci dereceden cisim genişlemelerini kullanarak ikinci dereceden

resiprosite kanununun ispatlanması hedeflenmiştir. Bir önceki bölümde formlar ve

idealler arası ilişki incelendiǧinden ikinci dereceden formlar ile çalşmak yerine ideal

teorisi yaklaşımı kullanılarak ispat verilmiştir. Bu bölümde ikinci dereceden cisim

genişlemeleri içinde Hilbert sembolü tanımlanmış ve bu sembol Legendre sembolü ile

karşılaştırılmıştır. Karakter kümeleri kullanılarak cins tanımlanmış ve ikinci dereceden

resiprosite kanunu ispatlanmıştır. Son olarak cins sayısı bulunmuştur.

5. bölümde de amaç ikinci dereceden cisim genişlemelerini kullanarak ikinci

dereceden resiprosite kanununu ispatlamaktır. Fakat bu bölümde ilk olarak dar an-

lamda denklik baǧıntısının sınıf sayısını nasıl deǧiştirdiǧi incelenmiştir. Cins sayısı bir

önceki bölüme göre daha kolay bulunmuştur, çünkü dar anlamda denklik bizi bazı

durumları incelemekten kurtarmıştır. Bu sonuçlar kullanılarak ikinci dereceden re-

siprosite kanununun ispatı verilmiştir. Cins karakteri ve cins cismi tanımlanmış ve

özellikleri verilmiştir.
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Son olarak ikinci dereceden resiprosite kanunu Q(i) cismi üzerinde verilmiştir.

İspat Dirichlet sayı cisimleri teorisine dayanır. Q(i) üzerindeki ikinci dereceden cisim

genişlemeleri içinde göreceli Hilbert sembolü tanımlanmış ve 4. bölümdeki yol takip

edilerek Dirichlet sayı cisimlerinde cins sayısı hesaplanmıştır. Cins sayısı kullanılarak

Q(i) üzerinde ikinci dereceden resiprosite kanunu ispatlanmıştır.
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1. INTRODUCTION

During the development of algebraic number theory from Gauss to Hilbert, the

developers in this theory had two major goals in back of their minds: generalizing

quadratic reciprocity and solving Diophantine equations. Quadratic reciprocity seems

to belong to the theory of rational numbers. However, its generalization were a key

stimulus in the creation of algebraic number theory.

The theory of “binary quadratic forms” first clarified by Lagrange (1773) after the

Fermat’s famous question: which primes are sums of two squares? Lagrange discovered

the equivalence of forms and give the concept of class number, but understand the

difficulty of finding class number. Lagrange’s results refined by Gauss. He partitioned

all forms of discriminant D into disjoint subsets, he called each subset a genus.

Quadratic forms threw up a problem that was too hard for 18th century math-

ematicians: the law of quadratic reciprocity. In investigating the prime values of

quadratic forms, it turns out to be important to know which primes p are squares

modulo a given prime q. Euler and Legendre observed that the answer seems to de-

pend only the ‘reciprocal’ property: whether q is a square modulo p. First, Legendre

(1785) proposed a proof, but it depended on the unproved assumption that there are

infinitely many primes of the form an+ b with (a, b) = 1.

One of the great achievement of Gauss was to prove quadratic reciprocity, without

Legendre’s assumption. He gave a total of six proofs of quadratic reciprocity in his

‘Disquisitiones Arithmeticae’, published in 1801. The law of quadratic reciprocity was

Gauss’s favorite theorem, his principal goal was to find the approach that would allow

generalizations to higher power. A proof in this thesis has that approach.

We must also note the correspondence between forms and fields. Our law for

the splitting of rational primes in quadratic fields then leads to significant results on

the representation of numbers by forms, via composition of forms, and this circle of
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ideas leads naturally to Gauss’s genus theory of forms. This correspondence is given

in Chapter 2 in this thesis and then genus theory is used for fields in the following

chapters.

The systematic development of algebraic number theory began with Gauss and his

successors. Dirichlet did not first read the Disquisitiones several times, but throughout

his life it was always on the table where he was working and was a source for continual

study. The search for higher reciprocity laws led to the development of algebraic

number theory.

In 1893, the German Mathematical Society asked David Hilbert and Hermann

Minkowski to prepare a survey report on the state of the theory of numbers. Hilbert and

Minkowski divided the work, deciding that the former would report on algebraic number

theory and the latter on rational number theory. Minkowski never finished his report.

Hilbert’s report, the ‘Zahlbericht’ appeared in 1893. This volume, based upon the

revolutionary work of Kummer, Kronecker and Dedekind, presented the ideal theoretic

foundations on algebraic number theory and included many deep and important new

contributions. Chapter 3 presents some work from [1].

Subsequent to the appearance of the Zahlbericht, Hilbert published a series of

papers which opened up a new approach to reciprocity laws in algebraic number fields.

One of these papers [2] is presented in Chapter 5.

Lastly, a 20th century view of reciprocity laws was presented by the paper by B.

Wyman.
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2. PRELIMINARIES

In this chapter, our aim is to present basic definitions and results which will be

used in the following chapters of this thesis. The proofs of all results can be found in

[3].

Let K be a number field and O be its ring of integers. Uniqueness of the fac-

torization of elements in O into irreducible elements may fail. To restore the unique

factorization on O, one studies ideals of O instead of elements.

Let us recall some general facts.

Lemma 2.0.1. Let R be a nontrivial commutative ring with identity element and a be

an ideal in R. Then,

(a) a is maximal if and only if R/a is a field.

(b) a is prime if and only if R/a is an integral domain.

Corollary 2.0.2. Let R be a commutative ring with identity element. Then every

maximal ideal in R is prime.

Definition 2.0.3. Let K be a number field. An element α ∈ K is called an algebraic

integer over Z, if it is a root of a monic polynomial with coefficients in Z.

Definition 2.0.4. Let K be a number field and O be its ring of integers. An element

α ∈ K is called an algebraic integer over O, if it is a root of a monic polynomial with

coefficients in O.

From now on, an integer means an algebraic integer.

Theorem 2.0.5. Let O be the ring of integers of a number field K of degree n > 0.

Then,

(a) O is an integral domain with field of fractions K,

(b) O is noetherian,

(c) O is integrally closed; that is if α ∈ K is an integral over O, then it is an integer
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over Z,

(d) Every nonzero prime ideal is maximal in O.

In general, such a ring satisfying these conditions is called a Dedekind Ring (Julius

Wihelm Richard Dedekind, 1831-1916).

Now consider ideals of O as an O-submodule of O. This gives us a chance to

study O-submodules of K.

Definition 2.0.6. Let K be a number field and O be its ring of integers. An O-

submodule a of K is called a fractional ideal of O, if there exists some nonzero c ∈ O

such that ca ⊆ O. In other words, the fractional ideals of O are subsets of the form

c−1b where b is an ideal of O and c is a nonzero element of O.

Note that if O is a principal ideal domain, then the fractional ideals are of the

form c−1 < d >= c−1dO = αO where α ∈ K. Also note that a fractional ideal a is an

ideal if and only if a ⊆ O.

Lemma 2.0.7. The nonzero fractional ideals of O form an abelian group under mul-

tiplication.
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3. QUADRATIC FIELDS AND QUADRATIC FORMS

In this chapter, we are going to establish the relationship between the ideal classes

of the quadratic field Q(
√
D) with discriminant ∆ and the classes of quadratic forms

having discriminant ∆. We are going to prove that if two forms are equivalent, then

they are constructed by two equivalent ideals and conversely equivalent ideals construct

equivalent forms. Let us review first ideal classes, then classes of quadratic forms.

3.1. Ideal Classes

Definition 3.1.1. Let a and b be two ideals. If there exist two principal ideals (α)

and (β) such that (α)a = (β)b, then we say that the two ideals a and b belong to the

same ideal class, and we write a ∼ b.

Theorem 3.1.2. The number of ideal classes of Q(θ) is finite.

Proof. The proof is given in [4].

Definition 3.1.3. Let α ∈ Q(
√
D), so α = q1 + q2

√
D for some q1, q2 ∈ Q. Then we

define the conjugate of α as q1 − q2
√
D and denote by α′.

Definition 3.1.4. NQ(
√
m)/Q(a) := |O/a|.

This norm definition will be used only for this chapter. We will define the norm

of an ideal differently when we will study quadratic fields instead of quadratic forms.

Theorem 3.1.5. Let h be the number of ideal classes of Q(θ). Then for any ideal a,

we have ah ∼ O.

Proof. The proof is given in [4].
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Notation 3.1.6. Let a be an ideal in O. We choose an integral basis for a, say {α1, α2}.

By [3], we know that

det

 α1 α2

α′1 α′2

 = ∓N(a)
√

∆,

where α′1, α
′
2 are conjugates of α1, α2 respectively.

In case ∆ > 0, we denote the positive square root of ∆ by
√

∆.

In case ∆ < 0, we denote
√
|∆|i by

√
∆, which is one of the two possibilities for

the symbol “
√

∆ ”.

Then if necessary, we reorder α1, α2 to obtain

det

 α1 α2

α′1 α′2

 = ∓N(a)
√

∆ > 0. (3.1)

3.2. Classes of Quadratic Forms

Definition 3.2.1. Let the integer coefficient substitution

x = rX + sY, y = tX + uY, (ru− st = 1)

transform F (x, y) into G(X, Y ). The two forms F and G are said to be equivalent, and

we write F ∼ G.

Definition 3.2.2. For the form F = ax2 + bxy + cy2, if its discriminant ∆ < 0, we

have

4a(ax2
0 + bx0y0 + cy2

0) = (2ax0 + by0)
2 + |∆|y0 ≥ 0
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for any x0, y0 ∈ Z, and equal to 0 if and only if x0 = y0 = 0. Thus, the form F

represents, aside from 0, either exclusively positive integers or exclusively negative

integers. So we call F a definite form, more specifically a positive definite form if the

nonzero integers represented by F are all positive, that is if a > 0, or a negative definite

form if the nonzero integers represented by F are all negative, that is if a < 0.

But if the discriminant ∆ > 0, the form F represents positive integers as well as

negative integers. So we call F an indefinite form.

3.3. The Relationship between the Ideal Classes and The Classes of

Quadratic Forms

Given in ideal a with its integral basis {α1, α2}, we construct the following

quadratic form:

Fa(α1,α2) :=
N(α1x+ α2y)

N(a)

=
(α1x+ α2y)(α

′
1x+ α′2y)

N(a)

=
α1α

′
1

N(a)
x2 +

α1α
′
2 + α′1α2

N(a)
xy +

α2α
′
2

N(a)
y2

=
N(α1)

N(a)
x2 +

T (α1α
′
2)

N(a)
xy +

N(α2)

N(a)
y2

= ax2 + bxy + cy2.

Note that a, b and c are dependent on a, α1 and α2.

Here a, b, c ∈ Z, because a | (α1) and a | (α2) since α1, α2 ∈ a, soN(a) | N(α1) and

N(a) | N(α2). Also T (α1α
′
2)

2−4N(α1)N(α2) = (α1α
′
2+α2α

′
1)

2−4α1α
′
1α2α

′
2 = (α1α

′
2−

α2α
′
1)

2 = det

α1 α2

α′1 α′2

2

= N(a)2 ·∆ by Equation 3.1. Since N(a)2 | 4N(α1)N(α2),

we get N(a)2 | T (α1α
′
2)

2, so N(a) | T (α1α
′
2). Also, the discriminant of the form
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Fa(α1,α2)(x, y) is

b2 − 4ac =
(α1α

′
2 + α2α

′
1)

2 − 4(α1α
′
1)(α2α

′
2)

(N(a))2

=
(α1α

′
2 − α2α

′
1)

2

(N(a))2

=

det

α1 α2

α′1 α′2

2

N(a)2

= ∆.

So Fa(α1,α2)(x, y) = ax2 + bxy + cy2 is a quadratic form with discriminant ∆. We say

that Fa(α1,α2)(x, y) is a quadratic form belonging to the ideal a.

Note that when ∆ < 0, we have

N(r + s
√

∆) = (r + s
√

∆)(r − s
√

∆)

= r2 − s2∆

= r2 + s2|∆| ≥ 0

for all r, s ∈ Q. AlsoN(a) > 0 by Definition 3.1.4, so a =
N(α1)

N(a)
> 0 and Fa(α1,α2)(x, y)

is positive definite.

Lemma 3.3.1. Let a be an ideal in O. As α1, α2 run through all of the basis for a

satisfying Equation 3.1, we obtain all quadratic forms equivalent to Fa(α1,α2)(x, y).

Proof. We will show that:

(i) If β1, β2 is another basis for a satisfying Equation 3.1, then Fa(α1,α2)(x, y) ∼

Fa(β1,β2)(x, y).

(ii) If F is a quadratic form of discriminant ∆ and if F ∼ Fa(α1,α2)(x, y), then there

is a basis β1, β2 of a satisfying Equation 3.1 and F = Fa(β1,β2)(x, y).

Firstly, let β1, β2 denote another basis for a satisfying Equation 3.1. Then
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for some M ∈ Mat2×2(Z) we have

α1

α2

 = M

β1

β2

, so

α′1
α′2

 = M

β′1
β′2

, thenα1 α2

α′1 α′2

 =

β1 β2

β′1 β′2

M t where M t denotes the transpose matrix of M . Also we

have det

α1 α2

α′1 α′2

 = det

β1 β2

β′1 β′2

 det(M t). By Equation 3.1, we get

N(a)
√

∆ = N(a)
√

∆ det(M),

so det(M) = 1, thus M ∈ SL(2,Z).

Now, we will show that Fa(α1,α2)(x, y) =
N(α1x+ α2y)

N(a)
and Fa(β1,β2)(x, y) =

N(β1x+ β2y)

N(a)
are equivalent:

N(β1x+ β2y) = N

(x y)

β1

β2



= N

(x y) ·M−1

α1

α2



= N

(x y)M−1 ·

α1

α2



= N

(X Y )

α1

α2


= N(α1X + α2Y )

(3.2)
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where (x y)M−1 = (X Y ), implying (x y) = (X Y )M , so

x
y

 = M t

X
Y

. Thus,

Fa(β1,β2)M
t

X
Y

 = Fa(β1,β2)

x
y


= Fa(α1,α2)

X
Y

 ( by Equation 3.2)

= Fa((β1,β2)Mt)

X
Y

 ,

so FMt

a(β1,β2)(X, Y ) = Fa(α1,α2)(X, Y ), and Fa(β1,β2)(X, Y ) ∼ Fa(α1,α2)(X, Y ).

Remark 3.3.2. Note that

FA
a(β1,β2)(x, y) = Fa((β1,β2)A)(x, y) (3.3)

for A ∈ Mat2×2(Z).

Secondly, let F be a quadratic form of a discriminant ∆ and F ∼ Fa(α1,α2)(x, y),

so F = FA
a(α1,α2)(x, y) for some A ∈ SL(2,Z), then F = Fa((α1,α2)A)(x, y) = Fa(β1,β2)

where β1, β2 is an integral basis for a since A ∈ SL(2,Z). Thus,

β1 β2

β′1 β′2

 =

α1 α2

α′1 α′2

A

implies that

det

β1 β2

β′1 β′2

 = det

α1 α2

α′1 α′2

 · det(A) = N(a) ·
√

∆ · 1 ,

so β1, β2 satisfies Equation 3.1.

Theorem 3.3.3. Let F (x, y) = ax2 + bxy + cy2 be a binary quadratic form for some

a, b, c ∈ Z, and ∆ be its discriminant. Assume F is indefinite or positive definite, then
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there is an ideal a in O, and a basis α1, α2 of a such that F (x, y) = Fa(α1,α2)(x, y).

Proof. First we will check that
b−

√
∆

2
satisfies the equation x2− bx+ac = 0, equally

x(b− x) = ac.

b−
√

∆

2
(b− b−

√
∆

2
) =

b−
√

∆

2
(
2b− b+

√
∆

2
) =

(b2 −∆)

4
=
b2 − b2 + 4ac

4
= ac.

So a and
b−

√
∆

2
are algebraic integers by being roots of x − a and x2 − bx + ac in

Z[x] respectively.

Claim: a,
b−

√
∆

2
form an integral basis for the ideal b = Oa+ O

(
b−

√
∆

2

)
.

Proof of the claim: Let 1, w be an integral basis of O in the quadratic field Q(
√
D)

where w =
√
D for D ≡ 2, 3 mod 4 and w =

1 +
√
D

2
for D ≡ 1 mod 4 by Ap-

pendix A.0.7. We have,

for D ≡ 2, 3 mod 4,
T (w) +

√
∆

2
=

√
D −

√
D +

√
4D

2
=
√
D = w,

for D ≡ 1 mod 4,
T (w) +

√
∆

2
=

1+
√
D

2
+ 1−

√
D

2
+
√
D

2
=

1 +
√
D

2
= w.

Now,

aw = a
T (w) +

√
∆

2
= a

T (w) + b− b+
√

∆

2
=

(
T (w) + b

2

)
· a+ (−a) · b−

√
∆

2

where
T (w) + b

2
,−a ∈ Z, because if ∆ = 4D, then T (w) = 0, also b2 ≡ b2−4ac = ∆ =

4D ≡ 0 mod 4 and thus b is even, and if ∆ = D, then T (w) = 1, also b2 ≡ b2 − 4ac =

∆ = D ≡ 1 mod 4 and thus b is odd. Furthermore,

(
b−

√
∆

2

)
w =

(
b−

√
∆

2

)(
T (w) +

√
∆

2

)
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=

(
T (w) +

√
∆− b+ b

2

)(
b−

√
∆

2

)

=

(
b+

√
∆

2

)(
b−

√
∆

2

)
+

(
T (w)− b

2

)(
b−

√
∆

2

)

=

(
b2 −∆

4a

)
a+

(
T (w)− b

2

)(
b−

√
∆

2

)
,

where
b2 −∆

4a
,
T (w)− b

2
∈ Z. Therefore,

 aw

b−
√

∆

2
w

 =

 a

b−
√

∆

2

w =

T (w) + b

2
−a

b2 −∆

4a

T (w)− b

2


 a

b−
√

∆

2

 (3.4)

and

b = Oa+ O
b−

√
∆

2

= (Z + Zw)a+ (Z + Zw)
b−

√
∆

2

= Za+ Z
b−

√
∆

2
+ Zwa+ Zw

b−
√

∆

2

= Za+ Z
b−

√
∆

2
,

since Zwa, Zw
b−

√
∆

2
⊆ Za+ Z

b−
√

∆

2
by the Equation 3.4. This proves our claim.

Now, if a > 0, then let a = b, α1 = a, α2 =
b−

√
∆

2
. We will show that for these

values of a, α1, α2, we have Fa(α1,α2)(x, y) = F (x, y) = ax2 + bxy + cy2.

Fa(α1,α2)(x, y) =
N(α1x+ α2y)

N(a)

=
(ax+ (b−

√
∆)y/2)(ax+ (b+

√
∆)y/2)

N(b)
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=
(ax+ by/2)2 − (

√
∆y/2)2

(α1α′2 − α2α′1)/
√

∆

=
a2x2 + abxy + b2y2/4−∆y2/4

a(α′2 − α2)/
√

∆

=
a2x2 + abxy + b2y2/4− (b2y2/4− acy2)

a( b+
√

∆
2

− b−
√

∆
2

)/
√

∆

=
a2x2 + abxy + acy2

a

= ax2 + bxy + cy2, with

det

α1 α2

α′1 α′2

 = det

a b−
√

∆

2

a
b+

√
∆

2

 = a
√

∆ > 0,

so {α1, α2} satisfies Equation 3.1.

But if a < 0, then let a =
√

∆b, α1 =
√

∆a, α2 =
√

∆
b−

√
∆

2
. Note that F is

not positive definite since a < 0, then by assumption of the theorem F is indefinite, so

∆ > 0. Similarly,

Fa(α1,α2)(x, y) =
N(α1x+ α2y)

N(a)

=

√
∆(ax+ (b−

√
∆)y/2)(−

√
∆)(ax+ (b+

√
∆)y/2)

N(
√

∆b)

=
−∆

N(
√

∆)

(ax+ (b−
√

∆)y/2)(ax+ (b+
√

∆)y/2)

N(b)

=
−∆√

∆(−
√

∆)
(ax2 + bxy + cy2)

= ax2 + bxy + cy2, with
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det

α1 α2

α′1 α′2

 = det

 a
√

∆
b−

√
∆

2

√
∆

−a
√

∆ −b+
√

∆

2

√
∆

 = −a
√

∆∆ > 0,

so {α1, α2} satisfies Equation 3.1.

To sum up, let us define

Φ : {(a, B) : B is a Z-basis of a −→ {F : F is not negative definite,

with det

B
B′

 = N(a)
√

∆ > 0} has disriminant ∆}

(a, B) 7→ Fa(B)(x, y)

Φ is well defined by its construction. Also,

(i) Φ(a, B1) ∼ Φ(a, B2) for all a in K by the first part of Lemma 3.3.1.

(ii) If F ∼ Φ(a, B1), then F = Φ(a, B2) for some basis B2 of a by the second part of

Lemma 3.3.1.

(iii) Φ is surjective by Theorem 3.3.3.

Definition 3.3.4. Let a and b be two ideals in K. If there exist α, β ∈ O such that

αa = βb and N(αβ) > 0, then we say that a and b are equivalent in the narrower

sense, and write a ' b.

By using the Definition 3.3.4, we define a new function:

Φ′ : {[a] : [a] is a narrow −→ {[F ] : [F ] is an equivalence class of forms,

equivalence class in O} not negative definite, has disriminant ∆}

[a] 7→ [Φ(a, B)]

for some basis B of an ideal a in the narrow class [a]. We will show that Φ′ is well

defined, surjective and injective:
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(i) Φ′ is well defined: We will show that if [a] = [b], then [Φ(a, B1)] = [Φ(b, B2)].

So let a, b be two narrow equivalent ideals, and let {α1, α2} and {β1, β2} be their

basis respectively. Then γa = δb for some γ, δ ∈ O with N(γδ) > 0. For the

integral basis {γα1, γα2} and {δβ1, δβ2} of the ideal γa = δb, we have

det

 γα1 γα2

(γα1)
′ (γα2)

′

 = γα1(γα2)
′ − (γα1)

′γα2

= γγ′(α1α
′
2 − α′1α2)

= N(γ) det

α1 α2

α′1 α′2


= N(γ)N(a)

√
∆

= N(γa)
√

∆.

Similarly,

det

 δβ1 δβ2

(δβ1)
′ (δβ2)

′

 = δβ1(δβ2)
′ − (δβ1)

′δβ2

= δδ′(β1β
′
2 − β′1β2)

= N(δ) det

β1 β2

β′1 β′2


= N(δ)N(b)

√
∆

= N(δb)
√

∆.

Therefore, {γα1, γα2} and {δβ1, δβ2} satisfy Equation 3.1. Then by the first part

of Lemma 3.3.1 since {γα1, γα2} and {δβ1, δβ2} are the two basis of the same

ideal γa = δb, we get

Fγa(γα1,γα2)(x, y) ∼ Fδb(δβ1,δβ2),

Φ(γa, (γα1, γα2)) ∼ Φ(δb, (δβ1, δβ2)),

Φ′([γa]) = Φ′([δb]).
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But Φ′[γa] = Φ′[a] since,

Fγa(γα1,γα2)(x, y) =
N(γα1x+ γα2y)

N(γa)

=
N(γ)N(α1x+ α2y)

N(γ)N(a)

= Fa(α1,α2)(x, y).

Similarly, Φ′[δb] = Φ′[b]. Hence, Φ′([a]) = Φ′([b]).

(ii) Φ′ is surjective: For every class of forms, [F ], consider the form F . Since Φ is

surjective, there exists a pair (a, B) such that Φ(a, B) = F . Then by choosing

that ideal a, we have Φ′([a]) = [Φ(a, B)] = [F ].

(iii) Φ′ is injective: To prove that Φ′ is injective, first we need a lemma.

Lemma 3.3.5. Let a, b be two ideals with integral basis {λ, α} and {λ, β} respectively.

If T (λα′) = T (λβ′), and if N(α) = N(β), then α = β.

Proof. If N(α) = N(β), then α = εβ for some ε ∈ O×. Then, α ∈ Oβ ⊆ b. Since

α, λ ∈ b, we get a ⊆ b. Similarly, β = ε′α for ε′ε = 1, then β ∈ Oα ⊆ a, and

b = a. Hence, Zλ + Zα = Zλ + Zβ. So λ = a11λ + a12β and α = a21λ + a22β with

det

a11 a12

a21 a22

 = 1 since the two basis {λ, α} and {λ, β} satisfy Equation 3.1.

Now, λ(1 − a11) = a12β. If a12 6= 0, then {λ, β} are Z-linearly dependent which

contradicts that it is a basis, so a12 = 0. Then, λ(1 − a11) = 0 implies that a11 = 1

since λ 6= 0. Also, a11a22 − a12a21 = 1 implies that 1a22 − 0a21 = a22 = 1.

On the other hand, α = a21λ+a22β = a21λ+β. By the hypothesis of the lemma,

T (λβ′) = T (λα′) = T (λ(a21λ
′ + β′)) = T (a21N(λ)) + T (λβ′) = 2a21N(λ) + T (λβ′).

Thus, 2a21N(λ) = 0 and we get a21 = 0 since N(λ) 6= 0.

We get

λ
α

 =

1 0

0 1

λ
β

 =

λ
β

, hence α = β.
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Now we can show that Φ′ is injective:

Let [a] and [b] be two narrow ideal classes, and assume that Φ′([a]) = Φ′([b]). Let us

choose a basis {α1, α2} and {β1, β2} of a and b respectively satisfying Equation 3.1.

Therefore,

[Φ(a, (α1, α2))] = [Φ(b, (β1, β2))],[
Fa(α1,α2)(x, y)] = [Fb(β1,β2)(x, y)

]
,

Fa(α1,α2)(x, y) ∼ Fb(β1,β2)(x, y).

Then there exists a matrix M ∈ SL(2,Z) such that

Fb(β1,β2)(x, y) = FM
a(α1,α2)(x, y) = Fa(α1,α2)M(x, y)

by Remark 3.3.2. Let (γ1 γ2) := (α1 α2)M , then Fb(β1,β2)(x, y) = Fa(γ1,γ2)(x, y) where

{γ1, γ2} is also an integral basis for a satisfying Equation 3.1. Equality of the forms

implies the equality of the coefficients of the forms, so
N(γ1)

N(a)
=
N(β1)

N(b)
, N(γ1)N(β1) > 0

since N(a), N(b) > 0. Thus, N(γ1) and N(β1) are both positive or both negative, then

the two basis {γ1β1, γ2β1} and {β1γ1, β2γ1} both satisfy Equation 3.1 or both not. Let

us denote ε the sign of N(γ1) and N(β1). Then,

Fβ1a(γ1β1,γ2β1)(x, y) =
N(γ1β1x+ γ2β1y)

N(β1)N(a)

= ε(N(β1))Fa(γ1,γ2)(x, y)

= ε(N(γ1))Fb(β1,β2)(x, y)

= Fγ1b(β1γ1,β2γ1)(x, y).

Again by the equality of the forms, we get
T (γ1β1(γ2β1)

′)

N(β1a)
=
T (β1γ1(β2γ1)

′)

N(γ1b)
,
N(γ2β1)

N(β1a)
=

N(β2γ1)

N(γ1b)
and

N(γ1β1)

N(β1a)
=
N(β1γ1)

N(γ1b)
. The last equation implies that N(β1a) = N(γ1b).

Thus, we have two ideals β1a and γ1b with basis {γ1β1, γ2β1} and {γ1β1, γ1β2} respec-

tively, and T ((γ1β1)(γ2β1)
′) = T ((γ1β1)(γ1β2)

′), N(γ2β1) = N(β2γ1) by the first and

second equations. So by Lemma 3.3.5, we get γ2β1 = β2γ1, hence β1a = γ1b with

N(β1γ1) > 0, so a ' b.
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We obtained the following theorem:

Theorem 3.3.6. Equivalent quadratic forms belong to ideals which are equivalent in the

narrower sense. Conversely, quadratic forms belonging to ideals which are equivalent

in the narrower sense are equivalent forms.
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4. QUADRATIC RECIPROCITY LAW BY QUADRATIC

NUMBER FIELDS WITH HILBERT SYMBOL

The aim of this chapter is to present one of the proofs of the quadratic reciprocity

law which is based on the theory of quadratic number fields. Instead of developing the

theory of binary quadratic forms, we will give a proof using the ideal theoretic approach

since we have discussed the relation between ideals and forms in the previous chapter.

We will define the Hilbert’s symbol for quadratic number fields in this chapter and

compare it with Legendre symbol. Then we will define genus by using character sets

and prove the quadratic reciprocity law. Furthermore, we will find the number of

genera.

4.1. The Integers in the Quadratic Number Field

We begin by recalling some basic results. Let m ∈ Z be squarefree, m 6= 1, then

the field Q(
√
m) over Q is called a quadratic number field. Throughout the following

chapter, we will denote the ring of integers in Q(
√
m) by O. If A ∈ O, then AO is the

principle ideal generated by A. For short, we will denote AO by A and let the context

make it clear that A is a number or an ideal.

Each number A ∈ Q(
√
m) can be brought into the form

a+ b
√
m

c
where the

numbers a, b, c ∈ Z.

We will denote the operation that changes
√
m to−

√
m by ′, so for A =

a+ b
√
m

c
,

we have A′ =
a− b

√
m

c
.

For A ∈ O, we have A + A′ =
2a

c
∈ Z and A · A′ =

a2 − b2m

c2
∈ Z. See [4] for

proof.

Theorem 4.1.1. The Z-basis of the ring of integers O in the quadratic number field
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Q(
√
m) is {1, ω} where ω is defined as following:

ω =
√
m, if m ≡ 2, 3 mod 4,

ω =
1 +

√
m

2
, if m ≡ 1 mod 4.

We denote the discriminant of Q(
√
m) over Q by discQ(Q(

√
m)), then

discQ(Q(
√
m)) = 4m, if m ≡ 2, 3 mod 4,

discQ(Q(
√
m)) = m, if m ≡ 1 mod 4.

Proof. See [3] and Appendix A.0.7 for calculations.

Definition 4.1.2. For each ideal a in the number field Q(
√
m), the product a.a′ is a

set generated by a number in Q as shown in Appendix B.0.22, say aa′ = Ox for x ∈ O.

Then, x is denoted by NQ(
√
m)/Q(a) and called the norm of the ideal a.

Note that, for a · a′ = Ox, x ∈ Q is not completely determined by this condition,

x is determined up to its two associates, that is if x, y ∈ Q represent NQ(
√
m)/Q(a), then

x = y(−1)a for some a ∈ {0, 1}.

4.2. The Prime Ideals in Q(
√
m)

We will first consider the prime numbers in Q which are different from 2 and do

not divide m. There are two kinds of such primes:

i) a prime number p ∈ Z such that m is a quadratic residue modulo p in Z,

ii) a prime number q ∈ Z such that m is a quadratic non-residue modulo q in Z.

Lemma 4.2.1. If p ∈ Z is a prime number with p 6= 2, p - m and if m is a quadratic

residue modulo p, then p is reducible into two different prime ideals in Q(
√
m). We

say that p splits in Q(
√
m).

Proof. Let p ∈ Z be a prime number with p 6= 2 such that m is a quadratic residue
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modulo p in Z. Then m ≡ e2 mod p for some number e ∈ Z, and

(p, e+
√
m)(p, e−

√
m) = (p · p, [e+

√
m]p, p [e−

√
m], [e+

√
m][e−

√
m])

= (p2, p [e+
√
m], p [e−

√
m], e2 −m)

= p(p, e+
√
m, e−

√
m,

e2 −m

p
)

= p, since p and (e+
√
m) + (e−

√
m) = 2e

are in (p, e+
√
m, e−

√
m,

e2 −m

p
), and (p, 2e) = 1.

Thus we have the desired result, p = b · b′ where b = (p, e+
√
m) with (p, e+

√
m) 6=

(p, e−
√
m) since (p, e+

√
m, e−

√
m) = 1, so b 6= b′.

Lemma 4.2.2. If q ∈ Z is a prime number with q 6= 2, q - m and if m is a quadratic

non-residue modulo q, then q is prime in Q(
√
m). We say that q is inert in Q(

√
m).

Proof. Let q ∈ Z be a prime number with q 6= 2 such that m is a quadratic non-residue

modulo q in Q. If q = ab for some ideals a, b in Q(
√
m), then we can find an integer

A = α + β
√
m ∈ O such that q - A, but one of its prime ideal divisors in Q(

√
m)

divides A, say a | A without loss of generality. Necessarily (β, q) = 1, because if not

(β, q) = q since q is prime, then q | β2. Also q | A · A′ = α2 − β2m since a′ = b and

therefore q | α2, q | α, thus q | A which contradicts our assumption that q - A. Again

by using the fact that q | A · A′, we get α2 − β2m ≡ 0 mod q where (β, q) = 1, so

m ≡ (
α

β
)2 mod q which contradicts our hypothesis that m is a quadratic non-residue

modulo q in Q.

Now we will consider the prime numbers in Q which are different from 2 and

divide m. Let l1, l2, . . . , lr denote the prime numbers in Q different from 2 that divide

the number m. Then m = l1l2 . . . lr or m = 2l1l2 . . . lr.

Lemma 4.2.3. Let l be a prime number in Q. Then the ideal (l,
√
m) is a prime ideal

in Q(
√
m).

Proof. Let l be a prime number in Q, and assume that l = (l,
√
m) = ab for some
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ideals a, b in Q(
√
m). Then, NQ(

√
m)/Q(a) and NQ(

√
m)/Q(b) divides NQ(

√
m)/Q(l) =

(l,
√
m)(l,−

√
m) = (l2, l

√
m,m) = l(l,

√
m,

m

l
) = l since (l,

m

l
) = 1. Since l ∈ Z is

prime, a = O or b = O, therefore l is a prime ideal.

Lemma 4.2.4. If l ∈ Q is a prime number with l 6= 2 and if l | m , then l is reducible

into two prime ideals in Q(
√
m), say l = l · l′ where l, l′ are conjugate prime ideals in

Q(
√
m) and l = l′. We say that l ramifies in Q(

√
m).

Proof. Consider the ideals

l1 = l′1 = (l1,
√
m), l2 = l′2 = (l2,

√
m), . . . , lr = l′r = (lr,

√
m).

Then the ideals l1, l2, . . . , lr are prime ideals in Q(
√
m) by Lemma 4.2.3 and l1 =

l1
2, l2 = l2

2, . . . , lr = lr
2.

Lastly we will consider the prime number 2.

Lemma 4.2.5. If m ≡ 5 mod 8, then 2 is irreducible in O.

If m ≡ 1 mod 8, then 2 = b · b′ where b 6= b′.

For the other cases, that is if 2 | discQ(Q(
√
m)), then 2 = b · b′ where b = b′.

Proof. First let m ≡ 1 mod 4. The congruence

x2 − x− m− 1

4
≡ 0 mod 2

is reducible or irreducible according as
m− 1

4
is congruent to 0 or 1 modulo 2, that is

according as m ≡ 1 mod 8 or m ≡ 5 mod 8. See [5] for irreducible polynomials.
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If m ≡ 1 mod 8, then

2 = (2,
1 +

√
m

2
)(2,

1−
√
m

2
) = b · b′

where b 6= b′ since (2,
1 +

√
m

2
,
1−

√
m

2
) = 1.

If 2 | discQ(Q(
√
m)), then m ≡ 2 mod 4 or m ≡ 3 mod 4. If m ≡ 2 mod 4,

then 2 = (2,
√
m)2, but if m ≡ 3 mod 4, then 2 = (2, 1 +

√
m)2.

Hence, 2 = l2 if and only if 2 | discQ(Q(
√
m)).

Now we get the following table:

Table 4.1. Decomposition of 2 into its prime ideals in Q(
√
m)

m ≡ 1 mod 8 ⇒ 2 = bb′, b = (2,
1 +

√
m

2
), b 6= b′

m ≡ 5 mod 8 ⇒ 2 = b where b is prime in Q(
√
m)

m ≡ 2 mod 4 ⇒ 2 = l2 where l = l′ = (2,
√
m)

m ≡ 3 mod 4 ⇒ 2 = l2 where l = l′ = (2, 1 +
√
m)

Definition 4.2.6. Let a ∈ Q be arbitrary and t ∈ Q be a prime number. If t 6= 2,

then

(a
t

)
=


+1, if a is a quadratic residue modulo t in Q,

−1, if a is a quadratic nonresidue modulo t in Q,

0, if t | a.

If t = 2, then

(a
2

)
=


+1, if a is a quadratic residue modulo 8 in Q,

−1, if a is a quadratic nonresidue modulo 8 in Q,

0, if 2 | a.
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We have the following theorem by combining Lemma 4.2.1, Lemma 4.2.2, Lemma

4.2.4, Lemma 4.2.5 and Definition 4.2.6.

Theorem 4.2.7. Let Q(
√
m) be a quadratic number field over Q and d = discQ(Q(

√
m))

be its discriminant. Let t be a prime number in Q.

If

(
d

t

)
= +1, then t is reducible into two different conjugate prime ideals in

Q(
√
m).

If

(
d

t

)
= −1, then t is irreducible in Q(

√
m).

If

(
d

t

)
= 0, then t is equal to a square of a prime ideal in Q(

√
m).

This theorem will be used repeatedly.

4.3. Hilbert’s Symbol

Definition 4.3.1. Let n,m ∈ Z, m be squarefree and w ∈ Z be a prime number. We

define Hilbert’s symbol by

( n

w : m

)
=


+1, if for all i ∈ N, there is αi ∈ Q(

√
m) such that

n ≡ NQ(
√
m)/Q(αi) mod wi,

−1, otherwise.

Definition 4.3.2. Let n,m ∈ Z with m is not the square of an integer and w ∈ Z

be any prime number. The integer n is called a norm residue of Q(
√
m) modulo w, if( n

w : m

)
= +1; a norm non-residue of Q(

√
m) modulo w, if

( n

w : m

)
= −1.

Remark 4.3.3. If n is itself the norm of an integer α in the field Q(
√
m), then we

have
( n

w : m

)
= +1, because we can write the congruence n ≡ NQ(

√
m)/Q(α) mod wi

for all i ∈ N.

Lemma 4.3.4. Let w be an odd prime number and w | m, but w - n. Then any of the
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congruences

4n ≡ (2x+ y)2 −my2 mod w, (4.1)

n ≡ x2 −my2 mod w (4.2)

is solvable in rational integers x and y if and only if
(n
w

)
= +1.

Proof. If
(n
w

)
= +1, then n ≡ x2 mod w has a solution in rational integers x. Also

w | m, so m ≡ 0 mod w, −my2 ≡ 0 mod w has a solution for all rational integers

y. Then, n + 0 ≡ x2 − my2 mod w has a solution in rational integers x and y, so

does Equation 4.2. Note that N(x+
√
my) = x2 −my2, so we have n ≡ N(x+

√
my)

mod w. If m ≡ 2, 3 mod 4, then x+
√
my is an integer in Q(

√
m), so

( n

w : m

)
= +1.

Similarly, if
(n
w

)
= +1, then n ≡ (

2x+ y

2
)2 mod w has a solution in integers.

Also w | m, so m ≡ 0 mod w, −m(
y

2
)2 ≡ 0 mod w has a solution for all ratio-

nal integers y. Then, n ≡ (
2x+ y

2
)2 − m(

y

2
)2 mod w, and 4n ≡ (2x + y)2 − my2

mod w has a solution in rational integers x and y, so Equation 4.1. Note that

N(x+ y
1 +

√
m

2
) = (

2x+ y

2
)2 −m(

y

2
)2, so we have n ≡ N(x+ y

1 +
√
m

2
) mod w. If

m ≡ 1 mod 4, then x+ y
1 +

√
m

2
is an integer in Q(

√
m), so

( n

w : m

)
= +1.

Conversely, if Equation 4.1 is solvable, then n ≡ x2−my2 ≡ x2 mod w is solvable

in integers x, hence
(n
w

)
= +1. Furthermore, note that n ≡ x2 mod wi is solvable

for all i ∈ N. Then congruences in Equation 4.1 are solvable modulo wi for all i ∈ N

by Remark 4.3.3. Hence,
( n

w : m

)
=
(n
w

)
. Similar for Equation 4.2.

Lemma 4.3.5. Let w be an odd prime, w - m and w - n. Then the congruence

n ≡ x2 −my2 mod w

always has solutions in rational integers x and y.
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Proof. Case 1.
(n
w

)
= +1.

For the right hand side of this congruence, the values x = 1, 2, . . . ,
1

2
(w− 1) and y = 0

give all the quadratic residues modulo w. So we always have solutions in this case.

Case 2.
(n
w

)
= −1.

Subcase 1.

(
−m
w

)
= −1.

Congruence gives all the quadratic non-residues modulo w for the values x = 0 and

y = 1, 2, . . . ,
1

2
(w − 1), because we get n ≡ 0 − my2 ≡ −my2 mod w, so

(n
w

)
=(

−my2

w

)
=

(
−m
w

)
= −1. So we always have solutions in this case.

Subcase 2.

(
−m
w

)
= +1.

Let a be the least positive quadratic non-residue modulo w, that is a ≡ x2 mod w

has no solution with a > 0 and a is the minimum over this property. Then a − 1 is a

quadratic residue. Let y = b be a root of the congruence −my2 ≡ a− 1 mod w. The

solution exists since

(
−m
w

)
= +1. So a ≡ 1 − mb2 mod w and ax2 represents all

the quadratic non-residues modulo w for x = 1, 2, . . . ,
1

2
(w− 1), so also x2(1−mb2) =

x2−m(bx)2 for x = 1, 2, . . . ,
1

2
(w− 1). So n ≡ x2−my2 mod w has a solution in this

case since
(n
w

)
= −1.

Theorem 4.3.6. Let w be a prime number and n,m ∈ Z be not divisible by w. Then

we have

A. If w is odd,

( n

w : m

)
= +1, (4.3)

( n

w : w

)
=
( w

w : n

)
=
(n
w

)
. (4.4)
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B. If w is even, i.e. w = 2,

( n

2 : m

)
= (−1)

(n− 1)(m− 1)

4 , (4.5)

( n

2 : 2

)
=

(
2

2 : n

)
= (−1)

(n2 − 1)

8 . (4.6)

Now, let w be a prime number and n, n′,m,m′ ∈ Z. Then we have,

(
−m
w : m

)
= +1, (4.7)

( n

w : m

)
=
( m

w : n

)
, (4.8)

(
nn′

w : m

)
=
( n

w : m

)( n′

w : m

)
, (4.9)

( n

w : mm′

)
=
( n

w : m

)( n

w : m′

)
. (4.10)

Proof. Note that if n, n′ ∈ Z \ {0} satisfy
n

n′
= NQ(

√
m)/Q(

α

α′
) for some integers α, α′

in Q(
√
m), then nNQ(

√
m)/Q(α′) = n′NQ(

√
m)/Q(α), so

( n

w : m

)
=

(
n′

w : m

)
by Defi-

nition 4.3.1. So
( n

w : m

)
does not change, if we multiply n by a square or remove a

square factor from n, because a2 = NQ(
√
m)/Q(a) for a ∈ Z. So from now on, we can

assume that m and n are not divisible by the square of a prime number.

The proof of Equation (4.7): The number, −m is the norm of an integer
√
m in
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Q(
√
m), so

(
−m
w : m

)
= +1

by Definition 4.3.1.

To prove the other equations, we need some case analysis.

Case 1. w: odd prime, w | m, Subcase 1. w | n, Subcase 2. w | n,

Case 2. w: odd prime, w - m,Subcase 1. w - n, Subcase 2. w | n,

Case 3. w = 2, Subcase 1. n is odd, Subcase 2. n is even.

Case 1. Let w be an odd prime and w | m.

1.a. Let w - n. Then
( n

w : m

)
=
(n
w

)
by the corollary in the proof of Lemma

4.3.4.

1.b. Let w | n.

( n

w : m

)
=

(
−nm
w : m

)
by Equation 4.7

=

(
−nm/w2

w : m

)

=

(
−nm/w2

w

)
by Case 1.a, since w -

−nm
w2

.

Remember that m and n are squarefree.

Case 2. Let w be an odd prime and w - m.
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2.a. Let w - n.

Lemma 4.3.5 implies that the congruence n ≡ x2 −my2 is solvable modulo every

power of w. Thus,
( n

w : m

)
= +1 for Case 2.a.

2.b. Let w | n. Note that w2 - n.

A solution of the congruence n ≡ x2−my2 mod w2 would give rise to a number

α = x −
√
my of the field Q(

√
m) for which the norm α · α′ = NQ(

√
m)/Q(α) contains

only w, but not w2 as a factor. So w · z = α · α′ for prime w implies w = w ·w′ where

w and w′ are two distinct prime ideals in Q(
√
m), so

(m
w

)
= +1 by Theorem 4.2.7.

Conversely, if
(m
w

)
= +1, then w = w ·w′ for two distinct prime ideals w,w′ in

Q(
√
m). Let α ∈ Q(

√
m) be an integer such that w | α, but w2 - α and w′2 - α. Then,

( n

w : m

)
=

(
nNQ(

√
m)/Q(α)

w : m

)

=


nNQ(

√
m)/Q(α)

w2

w : m



= +1 by Case 2.a since w -
nNQ(

√
m)/Q(α)

w2
.

Thus,
( n

w : m

)
=
(m
w

)
for Case 2.b.

Now we get the equations by using all these cases.

The proof of Equation (5.3):
( n

w : m

)
= +1 since w is an odd prime, w - m,

w - n by Case 2.a.

The proof of Equation (5.3):
( n

w : w

)
=
(n
w

)
by Case 1.a and

( w

w : n

)
=
(n
w

)
by Case 2.b.
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The following equations will be proved for odd prime w.

The proof of Equation (4.8): If w | m and w - n, then
( n

w : m

)
=
(n
w

)
by Case

1.a and
( m

w : n

)
=
(n
w

)
by Case 2.b, so

( n

w : m

)
=
( m

w : m

)
.

Similar for the case w | n and w - m since it is symmetric of the situation in the

proof of Equation (4.8).

If w - m and w - n, then
( n

w : m

)
= +1 =

( m

w : n

)
by Case 2.a.

If w | n and w | m, then
( n

w : m

)
=

(
−nm/w2

w : m

)
=

(
−mn/w2

w

)
=
( m

w : n

)
by

Case 1.b. Hence, we deduce Equation (4.8) for odd primes w by considering successively

the different cases of divisibility and non-divisibility of n and m by w.

The proof of Equation (4.9): The equation

(
nn′

w : m

)
=
( n

w : m

)( n′

w : m

)
will

be shown by case analysis.

Case 1. If w | m,

1.a. If w - nn′, then w - n and w - n′. So

(
nn′

w : m

)
=

(
nn′

w

)
=
(n
w

)(n′
w

)
=
( n

w : m

)( n′

w : m

)
.

1.b. If w | nn′, then

(
nn′

w : m

)
=

(
−nn′m/w2

w

)
because of the following cases.

1.b.(i) If w - n and w | n′, then
( n

w : m

)
=
(n
w

)
and

(
n′

w : m

)
=

(
−n′m/w2

w

)
since w -

−n′m
w2

by Case 2.a. So

(
nn′

w : m

)
=

(
−nn′m/w2

w

)
=
(n
w

)(n′(−m)/w2

w

)
=( n

w : m

)( n′

w : m

)
.
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The case in which w - n′ and w | n and the case in which w - n and w | n′ are

symmetric.

1.b.(ii) The case in which w | n and w | n′ is not defined since w2 - nn′, because( n

w : m

)
is defined where n and m are not divisible by a square of a prime number.

2. If w - m,

2.a. If w - nn′, then

(
nn′

w : m

)
= +1. Also, w - n and w - n′, so

( n

w : m

)
= +1

and

(
n′

w : m

)
= +1. Hence,

( n

w : m

)
·
(

n′

w : m

)
= +1.

2.b. If w | nn′, then

(
nn′

w : m

)
=
(m
w

)
,

because if w | n and w - n′, then
( n

w : m

)
=
(m
w

)
by Case 2.b and

(
n′

w : m

)
= +1.

So,

( n

w : m

)( n′

w : m

)
=
(m
w

)
.

The case w - n and w | n′ is symmetric.

We do not have the case w | n and w | n′.

Hence we deduce Equation 4.9 for odd primes w by considering successively the

different cases of divisibility and non-divisibility of n, n′ by w.

The proof of Equation (4.10): Equation 4.8 and Equation 4.9 together imply

Equation 4.10.

Case 3. Let w = 2.
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Now we will consider two cases and two subcases in each case.

3.a. Let n be an odd integer. To determine the value of the symbol
( n

2 : m

)
,

we have to investigate for which combinations of values of n and m, the congruence

n ≡ NQ(
√
m)/Q(α) mod 23 is solvable for some α ∈ O. After long calculations in

Appendix A.0.9, we get the following table.

Table 4.2. Table of n = NQ(
√
m)/Q(α) mod 23

m n

1 1,3,5,7

2 1,7

3 1,5

5 1,3,5,7

6 1,3

7 1,5

3.a.(i) Let m be an odd integer. So we will show that
( n

2 : m

)
= (−1)

(n−1)(m−1)
4 .

If m ≡ 1, 5 mod 8, then (−1)
(n−1)(m−1)

4 = 1 for all n ≡ 1, 3, 5, 7 mod 8.

Ifm ≡ 3 mod 8, then (−1)
(n−1)

2 = 1 for n ≡ 1, 5 mod 8 and (−1)
(n−1)(m−1)

4 = −1

for n ≡ 3, 7 mod 8.

If m ≡ 7 mod 8, then (−1)
3(n−1)

2 = 1 for n ≡ 1, 5 mod 8 and (−1)
3(n−1)

2 = −1

for n ≡ 3, 7 mod 8.

3.a.(ii) Let m be an even integer, say m = 2m′. By using the table, we get that( n

2 : 2m′

)
= (−1)

(n2−1)
8 · (−1)

(n−1)(m2−1)
4 .

So for m′ = 1, we get Equation 4.6 where n is odd.

3.b. Let n be an even integer,say n = 2n′.
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3.b.(i) Let m be an odd integer. So m ≡ 1 mod 4 or m ≡ 3 mod 4.

Firstly, if m ≡ 1 mod 4, then discQ(Q(
√
m)) = m is odd, so

(m
2

)
= +1,

that is 2 = pp′ where p 6= p′ by Theorem 4.2.7. So we can find α ∈ O such that

2 | NQ(
√
m)/Q(α), but 4 - NQ(

√
m)/Q(α) by choosing α ∈ O with p | α, p2 - α and p′ - α.

So

( n

2 : m

)
=

(
2n′

2 : m

)
=

(
NQ(

√
m)/Q(α)

2 : m

)(
2n′

2 : m

)
=

(
2n′NQ(

√
m)/Q(α)

2 : m

)

=

(
4

2 : m

)
n′NQ(

√
m)/Q(α)

2
2 : m


= (+1)

(
n′r

2 : m

)
where n′r is odd

= +1

by Theorem 4.3.6. Therefore,

(
2n′

2 : m

)
=
(m

2

)
= (−1)

m2 − 1

8 .

Now, if m ≡ 3 mod 4, then 2n′ ≡ x2 −my2 mod 2e is solvable if and only if

m ≡ x2 − 2n′y2 mod 2e is solvable. Therefore,

(
2n′

2 : m

)
=
( m

2 : 2n′

)
,

so again we can use the above case.

3.b.(ii) Let m also be even, then

( n

2 : m

)
=

(
2n′

2 : 2m′

)
=

(
−2 · 2n′m′

2 : 2m′

)
=

(
−n′m′

2 : 2m′

)
,
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so we can use the above cases since n′m′ is odd.

4.4. The Character Set of an Ideal

Definition 4.4.1. Let Q(
√
m) be a quadratic field over Q and discQ(Q(

√
m)) be its

discriminant. Let l1, l2, . . . , ls be the list of whole distinct prime numbers dividing

|discQ(Q(
√
m))|. Let C2 = {−1,+1} be a cyclic group of order 2 under multiplication.

We define a function

Φ : Z −→ Cs
2

a 7→
((

a

l1 : m

)
, . . . ,

(
a

ls : m

))
.

The s tuple, Φ(a) is called the character set of the number a in Q(
√
m).

Now we can also define the character set of an ideal a by using Definition 4.1.2.

Definition 4.4.2. Let Q(
√
m) be a quadratic field over Q and discQ(Q(

√
m)) be

its discriminant. Let l1, l2, . . . , ls ∈ Z be the s distinct prime numbers that divide

discQ(Q(
√
m)). Let O be the ring of integers in Q(

√
m) and C2 = {−1,+1} be a cyclic

group under multiplication.

Case 1. If m < 0, we define a function

Ψ : {a : a is an ideal in O} −→ Cc
2

a 7→
((

NQ(
√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
.

where c = s.

Case 2. If m < 0 and Φ(−1) = (+1, . . . ,+1), then we define a function

Ψ : {a : a is an ideal in O} −→ Cc
2

a 7→
((

NQ(
√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
.
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where c = s.

Note that this definition is well defined since

(
NQ(

√
m)/Q(a)

lj : m

)
=

(
x

lj : m

)
=(

y(−1)a

lj : m

)
=

(
∓y
lj : m

)
=

(
∓1

lj : m

)(
y

lj : m

)
= (+1) ·

(
y

lj : m

)
=

(
y

lj : m

)
for all

j ∈ {1, 2, . . . , s} since Φ(−1) = (+1, . . . ,+1).

Case 3. If m < 0 and if Φ(−1) 6= (+1, . . . ,+1), say

(
−1

ls : m

)
= −1, then we take

the value x of the principle ideal aa′ = Ox such that

(
NQ(

√
m)/Q(a)

ls : m

)
=

(
x

ls : m

)
=(

y(−1)a

ls : m

)
=

(
y

ls : m

)(
−1

ls : m

)a
= +1 by choosing the suitable number a ∈ {0, 1}.

For this value NQ(
√
m)/Q(a) = x, we define a function

Ψ : {a : a is an ideal in O} −→ Cc
2

a 7→
((

NQ(
√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
.

where c = s− 1.

Note that this definition is well defined since a is fixed first, so NQ(
√
m)/Q(a) is

uniquely determined.

Then Ψ(a) is called the character set of the ideal a in Q(
√
m).

Recall that an O-submodule a of the field Q(
√
m) is called a fractional ideal in

O, if there exists some nonzero γ ∈ O such that γa ⊆ O. Note that we can also extend

the function Ψ to the set of all fractional ideals by

Ψ : {a : a is a fractional ideal } −→ Cc
2

a 7→
((

NQ(
√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))

where NQ(
√
m)/Q(a) = NQ(

√
m)/Q(b)/NQ(

√
m)/Q(γ) with γa = b, γ ∈ O, b ⊆ O.

Notation 4.4.3. From now on, we will denote both the functions Φ and Ψ defined
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above by Υ.

Lemma 4.4.4. Υ(ab) = Υ(a)Υ(b) for all ideals a, b in O.

Proof. If it is the Case 1 or the Case 2 defined in Definition 4.4.1, then since

NQ(
√
m)/Q(ab) = NQ(

√
m)/Q(a)NQ(

√
m)/Q(b),

by Appendix B.0.23, we get Υ(ab) = Υ(a)Υ(b).

If it is the Case 3 defined in Definition 4.4.1, we necessarily have NQ(
√
m)/Q(ab) =

NQ(
√
m)/Q(a)NQ(

√
m)/Q(b), because

(
NQ(

√
m)/Q(ab)

ls : m

)
=

(
NQ(

√
m)/Q(a)NQ(

√
m)/Q(b)

ls : m

)
=

(
NQ(

√
m)/Q(a)

ls : m

)(
NQ(

√
m)/Q(b)

ls : m

)
by Theorem 4.3.6

= 1 · 1 = 1.

So Υ(ab) = Υ(a)Υ(b) by Definition 4.4.1.

Lemma 4.4.5. Υ(Oa) = (+1,+1, . . . ,+1) for all a ∈ O.

Proof. Case 1. If m < 0, then

Υ(Oa) =

((
NQ(

√
m)/Q(Oa)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(Oa)

lc : m

))
=

((
NQ(

√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
= (+1, . . . ,+1),

by Definition 4.3.1.

Case 2. If m > 0 and Υ(−1) = (1, . . . , 1), then also if NQ(
√
m)/Q(Oa) =
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NQ(
√
m)/Q(a), we have

Υ(Oa) =

((
NQ(

√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
= (+1, . . . ,+1)

by Definition 4.3.1.

But if NQ(
√
m)/Q(Oa) = −NQ(

√
m)/Q(a), we have

Υ(Oa) =

((−NQ(
√
m)/Q(a)

l1 : m

)
, . . . ,

(−NQ(
√
m)/Q(a)

lc : m

))

=

((
−1

l1 : m

)(
NQ(

√
m)/Q(a)

l1 : m

)
, . . . ,

(
−1

lc : m

)(
NQ(

√
m)/Q(a)

lc : m

))
= (1 · 1, . . . , 1 · 1) = (+1, . . . ,+1).

by Theorem 4.3.6 and Definition 4.3.1.

Case 3. If m > 0 and Υ(−1) 6= (1, . . . , 1), say

(
−1

ls : M

)
= −1, then if N(Oa) =

N(a), we have

Υ(Oa) =

((
NQ(

√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
= (1, . . . , 1)

by Definition 4.3.1.

But if NQ(
√
m)/Q(Oa) = x = −NQ(

√
m)/Q(a), we compute NQ(

√
m)/Q(Oa) = y =

−x < 0 since

Υ(Oa) =

((
NQ(

√
m)/Q(Oa)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(Oa)

lc : m

))

=

((
(−1)(−NQ(

√
m)/Q(a))

l1 : m

)
, . . . ,

(
(−1)(−NQ(

√
m)/Q(a))

lc : m

))
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=

((
(−1)(x)

l1 : m

)
, . . . ,

(
(−1)(x)

lc : m

))

=

((
y

l1 : m

)
, . . . ,

(
y

lc : m

))

=

((
NQ(

√
m)/Q(a)

l1 : m

)
, . . . ,

(
NQ(

√
m)/Q(a)

lc : m

))
= (+1, . . . ,+1).

Corollary 4.4.6. The principal ideal Oa ∈ Ker Υ for all a ∈ O.

Theorem 4.4.7. The rule defined by

Ψ : {A : A is an ideal class in Q(
√
m)} −→ Cc

2

A = [a] 7→ Υ(a)

is a well defined function.

Proof. Let A, B be ideal classes such that A = B, so [a] = [b] for some a ∈ A and b ∈ B.

Then there exist a, b ∈ O such that a · a = b · b. Consider Ψ([a]) and Ψ([b]),

Ψ([a]) = Υ(a)

= Υ(a)Υ(a) by Corollary 4.4.6

= Υ(aa) by Lemma 4.4.4

= Υ(bb) since Υ is well defined,

= Υ(bb) by Lemma 4.4.4

= Υ(ba) by Corollary 4.4.6

= Ψ([b]),

thus Ψ is well defined.
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4.5. Genera of Ideal Classes

Definition 4.5.1. Each coset of Ker Ψ in the collection of ideal classes is called genus,

and denoted by G. The set Ker Ψ is called the principal genus and denoted by G0.

Now we will check that whether the map Ψ is surjective or not.

4.6. Ambig Ideals

Definition 4.6.1. An ideal a in Q(
√
m) is called an ambig ideal, if a = a′ and a is not

divisible by a number in Q.

Theorem 4.6.2. Let discQ(Q(
√
m)) be the discriminant of Q(

√
m) over Q. A prime

ideal p divides discQ(Q(
√
m)) if and only if p is an ambig prime ideal in Q(

√
m). If

p1, p2, . . . , ps are all the distinct prime ideals dividing discQ(Q(
√
m)), then

S = {O, p1 p2, . . . , ps, p1p2, . . . , p1ps, . . . , p1p2 . . . ps}

is the set of all ambig ideals in Q(
√
m).

Proof. By the Theorem 4.2.7, for every prime p ∈ Z, we have that

p =


p1p1

′, if p - discQ(Q(
√
m)) and

(
discQ(Q(

√
m))

p

)
= +1,

p1, if p - discQ(Q(
√
m)) and

(
discQ(Q(

√
m))

p

)
= −1,

p1
2, if p | discQ(Q(

√
m)).

Consider an ambig ideal a = p1
a1p2

a2 . . . pn
an ; so

p1
a1p2

a2 . . . pn
an = p1

′an

p2
′a2
. . . pn

′an

and a has no integer divisor, that is p - a for all prime p ∈ Z. Thus, there is no p of
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the second form. Also ai = 0 or 1 for all i = 1, 2, . . . , n. The prime number p is of the

first form, so p = pp′. But a is ambig, so a′ = p1
′p2

′ . . . pn
′ such that pi = pi

′; because

if not, that is if pi = pj
′ for i 6= j, then pipj = pj

′pj ∈ Z divides a which contradicts to

the Definition 4.6.1. But p = p′ is a contradiction for a prime number p of the first

form. Hence there are at most p0 or p1 of the third form. So the prime ideals dividing

discQ(Q(
√
m)) are the only ambig prime ideals in Q(

√
m). Thus, S is the set of all

ambig ideals in Q(
√
m) with |S| = 2s.

4.7. Quadratic Reciprocity Law

Lemma 4.7.1. If discQ(Q(
√
m)) of Q(

√
m) has only a single prime factor, then l is

the only ambig ideal in Q(
√
m) where l =

√
m if m 6= −1 and l = 1 +

√
−1 if m = −1.

Proof. Let l be the only prime divisor of discQ(Q(
√
m)). By Theorem 4.2.7, l = p2, so

by Theorem 4.6.2, p is the only ambig prime ideal, so only ambig ideal in Q(
√
m).

Lemma 4.7.2. If discQ(Q(
√
m)) of Q(

√
m) has only a single prime factor, and if

m > 0, then N(ε) = −1 where ε is a fundamental unit of Q(
√
m).

Proof. Proof is by contradiction. So suppose that NQ(
√
m)/Q(ε) = +1. By Appendix

B.0.16, there exists an integer α ∈ O such that ε =
α

α′
, so α = εα′. For a prime ideal

p, if p | α then p | α′ and vice versa. So (α) = (α′) implies (α) = (α)′. But by Lemma

4.7.1, (
√
m) is the unique ambig prime ideal in Q(

√
m), so α = ηa or α = η

√
ma where

η is a unit, a ∈ Z \ {0}. Thus, ε =
ηa

(ηa)′
or ε =

η
√
ma

(η
√
ma)′

; so ε =
ηa

(η)′a
=

η

(η)′
= η2

or ε =
η
√
ma

η′(−
√
m)a

= − η

η′
= −η2. But ε = ∓η2 contradicts to ε being a fundamental

unit. Hence NQ(
√
m)/Q(ε) = −1.

Lemma 4.7.3. If the discriminant discQ(Q(
√
m)) of Q(

√
m) has only a single prime

factor, then the class number h of Q(
√
m) is odd.

Proof. Proof is by contradiction. So assume that the class number h is even, then there

exists an ideal a, not belonging to principal class, such that a2 ∼ 1. So a ∼ a′. Let
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α =
a

a′
, then NQ(

√
m)/Q(α) =

NQ(
√
m)/Q(a)

NQ(
√
m)/Q(a′)

= ∓1. Now, if NQ(
√
m)/Q(α) = +1, then let

β = α. If NQ(
√
m)/Q(α) = −1, then Q(

√
m) is a real field, so let β = εα where ε is a

fundamental unit. Therefore, NQ(
√
m)/Q(β) = NQ(

√
m)/Q(α) = +1 for the first case and

NQ(
√
m)/Q(β) = NQ(

√
m)/Q(εα) = NQ(

√
m)/Q(ε)NQ(

√
m)/Q(α) = (−1)(−1) = +1 for the

second case by Lemma 4.7.2. Also NQ(
√
m)/Q(

1

β
) = +1, so by Appendix B.0.16 there

exists γ ∈ O such that
1

β
=
γ

γ′
. Thus,

γa

γa′
=

γ′

β
a

γ′a′

=
1

β
(α)

= (
α

β
)

= (ε) = O,

so γa = (γa)′. Then γa = a or γa = al where a ∈ Z and l is the unique nonrational

prime factor of Q(
√
m) coinciding with its conjugate. So by Lemma 4.7.1, l =

√
m if

m 6= −1 and l = 1 +
√
−1 if m = −1. Thus l ∼ 1. So γa = a or γa = al implies that

a ∼ 1 which contradicts our assumption for a. Hence h is odd.

Theorem 4.7.4. If discQ(Q(
√
m)) of Q(

√
m) has only a single prime factor p, then

there is only one genus in Q(
√
m).

Proof. For m > 0, let ε be a fundamental unit in Q(
√
m). So by Lemma 4.7.2,

NQ(
√
m)/Q(ε) = −1. Thus

(
−1

p : m

)
= +1. So the character set for an ideal a is,

Υ(a) =

((
NQ(

√
m)/Q(a)

p : m

))
since NQ(

√
m)/Q(ε) = −1, for m > 0;

Υ(a) =

((
NQ(

√
m)/Q(a)

p : m

))
, for m < 0.

If Υ(a) = −1, then

(
NQ(

√
m)/Q(a2)

p : m

)
=

(
NQ(

√
m)/Q(a)NQ(

√
m)/Q(a)

p : m

)
=

(
NQ(

√
m)/Q(a)

p : m

)2

= (−1)2 = 1.
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So Υ(a2) = +1 and the collection of all ideal classes of Q(
√
m) fall into two genera.

Then the class number h is even which contradicts to Lemma 4.7.3. Hence for each

ideal a in Q(
√
m), Υ(a) = (+1).

Theorem 4.7.5. (Quadratic Reciprocity Law) Let p, q ∈ Z be distinct positive odd

prime numbers. Then

(i)

(
−1

p

)
= (−1)

p− 1

2 ,

(ii)

(
2

p

)
= (−1)

p2 − 1

8 and

(iii)

(
p

q

)(
q

p

)
= (−1)

(p− 1)(q − 1)

4 .

Proof. By Theorem 4.2.7, if p is an odd positive prime number which does not di-

vide discQ(Q(
√
m)), and if

(
m

p

)
= +1, then p = pp′ where p and p′ are distinct

conjugate prime ideals. Then NQ(
√
m)/Q(p) = p2 and NQ(

√
m)/Q(p) = NQ(

√
m)/Q(pp′) =

NQ(
√
m)/Q(p)NQ(

√
m)/Q(p′) = [NQ(

√
m)/Q(p)]2. So NQ(

√
m)/Q(p) = p since NQ(

√
m)/Q(p) >

0.

Let Q(
√
m) be a quadratic number field where discQ(Q(

√
m)) has only one dis-

tinct prime factor, say l. Then, if

(
m

p

)
= +1, we have

( p

l : m

)
=

(
NQ(

√
m)/Q(p)

l : m

)
=

+1 by Theorem 4.7.4. We shall repeatedly use this relation.

1. To prove the first assertion (i), take m = −1, so discQ(Q(
√
−1)) = −4, l = 2.

For odd prime p > 0, if

(
−1

p

)
= +1, then

(
p

2 : −1

)
= +1. But by Theorem 4.3.6 we

have,

(
p

2 : −1

)
= (−1)

(p− 1)(−1− 1)

4 = (−1)

−(p− 1)

2 = (−1)

(p− 1)

2 . (4.11)
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Thus, if

(
−1

p

)
= +1 then (−1)

(p− 1)

2 = +1.

Conversely, we will prove if (−1)

p− 1

2 = +1, then p ≡ 1 mod 4. Consider the

field Q(
√
p). Then,

(
−1

p

)
=

(
−1

p : p

)
by Theorem 4.3.6. Here discQ(Q(

√
p)) = p, so

by Lemma 4.7.2 we have NQ(
√
m)/Q(ε) = −1 for the fundamental unit ε. So we have(

−1

p

)
=

(
−1

p : p

)
=

(
NQ(

√
m)/Q(ε)

p : p

)
= +1.

Thus, (−1)

(p− 1)

2 = +1 holds if and only if

(
−1

p

)
= +1.

Hence, we get

(
−1

p

)
= (−1)

(p− 1)

2 . This proves (i).

2. Take m = 2 to prove the assertion (ii), so discQ(Q(
√

2)) = 8, l = 2. For odd

prime r > 0, if

(
2

r

)
= +1, then

( r

2 : 2

)
= +1. But by Theorem 4.3.6, we have

( r

2 : 2

)
= (−1)

(r2 − 1)

8 .

Thus if

(
2

r

)
= +1, then (−1)

(r2 − 1)

8 = +1.

For the converse, let p, q ∈ Z be prime numbers such that p ≡ 1 mod 4, q ≡ 3

mod 4, consider the fields Q(
√
p) and Q(

√
−q). Then, (−1)

(p2 − 1)

8 = +1 implies

that

(
2

p

)
=

(
2

p : p

)
= +1. Note that we have 2 = NQ(

√
−1)/Q1 +

√
−1. So sim-

ilarly, (−1)

(q2 − 1)

8 = +1 implies

(
2

q : −q

)
= +1, then

(
2

q

)
=

(
2

q : q

)
· (+1) =

(
2

q : q

)(
2

q : −1

)
=

(
2

q : −q

)
= +1. Thus, (−1)

(p2 − 1)

8 = +1 implies

(
2

p

)
= +1

and (−1)

(q2 − 1)

8 = +1 implies

(
2

q

)
= +1. So we get

(
2

r

)
= (−1)

(r2 − 1)

8 .
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This proves (ii).

Now the following steps are for the last assertion (iii).

3. Take m = p ≡ 1 mod 4, so discQ(Q(
√
p)) = p, l = p. Let p1 > 0 be a prime

number p1 6= p with p1 ≡ 1 mod 4. If

(
p

p1

)
= +1, then

(
p1

p : p

)
= +1. But by

Theorem 4.3.6, we have

(
p1

p : p

)
=

(
p1

p

)
.

Thus, if

(
p

p1

)
= +1, then

(
p1

p

)
= +1. And by the symmetry of the argument, we

get

(
p

p1

)
=

(
p1

p

)
.

4. Take m = p ≡ 1 mod 4, so discQ(Q(
√
p)) = p, l = p. Let q > 0 be a prime

number with q ≡ 3 mod 4. If

(
p

q

)
= +1, then

(
q

p : p

)
= +1. But by Theorem 4.3.6,

we have

(
q

p : p

)
=

(
q

p

)
.

Thus, if

(
p

q

)
= +1, then

(
q

p

)
= +1.

5. Take m = −q ≡ 1 mod 4, so discQ(Q(
√
−q)) = −q, l = q. Let p > 0 be

a prime number with p = 1 mod 4. If

(
−q
p

)
= +1, then

(
p

q : −q

)
= +1. But by

Theorem 4.3.6, we have

(
p

q : −q

)
=

(
p

q : q

)(
p

q : −1

)
=

(
p

q

)
(+1) =

(
p

q

)
.

Thus, if

(
q

p

)
= +1, then

(
−q
p

)
= +1 since

(
−1

p

)
= (−1)

(p− 1)

2 = +1 by part 1.
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Thus, if

(
q

p

)
= +1, then

(
p

q

)
= +1. Hence by part 4 and 5 we get

(
p

q

)
=

(
q

p

)
.

6. Take m = −q ≡ 1 mod 4, so discQ(Q(
√
−q)) = −q, l = q. Let q1 > 0 be a

prime number q1 6= q with q1 ≡ 3 mod 4. If

(
−q
q1

)
= +1, then

(
q1

q : −q

)
= +1. By

Equation 5.3 and Equation 5.3 in Theorem 4.3.6, we have

(
q1

q : −q

)
=

(
q1
q : q

)(
q1

q : −1

)
=

(
q1
q

)
(+1) =

(
q1
q

)
.

If

(
q

q1

)
= −1, then

(
−q
q1

)
= +1 since

(
−1

q1

)
= (−1)

(q1 − 1)

2 = −1. Thus, if(
q

q1

)
= −1, then

(
q1
q

)
= +1. And by the symmetry of the argument, we get(

q

q1

)
= −

(
q1
q

)
.

This proves (iii).

Using Quadratic Reciprocity Law, we now want to prove that a certain product

is equal to 1.

Theorem 4.7.6. Let n,m ∈ Z, not both negative. Then

∏
(w)

( n

w : m

)
= +1

where w ranges over all prime numbers in N.

Proof. Let p, q ∈ Z be distinct odd prime numbers. Then we have,

(i)

(
−1

2 : 2

)
= (−1)

(−1)2 − 1

8 = +1 by Equation 4.6 in Theorem 4.3.6.

(ii)

(
−1

2 : p

)(
−1

p : p

)
= (−1)

(−1− 1)(p− 1)

4

(
−1

p

)
= (−1)

−(p− 1)

2
+
p− 1

2 = +1

by Equation 5.3 in Theorem 4.3.6,
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(iii)

(
2

2 : 2

)
=

(
2.1

2 : 2.1

)
=

(
−1

2 : 2

)
= (−1)

1− 1

2 = +1 by Case 3.b (ii) in the proof

of Theorem 4.3.6,

(iv)

(
2

2 : p

)(
2

p : p

)
= (−1)

p2 − 1

8

(
2

p

)
= (−1)

p2 − 1

8 (−1)

p2 − 1

8 = +1 by Equa-

tion 4.6 and Equation 5.3 in Theorem 4.3.6,

(v)

(
p

2 : p

)(
p

p : p

)
= (−1)

(p− 1)(p− 1)

4


−pp
p2

p

 = (−1)

(p− 1)2

4

(
−1

p

)

= (−1)

(p− 1)2 + 2(p− 1)

4 = (−1)

(p− 1)(p+ 1)

4 = +1 since−p = NQ(
√
p)/Q(

√
p),

(vi)

(
p

2 : q

)(
p

p : q

)(
p

q : q

)
= (−1)

(p− 1)(q − 1)

4

(
q

p

)(
p

q

)

= (−1)

(p− 1)(q − 1)

2 = +1

by Quadratic Reciprocity Law 4.7.5.

We know by Theorem 4.3.6 that
( n

w : m

)
= +1 for all odd prime w such that

w - n and w - m. So if n and m are ∓1 or p for some prime p ∈ Z, then
∏

(w)

( n

w : m

)
=

+1 by all the results above for w = m or w = n. But by Theorem 4.3.6, we also have

(
nn′

w : m

)
=
( n

w : m

)( n′

w : m

)
and

( n

w : mm′

)
=
( n

w : m

)( n

w : m′

)
,

so theorem is also true for composite n and m which are not both negative.

Note that

(
−1

2 : −1

)
= (−1)−2.−2/4 = −1. So if n,m are both negative, then∏

(w)

( n

w : m

)
= −1 since

(
−1

w : −1

)
= +1 for each odd prime w by Equation 5.3 in

Theorem 4.3.6. So we define a new symbol

(
n

−1 : m

)
where it is equal to +1 if one of

n,m is 0, and equals to −1 if both n,m are negative to preserve the Product Formula
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(Here −1 stands for the infinite prime in the p-adic approach).

Note that the product of c units in Υ(a) is +1 for any a in Q(
√
m). We will prove

that if the product of an arbitrary c units is +1, then this c-tuple is in Im(Υ).

4.8. The Number of Genera

Theorem 4.8.1. Let m,n ∈ Z such that m is not a square. If
( n

w : m

)
= +1 for all

primes w, then n = NQ(
√
m)/Q(α) for some α ∈ Q(

√
m).

Proof. Let m,n ∈ Z such that m is not a square. First we will show that |n| =

NQ(
√
m)/Q(i) for some ideal i by considering the prime divisors of n.

The product
∏

(w)

( n

w : m

)
= +1 implies that n > 0 or m > 0. Assume n,m are

not divisible by a square.

If p is a prime integer such that p | n and p | discQ(Q(
√
m)), then p = p1

2 by

Theorem 4.2.7, so NQ(
√
m)/Q(p1) = p.

If p is an odd prime integer such that p | n and p - m, then

(
n

p : m

)
=

(
m

p

)
= +1

by Case 2.b in the proof of Theorem 4.3.6. Then p = p1p1
′ for some ideals p1, p1

′ in

Q(
√
m), so p = NQ(

√
m)/Q(p1).

If p = 2 such that 2 | n and 2 - discQ(Q(
√
m)), then

( n

2 : m

)
=

(
2an′

2 : m

)
,
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where 2 - n′, so

(
n′

2 : m

)
= +1. Then,

( n

2 : m

)
=

(
2

2 : m

)
= (−1)

m2 − 1

8 = +1

by assumption. So
(m

2

)
= +1 implies 2 = p1p1

′, so 2 = NQ(
√
m)/Q(p1) by Theo-

rem 4.2.7.

Therefore there is an ideal i ⊆ Q(
√
m) such that |n| = NQ(

√
m)/Q(i). The proof

will be based on induction on m with |m| > 4.

Let Ai denote the ideal class of i where |n| = NQ(
√
m)/Q(i), choose j ∈ Ai such that

NQ(
√
m)/Q(j) 6 |

√
discQ(Q(

√
m))| by Minkowski’s Theorem (See Appendix B.0.18 ).

Since i ∼ j , there exists a number κ ∈ Q(
√
m) such that j = κi, so we have that

NQ(
√
m)/Q(j) = NQ(

√
m)/Q(i)NQ(

√
m)/Q(κ). Let n′ = εNQ(

√
m)/Q(j) where ε ∈ {+1,−1} is

such that n′ = nNQ(
√
m)/Q(κ). Then,

|n′| = | ∓NQ(
√
m)/Q(j)| ≤ |

√
discQ(Q(

√
m))| ≤ |

√
4m| = 2|

√
m| ≤ |m|

for |m| > 4.

Now, n′ = nNQ(
√
m)/Q(κ), so

(
n′

w : m

)
=
( n

w : m

)
= +1 by assumption. We

have
( m

w : n′

)
=

(
n′

w : m

)
by Theorem 4.3.6, so

( m

w : n′

)
= +1 for all primes w.

For induction, assume that for each field Q(
√
m′) such that |m′| < |m|, if( n

w : m′

)
= +1 for all prime w, then n = NQ(

√
m)/Q(α) for some α ∈ Q(

√
m).

Note that n′ is not a square, |n′| < |m| and
( m

w : n′

)
= +1 for all prime w. Then,

m = NQ(
√
m)/Q(α′) for some α′ ∈ Q(

√
n′). Then m = a2 − n′b2 for some a, b ∈ Q,

b 6= 0. So n′b2 = a2 − m, n′ = (
a

b
)2 − (

1

b
)2m where

a

b
,
1

b
∈ Q, so n′ = NQ(

√
m)/Q(λ)

for some λ ∈ Q(
√
m). But n′ = nNQ(

√
m)/Q(κ), so n =

n′

NQ(
√
m)/Q(κ)

=
NQ(

√
m)/Q(λ)

NQ(
√
m)/Q(κ)

=
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NQ(
√
m)/Q(

λ

κ
) = NQ(

√
m)/Q(α) for α =

λ

κ
∈ Q(

√
m).

If |m| ≤ 4, it is also enough to check for n with |n| ≤ |
√

discQ(Q(
√
m))| because

of the same result as above, then the result follows by the following case analysis.

Note that there is no need to check for n = 1 since 1 = NQ(
√
m)/Q(1) for 1 ∈

Q(
√
m) for all m ∈ Z \ {0}.

(i) If m = −3, discQ(Q(
√
−3)) = −3, then 0 < n ≤

√
3, so n = 1 is the only value

that satisfies the assumption of the theorem.

(ii) If m = −2, discQ(Q(
√
−2)) = −8, then 0 < n ≤ 2

√
2, so we check

( n

w : m

)
values for 0 < n ≤ 2

√
2,

(
2

w : −2

)
= +1,

so n = 1, 2 are the only values that satisfy the assumption of the theorem. For

n = 2, α =
√
−2 since NQ(

√
m)/Q(

√
−2) = (

√
−2)(−

√
−2) = −(−2) = 2.

(iii) If m = −1, discQ(Q(
√
−1)) = −4, then 0 < n ≤ 2, so we check

( n

w : m

)
values

for 0 < n ≤ 2,

(
1

2 : −1

)
= (−1)

(1− 1)(−1− 1)

2 = +1 and

(
1

w : −1

)
= +1,

(
2

2 : −1

)
=

(
−1

2

)
= (−1)

(1− 1)

8 = +1 and

(
2

w : −1

)
= +1,

so n = 1, 2 are the only values that satisfy the assumption of the theorem. For

n = 1, α =
√
−1 since NQ(

√
m)/Q(

√
−1) = (

√
−1)(−

√
−1) = −(−1) = 1. For n =

2, α = 1+
√
−1 since NQ(

√
m)/Q(1+

√
−1) = (1+

√
−1)(1−

√
−1) = 1−(−1) = 2.

(iv) If m = 2, discQ(Q(
√

4)) = 8, then −2
√

2 ≤ n ≤ 2
√

2, so we check
( n

w : m

)
values
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for 2 ≤ n ≤ 2,

(
−2

w : 2

)
= +1,

(
−1

2 : 2

)
= (−1)

(1− 1)

8 = +1 and

(
−1

w : 2

)
= +1,

(
2

2 : 2

)
= +1 by Equation (iii) in Theorem 4.7.6 and ,

(
2

w : 2

)
= +1,

so n = −2,−1, 1, 2 are the values that satisfy the assumption of the theorem.

For n = −2, α =
√

2 since NQ(
√
m)/Q(

√
2) = (

√
2)(−

√
2) = −2. For n = −1,

α = 1 +
√

2 since NQ(
√
m)/Q(1 +

√
2) = (1 +

√
2)(1 −

√
2) = 1 − 2 = −1. For

n = 2, α = 2 +
√

2 since NQ(
√
m)/Q(2 +

√
2) = (2 +

√
2)(2−

√
2) = 4− 2 = 2.

(v) If m = 3, discQ(Q(
√

3)) = 12, then −2
√

3 ≤ n ≤ 2
√

3, so we check
( n

w : m

)
values for −3 ≤ n ≤ 3:

(
−3

w : 3

)
= +1,

(
−2

2 : 3

)
=

(
−1

2 : 3

)(
2

2 : 3

)
= (−1)

(−2).2

4 (−1)

9− 1

8 = (−1)(−1) = +1,

(
−2

3 : 3

)
=

(
−2

3

)
=

(
−1

3

)(
2

3

)
= (−1)

(3− 1)

2 (−1)

(9− 1)

8 = +1 and ,

(
−2

w : 3

)
= +1 for all w 6= 2, 3.
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(
−1

3 : 3

)
=

(
−1

3

)
= (−1)

(3− 1)

2 = −1.

(
2

3 : 3

)
=

(
2

3

)
= (−1)

9− 1

8 = −1.

(
3

3 : 3

)
=

(
−1

3 : 3

)(
−3

3 : 3

)
=

(
−1

3 : 3

)
(+1) = (−1)(+1) = −1.

So n = −3,−2, 1 are the values that satisfy the assumption of the theorem. For

n = −3, α =
√

3 since NQ(
√
m)/Q(

√
3) = (

√
3)(−

√
3) = −3. For n = −2, α = 1 +

√
3

since NQ(
√
m)/Q(1 +

√
3) = (1 +

√
3)(1−

√
3) = 1− 3 = −2.

By Lemma 4.4.4, Υ(a2) = Υ(a)Υ(a) = [Υ(a)]2 = (+1,+1, . . . ,+1), so for each

ideal a ⊆ Q(
√
m), the ideal class [a2] is in the principal genus. Now we will check the

converse.

Theorem 4.8.2. For each ideal class A in G0, there exists an ideal class B such that

A = B2.

Proof. Let A be an ideal class in G0 of the field Q(
√
m) and a be an ideal in the class

A such that (a, discQ(Q(
√
m))) = 1, and n = εaNQ(

√
m)/Q(a). Then

(
n

w : m

)
= +1 for

all prime w since n - discQ(Q(
√
m)). So by Theorem 4.8.1, n = NQ(

√
m)/Q(α) for some

α ∈ Q(
√
m). Consider

a

α
=

b

c
such that (b, c) = 1. Then

bb′

cc′
=

b

c
(
b

c
)′ = (

a

α
)(

a

α
)′ =

aa′

αα′
=
NQ(

√
m)/Q(a)

NQ(
√
m)/Q(α)

= 1, so c = b′.

Then, a ∼ a

α
=

b

b′
=

bb

b′b
∼ b2 since bb′ ∼ O. Hence a ∼ b2, that is A = B2.

Notation 4.8.3. If a ∈ A, then we will denote the ideal class [a′] by A′.

Definition 4.8.4. An ideal class A is called an ambig ideal class, if A = A′, that is for

all a ∈ A there exists b ∈ A′ such that a = b and vice versa.
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Note that, aa′ ∼ O implies AA′ = I, so if A is ambig, then A2 = AA′ = I.

Conversely, if A2 = I, then AA = I implies A = A−1, but also A′ = A−1, hence A = A′ =

A−1 and A is an ambig ideal class.

If a is an ambig ideal, then A = [a] is clearly an ambig ideal class, so we have

2s ambig ideals obtained by this way. Now we will check that how many of them are

distinct.

Recall that a set of ideal classes, c is called independent if I /∈ c and I =

Aa1
1 Aa2

2 . . . Aan
n for A1, A2, . . . , An ∈ c implies Aa1

1 = Aa2
2 = . . . = Aan

n = I. See [5] for group

theoretical approach.

Theorem 4.8.5. Let s be the number of distinct ambig prime ideals in Q(
√
m).

If m < 0, then s − 1 of them determine independent ambig classes and there are 2s−1

distinct ambig ideals.

If m > 0 and NQ(
√
m)/Q(ε) = +1, then s − 2 of them determine independent ambig

classes and there are 2s−2 distinct ambig ideals.

If m > 0 and NQ(
√
m)/Q(ε) = −1, then s − 1 of them determine independent ambig

classes and there are 2s−1 distinct ambig ideals.

Proof. Since two ideals belong to the same class if they differ by a principle ideal, we

will check the ambig principle ideals in Q(
√
m).

Case 1. If m < 0, but m 6= −1,−3, then let αO be an ambig principal ideal, so

αO = (αO)′ then
α

α′
is a unit, so

α

α′
= (−1)e where e = 0 or 1 by [3]. Then

α(
√
m)e

(α(
√
m)e)′

=


α

α′
= 1, if e = 0

α
√
m

α′(−
√
m)

= − α

α′
= 1, if e = 1.

So α(
√
m)e = (α(

√
m)e)′, thus (α

√
m)e ∈ Z. So if e = 0, then α ∈ Z, α = ∓1 since

αO is ambig. And if e = 1, then α(
√
m) ∈ Z, α = ∓

√
m since αO is ambig. Thus, the

only ambig principal ideals are O and O
√
m.
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Case 2. If m = −1, then by Lemma 4.7.1, l = 1 +
√
−1 is the only ambig ideal

in
√
−1.

If m = −3, then by Lemma 4.7.1, l =
√
−3 is the only ambig ideal in

√
−3 since

3 is the only prime divisor of discQ(Q(
√
−3)) = −3, because −3 ≡ 1 mod 4.

Case 3. If m > 0 and NQ(
√
m)/Q(ε) = +1, then ε =

β

β′
for some β ∈ O by Lemma

B.0.16. Choose α such that β = aα for a ∈ Z and α is not divisible by any integer, so

α = εα′ implies αO = (αO), thus αO is an ambig principal ideal.

We claim that αO 6= O and αO 6=
√
mO. Otherwise α = ∓εf or α = ∓εf

√
m

for some f ∈ Z. Then
α

α′
= (−1)e

εf

(ε′)f
, where εε′ = NQ(

√
m)/Q(ε) = 1, so (ε′)−1 = ε, so

α

α′
= (−1)eε2f where e = 0 or 1 respectively. But then (−1)eε2f = ε which contradicts

to the fact that ε is a fundamental unit.

Let βO be an ambig principal ideal in Q(
√
m), then

β

β′
is a unit, so

β

β′
= (−1)eεf

for some e, f ∈ Z. Then for γ =
β

(
√
m)eαf

, we have
γ

γ′
=

β

(
√
m)eαf

(−
√
m)eα′f

β′
=

β

β′
(−1)e(

α′

α
)f = (−1)eεf (−1)e(

1

ε
)f = +1, so γ = γ′ and γ ∈ Q. Hence we get an ambig

principal ideal by removing the factors of Z from
√
mα, say a. The ambig principal

ideals are O,O
√
m,Oα and a.

Case 4. Ifm > 0 andNQ(
√
m)/Q(ε) = −1, then let Oα be an ambig principal ideal,

then
α

α′
= (−1)eεf for some e, f ∈ Z. NQ(

√
m)/Q(

α

α′
) =

NQ(
√
m)/Q(α)

NQ(
√
m)/Q(α′)

=
NQ(

√
m)/Q(α)

NQ(
√
m)/Q(α)

=

1, so [NQ(
√
m)/Q(ε)]f = NQ(

√
m)/Q((−1)e

α

α′
) = +1, so f = 2g for some g ∈ Z since

NQ(
√
m)/Q(ε) = −1.

Consider β =
α

εg(
√
m)e+g

, then
β

β′
=

α

εg(
√
m)e+g

(−ε)−g(−
√
m)e+g

α′
since εε′ =

−1. Then
β

β′
= (−1)eεf

(−1)−g

ε2g
(−1)e+g = +1, so β = β′, β ∈ Q. Hence O and O

√
m

are the only ambig principal ideals in Q(
√
m).
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The product of all the prime ideals dividing m is equal to
√
m, because m =

p1p2 . . . ps where pi ∈ Z are prime and since pi | discQ(Q(
√
m)) for all i = 1, 2, . . . , s,

we have pi = pi
2 for all i = 1, 2, . . . , s. Hence

√
m = p1p2 . . . ps. Also a principal ambig

ideal in Q(
√
m) is a product of the prime ideals dividing m. So for Case 1, Case 2

and Case 4 there are s − 1 independent ambig classes and for Case 3 there are s − 2

independent ambig classes.

Theorem 4.8.6. There exists an ambig ideal class A in Q(
√
m) that contains no ambig

ideal if and only if m > 0 and Υ(−1) = (+1,+1, . . . ,+1) and NQ(
√
m)/Q(ε) = +1.

Furthermore, all ambig ideal classes of this type in Q(
√
m), say B, is of the form

B = AA1 . . . An where Ai’s are ambig classes such that Ai = [ai] for some ambig ideal ai.

Proof. First assume that m > 0 and

(
−1

w : m

)
= +1 for all primes w ∈ Z with w | m.

By Theorem 4.3.6, we have

(
−1

w : m

)
= +1 for all primes w ∈ Z with w - m. So by

Theorem 4.8.1, NQ(
√
m)/Q(α) = −1 for some α ∈ Q(

√
m). Since NQ(

√
m)/Q(ε) = +1, α

cannot be a unit, so Oα =
i

j
for some ideals i, j with (i, j) = 1. So

ii′

jj′
= αα′ = 1, j = i′,

α =
i

j
=

i

j′
implying i = αi′, then i ∼ i′, so A = [i] is an ambig ideal class.

Claim: A does not contain an ambig ideal.

Proof of the claim: Assume a = iβ is an ambig ideal for some β ∈ Q(
√
m),

then
a

a′
=

iβ

i′β′
= α

β

β′
is a unit since a = a′, say α

β

β′
= (−1)eεf for some e, f ∈ Z.

Then NQ(
√
m)/Q(α)

NQ(
√
m)/Q(β)

NQ(
√
m)/Q(β′)

= NQ(
√
m)/Q(−1)eNQ(

√
m)/Q(ε)f = (+1)(+1)f = +1,

so NQ(
√
m)/Q(α) = +1 contradicting to NQ(

√
m)/Q(α) = −1.

Conversely let A be an ambig class containing no ambig ideal and i ∈ A such that

i ∼ i′, that is i = αi′ for some α ∈ Q(
√
m) with NQ(

√
m)/Q(α) = ∓1.

If NQ(
√
m)/Q(α) = +1, then

1

α
=

β

β′
for some β ∈ O, so

iβ

(iβ)′
= α

1

α
= +1.

Therefore, iβ = i′β and iβ ∈ A where iβ is an ambig ideal. But this contradicts to

the fact that A does not contain an ambig ideal. If m < 0, then NQ(
√
m)/Q(α) = +1,
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but this is not possible as we have mentioned. So we must have m > 0. If m > 0

and

(
−1

w : m

)
= −1 for some prime w, then −1 cannot be a norm of any integer in

Q(
√
m), so NQ(

√
m)/Q(α) = +1. Again we get a contradiction above, so we must have

Υ(−1) = (+1,+1, . . . ,+1).

If NQ(
√
m)/Q(α) = −1 and NQ(

√
m)/Q(ε) = −1, then NQ(

√
m)/Q(εα) = +1, so

similarly A contains an ambig ideal and we get a contradiction.

Therefore, we must have m > 0,

(
−1

w : m

)
= +1 for all prime w ∈ Z and

NQ(
√
m)/Q(ε) = +1.

Now for the last part of theorem, choose i ∈ A, j ∈ B where A, B are ambig classes

that do not contain ambig ideals. Then for
i

i′
= α and

j

j′
= β, we get NQ(

√
m)/Q(α) =

NQ(
√
m)/Q(β) = −1 by above results. So NQ(

√
m)/Q(

α

β
) = +1. Then

β

α
=

γ

γ′
for some

γ ∈ O. Consider
iγ

j
= ba where b ∈ Q and a has no factor of Z other than ∓1. So

ba

(ba)′
=

iγ

j
· j′

i′γ′
= α · 1

β
· β
α

= 1, so a = a′, a is ambig, iβ = bβa implies i ∼ ja.

Theorem 4.8.7. There exist c− 1 independent ambig classes and 2c−1 distinct ambig

classes.

Proof. Let s be the number of distinct prime divisors of discQ(Q(
√
m)).

Case 1. If m < 0, then c = s. So by Theorem 4.8.5 and by Theorem 4.8.6,

there are 2s−1 ambig classes.

Case 2. If m > 0 and Υ(−1) = (1, 1, . . . , 1), then c = s. So by Theorem 4.8.5

and by Theorem 4.8.6, there are 2s−1 ambig classes. If NQ(
√
m)/Q(ε) = −1, then all

classes are obtained by ambig ideals. If NQ(
√
m)/Q(ε) = +1, then only 2s−2 of them are

obtained by ambig ideals.

Case 3. If m > 0 and Υ(−1) 6= (+1,+1, . . . ,+1), then c = s−1. So by Theorem

4.8.5 and by Theorem 4.8.6, there are 2s−2 ambig classes all obtained by ambig ideals.
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Thus, there are 2c−1 distinct ambig classes in all cases.

Theorem 4.8.8. In Q(
√
m), let g be the number of distinct genera, then g = 2c−1.

Proof. Let f denote the number of ideal classes in the principal genus. By Definition

4.5.1, each genus has the same number of classes, so each genus contains f classes.

Then h = gf is the number of all classes in Q(
√
m). Let H1, H2, . . . , Hf be the classes

in the principal genus, then by Theorem 4.8.2, H1 = K2
1, H2 = K2

2, . . . , Hf = K2
f where

K1, K2, . . . , Kf are classes in Q(
√
m).

Now let C be an arbitrary ideal class, so C2 is in the principal genus, so C2 = K2
α

for a unique α ∈ {1, 2, . . . , f}. So the unique class A =
C

Kα
is ambig since C = AKα

implies C2 = A2K2
α. Then A2 = I, that is A = A−1, so A = A′ since AA′ = I. So as A

ranges over all ambig classes and K ranges over all K1, K2, . . . , Kf , then AK ranges over

all classes. And for each ambig class A and for each K ∈ {K1, K2, . . . , Kf} there is exactly

one class AK. So h = 2c−1f since there exist 2c−1 distinct ambig classes by Theorem

4.8.7, so h = gf = 2c−1f implies g = 2c−1.
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5. QUADRATIC RECIPROCITY LAW BY QUADRATIC

NUMBER FIELDS WITH GENUS THEORY IN THE

STRICT SENSE

5.1. Introduction

The aim of this chapter is again to prove the quadratic reciprocity law by using

the theory of quadratic number fields. But for this chapter, we will first discuss how

the strict sense equivalence change the class number. Then, we will find the number

of genera by using exact sequences. With these results, we will give a proof of the

quadratic reciprocity law. In addition, we present genus character and genus field with

their properties.

Definition 5.1.1. Let k = Q(
√
m) be a quadratic number field over Q and d be its

discriminant. The discriminant d is called a prime discriminant, if it is a prime power

up to sign.

Proposition 5.1.2. Let d be the discriminant of a quadratic number field k. Then d

can be written uniquely as a product of prime discriminants up to order.

Proof. If d is a prime discriminant, then we are done. Assume d is not a prime dis-

criminant, then there exists an odd prime p dividing d, because if all prime divisors

of a discriminant are even, these discriminants are −4,−8 or 8 and they are prime

discriminants. Then

d1 = p∗ = (−1)

p− 1

2 p ≡ 1 mod 4

is a prime discriminant. Now, let us show that
d

d1

= d′ is a discriminant by using

Theorem 4.1.1.

Case 1. If d ≡ 0 mod 4, then d′ ≡ 0 mod 4 , so d′ = 4m where m ≡ 2
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mod 4 , therefore d′ is a discriminant.

Case 2. If d′ is odd, then d is odd, then d ≡ 1 mod 4 since it is a discriminant,

then d′ ≡ 1 mod 4 since d1 is, therefore d′ is a discriminant.

Case 3. If d′ ≡ 4 mod 8, then d = d′d1 ≡ 4 mod 8 since d1 ≡ 1 mod 8,

then
d

4
≡ 3 mod 4 since d is a discriminant, so

d′

4
≡ 3 mod 4 since d1 ≡ 1 mod 4,

therefore d′ is a discriminant.

We can proceed by induction. For uniqueness let = d1d2...dn = d′1d
′
2...d

′
m be

prime discriminant factorizations of d. If each prime discriminant is even, then it is

−4,−8 or 8 and for equality they must appear equally on both sides. If there is an

odd prime discriminant, say d1, then there exists a prime discriminant, say d′1 such

that |d1| = |d′1| since the absolute values are prime numbers. If d1 = −d′1 then one is

congruent to 1 modulo 4 and other one is congruent to 3 modulo 4 which contradicts

that both of d1 and d′1 are discriminants. Thus we have d1 = d′1. Proceeding by this

way we eliminate all odd prime discriminants and get di = d′i for all i and n = m.

Definition 5.1.3. A number α ∈ k = Q(
√
m) is called totally positive, if m < 0 or

if m > 0, α > 0 and ασ > 0 where ασ is the algebraic conjugate of α and we write

α >> 0. A number α ∈ k = Q(
√
m) is called totally negative, if −α is totally positive

and we write α << 0.

Definition 5.1.4. For this chapter, we define the norm of an ideal by

N(a) = |NQ(
√
m)/Q(k)Q(a)|

where NQ(
√
m)/Q(k)Q(a) is the norm of a defined in Definition 4.1.2.

Lemma 5.1.5. Let α ∈ k = Q(
√
m), then N(α) > 0 if and only if α >> 0 or

−α >> 0.

Proof. N(α) > 0 if and only if αασ > 0, if and only if α > 0 and ασ > 0 or α < 0 and
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ασ < 0, if and only if α > 0 and ασ > 0 or −α > 0 and −ασ > 0, if and only if α > 0

and ασ > 0 or −α > 0 and (−α)σ > 0, if and only if α >> 0 or −α >> 0.

5.2. Class Groups

Now we will define some equivalence relations among ideals.

Definition 5.2.1. Two ideals a and b are called equivalent, if a ≡ λb for some λ ∈ k

and written a ∼ b.

Two ideals a and b are called equivalent in the strict sense, if a ≡ λb for some

λ ∈ k with λ >> 0 and written a ∼+ b. See Definition 3.3.4 and note the difference

between strict and narrow sense equivalences.

Here ∼ is an equivalence relation. The equivalence class of a is [a] and these

classes form the group Cl(k) called the class group. The order of the class group is

called the class number and denoted by h(k).

Similarly ∼+ is an equivalence relation. The equivalence class of a is [a]+ and

these classes form the group Cl+(k) called the class group in the strict sense. The

order of the class group is called the class number in the strict sense and denoted by

h+(k).

Proposition 5.2.2. Let 〈
√
d 〉 denote the subgroup {I+, [(

√
d )]+} of the class group

in the strict sense, Cl+(k). Then the Figure 5.1.

1
ϕ−→ 〈

√
d 〉 i−→ Cl+(k)

π−→ Cl(k)
ψ−→ 1

Figure 5.1. Exact sequence of class groups

where π : [a]+ 7→ [a] is exact.
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Proof. The identity map i is one to one, so Ker (i) = {1+} = Im (ϕ). Also Im (π) =

Cl(k) = Ker (ψ) since for all [a] ∈ Cl(k), we find [a]+ ∈ Cl+(k) such that π([a]+) = [a].

And Im (i) = {1+, [(
√
d)]+} ⊆ Ker (π) since π(1+) = 1 and π([(

√
d)]+) = [(

√
d)] = 1.

Now let [a]+ ∈ Ker (π) , so π([a]+) = [a] = 1, then a ∼ 1, a = (α) for some α ∈ k.

Case 1. If N(α) > 0, then α >> 0 or −α >> 0, so choose α with α >> 0, then

a = (α) with α >> 0 implies [a]+ = 1+.

Case 2. If N(α) > 0, then α > 0 and ασ < 0 or α < 0 and ασ > 0, then

α > 0 and ασ < 0 or −α > 0 and (−α)σ < 0, so choose α with α > 0, then
α√
d
> 0 and

(
α√
d

)σ
=

ασ

−
√
d
> 0 so we have

α√
d
>> 0 with a =

(
α√
d

)
(
√
d) implies

[a]+ = [(
√
d)]+ and [a]+ ∈ 〈

√
d 〉 = Im (i).

Therefore Ker (π) ⊆ Im (i).

Corollary 5.2.3. Let h+(k) and h(k) be the orders of Cl+(k) and Cl(k) respectively.

If disc(k) = d > 0 and N(ε) = +1, then h+(k) = 2h(k), otherwise h+(k) = h(k).

Proof. h+(k) = h(k) if and only if |Cl+(k)| = |Cl(k)| if and only if |Ker (π)| = 1 where

π is defined as in Proposition 5.2.2, that is if and only if Im (i) = 〈
√
d 〉 = 1 by the

exact sequence in Proposition 5.2.2, if and only if (
√
d) = (α) for some α >> 0, if and

only if α = η
√
d >> 0 for some η ∈ O×

k . If d < 0, then we can take η = 1. If d > 0

and then η
√
d >> 0. So N(

√
d) = −d < 0 implies that N(η) < 0, therefore N(η) < 0,

therefore [(
√
d)]+ = I+ η ∈ O×

k with N(η) = −1, if and only if N(ε) = −1. Otherwise,

h(k) = h+(k)/ |Ker (π)| = h+(k)/|〈
√
d〉| implies h+(k) = 2h(k).

5.3. The Genus Class Groups

Now again we will define some equivalence relations:

Definition 5.3.1. Two ideals a and b are called similar, if N(a) ≡ N(λ)N(b) for some

λ ∈ k and written a ≈ b.
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Two ideals a and b are called similar in the strict sense, if N(a) ≡ N(λ)N(b) for

some λ ∈ k with λ >> 0 and written a ≈+ b.

Here ≈ is an equivalence relation. The equivalence class of a is [[a]] and these

classes form the group Clgen(k) called the genus class group.

Similarly, ≈+ is an equivalence relation. The equivalence class of a is [[a]]+ and

these classes form the group Cl+gen(k) called the genus class group in the strict sense.

Proposition 5.3.2. Let a,b be two ideals in O. Then a ≈+ b if and only if a∼+bc2

for some ideal c in O.

Proof. We will prove that a ≈+ 1 if and only if a∼+c2 for some ideal c in O.

First assume that a ≈+ 1, thenN(a) = N(λ) for some λ >> 0, thenN(λ−1a) = 1.

By Hilbert’s Theorem 90 (See Appendix B.0.17), there exists an ideal c such that

λ−1a = c1−σ. We have ccσ = N(c) with N(c) > 0, so N(c) >> 0, then c = N(c)c−σ

with N(c) >> 0 implies that c−σ ∼+ c. Thus, λ−1a = cc−σ ∼+ c2 implies a ∼+ c2 since

λ >> 0.

Conversely assume that a ∼+ c2, then a = λc2 for some λ >> 0, then N(a) =

N(λ)N(c2) = N(λ)N(N(c)) = N(λc) where c = N(c) > 0. Thus a ≈+ 1.

Corollary 5.3.3.

Cl+gen(k) ' Cl+(k)/(Cl+(k))2

From now on, we will try to find the number of genera by showing that

∣∣Cl+(k)/Cl+(k)2
∣∣ = 2s−1

where s is the number of finite primes ramifying in k.
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Definition 5.3.4. A class is called ambiguous, if cσ = c for c ∈ Cl+(k). The set of all

ambiguous classes is denoted by Am+ and it is a subgroup of Cl+(k).

Nota that, being ambiguous and ambig are slightly different things for ideals. See

Definition 4.6.1.

Also note that, by Definition 5.3.4, the Figure 5.2.

1 −→ Am+ −→ Cl+(k)
1−σ−→ Cl+(k)1−σ −→ 1

Figure 5.2. Exact sequence of ambig ideals

is exact where 1− σ : c 7→ c1−σ.

Proposition 5.3.5. Let Am+ be the subgroup of all ambiguous classes in Cl+(k).

Then if c ∈ Am+, then c = [a]+ with a = aσ.

Proof. Let c be in Am+. Then c = cσ for c = [a], so aσ = λa with λ >> 0. Then

N(aσ) = N(λ)N(a) implies that λ is a unit, so N(λ) = +1 since it is totally positive.

Then λ = α1−σ for some α ∈ k by Hilbert’s Theorem 90 (See Appendix B.0.16). Then

N(α) = αασ = λα2σ >> 0 in k implies N(α) > 0, that is if and only if α >> 0 or

−α >> 0. So by choosing the suitable one we get a ∼+ αa. So c = [αa] and αa is

ambiguous since (αa)σ = ασaσ = ασλa = αa.

Note that (Cl+(k) : Cl+(k)2) = |Am+| since for c = [a]+, aaσ = (N(a)) = λ with

λ >> 0 implies aaσ ∼+ 1, so [aaσ]+ = 1, so ccσ = I implies c−σ = c, so c1−σ = c2,

then Cl+(k)1−σ = Cl+(k)Cl+(k) = Cl+(k)2 and by the exactness of the Equation 5.3

since 1− σ is onto, we get

Cl+(k)/Am+ ' (Cl+(k))1−σ. (5.1)

Thus |Am+| = |Cl+(k)| / |(Cl+(k))1−σ|.
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Notation 5.3.6. A : the group of fractional ambiguous ideals,

Ek : unit group of k,

E : totally positive units in O×
k ,

I : ideals generated by rational numbers,

H = {a : aσ = a, a = (α) , α >> 0, α ∈ k}.

1 −→ I −→ I −→ 1

↓ ↓ ↓

1 −→ H −→ A
γ−→ Am+ −→ 1

Figure 5.3. Figure for ambig ideals to use Snake Lemma

where γ : a 7→ [a]+ and this diagram commutes with exact rows. So by the Snake

Lemma (See Appendix B.0.19), we get the Figure 5.4.

1 −→ H/I −→ A/I −→ Am+ −→ 1.

Figure 5.4. Exact sequence of quotient groups

We know that A/I ' (Z/2Z)s by Theorem 4.6.2. Then we will determine |H/I|.

If (α) ∈ H, then α >> 0 and (α) is ambiguous, so (α)σ = (α), so (α)1−σ = 1

implies α1−σ = ε with ε >> 0. Then define

ρ : H −→ E/E1−σ

such that ρ((α)) = εE1−σ. The function ρ is a well defined homomorphism and

Ker ρ = {(α) ∈ H : ρ((α)) = E1−σ}
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= {(α) ∈ H : εE1−σ = E1−σ}

= {(α) ∈ H : ε = α1−σ ∈ E1−σ}

= {(α) ∈ H : (α) = (ασ)}

= I.

Also, Im ρ = E/E1−σ since εE1−σ ∈ E/E1−σ implies ε ∈ E, so N(ε) = 1. Then

ε = α1−σ for some α ∈ k. Then N(α) = αασ = (εασ)ασ = εα2σ >> 0, so we can

choose α >> 0 by Lemma 5.1.5, so ρ(α) = εE1−σ. Therefore, H/I ' E/E1−σ.

Now, what is (E : E1−σ) ?

Case 1. If d < 0, then E = Ek = 〈ζ〉 where ζ is the root of unity with ζζσ = 1.

Then ζ−σ = ζ implies ζ1−σ = ζ2, so (E : E1−σ) = (〈ζ〉 : 〈ζ2〉) = 2.

Case 2. If d > 0 and N(ε) = +1 where ε is the fundamental unit in k, then

ε >> 0 or −ε >> 0 implies E = 〈ε〉 and εεσ = 1 implies ε−σ = ε. Then ε1−σ = ε2, so

E1−σ = 〈ε2〉 and (E : E1−σ) = (〈ε〉 : 〈ε2〉) = 2.

Case 3. If d > 0 and N(ε) = −1 where ε is the fundamental unit in k, then

N(ε2) = N(ε)N(ε) = 1. Then ε2 >> 0 or −ε2 >> 0 implies E = 〈ε2〉 and ε2ε2σ = 1

implies ε−2σ = ε2, so ε2−2σ = ε4, E1−σ = 〈ε4〉 and (E : E1−σ) = (〈ε2〉 : 〈ε4〉) = 2.

Hence, by the exactness of the Figure 5.4. with the Equation 5.1 and by the

isomorphism A/I ' (Z/2Z)t and H/I ' Z/2Z, we proved,

Theorem 5.3.7. Am+ ' Cl+(k)/Cl+(k)2 ' (Z/2Z)s−1

Let us now consider the relation between Cl+gen and Clgen.

Proposition 5.3.8. Let a,b be two ideals in O. Then a ≈ b if and only if a∼bc2 for

some ideal c in O.

Proof. We will prove that a ≈ 1 if and only if a∼c2 for some ideal c in O.
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First assume that a ≈ 1, then N(a) = N(λ) for some λ ∈ k, then N(λ−1a) = 1.

By Hilbert’s Theorem 90 (See Appendix B.0.17), there exists an ideal c such that

λ−1a = c1−σ. We have ccσ = N(c) with N(c) ∈ k, then c = N(c)c−σ implies that

c−σ ∼ c. Thus λ−1a = cc−σ ∼ c2 implies a ∼ c2.

Conversely, assume that a ∼ c2, then a = λc2 for some λ ∈ k, then N(a) =

N(λ)N(c2) = N(λ)N(N(c)) = N(λc) where c = N(c) ∈ k, thus a ≈ 1.

Corollary 5.3.9.

Clgen(k) ' Cl(k)/(Cl(k))2

Proposition 5.3.10. The followings are equivalent:

i. Cl+gen(k) ' Clgen(k)

ii. (
√
m) ≈+ 1

iii. m is a sum of squares.

Proof. Consider the map

π : Cl+gen(k) −→ Clgen(k)

[[a]]+ 7→ [[a]].

(i) ⇒ (ii): If Cl+gen(k) ' Clgen(k), then since (
√
m) ≈ 1 in Clgen(k) we have

(
√
m) ≈+ 1 in Cl+gen(k).

(ii) ⇒ (i): Assume (
√
m) ≈+ 1. Let [[a]]+ ∈ Ker π, so π([[a]]+) = [[a]] = 1 in

Clgen(k), that is a ≈ 1, in other words N(a) = N((λ)).

If N(λ) > 0, then we can choose λ with λ >> 0, so N(a) = N(λ) with λ >> 0

implies a ≈+ 1.
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If N(λ) < 0, then N(
λ√
m

). Then we can choose λ with
λ√
m

>> 0. Since

a =
λ√
m

(
√
m), we get N(a) = N(

λ√
m

)N((
√
m)) with

λ√
m

>> 0, that implies a ≈+

(
√
m) ≈+ 1 with assumption.

Note that, without the assumption (
√
m) ≈+ 1, we still have that |Ker π| ≤ 2.

Thus Ker π = {1} and since π is an onto homomorphism, we get the isomorphism

Cl+gen(k) ' Clgen(k).

(ii) ⇒ (iii): If (
√
m) ≈+ 1, then (

√
m) = λc2 for some ideal c with λ >> 0.

Say λ =
1

2
(a + b

√
m), then N((

√
m)) = N(λc2) > 0 gives m =

1

4
(a2 − b2m)c2 where

c = N(c), then 4m = (a2 − b2m)c2. Put a = mA, so 4m = (m2A2 − b2m)c2 implies

4m+mb2c2 = m2A2c2 and m =
4

A2c2
+
b2c2

A2c2
=

(
2

Ac

)2

+

(
b

A

)2

.

(iii) ⇒ (ii): If m = r2 + s2, then for c = (s, r +
√
m), c2 = (s2, sr + s

√
m, (r +

√
m)2) = (m− r2, sr+ s

√
m, (r+

√
m)2) = (r+

√
m)(r−

√
m, s, r+

√
m) = (r+

√
m)

since r −
√
m + r +

√
m = 2r and (2r, s) = 1. So for (λ) = (r

√
m + m) =

√
mc2,

λ >> 0 since r
√
m+m > 0 and (r

√
m+m)σ = m− r

√
m > 0, because m > r2. Thus,

N(
√
m)N(c2) = N(λ) with λ >> 0 implies (

√
m) ≈+ 1.

Corollary 5.3.11. If m is a sum of two squares, then Clgen(k) ' (Z/2Z)t−1, otherwise

we have Clgen(k) ' (Z/2Z)t−2.

Proof. By Corollary 5.3.3 and Theorem 5.3.7 we have Cl+gen(k) ' (Z/2Z)t−1. If m is

a sum of two squares Clgen(k) ' Cl+gen(k) by Proposition 5.3.10, so we get Clgen(k) '

(Z/2Z)t−1. Otherwise |Ker π| = 2 again by Proposition 5.3.10, so

Clgen(k) ' Cl+gen(k)/Ker π ' (Z/2Z)s−1/(Z/2Z) ' (Z/2Z)s−2.
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5.4. Quadratic Reciprocity Law

Proposition 5.4.1. Let k be a quadratic number field with discriminant d. Then the

class number in the strict sense h+(k) is odd if and only if d is a prime discrimi-

nant, and the class number in the usual sense h(k) is odd if and only if d is a prime

discriminant or a product of two prime discriminants.

Proof. First assume that d is a prime discriminant, so s = 1 and we get (Cl+(k) :

Cl+(k)2) = 2s−1 = 1. So |(Cl+(k)| = |Cl+(k)2)| and then

ϕ+ : Cl+(k) −→ Cl+(k)2

c 7→ c2

is an automorphism. Thus |Cl+(k)| = h+(k) is odd, then |Cl(k)| = h(k) is odd by

Corollary 5.2.3. Also see Lemma 4.7.3.

Now assume that d = d1d2 where d1, d2 are negative prime discriminants. Then

we have two possible values for d.

1. d = (−4)(−p) where p ≡ 3 mod 4,

2. d = (−p)(−q) where p ≡ q ≡ 3 mod 4. Since there exists a prime power of d of

the form 4k+ 3 that divides d with an odd exponent, d is not a sum of squares. So by

Corollary 5.3.11, we get |Clgen(k)| = 2s−2 = 22−2 = 1, then

ϕ : Cl(k) −→ Cl(k)2

c 7→ c2

is an automorphism. Thus |Cl(k)| = h(k) is odd.

For the converse, assume that |Cl+(k)| = h+(k) is odd, so ϕ+ is an automorphism,

then (Cl+(k) : Cl+(k)2) = 1 implies that 2s−1 = 1, so s = 1 and d is a prime

discriminant.
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Now assume that |Cl(k)| = h(k) is odd, but h+(k) is even, that is s 6= 1, so

h(k) 6= h+(k) implies Cl+gen(k) ' Clgen(k) is not true, so by Proposition 5.3.10, m

is not a sum of square. Thus, Corollary 5.3.11 implies |Clgen(k)| = 2s−2 = 1 and

therefore s = 2. This also means that m contains a prime power of the form 4k + 3

that divides m with an odd exponent, so also d. This is possible if and only if d = 4p

with p ≡ 3 mod 4 or d = p q with p ≡ q ≡ 3 mod 4, in other words d is a product of

two prime discriminants.

Theorem 5.4.2. (Quadratic Reciprocity Law) Let p, q ∈ Z be distinct positive

odd prime numbers. Then

(i)

(
−1

p

)
= (−1)

p− 1

2 ,

(ii)

(
2

p

)
= (−1)

p2 − 1

8 and

(iii)

(
p

q

)(
q

p

)
= (−1)

(p− 1)(q − 1)

4 .

Proof. We will prove the theorem in the following order:

Case 1.

(
−1

p

)
= 1 ⇔ p ≡ 1 mod 4:

If p ≡ 1 mod 4, then Q(
√
p) has a unit ε = 1

2
(x + y

√
p) with N(ε) = −1. See

Appendix A.0.10 for the way we find ε. So x2 − py2 = −4, x2 ≡ −4 mod p, therefore(
−1

p

)
= +1. Then by Theorem 4.2.7, p splits in Q(

√
−1), so p = (a + b

√
−1)(a −

b
√
−1) for some a, b ∈ Z since Q(

√
−1) is an euclidean domain. Therefore, p = a2 + b2,

so p ≡ 1 mod 4 by [6].

Case 2. If p ≡ 1 mod 4, then

(
p

q

)
= +1 ⇔

(
q

p

)
= +1:

Fist assume that

(
p

q

)
= +1 for p ≡ 1 mod 4. Then q splits in Q(

√
p), say
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q = qq′. By Proposition 5.4.1 and Corollary 5.2.3, h = h(Q(
√
p)) = h+(Q(

√
p)) is

odd. Here, qh is a principal ideal by Theorem 3.1.5, say qh = (
1

2
(x + y

√
p)). Then

qh = qhq′h = ∓(
1

2
(x + y

√
p))(

1

2
(x − y

√
p)) implies ∓4qh = x2 − py2, so ∓4qh ≡ x2

mod p. Since

(
−1

p

)
= +1 by Case 1, we get

(
q

p

)
= +1.

Conversely, assume that

(
q

p

)
= +1. Then for q? = (−1)

q − 1

2 q ≡ 1 mod 4, p

splits in Q(
√
q?) since

(
−1

p

)
= +1 by Case 1, say p = pp′. By Proposition 5.4.1 and

Corollary 5.2.3, h = h(Q(
√
q?)) = h+(Q(

√
q?)) is odd. Here, ph is a principal ideal by

Theorem 3.1.5, say ph = (
1

2
(x + y

√
q?)). Then ph = php′h = ∓(

1

2
(x + y

√
q?))(

1

2
(x −

y
√
q?)) implies ∓4ph = x2 − q?y2, so ∓4ph ≡ x2 mod q?. We get,

(
∓p
q

)
= +1. But

since negative sign holds if and only if q? > 0, that is q ≡ 1 mod 4, we have in fact(
p

q

)
= +1.

Case 3. If p ≡ q ≡ 3 mod 4, then

(
p

q

)
= +1 ⇔

(
q

p

)
= −1:

Consider the field Q(
√
pq). For the ideal p = (p,

√
pq), we have p2 = (p2, 2p

√
pq, pq) =

(p)(p, 2
√
pq, q) = (p) since (p, q) = 1. So, p2 ∼ 1 implies that p is a principal

ideal since h(Q(
√
pq)) is odd by Proposition 5.4.1, say p = (

1

2
(x + y

√
pq)). Then,

N(p) = ∓1

4
(x2 − pqy2) implies ∓4p = x2 − pqy2, so x is divisible by p, say x = pz. By

cancellation, we get ∓4 = pz2− qy2. If positive sign holds, then +4 ≡ pz2 mod q and

+4 ≡ −qy2 mod p, so

(
p

q

)
= +1 and

(
q

p

)
= −1 by Case 1. If negative sign holds,

then −4 ≡ pz2 mod q and −4 ≡ −qy2 mod p, that is 4 ≡ qy2 mod p, so

(
p

q

)
= −1

and

(
q

p

)
= +1 by Case 1.

Case 4.

(
2

p

)
= +1 ⇔ p ≡ ±1 mod 8:

First assume that p ≡ ∓1 mod 8. Consider the field Q(
√
p?) where p? =

(−1)
p−1
2 p ≡ 1 mod 4. By Proposition 5.4.1, h = h(Q(

√
p?)) is odd. By Theorem 4.2.7
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2 splits in Q(
√
p?). Then 2h splits into two principle ideals, say ∓(

1

2
(x + y

√
p?)) and

∓(
1

2
(x − y

√
p?)). Therefore, x2 − p?y2 = ∓4 · 2h. We can only consider the positive

sign since for p ≡ 1 mod 4 we have a fundamental unit with N(ε) = −1 and for p ≡ 3

mod 4 we have x2 − p?y2 > 0. Therefore, x2 ≡ 2h+2 mod p, so

(
2

p

)
= +1 since h is

odd.

Conversely assume that

(
2

p

)
= +1, then p splits in Q(

√
2) by Theorem 4.2.7, say

p = pp′. Since Q(
√

2) is an euclidean field, p = (∓1

2
(x+y

√
2)), so ∓p = x2−2y2 ≡ ∓1

mod 8 since p is odd. See Appendix A.0.11 for calculations.

5.5. The Genus Character

Definition 5.5.1. Let k be a quadratic number field and d be its discriminant with

d = d1d2 . . . dt its decomposition into prime discriminants. For each dj, χj : Cl+gen −→

Z/2Z is defined by:

χj([[p]]) =



(
dj

N(p)

)
J

if (N(p), dj) = 1,

(
d′j

N(p)

)
J

if (N(p), d′j) = 1.

where p is a prime ideal and d′j =
d

dj
and called a genus character.

From now on, let χj(p) denote χj([[p]]) for short.

Proposition 5.5.2. The character χj : Cl+gen −→ Z/2Z is well defined.

Proof. To show that (N(p), dj) = (N(p), d′j) = 1 implies

(
dj

N(p)

)
J

=

(
d′j

N(p)

)
J

,

consider all the cases for p. Note that here p - d.

Case 1. If p = (p), that is if p is inert in k, then N(p) = p2, so

(
dj

N(p)

)
J

=
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(
dj
p2

)
J

=

(
dj
p

)(
dj
p

)
=

[(
dj
p

)]2

= +1 =

[(
d′j
p

)]2

=

(
d′j
p

)(
d′j
p

)
=

(
d′j
p2

)
J

=(
d′j

N(p)

)
J

.

Case 2. If ppσ = (p) = N(p), that is if p splits in k, then by Theorem 4.2.7(
d

p

)
= 1. Thus,

(
d

p

)
=

(
di
p

)(
d′i
p

)
=

(
dj

N(p)

)(
d′j

N(p)

)
= 1, which gives that(

dj
N(p)

)
J

=

(
d′j

N(p)

)
J

= 1 or

(
dj

N(p)

)
J

=

(
d′j

N(p)

)
J

= −1.

Definition 5.5.3. Let a be a fractional ideal and α an element of k. Then we define

χj(a) multiplicatively and χj(α) = χj((α)).

Lemma 5.5.4. Let k be a quadratic number field and λ ∈ k with λ >> 0. Then

χj(λ) = 1 for all j = 1, 2, . . . , t.

Proof. Let us prove the lemma first for λ and j with (N(λ), dj) = 1.

Case 1. dj ≡ 1 mod 4.

Let λ =
1

2
(a+ b

√
d), so N(λ) =

1

4
(a2 − db2), then 4N(λ) = a2 − db2. Here, dj | d, but

dj - N(λ). So dj - a and N(λ) ≡ (
a

2
)2 mod dj. Then χj(λ) =

(
dj

N(λ)

)
J

=

(
N(λ)

dj

)
J

by Quadratic Reciprocity Law 5.4.2 since dj ≡ 1 mod 4. Here,

(
N(λ)

dj

)
J

= 1 since

N(λ) is a square modulo dj. Also,

(
dj

N(λ)

)
J

is defined since N(λ) > 0, because

λ >> 0.

Case 2. dj = −4.

In this case, we must have d = 4m with m ≡ 3 mod 4. Let λ = a + b
√
m, so

N(λ) = a2 −mb2 ≡ a2 + b2 mod 4. Since (N(λ), dj) = 1, N(λ) must be odd. Thus

N(λ) ≡ 1 mod 4, since it is a sum of two squares modulo 4 by [6]. Thus χj(λ) =(
dj

N(λ)

)
J

=

(
−1

N(λ)

)
J

= (−1)

N(λ)− 1

2 = +1 by Quadratic Reciprocity Law 5.4.2.

Case 3. dj = 8.

If dj = 8, then d = 4m with m ≡ 2 mod 4. Let λ = a+ b
√
m, so N(λ) = a2 −mb2 ≡
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a2 − 2b2 ≡ ∓1 mod 8 by Appendix A.0.11 since N(λ) is odd. So by Quadratic

Reciprocity Law 5.4.2, χj(λ) =

(
dj

N(λ)

)
J

=

(
2

N(λ)

)
J

= +1.

If dj = −8, then again by Quadratic Reciprocity Law 5.4.2, χj(λ) =

(
dj

N(λ)

)
J

=(
−1

N(λ)

)
J

(
2

N(λ)

)
J

. Again N(λ) is odd. So if N(λ) ≡ 3 mod 4, then χj(λ) =

(−1) · (−1) = +1. But if N(λ) ≡ 1 mod 4, then χj(λ) = (+1) · (+1) = +1.

Now to prove the lemma for an arbitrary λ ∈ O, not necessarily (N(λ), dj) = 1,

we will consider the ideal (λ) as (λ) = p1p2 . . . ptb where b is relatively prime to d and

pi’s are prime ideals that divide d, that is pi’s are ramified. For each i = 1, 2, . . . , t,

choose an ideal ai ∈ [pi]
−1
+ such that (ai, d) = 1, so ai ∼+ p−1

i implies ai = αip
−1
i with

αi >> 0, so aipi = (αi) with αi >> 0. Here for the factorization of the principle

ideal (αi) =
∏

pj
aj there exists only one ramified prime ideal, namely pi, so (α, dj) = 1

or (α, d′j) = 1 implies χj(aipi) = χjαi = 1 for all j = 1, 2, . . . , s since αi >> 0 with

(αi, dj) = 1 without loss of generality.

(λ) = p1p2 . . . psb =
s∏
i=1

(aipi)(b
s∏
i=1

(ai)
−1) =

s∏
i=1

(αi)(b
s∏
i=1

(ai)
−1),

so c = (b
s∏
i=1

(ai)
−1) must also be a principle ideal which is relatively prime to d by the

way we have chosen ai’s. Thus, by the first part of our proof again we get χj(c) =(
dj
N(c)

)
J

= +1. Therefore, χj(λ) = +1 for all j = 1, 2, . . . , s. For an arbitrary λ ∈ k,

we can use the multiplicativity of χj.

Corollary 5.5.5. For ideals a, b in O, if a ≈+ b, then χj(a) = χj(b) for all j =

1, 2, . . . , s.

Proof. If a ≈+ b, then N(a) = N(λ)N(b) with λ >> 0, then χj(a) =

(
dj

N(a)

)
J

=(
dj

N(λ)N(b)

)
J

=

(
dj

N(λ)

)
J

(
dj

N(b)

)
J

= χj(λ)χj(b) = χj(b) since χj(λ) = 1 by

Lemma 5.5.4.

Theorem 5.5.6. (Product Formula)
s∏
j=1

χj = 1
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Proof. We want to show that
s∏
j=1

χj(p) = 1 for an arbitrary prime ideal p.

Case 1. If p - d, then we have two possibilities. If N(p) = p2, then χj(p) =(
dj

N(p)

)
J

= +1 for all j. But if N(p) = p, then p splits, so
s∏
j=1

χj(p) =
s∏
j=1

(
dj

N(p)

)
J

=
s∏
j=1

dj

N(p)


J

=

(
d

N(p)

)
J

=

(
d

p

)
= +1.

Case 2. If p | d, then say without loss of generality say p | d1, so
t∏

j=1

χj(p) =(
d′1
N(p)

)
J

(
d2

N(p)

)
J

. . .

(
dt

N(p)

)
J

where d′1 =
d

d1

= d2 . . . dt. Thus,

t∏
j=1

χj(p) =

(
d2 . . . dt
N(p)

)
J

(
d2

N(p)

)
J

. . .

(
dt

N(p)

)
J

=

(
d2 . . . dt
N(p)

)2

J

= +1.

Now, let χj(c) denote χj([c]+) for short.

Theorem 5.5.7. (Principle Genus Theorem) Let c be in Cl+(k). If χ1(c) =

χ2(c) = . . . = χs(c) = +1, then c = a2 for some ideal class a in Cl+(k).

Proof. Let c = [a]+ be an ideal class with χ1(a) = χ2(a) = . . . = χt(a) = +1. We

want to show that c = [a]+ = a2 for some ideal class a, that is a ≈+ 1, in other words

N(a) = N(λ) for some λ ∈ k with λ >> 0. Let us choose a in that way:

• (a, 2d) = 1,

• z - a for any z ∈ Z,

• a is square free.
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For n = N(a), we want to show that x2− dy2 = nz2 has a solution in integers, because

we want to find the number λ satisfying N(a) = N(λ) by taking λ =
x

z
+
y

z

√
d. To

do that, we will show that this equation satisfies the conditions of Legendre’s Theorem

(See Appendix B.0.20).

Let a = 1, b = −d, c = −n. Here a, b, c ∈ Z such that (1,−d) = (1,−n) =

(−d,−n) = 1, because (a, 2d) = 1 implies a = p1 . . . pt where pi is not ramified, so for

all pi | n, we get that pi - d. Furthermore, (pi) = pi or (pi) = pip
′
i.

Now we will show that these congruences are solvable:

u2 ≡ −(−d)(−n) mod 1

v2 ≡ −(−n)(1) mod − d

w2 ≡ −(−d)(1) mod − n

There is no need to check the first congruence. The second congruence v2 ≡ n

mod − d is solvable by hypothesis of the theorem, because χ1(c) = χ2(c) = . . . =

χt(c) = 1 implies

(
d1

n

)
J

=

(
d2

n

)
J

= . . . =

(
dt
n

)
J

= 1. The third congruence w2 ≡ d

mod − n is solvable since (pi) = pi or (pi) = pip
′
i for every pi | n implies

(
d

pi

)
= 1, so(

d

n

)
J

= 1. This completes the proof.

Theorem 5.5.8. Let k be a quadratic field and d be its discriminant with its decom-

position into prime discriminants d = d1d2 . . . ds . Then the homomorphism defined by

Υ : Cl+(k) −→ (Z/2Z)s

c 7→ (χ1(c), . . . , χs(c))

induces an isomorphism Cl+gen(k) ' (Z/2Z)s−1.
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Proof. Υ is a homomorphism by multiplicativity. Now define

Π : (Z/2Z)s −→ Z/2Z

(ε1, . . . , εt) 7→
s∏
i=1

εi

where εi ∈ {−1,+1}. To show the isomorphism, we will prove that the sequence

1 −→ Cl+(k)2 i−→ Cl+(k)
Υ−→ (Z/2Z)s

Π−→ Z/2Z

Figure 5.5. Exact sequence to decide the class number

is exact. Since i is the identity function, it is one to one, so we have exactness at

Cl+(k)2.

Im (i) = Cl+(k)2 ⊆ Ker (Υ) since χi(c
2) = (χi(c))

2 = (∓1)2 = +1 for all

i = 1, 2, . . . , s. Conversely, Ker (Υ) ⊆ Im (i) = Cl+(k)2, because c ∈ Ker (Υ) means

χ1(c) = χ2(c) = . . . = χs(c) = +1 and this implies c = a2 for some ideal class a by

Principle Genus Theorem 5.5.7, so c ∈ Im (i) = Cl+(k)2 and we have exactness at

Cl+(k).

Im (Υ) ⊆ Ker (Π) by Product Formula 5.5.6 and conversely,

(Z/2Z)s−1 ' Cl+(k)/Cl+(k)2 by Theorem 5.3.7,

= Cl+(k)/Ker (Υ) by the exactness at Cl+(k),

' Im (Υ) by the Main Isomorphism Theorem,

⊆ Ker (Π) by the above result of Product Formula,

' (Z/2Z)s−1

forces that Im (Υ) = Ker (Π) and we have exactness at (Z/2Z)s.

Definition 5.5.9. Let k be a quadratic number field with discriminant d and d =

d1 . . . ds be its factorization into prime discriminants. Then the fieldK = Q(
√
d1, . . . ,

√
ds)

is called the genus field and denoted by kgen.
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Proposition 5.5.10. Let k be a quadratic number field. Then there exists a canonical

isomorphism Cl+gen(k) ' Gal(kgen/k).

Proof. We define a map Γ : Cl+gen(k) −→ Gal(kgen/k) that maps each [c]+ ∈ Cl+gen(k)

to the automorphism σ ∈ Gal(kgen/k) which is defined as σ :
√
di 7→ χi(c)

√
di where

χi(c) ∈ {−1,+1}. For short, let Γ(c) denote Γ([c]+). Here σ’s are really in Gal(kgen/k)

since σ(
√
d) = σ(

∏√
di) =

∏
(σ(

√
di)) =

∏
χi(c)

√
di =

∏√
di =

√
d by Product

Formula 5.5.6. Thus, σ’s fix k.

We have G(c1c2) = σ3 :
√
di 7→ χi(c3)

√
di for c3 = c1c2 and G(c1)G(c2) = σ1σ2

where σ1 :
√
di 7→ χi(c1)

√
di and σ2 :

√
di 7→ χi(c2)

√
di, so

√
di

σ17→ χi(c1)
√
di

σ27→ χi(c2)(χi(c1)
√
di) = χi(c1c2)

√
di.

Thus σ1σ2 = σ3 and Γ is a homomorphism.

Let σ ∈ Gal(kgen/k) such that σ :
√
di 7→ εi

√
di where εi ∈ {−1,+1}. Since σ

fixes k = Q(
√
d), we have σ(

√
d) =

√
d, so σ(

∏√
di) =

∏√
di implies

∏
εi = 1 for all

σ ∈ Gal(kgen/k) and therefore for each σ, there exists a unique class that represents a

genus in Cl+gen(k) such that for c ∈ Cl+(k) in that class χi(c) = εi by Theorem 5.5.8.

Thus Γ is one to one and onto.
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6. QUADRATIC RECIPROCITY LAW BY DIRICHLET

FIELDS

In this chapter, we will present biquadratic reciprocity law which is based on

the theory of Dirichlet number fields. We will define the relative Hilbert symbol for

quadratic number fields over Q(i) and find the number of genera of a Dirichlet number

field by using the parallel arguments in Chapter 4. The number of genera will lead us

to prove the biquadratic reciprocity law.

6.1. The Integers in the Dirichlet Number Field

In this chapter, we will denote the quadratic number field Q(i) by k, and its ring

of integers Z[i] by o.

Let δ ∈ o be squarefree, δ 6= ∓1, then the biquadratic number field k(
√
δ) over Q

is called a Dirichlet number field. We will denote the ring of integers in k(
√
δ) by O.

Every number A ∈ k(
√
δ) can be brought into the form

α+ β
√
δ

γ
where the

numbers α, β, γ ∈ o.

We will denote the operation that changes
√
δ to −

√
δ by S, so for A =

α+ β
√
δ

γ
,

SA =
α− β

√
δ

γ
.

For A ∈ O, we have A + SA =
2α

γ
∈ o and A · SA =

α2 − β2δ

γ2
∈ o. Now we are

going to determine the elements of O.

For A =
α+ β

√
δ

γ
, let λ ∈ k be a prime number with λ 6= 1 + i and λ | γ. Then

2α
γ
∈ o implies λ | α since λ 6= 1 + i. Also λ2 | γ2 and λ2 | β2 implies λ | β since

α2−β2δ
γ2 ∈ o and δ is squarefree, then λ | β; so λ divides both the numerator and the

denominator of A. Thus, λ can not appear on the denominator of A.
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Let (1 + i)3 | γ, then 1 + i | α and 1 + i | β since (1 + i)2 | 2 in A + SA =
2α

γ
,

so 1 + i divides both the numerator and the denominator of A. Thus, (1 + i)3 can not

appear on the denominator of A.

If γ = 2, then 4 | α2 − β2δ since A · SA =
α2 − β2δ

γ2
and γ2 = 22 = 4. If 1 + i | β

then 1+ i | α, so 1+ i divides both the numerator and the denominator of A. If 1+ i - β

then δ ≡ α2

β2
mod 4, that means δ is a quadratic residue modulo 4 in the field k.

If γ = 1 + i, then 2 | α2 − β2δ since A · SA =
α2 − β2δ

γ2
and γ2 = (1 + i)2 = 2i.

If 1 + i | β then 1 + i | α, so 1 + i divides both the numerator and the denominator of

A. If 1 + i does not divide β then δ ≡ α2

β2
mod 2, that means δ is a quadratic residue

modulo 2 in the field k.

Note that:

i) δ is a quadratic residue modulo 4 when δ ≡ ∓1 mod 4.

ii) δ is a quadratic residue modulo 2, but a quadratic non-residue modulo 4 when

δ ≡ ∓3 + 2i mod 4.

iii) δ is a non-quadratic residue modulo 2 for all other cases, that is when δ ≡ i

mod 2 and δ ≡ 0 mod 1 + i, as we may see from the computations in Appendix

A.0.12.

Thus we get the following result:

Theorem 6.1.1. The Z-basis of the ring of integers O in the Dirichlet number field

k(
√
δ) is {1, i,Ω, iΩ} where Ω is defined as following,
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Ω =
1 +

√
δ

2
, if δ ≡ 1 mod 4

Ω =
1 +

√
δ

1 + i
, if δ ≡ 3 + 2i mod 4

Ω = 1 +
√
δ, if δ ≡ i mod 2

Ω =
√
δ, if δ ≡ 0 mod 1 + i.

We denote the relative discriminant of k(
√
δ) over k by disck(k(

√
δ)), then

disck(k(
√
δ)) = δ, if δ ≡ 1 mod 4

disck(k(
√
δ)) = −2iδ, if δ ≡ 3 + 2i mod 4

disck(k(
√
δ)) = 4δ, if δ ≡ i mod 2

disck(k(
√
δ)) = 4δ, if δ ≡ 0 mod 1 + i,

where the computations are done in Appendix A.0.13.

The usual discriminant discQ(k(
√
δ)) of the biquadratic field is 24|disck(k(

√
δ))|2

by Appendix A.0.13.

6.2. The Prime Ideals of Dirichlet Fields

We will first consider the prime numbers in k which are different from 1 + i and

do not divide δ. There are two kinds of such primes:

i) a prime number π ∈ k such that δ is a quadratic residue modulo π in k,

ii) a prime number κ ∈ k such that δ is a quadratic non-residue modulo κ in k.

Lemma 6.2.1. If π ∈ k is a prime number with π 6= 1 + i and if δ is a quadratic

residue modulo π, then π is reducible into two different prime ideals in k(
√
δ).
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Proof. Let π ∈ k be a prime number with π 6= 1 + i such that δ is a quadratic residue

modulo π in k. Then δ ≡ η2 mod π for some number η ∈ o, and

(π, η +
√
δ)(π, η −

√
δ) = (ππ, [η +

√
δ]π, π[η −

√
δ], [η +

√
δ][η −

√
δ])

= (π2, π[η +
√
δ], π[η −

√
δ], η2 − δ)

= π, since π and (η +
√
δ) + (η −

√
δ) = 2η

are in (π, η +
√
δ, η −

√
δ,
η2 − δ

π
), and (π, 2η) = 1.

Thus we have the desired result, π = B·S(B) where B = (π, η+
√
δ) with (π, η+

√
δ) 6=

(π, η −
√
δ), so B 6= S(B).

Lemma 6.2.2. If κ ∈ k is a prime number with π 6= 1 + i and if δ is a quadratic

non-residue modulo κ, then κ is a prime number in k(
√
δ).

Proof. Let κ ∈ k be a prime number with π 6= 1 + i such that δ is a quadratic non-

residue modulo κ in k. If κ is reducible, say κ = PQ for some ideals P,Q in k, then

we can find an integer A = α + β
√
δ ∈ O such that κ - A, but one of its prime ideal

divisors in K divides A, say P | A without loss of generality. Necessarily (β, κ) = 1,

because if not (β, κ) = κ since κ is prime, then κ | β2; also κ | A.S(A) = α2 − β2δ

since SP = Q and therefore κ | α2, κ | α, thus κ | A which contradicts our assumption

that κ - A. Again by using the fact that κ | A.SA, we get α2 − β2δ ≡ 0 mod κ where

(β, κ) = 1, so δ ≡ (
α

β
)2 mod κ which contradicts our hypothesis that δ is a quadratic

non-residue modulo κ in k.

Now we will consider the prime numbers in k which are different from 1 + i and

divide δ:

Let λ1, λ2, . . . , λr denote the prime numbers in k different from 1 + i that divide

δ. Then δ = λ1λ2 . . . λr or δ = (1 + i)λ1λ2 . . . λr.

Lemma 6.2.3. Let λ be a prime number in k. Then the ideal (λ,
√
δ) is a prime ideal

in k(
√
δ).
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Proof. Let λ be a prime number in k, and L = (λ,
√
δ) = PQ for some ideals P,Q in

k(
√
δ). Then, Nk(

√
δ)/k(P) and Nk(

√
δ)/k(Q) divides Nk(

√
δ)/k(L) = (λ,

√
δ)(λ,−

√
δ) =

(λ2, λ
√
δ, δ) = λ(λ,

√
δ,
δ

λ
) = λ since (λ,

δ

λ
) = 1. Since λ ∈ k is prime, P = O or

Q = O, therefore L is a prime ideal.

Lemma 6.2.4. If λ ∈ k is a prime number with λ 6= 1 + i and if λ | δ , then λ is

reducible into two prime ideals in k(
√
δ), say λ = L.SL where L, SL are prime ideals

in k(
√
δ) and L = SL.

Proof. Consider the ideals

L1 = SL1 = (λ1,
√
δ),L2 = SL2 = (λ2,

√
δ), . . . ,Lr = SLr = (λr,

√
δ).

Then the ideals L1,L2, . . . ,Lr are prime ideals in k(
√
δ) by Lemma 6.2.3 and λ1 =

L1
2, λ2 = L2

2, . . . , λr = Lr
2.

Lastly we will consider the prime number 1 + i:

Lemma 6.2.5. If δ ≡ 1 + 4i mod (1 + i)5 then 1 + i is irreducible in O.

If δ ≡ 1 mod (1 + i)5 then 1 + i = B.SB where B 6= SB.

If δ ≡ 3 + 2i mod 4, δ ≡ 0 mod 1 + i or δ ≡ i mod 2, that is if 1 + i |

disck(k(
√
δ)), then 1 + i = B. · SB where B = SB.

Proof. First let δ ≡ 1 mod 4. If also δ ≡ 1+4i mod (1+i)5 then 1+i 6= (1+i,Ω)(1+

i, SΩ) since Ω =
1 +

√
δ

2
implies ΩSΩ =

1− δ

4
=

(1 + 4i) + (1 + i)5ξ

4
= −i− (1 + i)ξ,

1 + i is irreducible.

But if δ ≡ 1 mod (1 + i)5 then 1 + i = (1 + i,Ω)(1 + i, SΩ) = B · SB since
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Ω =
1 +

√
δ

2
implies Ω ·SΩ =

1− δ

4
=

(1 + i)5ξ

−(1 + i)4
= (1+ i)(−ξ) where B, SB are prime

ideals in k(
√
δ) by Lemma 6.2.3 with B 6= SB.

If δ ≡ 3 + 2i mod 4 then Ω =
1 +

√
δ

1 + i
, so SΩ =

1−
√
δ

1 + i
=

2− (1 +
√
δ)

1 + i
=

2

1 + i
− 1 +

√
δ

1 + i
= (1 − i) − Ω = (i + 1)(−i) − Ω, thus (1 + i,Ω) = (1 + i, SΩ) and

1 + i = (1 + i,Ω)(1 + i, SΩ) = B · SB since Ω · SΩ =
1 +

√
δ

1 + i
· 1−

√
δ

1 + i
=

1− δ

2i
=

1− 3− 2i+ (1 + i)ξ

2i
= (i − 1) − 2iξ = (i + 1) − (2 + 2iξ) = (1 + i) − 2(1 + iξ) =

(1 + i) + i(1 + i)2(1 + iξ) = (1 + i)(1 + i(1 + i)(1 + iξ)).

If δ ≡ i mod 2 then Ω = 1+
√
δ, so SΩ = 1−

√
δ = 2−(1+

√
δ) = (1+i)(1−i)−Ω,

thus (1 + i,Ω) = (1 + i, SΩ) and 1 + i = (1 + i,Ω)(1 + i, SΩ) = B · SB since Ω · SΩ =

(1 +
√
δ)(1 −

√
δ) = 1 − δ = 1 − i − 2ξ = 1 + i − 2i − 2ξ = (1 + i) − 2(i + ξ) =

(1 + i) + i(1 + i)2(i+ ξ) = (1 + i)(1 + i(1 + i)(i+ ξ)) .

If δ ≡ 0 mod 1+i, then Ω =
√
δ, so SΩ = −

√
δ = −Ω, thus (1+i,Ω) = (1+i, SΩ)

and 1 + i = (1 + i,Ω)(1 + i, SΩ) = B · SB since Ω · SΩ = (
√
δ)(−

√
δ) = −δ =

−0− (1 + i)ξ = (1 + i)(ξ).

Hence, 1 + i = L2 if and only if 1 + i | d.

Now we get the following table:

Table 6.1. Decomposition of 1 + i into its prime ideals in k(
√
δ)

δ ≡ 1 mod (1 + i)5 ⇒ 1 + i = BSB,B = (1 + i,Ω),B 6= SB

δ ≡ 1 + 4i mod (1 + i)5 ⇒ 1 + i = B where B is prime in K

δ ≡ 3 + 2i mod 4 ⇒ 1 + i = L2 where L = SL = (1 + i,Ω)

δ ≡ i mod 2 ⇒ 1 + i = L2 where L = SL = (1 + i,Ω)

δ ≡ 0 mod 1 + i⇒ 1 + i = L2 where L = SL = (1 + i,Ω)
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Definition 6.2.6. Let α ∈ k be arbitrary and τ ∈ k be a prime number. If τ 6= 1 + i,

then

[α
τ

]
=


+1, if α is a quadratic residue modulo τ in k.

−1, if α is a quadratic nonresidue modulo τ in k.

0, if τ | α.

If τ = 1 + i, then

[
α

1 + i

]
=


+1, if α is a quadratic residue modulo (1 + i)5 in k.

−1, if α is a quadratic nonresidue modulo (1 + i)5 in k.

0, if 1 + i | α.

We have the following theorem by combining Lemma 6.2.1, Lemma 6.2.2, Lemma

6.2.4, Lemma 6.2.5 and Definition 6.2.6 :

Theorem 6.2.7. Let k(
√
δ) be a Dirichlet number field over k and d = disck(k(

√
δ))

be its relative discriminant. Let τ be a prime number in k.

If

[
d

τ

]
= +1, then τ is reducible into two different prime ideals in k(

√
δ).

If

[
d

τ

]
= −1, then τ is irreducible in k(

√
δ).

If

[
d

τ

]
= 0, then τ is equal to a square of a prime ideal in k(

√
δ).

This theorem will be used repeatedly.

6.3. Relative Hilbert’s Symbol

Let A ∈ O. We denote the relative norm of A by Nk(
√
δ)/k(A) = A · SA. This

relative norm is a number in o.



84

Lemma 6.3.1. Let A =
α+ β

√
δ

γ
∈ O and λ ∈ k be a prime number with λ 6= 1 + i

and λ | δ, but λ does not divide α+ β
√
δ and γ at the same time. Then Nk(

√
δ)/k(A) is

a quadratic residue modulo λ.

Proof. For A =
α+ β

√
δ

γ
, Nk(

√
δ)/k(A) =

α2 − β2δ

γ2
implies Nk(

√
δ)/k(A) ≡ α2

γ2
≡ (

α

γ
)2

mod λ since λ | δ. But we need to show that λ - γ and λ - α:

For A =
α+ β

√
δ

γ
with α, β, γ ∈ o, firstly assume that λ | γ , so λ2 | γ2. Then

λ2 | α2−β2δ since Nk(
√
δ)/k(A) ∈ o. Furthermore, λ | δ and λ | α2−β2δ imply together

that λ | α. Also λ2 | α2 and λ | δ imply together that λ | β. Thus λ divides both the

numerator and the denominator of A which contradicts our hypothesis.

Now assume that λ | α, so λ | α2. Then λ | α2 and λ | δ imply together that

λ | α2 − β2δ. Then λ | γ2 since Nk(
√
δ)/k(A) ∈ o. Therefore, λ | γ, so λ2 | γ2, and

λ2 | α2 − β2δ, together with λ2 | α2 we have α | β.Therefore, λ divides both the

numerator and the denominator of A which contradicts our hypothesis.

Lemma 6.3.2. Let λ ∈ k be a prime number with λ | δ and σ ∈ k be arbitrary. Then

there exist α,A ∈ o such that

σ = α · υ

where λ - α and υ = Nk(
√
δ)/k(A).

Proof. If λ - σ then we are done. But if λ | σ then σ = λnγ for some n ∈ N where

λ - γ. So it is enough to prove the lemma for σ = λ. Since λ | δ, λ = L2 for some

ideal L in k(
√
δ). Let A ∈ k(

√
δ) be a number such that L | A, but λ = L2 - A. Put

υ = Nk(
√
δ)/k(A). Then λ | υ and for α :=

λ

υ
, the numerator is 1 and the denominator is

υ
λ
, so not divisible by λ because if λ | υ

λ
, λ2 | υ = Nk(

√
δ)/k(A), λ | A which contradicts
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our assumption that λ = L2 - A. Thus we get λ = αυ where α ∈ o with λ - α, and

υ = Nk(
√
δ)/k(A) for some number A ∈ k(

√
δ).

Definition 6.3.3. Let k(
√
δ) be a Dirichlet number field over k. Let σ ∈ k be arbitrary

and λ ∈ k be a prime number with λ 6= 1 + i and λ | δ. We define the relative Hilbert

symbol by:

[ σ

λ : δ

]
=


+1, if σ = Nk(

√
δ)/k(A) for some number A ∈ k(

√
δ)[α

λ

]
, if σ = αυ for some α, υ ∈ k where α ∈ o with

λ - α, and υ = Nk(
√
δ)/k(A) for some number A ∈ k(

√
δ).

But we need to show that this definition is well defined:

Lemma 6.3.4. Let λ ∈ k be a prime number with λ | δ and σ ∈ k be arbitrary. If

σ = αυ = α1υ1 where λ - α, α1 and υ = Nk(
√
δ)/k(A), υ1 = Nk(

√
δ)/k(A1) for some

A,A1 ∈ o, then
[α
λ

]
=
[α1

λ

]
.

Proof. If αυ = α1υ1, then
α

α1

=
υ1

υ
where

υ1

υ
=
Nk(

√
δ)/k(A1)

Nk(
√
δ)/k(A)

= Nk(
√
δ)/k(

A1

A
). There-

fore,

[ α
α1

λ

]
=

[ υ1

υ

λ

]
=

[
Nk(

√
δ)/k(

A1

A
)

λ

]
= +1 by its definition, so

[α
λ

]
=
[α1

λ

]
.

Also we have the multiplicative property:

[
σσ′

λ : δ

]
=
[ σ

λ : δ

] [ σ′

λ : δ

]

If 1 + i | disck(k(
√
δ)), then we need to examine the relative norms and their

residues modulo powers of 1 + i to define the relative Hilbert symbol. We put i′ =

3 + 2i, i′′ = 1 + 4i and give the values 0 or 1 to t, t′, t′′, so we get by the form ∓iti′t
′

the whole 8 residues modulo (1+ i)4 if 1+ i - δ and by the form ∓iti′t
′
i′′t

′′
the whole 16

residues modulo (1 + i)5 if 1 + i | δ which are relatively prime to 1 + i. Let us denote

these numbers (i)t(i′)t
′
by (tt′) and the numbers (i)t(i′)t

′
(i′′)t

′′
by (tt′t′′) for short.
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If δ ≡ (00) mod (1 + i)4 then δ ≡ 1 mod 4, so disck(k(
√
δ)) = δ and 1 + i -

disck(k(
√
δ)). So it is enough to check the 7 cases: δ ≡ (01), (10), (11) mod (1 + i)4

where 1+ i - δ and δ ≡ (1+ i)(00), (1+ i)(10), (1+ i)(01) and (1+ i)(11) mod (1+ i)5

where 1 + i | δ.

Let α ≡ (tαt
′
αt
′′
α) mod (1 + i)5 with 1 + i - α. To determine the value of the

symbol

[
α

1 + i : δ

]
, we have to investigate for which combinations of values of α and δ,

the congruence α ≡ Nk(
√
δ)/k(A) mod (1 + i)5 is solvable for some A ∈ O. After long

calculations in Appendix A.0.14, we get the following table.

Table 6.2. Table of α = Nk(
√
δ)/k(A) mod (1 + i)5

δ α

(01) (000),(001),(010),(011)

(1,0) (000),(001),(101),(100)

(11) (000),(001),(110),(111)

(1+i)(00) (000),(011),(100),(111)

(1+i)(01) (000),(011),(101),(110)

(1+i)(10) (000),(010),(100),(110)

(1+i)(11) (000),(010),(101), (111)

In general, for δ ≡ (tδt
′
δ), respectively for δ ≡ (tδt

′
δt
′′
δ), α is a relative norm of

a number in k(
√
δ) modulo (1 + i)5 where α ≡ (tαt

′
αt
′′
α) if and only if tαt

′
δ + t′αtδ is

even, respectively tαt
′
δ + t′αtδ + t′α + t′′α is even. If it is the case, then α is a relative

norm of a number in k(
√
δ) modulo higher powers of 1 + i.

Definition 6.3.5. Let k(
√
δ) be a Dirichlet number field over k. Let σ ∈ k be arbitrary

with σ = α ≡ (tαt
′
αt
′′
α) and λ = 1 + i ∈ k and 1 + i | disck(k(

√
δ)). We define the

relative Hilbert symbol for 1 + i by:
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[
σ

1 + i : δ

]
=



+1, if σ = Nk(
√
δ)/k(A)for some number A ∈ k(

√
δ)

(−1)tσt
′
δ+t′σtδ , if 1 + i - σ and 1 + i - δ

(−1)tσt
′
δ+t′σtδ+t′σ+t′′σ , if 1 + i - σ and 1 + i | δ

if σ = αυ for some α, υ ∈ k where α ∈ o with[
α

1 + i : δ

]
, λ - α, and υ = Nk(

√
δ)/k(A) for some number

A ∈ k(
√
δ).

Also we have the multiplicative property:

[
σ1σ2

1 + i : δ

]
=

[
σ1

1 + i : δ

] [
σ2

1 + i : δ

]

where σ1, σ2 are arbitrary numbers in k.

6.4. The Character Set of an Ideal

Definition 6.4.1. Let k(
√
δ) be a Dirichlet number field over k and disck(k(

√
δ)) be

its relative discriminant; let λ1, λ2, . . . , λs be all the distinct prime numbers dividing

disck(k(
√
δ)). Let C2 = {−1,+1} be a cyclic group of order 2 under multiplication.

We define a function

Φ : k −→ Cs
2

σ 7→
([

σ

λ1 : δ

]
,

[
σ

λ2 : δ

]
, . . . ,

[
σ

λs : δ

])
.

The s tuple, Φ(σ) is called the character set of σ in k(
√
δ).

Definition 6.4.2. For each ideal I in the number field k(
√
δ), the product I · SI,

which is a set generated by a number in k as shown in Appendix B.0.22, is denoted by

Nk(
√
δ)/k(I) and called the relative norm of the ideal I.
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Note that I · SI = Ox for some x ∈ k is not completely determined by this

condition, x is determined up to its four associates, that is if x, y ∈ k are represented

by Nk(
√
δ)/k(I), then x = yia for some a ∈ {0, 1, 2, 3}.

To define the character set of an ideal I, we first check the character set of the

number i,

Φ(i) =

([
i

λ1 : δ

]
,

[
i

λ2 : δ

]
, . . . ,

[
i

λs : δ

])
.

Case 1. If Φ(i) = (+1,+1, . . . ,+1), then we define a function

Ψ : {I : I is an ideal in O} −→ Cr
2

I 7→

([
Nk(

√
δ)/k(I)

λ1 : δ

]
,

[
Nk(

√
δ)/k(I)

λ2 : δ

]
, . . . ,

[
Nk(

√
δ)/k(I)

λr : δ

])
.

where r = s.

Note that this function is well defined since

[
Nk(

√
δ)/k(I)

λj : δ

]
=

[
x

λj : δ

]
=

[
yia

λj : δ

]
=[

∓y(i)m

λj : δ

]
=

[
∓1

λj : δ

] [
y

λj : δ

] [
(i)m

λj : δ

]
= (+1) ·

[
y

λj : δ

]
· (+1)m =

[
y

λj : δ

]
for all

j ∈ {1, 2, . . . , s} with a suitable m ∈ {0, 1}.

Case 2. If Φ(i) 6= (1, . . . , 1), say

[
i

λs : δ

]
= −1, then we take the value x of

the relative norm Nk(
√
δ)/k(I) = Ox such that

[
Nk(

√
δ)/k(I)

λs : δ

]
=

[
x

λs : δ

]
=

[
yia

λs : δ

]
=[

y

λs : δ

] [
i

λs : δ

]a
= +1 by choosing the suitable number a ∈ {0, 1, 2, 3}. Then for this

value Nk(
√
δ)/k(I) = Ox we define a function

Ψ : {a : a is an ideal in O} −→ Cr
2

a 7→

([
Nk(

√
δ)/k(I)

λ1 : δ

]
,

[
Nk(

√
δ)/k(I)

λ2 : δ

]
, . . . ,

[
Nk(

√
δ)/k(I)

λr : δ

])
.
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where r = s− 1.

Note that this function is well defined since a is fixed first. The number a can take

two values according as

[
y

λs : δ

]
= +1 or −1, that is a = 0, 2 or a = 1, 3, so x = ∓y or

x = ∓yi. Therefore,

[
Nk(

√
δ)/k(I)

λj : δ

]
=

[
x

λj : δ

]
=

[
∓y
λj : δ

]
= (+1) ·

[
y

λj : δ

]
=

[
y

λj : δ

]
or

[
Nk(

√
δ)/k(I)

λj : δ

]
=

[
x

λj : δ

]
=

[
∓yi
λj : δ

]
= (+1) ·

[
yi

λj : δ

]
=

[
yi

λj : δ

]
, which implies

that

[
Nk(

√
δ)/k(I)

λj : δ

]
is completely determined for all j ∈ {1, 2, . . . , s− 1}.

Notation 6.4.3. From now on we will denote both the functions Φ and Ψ defined

above by Υ.

Ideals in the same class have the same character set since I′ = AI implies that

[
Nk(

√
δ)/k(I

′)

λ : δ

]
=

[
Nk(

√
δ)/k(AI)

λ : δ

]

=

[
Nk(

√
δ)/k(A)Nk(

√
δ)/k(I)

λ : δ

]

=

[
Nk(

√
δ)/k(A)

λ : δ

][
Nk(

√
δ)/k(I)

λ : δ

]

= (+1)

[
Nk(

√
δ)/k(I)

λ : δ

]

=

[
Nk(

√
δ)/k(I)

λ : δ

]

for each prime divisor λ of disck(k(
√
δ)).

6.5. Genera of Ideal Classes

Definition 6.5.1. The set of all ideal classes that have the same character set is called

a genus and denoted by G. The genus of ideal classes which have the character set
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(+1,+1, . . . ,+1) is called the principle genus and denoted by G0.

Note that the character set of the principle class is equal to (+1,+1, . . . ,+1), so

it lies in the principle genus G0.

6.6. Ideal Classes in the Principle Genus

By the multiplicative property of norm (See Appendix B.0.23), the character

system of I2 for an ideal I in K, is

([
Nk(

√
δ)/k(I

2)

λ1 : δ

]
, . . . ,

[
Nk(

√
δ)/k(I

2)

λs : δ

])

=

([
Nk(

√
δ)/k(I)Nk(

√
δ)/k(I)

λ1 : δ

]
, . . . ,

[
Nk(

√
δ)/k(I)Nk(

√
δ)/k(I)

λs : δ

])

=

[Nk(
√
δ)/k(I)

λ1 : δ

]2

, . . . ,

[
Nk(

√
δ)/k(I)

λs : δ

]2


= (∓1,∓1, . . . ,∓1)

= (1, 1, . . . , 1) .

where r = s or r = s− 1. Thus the class of I2 lies in the principle genus. The converse

is also true.

Theorem 6.6.1. Every ideal class in the principle genus is a square of an ideal class.

To prove the Theorem 6.6.1 we should first prove the following theorems:

Theorem 6.6.2. If υ is equal to NKδ/k(I) for some ideal I in the principle genus of

Kδ then δ is equal to NKυ/k(J) for some ideal J in the principle genus of Kυ.

Proof. We will show that δ = NKυ/k(J) for some ideal J in the principle genus by

showing that λ is a product of two prime ideals for each prime divisor λ of δ and
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[
δ

π : υ

]
= +1 for each divisor π of υ. We will assume that υ does not contain square

factors in k since a square of a number is itself a norm of that number.

Firstly, we will consider the prime divisors of υ different from 1 + i.

Case 1. Assume that π | υ, but π - disck(k(
√
δ)). By hypothesis, υ = Nk(

√
δ)/k(I)

for some ideal I in k(
√
δ), so π reduces into two prime ideals in k(

√
δ). To prove that

assume the contrary, then π must be prime in k(
√
δ) since π - disck(k(

√
δ)). But

then π | υ = I · SI, so π | I without loss of generality, then π2 | I · SI = υ which

contradicts to the fact that υ is squarefree. Therefore, δ is a quadratic residue modulo

π, so

[
δ

π : υ

]
=

[
δ

π

]
= +1 since π - δ.

Case 2. Now assume that λ | υ and also λ | disck(k(
√
δ)). We know that λ = L2

where L = (λ,
√
δ) is a prime ideal in k(

√
δ) by Lemma 6.2.3. So λ +

√
δ is divisible

by L, but it is not divisible by λ in k(
√
δ). Then for υ = λυ′, δ = λδ′ we get:

[ υ

λ : δ

]
=

[ υ

λ : δ

]
.(+1) =

[ υ

λ : δ

]Nk(
√
δ)/k(

1

λ+
√
δ
)

λ : δ



=

υNk(
√
δ)/k(

1

λ+
√
δ
)

λ : δ

 =


υ

λ2 − δ
λ : δ



=


λυ′

λ2 − λδ′

λ : δ

 =


υ′

λ− δ′

λ : δ

 =


υ′

λ− δ′

λ

 since λ -
υ′

λ− δ′

=

[
υ′δ′

λ

]
1

δ − δ′2

λ

 =

[
υ′δ′

λ

]−Nk(
√
δ)/k(

1

δ′ +
√
δ
)

λ


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=

[
υ′δ′

λ

] [
−1

λ

]Nk(
√
δ)/k(

1

δ′ +
√
δ
)

λ

 =

[
υ′δ′

λ

] [
i2

λ

]
.(+1)

=

[
υ′δ′

λ

]
.(+1) =

[
υ′δ′

λ

]

Similarly,

[
δ

λ : υ

]
=

[
δ

λ : υ

]
.(+1) =

[
δ

λ : υ

]Nk(
√
δ)/k(

1

λ+
√
υ

)

λ : υ



=

δNk(
√
δ)/k(

1

λ+
√
υ

)

λ : υ

 =


δ

λ2 − υ
λ : υ



=


λδ′

λ2 − λυ′

λ : υ

 =


δ′

λ− υ′

λ : υ

 =


δ′

λ− υ′

λ

 since λ -
δ′

λ− υ′

=

[
δ′υ′

λ

]
1

υ − υ′2

λ

 =

[
υ′δ′

λ

]−Nk(
√
δ)/k(

1

υ′ +
√
υ

)

λ



=

[
δ′υ′

λ

] [
−1

λ

]Nk(
√
δ)/k(

1

υ′ +
√
υ

)

λ

 =

[
δ′υ′

λ

] [
i2

λ

]
.(+1)

=

[
δ′υ′

λ

]
.(+1) =

[
δ′υ′

λ

]

Therefore,
[ υ

λ : δ

]
=

[
δ′υ′

λ

]
=

[
δ

λ : υ

]
and by the hypothesis that υ = Nk(

√
δ)/k(I)
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where I is in the principle genus, we get

[ υ

λ : δ

]
= +1 for all λ that divides δ,

and then

[
δ

λ : υ

]
= +1 for all λ that divides δ and υ.

Secondly, we will consider the prime divisor 1 + i. We have four cases to check:

(i) 1 + i does not divide both υ and δ,

(ii) 1 + i divides υ, but does not divide δ,

(iii) 1 + i divides δ, but does not divide υ,

(iv) 1 + i divides both δ and υ.

So we will show that

[
δ

λ : υ

]
= +1, if λ = 1 + i | disck(k(

√
υ)) and 1 + i is a

product of two prime ideals, if 1 + i | δ .

(i) For the first case we put υ ≡ (tυt
′
υ) and δ ≡ (tδt

′
δ) mod (1 + i)4, and consider

the two cases:

a) If tυ, t
′
υ are both even, then υ ≡ 1 mod 4, so disck(k(

√
υ)) = υ and 1 + i -

disck(k(
√
υ)). So no such symbol

[
δ

λ : υ

]
exists with λ = 1 + i.

b) If tυ, t
′
υ are not both even, then disck(k(

√
δ)) = (−2i)υ or disck(k(

√
υ)) = 4υ,

so 1 + i | disck(k(
√
υ)). If tδ and t′δ are both even, then this symbol has

value +1. If tδ and t′δ are not both even, then disck(k(
√
δ)) = (−2i)δ or

disck(k(
√
δ)) = 4δ, so 1 + i | disck(k(

√
δ)) and the symbol

[
υ

1 + i : δ

]
is mean-

ingful. Furthermore,

[
υ

1 + i : δ

]
= +1 by our hypothesis and

[
υ

1 + i : δ

]
=

(−1)tυt
′
δ+tδt

′
υ = (−1)tδt

′
υ+tυt′δ =

[
δ

1 + i : υ

]
by the definition of the symbol.

Thus

[
δ

1 + i : υ

]
= +1. In addition,

[
δ

1 + i

]
=

[
δ

1 + i : υ

]
, so 1 + i is a product

of prime ideals in k(
√
υ).
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(ii) For the second case, we put υ ≡ (1 + i)(tυt
′
υ) and δ ≡ (tδt

′
δt
′′
δ) mod (1 + i)5,

and consider the two cases:

a) If tδ and t′δ are both even, then 1 + i - disck(k(
√
δ)) = δ, so

[
δ

1 + i : υ

]
=[

δ

1 + i

]
. By hypothesis, υ = NKδ/k(I) for some ideal I in k(

√
δ) and (1 + i) | υ,

so 1 + i is a product of two different prime ideals in k(
√
δ). Thus,

[
δ

1 + i

]
= +1

and we get

[
δ

1 + i : υ

]
= +1.

b) If tδ and t′δ are not both even, then 1+i divides disck(k(
√
δ)). Let ω =

Ω · SΩ

1 + i
,

so Nk(
√
δ)/k(

1

Ω
) =

1

Ω · SΩ
=

1

ω(1 + i)
and then we get that

[
υ

1 + i : δ

]
=

[
υNk(

√
δ)/k(

1
Ω
)

1 + i : δ

]

=

(tυt
′
υ)

1

ω(1 + i)

1 + i : δ

[ ω2

1 + i : δ

]

=

[
(tυt

′
υ)ω

1 + i : δ

]
=

[
(tυt

′
υ)

1 + i : δ

] [
ω

1 + i : δ

]
= (−1)tυt

′
δ+t′υtδ(−1)t

′
δ+t′′δ

= (−1)tυt
′
δ+t′υtδ+t′δ+t′′δ

=

[
δ

1 + i : υ

]

by Definition 6.3.5. By hypothesis

[
υ

1 + i : δ

]
= +1, thus

[
δ

1 + i : υ

]
= +1.

(iii) For the third case we put υ ≡ (tυt
′
υt
′′
υ) and δ ≡ (1 + i)(tδt

′
δ) mod (1 + i)5 and

consider the two cases:

a) If tυ and t′υ are both even, then 1+i - disck(k(su)). By hypothesis,

[
υ

1 + i : δ

]
=
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+1 and by Definition 6.3.5

[
υ

1 + i : δ

]
= (−1)tυt

′
δ+t′υtδ+t′υ+t′′υ = (−1)t

′′
υ since tυ

and t′υ are even. Therefore, t′′υ must be even and υ ≡ (000) mod (1 + i)5. Since

1 + i - υ, we have that +1 =

[
υ

1 + i : δ

]
=

[
υ

1 + i

]
, so 1 + i is a product of prime

ideals in k(
√
υ).

b) If tυ and t′υ are not both even, then 1 + i | disck(k(
√
υ)). We take ω as in

Case ii.b) and get

[
δ

1 + i : υ

]
= (−1)tυt

′
δ+t′υtδ+t′υ+t′′υ . But by Definition 6.3.5,

this is equal to the symbol

[
υ

1 + i : δ

]
which has value +1 by hypothesis.

(iv) For the fourth case we put υ ≡ (1+i)(tυt
′
υt
′′
υ) and δ ≡ (1+i)(tδt

′
δt
′′
δ) mod (1+

i)6. Then,

[
υ

1 + i : δ

]
=

[
υNk(

√
δ)/k(

1√
δ
)

1 + i : δ

]
=

[ υ
−δ

1 + i : δ

]

=

[
(tυt

′
υt
′′
υ)(tδt

′
δt
′′
δ)

1 + i : δ

]

= (−1)(tυ+tδ)t′δ+(t′υ+t′δ)tδ+(t′δ+t′υ)+(t′′δ+t′′υ).

(6.1)

Similarly,

[
δ

1 + i : υ

]
=

[
δNk(

√
δ)/k(

1
υ
)

1 + i : υ

]
=

[
(tδt

′
δt
′′
δ)(tυt

′
υt
′′
υ)

1 + i : υ

]

= (−1)(tδ+tυ)t′υ+(t′δ+t′υ)tυ+(t′δ+t′υ)+(t′′δ+t′′υ)

= (−1)tδt
′
υ+tυt′υ+t′δtυ+t′υtυ+(t′δ+t′υ)+(t′′δ+t′′υ)

= (−1)tδt
′
υ+t′δtυ+(t′δ+t′υ)+(t′′δ+t′′υ)
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=

[
υ

1 + i : δ

]
by Equation 6.1

= +1 by hypothesis.

Lastly, we will consider the prime divisors λ of δ different from 1 + i such that

λ - disck(k(
√
υ)). Then

[ υ

λ : δ

]
=
[υ
λ

]
and

[υ
λ

]
= +1 by the assumption that the

character system of υ consists of +1. Thus λ is a product of two prime ideals in k(
√
υ).

If λ = 1 + i for this case, then 1 + i | λ and 1 + i - disck(k(
√
υ)), so 1 + i - υ. But

this is the Case (iii), so 1 + i is a product of two prime ideals in k(
√
υ).

Therefore, each prime divisor of δ is a product of two prime ideals in k(
√
υ) with[

δ

λ : υ

]
= +1 for each prime divisor λ of disck(k(

√
υ)), so δ is a relative norm of an

ideal in the principle genus.

Theorem 6.6.3. If υ is a relative norm of a number in k(
√
δ), then δ is also a relative

norm of a number in k(
√
υ).

Proof. Let υ = Nk(
√
δ)/k(α + β

√
δ) = (α + β

√
δ)(α − β

√
δ) = α2 − β2δ where α, β ∈

k. Then β2δ = α2 + υ implies δ = (
α

β
)2 − (

1

β
)2υ = (

α

β
+

1

β

√
υ)(

α

β
+ − 1

β

√
υ) =

Nk(
√
δ)/k(

α+
√
υ

β
) where

α+
√
υ

β
∈ k(

√
υ).

Theorem 6.6.4. If υ = Nk(
√
δ)/k(I) for some ideal I in the principle genus of k(

√
δ),

then in fact υ = Nk(
√
δ)/k(A) for some number A in k(

√
δ).

Proof. We will use Minkowski’s theorem about the discriminant of general number

fields ( See Appendix B.0.18 ). Notice that in the biquadratic Dirichlet number field

k(
√
δ), the degree of k(

√
δ) over Q is n = 4, and the number of real embeddings is

r1 = 0, the number of complex embeddings is r2 = 2. To see why, assume not. Then we

get r1 = 2, r2 = 0, which implies that for the real embedding ϕ : k(
√
δ) → R, we have

ϕ|k : k → R. But this is a contradiction since ϕ|k(i) can not be defined. Now, we have

Mk(
√
δ) =

n!

nn

(
4

π

)r2
=

4!

44

(
4

π

)2

=
3

2π2
. Therefore, by Minkowski’s theorem, in every
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ideal class of k(
√
δ) there exists an ideal I such that Nk(

√
δ)/Q(I) ≤Mk(

√
δ)

√
|Dk(

√
δ)δ
| =

3

2π2

√
|D| where D = disck(k(

√
δ)). But D = 24|d|2 where d = discQ(k(

√
δ)), and for

all cases Ω ≤ 1 +
√
δ implying that d ≤ (1 +

√
δ − (1−

√
δ))2 = (1 +

√
δ − 1 +

√
δ) =

(2
√
δ)2 = 4δ. Thus, D ≤ 24|4δ|2 = 2424|δ|2 = 28|δ|2. Therefore,

Nk(
√
δ)/Q(I) ≤ 3

2π2
|
√
D| = 323

π2
· 1

24
|
√
D| <

√
6

1

24

√
28|δ|2 =

√
6|δ|.

But every norm is a square of a relative norm, say Nk(
√
δ)/Q(I) = |Nk(

√
δ)/k(I)|2. There-

fore, every ideal class in k(
√
δ) contains an ideal I with |Nk(

√
δ)/k(I)|2 <

√
6|δ|.

Firstly, we will prove the theorem for Dirichlet fields k(
√
δ) with |δ| <

√
6. Let

δ = a + bi with a, b ∈ Z, then |a + bi|2 = a2 + b2 < 6 implies that the whole set of

possibilities for (a, b) is {(1,∓2), (2,∓1), (1,∓1), (0,∓1), (∓1, 0)}. Note that we do not

have δ = ∓2 or ∓2i since 2i = (1+ i)2. Also δ 6= 1 since k(
√
δ) is a biquadratic number

field over Q. Now by using Minkowski’s equality, the value υ ∈ k which satisfies the

theorem with |υ|2 <
√

6|δ| is given for each δ in the following table. The calculations

are done in Appendix A.0.15.

Table 6.3. Table of υ ≡ Nk(
√
δ)/k(A) with δ < 6

δ υ

1± 2i 1∓ i

2± 1 2∓ i

2± i 1± i

1± i ±i

i 1 + i

Now let δ be an imaginary number with |δ| >
√

6 and assume for induction that

the theorem is true for all Dirichlet number fields k(
√
δ′) with |δ′| < |δ|. Let N =

Nk(
√
δ)/k(I) and let I be in the principle genus. Then by Minkowski’s theorem, there

exists an ideal I′ in k(
√
δ) which is equivalent to I and for N ′ = Nk(

√
δ)/k(I

′) we have

|N ′|2 <
√

6|δ|. Since
√

6 < |δ|, we get |N ′|2 < |δ|2, so |N ′| < |δ|. Here N ′ is the relative
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norm of the ideal I′ which belongs to the principle genus since I′ and I are equivalent

ideals. Then by Theorem 6.6.2, δ = Nk(
√
δ′)/k(J) for some ideal J in the principle

genus of k(
√
δ′). But |N ′| < |δ|, so by induction hypothesis N ′ is equal to Nk(

√
δ)/k(B)

for some number B in k(
√
δ). Therefore, I = I′A for some number A ∈ k implies

that N = Nk(
√
δ)/k(I) = Nk(

√
δ)/k(I

′A) = Nk(
√
δ)/k(I

′)Nk(
√
δ)/k(A) = N ′Nk(

√
δ)/k(A) =

Nk(
√
δ)/k(B)Nk(

√
δ)/k(A) = Nk(

√
δ)/k(BA) = Nk(

√
δ)/k(C) for some number C in k.

Now we can prove Theorem 6.6.1:

Proof. Let I be an ideal in the principle genus of k(
√
δ). Then by Theorem 6.6.4,

Nk(
√
δ)/k(I) = Nk(

√
δ)/k(A) for some number A in k. We put

I

A
=

P

P′ where P,P′ are

relatively prime ideals. Then Nk(
√
δ)/k(

I

A
) = Nk(

√
δ)/k(I) Nk(

√
δ)/k(A) = 1 =

P · SP

P′ · SP′

implies P′ = SP. Since P·SP = Nk(
√
δ)/k(P) = α is a number in k by Appendix B.0.22,

we get
I

A
= P

1

SP
= P

P

α
=

P2

α
and I = A

α
P2. Therefore, I is in the ideal class of

P2.

6.7. Ambig Ideals

Definition 6.7.1. An ideal I in K is called an ambig ideal, if I = SI and I is not

divisible by a number in k.

Theorem 6.7.2. Let d be the relative discriminant of the Dirichlet number field K.

A prime ideal P divides Od if and only if P is an ambig prime ideal of K. If

P1,P2 . . . ,Ps are all the distinct prime ideal dividing Od then

S = {O,P1,P2, . . . ,Ps,P1P2, . . . ,P1Ps, . . . ,P1P2 . . .Ps}

is the set of all ambig ideals in K.

Proof. We can deduce that L1,L2, . . . ,Ls and only these are ambig prime ideals in K
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by Theorem 6.2.7, because for every prime τ ∈ k, we have that

τO =


B · SB, if τ - d and

[
d

τ

]
= +1

B, if τ - d and

[
d

τ

]
= −1

L2, if τ | discQ(Q(
√
m)).

Consider an ambig ideal I = L1
a1L2

a2 . . .Ln
an ; so

L1
a1L2

a2 . . .Ln
an = SL1

a1SL2
a2 . . . SLn

an

and I has no integer divisor, that is τO - I for all prime τ ∈ k. Thus, there is no

I of the second form. Also ai = 0 or 1 for all i = 1, 2, . . . , n. So for the first form

τ = B ·SB, but I is ambig, so SI = SL1SL2 . . . SLn such that Li = SLi, because if not,

that is if Bi = SBj for i 6= j, then BiBj = S(BjBj) ∈ k divides I which contradicts

Definition 6.7.1. But B = SB is a contradiction for a prime τ of the first form. Hence

there are at most B0 or B1 where B is of the third form. So the prime ideals dividing

Od are the only ambig prime ideals in K. Thus S is the set of all ambig ideals in

Q(
√
m) with |S| = 2s.

6.8. Ambig Classes

Definition 6.8.1. If I is an ideal in the ideal class C, then the class containing the

ideal SI will be denoted by SC. The ideal class C is called an ambig class, if C = SC.

Since I · SI is equivalent to O, we have C · SC = 1 where C is the ideal class

containing I. If C is an ambig class then C2 = C · SC = 1. Conversely, if C2 = 1 then

C =
1

C
=

C · SC
C

= SC, so C is an ambig class.

Our new aim is to find the all ambig classes. It is clear that the ideal class con-
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taining an ambig ideal is an ambig class, so first we will check that how many of the

ambig classes that are containing the 2s ambig ideals are different.

Lemma 6.8.2. Let E be a fundamental unit of the Dirichlet number field K. Then

NK/k(E) = ∓1 or ∓i.

Proof. Let E be a fundamental unit of K, then every unit in K is of the form ρE ′m

where ρ is a root of unity and m ∈ Z \ {0}. The minimal polynomial of ρ over Q has

degree 2 or 4, then we can find that which root of unity ρ is.

ρ2 − 1 = (ρ− 1)(ρ+ 1) = 0 is possible if ρ = ∓1,

ρ3 − 1 = (ρ− 1)(ρ2 + ρ+ 1) = 0 is possible if δ = 3,

ρ4 − 1 = (ρ2 − 1)(ρ2 + 1) is possible if ρ = ∓i

ρ5 − 1 = (ρ− 1)(ρ4 + ρ3 + ρ2 + ρ+ 1) is not possible since

ρ = e2πi/5 /∈ k(
√
δ),

ρ6 − 1 = (ρ2 − 1)(ρ4 + ρ2 + 1) is not possible since

ρ =

√
−1 +

√
3i

2
/∈ k(

√
δ),

ρ7 − 1 = (ρ− 1)(ρ6 + ρ5 + ρ4 + ρ3 + ρ2 + ρ+ 1) is not possible since 6 6= 2, 4,

ρ8 − 1 = (ρ4 − 1)(ρ4 + 1) is possible if ρ =
√
i, δ = i.

We know the values of ρ is ω for δ = 3 and
√
i for δ = i. For all other cases ρ = ∓1 or

∓i. The relative norm of the fundamental unit E divides the root of unity ρ in K, so

NK/k(E) = ∓1 or ∓i.

Theorem 6.8.3. Let s be the number of distinct ambig prime ideals in k(
√
δ).

If Nk(
√
δ)/k(E) = ∓1 for a fundamental unit E, then s − 2 of them determine

independent ambig classes and there are 2s−2 distinct ambig classes.

If Nk(
√
δ)/k(E) = ∓i for a fundamental unit E, then s − 1 of them determine
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independent ambig classes and there are 2s−1 distinct ambig classes.

Proof. The product of the all different prime ideals that divide δ is equal to
√
δ. We

will show that the all ambig principle ideals can be only O and Oδ or there can be

more if Nk(
√
δ)/k(E) = ∓1 or Nk(

√
δ)/k(E) = ∓i respectively.

We will assume first that δ 6= 3 and δ 6= i.

Firstly, let E be a fundamental unit such that Nk(
√
δ)/k(E) = ∓1. It is enough to

consider the case that Nk(
√
δ)/k(E) = +1 since for the case Nk(

√
δ)/k(E) = −1 we can

take iE as a fundamental unit instead of E. Let 1 + E = αA where α ∈ k and A ∈ O

which is not divisible by any number in k. Then
A

SA
=

αA

αSA
=

αA

SαA
=

1 + E

S(1 + E)
=

1 + E

1 + SE
=

1 + E

ESE + SE
=

1 + E

SE(1 + E)
=

1

SE
=

ESE

SE
= E.

Therefore, A = SA · E = SA.
1

SE
= S

(
A

E

)
and OA is a principle ambig ideal

different from O and Oδ, because if A = ρEm and ρEm
√
δ then

E =
A

SA
= ∓

(
E

SE

)m
= ∓E2m, m ∈ Z

implying that E is a root of unity. But E is a fundamental unit, so we get a contra-

diction.

To prove that all principle ambig ideals are generated by OA and O
√
δ, let OB

be an arbitrary ambig principle ideal. Then
B

SB
= ρEm where ρ is a root of unity

and Nk(
√
δ)/k(

B

SB
) = Nk(

√
δ)/k(ρ)Nk(

√
δ)/k(E)m = Nk(

√
δ)/k(ρ)(+1)m = +1 since OB

is an ambig ideal. Thus, ρ = ∓1. Let ρ = (−1)n where n = 0 or n = 1, so for

Γ = B(
√
δ)nA−m we have,

Γ

SΓ
= B(

√
δ)nA−m 1

SB

1

(−
√
δ)n

1

(SA)−m
= ρEm(−1)nE−m = (−1)2n = +1.
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where Γ ∈ k, which implies that OB does not give a new ambig ideal.

Now, let E be a fundamental unit such that Nk(
√
δ)/k(E) = ∓i. It is enough

to consider the case that Nk(
√
δ)/k(E) = i since for the case Nk(

√
δ)/k(E) = −i we

can take iE as a fundamental unit instead of E. We will prove that there is no

principle ambig ideal different from O and O
√
δ. Assume for a contradiction that

there exists an ambig principle ideal U = OA different from O and O
√
δ, then nec-

essarily
A

SA
= ρEm and Nk(

√
δ)/k = 1 implying that Nk(

√
δ)/k(E

m) = Nk(
√
δ)/k(E)m =

∓1 for m ∈ Z. Since we have that Nk(
√
δ)/k(E) = 1, m must be even. Then let

us define B = AE−m/2. Then we get
B

SB
=

AE−m/2

SAS(E)−m/2
= ρEm(

E

SE
)−m/2 =

ρEm(−i iE
SE

)−m/2 = ρEm(−i)−m/2
(
E · S(E) · E

SE

)−m/2
= ρEm(−i)−m/2(E2)−m/2 =

ρ(−i)−m/2. Since we know Nk(
√
δ)/k(

B

SB
) = +1, we get that Nk(

√
δ)/k(ρ(−i)−m/2) =

Nk(
√
δ)/k(ρ)Nk(

√
δ)/k((−i)−m/2) = Nk(

√
δ)/k(ρ)(−i.i)−m/2 = NK/k(ρ) = +1 implying that

ρ = ∓1. Here B is not divisible by any number in k. Therefore,

(i) if ρ = +1 then
B

SB
= ρ = +1 implies that B = ρ = +1,

(ii) if ρ = −1 then
B

SB
= ρ = −1 implies that B = ρ

√
δ = −

√
δ.

If δ = 3, then disck(k(
√
δ)) = 3, so the only principle ambig ideal is L = O

√
3

and NK/k(E) = ∓i.

If δ = i, then disck(k(
√
δ)) = 4i, so the only principle ambig ideal is the divisor

of 1 + i = (
√
i)2(1−

√
i)(1 +

√
i), O

√
i and NK/k(

√
i) = −i.

Remark 6.8.4. If δ is a prime number with δ ≡ ∓1 mod (1+ i)4, then by the results

in the proof of Theorem 6.8.3 we have s = 1 and Nk(
√
δ)/k(E) = ∓i where E is a

fundamental unit.

Theorem 6.8.5. In the filed K there exists an ambig class which contains no ambig

ideal if and only if i is in the principle genus and Nk(
√
δ)/k(E) = ∓1 where E is a

fundamental unit in k(
√
δ).
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Proof. Let C be an ambig class which does not contain an ambig ideal and let I be an

ideal in C. Then C = SC implies that
I

SI
is a number in k(

√
δ), say A. We can assume

that Nk(
√
δ)/k(A) = +1 or = +i, because if it is −1 or −i, then we can take iA instead

of A.

Firstly assume that Nk(
√
δ)/k(A) = +1 and let B = 1 + SA. Then,

B

SB
=

1 + SA

1 + A
=
A · SA+ SA

1 + A
= SA · A+ 1

1 + A
=

1

A

since A · SA = 1. Then,

BI

S(BI)
=

B

SB
· I

S(I)
=

1

A
· A = 1

implying that BI = S(BI).

Let BI =
α

β
U where α, β are integers in k and U is an ideal not divisible by

any integer in k. Therefore, U is an ambig ideal and U =
β

α
BI =

β

α
(1 + SA)A =

β

α
(1 +

SI

I
)I =

β

α
(I + SI), so U is in the ideal class C.

Secondly, assume that Nk(
√
δ)/k(A) = +i. Then i is in the principle genus. Now

Nk(
√
δ)/k(E) = +1 or +i where E is a fundamental unit in k(

√
δ).

If Nk(
√
δ)/k(E) = +i, then we take

A

E
instead of A and get the first case above

since Nk(
√
δ)/k(

A

E
) =

Nk(
√
δ)/k(A)

Nk(
√
δ)/k(E)

=
i

i
= 1.

If Nk(
√
δ)/k(E) = +1, then we will show that the ideal class C contains no ambig

ideal. For a contradiction assume that C contains an ambig ideal U = BI for some

number B ∈ k(
√
δ). Then

U

SU
=

B

SB
· I

SI
=

B

SB
A for some number A ∈ k(

√
δ)

since C is an ambig class and I ∈ C. But U is an ambig ideal, so
U

SU
must be a

unit, say ρEm where E is a fundamental unit. Here Nk(
√
δ)/k(E) = +1, then we
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get Nk(
√
δ)/k(

B

SB
)Nk(

√
δ)/k(A) = Nk(

√
δ)/k(ρE

m) implying that
BS(B)

S(B)B
Nk(

√
δ)/k(A) =

Nk(
√
δ)/k(ρ)Nk(

√
δ)/k(E)m = (∓1)1m = ∓1, which contradicts our assumption that

Nk(
√
δ)/k(A) = i.

Conversely, assume that i is in the principle genus. Then there exists a number

A ∈ K such that NK/k(A) = i by Theorem 6.6.4. Here, Nk(
√
δ)/k(E) = +1 implies that

A is not a unit, so A is factorizable, say A =
I

I′
where I and I′ are relatively prime

ideals in k(
√
δ). Then Nk(

√
δ)/k(A) = A · SA =

IS(I)

I′S(I′)
= +1 implies that I′ = S(I).

The ideal I is equivalent to SI since I is in the ambig class C. Thus C does not contain

an ambig ideal.

Theorem 6.8.6. If there exists an ideal class C in the field K that does not contain

any ambig ideal, and if U is an ideal in C, then all other ambig ideal classes that do not

contain any ambig ideal are formed by CC1 . . . Cn where Ci ’s are ambig classes arising

from an ambig ideal.

Proof. The ambig classes that do not contain an ambig ideal, contain ideals I, I′ such

that I and I′ are relatively prime with I′ = S(I), and for A =
A

I′
, and A′ NK/k(A) =

NK/k(
I
I′

) = NK/k(
I
SI

) = ∓i and NK/k(A
′) = NK/k(

I′

S(I′)
) = NK/k(

I′

I
) = NK/k

1
A

= ∓i, so

NK/k(
A
A′

) = ∓1 and for B = 1 + SA
SA′

we get that

B

SB
=

1 + SA
SA′

1 + A
A′

=
1 + A′

A

1 + A
A′

=
A+ A′

A

A′

A′ + A
=
A′

A
.

Thus, B
I

I′
= BA = S(B)A′ = S(B)

I′

I
= S(B)

S(I)

S(I′)
= S(B

I

I′
). Let B

I

I′
=
α

β
U where

α and β are integers in k, and U is not divisible by any integer in k. Thus U is an

ambig ideal equivalent to
I

I′
.

The results obtained untill now make us to guess the number of different ambig

classes:

Theorem 6.8.7. There exist c − 1 independent ambig classes where c is the number
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of individual characters which determine the genus of a class. The total number of

distinct ambig ideal classes is thus 2c−1.

Proof. If i is in the principle genus, then by Theorem 6.8.3, Theorem 6.8.5 and

Theorem 6.8.6, there exist 2s−1 ambig classes where s is the number of distinct prime

divisors of disck(k(
√
δ)) of the field k(

√
δ); of these 2s−1 ambig classes either all or

only half arise from ambig ideals according as Nk(
√
δ)/k(E) = ∓i or ∓1 where E is a

fundamental unit in k(
√
δ).

If i is not in the principle genus, then necessarily Nk(
√
δ)/k(E) = ∓1 where E is

a fundamental unit in k(
√
δ). By Theorem 6.8.3 and Theorem 6.8.5, there exist 2s−2

ambig classes and all arise from ambig ideals.

Let c = s or c = s−1 according to the fact that i is in the principle genus or not.

Thus we get the desired result.

6.9. The Number of Genera

The results obtained in Chapter 6.6, Chapter 6.7 and Chapter 6.8 make us

guess the number of genera of Dirichlet number field k(
√
δ). The character system of

an ideal class consists of c individual characters, each one has value +1 or -1. Then

there are 2c possible character systems. We come across that question: For each of

these 2c character systems are there a genera or do only some of them represent a

genus?

Theorem 6.9.1. The number of genera is half of the all possible character systems,

that is 2c−1 where c is the number of individual characters.

Proof. Let g be the number of distinct genera and f be the number of classes in the

principle genus. Each genus contains f many classes, so the number of all classes in

the field is gf .
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Let H1, . . . , Hf be the classes in the principle genus, then by 6.6.1 H1 = Q2
1, . . . , Hf =

Q2
f for some classes Q1, . . . , Qf in K. Let C be an arbitrary class in K, then C2 is in

the principle genus, so C2 = Q2
r where Qr for some r ∈ {1, . . . , n}. Then the ideal class

A = C
Qr

is ambig since A2 = 1 and AS(A) = 1 imply together that A = S(A). By Theorem

6.8.7 the number of all differeent ambig classes is 2c−1, so the number of all classes

C = AQ is 2c−1f since each class of the form AQ represents a different class, because if

not AQr = A′Qr′ for some ambig class A′ and for some r′ ∈ {1, . . . , n}. Then A2 = A′2 = 1,

and A2Q2
r = A′2Q2

r′ implies Q2
r = Q2

r′ , so Hr = Hr′ and r = r′. Thus A = A′ and Qr = Qr′ .

We have 2c−1f = gf different classes, so g = 2c−1. Thus we get the desired

result.

6.10. The Reciprocity Law

We have concluded that only half of the character systems represent a genus.

Now we have a new question: Which of the character systems represent a genus? The

question was answered when Dirichlet assigned the reciprocity law for integers in k.

Theorem 6.10.1. Let κ be a prime number in k such that κ ≡ (tκt
′
κ) mod (1 + i)4,

then

[
i

κ

]
= (−1)t

′
κ.

Proof. Let κ 6= 1 + i be a prime number in k such that κ ≡ (00) mod (1 + i)4.

Then by Remark 6.8.4 Nk(
√
κ)/k(E) = ∓i where E is a fundamental unit in k(

√
κ),

so

[
i

κ

]
=

[
i

κ : κ

]
=

[
Nk(

√
κ))/k(E)

κ : κ

]
= +1 by Definition 6.3.3 and i is a quadratic

residue modulo κ by Definition 6.2.6.

Let κ 6= 1 + i be a prime number in k such that κ ≡ (10) mod (1 + i)4. Then

iκ ≡ i.i = −1 = (00) mod (1 + i)4 and by Remark 6.8.4 Nk(
√
iκ)/k(E) = ∓i where

E is a fundamental unit in k(
√
iκ), so

[
i

κ

]
=

[
i

κ : iκ

]
=

[
Nk(

√
iκ)/k(E)

κ : iκ

]
= +1 by

Definition 6.3.3 and i is a quadratic residue modulo κ by Definition 6.2.6.
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We have showed that

[
i

κ

]
= +1, if t′κ = 0. Conversely, assume that

[
i

κ

]
= +1.

The discriminant disck(k(
√
i)) = 4i by Theorem 6.1.1, so 1 + i is the only prime

divisor of disck(k(
√
i)). We have

[
i

1 + i : i

]
=

[
Nk(

√
i)/k(i

√
i)

1 + i : i

]
= +1 by Definition

6.3.3. Then by Theorem 6.9.1, the number of genera is 21−1 = 1. Then particu-

larly,

[
κ

1 + i : i

]
= +1. Thus, if

[
i

κ

]
= +1, then +1 =

[
κ

1 + i : i

]
= (−1)tκt

′
i+t

′
κti =

(−1)tκ0+t′κ1 implies that t′κ = 0.

Hence, we have shown that

[
i

κ

]
= +1 if and only if t′κ = 0. So if

[
i

κ

]
= −1,

then t′κ = 1 and vice versa.

Theorem 6.10.2. Let κ be a prime number in k such that κ ≡ (tκt
′
κt
′′
κ) mod (1+ i)5,

then

[
1 + i

κ

]
= (−1)t

′
κ+t′′κ.

Proof. Let κ 6= 1 + i be a prime number in k such that κ ≡ (000) mod (1 + i)5. The

discriminant disck(k(
√
κ)) = κ by Theorem 4.1.1, and

[
i

κ : κ

]
=

[
i

κ

]
= (−1)t

′
κ =

+1. Then by Theorem 6.9.1, the number of genera is 21−1 = 1. Then particularly,[
1 + i

κ : κ

]
=

[
1 + i

κ

]
= (−1)t

′
κ = +1 by Theorem 6.10.1.

Let κ 6= 1 + i be a prime number in k such that κ ≡ (100) mod (1 + i)5. Then

iκ ≡ i.i = −1 = (000) mod (1 + i)5 and the discriminant is disck(k(
√
iκ)) = iκ by

Theorem 6.1.1, and

[
i

κ : iκ

]
=

[
i

κ

]
= +1. Then by Theorem 6.9.1, the number of

genera is 21−1 = 1. Then particularly,

[
1 + i

κ : iκ

]
=

[
1 + i

κ

]
= +1.

For the converse, let us now consider first the field k(
√

1 + i). Let κ 6= 1 + i be

a prime number such that κ ≡ (tκ0t
′′
κ) mod (1 + i)5. Assume

[
1 + i

κ

]
= +1. The

discriminant is disck(k(
√

1 + i)) = 4(1 + i) by Theorem 4.1.1, so 1 + i is the only

prime divisor of disck(k(
√

1 + i)). We have

[
i

1 + i : 1 + i

]
=

[
i

1 + i

]
= (−1)t

′
1+i =

(−1)0 = +1 by Theorem 6.10.1. Then by Theorem 6.9.1, the number of genera

is 21−1 = 1. Then particularly,

[
κ

1 + i : 1 + i

]
= +1. Thus, if

[
1 + i

κ

]
= +1 then

(−1)tκt
′
1+i+t

′
κt1+i+t

′
κ+t′′κ = (−1)tκ.0+t

′
κ.0+0+t′′κ = (−1)t

′′
κ = +1, so t′′κ = 0. Thus, if t′κ = 0

then

[
1 + i

κ

]
= (−1)t

′′
κ .
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Lastly, let us now consider the field k(
√

(1 + i)κ). Let κ be a prime number

such that κ ≡ (tκ1t
′′
κ) mod (1 + i)5. Assume

[
1 + i

κ

]
= +1. The relative discrimi-

nant disck(k(
√

(1 + i)κ)) = 4(1 + i)κ by Theorem 6.1.1, so 1 + i and κ are the only

prime divisors of disck(k(
√

(1 + i)κ)), that is s = 2. We have

[
i

1 + i : (1 + i)κ

]
=[

i

1 + i

]
= (−1)t

′
1+i = (−1)0 = +1 by Theorem 6.10.1. Then by Theorem 6.9.1, the

number of genera is 22−1 = 2. Then,

([
κ

1 + i : (1 + i)κ

]
,

[
κ

κ : (1 + i)κ

])
= (+1,+1)

or (−1,−1). But

[
(1 + i)κ

κ : (1 + i)κ

]
=

[
Nk(

√
δ)/k(k(

√
(1 + i)κ))k(i

√
(1 + i)κ)

κ : (1 + i)κ

]
= +1 and[

1 + i

κ : (1 + i)κ

]
=

[
1 + i

κ

]
= +1 by assumption imply together that

[
κ

κ : (1 + i)κ

]
=

+1. So we get

[
κ

1 + i : (1 + i)κ

]
= +1. Thus, if

[
1 + i

κ

]
= +1, then we get that

(−1)tκ(t′1+i+t
′
κ)+t′κ(t1+i+tκ)+t′κ+t′′κ = (−1)tκ.(0+1)+1.(0+tκ)+1+t′′κ = (−1)1+t′′κ = +1 implies

t′′κ = 1. Thus, if t′κ = 1, then

[
1 + i

κ

]
= (−1)1+t′′κ .

Theorem 6.10.3. Let κ and π be prime numbers in k different from 1 + i such that

κ ≡ (tκt
′
κ) and π ≡ (tπt

′
π) mod (1 + i)4. Then

[κ
π

] [π
κ

]
= (−1)tκt

′
π+t′κtπ .

Proof. Let κ and π be prime numbers in k different from 1 + i such that κ ≡ (tκt
′
κ)

and π ≡ (tπt
′
π) mod (1 + i)4.

Firstly, let tκ = 0 and tπ = 0.

If κ ≡ (00) mod (1 + i)4, then disck(k(
√
κ)) = κ. Then by Theorem 6.9.1, the

number of genera is 21−1 = 1, so every ideal is in the principle genus. Assume that[κ
π

]
= +1, then π = BS(B) for some prime ideal B in the principle genus of k(

√
κ)

with B 6= S(B). Then by Theorem 6.6.2, κ = Nk(
√
δ)/k(A) for some ideal A in the
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principl egenus of k(
√
π). Then,

[π
κ

]
= +1 by Theorem 6.2.7. As a result, we get that,

if κ ≡ (00), π ≡ (00) mod (1 + i)4 and
[κ
π

]
= +1, then

[π
κ

]
= +1 (6.2)

if κ ≡ (00), π ≡ (01) mod (1 + i)4 and
[κ
π

]
= +1, then

[π
κ

]
= +1 (6.3)

Now let κ ≡ (01) mod (1 + i)4. Then disck(k(
√
κ)) = −2iκ, so s = 2. And[

i

κ : κ

]
=

[
i

κ

]
= (−1)t

′
κ = −1 implies that i is not in the principle genus. So by

Theorem 6.9.1, the number of genera is 22−2 = 1. If
[κ
π

]
= +1, then π = BS(B)

for some prime ideal B in k(
√
κ) with B 6= S(B). Then π = Nk(

√
κ)/k(B), and[

π

(1 + i)κ

]
= +1 by Theorem 6.2.7. Then,

[
π

1 + i : κ

]
=
[ π

κ : κ

]
=
[π
κ

]
= +1 or[

π

1 + i : κ

]
=
[ π

κ : κ

]
=
[π
κ

]
= −1. As a result, we get,

if κ ≡ (01), π ≡ (00) mod (1 + i)4 and
[κ
π

]
= +1, then

[π
κ

]
= +1 (6.4)

if κ ≡ (01), π ≡ (01) mod (1 + i)4 and
[κ
π

]
= +1, then

[π
κ

]
= +1 (6.5)

In the Equation 6.2 π and κ are symmetric, so if
[κ
π

]
= −1 then

[π
κ

]
= −1 where

t′κ = t′π = 0.

In the Equation 6.3 if
[κ
π

]
= +1, then

[π
κ

]
= +1 where t′κ = 0, t′π = 1. Also

in the Equation 6.4 if
[κ
π

]
= +1, then

[π
κ

]
= +1 where t′κ = 1, t′π = 0. Thus, if[κ

π

]
= −1, then

[π
κ

]
= −1 by using Equation 6.3 and Equation 6.4.

In the Equation 6.5 π and κ are symmetric, so if
[κ
π

]
= −1, then

[π
κ

]
= −1

where t′κ = t′π = 1.
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If tκ 6= 0 or tπ 6= 0, then we put (i)tκκ and (i)tππ instead of κ and π respectively.

Definition 6.10.4. If α =
∏κ κ and β =

∏π π are relatively prime integers not

divisible by 1 + i, then the Jacobi symbol for imaginary numbers is defined as

[
α

β

]
=

κ,π∏[κ
π

]
.

Theorem 6.10.5. Let α and β be relatively prime numbers in k not divisible by 1 + i

such that α ≡ (tαt
′
α) and β ≡ (tβt

′
β) mod (1 + i)4. Then

[
α

β

] [
β

α

]
= (−1)tαt

′
β+t′αtβ .

Theorem 6.10.6. A character system represents a genus if and only if the product of

all unique characters is equal to +1.

Proof. Firstly, assume that δ is not divisible by 1+ i. Also let υ = Nk(
√
δ)/k(I) for some

ideal I in k(
√
δ) such that υ is relatively prime to δ and not divisible by 1+ i. Then by

Lemma 6.3.1, δ is a quadratic residue modulo each prime divisor of υ, so

[
δ

υ

]
= +1.

By Theorem 6.10.5,
[υ
δ

]
= (−1)

tδt′υ+tυt′
δ . Now we have two cases,

Case 1: If δ ≡ (00) mod (1 + i)4, then disck(k(
√
δ)) = δ, and if λ1, . . . , λs

are the all prime divisors of δ, then

[
υ

λ1 : δ

]
. . .

[
υ

λs : δ

]
=

[
υ

λ1

]
. . .

[
υ

λs

]
=
[υ
δ

]
=

(−1)
tδt′υ+tυt′

δ = +1

Case 2: If δ 6≡ (00) mod (1 + i)4, then (1 + i) | disck(k(
√
δ)), and if we also

have λ1, . . . , λs−1, λs = 1 + i are the all prime divisors of disck(k(
√
δ)), then

[
υ

λ1 : δ

]
. . .

[
υ

λs−1 : δ

] [
υ

λs : δ

]
=

[
υ

λ1 : δ

]
. . .

[
υ

λs−1 : δ

]
(−1)tυt

′δ+t′υtδ
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=

[
υ

λ1

]
. . .

[
υ

λs−1

]
(−1)tυt

′δ+t′υtδ

=
[υ
δ

]
(−1)tυt

′δ+t′υtδ

= (−1)2(tυt′δ+t′υtδ) = +1.

Secondly, assume that δ is divisible by 1 + i. We put δ = (1 + i)δ′ and υ as

above, so δ is a quadratic residue modulo each prime divisor of υ, so

[
δ

υ

]
= +1.

Then

[
δ′

υ

] [
1 + i

υ

]
=

[
δ′

υ

]
(−1)t

′
upsilon+t′′υ = +1 by Theorem 6.10.2. Thus,

[
δ′

υ

]
=

(−1)t
′
upsilon+t′′υ . By Theorem 6.10.5

[ υ
δ′

] [δ′
υ

]
= (−1)tδ′ t

′
υ+t′

δ′ tυ , therefore we get that[ υ
δ′

]
= (−1)tδ′ t

′
υ+t′

δ′ tυ+t′upsilon+t′′υ . Hence,

[
υ

λ1 : δ

]
. . .

[
υ

λs : δ

]
=

[ υ

δ′ : δ

] [ υ

1 + i : δ

]
=

[ υ
δ′

]
(−1)tδ′ t

′
υ+t′

δ′ tυ+t′upsilon+t′′υ

= (−1)2(tδ′ t
′
υ+t′

δ′ tυ+t′upsilon+t′′υ)

= +1 by Definition 6.3.5.
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APPENDIX A: SOME CALCULATIONS

Theorem A.0.7.

discQ(Q(
√
m)) = 4m, if m ≡ 2, 3 mod 4

discQ(Q(
√
m)) = m, if m ≡ 1 mod 4 mod 4.

Proof. discQ(Q(
√
m)) = det

1 ω

1 ω′

2

= (ω − ω′)2, so if m ≡ 2, 3 mod 4, then ω =

√
m by Theorem 4.1.1, so discQ(Q(

√
m)) = det

1
√
m

1 −
√
m

2

= (−
√
m−

√
m)2 = 4m.

But if m ≡ 1 mod 4, then ω =
1 +

√
m

2
by Theorem 4.1.1, so discQ(Q(

√
m)) =

det

1 1+
√
m

2

1 1−
√
m

2

2

= (
1−

√
m

2
− 1 +

√
m

2
)2 = (−

√
m)2 = m.

Lemma A.0.8. If f(x, y) is an integer polynomial, homogeneous of degree 2 in x and

y, and n is an odd rational integer then, if the congruence f(x, y) ≡ n mod 23 has

rational integer solutions for x and y, then so do all the congruences f(x, y) ≡ n

mod 2e+1 for all e ≥ 3.

Proof. Proof is by induction on e. So suppose that a and b are rational integers

for which n ≡ f(a, b) mod 2e, where the exponent e ≥ 3. If we do not also have

n ≡ f(a, b) mod 2e+1, but rather than n ≡ f(a, b)+2e mod 2e+1, then we determine

a rational integer c such that c2 ≡ 1 + 2e mod 2e+1 by choosing c = 1 + 2e−1. Then,

f(ca, cb) ≡ c2f(a, b) mod 2e+1 since f is homogeneous,

≡ f(a, b) + 2ef(a, b) mod 2e+1

≡ f(a, b) + 2e − 2e + 2ef(a, b) mod 2e+1

≡ f(a, b) + 2e + 2e(f(a, b)− 1) mod 2e+1

≡ f(a, b) + 2e mod 2e+1 since f(a, b)− 1 is even,

≡ n mod 2e+1.
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So claim is proved.

Lemma A.0.9. Let n be an odd integer and m be a squarefree integer. The congru-

ence, n ≡ NQ(
√
m)/Q(α) mod 23 is solvable for some α ∈ O if and only if (m,n) =

(1, 1), (1, 3), (1, 5), (1, 7), (2, 1), (2, 7), (3, 1), (3, 5), (5, 1), (5, 3), (5, 5), (5, 7), (6, 1), (6, 3),

(7, 1) or (7, 5) modulo 8.

Proof. To investigate for which combinations of values of n and m, the congruence

n ≡ NQ(
√
m)/Q(α) mod 23 is solvable for some α ∈ O, by Theorem 4.1.1, we will

investigate the congruences

n ≡ x2 + xy − m− 1

4
y2 mod 23 if m ≡ 1 mod 4, (A.1)

n ≡ x2 −my2 mod 23 if m ≡ 2, 3 mod 4 (A.2)

are solvable in integers x and y. It is enough by Lemma A.0.8.

If m ≡ 1 mod 8, then n ≡ x2 + xy mod 8. Then

If (x, y) = (0, 0), then n ≡ 0 mod 8,

If (x, y) = (0, 1), then n ≡ 0 mod 8, same as (x, y) = (0, 0).

If (x, y) = (1, 0), then n ≡ 1 mod 8,

If (x, y) = (1, 1), then n ≡ 1 + 1 = 2 mod 8,

If (x, y) = (1, 2), then n ≡ 1 + 2 = 3 mod 8,

If (x, y) = (1, 3), then n ≡ 1 + 3 = 4 mod 8,

If (x, y) = (1, 4), then n ≡ 1 + 4 = 5 mod 8,

If (x, y) = (1, 5), then n ≡ 1 + 5 = 6 mod 8,

If (x, y) = (1, 6), then n ≡ 1 + 6 = 7 mod 8,

If (x, y) = (1, 7), then n ≡ 1 + 7 = 0 mod 8.

Therefore, n ≡ 1, 3, 5, 7 mod 8.
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If m ≡ 2,then n ≡ x2 − 2y2 mod 8. Then

If (x, y) = (0, 0), then n ≡ 0 mod 8,

If (x, y) = (0, 1), then n ≡ 6 mod 8,

If (x, y) = (0, 2), then n ≡ 0 mod 8, same as (x, y) = (0, 0).

If (x, y) = (1, 0), then n ≡ 1 mod 8,

If (x, y) = (1, 1), then n ≡ 7 mod 8,

If (x, y) = (1, 2), then n ≡ 1 mod 8, same as (x, y) = (1, 0).

If (x, y) = (2, 0), then n ≡ 4 mod 8,

If (x, y) = (2, 1), then n ≡ 2 mod 8,

If (x, y) = (2, 2), then n ≡ 4 mod 8, same as (x, y) = (2, 0).

If (x, y) = (3, 0), then n ≡ 1 mod 8,

If (x, y) = (3, 1), then n ≡ 7 mod 8,

If (x, y) = (3, 2), then n ≡ 1 mod 8, same as x = 1.

Therefore, n ≡ 1, 7 mod 8.

If m ≡ 3, then n ≡ x2 − 3y2 mod 8. Then

If (x, y) = (0, 0), then n ≡ 0 mod 8,

If (x, y) = (0, 1), then n ≡ 5 mod 8,

If (x, y) = (0, 2), then n ≡ 4 mod 8,

If (x, y) = (0, 3), then n ≡ 5 mod 8,

If (x, y) = (0, 4), then n ≡ 0 mod 8, same as (x, y) = (0, 0).

If (x, y) = (1, 0), then n ≡ 1 mod 8,

If (x, y) = (1, 1), then n ≡ 6 mod 8,

If (x, y) = (1, 2), then n ≡ 5 mod 8,
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If (x, y) = (1, 3), then n ≡ 6 mod 8,

If (x, y) = (1, 4), then n ≡ 1 mod 8, same as (x, y) = (1, 0).

If (x, y) = (2, 0), then n ≡ 4 mod 8,

If (x, y) = (2, 1), then n ≡ 1 mod 8,

If (x, y) = (2, 2), then n ≡ 0 mod 8,

If (x, y) = (2, 3), then n ≡ 1 mod 8,

If (x, y) = (2, 4), then n ≡ 4 mod 8, same as (x, y) = (2, 0).

If (x, y) = (3, 0), then n ≡ 1 mod 8,

If (x, y) = (3, 1), then n ≡ 6 mod 8,

If (x, y) = (3, 2), then n ≡ 0 mod 8,

If (x, y) = (3, 3), then n ≡ 6 mod 8,

If (x, y) = (3, 4), then n ≡ 1 mod 8, same as (x, y) = (3, 0).

If (x, y) = (4, 0), then n ≡ 0 mod 8,

If (x, y) = (4, 1), then n ≡ 5 mod 8,

If (x, y) = (4, 2), then n ≡ 4 mod 8,

If (x, y) = (4, 3), then n ≡ 5 mod 8,

If (x, y) = (4, 4), then n ≡ 0 mod 8, same as x = 0.

Therefore, n =≡ 1, 5 mod 8.

If m ≡ 5 mod 8, then n ≡ x2 + xy − y2 mod 8.Then

If (x, y) = (0, 0) then n ≡ 0 mod 8,

If (x, y) = (0, 1) then n ≡ 7 mod 8,

If (x, y) = (0, 2) then n ≡ 4 mod 8,

If (x, y) = (0, 3) then n ≡ 7 mod 8,

If (x, y) = (0, 4) then n ≡ 0 mod 8, same as (x, y) = (0, 0).
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If (x, y) = (1, 0) then n ≡ 1 mod 8,

If (x, y) = (1, 1) then n ≡ 1 mod 8,

If (x, y) = (1, 2) then n ≡ 7 mod 8,

If (x, y) = (1, 3) then n ≡ 3 mod 8,

If (x, y) = (1, 4) then n ≡ 5 mod 8,

If (x, y) = (1, 5) then n ≡ 5 mod 8,

If (x, y) = (1, 6) then n ≡ 3 mod 8,

If (x, y) = (1, 7) then n ≡ 7 mod 8.

Therefore, n ≡ 1, 3, 5, 7 mod 8.

If m ≡ 6 mod 8, then n ≡ x2 − 6y2 mod 8. Then

If (x, y) = (0, 0) then n ≡ 0 mod 8,

If (x, y) = (0, 1) then n ≡ 2 mod 8,

If (x, y) = (0, 2) then n ≡ 0 mod 8, same as (x, y) = (0, 0).

If (x, y) = (1, 0) then n ≡ 1 mod 8,

If (x, y) = (1, 1) then n ≡ 3 mod 8,

If (x, y) = (1, 2) then n ≡ 1 mod 8, same as (x, y) = (1, 0).

If (x, y) = (2, 0) then n ≡ 4 mod 8,

If (x, y) = (2, 1) then n ≡ 6 mod 8,

If (x, y) = (2, 2) then n ≡ 4 mod 8, same as (x, y) = (2, 0).

If (x, y) = (3, 0) then n ≡ 1 mod 8,

If (x, y) = (3, 1) then n ≡ 3 mod 8,

If (x, y) = (3, 2) then n ≡ 1 mod 8, same as x = 1.

Therefore, n ≡ 1, 3.
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If m ≡ 7 mod 8, then n ≡ x2 − 7y2 ≡ x2 + y2 mod 8. Then

If (x, y) = (0, 0) then n ≡ 0 mod 8,

If (x, y) = (0, 1) then n ≡ 1 mod 8,

If (x, y) = (0, 2) then n ≡ 4 mod 8,

If (x, y) = (0, 3) then n ≡ 1 mod 8,

If (x, y) = (0, 4) then n ≡ 0 mod 8, same as (x, y) = (0, 0).

If (x, y) = (1, 0) then n ≡ 1 mod 8,

If (x, y) = (1, 1) then n ≡ 2 mod 8,

If (x, y) = (1, 2) then n ≡ 5 mod 8,

If (x, y) = (1, 3) then n ≡ 2 mod 8,

If (x, y) = (1, 4) then n ≡ 1 mod 8, same as (x, y) = (1, 0).

If (x, y) = (2, 0) then n ≡ 4 mod 8,

If (x, y) = (2, 1) then n ≡ 5 mod 8,

If (x, y) = (2, 2) then n ≡ 0 mod 8,

If (x, y) = (2, 3) then n ≡ 5 mod 8,

If (x, y) = (2, 4) then n ≡ 4 mod 8, same as (x, y) = (2, 0).

If (x, y) = (3, 0) then n ≡ 1 mod 8,

If (x, y) = (3, 1) then n ≡ 2 mod 8,

If (x, y) = (3, 2) then n ≡ 5 mod 8,

If (x, y) = (3, 3) then n ≡ 2 mod 8,

If (x, y) = (3, 4) then n ≡ 1 mod 8, same as x = 1.

Therefore, n ≡ 1, 5.

Lemma A.0.10. If p ≡ 1 mod 4, then Q(
√
p) has a unit ε with N(ε) = −1.

Proof. Let ε be the smallest positive unit with N(ε) = +1. Then, write ε3 = x+y
√
p in

Q(
√
p) with odd x. By taking norm of both sides, we get 1 = x2−py2, so (x−1)(x+1) =
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py2. Since p is prime, we must have

x− 1 = 2a2 and x+ 1 = 2pb2

or

x− 1 = 2pb2 and x+ 1 = 2a2.

for some a, b ∈ Q. Then a2 − pb2 = ∓1. Therefore, a2 − pb2 = −1 since ε was minimal

with norm +1.

Lemma A.0.11. If an odd number p is of the x2 − 2y2 form, then p ≡ ∓1 mod 8.

Proof. Let p = x2−2y2. Then x2 and y2 can be congruent to quadratic residues module

8, so x2, y2 ∈ {0, 1, 4} modulo 8. Therefore, p can have the following values:

p = 0− 2 · 0 = 0, p = 0− 2 · 1 = 6, p = 0− 2 · 4 = 0,

p = 1− 2 · 0 = 1, p = 1− 2 · 1 = −1, p = 1− 2 · 4 = 1,

p = 4− 2 · 0 = 4, p = 4− 2 · 1 = 2, p = 4− 2 · 4 = 4

modulo 8. Since p is odd, p ≡ ∓1 mod 8.

Remark A.0.12. Let k = Q(i) and o = Z[i]. Then o/4o = {0, 1, 2, 3, i, 1 + i, 2 + i, 3 +

i, 2i, 1+2i, 2+2i, 3+2i, 3i, 1+3i, 2+3i, 3+3i}. To find the quadratic residues modulo

(1 + i)5, let us calculate squares of elements in o/4o.

02 = 0, 12 = 1, 22 = 0, 32 = 1,

i2 = −1, (1 + i)2 = 2i, (2 + i)2 = −1, (3 + i)2 = 2i,

(2i)2 = 0, (1 + 2i)2 = 1, (2 + 2i)2 = 0, (3 + 2i)2 = 1,

(3i)2 = −1, (1 + 3i)2 = 2i, (2 + 3i)2 = −1, (3 + 3i)2 = 2i.

Therefore, for some δ ∈ k, we get that δ is a quadratic residue modulo 4, if δ ≡ ∓1

mod 4 since (1 + i) | 2i.
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Similarly, o/2o = {0, 1, i, 1 + i}. Then,

02 = 0, 12 = 1,

i2 = 1, (1 + i)2 = 0.

Therefore, δ is a quadratic residue modulo 2, if δ ≡ 1 mod 2, that is δ ≡ ∓1 or

∓1 + 2i mod 4. Thus, δ is a quadratic residue modulo 2, but non-residue modulo 4,

if δ ≡ ∓1 + 2i mod 4.

In addition, for other cases δ ≡ i mod 2 or δ ≡ 0 mod 1 + i where δ is a

quadratic non-residue modulo 2.

Remark A.0.13. To find the relative discriminant, we use that disck(k(
√
δ)) =

det

1 Ω

1 SΩ

2

= (Ω− SΩ)2. So,

If δ ≡ 1 mod 4, then disck(k(
√
δ)) =

(
1 +

√
δ

2
− 1−

√
δ

2

)2

=

(
1−

√
δ − 1 +

√
δ

2

)2

= δ

If δ ≡ 3 + 2i mod 4, then disck(k(
√
δ)) =

(
1 +

√
δ

1 + i
− 1−

√
δ

1 + i

)2

=

(
1−

√
δ − 1 +

√
δ

1 + i

)2

= −2iδ

If δ ≡ i mod 2, then disck(k(
√
δ)) =

(
1 +

√
δ − 1−

√
δ
)2

=
(
1−

√
δ − 1 +

√
δ
)2

= 4δ

If δ ≡ 0 mod 1 + i, then disck(k(
√
δ)) =

(√
δ −−

√
δ
)2

=
(√

δ +
√
δ
)2

= 4δ.

The usual discriminant discQ(k(
√
δ)) of the biquadratic field is:
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discQ(k(
√
δ)) = det


1 i Ω iΩ

1 −i Ω −iΩ

1 i SΩ iSΩ

1 −i SΩ −iSΩ



2

= 24(Ω− SΩ)2

= 24|disck(k(
√
δ))|2.

Lemma A.0.14. Let α be in k(
√
δ). The congruence, α ≡ Nk(

√
δ)/k(A) mod (1 + i)5

is solvable for some A ∈ O if and only if

Case 1. α ≡ (000), (001), (010) or (011) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (01) mod (1 + i)4,

Case 2. α ≡ (000), (001), (101) or (100) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (10) mod (1 + i)4,

Case 3. α ≡ (000), (001), (110) or (111) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (11) mod (1 + i)4,

Case 4. α ≡ (000), (011), (100) or (111) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (1 + i)(00) mod (1 + i)5,

Case 5. α ≡ (000), (011), (101) or (110) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (1 + i)(01) mod (1 + i)5,

Case 6. α ≡ (000), (010), (100) or (110) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (1 + i)(10) mod (1 + i)5,

Case 7. α ≡ (000), (010), (101) or (111) mod (1 + i)5, for the field k(
√
δ) with

δ ≡ (1 + i)(11) mod (1 + i)5.
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Proof. To investigate for which combinations of values of α and δ, the congruence

α ≡ Nk(
√
δ)/k(A) mod (1 + i)5 is solvable for some A ∈ O, by Theorem 6.1.1, we will

investigate the congruence α = Nk(
√
δ)/k(x+ yΩ) mod (1 + i)5 case by case.

Case 1. For δ ≡ (01) mod (1 + i)4, Ω =
1 +

√
δ

1 + i
, so α = (x +

1 +
√
δ

1 + i
y)(x +

1−
√
δ

1 + i
y) = x2 + (1− i)xy− δ − 1

2i
y2 ≡ x2 + (1− i)xy− (1− i)y2 mod (1 + i)5. Now,

for x = a+ bi, y = c+ di where a, b, c, d ∈ Z, we use this algorithm in Maple to get all

the values for α:

with(GaussInt):

v := array(0..4096):

i := 0;

for a from 0 by 1 to 8 do

for b from 0 by 1 to 8 do

for c from 0 by 1 to 8 do

for d from 0 by 1 to 8 do

rmd := GIrem((a+ b ∗ I)2 +(1− I) ∗ (a+ b ∗ I) ∗ (c+ d ∗ I)− (1− I) ∗ (c+ d ∗ I)2, (1+

I)5);.....................equation line

if (GIrem(rmd, (1+I)) <> 0) then

v[i] := rmd; i := i +1;

end if

end do

end do

end do

end do;

convert(v, set);

Figure A.1. The algorithm for Lemma A.0.14

All other cases can be done with this algorithm by changing the equation with Ω.

So let us give only the equations for each case that will be used in the equation line.

Case 2. For δ ≡ (10) mod (1 + i)4, Ω = 1 +
√
δ, so α = (x + (1 +

√
δ)y)(x +
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(1−
√
δ)y) = x2 + 2xy − (δ − 1)y2 ≡ x2 + 2xy + (1− i)y2 mod (1 + i)5.

Case 3. For δ ≡ (11) mod (1 + i)4, Ω = 1 +
√
δ, so α = (x + (1 +

√
δ)y)(x +

(1−
√
δ)y) = x2 + 2xy − (δ − 1)y2 ≡ x2 + 2xy + (3− 3i)y2 mod (1 + i)5.

Case 4. For δ ≡ (1+i)(00) mod (1+i)4, Ω =
√
δ, so α = (x+

√
δy)(x−

√
δy) =

x2 − δy2 ≡ x2 − (1 + i)y2 mod (1 + i)5.,

Case 5. For δ ≡ (1+i)(01) mod (1+i)4, Ω =
√
δ, so α = (x+

√
δy)(x−

√
δy) =

x2 − δy2 ≡ x2 − (1 + i)(3 + 2i)y2 ≡ x2 − (1 + 5i)y2 mod (1 + i)5.

Case 6. For δ ≡ (1+i)(10) mod (1+i)4, Ω =
√
δ, so α = (x+

√
δy)(x−

√
δy) =

x2 − δy2 ≡ x2 − (i− 1)y2 mod (1 + i)5.

Case 7. For δ ≡ (1+i)(11) mod (1+i)4, Ω =
√
δ, so α = (x+

√
δy)(x−

√
δy) =

x2 − δy2 ≡ x2 − (i− 1)(3 + 2i)y2 ≡ x2 − (i− 5)y2 mod (1 + i)5.

Lemma A.0.15. Let δ ∈ {1 ∓ 2i, 2 ∓ i, 1 ∓ i,∓i}. If υ = Nk(
√
δ)/k(I) for some ideal

I in the principle genus of k(
√
δ), then in fact υ = Nk(

√
δ)/k(A) for some number A in

k(
√
δ).

Proof. Note that here δ ∈ k is prime for each case, then for υ = δ, we have υ =

Nk(
√
δ)/k(i

√
δ) = i

√
δ(−i

√
δ) = δ. So we do not consider the value υ = δ in case

analysis. Furthermore, 1 = Nk(
√
δ)/k(1), −1 = Nk(

√
δ)/k(i), 2i = Nk(

√
δ)/k(1 + i) and

2 = 2i(−i), so again no need to check these values.

Case 1. δ = 1±2i. In each ideal class, there exists an ideal I in k(
√
δ) such that

Nk(
√
δ)/Q(I) = |Nk(

√
δ)/k(I)|2 <

√
6|δ| =

√
6
√

5 =
√

30. So it is enough to check the

values Nk(
√
δ)/k(I) = υ = a+ bi with a2 + b2 <

√
30. Then, υ ∈ {∓i, 1∓ i, 1± 2i, 2∓ i}.

Let us check for each υ that whether I is in the principle genus or not.

[
i

1± 2i : 1± 2i

]
=

[
i

1± 2i

]
= −1,
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since o/(1± 2i)o = {0,∓1,∓i} where ∓1 are quadratic residues and ∓i are quadratic

non-residues modulo 1 ± 2i. So if υ ≡ i mod 1 ± 2i, then

[
υ

1± 2i : 1± 2i

]
=[

υ

1± 2i

]
= −1 since it is a quadratic non-residue modulo 1 + 2i and if υ ≡ ∓1

mod 1 ± 2i, then

(
υ

1± 2i : 1± 2i

)
=

[
υ

1± 2i

]
= +1 since it is a quadratic non-

residue modulo 1± 2i where 1 + 2i - υ, so I is in the principle genus.

1 + i = (1 + 2i)(1)− i ≡ −i mod 1 + 2i

1− i = (1 + 2i)(−i)− 1 ≡ −1 mod 1 + 2i

1− 2i = (1 + 2i)(−1− i) + i ≡ +i mod 1 + 2i

2 + i = (1 + 2i)(1− i)− 1 ≡ −1 mod 1 + 2i

2− i = (1 + 2i)(−i) + 0 ≡ 0 mod 1 + 2i

1 + i = (1− 2i)(i)− 1 ≡ −1 mod 1− 2i

1− i = (1− 2i)(1) + i ≡ +i mod 1− 2i

1 + 2i = (1− 2i)(−1 + i)− i ≡ −i mod 1− 2i

2 + i = (1− 2i)(i) + 0 ≡ 0 mod 1− 2i

2− i = (1− 2i)(1 + i)− 1 ≡ −1 mod 1− 2i

Here υ = 2 ± i is a candidate, but since

[
1± 2i

2± i

]
= −1, the value 2 ± i can not be a

norm of an ideal, because it is itself prime in k(
√
δ).Therefore, for υ = 1∓ i, the ideal

I is in the principle genus. Furthermore, υ is a norm of a number in k(
√
δ) since

Nk(
√
δ)/k(

1 + i
√

1± 2i

1 + i
) =

1 + i
√

1± 2i

1 + i
· 1− i

√
1± 2i

1 + i

=
1 + (1± 2i)

2i

=
2± 2i

2i
= 1∓ i.

From now on, the idea in the other cases is similar to Case 1, so we only check whether
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υ is congruent to ∓1 or ∓i modulo δ.

Case 2. δ = 2± i.

1 + i = (2 + i)(1)− 1 ≡ −1 mod 2 + i

1− i = (2 + i)(−i)− i ≡ −i mod 2 + i

1 + 2i = (2 + i)(1 + i)− i ≡ −i mod 2 + i

1− 2i = (2 + i)(−i) + 0 ≡ 0 mod 2 + i

2− i = (2 + i)(1− i)− 1 ≡ −1 mod 2 + i

1 + i = (2− i)(i)− 1 ≡ −1 mod 2− i

1− i = (2− i)(1)− 1 ≡ −1 mod 2− i

1 + 2i = (2− i)(i) + 0 ≡ 0 mod 2− i

1− 2i = (2− i)(1− i) + i ≡ i mod 2− i

2 + i = (2− i)(1 + i)− 1 ≡ −1 mod 2− i

Therefore, for υ = 2 ∓ i and υ = 1 ± i, the ideal I is in the principle genus.

Furthermore, υ is a norm of a number in k(
√
δ) since

Nk(
√
δ)/k(1∓ i+ i

√
2± i) = (1∓ i+ i

√
2± i) · (1∓ i− i

√
2± i)

= (1∓ i)2 + (2± i)

= ∓2i+ 2± i = 2∓ i.

Nk(
√
δ)/k(1 + i

√
2± i) = (1 + i

√
2± i) · (1− i

√
2± i)

= 1 + (2± i)

= 1± i.
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Case 3. δ = 1± i, so check the values for υ = a+bi with a2 +b2 <
√

6
√

2 =
√

12.

1− i = (1 + i)(−i)− 0 ≡ 0 mod 1 + i

1 + i = (1− i)(i) + 0 ≡ 0 mod 1 + i

Therefore, for υ = ±i, the ideal I is in the principle genus. Furthermore, υ is a

norm of a number in k(
√
δ) since

Nk(
√
δ)/k(i+ i

√
1± i) = (i+ i

√
1± i) · (i− i

√
1± i)

= −1 + (1± i)

= ±i.

Case 4. δ = i. We will check the values for υ = a+ bi with a2 + b2 <
√

6, that is

υ = 1∓ i. Moreover,

[
1− i

1 + i : i

]
= +1 and

[
1−+i

1 + i : i

]
= +1. Therefore, for υ = 1∓ i,

the ideal I is in the principle genus. Furthermore, υ is a norm of a number in k(
√
δ)

since

Nk(
√
δ)/k(1 + i

√
i) = (1 + i

√
i) · (1− i

√
i)

= 1 + i,

Nk(
√
δ)/k(1 +

√
i) = (1 +

√
i) · (1−

√
i)

= 1− i.
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APPENDIX B: SOME USEFUL THEOREMS

Lemma B.0.16. (Hilbert’s Theorem 90) Let x ∈ Q(
√
m) with NQ(

√
m)/Q(x) = +1.

Then there exists an integer y ∈ O such that x = y/y′ where y′ denotes the conjugate

of y.

Proof. Let y = x+ 1 ∈ O. Then
x+ 1

(x+ 1)′
=
x+ 1

x′ + 1
=

x+ 1

x′ + xx′
=

1

x′
=
xx′

x′
= x.

Lemma B.0.17. (Hilbert’s Theorem 90 for ideals) Let a be an ideal in Q(
√
m) with

NQ(
√
m)/Q(a) = +1. Then there exists an ideal b in Q(

√
m) such that a =

b

b′
where b′

denotes the conjugate of b.

Proof. By Definition 4.1.2, if NQ(
√
m)/Q(a) = +1, then aa′ = O. Let b = a + O in

Q(
√
m). Then

a + O

(a + O)′
=

a + O

a′ + O
=

a + O

a′ + aa′
=

O

a′
=

aa′

a′
= a.

Theorem B.0.18. (Minkowski’s Theorem) Let K be a number field and let Dk be its

discriminant. Let n = r1 + 2r2 be the degree of K over Q, where r1 and r2 are the

number of real and complex embedding functions, respectively. The class group of K is

denoted by Cl(K). In any ideal class c ∈ Cl(K), there exists an ideal U ∈ c such that

|N(U)| ≤MK

√
|DK |

where N(U) denotes the absolute norm of U and MK =
n!

nn

(
4

π

)r2
.

Theorem B.0.19. Given a commutative diagram of abelian groups

A
f−→ B

g−→ C −→ 1
α

↓
β

↓
γ

↓

1 −→ A′ f0

−→ B′ g0−→ C ′

Figure B.1. Figure for Snake Lemma
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with exact rows, there exists an exact sequence

kerα −→ ker β −→ ker γ
δ−→ cokerα −→ coker β −→ coker γ. (B.1)

Proof. See [7] for its proof.

Theorem B.0.20. (Legendre’s Theorem) Assume that a, b, c ∈ Z satisfy the following

conditions:

1. (a,b) = (b,c) = (c,a) = 1,

2. at least one of ab, bc, ca is negative,

3. the following congruences are solvable:

u2 ≡ −bc mod a, v2 ≡ −ca mod b, w2 ≡ −ab mod c .

Then the diophantine equation ax2 + by2 + cz2 = 0 has non-trivial solutions in Z.

Proof. See [?] for its proof.

Definition B.0.21. Let K be a number field over k of degree r. For A ∈ K, the

relative norm of the number A is

NK/k(A) = AA′A′′ . . . A(r−1)

where A(i)s denote the relative conjugates of A.

If J = (A1, . . . , As) is any ideal of K, then the relative norm of an ideal J is

NK/k(J) = JJ′ . . . J(r−1)

where J(i)s denote the relative conjugate ideals of J.

Theorem B.0.22. Let K be an algebraic field extension over k. Then for some ideal

J in K, NK/k(J) is an ideal in k.



128

Proof. Let K = k(θ) be an algebraic extension over k of degree r and let f be the

minimal polynomial of θ over k. Let θ, θ′, θ′′, . . . , θ(r−1) be all roots of f in a splitting

field of f , say L. Then there exists a field homomorphism σi : K = k(θ) → K(i) =

k(θ(i)) for each i = 0, 1, . . . , r − 1. Note that L = k(θ, θ′, θ′′, . . . , θ(r−1)) is normal and

separable over k, so L is Galois over k.

Let J = (A1, . . . , As) be an ideal in K. Then NK/k(J) = JJ′ . . . J(r−1) can be

denoted by (A1U1 + . . .+AsUs)(A
′
1U1 + . . .+A′

sUs) . . . (A
(r−1)
1 U1 + . . .+A

(r−1)
s Us) for

indeterminates U1, . . . , Us by [1]. Now, we will show that (A1U1 + . . .+AsUs)(A
′
1U1 +

. . .+ A′
sUs) . . . (A

(r−1)
1 U1 + . . .+ A

(r−1)
s Us) are integers of k to prove the theorem.

For some λ ∈ Aut(L/k), λ fixes (A1U1+. . .+AsUs)(A
′
1U1+. . .+A

′
sUs) . . . (A

(r−1)
1 U1+

. . . + A
(r−1)
s Us) since it is a symmetric number in L under taking conjugates. But L

is Galois over k, so the only numbers that λ fixes must be in k, so (A1U1 + . . . +

AsUs)(A
′
1U1 + . . . + A′

sUs) . . . (A
(r−1)
1 U1 + . . . + A

(r−1)
s Us) ∈ k. Thus, OL(JJ′ . . . J′′) =

(OLA1 + . . .+OLAs)(OLA
′
1 + . . .+OLA

′
s) . . . (OLA

(r−1)
1 + . . .+OLA

(r−1)
s ) = OL(okC1 +

. . .+ okCt) where (okC1 + . . .+ okCt) is a k-ideal.

Lemma B.0.23. The relative norm function is multiplicative.

Proof.

Nk(
√
δ)/k(AB) = (AB)S((AB))

= ABS(A)S(B)

= AS(A)BS(B)

= Nk(
√
δ)/k(A)Nk(

√
δ)/k(B).
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