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ABSTRACT

RECIPROCITY LAW OF QUADRATIC EXTENSIONS

In the first chapter, basic definitions and results which will be used in the fol-

lowing chapters of this thesis are presented.

In the following chapter, ideal classes and classes of quadratic forms are reviewed.
Then the relationship between the ideal classes of the quadratic field Q(v/D) with
discriminant A and the classes of quadratic forms having discriminant A is established.
It is proved that if two forms are equivalent, then they are constructed by two equivalent

ideals and conversely equivalent ideals construct equivalent forms.

The next chapter aims to present one of the proofs of the quadratic reciprocity
law which is based on the theory of quadratic number fields. Instead of developing
the theory of binary quadratic forms, a proof using the ideal theoretic approach is
given since the relation between ideals and forms is discussed in the previous chapter.
The Hilbert’s symbol for quadratic number fields is defined in this chapter and it is
compared with Legendre symbol. Then genus is defined by using character sets and

the quadratic reciprocity law is proved. Furthermore, the number of genera is found.

The following chapter again aims to prove the quadratic reciprocity law by using
the theory of quadratic number fields. But for this chapter, we will first discuss how
the strict sense equivalence change the class number. Then, we will find the number of
genera by using exact sequences. It is easier than the previous section since considering
strict equivalence brings all cases into one case. With these results, again a proof of the
quadratic reciprocity law is given. In addition, genus character and genus field with

their properties is presented.

In the last chapter, quadratic reciprocity law over Q(¢) is presented. The proof is



based on the theory of Dirichlet number fields. The relative Hilbert symbol is defined
for quadratic number fields over Q(i) and the number of genera of a Dirichlet number
field is found by using the parallel arguments in Chapter 4. The number of genera

again leads us to prove the quadratic reciprocity law over Q(3).



vi

OZET

IKINCI DERECEDEN CiSIM GENISLEMELERINDE
RESIPROSITE KANUNU

Ik boliimde tezin daha sonraki boliimlerinde kullanilacak olan temel tanimlar

ve sonuclar verilmistir.

Bir sonraki boliimde ideal simiflar: ve ikinci dereceden form siniflarina deginilmistir.
Sonrasmnda diskriminant1 A olan Q(v/D) cisminin ideal siiflari ile diskriminanti A olan
ikinci dereceden formlar arasindaki iliski incelenmistir. Iki form birbirine denk ise bu
formlarin birbirine denk iki idealden olustugu ve birbirine denk ideallerin olusturdugu

formlarin da birbirine denk oldugu ispatlanmigtir.

4. bolimde ikinci dereceden cisim geniglemelerini kullanarak ikinci dereceden
resiprosite kanununun ispatlanmasi hedeflenmistir. Bir 6nceki boliimde formlar ve
idealler arasi iligki incelendiginden ikinci dereceden formlar ile calymak yerine ideal
teorisi yaklagimi kullanilarak ispat verilmigtir. Bu boliimde ikinci dereceden cisim
genisglemeleri icinde Hilbert sembolii tanimlanmig ve bu sembol Legendre sembolii ile
kargilagtirilmigtir. Karakter kiimeleri kullanilarak cins tanimlanmaig ve ikinci dereceden

resiprosite kanunu ispatlanmigtir. Son olarak cins sayis1 bulunmustur.

5. bolimde de amag ikinci dereceden cisim geniglemelerini kullanarak ikinci
dereceden resiprosite kanununu ispatlamaktir. Fakat bu boliimde ilk olarak dar an-
lamda denklik bagintisinin sinif sayisini nasil degistirdigi incelenmigtir. Cins sayis1 bir
onceki boliime gore daha kolay bulunmustur, ¢iinkii dar anlamda denklik bizi bazi
durumlar1 incelemekten kurtarmigtir. Bu sonuclar kullanilarak ikinci dereceden re-
siprosite kanununun ispati1 verilmigtir. Cins karakteri ve cins cismi tanimlanmig ve

ozellikleri verilmigtir.



vil

Son olarak ikinci dereceden resiprosite kanunu Q(i) cismi tizerinde verilmigtir.
ispat Dirichlet say1 cisimleri teorisine dayanir. Q(z) iizerindeki ikinci dereceden cisim
geniglemeleri i¢inde goreceli Hilbert sembolii tanimlanmig ve 4. boliimdeki yol takip
edilerek Dirichlet say1 cisimlerinde cins sayisi hesaplanmigtir. Cins sayis1 kullanilarak

Q(4) tizerinde ikinci dereceden resiprosite kanunu ispatlanmigtir.



viil

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . .. . iii
ABSTRACT . . . e iv
OZET . ... vi
LIST OF FIGURES . . . . . . . o e X
LIST OF TABLES . . . . . . . e xi
LIST OF SYMBOLS/ABBREVIATIONS . . . . .. ... ... ... ...... xii
1. INTRODUCTION . . . ..o e 1
2. PRELIMINARIES . . . . . . 3
3. QUADRATIC FIELDS AND QUADRATIC FORMS . . .. ... ... ... 5

3.1. Ideal Classes . . . . . . . . . . . . )

3.2. Classes of Quadratic Forms . . . . . ... ... ... ... ... ... 6

3.3. The Relationship between the Ideal Classes and The Classes of Quadratic

Forms . . . . . . o 7

4. QUADRATIC RECIPROCITY LAW BY QUADRATIC NUMBER FIELDS
WITH HILBERT SYMBOL . . . . .. ... .. ... 19
4.1. The Integers in the Quadratic Number Field . . . . . . ... ... ... 19
4.2. The Prime Ideals in Q(v/m) . . . . ... .. ... ... ... 20
4.3. Hilbert’s Symbol . . . . . . .. 24
4.4. The Character Set of an Ideal . . . . . . . ... ... ... ... .... 34
4.5. Genera of Ideal Classes . . . . . . . . .. ... ... .. ... ... 39
4.6. Ambig Ideals . . . . . . ... 39
4.7. Quadratic Reciprocity Law . . . . . . . . . . ... ... .. ... ... 40
4.8. The Number of Genera . . . . . . . . . . . ... ... .. .. ...... 47

5. QUADRATIC RECIPROCITY LAW BY QUADRATIC NUMBER FIELDS
WITH GENUS THEORY IN THE STRICT SENSE . . . .. .. ... ... 57
5.1. Introduction . . . . . . ... 57
5.2. Class Groups . . . . . . . . . e 59
5.3. The Genus Class Groups . . . . . . . . . . ... . . 60

5.4. Quadratic Reciprocity Law . . . . . . . . . ... ... ... .. .. ... 67



1X

5.5. The Genus Character . . . . . . . . .. .. ... ... ... ... ... 70
6. QUADRATIC RECIPROCITY LAW BY DIRICHLET FIELDS . . . . . .. 7
6.1. The Integers in the Dirichlet Number Field . . . . . . . ... ... ... 7
6.2. The Prime Ideals of Dirichlet Fields . . . . . . ... ... ... .. ... 79
6.3. Relative Hilbert’s Symbol . . . . . . . .. ... ..o 83
6.4. The Character Set of an Ideal . . . . . . . .. .. ... ... ... ... 87
6.5. Genera of Ideal Classes . . . . . . . .. .. .. ... ... .. ... 89
6.6. Ideal Classes in the Principle Genus . . . . . . . . . .. ... ... ... 90
6.7. Ambig Ideals . . . . . . .. 98
6.8. Ambig Classes . . . . . . . . . ... 99
6.9. The Number of Genera . . . . . . . .. .. ... ... ... ... ... 105
6.10. The Reciprocity Law . . . . . . . . .. ... .. .. 106
APPENDIX A: SOME CALCULATIONS . .. ... ... ... ... ..... 112
APPENDIX B: SOME USEFUL THEOREMS . . . ... ... ... ... ... 126

REFERENCES . . . . . . e 129



Figure 5.1.

Figure 5.2.

Figure 5.3.

Figure 5.4.

Figure 5.5.

Figure A.1.

Figure B.1.

LIST OF FIGURES

Exact sequence of class groups . . . . . . .. ... 59
Exact sequence of ambigideals . . . . . .. ... ... 62
Figure for ambig ideals to use Snake Lemma . . . . . . .. .. .. 63
Exact sequence of quotient groups . . . . . . ... ... 63
Exact sequence to decide the class number . . . . . . .. ... .. 75
The algorithm for Lemma A.0.14 . . . ... ... ... ... ... 121
Figure for Snake Lemma . . . . . . . . .. .. ... ... ... 126



Table 4.1.

Table 4.2.

Table 6.1.

Table 6.2.

Table 6.3.

X1

LIST OF TABLES

Decomposition of 2 into its prime ideals in Q(y/m) . . . . . . . .. 23
Table of n = Ny(m)o(@) mod 2® . . ... ... ... ... ... 32
Decomposition of 1+ i into its prime ideals in k(v/6) . . . . . . . . 82
Table of v = Ny (5 /,(4) mod (1 + i)’ 86

Table of v = Nk(\/g)/k(A> withd <6 ... ... ... .. ... ... 97



xii

LIST OF SYMBOLS/ABBREVIATIONS

An ideal

Conjugate ideal of a in a quadratic number field over Q
Ideal class of a

Ideal class

Conjugate ideal class of A

Legendre symbol
Jacobi symbol
Hilbert symbol

Length of a character set

Cyclic group of order 2 under multiplication
Discriminant of Q(y/m) over Q

A binary quadratic form

A binary quadratic form belonging to the ideal a
Genus

Principle genus

Number field

2 x 2 matrices with integer entries

Norm of o over Q

Ring of integers

The unit group of O

Number of prime divisors of the discriminant

Set of all ambig prime ideals

Relative conjugation function

Special linear group of 2 x 2 matrices with integer entries
Trace of o over Q

Discriminant of a binary quadratic form

Unit

Dirichlet symbol



Relative Hilbert symbol for Dirichlet fields

Character function

Genus character

xiii



1. INTRODUCTION

During the development of algebraic number theory from Gauss to Hilbert, the
developers in this theory had two major goals in back of their minds: generalizing
quadratic reciprocity and solving Diophantine equations. Quadratic reciprocity seems
to belong to the theory of rational numbers. However, its generalization were a key

stimulus in the creation of algebraic number theory.

The theory of “binary quadratic forms” first clarified by Lagrange (1773) after the
Fermat’s famous question: which primes are sums of two squares? Lagrange discovered
the equivalence of forms and give the concept of class number, but understand the
difficulty of finding class number. Lagrange’s results refined by Gauss. He partitioned

all forms of discriminant D into disjoint subsets, he called each subset a genus.

Quadratic forms threw up a problem that was too hard for 18th century math-
ematicians: the law of quadratic reciprocity. In investigating the prime values of
quadratic forms, it turns out to be important to know which primes p are squares
modulo a given prime q. Euler and Legendre observed that the answer seems to de-
pend only the ‘reciprocal” property: whether ¢ is a square modulo p. First, Legendre
(1785) proposed a proof, but it depended on the unproved assumption that there are
infinitely many primes of the form an + b with (a,b) = 1.

One of the great achievement of Gauss was to prove quadratic reciprocity, without
Legendre’s assumption. He gave a total of six proofs of quadratic reciprocity in his
‘Disquisitiones Arithmeticae’, published in 1801. The law of quadratic reciprocity was
Gauss’s favorite theorem, his principal goal was to find the approach that would allow

generalizations to higher power. A proof in this thesis has that approach.

We must also note the correspondence between forms and fields. Our law for
the splitting of rational primes in quadratic fields then leads to significant results on

the representation of numbers by forms, via composition of forms, and this circle of



ideas leads naturally to Gauss’s genus theory of forms. This correspondence is given
in Chapter 2 in this thesis and then genus theory is used for fields in the following

chapters.

The systematic development of algebraic number theory began with Gauss and his
successors. Dirichlet did not first read the Disquisitiones several times, but throughout
his life it was always on the table where he was working and was a source for continual
study. The search for higher reciprocity laws led to the development of algebraic

number theory.

In 1893, the German Mathematical Society asked David Hilbert and Hermann
Minkowski to prepare a survey report on the state of the theory of numbers. Hilbert and
Minkowski divided the work, deciding that the former would report on algebraic number
theory and the latter on rational number theory. Minkowski never finished his report.
Hilbert’s report, the ‘Zahlbericht’ appeared in 1893. This volume, based upon the
revolutionary work of Kummer, Kronecker and Dedekind, presented the ideal theoretic
foundations on algebraic number theory and included many deep and important new

contributions. Chapter 3 presents some work from [1].

Subsequent to the appearance of the Zahlbericht, Hilbert published a series of
papers which opened up a new approach to reciprocity laws in algebraic number fields.

One of these papers [2] is presented in Chapter 5.

Lastly, a 20th century view of reciprocity laws was presented by the paper by B.
Wyman.



2. PRELIMINARIES

In this chapter, our aim is to present basic definitions and results which will be

used in the following chapters of this thesis. The proofs of all results can be found in

[3].

Let K be a number field and O be its ring of integers. Uniqueness of the fac-
torization of elements in O into irreducible elements may fail. To restore the unique

factorization on 9, one studies ideals of © instead of elements.

Let us recall some general facts.

Lemma 2.0.1. Let R be a nontrivial commutative ring with identity element and a be
an ideal in R. Then,
(a) a is mazimal if and only if R/a is a field.

(b) a is prime if and only if R/a is an integral domain.

Corollary 2.0.2. Let R be a commutative ring with identity element. Then every

maximal ideal in R is prime.

Definition 2.0.3. Let K be a number field. An element o € K is called an algebraic

integer over Z, if it is a root of a monic polynomial with coefficients in Z.

Definition 2.0.4. Let K be a number field and O be its ring of integers. An element
a € K is called an algebraic integer over O, if it is a root of a monic polynomial with

coefficients in 9.

From now on, an integer means an algebraic integer.

Theorem 2.0.5. Let O be the ring of integers of a number field K of degree n > 0.
Then,

(a) O is an integral domain with field of fractions K,

(b) O is noetherian,

(c) O is integrally closed; that is if o € K is an integral over O, then it is an integer



over 7,

(d) Every nonzero prime ideal is maximal in O.

In general, such a ring satisfying these conditions is called a Dedekind Ring (Julius

Wihelm Richard Dedekind, 1831-1916).

Now consider ideals of O as an O-submodule of . This gives us a chance to

study O-submodules of K.

Definition 2.0.6. Let K be a number field and O be its ring of integers. An -
submodule a of K is called a fractional ideal of £, if there exists some nonzero ¢ € O
such that ca C . In other words, the fractional ideals of O are subsets of the form

¢~ 'b where b is an ideal of 9 and ¢ is a nonzero element of 9.

Note that if O is a principal ideal domain, then the fractional ideals are of the
form ¢! < d >= ¢ 'dO = aO where a € K. Also note that a fractional ideal a is an

ideal if and only if a C O.

Lemma 2.0.7. The nonzero fractional ideals of O form an abelian group under mul-

tiplication.



3. QUADRATIC FIELDS AND QUADRATIC FORMS

In this chapter, we are going to establish the relationship between the ideal classes
of the quadratic field Q(v/D) with discriminant A and the classes of quadratic forms
having discriminant A. We are going to prove that if two forms are equivalent, then
they are constructed by two equivalent ideals and conversely equivalent ideals construct

equivalent forms. Let us review first ideal classes, then classes of quadratic forms.

3.1. Ideal Classes

Definition 3.1.1. Let a and b be two ideals. If there exist two principal ideals («)
and () such that (a)a = ()b, then we say that the two ideals a and b belong to the

same ideal class, and we write a ~ b.

Theorem 3.1.2. The number of ideal classes of Q(0) is finite.

Proof. The proof is given in [4]. O

Definition 3.1.3. Let o € Q(v/D), so a = q; + q2v/D for some q1, ¢ € Q. Then we
define the conjugate of a as q1 — g2v/D and denote by «'.

Definition 3.1.4. Ny /mo(a) == |O/al.

This norm definition will be used only for this chapter. We will define the norm

of an ideal differently when we will study quadratic fields instead of quadratic forms.

Theorem 3.1.5. Let h be the number of ideal classes of Q(0). Then for any ideal a,

we have a ~ 9.

Proof. The proof is given in [4]. O



Notation 3.1.6. Let a be an ideal in O. We choose an integral basis for a, say {a, as}.

By [3], we know that

det [ M1 — TN (a)VA,

! !
Q; Oy

where of, o), are conjugates of oy, ay respectively.

In case A > 0, we denote the positive square root of A by v/A.

In case A < 0, we denote y/|Ali by v/A, which is one of the two possibilities for
the symbol “v/A 7.

Then if necessary, we reorder oy, as to obtain

Q1 Qo

det = FN(a)VA > 0. (3.1)

3.2. Classes of Quadratic Forms
Definition 3.2.1. Let the integer coefficient substitution
r=rX+sY, y=tX +uY, (ru—st=1)

transform F(z,y) into G(X,Y’). The two forms F' and G are said to be equivalent, and

we write F' ~ (.

Definition 3.2.2. For the form F = az? + bzy + cy?, if its discriminant A < 0, we

have

4aazd + broyo + cyy) = (2amo + byo)* + |Alyo > 0



for any zg,yo € Z, and equal to 0 if and only if 2y = yo = 0. Thus, the form F

represents, aside from 0, either exclusively positive integers or exclusively negative

integers. So we call F' a definite form, more specifically a positive definite form if the

nonzero integers represented by F' are all positive, that is if a > 0, or a negative definite

form if the nonzero integers represented by F' are all negative, that is if a < 0.

But if the discriminant A > 0, the form F' represents positive integers as well as

negative integers. So we call F' an indefinite form.

3.3. The Relationship between the Ideal Classes and The Classes of

Quadratic Forms

Given in ideal a with its integral basis {ay,as}, we construct the following

quadratic form:

Fa(oq,ag)

N(agz + asy)
N(a)
(qz + agy)(d)x + aby)
N(a)
) 5 b+ s aatdy
T+ —=——"ay Y
N(a) N(a) N(a)

N(aw) o Tlaay) - Nlas)
N(a) N(@ 7 N(a)
ax?® + bxy + cy?.

Note that a,b and ¢ are dependent on a, a; and «s.

Here a,b,c € Z, because a | (o) and a | (aw) since ag, as € a,s0 N(a) | N(ay) and

N(a) | N(ag). Also T'(aya)? —4N (ay)N (o) = (arahy+asal)? —dai o s, = (ool —
2

azal)? = det

a1 Qo

! /
Qp Oy

N(a)?- A by Equation 3.1. Since N(a)? | 4N ()N (ay),

we get N(a)? | T(anah)?, so N(a) | T(aab). Also, the discriminant of the form



Fa(al,az)(l‘7 y) iS

(arah + apa)? — 4(ar10) (pary)
(N(a))?

(arap — azay)?

(N (a))?

b2 — dac =

2

o @
det b
o) oy
a N(a)?
= A.

S0 Fatar,a0)(®,y) = ax® + bxy + cy? is a quadratic form with discriminant A. We say
that Fua, a0)(2,y) is a quadratic form belonging to the ideal a.

Note that when A < 0, we have

N(r+sVA) = (r+sVA)(r—sVA)

= 7?2 - 52A
= r’+s*A[>0
. o N(Oél)
for all 7, s € Q. Also N(a) > 0 by Definition 3.1.4,s0a = Na) > 0 and Foay,a0) (2, Y)

is positive definite.

Lemma 3.3.1. Let a be an ideal in O. As aq,as run through all of the basis for a

satisfying Equation 3.1, we obtain all quadratic forms equivalent to Fya, a0 (T, y).

Proof. We will show that:

(i) If By, B, is another basis for a satisfying Equation 3.1, then Fya, a0 (2,y) ~

Fa(1,6,) (%, Y)-
(ii) If F is a quadratic form of discriminant A and if F' ~ Fy(a, a0)(,¥y), then there

is a basis (31, 3, of a satisfying Equation 3.1 and F' = Fyg, g,)(, 7).

Firstly, let (1, 8> denote another basis for a satisfying Equation 3.1. Then



o a/ /
for some M € Matyyo(Z) we have =M & , SO =M g , then
a2 B2 vy 5

a1 Qg 51 Ba

= M? where M denotes the transpose matrix of M. Also we
a/ a/ /6/ ﬁ/
1 Q9 1 P2
)« 61 [
have det [+ | =det [T det(M?"). By Equation 3.1, we get
oy 0 Bi By

N(a)VA = N(a)VAdet(M),

so det(M) =1, thus M € SL(2,7Z).

N
Now, we will show that Fy, ) (z,y) = Nz + azy) and Fyg, g,)(T,y) =

N(a)
N(B1x + Bay)

are equivalent:
N(a) am

(-+(:)
|

= N ((w DAL (Z)) 32)
|
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x X
where (z y)M ! = (X Y), implying (z y) = (X Y)M, so = M* . Thus,

. X €T
Fup, )M = Fup p)
Y y

X
= Fiar,a) ; ( by Equation 3.2)

X
= Fusr,m)Mmt) )
Y

50 M 0 (X,Y) = Faaran (X, Y), and Fugg, ) (X,Y) ~ Fyayan (X, Y).

Remark 3.3.2. Note that

F:éﬁlﬁz)(x’ y) = Fa((/317,32)z4) (%, y) (33)

for A € Matoyo(Z).

Secondly, let F' be a quadratic form of a discriminant A and F' ~ Fyq, a.) (2, ¥),
so F = F4

a(aq,02)

(z,y) for some A € SL(2,Z), then F = Fy(ay,a0)4)(T,¥) = Fai,80)
where 3, (5> is an integral basis for a since A € SL(2,Z). Thus,

o«
B Ba _ poaz)
B 5 oy Qg
implies that
a1«
det A b —det | = -det(A) = N(a)- VA -1,
B B a0
so 31, (B satisfies Equation 3.1. n

Theorem 3.3.3. Let F(z,y) = ax? + bxy + cy? be a binary quadratic form for some

a,b,c € Z, and A be its discriminant. Assume F is indefinite or positive definite, then
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there is an ideal a in O, and a basis oy, s of a such that F(x,y) = Faay,a) (2, Y).

Proof. First we will check that satisfies the equation 22 — bx + ac = 0, equally

z(b—x) = ac.

b—\/K(b_b—\/Z)_b—\/Z(Qb—b+\/Z)_(bQ—A)_b2—b2+4ac_ac

2 2 /2 2 4 4 -
b— VA

So a and VA are algebraic integers by being roots of x — a and z? — bx + ac in

Z[z] respectively.

b— VA

Claim: a,

form an integral basis for the ideal b = Da + O ( 5

b—\/Z>

Proof of the claim: Let 1,w be an integral basis of O in the quadratic field Q(v/D)
1+vD
2

where w = /D for D = 2,3 mod 4 and w =
pendix A.0.7. We have,

for D = 1 mod 4 by Ap-

for D =2,3 mod 4, T(w);—\/Z:\/E—\/?—i- 4D:\/5:w,
1+vD | 1-vD D
for D=1 mod4,T(w)+\/Z: 2 T +\/_:1+\/E:w
2 2 2
Now,
T(w)+ VA  T(w)+b—b+vVA [(T(w)+b b— VA
aw = a =a = - .a—l_(_a).
2 2 2 2
T b

Where&,—aGZ,becauseifA:4D,thenT(w):0,alsob25b2—4ac:A:

4D =0 mod 4 and thus b is even, and if A = D, then T(w) = 1, also b* = b* — 4ac =
A =D =1 mod 4 and thus b is odd. Furthermore,

() - (5 (=)




12

T(w)+vVA—-b+b\ (b—VA
2 2

() o)
e ()

¥ —A T(w)—10b

where P 5 € Z. Therefore,
T(w)+b
aw a — —a a
b-vA f T o-vA T 2iA T b |b-vAa ] (Y
2 2 4a 2 2
and
b— VA
b = Da+9 VA
b— VA
= (Z+ Zw)a+ (Z + Zw) 2\/_
b— VA b— VA
= Za+Z 2\/_—|—Zwa—|—Zw 2\/_
= Za+ 7= \/Z,
2
b— VA b— VA
since Zwa, Zw 2\/_ CZa+17 2\/_ by the Equation 3.4. This proves our claim.

Now, if a > 0, then let a = b, a1 = a, ag = . We will show that for these

_b—VA
2

values of a, ay, @, we have Fya, a0)(2,y) = F(2,y) = az® + bzy + cy*.

N(oz + agy)
N(a)
(az + (b — VA)y/2)(az + (b+ VA)y/2)
N(b)

Fa(al,ag) (xﬂ y)
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(ax + by/2)* — (VAy/2)?
(c1ahy — anah) VA

a?x? + abry + b*y* /4 — Ay? /4

a(ay — an)/VA

a’x? + abry + b*y? /4 — (b*y? /4 — acy?)
a(tyA YAy /N

a’x? + abzy + acy?

a
= az?®+ bay + cy?, with

/ b+ VA

/
Q; Gy

g

. b— VA
det (al 042) = det 2 = avVA > 0,

a

so {ay, as} satisfies Equation 3.1.

b— VA
But if a < 0, then let a = VAb, a5 = VAa, as = VA 2\/_. Note that F'is

not positive definite since a < 0, then by assumption of the theorem F' is indefinite, so

A > 0. Similarly,

N(oz + agy)
N(a)
VA(az + (b~ VA)y/2)(—VA)(az + (b + VA)y/2)
N(VAb)

Fa(al,ag)(xa y) =

—A  (az+ (b= VA)y/2)(ax + (b + VA)y/2)
N(VA) N(b)

= ———— (a2® + bay + ci?)

VA(-VA)

= ax?® + bxy + cy?, with
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b— VA
avA VA
det [ 1 ) = det 2 — —aVAA >0,

/

o ol _oVA _”2@@

so {a1, as} satisfies Equation 3.1. O

To sum up, let us define

® : {(a,B): Bisa Z-basis of a — {F: F is not negative definite,
B
with det = N(a)VA >0} has disriminant A}
B/
(Cl, B) = Fa(B) ($, y)

® is well defined by its construction. Also,

(i) ®(a, By) ~ ®(a, By) for all a in K by the first part of Lemma 3.3.1.
(ii) If F ~ ®(a, By), then F' = ®(a, By) for some basis B, of a by the second part of
Lemma 3.3.1.

(iii) @ is surjective by Theorem 3.3.3.

Definition 3.3.4. Let a and b be two ideals in K. If there exist a, 3 € O such that
aa = Bb and N(af) > 0, then we say that a and b are equivalent in the narrower

sense, and write a ~ b.

By using the Definition 3.3.4, we define a new function:

@ :  {[a]:[a] is a narrow  — {[F]: [F] is an equivalence class of forms,
equivalence class in O} not negative definite, has disriminant A}
[a] = [®(a, B)]

for some basis B of an ideal a in the narrow class [a]. We will show that @' is well

defined, surjective and injective:
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(i) @' is well defined: We will show that if [a] = [b], then [®(a, By)] = [®(b, Bs)].
So let a, b be two narrow equivalent ideals, and let {ay, o} and {f, B2} be their
basis respectively. Then ya = §b for some v,§ € O with N(vJ) > 0. For the
integral basis {yay,vas} and {03;,002} of the ideal ya = §b, we have

Yo Y2
det = Yo (yas) — (yor) v
(’7041), (’7042)/

= 7 (ah — ajay)

a; Qo
= N(v)det
af ab

= N()N(a)vA
= N(ya)VA.

Similarly,

) 1)
aet [ 00 P} saemy — (5,65,
66, (56

= 55’(5155 - 5152)

= N(5)det b P
By B

= N(§)N(b)VA
= N(6b)VA.

Therefore, {yaq,yas} and {03;, 00} satisfy Equation 3.1. Then by the first part
of Lemma 3.3.1 since {yay,vas} and {00,002} are the two basis of the same
ideal ya = 6b, we get

F’ya('ya1,’yoz2)(x7 y) ~ Féb(561,5ﬁg)a
q)(’yaa (vala 7042)) ~ (I)((Sbv (5ﬁ17 6ﬁ2))a
@' ([ya]) = @'([60]).



16

But ®'[ya] = ®'[a] since,

N(yonz + yooy)
Fraasen(@9) = =5
N()N(aaz + azy)
N(7)N(a)

= Fa(al,ag) (SE, y)

Similarly, ®'[0b] = ®'[b]. Hence, ®'([a]) = ®’(]b]).

(ii) @ is surjective: For every class of forms, [F], consider the form F. Since ® is
surjective, there exists a pair (a, B) such that ®(a, B) = F. Then by choosing
that ideal a, we have ®'([a]) = [®(a, B)] = [F].

(iii) @’ is injective: To prove that @’ is injective, first we need a lemma.

Lemma 3.3.5. Let a,b be two ideals with integral basis {\, a} and {\, B} respectively.
If T(A) =T(\3), and if N(a) = N(3), then a = 3.

Proof. If N(a) = N(), then o« = &5 for some ¢ € O*. Then, o € OF C b. Since

a, A\ € b, we get a C b. Similarly, 5 = ¢'a for e = 1, then § € Oa C a, and

b = a. Hence, Z\ + Za = Z\ + Z3. So X = apn A + a2 and o = ag A + ag with
ai; a2

det = 1 since the two basis {\, a} and {\, 5} satisfy Equation 3.1.
Q21 G22

Now, A(1 — a11) = a2f. If a12 # 0, then {\, B} are Z-linearly dependent which
contradicts that it is a basis, so a2 = 0. Then, A(1 — ay;) = 0 implies that a;; = 1

since A 7é 0. AAISO7 11922 — Q1291 = 1 1mphes that 1a22 - 0@21 = Q99 = 1.

On the other hand, a = ag; A+ a293 = as1 A+ 3. By the hypothesis of the lemma,
TAG) = T(A\) = TAanN + ) = T(aanN(N)) + T(AF') = 2aN(A) + T(\F).
Thus, 2a2;N(\) = 0 and we get ag; = 0 since N () # 0.

A 10 A A
We get = = , hence a = 3. n
« 01 I}
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Now we can show that @' is injective:
Let [a] and [b] be two narrow ideal classes, and assume that ®'([a]) = ®'([b]). Let us
choose a basis {a,as} and {1, f2} of a and b respectively satisfying Equation 3.1.

Therefore,

[©(a, (o1, a2))] = [®(b, (61, 52))],
[Fa(al,cm)('r? y)] = [Fb(ﬁlﬁz)(x7 y)] )
Fa(oq,az)(xv y) ~ Fh(BhBZ)(I? y)

Then there exists a matrix M € SL(2,Z) such that

Fb(51ﬂ2)(x7 y) = FCZL\{OQ,O&Q)(Q:? y) = Fa(a17a2)M(x? y)

by Remark 3.3.2. Let (71 72) := (o a2)M, then Fyg, ,)(%,y) = Fary, 7o) (2, y) where
{71,72} is also an integral basis for a satisfying Equation 3.1. Equality of the forms

N(m) _ N(B1)
N(Cl) - N(b) 7N(’71)N(61) >0

since N(a), N(b) > 0. Thus, N(v1) and N(3;) are both positive or both negative, then

implies the equality of the coefficients of the forms, so

the two basis {7101, 7201} and {8171, B271} both satisfy Equation 3.1 or both not. Let
us denote ¢ the sign of N(v;) and N(f5;). Then,

N

= ew@E) Famm (T,9)
= W) o6 (T, Y)
= F’Yl b(ﬁl'YlaﬁQ'Yl)(x? y)‘

T(7v151(7261)") _ T(B171(2m1)") N(7251) _
N(fBia) N(71b) ’ N(Bya)

. The last equation implies that N(f1a) = N(y1b).

Again by the equality of the forms, we get

N(Bam) and N(7161) . N(B171)

N(7b) N(bya) B N(71b)
Thus, we have two ideals f;a and v,b with basis {7151, 7201} and {7101, 712} respec-

tively, and T((761)(7251)") = T((7161)(1182)), N(7261) = N(B271) by the first and
second equations. So by Lemma 3.3.5, we get 731 = (5271, hence Bia = b with

N(f1v) > 0,80 a~b.
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We obtained the following theorem:

Theorem 3.3.6. Equivalent quadratic forms belong to ideals which are equivalent in the
narrower sense. Conversely, quadratic forms belonging to ideals which are equivalent

in the narrower sense are equivalent forms.
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4. QUADRATIC RECIPROCITY LAW BY QUADRATIC
NUMBER FIELDS WITH HILBERT SYMBOL

The aim of this chapter is to present one of the proofs of the quadratic reciprocity
law which is based on the theory of quadratic number fields. Instead of developing the
theory of binary quadratic forms, we will give a proof using the ideal theoretic approach
since we have discussed the relation between ideals and forms in the previous chapter.
We will define the Hilbert’s symbol for quadratic number fields in this chapter and
compare it with Legendre symbol. Then we will define genus by using character sets
and prove the quadratic reciprocity law. Furthermore, we will find the number of

genera.
4.1. The Integers in the Quadratic Number Field

We begin by recalling some basic results. Let m € Z be squarefree, m # 1, then
the field Q(y/m) over Q is called a quadratic number field. Throughout the following
chapter, we will denote the ring of integers in Q(y/m) by O. If A € O, then AO is the
principle ideal generated by A. For short, we will denote A9 by A and let the context
make it clear that A is a number or an ideal.

Each number A € Q(y/m) can be brought into the form

b/
u where the
c

numbers a, b, c € 7Z.

We will denote the operation that changes \/m to —y/m by ’, so for A =

a—by/m

C

a+bym
C Y

we have A’ =

a? — b*m

2
ForAED,wehaveA—l—A’:—aEZandA~A’: >
c

€ Z. See [4] for
c

proof.

Theorem 4.1.1. The Z-basis of the ring of integers O in the quadratic number field
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Q(yv/m) is {1,w} where w is defined as following:

w = /m, if m=2,3 mod 4,

w = , if m=1 mod 4.

We denote the discriminant of Q(y/m) over Q by disco(Q(y/m)), then

discg(Q(v/m)) = 4m, if m=2,3 mod 4,
discg(Q(v/m)) = m, if m=1 mod 4.

Proof. See [3] and Appendix A.0.7 for calculations. O

Definition 4.1.2. For each ideal a in the number field Q(y/m), the product a.a’ is a
set generated by a number in Q as shown in Appendix B.0.22, say aa’ = Ox for z € O.
Then, z is denoted by Ng(,/m)/q(a) and called the norm of the ideal a.

Note that, for a-a’ = Oz, z € Q is not completely determined by this condition,
 is determined up to its two associates, that is if z, y € Q represent N /m)/q(a), then
z =y(—1)* for some a € {0,1}.

4.2. The Prime Ideals in Q(,/m)

We will first consider the prime numbers in Q which are different from 2 and do
not divide m. There are two kinds of such primes:
i) a prime number p € Z such that m is a quadratic residue modulo p in Z,

ii) a prime number ¢ € Z such that m is a quadratic non-residue modulo ¢ in Z.

Lemma 4.2.1. Ifp € Z is a prime number with p # 2, p4 m and if m is a quadratic
residue modulo p, then p is reducible into two different prime ideals in Q(y/m). We

say that p splits in Q(y/m).

Proof. Let p € Z be a prime number with p # 2 such that m is a quadratic residue
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2

modulo p in Z. Then m = e* mod p for some number e € Z, and

(pe+vm)(p,e —vm) = (p-p,[e+vmlp,ple—/m],[e+/mlle — v/m])
= (pQ,p[eJr\/%Lp[e—\/ﬁ,@Q—m)
= ppet Ve = Vi, — )
= p, since p and (e + /m) + (e — /m) = 2e
are in (p, e + /i, e — /M, 62%), and (p, 2¢) = 1.

Thus we have the desired result, p = b - b’ where b = (p, e + /m) with (p,e + /m) #
(p,e —v/m) since (p,e++/m,e —+/m)=1,s0 b # V. O

Lemma 4.2.2. If ¢ € 7Z is a prime number with ¢ # 2, ¢t m and if m is a quadratic
non-residue modulo q, then q is prime in Q(y/m). We say that q is inert in Q(y/m).

Proof. Let q € Z be a prime number with ¢ # 2 such that m is a quadratic non-residue
modulo ¢ in Q. If ¢ = ab for some ideals a,b in Q(y/m), then we can find an integer
A = a+ pfym € O such that ¢ + A, but one of its prime ideal divisors in Q(y/m)
divides A, say a | A without loss of generality. Necessarily (3,q) = 1, because if not
(8,q) = q since q is prime, then ¢q | 2. Also q | A- A" = a* — 3*m since o/ = b and
therefore ¢ | o2, q | «, thus ¢ | A which contradicts our assumption that ¢ A. Again
by using the fact that ¢ | A- A’, we get a® — 3*m = 0 mod ¢ where (3,q) = 1, so
m = ( g)2 mod ¢ which contradicts our hypothesis that m is a quadratic non-residue

5
modulo ¢ in Q. n

Now we will consider the prime numbers in Q which are different from 2 and
divide m. Let I, [, ..., denote the prime numbers in Q different from 2 that divide

the number m. Then m =lily... I, or m = 21y ...1,.

Lemma 4.2.3. Let | be a prime number in Q. Then the ideal (I,\/m) is a prime ideal

in Q(vm).

Proof. Let [ be a prime number in Q, and assume that [ = (I,y/m) = ab for some
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ideals a, b in Q(y/m). Then, Ng /mg(a) and Ny /mq(b) divides Ng/m)o(l) =
(1, v/m)(l, —/m) = (12, 1y/m, m) = l(l,\/ﬁ,%) — [ since (z,?) — 1. Since | € Z is

prime, a = O or b = O, therefore [ is a prime ideal. H

Lemma 4.2.4. Ifl € Q is a prime number with | # 2 and if I | m , then [ is reducible
into two prime ideals in Q(y/m), say l = -1 where [, [ are conjugate prime ideals in

Q(y/m) and L =1. We say that | ramifies in Q(y/m).

Proof. Consider the ideals

[1 = [Il = (lla \/E), [2 = [/2 = (l27 \/E)a cey [T = [IT = (lT’ \/%)

Then the ideals [y, ls,... [, are prime ideals in Q(y/m) by Lemma 4.2.3 and [; =
020 =12 ..., =12 O

Lastly we will consider the prime number 2.

Lemma 4.2.5. [f m =5 mod 8, then 2 is irreducible in O.
Ifm=1 mod8, then2="0b-b" where b #1b'.

For the other cases, that is if 2 | discg(Q(y/m)), then 2 =1b - b’ where b =b'.

Proof. First let m =1 mod 4. The congruence

—1
$2—$—mTEO mod 2

m—1

is reducible or irreducible according as is congruent to 0 or 1 modulo 2, that is

according as m =1 mod 8 or m =5 mod 8. See [5] for irreducible polynomials.
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If m=1 mod 8, then

9 — _ /
2, L LoV
Whereb#b’sinee(2,1+2\/m,1_2\/m):1.

If 2 | discg(Q(y/m)), then m =2 mod 4 or m =3 mod 4. If m =2 mod 4,
then 2 = (2,1/m)?, but if m =3 mod 4, then 2 = (2,1 + /m)%.

Hence, 2 = I? if and only if 2 | discg(Q(y/m)). O

Now we get the following table:

Table 4.1. Decomposition of 2 into its prime ideals in Q(y/m)

m=1 mod8:>2:bb’,b:(2,1+2\/ﬁ),b#b’
m =25 mod 8= 2= b where b is prime in Q(y/m)
m=2 mod 4= 2= where [=1=(2,/m)
m=3 mod4=2=where [=1=(2,1++/m)

Definition 4.2.6. Let a € QQ be arbitrary and ¢ € Q be a prime number. If ¢t # 2,

then
+1, if a is a quadratic residue modulo ¢ in Q,
a
(Z) =4 —1, if aisa quadratic nonresidue modulo ¢ in Q,
0, if t|a.
Ift =2, then

+1, if a is a quadratic residue modulo 8 in Q,
a
(—) =4 —1, if ais a quadratic nonresidue modulo 8 in Q,

0, if 2]a.
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We have the following theorem by combining Lemma 4.2.1, Lemma 4.2.2, Lemma

4.2.4, Lemma 4.2.5 and Definition 4.2.6.

Theorem 4.2.7. Let Q(v/m) be a quadratic number field over Q and d = discg(Q(y/m))

be its discriminant. Let t be a prime number in Q.

d
If (;) = +1, then t is reducible into two different conjugate prime ideals in

Q(v/m).

10

d
If <¥> =0, then t is equal to a square of a prime ideal in Q(y/m).

—1, then t is irreducible in Q(y/m).

This theorem will be used repeatedly.

4.3. Hilbert’s Symbol

Definition 4.3.1. Let n,m € Z, m be squarefree and w € Z be a prime number. We

define Hilbert’s symbol by

+1, if for all 7 € N, there is o; € Q(y/m) such that

n .
(w : m) - n = No(ymy/elai)  mod w',

—1, otherwise.

Definition 4.3.2. Let n,m € 7Z with m is not the square of an integer and w € Z
be any prime number. The integer n is called a norm residue of Q(v/m) modulo w, if

( . > = +1; a norm non-residue of Q(v/m) modulo w, if < . > =t

wm w:m

Remark 4.3.3. If n is itself the norm of an integer « in the field Q(y/m), then we

have <L) = +1, because we can write the congruence n = Ng(,/m) /(@) mod w’
w:m

for all 7 € N.

Lemma 4.3.4. Let w be an odd prime number and w | m, but wtn. Then any of the
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congruences

dn = (22 +y)* —my* mod w, (4.1)

n=x*—my> modw (4.2)

is solvable in rational integers x and y if and only if <ﬁ> = +1.
w

Proof. If (g) = +1, then n = 22 mod w has a solution in rational integers x. Also
w | m,som=0 modw, —my? =0 mod w has a solution for all rational integers
y. Then, n +0 = 22 — my? mod w has a solution in rational integers z and y, so
does Equation 4.2. Note that N(z +/my) = 2? — my?, so we have n = N(z + /my)
mod w. If m = 2,3 mod 4, then z+ /my is an integer in Q(y/m), so (ﬁ) = +1.

Similarly, if (g) = +1, then n = (296;_ y)2 mod w has a solution in integers.
Also w | m, so m = 0 mod w, —m(g)2 = 0 mod w has a solution for all ratio-
nal integers y. Then, n = (235%)2 - m(g)2 mod w, and 4n = (2z + y)? — my?
mod w has a solution in rational integers x and y, so Equation 4.1. Note that
N(x+ y1 —1—2\/%) = (2$; y)2 - m(%)2, so we have n = N(x + y%m) mod w. If
m =1 mod 4, then = + y%ﬁ is an integer in Q(y/m), so (ﬁ) =+1.

Conversely, if Equation 4.1 is solvable, then n = 22—my? = 2> mod w is solvable

n .
in integers x, hence (—) = +1. Furthermore, note that n = 22> mod w’ is solvable

w

for all i € N. Then congruences in Equation 4.1 are solvable modulo w® for all i € N

by Remark 4.3.3. Hence, <L) = (2) Similar for Equation 4.2. O
w:m w

Lemma 4.3.5. Let w be an odd prime, w{m and w{n. Then the congruence

n=az?>—my> modw

always has solutions in rational integers x and y.
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Proof. Case 1. <2> = +1.
w

1
For the right hand side of this congruence, the values z = 1,2, ..., i(w —1)andy =0

give all the quadratic residues modulo w. So we always have solutions in this case.

Case 2. (%) =—1.

Subcase 1. (ﬂ) = —1.

w
Congruence gives all the quadratic non-residues modulo w for the values z = 0 and
1
y = 1,2,...,5(10 — 1), because we get n = 0 — my? = —my?> mod w, so (2) =
w

_ 2 _
( my ) = (_m) = —1. So we always have solutions in this case.
w w

w
Let a be the least positive quadratic non-residue modulo w, that is ¢ = 22 mod w

Subcase 2. (ﬂ) = +1.

has no solution with @ > 0 and a is the minimum over this property. Then a — 1 is a

quadratic residue. Let y = b be a root of the congruence —my? =a —1 mod w. The

m
solution exists since (—) = +1. Soa =1—mb?> mod w and ax? represents all
w

the quadratic non-residues modulo w for x = 1,2, ..., 5(10 — 1), so also 22(1 — mb?) =
1
z? —m(bz)? forx =1,2,..., i(w —1). Son = 2> —my?> mod w has a solution in this
case since <ﬁ> =—1. O
w

Theorem 4.3.6. Let w be a prime number and n,m € Z be not divisible by w. Then

we have

A. If w is odd,

() =+1, (4.3)
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B. If w is even, i.e. w = 2,

<_> = (~1) 4 : (4.5)

<2_”2) - (%) —(-1) 8 . (4.6)

Now, let w be a prime number and n,n',m,m’ € Z. Then we have,

(wnn;n) - <w7:lm> (w??lm) ) (4.9)

o) = ) G) (410

Proof. Note that if n,n’ € Z \ {0} satisfy % = NQ(\/;L)/Q(%) for some integers «, o

. n n'
in Q(y/m), then nNg( /m)/o(?) = n'Ng(/m)ola), so < ) = ( ) by Defi-

w:m w:m
n
nition 4.3.1. So <—> does not change, if we multiply n by a square or remove a
w:m
square factor from n, because a®> = Ng( /m)/g(a) for a € Z. So from now on, we can

assume that m and n are not divisible by the square of a prime number.

The proof of Equation (4.7): The number, —m is the norm of an integer y/m in
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by Definition 4.3.1.

To prove the other equations, we need some case analysis.

Case 1. w: odd prime, w | m, Subcase 1. w | n, Subcase 2. w | n,

Case 2. w: odd prime, w { m,Subcase 1. w {n, Subcase 2. w | n,

Case 3. w = 2, Subcase 1. n is odd, Subcase 2. n is even.

Case 1. Let w be an odd prime and w | m.

l.a. Let w t n. Then < n ) = <ﬁ> by the corollary in the proof of Lemma
w:m w
4.3.4.

1.b. Let w | n.

3

( n ) = (—n )byEquation 4.7
w:m w:m

2
—nm/w —nm

— (—/) by Case 1.a, since w { ———.
w w

Remember that m and n are squarefree.

Case 2. Let w be an odd prime and w t m.
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2.a. Let w1 n.

Lemma 4.3.5 implies that the congruence n = x? — my? is solvable modulo every
power of w. Thus, <L> = +1 for Case 2.a.
w:m

2.b. Let w | n. Note that w?{ n.

2 —my? mod w? would give rise to a number

A solution of the congruence n = x
a = x — y/my of the field Q(y/m) for which the norm « - &’ = Ng( /m)/g(a) contains
only w, but not w? as a factor. So w- z = a - &’ for prime w implies w = t - tv’ where

o and v’ are two distinct prime ideals in Q(y/m), so (@) = +1 by Theorem 4.2.7.
w

Conversely, if <@) = +1, then w = to - w’ for two distinct prime ideals 1, to’ in
w
Q(y/m). Let a € Q(y/m) be an integer such that w | a, but w?{ @ and w'* f a. Then,

( n ) _ (”N@(\/ﬁ)/@(a)>

w:m w:m

nNo(/m) /o)
w2
w:m

nNg(m) /o)

= +1 by Case 2.a since w { 5
w

Thus, (L> = (E) for Case 2.b.

w:m w

Now we get the equations by using all these cases.

The proof of Equation (5.3): (L> = +1 since w is an odd prime, w { m,
w:m

w 1 n by Case 2.a.

The proof of Equation (5.3): ( n ) = (£> by Case 1.a and <L> = <£>

W w w w:n w
by Case 2.b.
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The following equations will be proved for odd prime w.

The proof of Equation (4.8): If w | m and w { n, then (ﬁ) = <g) by Case
l.a and <i> = <2> by Case 2.b, so ( " ) = ( m ) |

w:n w w:m w:m

Similar for the case w | n and w { m since it is symmetric of the situation in the

proof of Equation (4.8).

If w{m and w 1 n, then <L> =41 = (ﬂ) by Case 2.a.

w:.:m w:.:n

If w | n and w | m, then (L):(M):<M>:< m >by

w:m w:m w w:n
Case 1.b. Hence, we deduce Equation (4.8) for odd primes w by considering successively

the different cases of divisibility and non-divisibility of n and m by w.

/
The proof of Equation (4.9): The equation ( nn ) = < n ) ( n ) will

w:m
be shown by case analysis.

Case 1. If w | m,

La. If wtnn', then w{n and w{n'. So

()= () - () (5)

o) (o)

! _ ! 2
L.b. If w | nn/, then ( nn ) = (nn—m/w) because of the following cases.

w:m w

L.b.(i) f w{n and w | n/, then ( n ) — <ﬁ> and ( n' _ —n'm/w?

w:m w w:m w

(i) 2 )

o /
since w { n2m by Case 2.a. So ( ik )
w

()
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The case in which w f n’ and w | n and the case in which w { n and w | n’ are

symmetric.

1.b.(ii) The case in which w | n and w | n’ is not defined since w? f nn/, because
n
(—> is defined where n and m are not divisible by a square of a prime number.
w:m

2. if wtm,

/

2.a. If w{ nn/, then

= +1. Also,wfnandwfn’,so( " >:+1
w:m w:m
/ /
and( n )z—i—l. Hence, (L>( " )z—l—l.
w:m w:m w:m

2.b. If w | nn', then

m

!/
> by Case 2.b and ( n > = +1.
w w:m

because if w | n and w t n/, then ( 1 ) = (

w:m
So,

) ()

The case w{n and w | n is symmetric.

I
/N
g3
——

We do not have the case w | n and w | n'.

Hence we deduce Equation 4.9 for odd primes w by considering successively the

different cases of divisibility and non-divisibility of n,n" by w.

The proof of Equation (4.10): Equation 4.8 and Equation 4.9 together imply
Equation 4.10.

Case 3. Let w = 2.
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Now we will consider two cases and two subcases in each case.

3.a. Let n be an odd integer. To determine the value of the symbol (2L>,

tm
we have to investigate for which combinations of values of n and m, the congruence
n = Ng(m)o(®) mod 2° is solvable for some a € O. After long calculations in

Appendix A.0.9, we get the following table.

Table 4.2. Table of n = Ng(m)/o(a) mod 2°

1]1,35,7
1,7
1,5

1,3,5,7
1,3

~N [ O | Ot | W N

1,5

3.a.(i) Let m be an odd integer. So we will show that (2 " > = (—1)W.
tm

(n—1)(m—1)

Ifm=1,5 mod 8§, then (—1)" 2«  =1foralln=1,3,5,7 mod 8.

(n=1)

Ifm=3 mod 8§, then (—1) 2

=1forn=1,5 mod 8and (—1)% -1
forn=3,7 mod 8.

If m =7 mod 8, then (—1)3@271) =1forn=1,5 mod 8 and (—1)
forn=3,7 mod 8.

3(n—1)
2

=1

3.a.(ii) Let m be an even integer, say m = 2m’. By using the table, we get that

( n > _ (_1>(n2871) ‘(_1)(7L71)(4m271)‘

2:2m/

So for m’ = 1, we get Equation 4.6 where n is odd.

3.b. Let n be an even integer,say n = 2n’.
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3.b.(i) Let m be an odd integer. Som =1 mod 4 or m =3 mod 4.

Firstly, if m = 1 mod 4, then discg(Q(v/m)) = m is odd, so (%) = +1,
that is 2 = pp’ where p # p’ by Theorem 4.2.7. So we can find o € O such that
2 | No(ymy/o(a), but 4 N /myq(c) by choosing a € O with p | a, p*>t a and p' { a.
So

tm
by Theorem 4.3.6. Therefore,
2n' \ (
2:m/)

Now, if m = 3 mod 4, then 2n’ = 2?2 — my? mod 2¢ is solvable if and only if

m = 2% — 2n'y?> mod 2° is solvable. Therefore,

(22:n7;z) - (2 n;n’)

so again we can use the above case.

3.b.(ii) Let m also be even, then

<n )_ 2n! B —2.2n'm/ B —n'm/
2:m/)  \2:2m') 2:2m/ S \2:2m/ )7




34

so we can use the above cases since n'm’ is odd. O

4.4. The Character Set of an Ideal

Definition 4.4.1. Let Q(y/m) be a quadratic field over Q and discg(Q(y/m)) be its
discriminant. Let [i,ls,...,l; be the list of whole distinct prime numbers dividing
|discq(Q(y/m))]. Let Cy = {—1,+1} be a cyclic group of order 2 under multiplication.

We define a function

o7 — C
a a
“ LL:m/) 7T\l :m

The s tuple, ®(a) is called the character set of the number a in Q(y/m).

Now we can also define the character set of an ideal a by using Definition 4.1.2.

Definition 4.4.2. Let Q(y/m) be a quadratic field over Q and discg(Q(y/m)) be
its discriminant. Let [ly,ls,...,l; € Z be the s distinct prime numbers that divide
discg(Q(y/m)). Let O be the ring of integers in Q(/m) and Cy = {—1,+1} be a cyclic

group under multiplication.

Case 1. If m < 0, we define a function

U : {a:aisanidealin O} — C§
N,
. . avme@®Y (Nowmel@)))
Iy :m ’ l.:m

where ¢ = s.

Case 2. If m < 0 and ®(—1) = (+1,...,+1), then we define a function

U : {a:aisanidealin O} — C§
N,
. . avme@®Y (Nowmel@)))
li:m l.:m
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where ¢ = s.

Nocm/ola
Note that this definition is well defined since M/Q() = (l v )
j .m

lj:m

(yzg_ii) B (zfzjn) B <lf1m) (zj ym) =) (lj ym) - (lj ym) or el

je{L,2,..., s} since ®(—1) = (+1,...,+1).

Case 3. If m < 0 and if ®(—1) # (+1,...,+1), say = —1, then we take

ls:m

N, a
the value x of the principle ideal aa’ = Dx such that (Q(Zﬁ—)/(@()> = (l . ) -
s - m s MM

—1)@ -1 \“
y(=1) = y = +1 by choosing the suitable number a € {0,1}.
lg:m ly:m lg:m

For this value Ng(,/m)/q(a) = z, we define a function

U : {a:aisanidealin O} — C§
N,
. . avme@Y (Nawmel@)))
li:m l.:m
where ¢ = s — 1.

Note that this definition is well defined since a is fixed first, so N /m)q(a) is

uniquely determined.

Then U(a) is called the character set of the ideal a in Q(y/m).

Recall that an O-submodule a of the field Q(y/m) is called a fractional ideal in
9, if there exists some nonzero v € O such that vya C . Note that we can also extend

the function ¥ to the set of all fractional ideals by

U : {a:aisa fractional ideal } — C§
. . ((Newmyel) No(ymy/e(a)
ly:m T I.:m

where NQ(ﬁ)/@(a) = N@(ﬁ)/@(b)/]v@(\/a)/@(’y) with ya = b, ve D, b - 0.

Notation 4.4.3. From now on, we will denote both the functions ® and ¥ defined
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above by T.

Lemma 4.4.4. Y(ab) = Y(a)Y(b) for all ideals a, b in O.

Proof. If it is the Case 1 or the Case 2 defined in Definition 4.4.1, then since

No(ymyo(ab) = Nogm) /(@) Nom)/o(b),

by Appendix B.0.23, we get Y(ab) = Y(a)Y(b).

If it is the Case 3 defined in Definition 4.4.1, we necessarily have Ny, /m)/q(ab) =

No(ym) (@) Nom)o(b), because

Nowmye(@) - ( Nogym/(®) Nom)e(b)
ls:m ls:m
Nocmy/ola Nocm /o
= Q(\F)/Q( ) Q(\F)/Q( ) by Theorem 4.3.6
ls:m ls:m
= 1-1=1.
So Y(ab) = Y(a)Y(b) by Definition 4.4.1. O

Lemma 4.4.5. Y(Oa) = (+1,+1,...,41) for alla € O.

Proof. Case 1. If m < 0, then

No(ymy o (Oa) No(vm o0(Oa)
T(Da) = e N C e
_( (Newmyela) No(ym)/o(a)
li :m Y l.:m
= (+1,...,41),

by Definition 4.3.1.

Case 2. If m > 0 and Y(—1) = (1,...,1), then also if Ny /m)e(Da) =
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No(ymy/ola), we have

Y(Da) = ((N@L)/QM)> (NQ“L)/Q(G)» = (+1,...,+1)

li :m l.:m

by Definition 4.3.1.

But if NQ(\/FL)/Q(DCL) = _NQ(\/H)/Q<G/)7 we have

T(Da) = ((_N@ﬂ)/@(“)) L <—N@<ﬁ)/@(a) ))

li:m l.:m

() (o). () ()

= (1-1,...,1-1) = (+1,...,+1).

by Theorem 4.3.6 and Definition 4.3.1.

lo: M

Case 3. If m > 0 and T(—1) # (1,...,1), say (
N(a), we have

Y(Da) = ((M)(w»:un

ll:m

) = —1, then if N(Da) =

by Definition 4.3.1.

But if No(ym)0(Pa) =z = —Ng(/m)ola), we compute Ny m)q(Da) =y =

—x < 0 since

T(Da) = (<N@(m’/‘@(ga)) . (N@(m?/@(ga) >)

li:m

_ (<(—1)(—N@(ﬁ)/@(a))) ((—1)(—]\7@(%)/@(@))))

ll:m
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l.:m

_ ((N@(Jﬁ/@(a)) (N@(ﬁ)/@(a))) 1),

Corollary 4.4.6. The principal ideal Da € Ker Y for all a € O.

Theorem 4.4.7. The rule defined by

U : {A:4is an ideal class in Q(v/m)} — C5§
A = [da] — Y(a)

s a well defined function.

Proof. Let A,B be ideal classes such that A = B, so [a] = [b] for some a € A and b € B.
Then there exist a,b € O such that a-a = b-b. Consider ¥([a]) and ¥([b]),

—

U(la)) =
=7
=7

a)
)Y (a) by Corollary 4.4.6

(

(a

(aa) by Lemma 4.4.4

(bb) since T is well defined,
(

(

(

I
3

)
bb) by Lemma 4.4.4
ba

[b]

[
S =

) by Corollary 4.4.6
)

I
|

Y

thus U is well defined. O]
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4.5. Genera of Ideal Classes

Definition 4.5.1. Each coset of Ker ¥ in the collection of ideal classes is called genus,

and denoted by &. The set Ker U is called the principal genus and denoted by &,.

Now we will check that whether the map W is surjective or not.

4.6. Ambig Ideals

Definition 4.6.1. An ideal a in Q(y/m) is called an ambig ideal, if a = a’ and a is not

divisible by a number in Q.

Theorem 4.6.2. Let disco(Q(y/m)) be the discriminant of Q(y/m) over Q. A prime

ideal p divides discgp(Q(v/m)) if and only if p is an ambig prime ideal in Q(v/m). If
P1,Pa, ..., Ps are all the distinct prime ideals dividing discg(Q(y/m)), then

S: {97]31]327--~7p37p1p27~-7p1p57-~7p1p2-~ps}

is the set of all ambig ideals in Q(y/m).

Proof. By the Theorem 4.2.7, for every prime p € Z, we have that

b/, it (@) and (SR
p= p., if ptdisce(Q(y/m)) and (diSCQ(Q;(\/ﬁ))) =—1,
P2, if p | discg(Qvm).

Consider an ambig ideal a = p,*p,*? ... p,*"; so

!

PP P =y anPZIEQ .o Pn

/an,

and a has no integer divisor, that is p { a for all prime p € Z. Thus, there is no p of
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the second form. Also a; =0 or 1 for all i = 1,2,...,n. The prime number p is of the
first form, so p = pp’. But a is ambig, so @' = p,'p.’...p," such that p; = p{’; because
if not, that is if p; = py’ for i # j, then pip; = p;'p; € Z divides a which contradicts to
the Definition 4.6.1. But p = p’ is a contradiction for a prime number p of the first
form. Hence there are at most p° or p! of the third form. So the prime ideals dividing
disco(Q(y/m)) are the only ambig prime ideals in Q(y/m). Thus, S is the set of all
ambig ideals in Q(y/m) with |S] = 2°. O

4.7. Quadratic Reciprocity Law

Lemma 4.7.1. If disco(Q(v/m)) of Q(v/m) has only a single prime factor, then | is
the only ambig ideal in Q(/m) where l=/m ifm # —1 and [ = 14++/—1 if m = —1.

Proof. Let [ be the only prime divisor of discg(Q(y/m)). By Theorem 4.2.7,1 = p?, so
by Theorem 4.6.2, p is the only ambig prime ideal, so only ambig ideal in Q(y/m). [

Lemma 4.7.2. If discg(Q(v/m)) of Q(v/m) has only a single prime factor, and if
m > 0, then N(e) = —1 where € is a fundamental unit of Q(y/m).

Proof. Proof is by contradiction. So suppose that Ng(m)/e(€) = +1. By Appendix

B.0.16, there exists an integer a € 9 such that ¢ = g/, so a = ea/. For a prime ideal
o

p, if p | @ then p | o and vice versa. So () = (/) implies (o) = (a)’. But by Lemma

4.7.1, (1/m) is the unique ambig prime ideal in Q(y/m), so a = na or a = ny/ma where

nis a unit, @ € Z\ {0}. Thus, € = orssza/;sos: mo_ 0 = n?

na

(na) (nvma) ()ya ()
% = —QI = —n% But ¢ = T7? contradicts to € being a fundamental
nm{—=vm)a U]

unit. Hence Ny /m)/q(e) = —1. O

or ¢ =

Lemma 4.7.3. If the discriminant disco(Q(y/m)) of Q(v/m) has only a single prime
factor, then the class number h of Q(y/m) is odd.

Proof. Proof is by contradiction. So assume that the class number h is even, then there

exists an ideal a, not belonging to principal class, such that a> ~ 1. So a ~ a’. Let
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a No(ym) /a(9) .
a = a, then N@(ﬁ)/@(a) = < = :Fl NOW, if NQ(\/E)/Q(O‘) = —|—1, then let

- Nomya(@)
B = a. If Ng/m)o(e) = —1, then Q(y/m) is a real field, so let 3 = ca where ¢ is a
fundamental unit. Therefore, Ng(,/m) /() = No(ym)o(e) = +1 for the first case and
No(ymye(B) = Nomyjalea) = Nogymya(€)Nowmole) = (=1)(=1) = +1 for the
second case by Lemma 4.7.2. Also Ng(/m)/q(5) = +1, so by Appendix B.0.16 there

6
1
exists v € O such that — = l/ Thus,
g
w5
’)/Cl/ - Y/a/
- 1
ﬁa
- &
g (é‘) = 97

so ya = (ya)". Then va = a or ya = al where a € Z and [ is the unique nonrational
prime factor of Q(y/m) coinciding with its conjugate. So by Lemma 4.7.1, [ = \/m if
m# —land l=1++/—1if m = —1. Thus [ ~ 1. So ya = a or ya = al implies that

a ~ 1 which contradicts our assumption for a. Hence h is odd. O

Theorem 4.7.4. If disco(Q(v/m)) of Q(v/m) has only a single prime factor p, then
there is only one genus in Q(y/m).

Proof. For m > 0, let € be a fundamental unit in Q(y/m). So by Lemma 4.7.2,

—1
Ng(ymyale) = —1. Thus (—) = +1. So the character set for an ideal a is,
p:m

No(myola
T(a) = ((%‘F—ZS())) since Ng(,/m)/q(€) = —1, for m > 0;

Y(a) = ((MQ(L)/@@)) for m < 0.

p:m

If Y(a) = —1, then

(wpfnj—)ﬁ@@)) _ (N@(mw@(;?]:;@(ﬁ)/@(“)) _ (NQ(pfi”—Z;@@)Q =(-1)?=1.
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So Y(a?) = +1 and the collection of all ideal classes of Q(y/m) fall into two genera.
Then the class number h is even which contradicts to Lemma 4.7.3. Hence for each

ideal a in Q(y/m), Y(a) = (+1). O

Theorem 4.7.5. (Quadratic Reciprocity Law) Let p,q € 7Z be distinct positive odd

prime numbers. Then

i () - T

p*—1

(ii) <§>—<_1) S and

w(G) ()0

Proof. By Theorem 4.2.7, if p is an odd positive prime number which does not di-

vide discg(Q(y/m)), and if <T) = +1, then p = pp’ where p and p’ are distinct
p
conjugate prime ideals. Then Ng /m)o(p) = p* and Ny m)o(P) = No/m)oPp) =

Noymyo(P) Nogymyo®) = [Nowmo®))?. So Nomyop) = p since Ny m)o(p) >
0.

Let Q(y/m) be a quadratic number field where discg(Q(y/m)) has only one dis-
p ) _ (Nowmye®)Y _

tm l:m

+1 by Theorem 4.7.4. We shall repeatedly use this relation.

tinct prime factor, say [. Then, if (T) = +1, we have (l
p

1. To prove the first assertion (i), take m = —1, so disco(Q(v/—1)) = —4, [ = 2.
~1
For odd prime p > 0, if (—) = +1, then (%) = +1. But by Theorem 4.3.6 we
D :

have,

(355) =0 & =en 2 =y 2.
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. (r—1)
Thus, if (—) = +1then (-1) 2 =+1.
p
p—1
Conversely, we will prove if (—=1) 2 = 41, then p =1 mod 4. Consider the
—1 —1
field Q(,/p). Then, (—) = (—) by Theorem 4.3.6. Here discg(Q(/p)) = p, so
p p:-p
by Lemma 4.7.2 we have Ng(,/m)/q(€) = —1 for the fundamental unit . So we have
-1 -1 No(y/m
(_) _ ( ) _ ( @(f)/@(s)) Y
p p-p p-p
(r—1)

—1
Thus, (—1) 2 =41 holds if and only if <—> = +1.
p

Hence, we get (—) =(—1) 2 . This proves (i).
p

2. Take m = 2 to prove the assertion (ii), so discg(Q(v/2)) = 8, I = 2. For odd
2
prime r > 0, if (—) = +1, then <L> = +1. But by Theorem 4.3.6, we have
r

2:2
(-1
-
T Y (21 8
(2 : 2) (=1)
: (-1
Thus if <—> = +1, then (-1) 8 =+1.
r
For the converse, let p,q € Z be prime numbers such that p =1 mod 4, ¢ =3
(p* —1)
mod 4, consider the fields Q(,/p) and Q(y/—¢). Then, (1) 8 = +1 implies
2 2
that (—) = (—) = +1. Note that we have 2 = Ny /=1),ol + V—1. So sim-
p p:p
(¢ —1) ) ) )
ilarly, (—-1) 8 = +1 implies (—) = +1, then (—) = (—) S (+1) =
q:—q ) q q:q
-1
2 2 2 v ) ) ) 2
= = +1. Thus, (-1) 8 = +1 implies [ = | = +1
q:q) \q:-1 q:—q p
(¢ —1) (r* 1)

2 2
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This proves (ii).
Now the following steps are for the last assertion (iii).

3. Take m = p =1 mod 4, so disco(Q(,/p)) = p, | = p. Let p; > 0 be a prime

— | = +1, then P
D1 p:p

()= (5)

Thus, if (2) = +1, then (—) = +1. And by the symmetry of the argument, we
b1 p

- ()
get { — | =1|—].
p1 p
4. Take m = p =1 mod 4, so discg(Q(,/p)) = p, [ = p. Let ¢ > 0 be a prime

number with ¢ =3 mod 4. If <]—?> = +1, then I +1. But by Theorem 4.3.6,
q b:p

(55~ ()

Thus, if (8) = +1, then (g> = +1.
q p

5. Take m = —¢ = 1 mod 4, so discg(Q(/—¢q)) = —¢, | = q. Let p > 0 be

a prime number with p =1 mod 4. If (—_q) = +1, then (L> = +1. But by
p q:—q

=

number p; # p with py = 1 mod 4. If = +1. But by

Theorem 4.3.6, we have

we have

Theorem 4.3.6, we have

() = (65) (@) = () =)

- ~1
Thus, if (2) = +1, then (_q> = +1 since (—> =(-1) 2 =41 by part 1.
p p
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Thus, if (2) = +1, then (8) = +1. Hence by part 4 and 5 we get (1—)) = <€)
p q q p

6. Take m = —¢ =1 mod 4, so discg(Q(v/—¢q)) = —¢, l = q. Let ¢ > 0 be a
prime number ¢; # ¢ with ¢; =3 mod 4. If (—_q) = +1, then < N ) = +1. By

q1 q:—q
Equation 5.3 and Equation 5.3 in Theorem 4.3.6, we have

()= () =)= (5) o= (5)

(1 —1)

-1 -~ 7
If (2) = —1, then (_q) +1 since <—) = (-1) 2 = —1. Thus, if
q1 q 5l
(2 = —1, then ( ) +1. And by the symmetry of the argument, we get
41 q
-
¢ q
This proves (iii). O

Using Quadratic Reciprocity Law, we now want to prove that a certain product

is equal to 1.

Theorem 4.7.6. Let n,m € Z, not both negative. Then

MG =+

(w)

where w ranges over all prime numbers in N.

Proof. Let p,q € Z be distinct odd prime numbers. Then we have,

(1) —1

-1 A
(i) (ﬂ) =(-1) 38 = +1 by Equation 4.6 in Theorem 4.3.6.

(-1-1)(p-1) —(p—-1) p-1

0 (B)(E) -0 )

by Equation 5.3 in Theorem 4.3.6,
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2 2.1 —1 —
of Theorem 4.3.6,

pP—1 pr—1 pr—1

® (55)(55) =0 8 () =0 8 () 5 = 1by B

tion 4.6 and Equation 5.3 in Theorem 4.3.6,

0 (5) ) (3 )
(p—1)%+2(p—1) (p—1D+1)
=(-1) 4 =(-1) 4 = +1since —p = No(p)/0(v/P);
(p—1)(g—1)
W - E
(»—1)(g—1)
=(-1) 2 =+1

by Quadratic Reciprocity Law 4.7.5.

We know by Theorem 4.3.6 that <L> = +1 for all odd prime w such that

w:m

w {n and w{ m. Soif n and m are F1 or p for some prime p € Z, thenH(w)< i ) —
w:m

+1 by all the results above for w = m or w = n. But by Theorem 4.3.6, we also have

() = G () e () = 1) )

so theorem is also true for composite n and m which are not both negative. O]

—1
Note that (—) = (=1)7%724 = —1. So if n,m are both negative, then

2:-1
-1
H(w) ( . > = —1 since ( ) = +1 for each odd prime w by Equation 5.3 in
w:m w:—1
Theorem 4.3.6. So we define a new symbol < n ) where it is equal to +1 if one of
—1:m

n,m is 0, and equals to —1 if both n, m are negative to preserve the Product Formula
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(Here —1 stands for the infinite prime in the p-adic approach).

Note that the product of ¢ units in Y(a) is +1 for any a in Q(y/m). We will prove

that if the product of an arbitrary ¢ units is +1, then this c-tuple is in Im(Y).
4.8. The Number of Genera

Theorem 4.8.1. Let m,n € Z such that m is not a square. If <L> = +1 for all
w:m

primes w, then n = Ng( /m)q(@) for some a € Q(y/m).

Proof. Let m,n € 7Z such that m is not a square. First we will show that |n| =

Ng(m)/o(i) for some ideal i by considering the prime divisors of n.

The product H(w) <L> = +1 implies that n > 0 or m > 0. Assume n,m are
w:m

not divisible by a square.

If p is a prime integer such that p | n and p | discg(Q(y/m)), then p = p,? by
Theorem 4.2.7, so Ny /m)/o(Pr) = p-

If p is an odd prime integer such that p | n and p{ m, then

()= (5) =

by Case 2.b in the proof of Theorem 4.3.6. Then p = p,p,’ for some ideals p,, p," in
Q(v/m), so p = No(/m)a(ps)-

If p = 2 such that 2 | n and 2 { discg(Q(y/m)), then

(2 nm) - (227:7;) ’
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!/

" ) = +1. Then,
m

where 2 11/, so <2

ER IR

by assumption. So (%) = +1 implies 2 = p,p.’, so 2 = Ny(/m)0(p.) by Theo-

rem 4.2.7.

Therefore there is an ideal i C Q(y/m) such that |n| = Ng(/mq(i). The proof

will be based on induction on m with |m| > 4.

Let A; denote the ideal class of i where |n| = Ng(,/m)/q(i), choose j € A; such that
No(yimo(i) < [v/discg(Q(y/m))| by Minkowski’s Theorem (See Appendix B.0.18 ).

Since i ~ j , there exists a number x € Q(y/m) such that j = ki, so we have that

No(ymy/a(i) = Nogymyo(t) Nowmyo(k). Let n' = eNg(my/q(i) where e € {+1, -1} is
such that n’ = nNg(m)/o(x). Then,

In'| = | F Noqmya )l < |y/disco(Q(vm)| < [Vam| = 2|v/m] < |m|

for |m| > 4.

n' n
Now, 7' = nNo(m oK), - ( ) — +1b tion. Wi
ow, n' = nNg(/m)/q(k), 50 (w : m) o +1 by assumption. We

m
/
) = ( n ) by Theorem 4.3.6, so ( o

w:m

have ( > = +1 for all primes w.

w:n w:n

For induction, assume that for each field Q(v/m') such that |m/| < |m|, if

( /) = +1 for all prime w, then n = Ng(/mg(e) for some o € Q(y/m).
w:m

m
Note that n’ is not a square, |n/| < |m| and (
w

> = +1 for all prime w. Then,

:n/
m = Noy(ym)o(e) for some o € Q(v/n/). Then m = a* — n'b? for some a,b € Q,
1 1
b#0. Son'b? =a?>—m,n = (%)2 - (E)Qm where %, 5 € Q, so n’ = Ny(m)o(N)

/

n _ Noymye)
Nowmyelk)  Nowmy/os)

for some A € Q(y/m). But n' = nNg/m)/q(k), 50 n =
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A

A
N@(ﬁ)/@(;) = Ng(ym)/ola) for a = P Q(vm).

If |m| < 4, it is also enough to check for n with |n| < |\/disco(Q(y/m))| because

of the same result as above, then the result follows by the following case analysis.

Note that there is no need to check for n = 1 since 1 = Ng(/m)/o(1) for 1 €
Q(y/m) for all m € Z\ {0}.

(i) If m = —3, discg(Q(v/=3)) = =3, then 0 < n < /3, s0o n = 1 is the only value
that satisfies the assumption of the theorem.
(i) If m = —2, discg(Q(v/=2)) = —8, then 0 < n < 2v/2, so we check <wT:Lm>
values for 0 < n < 2v/2,
()
w:—2

so n = 1,2 are the only values that satisfy the assumption of the theorem. For
n =2, a=+—2since Ny mo(vV—2) = (V-2)(-v-2) = —(-2) =2.

(iii) If m = —1, discg(Q(v/—1)) = —4, then 0 < n < 2, so we check <L> values
w:m

for 0 <n <2,

(29~ (3)- " v ()0

so n = 1,2 are the only values that satisfy the assumption of the theorem. For
n=1,a=+~—1since Ny /m)o(v—1)=(V-1)(-vV—-1)=—(-1)=1. Forn =
2, a = 14++/—1since Ny myo(1+v—-1) = (1+v-1)(1-v-1)=1—-(-1) = 2.

(iv) Ifm =2, diSCQ(Q(\/Z)) = 8, then —2v/2 < n < 2v/2, so we check <L> values

w:m
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for 2 <n <2,

2
B R
<w:2> i

son = —2,—1,1,2 are the values that satisfy the assumption of the theorem.
For n = =2, a = v/2 since Ny my0(V2) = (V2)(—V2) = =2. For n = —1,
a =1+ /2 since Ny myo(l+v2) = (1+v2)(1—v2)=1-2=—1. For
n=2 a=2++/2 since N@(W)/Q(Q—i—\/ﬁ) =2+vV2)(2-V2)=4—-2=2.
(v) If m = 3, disc@((@(\/g)) = 12, then —2v/3 < n < 2v/3, so we check ( " >

w:m

values for —3 <n < 3:

3B-1) (09—

(7)-()-R) Q- T

(_—2) = +1 for all w # 2, 3.

w3
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(5)- (75 (73) - () -

Son = —3,—2,1 are the values that satisfy the assumption of the theorem. For
n = —3, a = V3 since No(/m)o(V3) = (V3)(—V3) = =3. Forn = -2, a =1+ 3
since No(myo(l+v3) =(1+v3)1-V3)=1-3=-2. O

By Lemma 4.4.4, T(a?) = T(a)Y(a) = [Y(a)]*> = (+1,+1,...,+1), so for each
ideal a C Q(y/m), the ideal class [a?] is in the principal genus. Now we will check the

converse.

Theorem 4.8.2. For each ideal class A in &, there exists an ideal class B such that

A= B.

Proof. Let A be an ideal class in & of the field Q(y/m) and a be an ideal in the class

A such that (a,discg(Q(y/m))) = 1, and 70 = €aNg(/m)/0(a). Then (L) = +1 for
w:m
all prime w since 7 { discg(Q(y/m)). So by Theorem 4.8.1, 7 = Ng(/m)/o(a) for some

a b b’  b,b a, .a
J/m). Consider & = - such that (b,¢) = 1. Then — = —(=) = (2)(Z)y =
« % Q(Nm) onsider — = — such tha (b,c) en — c(c) (a)(a)
/00
aw amy/e(®) T
ad’ No(ym)/(@)
a b bb 2 . / 2 3 2
Then, a ~ — = — = — ~ b since bb’ ~ O. Hence a ~ b*, that is A=B*. [
a bbb

Notation 4.8.3. If a € A, then we will denote the ideal class [a'] by A’

Definition 4.8.4. An ideal class A is called an ambig ideal class, if A = A’, that is for

all a € A there exists b € A’ such that a = b and vice versa.
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Note that, aa’ ~ O implies AA’ = I, so if A is ambig, then A2 = AA' = 1.
Conversely, if A2 = I, then AA = I implies A = A=, but also A’ = A7, hence A = A’ =

A~! and A is an ambig ideal class.

If a is an ambig ideal, then A = [a] is clearly an ambig ideal class, so we have
2% ambig ideals obtained by this way. Now we will check that how many of them are

distinct.

Recall that a set of ideal classes, ¢ is called independent if I ¢ c and I =
AT'AS? .. A%~ for Ay, Ag, ... A, € cimplies A]* = AS? = ... = A% = 1. See [5] for group

theoretical approach.

Theorem 4.8.5. Let s be the number of distinct ambig prime ideals in Q(y/m).

If m <0, then s — 1 of them determine independent ambig classes and there are 2571
distinct ambig ideals.

If m > 0 and Ng(/m)q(e) = +1, then s — 2 of them determine independent ambig
classes and there are 2°=2 distinct ambig ideals.

If m > 0 and Ng(/m)o(e) = —1, then s — 1 of them determine independent ambig

classes and there are 2571 distinct ambig ideals.

Proof. Since two ideals belong to the same class if they differ by a principle ideal, we

will check the ambig principle ideals in Q(y/m).

Case 1. If m < 0, but m # —1, —3, then let D be an ambig principal ideal, so
a9 = (aO)" then % is a unit, so % = (—1)° where e = 0 or 1 by [3]. Then

« :
Oé(\/ﬁ)e _ 5217 ife=0
(a(Vm)ey — | _vm ey
o/ (—y/m) o
So a(y/m)¢ = (a(y/m)°), thus (ay/m)® € Z. So if e = 0, then o € Z, a = F1 since
a® is ambig. And if e = 1, then a(y/m) € Z, o = F+/m since a® is ambig. Thus, the
only ambig principal ideals are O and O+/m.
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Case 2. If m = —1, then by Lemma 4.7.1, [ =1+ y/—1 is the only ambig ideal
in /—1.

If m = —3, then by Lemma 4.7.1, [ = \/—3 is the only ambig ideal in y/—3 since
3 is the only prime divisor of disco(Q(v/—3)) = —3, because —3 =1 mod 4.

Case 3. If m > 0 and Ng( /m)/0(€) = +1, then ¢ = g for some 8 € © by Lemma
B.0.16. Choose « such that § = aa for a € Z and « is not divisible by any integer, so

a = eo/ implies a9 = (@), thus aP is an ambig principal ideal.

We claim that a0 # O and a9 # /m9O. Otherwise a = F&/ or a = Fe//m
f

for some f € Z. Then % = (_1>e(€€/)f’
a

— = (—1)°c* where e = 0 or 1 respectively. But then (—1)°*/ = ¢ which contradicts
a

to the fact that € is a fundamental unit.

where eg’ = Ny m)/0(€) = 1,50 (') ' =¢, 50

Let 39 be an ambig principal ideal in Q(y/m), then g is a unit, so g = (—1)%’
_ enf
for some e, f € Z. Then for v = ﬁ, we have % = (\/n_f)eozf( \/T;) S
/

1

§<_1)e(ﬁ)f = (=1)%e/(=1)¢(=)f = +1, 50 y = 4" and v € Q. Hence we get an ambig
Q €

principal ideal by removing the factors of Z from /ma, say a. The ambig principal

ideals are O, 9Oy/m, D« and «a.

Case 4. If m > 0 and Ny /m)/0(€) = —1, then let Oa be an ambig principal ideal,
a, _ Noymyo(®) _ Newmyal®) _
Vel Nowmyol@) - Nomyel(@)

1, so [Ng(ymyo(©)) = NQ(\/R)/@((—l)eE) = +1, so f = 2g for some g € Z since

« e
then —= (—1) e/ for somee, f € Z. N@(\/m)/@(

Nomyale) = —1.

Consider 3 = & B 0" (—5)_9(_\/ﬁ)6+g

W, then 7 = () = since e’ =
—1)9
—1. Then g = (—1)€€f( 5122 (1) = +1,s0 8= (3, € Q. Hence O and O/m

are the only ambig principal ideals in Q(y/m).
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The product of all the prime ideals dividing m is equal to y/m, because m =
p1p2 - .. ps where p; € Z are prime and since p; | discg(Q(y/m)) for all i = 1,2,...,s,
we have p; = p;2 for alli = 1,2,...,s. Hence \/m = p1ps...ps. Also a principal ambig
ideal in Q(y/m) is a product of the prime ideals dividing m. So for Case 1, Case 2
and Case 4 there are s — 1 independent ambig classes and for Case 3 there are s — 2

independent ambig classes. [

Theorem 4.8.6. There exists an ambig ideal class A in Q(y/m) that contains no ambig
ideal if and only if m > 0 and Y(—1) = (+1,+1,...,+1) and Ny /molc) = +1.
Furthermore, all ambig ideal classes of this type in Q(\/m), say B, is of the form

B= A4, ...A, where 4;’s are ambig classes such that 4; = |a;| for some ambig ideal a;.

-1
Proof. First assume that m > 0 and <—) = +1 for all primes w € Z with w | m.
w:m

—1
By Theorem 4.3.6, we have (—) = +1 for all primes w € Z with w { m. So by
w:m

Theorem 4.8.1, Ny /m)/o(a) = =1 for some o € Q(y/m). Since Ng(,/m)/0(c) = +1, «

i i/
cannot be a unit, so Oa = - for some ideals i,j with (i,j) = 1. So — =ad’ =1,j =1,
)

i
o= ; = 7 implying i = o, then i ~ 1, so A = [i] is an ambig ideal class.
Claim: A does not contain an ambig ideal.

Proof of the claim: Assume a = if is an ambig ideal for some § € Q(y/m),
then % = ;—g, = ag is a unit since a = o', say ozg = (—1)% for some e, f € Z.
Nowm)/o(B) c
Then Nogymya(a) 5 = Nowmya(=D) Nomye(e) = (FD(H) = +1,
awm/a(F)
s0 Ng(ym)/a(@) = +1 contradicting to Ny, /myq(a) = —1.

Conversely let A be an ambig class containing no ambig ideal and i € A such that
i~ 1, that is i = ai’ for some a € Q(v/m) with Ny m) /(@) = F1.
1 i 1
If Ng(ym)ola) = +1, then o= g for some 3 € O, so (:Tg)/ =a- = +1.
Therefore, i = '3 and i € A where i is an ambig ideal. But this contradicts to

the fact that A does not contain an ambig ideal. If m < 0, then Ng( m)/o(a) = +1,
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but this is not possible as we have mentioned. So we must have m > 0. If m > 0

and | —— | = —1 for some prime w, then —1 cannot be a norm of any integer in
w:m

Q(v/m), so Ng(m)/o(a) = +1. Again we get a contradiction above, so we must have
Y(—1) = (+1,+1,...,+1).

If N@(\/TT’L)/Q(Q) = —1 and N@(\/ﬁ)/@(é‘) = —1, then N@(\/ﬁ)/@(&@) = +1, SO

similarly A contains an ambig ideal and we get a contradiction.

Therefore, we must have m > 0, (—) = +1 for all prime w € Z and
w:m

No(ymyale) = +1.

Now for the last part of theorem, choose i € A, j € B where A, B are ambig classes

that do not contain ambig ideals. Then for 111 = o« and JJ—/ = B, we get No(/m)/ola) =
o B _

No(ymya(f) = —1 by above results. So N@(ﬁ)/Q(B) = +1. Then o for some

v € 9. Consider 1% = ba where b € Q and a has no factor of Z other than F1. So

ba i i’ 1

(ba) :%~i/)7:a~5'§:1, so a = d, a is ambig, i = bBa implies i ~ ja. m

Theorem 4.8.7. There exist ¢ — 1 independent ambig classes and 2°7% distinct ambig

classes.

Proof. Let s be the number of distinct prime divisors of discg(Q(y/m)).

Case 1. If m < 0, then ¢ = s. So by Theorem 4.8.5 and by Theorem 4.8.6,

there are 2°~! ambig classes.

Case 2. If m > 0 and Y(—-1) = (1,1,...,1), then ¢ = s. So by Theorem 4.8.5
and by Theorem 4.8.6, there are 2°7! ambig classes. If Ny m)/o(e) = —1, then all
classes are obtained by ambig ideals. If Ng( /m/q(€) = +1, then only 2°72 of them are
obtained by ambig ideals.

Case 3. If m > 0 and Y(—1) # (+1,+1,...,+1), then ¢ = s—1. So by Theorem
4.8.5 and by Theorem 4.8.6, there are 22 ambig classes all obtained by ambig ideals.
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Thus, there are 2¢~! distinct ambig classes in all cases. O

Theorem 4.8.8. In Q(y/m), let g be the number of distinct genera, then g = 2¢71.

Proof. Let f denote the number of ideal classes in the principal genus. By Definition
4.5.1, each genus has the same number of classes, so each genus contains f classes.
Then h = gf is the number of all classes in Q(y/m). Let Hy,Hy,...,H; be the classes
in the principal genus, then by Theorem 4.8.2, Hy = Ki,Hy = K3,... ,Hy = K} where

K1,Ko, ..., K are classes in Q(y/m).

Now let C be an arbitrary ideal class, so C? is in the principal genus, so C? = K2
for a unique a € {1,2,..., f}. So the unique class A = c© is ambig since C = AK,
implies C> = A%K2. Then A? = I, that is A = A" so A = i/ since AN = I. So as A
ranges over all ambig classes and K ranges over all Ky, Ky, ... ,Ks, then AK ranges over
all classes. And for each ambig class A and for each K € {K;,Ko, ... ,K;} there is exactly
one class AK. So h = 2¢7!f since there exist 2°7! distinct ambig classes by Theorem

4.8.7, 50 h = gf = 27! f implies g = 2°71. O
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5. QUADRATIC RECIPROCITY LAW BY QUADRATIC
NUMBER FIELDS WITH GENUS THEORY IN THE
STRICT SENSE

5.1. Introduction

The aim of this chapter is again to prove the quadratic reciprocity law by using
the theory of quadratic number fields. But for this chapter, we will first discuss how
the strict sense equivalence change the class number. Then, we will find the number
of genera by using exact sequences. With these results, we will give a proof of the
quadratic reciprocity law. In addition, we present genus character and genus field with

their properties.

Definition 5.1.1. Let £ = Q(y/m) be a quadratic number field over Q and d be its
discriminant. The discriminant d is called a prime discriminant, if it is a prime power

up to sign.

Proposition 5.1.2. Let d be the discriminant of a quadratic number field k. Then d

can be written uniquely as a product of prime discriminants up to order.

Proof. If d is a prime discriminant, then we are done. Assume d is not a prime dis-
criminant, then there exists an odd prime p dividing d, because if all prime divisors
of a discriminant are even, these discriminants are —4, —8 or 8 and they are prime

discriminants. Then

d
is a prime discriminant. Now, let us show that — = d' is a discriminant by using

1
Theorem 4.1.1.

Case 1. If d =0 mod4, then d =0 mod4 , sod = 4m where m = 2
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mod 4 , therefore d’' is a discriminant.

Case 2. If d’' is odd, then d is odd, then d =1 mod 4 since it is a discriminant,

then d =1 mod 4 since d; is, therefore d’' is a discriminant.

Case 3. If d =4 mod 8, then d = d'd; =4 mod 8 since d; = 1 mod 8,
d !
then 1 = 3 mod 4 since d is a discriminant, so T =3 mod 4 since dy =1 mod 4,

therefore d' is a discriminant.

We can proceed by induction. For uniqueness let = dyds...d, = d|d,...d,, be
prime discriminant factorizations of d. If each prime discriminant is even, then it is
—4,—8 or 8 and for equality they must appear equally on both sides. If there is an
odd prime discriminant, say d;, then there exists a prime discriminant, say d} such
that |di| = |d}| since the absolute values are prime numbers. If d; = —d) then one is
congruent to 1 modulo 4 and other one is congruent to 3 modulo 4 which contradicts
that both of d; and d} are discriminants. Thus we have d; = d}. Proceeding by this

way we eliminate all odd prime discriminants and get d; = d; for all ¢ and n =m. O

Definition 5.1.3. A number o € k = Q(y/m) is called totally positive, if m < 0 or
ifm >0, a>0and a’ > 0 where o is the algebraic conjugate of « and we write
a >> 0. A number o € k = Q(y/m) is called totally negative, if —« is totally positive

and we write a << 0.

Definition 5.1.4. For this chapter, we define the norm of an ideal by

N(a) = [Ng(mo(k)Q(a)]

where Ng(/m),0(k)Q(a) is the norm of a defined in Definition 4.1.2.

Lemma 5.1.5. Let « € k = Q(y/m), then N(a) > 0 if and only if « >> 0 or

—a >>0.

Proof. N(a) > 0 if and only if aa® > 0, if and only if & > 0 and a” > 0 or «a < 0 and
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o <0, if and only if « > 0 and @ > 0 or —a > 0 and —a > 0, if and only if &« > 0

and o’ >0 or —a >0 and (—«a)? > 0, if and only if & >> 0 or —a >> 0. ]

5.2. Class Groups

Now we will define some equivalence relations among ideals.

Definition 5.2.1. Two ideals a and b are called equivalent, if a = \b for some A € k

and written a ~ b.

Two ideals a and b are called equivalent in the strict sense, if a = Ab for some
A € k with A >> 0 and written a ~ b. See Definition 3.3.4 and note the difference

between strict and narrow sense equivalences.

Here ~ is an equivalence relation. The equivalence class of a is [a] and these
classes form the group Cl(k) called the class group. The order of the class group is
called the class number and denoted by h(k).

Similarly ~* is an equivalence relation. The equivalence class of a is [a], and

+

these classes form the group CIlT (k) called the class group in the strict sense. The

order of the class group is called the class number in the strict sense and denoted by

(k).

Proposition 5.2.2. Let (v/d ) denote the subgroup {I.,[(v/d)|4} of the class group
in the strict sense, Cl*(k). Then the Figure 5.1.

125 (Vd ) -5 Ot (k) = Cl(k) -5 1

Figure 5.1. Exact sequence of class groups

where 7 : [a], — [a] is ezact.
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Proof. The identity map i is one to one, so Ker (i) = {1,} = Im (¢). Also Im (7) =
Cl(k) = Ker (¢) since for all [a] € Cl(k), we find [a]; € CIT (k) such that 7([a];) = [a].
And Tm (i) = {1, [(Vd)]} € Ker (7) since 7(1,) = 1 and 7([(Vd)]+) = [(Vd)] = 1.

Now let [a]; € Ker (7) , so 7([a]) = [a] = 1, then a ~ 1, a = («) for some « € k.

Case 1. If N(a) > 0, then a >> 0 or —a >> 0, so choose a with a >> 0, then

a = (a) with & >> 0 implies [a]; = 1.

Case 2. If N(a) > 0, then @ > 0 and a” < 0 or @ < 0 and a° > 0, then
a > 0and o < 0 or —a > 0 and (—a)? < 0, so choose a with @ > 0, then
2 >~ 0and (i) =% > 050 wehave —— >> 0 with a = (i) (v/d) implies

—Vd Vd Vd
[a]+ = [(Vd)]; and [a];. € (Vd ) = Tm (i).

Therefore Ker (7) C Im (7). O

Corollary 5.2.3. Let h* (k) and h(k) be the orders of Cl* (k) and Cl(k) respectively.
If disc(k) = d > 0 and N(g) = +1, then h* (k) = 2h(k), otherwise h* (k) = h(k).

Proof. h*(k) = h(k) if and only if |C1T (k)| = |Cl(k)| if and only if |Ker (7)| = 1 where
7 is defined as in Proposition 5.2.2, that is if and only if Im (i) = (v/d ) = 1 by the
exact sequence in Proposition 5.2.2, if and only if (v/d) = («) for some a >> 0, if and
only if a = nv/d >> 0 for some n € D). If d < 0, then we can take n = 1. If d > 0
and then 7v/d >> 0. So N(v/d) = —d < 0 implies that N(n) < 0, therefore N(n) < 0,
therefore [(Vd)]y = I, n € O with N(n) = —1, if and only if N(¢) = —1. Otherwise,
h(k) = h*(k)/ |Ker (m)| = h*(k)/|{(v/d)| implies h* (k) = 2h(k). O

5.3. The Genus Class Groups

Now again we will define some equivalence relations:

Definition 5.3.1. Two ideals a and b are called similar, if N(a) = N(A)N(b) for some

A € k and written a =~ b.
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Two ideals a and b are called similar in the strict sense, if N(a) = N(\)N(b) for

some \ € k with A >> 0 and written a ~* b.

Here ~ is an equivalence relation. The equivalence class of a is [[a]] and these

classes form the group Clg., (k) called the genus class group.

Similarly, ~ is an equivalence relation. The equivalence class of a is [[a]], and

these classes form the group CI,, (k) called the genus class group in the strict sense.

Proposition 5.3.2. Let a,b be two ideals in O. Then a ~* b if and only if a~"bc?

for some ideal ¢ in O.

Proof. We will prove that a ~* 1 if and only if a~*¢? for some ideal ¢ in O.

First assume that a &~* 1, then N(a) = N () for some A >> 0, then N(A\~'a) = 1.
By Hilbert’s Theorem 90 (See Appendix B.0.17), there exists an ideal ¢ such that
A la = 7. We have ¢c® = N(c) with N(¢) > 0, so N(c¢) >> 0, then ¢ = N(c)c™°
with N(¢) >> 0 implies that ¢=@ ~* ¢. Thus, A"'a = cc™? ~* ¢ implies a ~T ¢? since

A>> 0.

Conversely assume that a ~* ¢, then a = Ac? for some A\ >> 0, then N(a) =

N(A)N(c*) = N(A)N(N(c)) = N(\c) where ¢ = N(¢) > 0. Thus a ~* 1. O

Corollary 5.3.3.

Cll,, (k) ~ CI* (k) /(CIT(k))?

gen

From now on, we will try to find the number of genera by showing that
|CUH(k)/CU (k)| = 2571

where s is the number of finite primes ramifying in k.
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Definition 5.3.4. A class is called ambiguous, if c? = ¢ for ¢ € CI* (k). The set of all

ambiguous classes is denoted by Am™ and it is a subgroup of CI* (k).

Nota that, being ambiguous and ambig are slightly different things for ideals. See
Definition 4.6.1.

Also note that, by Definition 5.3.4, the Figure 5.2.

1 — Am* — CIT (k) 25 CIH (k)7 — 1

Figure 5.2. Exact sequence of ambig ideals

is exact where 1 — o : ¢ — ¢ 7.

Proposition 5.3.5. Let Am™ be the subgroup of all ambiguous classes in CUt(k).

Then if c € Am™, then ¢ = [a]; with a = a°.

Proof. Let ¢ be in Am™. Then ¢ = ¢ for ¢ = [a], so a” = Aa with A >> 0. Then
N(a%) = N(A)N(a) implies that A is a unit, so N(A) = +1 since it is totally positive.
Then A\ = a7 for some « € k by Hilbert’s Theorem 90 (See Appendix B.0.16). Then
N(a) = aa® = Aa*’ >> 0 in k implies N(«) > 0, that is if and only if & >> 0 or
—a >> 0. So by choosing the suitable one we get a ~* aa. So ¢ = [aa] and «aa is

ambiguous since (aa)? = aa’ = a’la = aa. O

Note that (Cl1T(k) : CIT(k)?) = |Am™| since for ¢ = [a];, aa® = (N(a)) = A with

o l-0c _ -2

A >> 0 implies aa” ~T 1, so [aa’]y = 1, so cc? = I implies ¢™7 = ¢, so c'77 = ¢?,

then ClT (k)= = CIT(k)Cl (k) = Cl™(k)? and by the exactness of the Equation 5.3
since 1 — o is onto, we get

Ol (k) [ Am™* ~ (C1* (k)= (5.1)

Thus [Am*| = |CI* (k)| / |(CT*(k))'~7.
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Notation 5.3.6. A : the group of fractional ambiguous ideals,
E). : unit group of k,

E : totally positive units in O},

I : ideals generated by rational numbers,

H={a:a"=0a,a=(a),a>>0, a € k}.

1 — 7] — I — 1

! ! l

1 — H — A X Am* — 1

Figure 5.3. Figure for ambig ideals to use Snake Lemma

where v : a +— [a]+ and this diagram commutes with exact rows. So by the Snake

Lemma (See Appendix B.0.19), we get the Figure 5.4.

1— H/I — A/ — Am™ — 1.

Figure 5.4. Exact sequence of quotient groups

We know that A/l ~ (Z/27Z)* by Theorem 4.6.2. Then we will determine |H/I|.

If () € H, then @ >> 0 and («) is ambiguous, so (a)? = (a), so ()17 =1

implies !~ = ¢ with € >> 0. Then define

p:H— E/E"™°

such that p((«)) = e E'~7. The function p is a well defined homomorphism and

Kerp = {(a) € H:p((a)) = E'™7}
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= {(a) € H: ceEl—0 = El—o’}
= {(Oé) € H:e= al=°? c El_a}

= {(a) e H:(a) = (a”)}
= I

Also, Imp = E/E'7 since eE'™° € E/E'"7 implies ¢ € E, so N(¢) = 1. Then

e = a7 for some a € k. Then N(a) = aa® = (ea”)a’ = ea?’ >> 0, so we can

choose a >> 0 by Lemma 5.1.5, so p(a) = eE'~°. Therefore, H/I ~ E/E'~°.

Now, what is (E : E'77) ?

Case 1. If d < 0, then E = E}, = (¢) where ( is the root of unity with (7 = 1.
Then (77 = ¢ implies (77 = (%, 50 (F: E'79) = ((¢) : (¢?)) = 2.

Case 2. If d > 0 and N(¢) = 41 where ¢ is the fundamental unit in &, then
e >>0or —e >> 0 implies F = (¢) and e = 1 implies ¢ % = ¢. Then £!77 = £2, so

E'7 = (?) and (E: B'7) = ((¢) : (¢2)) = 2.

Case 3. If d > 0 and N(e) = —1 where ¢ is the fundamental unit in k&, then
N(g?) = N(e)N(e) = 1. Then € >> 0 or —¢? >> 0 implies F = (¢?) and %% =1

implies e727 = €%, s0 27" = &%, B'77 = (¢*) and (E': E'77) = ((£%) : (")) = 2.

Hence, by the exactness of the Figure 5.4. with the Equation 5.1 and by the
isomorphism A/I ~ (Z/27Z)" and H/I ~ Z /27, we proved,

Theorem 5.3.7. Am™* ~ CI*(k)/Cl™(k)* ~ (Z/2Z)5!

Let us now consider the relation between C’l;en and Clgep,.

Proposition 5.3.8. Let a,b be two ideals in O. Then a ~ b if and only if a~bc* for

some ideal ¢ in O.

Proof. We will prove that a ~ 1 if and only if a~c¢? for some ideal ¢ in O.
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First assume that a & 1, then N(a) = N()) for some \ € k, then N(A\7'a) = 1.
By Hilbert’s Theorem 90 (See Appendix B.0.17), there exists an ideal ¢ such that
Ala = ¢!7?. We have ¢c© = N(c¢) with N(c) € k, then ¢ = N(c¢)c™? implies that

¢ 7 ~¢. Thus Ala = cc77 ~ ¢? implies a ~ ¢%.

Conversely, assume that a ~ ¢ then a = A¢? for some A\ € k, then N(a) =

N(A)N(c*) = N(A)N(N(c)) = N(\c) where ¢ = N(c) € k, thus a ~ 1. O

Corollary 5.3.9.

Clgen (k) == Cl(k) /(CI(K))?

Proposition 5.3.10. The followings are equivalent:

i. CL (k) = Clyen (k)

. (vm)~T1

i1. m s a sum of squares.

Proof. Consider the map

(i) = (ii): If CI,,(k) =~ Clgen(k), then since (y/m) = 1 in Clge, (k) we have
(v/m) =~ 1in CI_ (k).

(ii) = (i): Assume (y/m) ~T 1. Let [[a]]+ € Kerm, so n([[a]]+) = [[a]] = 1 in
Clgen(k), that is a ~ 1, in other words N(a) = N(())).

If N(A\) > 0, then we can choose A with A >> 0, so N(a) = N(\) with A >> 0

implies a ~* 1.
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A A
If N(A) < 0, then N(—=). Then we can choose A\ with — >> 0. Since
vm vm

A A A
a=——=(v/m), we get N(a) = N( JN((v/m)) with NG >> 0, that implies a ~T
m

vm Vim

(v/m) ~T 1 with assumption.
Note that, without the assumption (y/m) =" 1, we still have that |Ker x| < 2.

Thus Ker 7 = {1} and since 7 is an onto homomorphism, we get the isomorphism
Clt (k) = Clgen(k).
(ii) = (iii): If (y/m) ~T 1, then (y/m) = Ac? for some ideal ¢ with A >> 0.
1 1
Say A = 5(@ + by/m), then N((y/m)) = N(A¢?) > 0 gives m = Z(a2 — b*m)c* where

¢ = N(c), then 4m = (a® — b*m)c®. Put a = mA, so 4m = (m*A? — b*m)c* implies

4 b2c? 2\° b\°
Am 4 mbe = mPAR and m = 75+ The = (A_c) " (Z) '

(iii) = (ii): If m = 72 + s%, then for ¢ = (s,r +/m), ¢ = (5%, sr + sy/m, (r +
vm)?) = (m =12 sr+sy/m, (r +/m)?) = (r+/m)(r —vm, s,7 +/m) = (r +/m)
since r — /m + 1+ /m = 2r and (2r,s) = 1. So for (\) = (ry/m +m) = /mc?,
A >> 0 since r/m+m > 0 and (r/m+m)? = m —ry/m > 0, because m > r?. Thus,
N(V/m)N(e2) = N(A) with A >> 0 implies (y/m) ~* 1. O

Corollary 5.3.11. Ifm is a sum of two squares, then Clye, (k) ~ (Z/2Z)7", otherwise
we have Clyen (k) ~ (Z/27)72.

Proof. By Corollary 5.3.3 and Theorem 5.3.7 we have CI7,, (k) ~ (Z/2Z)""'. 1f m is

gen

a sum of two squares Clye, (k) ~ CI1,, (k) by Proposition 5.3.10, so we get Clye, (k) =~

gen

(Z/27)"7'. Otherwise |Ker w| = 2 again by Proposition 5.3.10, so

Clyen(k) = CLE (k) /Ker m ~ (Z)2Z)*"' /(Z)2Z) ~ (Z)2Z)*>.

gen
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5.4. Quadratic Reciprocity Law

Proposition 5.4.1. Let k be a quadratic number field with discriminant d. Then the
class number in the strict sense h' (k) is odd if and only if d is a prime discrimi-
nant, and the class number in the usual sense h(k) is odd if and only if d is a prime

discriminant or a product of two prime discriminants.

Proof. First assume that d is a prime discriminant, so s = 1 and we get (Cl*(k) :

Clt(k)?) =251 =1. So |(Cl* (k)| = |Cl(k)?)| and then

ot o Clt(k) — Ol (k)?

c — c?

is an automorphism. Thus |CIT(k)| = ht(k) is odd, then |Cl(k)| = h(k) is odd by
Corollary 5.2.3. Also see Lemma 4.7.3.

Now assume that d = dyds where dy, dy are negative prime discriminants. Then
we have two possible values for d.
1. d = (—4)(—p) where p =3 mod 4,
2. d = (—p)(—q) where p = ¢ =3 mod 4. Since there exists a prime power of d of
the form 4k + 3 that divides d with an odd exponent, d is not a sum of squares. So by
Corollary 5.3.11, we get |Clyen (k)| = 272 = 2272 = 1, then

o  Clk) — Cl(k)?

C — C2

is an automorphism. Thus |Cl(k)| = h(k) is odd.

For the converse, assume that |CI7 (k)| = h* (k) is odd, so ¢* is an automorphism,
then (CIT(k) : CIT(k)?) = 1 implies that 2°°' = 1, so s = 1 and d is a prime

discriminant.
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Now assume that |Cl(k)| = h(k) is odd, but h*(k) is even, that is s # 1, so
h(k) # h*(k) implies Ol (k) ~ Clgen(k) is not true, so by Proposition 5.3.10, m
is not a sum of square. Thus, Corollary 5.3.11 implies |Clge, (k)] = 2°72 = 1 and
therefore s = 2. This also means that m contains a prime power of the form 4k + 3
that divides m with an odd exponent, so also d. This is possible if and only if d = 4p
with p=3 mod 4 or d = pqg with p = ¢ =3 mod 4, in other words d is a product of

two prime discriminants. O

Theorem 5.4.2. (Quadratic Reciprocity Law) Let p,q € 7 be distinct positive

odd prime numbers. Then

i () - T

p*—1

(ii) <§>:(_1) S and

(p—1(g—-1)

w () ()=

Proof. We will prove the theorem in the following order:

-1
Case 1. (—) =1<p=1 mod4:
p

If p=1 mod 4, then Q(,/p) has a unit ¢ = $(z + y/p) with N(¢) = —1. See

Appendix A.0.10 for the way we find €. So 2% — py? = —4, 2> = —4 mod p, therefore
-1

(—) = +1. Then by Theorem 4.2.7, p splits in Q(v/—1), so p = (a + by/—1)(a —
p

by/—1) for some a,b € Z since Q(v/—1) is an euclidean domain. Therefore, p = a*+ b2,

sop=1 mod 4 by [6].
Case 2. If p=1 mod 4, then (2—9> =+1& (—) =+1:
4q

Fist assume that (Z—?) = +1 for p =1 mod 4. Then ¢ splits in Q(/p), say

q



q = qq’. By Proposition 5.4.1 and Corollary 5.2.3, h = h(Q(,/p)) = h™(Q(,/p)) is
1
odd. Here, g" is a principal ideal by Theorem 3.1.5, say " = (é(x +yy/p)). Then

1 1 . .
" = qq" = :F<§(£C + y\/ﬁ))(§(:c — yy/p)) implies F4¢" = 2% — py?, so F4¢" =z

-1
mod p. Since <—) = +1 by Case 1, we get (g) = +1.
p p

qg—1

Conversely, assume that <g) = +1. Then for ¢* = (—=1) 2 ¢=1 mod4,p

p
—1
splits in Q(1/q*) since <—> = +1 by Case 1, say p = pp’. By Proposition 5.4.1 and
p
Corollary 5.2.3, h = h(Q(v/q*)) = h™(Q(\/¢*)) is odd. Here, p" is a principal ideal by
1 1 1
Theorem 3.1.5, say p" = (5(:13 + yv/q*)). Then p" = php"" = ZF(§(£E + y\/?))(§($ -

yv/q*)) implies F4p" = 22 — ¢*y?, so F4p" = 22 mod ¢*. We get, <ﬂ) = +1. But
q

since negative sign holds if and only if ¢* > 0, that is ¢ =1 mod 4, we have in fact

ORe

Case 3. If p=¢ =3 mod 4, then <£)> —4le (g> - 1
q p

Consider the field Q(,/pq). For the ideal p = (p, \/pq), we have p* = (p?, 2p\/pq, pq) =

(p)(p,24/pq,q) = (p) since (p,q) = 1. So, p> ~ 1 implies that p is a principal
1
ideal since h(Q(,/pq)) is odd by Proposition 5.4.1, say p = (5(:15 + y+/pq)). Then,

1
N(p) = :FZ(xZ — pgy?) implies F4p = 2% — pqy?, so x is divisible by p, say x = pz. By

cancellation, we get 74 = pz% — qy?. If positive sign holds, then +4 = pz?> mod ¢ and
+4 = —qy* mod p, so (]—3> = +1 and (g) = —1 by Case 1. If negative sign holds,
q p
then —4 = pz?> mod g and —4 = —qy?> mod p, that is 4 = qy®> mod p, so <]—?) =1
q
and (Q) = +1 by Case 1.
p

2
Case 4. (—) =+1<p=+1 mod8:
p

First assume that p = F1 mod 8. Consider the field Q(y/p*) where p* =

p—1

(=1)= p=1 mod 4. By Proposition 5.4.1, h = h(Q(/p*)) is odd. By Theorem 4.2.7
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2 splits in Q(y/p*). Then 2" splits into two principle ideals, say :{:(%($ + yv/p*)) and
$(%(:1: — yv/p*)). Therefore, 22 — p*y?> = F4 - 2". We can only consider the positive
sign since for p =1 mod 4 we have a fundamental unit with N(¢) = —1 and for p = 3
mod 4 we have 22 — p*y? > 0. Therefore, 22 = 2"*2 mod p, so <g> = +1 since h is
odd. g

2
Conversely assume that (—) = +1, then p splits in Q(v/2) by Theorem 4.2.7, say
b

1
p = pp’. Since Q(+/2) is an euclidean field, p = ($§(x+y\/§)), so Fp=122-2y = F1
mod 8 since p is odd. See Appendix A.0.11 for calculations. O

5.5. The Genus Character

Definition 5.5.1. Let k& be a quadratic number field and d be its discriminant with
d = dyds .. .d; its decomposition into prime discriminants. For each d;, x; : Cl7,,, —

gen
Z./27 is defined by:

d
where p is a prime ideal and d; = T and called a genus character.
J
From now on, let x;(p) denote x;([[p]]) for short.

Proposition 5.5.2. The character x; : Cl,, — Z/2Z is well defined.

gen

d; d’
Proof. To show that (N(p),d;) = (N(p),d;) = 1 implies (N] ) = (N—]) ’
J J
consider all the cases for p. Note that here p 1 d.

d:
Case 1. If p = (p), that is if p is inert in k, then N(p) = p?, so ( J ) =
J
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(), = ()G =[G === [ - () (3) = (3), -
(%)
N ),
) Case 2. If pp"d: (p) - ‘N(p)cé,‘ that is ifdp splits in ki then by Theorem 42.7
(52’ - Th“; ;)= () 55) - (Ncg})) () = v sives e
(51), = (5w), =1 (5), = (), = :

Definition 5.5.3. Let a be a fractional ideal and o an element of k. Then we define

x;j(a) multiplicatively and x;(c) = x;((@)).

Lemma 5.5.4. Let k be a quadratic number field and X € k with X\ >> 0. Then
Xj(A) =1 forallj=1,2,....t.

Proof. Let us prove the lemma first for A and j with (N()),d;) = 1.

Case 1. d; =1 mod 4.

1 1
Let A\ = é(a +bVd), so N(\) = Z(a2 — db*), then 4N ()\) = a® — db?. Here, d; | d, but
. | — (%2 | o (N (N
dif N(A\). Sodjtaand N(\) = (2) mod d;. Then x;(\) = <N()\)>J = < i )

N(N)

by Quadratic Reciprocity Law 5.4.2 since d; =1 mod 4. Here, ( g ) = 1 since
J J

N()) is a square modulo d;. Also, (Na?)\)> is defined since N(A) > 0, because
J

A >> 0.

Case 2. d; = —4.
In this case, we must have d = 4m with m = 3 mod 4. Let A\ = a + by/m, so
N(A\) = a? —mb* = a* + b* mod 4. Since (N(N),d;) = 1, N(\) must be odd. Thus

N(A) =1 mod 4, since it is a]\il(l/r\r)l ofltwo squares modulo 4 by [6]. Thus x;(\) =

d; > ( 1 > — o
=(——) =(-1 2 = +1 by Quadratic Reciprocity Law 5.4.2.
(+69), = (5w), =

Case 3. d; = 8.
If d; = 8, then d = 4m with m =2 mod 4. Let A = a + by/m, so N(\) = a®> — mb* =
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a’> — 20> = F1 mod 8 by Appendix A.0.11 since N(\) is odd. So by Quadratic

d; 2
Reciprocity Law 5.4.2, x;(\) = < J ) = (— = +1.
N/, AN/,

d:
If d; = —8, then again by Quadratic Reciprocity Law 5.4.2, x;(\) = N(J)\)) =
J
-1 2
. Again N(\) is odd. So if N(A) = 3 mod 4, then x;(\) =
(5w), (5), J

(=1)-(=1) =+1. Butif N(A\) =1 mod 4, then x,;(\) = (+1) - (+1) = +1.

Now to prove the lemma for an arbitrary A € O, not necessarily (N(X),d;) =1,
we will consider the ideal (\) as (A\) = p1pa...p:b where b is relatively prime to d and
p;’s are prime ideals that divide d, that is p;’s are ramified. For each i = 1,2,... ¢,
choose an ideal a; € [p;];" such that (a;,d) = 1, so a; ~* p;" implies a; = a;p; ' with
a; >> 0, so a;p; = (a;) with a; >> 0. Here for the factorization of the principle
ideal (a;) = [ p;% there exists only one ramified prime ideal, namely p;, so (o, d;) =1
or (a,d;) = 1 implies x;(a$;) = xja; = 1 for all j = 1,2,...,s since a; >> 0 with

(a4, d;) = 1 without loss of generality.

S S S

(A) = pip2. . psb = [ J(aps) (6 [ J (@) ™) = [ J(c)(b H(ai)*l),

i=1 =1 =1

so ¢ = (b [](a;)™') must also be a principle ideal which is relatively prime to d by the
i=1
way we have chosen a;’s. Thus, by the first part of our proof again we get x;(c) =

d.
(N(J )) = +1. Therefore, x;(A\) = +1 for all j =1,2,...,s. For an arbitrary \ € k,
)/

we can use the multiplicativity of x;. ]

Corollary 5.5.5. For ideals a,b in O, if a =% b, then x;(a) = x;(b) for all j =
1,2,...,s.

Proof. If a ~* b, then N(a) = N(A)N(b) with A >> 0, then x;(a) = ( d; ) _
J

N(a)
(—NQC)ZM))J - (N%))J (NCZ(Jiv))J L) = o) e ) = b
Lemma 5.5.4. -

Theorem 5.5.6. (Product Formula) [[ x; =1
j=1
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Proof. We want to show that [] x;(p) =1 for an arbitrary prime ideal p.
j=1

Case 1. If p f d, then we have two possibilities. If N(p) = p?, then x;(p) =

d ) . . . a = (4
= +1for all 5. But if N(p) = p, then p splits, so || x,(p) = =
<N<p) J () jl;[l ]() jl;ll N(p) J
d.
) -0
N(p) N®)/,  \p
J

t
Case 2. If p | d, then say without loss of generality say p | di, so [] x;(p) =
j=1

dll ) < % ) ( i ) d
where d; = — = dy...d;. Thus,
(N(p) J N(P) J N(F’) J ! dl ’ '

)
B (dg . dt)
Np) /,
= +1
[
Now, let x;(c) denote x;([c]+) for short.

Theorem 5.5.7. (Principle Genus Theorem) Let ¢ be in CIT(k). If xi(c) =
xa(c) = ... =xs(c) = +1, then ¢ = a* for some ideal class a in CI*(k).
Proof. Let ¢ = [a]+ be an ideal class with xi(a) = x2(a) = ... = y(a) = +1. We

want to show that ¢ = [a], = a? for some ideal class a, that is a &~ 1, in other words

N(a) = N(A) for some X € k with A >> 0. Let us choose a in that way:

o (a,2d) =1,
e 2{aforany z € Z,

e a is square free.
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For n = N(a), we want to show that 2% — dy? = nz? has a solution in integers, because

we want to find the number \ satisfying N(a) = N(A) by taking A = T2V 1o
z oz

do that, we will show that this equation satisfies the conditions of Legendre’s Theorem

(See Appendix B.0.20).
Let a = 1,b = —d, ¢ = —n. Here a,b,c € 7Z such that (1,—d) = (1,—n) =
(—d,—n) = 1, because (a,2d) = 1 implies a = p, ... p¢ where p; is not ramified, so for

all p; | n, we get that p; t d. Furthermore, (p;) = p; or (p;) = pip’.

Now we will show that these congruences are solvable:

u? = —(=d)(—n) mod 1
v2 = —(—n)(1) mod —d
w? = —(=d)(1) mod —n

There is no need to check the first congruence. The second congruence v? = n

mod — d is solvable by hypothesis of the theorem, because xi(c) = x2(c) = ... =

d d d
x¢(c) = 1 implies (—1> = (—2) =...= (—t> = 1. The third congruence w? = d
/g /g nJy
mod — n is solvable since (p;) = p; or (p;) = pip! for every p; | n implies (i) =1, s0
d
(—) = 1. This completes the proof. O
"y

Theorem 5.5.8. Let k be a quadratic field and d be its discriminant with its decom-

position into prime discriminants d = didsy ...ds . Then the homomorphism defined by

T . CINk) — (Z)27)

c = (ale)..,xs(e)

induces an isomorphism Cl7, (k) ~ (Z/27)*".

gen
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Proof. T is a homomorphism by multiplicativity. Now define

0. (z/22° — Z/2Z

(e1,..,e0) — Jle
=1

where ¢; € {—1,+41}. To show the isomorphism, we will prove that the sequence

1 — ClH (k)2 -5 clt (k) = (z)22)° -5 7/27

Figure 5.5. Exact sequence to decide the class number

is exact. Since 7 is the identity function, it is one to one, so we have exactness at

CI* (k)2

Im (7)) = ClIT(k)? C Ker(Y) since y;(c?) = (xi(c))* = (F1)* = +1 for all
i=1,2,...,s. Conversely, Ker (Y) C Im (i) = CI*(k)?, because ¢ € Ker (T) means
x1(c) = xa(c) = ... = xs(c) = +1 and this implies ¢ = a? for some ideal class a by
Principle Genus Theorem 5.5.7, so ¢ € Im (i) = CIT(k)? and we have exactness at

Ol (k).

Im (T) C Ker (IT) by Product Formula 5.5.6 and conversely,

(Z)2Z)~' ~ CIT(k)/CI*(k)*> by Theorem 5.3.7,
= Cl*(k)/Ker (Y) by the exactness at CI*(k),
~ Im(7) by the Main Isomorphism Theorem,
C Ker (II) by the above result of Product Formula,
~ (Z/27)°1
forces that Im (T) = Ker (IT) and we have exactness at (Z/27)". O

Definition 5.5.9. Let k£ be a quadratic number field with discriminant d and d =
dy . ..d, beits factorization into prime discriminants. Then the field K = Q(\/dy, . .., /d;)
is called the genus field and denoted by kgep,.
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Proposition 5.5.10. Let k be a quadratic number field. Then there exists a canonical

isomorphism CI7,, (k) ~ Gal(kgen/k).

Proof. We define a map T': Ol (k) — Gal(kgen/k) that maps each [c], € CIF, (k)
to the automorphism o € Gal(kye,/k) which is defined as o : /d; — xi(c)y/d; where
xi(c) € {—1,+1}. For short, let I'(c) denote I'([c]+). Here ¢’s are really in Gal(kgen/k)
since o(vVd) = o([TvV&) = TI(e(vVa&) = TV = [Tva = v by Product
Formula 5.5.6. Thus, o’s fix k.

gen(

We have &(cicy) = 03 : /d; — xi(c3)V/d; for c3 = cicy and B(cy)B(cy) = o109
where o1 : \/d; — x;(c1)V/d; and 03 : V/d; — x;(c2)V/d;, s0

s Xz C1 \/_H Xz C2 Xz Cl)\/d_i) = Xz‘(C1€2)\/E‘-

Thus o109 = 03 and I' is a homomorphism.

Let 0 € Gal(kgen/k) such that o : \/d; — e;7/d; where ; € {—1,+1}. Since o
fixes k = Q(v/d), we have o(v/d) = Vd, so o([] vd;) = [] v/d; implies []e; = 1 for all
o € Gal(kyen/k) and therefore for each o, there exists a unique class that represents a

genus in CU},, (k) such that for ¢ € CI* (k) in that class x;(c) = ¢; by Theorem 5.5.8.

gen(

Thus I' is one to one and onto. ]
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6. QUADRATIC RECIPROCITY LAW BY DIRICHLET
FIELDS

In this chapter, we will present biquadratic reciprocity law which is based on
the theory of Dirichlet number fields. We will define the relative Hilbert symbol for
quadratic number fields over Q(i) and find the number of genera of a Dirichlet number
field by using the parallel arguments in Chapter 4. The number of genera will lead us

to prove the biquadratic reciprocity law.
6.1. The Integers in the Dirichlet Number Field

In this chapter, we will denote the quadratic number field Q(7) by k, and its ring
of integers Z[i] by o.

Let 6 € 0 be squarefree, § # F1, then the biquadratic number field k(\/g) over Q
is called a Dirichlet number field. We will denote the ring of integers in k(v/§) by O.

o+ BV
8

Every number A € k(v/§) can be brought into the form where the

numbers «, 3,7 € o.

o+ BVo
f}/ Y

We will denote the operation that changes v/é to —v/d by S, so for A =

a—BVe
—7 i

SA =

2 2
o — (320
—f € 0. Now we are

ForAED,wehaveA+SA:2—aGoandA-SA:
g

going to determine the elements of O.

o+ BV

Y
276“ € o implies \ | a since X # 1+ 4. Also A\? | 4% and A? | 3? implies A | 3 since

% € o and ¢ is squarefree, then A | 3; so A divides both the numerator and the

For A = , let X\ € k be a prime number with A # 1+ and A | 7. Then

denominator of A. Thus, A can not appear on the denominator of A.
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2
Let (1+4) | ~, then 1 +4 | o and 1+ | 8 since (1+z’)2|21nA+SA:—a,
v

so 1+ divides both the numerator and the denominator of A. Thus, (1 +4) can not
appear on the denominator of A.
2 25 o o — 3% 2 2 .
Ify=2 then4|a®—Fdsince A-SA=———andy* =2=4. If 1+i |3

v
then 1+ | a, so 141 divides both the numerator and the denominator of A. If 1+i 1
2

then 6 = l mod 4, that means ¢ is a quadratic residue modulo 4 in the field k.

32

If v =1+, then 2 | a® — 3%§ since A-SA = and v* = (1+1)? = 2i.

If 1+4| 8 then 1+ |, sol+ i divides both the numerator and the denominator of
2

A. If 144 does not divide ( then § = % mod 2, that means ¢ is a quadratic residue
modulo 2 in the field k.

Note that:
i) § is a quadratic residue modulo 4 when § = 1 mod 4.

ii) § is a quadratic residue modulo 2, but a quadratic non-residue modulo 4 when

0 =F3+2¢ mod 4.

iii) 0 is a non-quadratic residue modulo 2 for all other cases, that is when § = ¢
mod 2 and 6 = 0 mod 1 + 4, as we may see from the computations in Appendix

A.0.12.

Thus we get the following result:

Theorem 6.1.1. The Z-basis of the ring of integers O in the Dirichlet number field
k(V6) is {1,4,9,iQ} where Q is defined as following,
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Q = , if 0=1 mod 4

Q = 57 if 6=3+2i mod 4
Q = 146, if 6=i mod 2
Q = V0, if 0=0 mod 1+ 7.

We denote the relative discriminant of k(v/§) over k by disci(k(V/9)), then

discp(k(v/3)) = 6, if 0=1 mod 4
discy(k(V9)) = —2i6, if 6=3+4+2i  mod 4
discy(k(V/0)) = 46, if 0=1 mod 2
discy(k(V/0)) = 49, if 6=0 mod 1 + 4,

where the computations are done in Appendiz A.0.13.

The usual discriminant discg(k(v/9)) of the biquadratic field is 2*|discy (k(v/3))[?
by Appendix A.0.13.

6.2. The Prime Ideals of Dirichlet Fields

We will first consider the prime numbers in k which are different from 1 + ¢ and

do not divide §. There are two kinds of such primes:
i) a prime number 7 € k such that § is a quadratic residue modulo 7 in k,

ii) a prime number x € k such that 0 is a quadratic non-residue modulo « in k.

Lemma 6.2.1. If 7 € k is a prime number with m # 1 + ¢ and if § is a quadratic

residue modulo , then T is reducible into two different prime ideals in k(+/9).
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Proof. Let m € k be a prime number with 7 # 1 + ¢ such that § is a quadratic residue

modulo 7 in k. Then § = n? mod 7 for some number 7 € o, and

(w0 +V6)(m,n = V) = (xm,[n+Vo]m, [y — V], [n+ V][n — V)
= (7 7ln + Vo], w[n — Vo], 7’ — 6)
= 7, since 7 and (4 V9) + (n — V3) = 21
are in (m,n+ V06,1 — \/5,?), and (m,2n) = 1.

Thus we have the desired result, 7 = 9B-S(8) where B = (7, n+/8) with (7, n+/0) #
(7T777_\/5)780%7és(%>‘ [

Lemma 6.2.2. If k € k is a prime number with m # 1+ 1 and if § is a quadratic

non-residue modulo r, then  is a prime number in k(\/9).

Proof. Let k € k be a prime number with 7 # 1 + ¢ such that ¢ is a quadratic non-
residue modulo k in k. If k is reducible, say k£ = PO for some ideals P, Q in k, then
we can find an integer A = a + $v0 € O such that 1 A, but one of its prime ideal
divisors in K divides A, say P | A without loss of generality. Necessarily (5,x) = 1,
because if not (3,k) = k since k is prime, then k | 5% also k | A.S(A) = o? — 52§
since SP = Q and therefore x | a?, k | , thus s | A which contradicts our assumption
that k t A. Again by using the fact that x | A.SA, we get a? — 326 =0 mod k where
(B,k)=1,80 08 = (%)2 mod x which contradicts our hypothesis that § is a quadratic

non-residue modulo & in k. O

Now we will consider the prime numbers in £ which are different from 1 + ¢ and

divide 9:
Let A1, Aa, ..., A, denote the prime numbers in k different from 1 + ¢ that divide
6. Then 6 = )\1/\2”-/\7" or § = (1+Z)>\1)\2)\r

Lemma 6.2.3. Let A be a prime number in k. Then the ideal (A, \/5) 18 a prime ideal
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Proof. Let A be a prime number in k, and £ = (), \/5) = PN for some ideals P, Q in
k(V/d). Then, N,z /k(qg) and Ny(5) /k(Q(s) divides Ny 5,6(L) = (A, V)X, V) =
(A2, \/6,0) = )\()\,\/S,X) = ) since O\’X) = 1. Since A\ € k is prime, P = O or
Q = 9O, therefore £ is a prime ideal. O

Lemma 6.2.4. If A\ € k is a prime number with X\ # 1+ i and if X | § , then X is

reducible into two prime ideals in /{;(\/3), say A = £.5£ where £, S£ are prime ideals
in k(v/9) and £ = SL.

Proof. Consider the ideals
£ =58 = (A, V0),L, =58 = (M, V0),..., & =5&, = (A, V9).

Then the ideals £;, £, ..., £, are prime ideals in k(v/0) by Lemma 6.2.3 and A\, =
L2 0 =82 0\, =282

Lastly we will consider the prime number 1 + i:

Lemma 6.2.5. If6 =1+4i mod (1+1)° then 1+ is irreducible in O.
If6=1 mod (1+1)° then 1 +i = B.5B where B # SB.

If 6 =342 mod4, § =0 mod1l+i ord =i mod2, that is if 1 + i |
discy(k(V/0)), then 1 +i = B. - SB where B = SB.

Proof. Firstlet 6 =1 mod 4. Ifalso § = 1+4¢ mod (1+4)® then 144 # (144, Q)(1+

_ . -5
LEVO | lies s = L0 L QAT A

1, SQ) si Q=
i, S€2) since 1 1

1 + ¢ is irreducible.

But if 6 =1 mod (1 +4)° then 1 +i = (1 +,Q)(1+4,5Q) = B - SB since
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— 7)o
Lt Vo implies 2-SQ = ! 1 o El(;_—i)z)i = (1+41)(—¢) where B, S®B are prime

ideals in k(v/d) by Lemma 6.2.3 with 9B # S%B.

Q:

1+V6 1—V§  2—(1++9)

If 6§ =3+ 2¢ mod 4 then Q = —, so SQ) = — = :
1+ 1414 1+1

2 LD 0 = 1)) - 9 thus (14 0.9) = (14 ,59) and

141 141 v Y
: . : : 1+vo 1—-vd 1-90
14+i= (14192 (1+1iSQ) =B -SB since Q- SN = i 1vi - %

L3008 (1) —mig = (1) — (24 2i€) = (1+4) — 201 +i€) =

(144) +i(14+3)* (1 +i€) = (1 4+4) (1 +i(1 +i)(1 +4€)).

If§ =4 mod 2then Q = 143,50 SQ = 1—v3 = 2—(1+1/6) = (1+i)(1—3)—Q,
thus (1 +4,Q) = (1+1,5Q) and 1 +i = (1 +14,9Q2)(1+4,5Q) =B - SB since Q- SO =
I4+Vo)1—=Vo)=1-6=1—-i-2=14i—-2—26=(1+1i)—26+¢& =
(143 +i(1 402G+ &) = (141 +i(1+0)(i+£)) .

If§ =0 mod 144, then Q = /5,50 SQ = —v/§ = —Q, thus (147, Q) = (1+i,5Q)
and 1+ = (1+4,Q)(1 +14,5Q2) = B -SB since Q-SQ = (VO)(—V9) = —§ =

—0—(14+0)&=(1414)(E).

Hence, 1 + i = £? if and only if 1 +1 | d. ]

Now we get the following table:

Table 6.1. Decomposition of 1+ 7 into its prime ideals in k(v/9)

=1 mod (1+:)°=1+i=BSB,B=(1+1:0),B #SB
d=1+4+4i mod (1+1:)° = 1+14= where B is prime in K
6§=3+2i mod4d=1+1i=L£*where £=S€=(1+10)
d=i mod2=1+i=£*where £=S=(1+1,Q)

=0 mod1+i=1+i=£2?where £=5S£=(1+10)
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Definition 6.2.6. Let o € k be arbitrary and 7 € k be a prime number. If 7 # 1 41,

then

If 7 =141, then

if « is a quadratic residue modulo 7 in k.
if « is a quadratic nonresidue modulo 7 in k.

if 7o

if « is a quadratic residue modulo (1 + )° in k.
if « is a quadratic nonresidue modulo (1 +4)° in k.

if 1+i]a.

We have the following theorem by combining Lemma 6.2.1, Lemma 6.2.2, Lemma

6.2.4, Lemma 6.2.5 and Definition 6.2.6 :

Theorem 6.2.7. Let k(v/8) be a Dirichlet number field over k and d = disc,(k(v/9))

be its relative discriminant. Let 7 be a prime number in k.

If | =| = +1, then 7 is reducible into two different prime ideals in k(\/5).
T
[d . .

If | =| = =1, then 7 is irreducible in k(+/3).
T

If | =| =0, then 7 is equal to a square of a prime ideal in k(\/9).
T

This theorem will be used repeatedly.

6.3. Relative Hilbert’s Symbol

Let A € O. We denote the relative norm of A by Ny 5 ,.(4) = A-SA. This

relative norm is a number in o.
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Lemma 6.3.1. Let A = € 9O and X € k be a prime number with A\ # 1+ 1

o+ BVo
v
and X | 8, but X does not divide o+ 3v/8 and ~y at the same time. Then Nivsyi(A) is

a quadratic residue modulo X.

a+ Vo a? — 3% a
Proof. For A = — Nysyu(A) = — implies Ny (/5 x(4) = —

2
2
mod A since A | 0. But we need to show that A {~y and A\t a:

()

ForA:M

with «, 3,7 € o, firstly assume that A | v, so A> | 2. Then
~

A% | a? — 3?6 since Nys)k(A) € 0. Furthermore, A | § and A | a? — 326 imply together
that A | . Also A? | 2 and \ | § imply together that A | 3. Thus A divides both the

numerator and the denominator of A which contradicts our hypothesis.

Now assume that A\ | «, so A | a®. Then X\ | @® and X\ | § imply together that
A a? — 3%, Then A | 42 since Ny 5,,(A) € 0. Therefore, A | 7, so A* | 7%, and
A2 | a? — (3?5, together with A% | a® we have a | 3. Therefore, A\ divides both the

numerator and the denominator of A which contradicts our hypothesis. O

Lemma 6.3.2. Let A € k be a prime number with A | § and o € k be arbitrary. Then

there exist a, A € o such that

where A o and v = Ny /5 1 (A).

Proof. If A { o then we are done. But if A\ | o then o = A"y for some n € N where
At . So it is enough to prove the lemma for o = A. Since A | §, A = £? for some
ideal £ in k(v/§). Let A € k(v/0) be a number such that £ | A, but A = £2+ A. Put
v = Ny5)1(A). Then A | v and for o := %, the numerator is 1 and the denominator is

%, so not divisible by A because if A | %, N v= Nivs)k(A), A | A which contradicts
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our assumption that A = £+ A. Thus we get A = av where a € o with A { a, and
v = Ny(5)1(A) for some number A € k(V/3). O

Definition 6.3.3. Let k(1/8) be a Dirichlet number field over k. Let o € k be arbitrary
and A\ € k be a prime number with A # 144 and A | §. We define the relative Hilbert

symbol by:
+1, ifo= Nk(\/g)/k(A) for some number A € k(v/9)
9 o
[)\.5}: [X}’ it 0 = awv for some o, v € k where o € 0 with

Ata, and v = Ny /5 /,.(A) for some number A € k(V/36).

But we need to show that this definition is well defined:

Lemma 6.3.4. Let A\ € k be a prime number with X\ | § and o € k be arbitrary. If

o = av = aqu; where A ¥ a,a; and v = Nk(\/g)/k(A), v = Nk(\/g)/k(Al) for some

(07 aq
A A€o, th H - [—}
1€0 en \ \
Niws) (A A
a U1 (%1 k(V8)/k\FH 1
PTOOf If av = a7, then a_l = ; where ; = W = Nk(\/g)/k(z) There-
‘ i o ﬁ o Nk(\/g)/k(%) — 11 by its definiti [g] . [ﬂ} ]
ore, A\ = A\ = —)\ = Yy 1US dennition, so h = N

Also we have the multiplicative property:

73] = 351 ]

If 1+ | discy(k(v/4)), then we need to examine the relative norms and their
residues modulo powers of 1 + i to define the relative Hilbert symbol. We put i’ =
3+ 2i, 7" = 1+ 4i and give the values 0 or 1 to t,t',t”, so we get by the form :Fiti’t/
the whole 8 residues modulo (14-7)% if 1+ 16 and by the form Fi*#"" """ the whole 16
residues modulo (1 +4)° if 1 + 4 | & which are relatively prime to 1+ i. Let us denote

these numbers (7)!(i')" by (t¢') and the numbers (i)*(i")* (") by (tt't") for short.
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If 6 = (00) mod (1 +i)* then § =1 mod 4, so disci(k(v/0)) = 6 and 1 4 {
discy,(k(v/6)). So it is enough to check the 7 cases: § = (01),(10), (11) mod (1 + i)*
where 1+ 16 and § = (1+14)(00), (1+4)(10), (144)(01) and (1+4)(11) mod (1+74)°
where 1+ | 4.

Let a = (tat'ot”s) mod (1 +)° with 1+ 7t a. To determine the value of the
symbol [

1 +a, 5| e have to investigate for which combinations of values of o and 4,
i
the congruence a = Ny 5 /,(4) mod (1 + i) is solvable for some A € 9. After long

calculations in Appendix A.0.14, we get the following table.

Table 6.2. Table of & = Ny 5 4(4) mod (1 + 1)

) o
(01) (000),(001),(010),(011)
(1,0) | (000),(001),(101),(100)
(11) | (000),(001),(110),(111)
(1+1)(00) | (000),(011),(100),(111)
(14i)(01) | (000),(011),(101),(110)
(1+1)(10) | (000),(010),(100),(110)
(1+i)(11) | (000),(010),(101), (111)

In general, for § = (ts5t's), respectively for § = (ts5t'st"s), « is a relative norm of
a number in k(v/0) modulo (1 + i)® where a = (tot'ot"s) if and only if t,t's + t'ats is
even, respectively tot's + t'ots + t'o + 1", is even. If it is the case, then « is a relative

norm of a number in k(v/d) modulo higher powers of 1 + i.

Definition 6.3.5. Let k(1/9) be a Dirichlet number field over k. Let o € k be arbitrary
with 0 = @ = (tat'at”s) and A = 1 +4 € k and 1 + 4 | discy(k(v/0)). We define the

relative Hilbert symbol for 1 4 7 by:
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;

+1, if 0 = Ny(y5,,(A)for some number A € k(\/9)
(—1)tet'sttots if 1+ifoand1+if0
- (—1)tet'sttotstt'ott’s if | 4k g and 144 |0
[1—1—2’:5]: if 0 = av for some o, v € k where a € o with
L +O; ; 5} ) Ata, and v = Ny 5 .(A) for some number

A € k(V9).

Also we have the multiplicative property:

0102 . 01 ()]
1+i:6] [14+d:6] [1+i:0

where o1, 09 are arbitrary numbers in k.

6.4. The Character Set of an Ideal

Definition 6.4.1. Let k(v/9) be a Dirichlet number field over k and discy(k(v/9)) be
its relative discriminant; let \j, Ao, ..., As be all the distinct prime numbers dividing
discy,(k(v/9)). Let Cy = {—1,+1} be a cyclic group of order 2 under multiplication.

We define a function

¢k — C5

T ([AlaaHA;a][ﬁD

The s tuple, ®(0) is called the character set of o in k(\/9).

Definition 6.4.2. For each ideal J in the number field k(v/9), the product J - SJ,
which is a set generated by a number in k£ as shown in Appendix B.0.22, is denoted by
Ny vs)x(J) and called the relative norm of the ideal J.
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Note that J - ST = Oz for some = € k is not completely determined by this
condition, x is determined up to its four associates, that is if z,y € k are represented

by Ny(vs)x(3), then z = yi® for some a € {0, 1,2, 3}.

To define the character set of an ideal J, we first check the character set of the

0= (5l [e) [eal)

Case 1. If ®(z) = (+1,+1,...,+1), then we define a function

number 7,

U : {J:Jisanideal in O} — C}

- Newvar e | | Niws e (3) Nivsyu(J)
)\1 ) ’ )\2 ) T . ’

where r = s.

Note that this function is well defined since

Newoye@ | [ @ 7 [yt ] _
>\j . 6 /\j . 5 )\j . (5

R?j@)ﬂ - lA;F:lé} [Ajy: 6] [A(j)ma] = (+1)- [Ajy: 5] (D)™ = [Ajy: 5] for all

j€{1,2,...,s} with a suitable m € {0, 1}.

0

Ag 1 0

Case 2. If ®(z) # (1,...,1), say [ } = —1, then we take the value z of

N, J X
the relative norm Ny /,(J3) = Oz such that [ k()\\/j)/l;( )] _ L\:E: (5} _ L\fiz (5} —

{%] {ﬁ} = +1 by choosing the suitable number a € {0,1,2,3}. Then for this
value N/ x(3) = Dz we define a function

U : {a:aisanidealin O} — C}

L Nk(\/S)/k(j) Nk(\/S)/k(j) Nk(\/S)/k(j)
. )\115 7 )\22(5 ARSIV .
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where r = s — 1.

Note that this function is well defined since a is fixed first. The number a can take

two values according as [ } =+lor —1,thatisa=0,20ra=1,3,sox = Fy or

Yy
Ag 1 0

T = Fyi erefore, [ N0 [)\j ; 5} [)\j : (5} (+1) |:>\j : 5} {)\j : (51

Nk(\/S)/k(j) x Fyi yi yi
or [ VY {)\jﬁ} |:)\j:6:| (+1) L\j:(s] {Aj:é},wm implies

Nk(x/S)/kG)
)‘j . (5

that [ ] is completely determined for all j € {1,2,...,s—1}.

Notation 6.4.3. From now on we will denote both the functions ® and ¥ defined
above by T.

Ideals in the same class have the same character set since 3’ = AJ implies that

Ny () [ Niws (A7)
Ao
Nk(\/S)/k(A)Nk(\/S)/k(j)
)
Nk(\/S)/k(A)
Ao
Nk(\/g)/k(j)]

Nk(\/S)/k(j)
Ao

= (1) A d

Ny (9)
Ao

for each prime divisor A of discy(k(v/0)).

6.5. Genera of Ideal Classes

Definition 6.5.1. The set of all ideal classes that have the same character set is called

a genus and denoted by &. The genus of ideal classes which have the character set
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(+1,41,...,41) is called the principle genus and denoted by &.

Note that the character set of the principle class is equal to (+1,+1,...,41), so

it lies in the principle genus &y.
6.6. Ideal Classes in the Principle Genus

By the multiplicative property of norm (See Appendix B.0.23), the character

system of 32 for an ideal J in K, is

_Nk(\/g)/k(j2) Nk(\/g)/k(j2>
Ao Y :

. -Nk(\/g)/k(j)Nk(\/S)/k(j)
B /\1 )

~ 2 ~ 2
B Niwsyi(J) Nywsyi(J)
s | T s

= (FL,F1,...,F1)
= (1,1,...,1).

where r = s or r = s — 1. Thus the class of 32 lies in the principle genus. The converse

is also true.

Theorem 6.6.1. Every ideal class in the principle genus is a square of an ideal class.

To prove the Theorem 6.6.1 we should first prove the following theorems:

Theorem 6.6.2. If v is equal to Ng,i(J) for some ideal J in the principle genus of

K5 then 6 is equal to Ni, /x(3J) for some ideal J in the principle genus of K.

Proof. We will show that 0 = Nk, /x(3J) for some ideal J in the principle genus by

showing that A is a product of two prime ideals for each prime divisor A of § and
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T
factors in k since a square of a number is itself a norm of that number.

)
[ } = +1 for each divisor 7 of v. We will assume that v does not contain square

Firstly, we will consider the prime divisors of v different from 1 + 7.

Case 1. Assume that 7 | v, but 7 { disc;(k(v/9)). By hypothesis, v = Nivsy i)
for some ideal J in k(+/§), so 7 reduces into two prime ideals in k(+v/0). To prove that
assume the contrary, then 7 must be prime in k(v/0) since 7 { disc(k(v/6)). But
then 7 | v = J-S7, so 7 | J without loss of generality, then 72 | J - SJ = v which
contradicts to the fact that v is squarefree. Therefore, J is a quadratic residue modulo

T, SO [ i } = {é] = +1 since 7 1 4.
m

m™iv

Case 2. Now assume that A | v and also \ | discy,(k(v/6)). We know that A\ = £2
where £ = (\,V/d) is a prime ideal in k(v/6) by Lemma 6.2.3. So A + /3 is divisible
by £, but it is not divisible by A in k(v/0). Then for v = A/, § = A&’ we get:

1

N -
(2] = [ =[] w5
Ao Ao Ao Ao
-’UN (;) v
_ k(V6)/k )\+\/3 _ A2 —§
Ao )
[\ v v
_ AN =X (A= A= since A 1 v
Ao Ao A—0
1 1
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Similarly,

Ao

ON.
k(\/g)/k()\_i_\/a C
Awv Av

_ _ _ v .
— T o /\ smce)\f)\_vl

1
|:5/U/:| iy _U,g |:U/5/:| _Nk(\/g)/k(v,_'_ \/5)
pu— A —

—_

A A

- B[ e

'Y

v o'’ ) . ~
Therefore, [ﬁ} = [ 3 ] = [ﬁ} and by the hypothesis that v = Nk(\/g)/k(.])
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where J is in the principle genus, we get

v ..
[ﬁ] — 41 for all A that divides d,

)
and then L\—] = 41 for all X\ that divides § and wv.
)

Secondly, we will consider the prime divisor 1 + i. We have four cases to check:

(i) 1+ does not divide both v and J,
(ii) 1+ ¢ divides v, but does not divide 0,
(iii) 1+ ¢ divides d, but does not divide v,
(iv) 1+ divides both § and v.

So we will show that[ } =41, if A =1+ | discg(k(y/v)) and 1 + i is a

Aw
product of two prime ideals, if 1+ ¢ .

(i) For the first case we put v = (t,t',) and § = (t5t's) mod (1 + )%, and consider

the two cases:

a) If ¢,,t', are both even, then v =1 mod 4, so discy(k(y/v)) = v and 1+ ¢
)
discg (k(y/v)). So no such symbol {ﬁ} exists with A =1 + 4.

b) If t,,, ', are not both even, then discy(k(v/0)) = (—2i)v or disc(k(y/v)) = 4v,
so 1+ 4 | discy(k(y/v)). If ts and t's are both even, then this symbol has
value 4+1. If t; and t's are not both even, then discy(k(v/9)) = (—2i)d or

discy,(k(vV8)) = 46, so 1 + i | disci(k(v/3)) and the symbol 1+U, 5 is mean-
i
ingful. Furthermore, L i 5} = +1 by our hypothesis and L +Uz' ; 5} =

(—1)betsttst'v — (_1)ttvttoltls — by the definition of the symbol.

1+e¢:v

) 0
Thus [ } = +1. In addition, [ } = [ : ], so 1 + ¢ is a product
1+i:v 1+ 1+7:v
of prime ideals in k(y/v).
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(ii) For the second case, we put v = (1 +4)(¢,t',) and § = (tst'st"s) mod (1 + i)°,

and consider the two cases:

)
a) If t5 and t's are both even, then 1+ i { discy(k(+v/9)) = 4§, so L e U} =

{%} By hypothesis, v = N, x(J) for some ideal J in k:(\/g) and (1+1) | v,
i

)
so 1+ i is a product of two different prime ideals in k(v/§). Thus, [ T ] =
i

)
d t = +1.
and we ge {14-2 v} +
e . Q-SQ
b) If t5 and t's are not both even, then 14 divides disc; (k(v/9)). Let w = T
i
1 1 1
SO Nk(\/g)/k(ﬁ) =050 o+ 7) and then we get that
v ] [ Nven(@)
144:90 14+i:96
i 1
tvt/v 2N

_ ( )w<1 +i) w?

B 1+i:0 1+i:0

[t w

N 14+2:9

_ (tvt,v> w

oL +i| |[14i6

— (_1>tvt’5+t’vt5(_1>t’5+t”5

— (_1)tvt/5+tlvt6+t/5+t”6

B o

- |1+4d:v
by Definition 6.3.5. By hypothesis L —|—Uz' : 6} = +1, thus L — U} — 41

(iii) For the third case we put v = (t,t',t",) and § = (1 +14)(tst's) mod (1 + 1) and

consider the two cases:

a) Ift, and t’,, are both even, then 14 1 discg(k(su)). By hypothesis, [ﬁ] =
i
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+1 and by Definition 6.3.5 {1 +U, 5} = (=1)Wtsttutottott™s — (1) gince t,,
i
and t',, are even. Therefore, ¢ must be even and v = (000) mod (1 +14)°. Since

1411 v, we have that +1 = L +UZ, ; (5} = L:)_J , S0 141 is a product of prime
ideals in k(y/v).

b) If ¢, and ¢, are not both even, then 1+ i | disck(k(y/v)). We take w as in

Case ii.b) and get {T} = (=1)tt'sttvts+'v+t"s - Byt by Definition 6.3.5,
i

this is equal to the symbol l v
1+

5} which has value +1 by hypothesis.

For the fourth case we put v = (1+41)(¢,t',t",) and 6 = (1414)(tst'st"s) mod (14
i)®. Then,

v [N (R T S
1+4i:8| 1+i:6 IREEREY)
_ '(tvt/vtllv>(t6t/6t//5) (61)
1+47:6

— (_ 1)(tq,+t5)t/(;-',-(t’v+t’5)t5+(t’5+t’u)+(t“5+t”v) )

Similarly,

o
{1%—@':1)} B 1+2:v 1+2:v

= (_1)(t5+tu)t'u+(t’5+t'v)tu+(t'5+t’v)+(t”5+t”v)

5Nkm>/k<%>] B [<t5tf5t~5><tvm"v>

= (1)t vttotivttstuttutot (ts+0)+H(t s+

— (_1)tat’v+t’5tv+(t’5+t’U)+(t”5+t”v)
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= {1—1—1)2' ; 5} by Equation 6.1

= +1 by hypothesis.

Lastly, we will consider the prime divisors A of ¢ different from 1 + ¢ such that
v v

A 1 discr(k(y/v)). Then [W} = [ﬂ and [g] = +1 by the assumption that the

character system of v consists of +1. Thus A is a product of two prime ideals in k(1/v).

If A =1+ for this case, then 1+ | X and 141t disc(k(y/v)), so 1+ifv. But
this is the Case (711), so 1+ is a product of two prime ideals in k(/v).

Therefore, each prime divisor of 4 is a product of two prime ideals in k(y/v) with
J
L\—] = +1 for each prime divisor A of disci(k(y/v)), so § is a relative norm of an
T
ideal in the principle genus. O

Theorem 6.6.3. Ifv is a relative norm of a number in k(\/§), then & is also a relative

norm of a number in k(\/v).

Proof. Let v = Ny /g .( + BVS) = (a + BV (o — BV0) = a* — 525 where a, 3 €

k. Then 825 = a® + v implies § = (%)2 - (%)QU = (% + %\/ﬂ)(% + —%\/Z) =

Nk(ﬁ)/k(%a) where %ﬂ € k(+v/v). O

Theorem 6.6.4. If v = N, 3 (J) for some ideal T in the principle genus of k(V/6),
then in fact v = Ny /5, (A) for some number A in k(\/5).

Proof. We will use Minkowski’s theorem about the discriminant of general number

fields ( See Appendix B.0.18 ). Notice that in the biquadratic Dirichlet number field

k(\/6), the degree of k(v/9) over Q is n = 4, and the number of real embeddings is

r1 = 0, the number of complex embeddings is 7o = 2. To see why, assume not. Then we

get 71 = 2, 75 = 0, which implies that for the real embedding ¢ : k(v/d) — R, we have

¢l + k — R. But this is a contradiction since p|,(i) can not be defined. Now, we have
n!

r B 4’“2_4!42_3ThfbM.k s th .
k(\/g)_ﬁ ; _E ; —2—71_2 ere ore, y INKOWS 1st eorem, 1mn every
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ideal class of k(+/§) there exists an ideal J such that N k(v5)0(T) < My /51 /| Drva)s| =
52 |D| where D = discy(k(v/9)). But D = 2*|d|> where d = discg(k(V/4)), and for

all cases Q < 1+ +/¢ implying that d < (1 +vV6 — (1 —v0))> = (1+V0 —1+9) =
(2v/0)% = 46. Thus, D < 2446)? = 22%|5|*> = 28|0|2. Therefore,

Newsya) < 5glV/Dl = o - VD] < Vo /20T = Vol

But every norm is a square of a relative norm, say Ny /0(3) = [Ny 51 (7) |. There-
fore, every ideal class in k(v/d) contains an ideal J Wlth | Niay (DN < V614

Firstly, we will prove the theorem for Dirichlet fields k(v/0) with |0] < v/6. Let
§ = a+ bi with a,b € Z, then |a + bi|> = a® + b* < 6 implies that the whole set of
possibilities for (a,b) is {(1,F2), (2,F1), (1,F1),(0,F1), (F1,0)}. Note that we do not
have § = F2 or F2i since 2i = (1+14)2. Also § # 1 since k(v/9) is a biquadratic number
field over Q. Now by using Minkowski’s equality, the value v € k which satisfies the
theorem with |v|? < v/6/d] is given for each ¢ in the following table. The calculations

are done in Appendix A.0.15.

Table 6.3. Table of v = N, /5 4(A) with § <6

) v
142 | 154
241 | 27
247 | 1414
144 +1

1 1+

Now let § be an imaginary number with |§| > v/6 and assume for induction that
the theorem is true for all Dirichlet number fields k(v/0") with 6’| < |6]. Let N =
Ny(vs) /k(:T) and let J be in the principle genus. Then by Minkowski’s theorem, there
exists an ideal 3’ in k(v/8) which is equivalent to J and for N’ = N, k(v5)k(3") we have
|N’|? < +/6]§]. Since v/6 < |3, we get |N'|> < [6]2, so |N'| < |6]. Here N’ is the relative
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norm of the ideal 3 which belongs to the principle genus since 3’ and J are equivalent
ideals. Then by Theorem 6.6.2, & = Ny /7 /k( J) for some ideal J in the principle
genus of k(v/9). But |N’| < |6, so by induction hypothesis N’ is equal to Nivs)i(B)
for some number B in k(v/0). Therefore, 3 = J’A for some number A € k implies

that N = Nk:(x/S)/k(j) =N (\f)/k(ﬁ/A) (f)/k( )Nk(\/g)/k(A) = N,Nk(\/g)/k(A) =

Now we can prove Theorem 6.6.1:

Proof. Let J be an ideal in the principle genus of k(v/9). Then by Theorem 6.6.4,
% = % where B, B’ are
J ~ B-SP
Z> = Ny i(3) Ny u(A) = 1 = TS
implies " = SP. Since P-SP = N, /5),4(B) = a is a number in k by Appendix B.0.22,

J 1 2
1= Psg T = ‘Bﬁ = £ and J g‘BQ. Therefore, J is in the ideal class of

2. u

Nivs)k(3) = Niys),(A) for some number A in k. We put

relatively prime ideals. Then Ny s /k;(

we get —

6.7. Ambig Ideals

Definition 6.7.1. An ideal J in K is called an ambig ideal, if 7 = ST and T is not

divisible by a number in k.

Theorem 6.7.2. Let d be the relative discriminant of the Dirichlet number field K.
A prime ideal B divides Od if and only if P is an ambig prime ideal of K. If
B, Pa ..., P, are all the distinct prime ideal dividing Od then

S:{97%17;327‘"7;3375331;132,-”,‘131%3,...,%1%2...%8}

is the set of all ambig ideals in K.

Proof. We can deduce that £, £s,..., £, and only these are ambig prime ideals in K
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by Theorem 6.2.7, because for every prime 7 € k, we have that

.

B-SWB, if 71dand

RS R RS

7O = ‘B, if 71d and

£2if 7| discg(Q(v/m)).

\

Consider an ambig ideal J = £, £, ... £,""; so
£,1L,% L) =85L,"5L," .58,

and J has no integer divisor, that is 7O t J for all prime 7 € k. Thus, there is no
J of the second form. Also a; = 0 or 1 for all ¢ = 1,2,...,n. So for the first form
T =B-58B, but J is ambig, so ST = S£,SL,...SL, such that £; = SL;, because if not,
that is if B; = SB; for ¢ # j, then BB; = S(BB;) € k divides J which contradicts
Definition 6.7.1. But B = S8 is a contradiction for a prime 7 of the first form. Hence
there are at most B° or B! where B is of the third form. So the prime ideals dividing
9Od are the only ambig prime ideals in K. Thus S is the set of all ambig ideals in

Q(y/m) with |S| = 2¢. O

6.8. Ambig Classes

Definition 6.8.1. If J is an ideal in the ideal class C, then the class containing the

ideal ST will be denoted by SC. The ideal class C is called an ambig class, if C = SC.

Since J - ST is equivalent to £, we have C - SC = 1 where C is the ideal class

containing J. If C is an ambig class then C?> = C-SC = 1. Conversely, if C> = 1 then
1 C-SC . .
C= c= ¢ = SC, so C is an ambig class.

Our new aim is to find the all ambig classes. It is clear that the ideal class con-
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taining an ambig ideal is an ambig class, so first we will check that how many of the

ambig classes that are containing the 2° ambig ideals are different.

Lemma 6.8.2. Let E be a fundamental unit of the Dirichlet number field K. Then
Nk i(E) = F1 or Fi.

Proof. Let E be a fundamental unit of K, then every unit in K is of the form pE™
where p is a root of unity and m € Z \ {0}. The minimal polynomial of p over Q has

degree 2 or 4, then we can find that which root of unity p is.

pPP=1 = (p—1)(p+1)= is possible if p = F1,
pPP=1 = (p=1)(pP*+p+1)=0 is possible if § = 3,
pt—=1 = (P -1(p*+1) is possible if p = Fi
=1 = (p=D(p*+pP2+p*+p+1) is not possible since
p= 0 & (),
=1 = (PP=1D(p*+p*+1) is not possible since
o=y Y g k),
pr—=1 = (p=1)(p*+p° +p*+p*+p*+p+1) isnot p0881b1e since 6 # 2,4,
=1 = (p*=1D(p*+1) is possible if p = /1,6 = 1.

We know the values of p is w for § = 3 and /i for 6 = i. For all other cases p = F1 or
Fi. The relative norm of the fundamental unit E divides the root of unity p in K, so

Nk i(E) = F1 or Fi. O

Theorem 6.8.3. Let s be the number of distinct ambig prime ideals in k(\/g)

If Nysyn(E) = F1 for a fundamental unit E, then s — 2 of them determine

independent ambig classes and there are 2572 distinct ambig classes.

If Ny (E) = Fi for a fundamental unit E, then s — 1 of them determine
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independent ambig classes and there are 2°~1 distinct ambig classes.

Proof. The product of the all different prime ideals that divide 6 is equal to v/5. We
will show that the all ambig principle ideals can be only O and D¢ or there can be
more if Ny 5 4. (E) = F1 or Ny 5, (E) = Fi respectively.

We will assume first that 6 # 3 and ¢ # 4.

Firstly, let £ be a fundamental unit such that N,/ (E) = F1. It is enough to
consider the case that Ny .(E) = +1 since for the case Ny 5 4(E) = —1 we can
take iF as a fundamental unit instead of F. Let 1 + E = oA where o € k and A € O

which is not divisible by any number in k. Then
A aA aA 1+ FE 1+ FE 1+ FE 1+ FE 1

SA  aSA  SaA S(+E) 1+SE ESE+SE SE(1+E) SE
ESE _

SE

1 A
Therefore, A = SA- FE = SA.S—E =S (E) and DA is a principle ambig ideal

different from © and 96, because if A = pE™ and pE™/5 then

A EN\™ om
E—S—A—:F(S_E> =FE, mel

implying that E is a root of unity. But F is a fundamental unit, so we get a contra-

diction.

To prove that all principle ambig ideals are generated by OA and O34, let OB

B
be an arbitrary ambig principle ideal. Then g = pE™ where p is a root of unity
B

and Nk(\/S)/k<S_B) = Newoy (P Nwsy i (E)™ = Ny n(p)(+1)™ = +1 since OB
is an ambig ideal. Thus, p = F1. Let p = (—1)" where n = 0 or n = 1, so for
I' = B(v/3)"A~™ we have,

noAem 1 1 1 o nm on
— = B(\/S> A S_B<— o) (SA)—m =pE"(-1)"E™" = (=1)"" = +1.
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where I' € k, which implies that OB does not give a new ambig ideal.

Now, let E' be a fundamental unit such that N,/ ,(E) = Fi. It is enough
to consider the case that Ny . (E) = ¢ since for the case Ny /5 4 (E) = —i we
can take ¢F as a fundamental unit instead of E. We will prove that there is no
principle ambig ideal different from O and O+v/6. Assume for a contradiction that
there exists an ambig principle ideal {4 = DA different from O and DV, then nec-
essarily A = pE™ and Ny 5, = 1 implying that Nk(\/g)/k(Em) = Nk(\/g)/k(E)m =

SA
+1 for m € Z. Since we have that Ny s (E) = 1, m must be even. Then let
B AE—™/? E
us define B = AE~™?2. Then we get — = -m/2 _

55~ sas@) e~ PPUsE)

m B -m m -\ —m E-S(E)-E 2 m -\ —m -m
pEm(igp ) = pem(iy it (EEEE) T g e
B N
S_B) = +1, we get that Ny 5 x(p(—1)""?) =
Nk(\/g)/k(p)Nk(\/g)/k((_i)im/2> = Nk(ﬁ)/k(0)<—i-i)
p = F1. Here B is not divisible by any number in k. Therefore,

p(—i)™™2. Since we know Niva i

—m/2 — Ngk(p) = +1 implying that

B
(i) if p = +1 then cp=FP= +1 implies that B = p = +1,

B
(i) if p = —1 then cg=P= —1 implies that B = pv/§ = —V/9.
If § = 3, then discy(k(v/6)) = 3, so the only principle ambig ideal is £ = 9+/3
and Ng/p(E) = F.

If § = 4, then discy(k(v/§)) = 4i, so the only principle ambig ideal is the divisor

of 14+i= (Vi)*(1 — Vi)(1 + Vi), DVi and N (Vi) = —i. O

Remark 6.8.4. If § is a prime number with d = F1 mod (1+14)%, then by the results
in the proof of Theorem 6.8.3 we have s = 1 and Ny 5, (E) = Fi where E is a

fundamental unit.

Theorem 6.8.5. In the filed K there exists an ambig class which contains no ambig
wdeal if and only if i is in the principle genus and Nk(\/S)/k(E) = F1 where F is a
fundamental unit in k(\/6).
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Proof. Let C be an ambig class which does not contain an ambig ideal and let J be an

J
ideal in C. Then C = SC implies that 5 is a number in k(v/9), say A. We can assume
that Ny 5/,(4) = +1 or = +i, because if it is —1 or —i, then we can take iA instead

of A.

Firstly assume that Ny 5 ,(A) = +1 and let B =1+ SA. Then,

B _1+SA4 A-SA+SA . A+l 1
SB 1+A4  1+A 1+4A4 A

since A-SA = 1. Then,

implying that BJ = S(BJ).

Let BJ = %LL where «, 3 are integers in k£ and 4 is an ideal not divisible by

any integer in k. Therefore, 4 is an ambig ideal and U = gBj = g(l + SA)A =
é(l + SFJ)’J = é(ﬁ + S7), so 4 is in the ideal class C.
a a

Secondly, assume that Ny . (A) = +i. Then ¢ is in the principle genus. Now
Nis)i(E) = +1 or +i where E is a fundamental unit in k(\/3).

A
If Ny (v)1(E) = +i, then we take o) instead of A and get the first case above

. A NuvsylA) i
since Nk(ﬁ)/k(ﬁ) = W == 1.

If Ny s k(E) = +1, then we will show that the ideal class C contains no ambig

ideal. For a contradiction assume that C contains an ambig ideal Y = BJ for some

U B 3 B
B . Then — = — - — = <A fi A
number B € k() el o = cp gy — gpA for some number A € k(V/9)

U
since C is an ambig class and J € C. But U is an ambig ideal, so — must be a

Su
unit, say pE™ where E is a fundamental unit. Here Ny 5 ,(E) = +1, then we
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B o BS(B)
get Ny () Newayn(d) = Nisn(pE™) implying that WM(W)%M) =

Ny k(P Ny (E)™ = (F1)1™ = F1, which contradicts our assumption that
Nk(\/S)/k(A) =1

Conversely, assume that ¢ is in the principle genus. Then there exists a number
A € K such that Ng;(A) = i by Theorem 6.6.4. Here, Ny /5 . (E) = +1 implies that

A is not a unit, so A is factorizable, say A = 5 where J and J’ are relatively prime

35(9)
J'S(T)

The ideal J is equivalent to ST since J is in the ambig class C. Thus C does not contain

ideals in k(v/8). Then Nyayp(4) = A-SA =

= +1 implies that 3’ = S(7J).

an ambig ideal. O

Theorem 6.8.6. If there exists an ideal class C in the field K that does not contain
any ambig ideal, and if I is an ideal in C, then all other ambig ideal classes that do not
contain any ambig ideal are formed by CCy ... C, where C; ’s are ambig classes arising

from an ambig ideal.

Proof. The ambig classes that do not contain an ambig ideal, contain ideals J, 3’ such

2
that J and J' are relatively prime with 3’ = S(J), and for A = —, and A" Ng/(A) =

Nii(5) = Niji(g5) = Fi and NK/k<A,) = NK/k(S(Jj,)) Nije(%) = Ngjnk = Fi, so
Nii(4) = F1 and for B =1+ 24 we get that

B _1+gy 1+5 A+A A A
SB_1+A, 1+4 A A+A A
Thus, B2 — BA = S(B)A' = S(B)2 — s(B)22) _ 5(B2). LtB——gﬂwhere
i —WE TRy TV T3

a and [ are integers in k, and 4 is not divisible by any integer in k. Thus U is an

~

J
ambig ideal equivalent to 5 O]

The results obtained untill now make us to guess the number of different ambig

classes:

Theorem 6.8.7. There exist ¢ — 1 independent ambig classes where c is the number
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of individual characters which determine the genus of a class. The total number of

distinct ambig ideal classes is thus 271,

Proof. 1f ¢ is in the principle genus, then by Theorem 6.8.3, Theorem 6.8.5 and
Theorem 6.8.6, there exist 2°~! ambig classes where s is the number of distinct prime
divisors of disc(k(v/0)) of the field k(v/§); of these 2°~' ambig classes either all or
only half arise from ambig ideals according as NN, 5(V/5) /k(E) = F¢ or F1 where F is a
fundamental unit in k(v/9).

If ¢ is not in the principle genus, then necessarily Nk(\/g) /k(E) = F1 where E is
a fundamental unit in k(v/8). By Theorem 6.8.3 and Theorem 6.8.5, there exist 252

ambig classes and all arise from ambig ideals.

Let ¢ = s or ¢ = s — 1 according to the fact that ¢ is in the principle genus or not.

Thus we get the desired result. ]

6.9. The Number of Genera

The results obtained in Chapter 6.6, Chapter 6.7 and Chapter 6.8 make us
guess the number of genera of Dirichlet number field k(v/§). The character system of
an ideal class consists of ¢ individual characters, each one has value +1 or -1. Then
there are 2¢ possible character systems. We come across that question: For each of
these 2¢ character systems are there a genera or do only some of them represent a

genus?

Theorem 6.9.1. The number of genera is half of the all possible character systems,

that is 271 where c is the number of individual characters.

Proof. Let g be the number of distinct genera and f be the number of classes in the
principle genus. Each genus contains f many classes, so the number of all classes in

the field is gf.
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Let Hy, ..., H; be the classes in the principle genus, then by 6.6.1H; =Q7,... ,H; =
Q? for some classes Qy,...,Q; in K. Let C be an arbitrary class in K, then C? is in
the principle genus, so C* = Q2 where Q, for some r € {1,...,n}. Then the ideal class
A= % is ambig since A = 1 and AS(A) = 1 imply together that A = S(A). By Theorem
6.8.7 the number of all differeent ambig classes is 27!, so the number of all classes
C = AQ is 2°71 f since each class of the form AQ represents a different class, because if
not AQ, = A’Q,, for some ambig class A’ and for some v’ € {1,...,n}. Then A2 = A = 1,

and A?Q? = A”?Q? implies Q% = Q%, so H, = H and r =7/, Thus A=A’ and Q, = Q.

We have 2°71f = ¢f different classes, so g = 2°7'. Thus we get the desired
result. O

6.10. The Reciprocity Law

We have concluded that only half of the character systems represent a genus.
Now we have a new question: Which of the character systems represent a genus? The

question was answered when Dirichlet assigned the reciprocity law for integers in k.

Theorem 6.10.1. Let x be a prime number in k such that k = (t.t.) mod (1 + )4,

then H = (—1)%.

Proof. Let k # 1 + i be a prime number in & such that x = (00) mod (1 + )%
Then by Remark 6.8.4 Ny m)(E) = Fi where E is a fundamental unit in k(y/x),

. . N - E
S0 [1] = [ ‘ } = [M} = +1 by Definition 6.3.3 and ¢ is a quadratic
K KK KK

residue modulo « by Definition 6.2.6.

Let © # 1+ be a prime number in k such that x = (10) mod (1 + i)%. Then

it =id = —1 = (00) mod (1+i)* and by Remark 6.8.4 Ny i, (E) = Fi where

i } _ [Nk<m>/k(E)

. : } = +1 by
K iR K iR
Definition 6.3.3 and ¢ is a quadratic residue modulo x by Definition 6.2.6.

E is a fundamental unit in k(V/ik), so E] = {
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We have showed that [i] = +1, if /. = 0. Conversely, assume that [1] = +1.

K K
The discriminant discy(k(v/)) = 4i by Theorem 6.1.1, so 1 4 i is the only prime
' N,y (iVi
divisor of discy(k(v/7)). We have Z_ | = M() = +1 by Definition
1+2:1 1+7:1

6.3.3. Then by Theorem 6.9.1, the number of genera is 2! = 1. Then particu-
larly, [ il ] = +1. Thus, if {i} = +1, then +1 = [ il 1 = (=1)ttittet =
1+id:4 K 1+a:1

(—1)t0F%1 implies that ¢/, = 0.

Hence, we have shown that {i} = +1 if and only if ¢/, = 0. So if {i} = —1,
K K

then ¢/, = 1 and vice versa. O

Theorem 6.10.2. Let x be a prime number in k such that k = (t.t't") mod (1+1)°,
1 ) / 1
then [ +Z] = (—1)tttx,

Proof. Let k # 1 + i be a prime number in k such that x = (000) mod (1 +4)°. The

discriminant discg(k(v/k)) = k by Theorem 4.1.1, and L} = [i] = (-1t =
KK K

+1. Then by Theorem 6.9.1, the number of genera is 2! = 1. Then particularly,

141 1+ /
[ +Z} - [ +Z] = (—1)'* = +1 by Theorem 6.10.1.
KK K

Let k # 1+ be a prime number in k such that x = (100) mod (1 4 )®. Then
ik = i4 = —1 = (000) mod (1 +4)° and the discriminant is discy(k(v/ix)) = ix by
Theorem 6.1.1, and [ ! } = {1} = +1. Then by Theorem 6.9.1, the number of

KK K
1+z} - [1+i

K 1K

|-+
K

genera is 2!7! = 1. Then particularly, [
For the converse, let us now consider first the field k(v/1+ ). Let k # 1 4 be
L4
a prime number such that x = (£,0t/) mod (1 +i)°. Assume [jl = +1. The
K
discriminant is discg(k(v/1+1)) = 4(1 + ¢) by Theorem 4.1.1, so 1 + i is the only
prime divisor of discy(k(v/1+7)). We have [;] = [ ! 1 = (—1)h+ =

1+7:141 141
(=1)° = +1 by Theorem 6.10.1. Then by Theorem 6.9.1, the number of genera

14
# = +41. Thus, if ] +1 then
1+2:1+41 K

/ / . ’ 1 ! 1" 1" .
(—1)tetherttihine ot — ()i DHIOF04E] — (1) — 41 g0 ¢/ = 0. Thus, if £, = 0

141 "
th = (—1)t.
en [ p } (—1)

is 27! = 1. Then particularly, [
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Lastly, let us now consider the field k(y/(1+¢)x). Let x be a prime number
142

such that x = (¢,1t”) mod (1 +i)°. Assume [ } = +1. The relative discrimi-

nant disc(k(/(1 4+ i)k)) = 4(1 + i)k by Theorem 6.1.1, so 1 + ¢ and  are the only

prime divisors of disci(k(y/(1+i)k)), that is s = 2. We have L R 21 +i)/<c] =

L_Z'_ } = (—1)+ = (=1)° = +1 by Theorem 6.10.1. Then by Theorem 6.9.1, the
i
K

ber of is 22-1 = 2. Th " = (+1,+1
number of genera is en, ({1—1—1':(1—1—2')/1} : L:(l—l—i)m]) (+1,+1)

Atipe 1 [Nuwayu G F DR+ 0R)]
or (—1,—1). But [m T+ z)n] = 0T in = +1 and
141 141 o K
{m} = {T] = +1 by assumption imply together that {m} =

L4

+1. So we get - " : = +1. Thus, if Ry +1, then we get that
I1+i:(1+1i)k K

(= 1)ttt Fte ittt — (1)t OFDFLO00)HHE — ()48 — 4] implies

1+
K

t” = 1. Thus, if t/. = 1, then [ } = (—1)M, O

Theorem 6.10.3. Let k and w be prime numbers in k different from 1 + i such that
k= (tt!) and ™ = (t:t.) mod (1 + @)% Then

[f] [Z] _ (_1)t,<t;r+t;t-,r.

K

Proof. Let k and 7 be prime numbers in k different from 1 + ¢ such that k = (¢,t))

and m = (t,t.) mod (1 +14)*.
Firstly, let t, =0 and t, = 0.

If kK = (00) mod (1 + )% then discy(k(y/k)) = k. Then by Theorem 6.9.1, the

number of genera is 2'7! = 1, so every ideal is in the principle genus. Assume that

[E] = +1, then 7 = BS(B) for some prime ideal B in the principle genus of k(y/k)
T

with B # S(%B). Then by Theorem 6.6.2, k = Ny /5, (%) for some ideal 2 in the
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principl egenus of k(y/7). Then, [q = +1 by Theorem 6.2.7. As a result, we get that,
K

it k= (00), 7= (00) mod (1+i)* and [ﬂ —+1, then [T] =41 (62)

if k= (00), 7= (01) mod (1 +4)* and [f} — 11, then H — 11 (6.3)

Now let x = (01) mod (1 + ¢)%. Then disc(k(v/k)) = —2ik, so s = 2. And

[ ! } = [i] = (=1)%* = —1 implies that ¢ is not in the principle genus. So by
KK

Theorem 6.9.1, the number of genera is 2272 = 1. If [E} = +1, then 7 = BS(B)
m

for some prime ideal B in k(y/k) with B # S(B). Then 7 = Ny /z)/x(B), and

W, = +1 by Theorem 6.2.7. Then, W = [L] = [z} = +1 or
(L+i)s 1+i:k KK K

[ T ] = [L} = [Z} = —1. As a result, we get,

1+7: kK KK K

if K= (01), 7= (00) mod (1+4)" and H — 41, then H — 41 (64)

if = (01), 7= (01) mod (1+0) and [Z] =+1, then [T] =+1  (6.5)

In the Equation 6.2 7 and k are symmetric, so if [q = —1 then [q = —1 where
T K
t =t =0.
. . [ R m
In the Equation 6.3 if [—] = +1, then [—} = +1 where t, =0, t/. = 1. Also
T K
in the Equation 6.4 if [E} = +1, then [q = +1 where t/. = 1, t/ = 0. Thus, if
™ K

[E] = —1, then F] = —1 by using Equation 6.3 and Equation 6.4.
v K
. . . [K s
In the Equation 6.5 m and s are symmetric, so if [—] = —1, then [—} = -1
v K

where ¢, =t/ = 1.
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If t, # 0 or t, # 0, then we put (i)'« and (i)"~7 instead of xk and 7 respectively.
[l

Definition 6.10.4. If « = [["x and § = [][" 7 are relatively prime integers not

divisible by 1 + i, then the Jacobi symbol for imaginary numbers is defined as

Theorem 6.10.5. Let o and 3 be relatively prime numbers in k not divisible by 1+ 1
such that a = (tat),) and 8 = (tgt;) mod (14 i)*. Then

(_1)tat/ﬁ+t:1tﬂ )

1

e e

| IS |

1

Ll

| IS |
I

Theorem 6.10.6. A character system represents a genus if and only if the product of

all unique characters is equal to +1.

Proof. Firstly, assume that § is not divisible by 144. Also let v = N, K(V3) /k(fj) for some
ideal J in k(v/6) such that v is relatively prime to ¢ and not divisible by 144. Then by

Lemma 6.3.1, ¢ is a quadratic residue modulo each prime divisor of v, so {—] = +1.
v

v

By Theorem 6.10.5, [5

tsyl /
} = (—1)°"*%. Now we have two cases,

Case 1: If § = (00) mod (1 4 i)*, then discy(k(v/3)) = 4§, and if Ay,..., A,

are the all prime divisors of §, then L\lvﬁ 5} L\SU: 6} = L\%} L\EJ = [%} =
(_1)t5t/u+tvtg =1

Case 2: If § # (00) mod (1 4 )%, then (1 + i) | discy(k(1/3)), and if we also
have A1, .., As_1,As = 1 + i are the all prime divisors of discg(k(+v/3)), then

s [l ] - (][] e
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() v
- |2 )t S s
{)\1] [As—ll -

(_1)tvt’6+t;té

I
| —
SRS
| I

_ (_1)2(tvt’5+t’vt5) = 41,

Secondly, assume that ¢ is divisible by 1 +i. We put § = (1 4+ )¢’ and v as

. . . . .. 0
above, so ¢ is a quadratic residue modulo each prime divisor of v, so —} = +1.
v

6/ 1 . 6/ / ) /
Then {_1 [ +Z} _ {—1 (—1)fupsiton ™™ = 11 by Theorem 6.10.2. Thus, {—} =
v v v -
/ 7" 6/ , /
_1)tupsuan+tv. By Theorem 6.10.5 [%] _} - (_1)t5/tu+t5,t,u’ therefore we get that
v

. Hence,

{/\11):5]"‘[)\:}:5} - [iva] sz:a]

_ [_] (— 1)t5,t’u+tg,tv+t;psuon+tgj

5/

! ! ! 1
(_ 1)t5/tv Fth tottion Tt

— 7

!/

upsilon

(_1)2(t5/tg+tg,tv+t’ +t!")

= +1 by Definition 6.3.5.
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APPENDIX A: SOME CALCULATIONS

Theorem A.0.7.

discg(Q(v/m)) = 4m, if m=2,3 mod 4
discp(Q(v/m)) = m, if m=1 mod4  mod 4.

2
1 w
Proof. disco(Q(y/m)) = det = (w—w)? soif m = 2,3 mod 4, then w =
1 o
2
1 vm
v/m by Theorem 4.1.1, so discg(Q(y/m)) = det = (—y/m—y/m)* =

1 —/m
1
—1—2\/% by Theorem 4.1.1, so discg(Q(yv/m)) =

But if m = 1 mod 4, then w =
2

I L R A ) =

2 2

B

1 1+

det

L

1 =

2
Lemma A.0.8. If f(z,y) is an integer polynomial, homogeneous of degree 2 in x and
y, and n is an odd rational integer then, if the congruence f(x,y) = n mod 23 has
rational integer solutions for x and y, then so do all the congruences f(x,y) = n

mod 2¢T! for all e > 3.

Proof. Proof is by induction on e. So suppose that a and b are rational integers
for which n = f(a,b) mod 2°, where the exponent e > 3. If we do not also have
n = f(a,b) mod 2°*1 but rather than n = f(a,b) +2° mod 2°*! then we determine

a rational integer ¢ such that ¢ = 1 +2° mod 2¢*! by choosing ¢ = 1 + 2¢7 1. Then,

f(ca,cb) = *f(a,b) mod 2¢*! since f is homogeneous,
= f(a,b) +2°f(a,b) mod 2¢*!
= f(a,b) +2°—2°+2¢f(a,b) mod 2¢M!
= f(a,b) +2°42%(f(a,b) —1) mod 2¢7!
fla,b) +2¢ mod 2¢*! since f(a,b) — 1 is even,

n  mod 2¢1,
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So claim is proved. O

Lemma A.0.9. Let n be an odd integer and m be a squarefree integer. The congru-
ence, n = Ng(ymyo(a) mod 2° is solvable for some a € O if and only if (m,n) =
(1,1),(1,3),(1,5), (1,7),(2,1),(2,7),(3,1),(3,5), (5, 1), (5,3), (5,5), (5,7), (6, 1), (6,3),
(7,1) or (7,5) modulo 8.

Proof. To investigate for which combinations of values of n and m, the congruence
n = No(m)o(®) mod 2% is solvable for some a € O, by Theorem 4.1.1, we will

investigate the congruences

-1
n5$2+xy—mTy2 mod 2° ifm=1 mod 4, (A1)

n=az>-my> mod?2® ifm=23 mod4 (A.2)
are solvable in integers x and y. It is enough by Lemma A.0.8.

If m=1 mod 8, then n = 22 + zy mod 8. Then

If (x,y)=(0,0), then n=0 mod S8,
If (x,y)=(0,1), then n=0 mod 8, same as (z,y) = (0,0).

If (z,y)=(1,0), then n=1 mod S8,

If (z,y)=(1,1), then n=14+1=2 mod 8§,
If (r,y)=(1,2), then n=1+4+2=3 modS§,
If (z,y)=(1,3), then n=14+3=4 mod 8§,
If (z,y)=(1,4), then n=14+4=5 mod 8§,
If (x,y)=(1,5), then n=1+5=6 mod 8,
If (z,y)=(1,6), then n=14+6=7 mod 8§,
If (z,y)=(1,7), then n=14+7=0 mod 8.

Therefore, n = 1,3,5,7 mod 8.
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If m = 2,then n = 22 — 29> mod 8. Then

If (z,y)=(0,0), then n=0 mod S8,
If (x,y)=(0,1), then n=6 mod S8,
If (z,y)=(0,2), then n=0 mod8, same as (z,y) = (0,0).

If (x,y)=(1,0), then n=1 mod S8,
If (z,y)=(1,1), then n=7 modS§,
If (z,y)=(1,2), then n=1 mod 8, same as (z,y) = (1,0).

If then n=4 mod 8,

If then n=2 mod 8,

If then n = mod 8, same as (z,y) = (2,0).

If then n=1 mod 8,

If then n=7 mod 8,

It then mn=1 mod 8§, same as z = 1.
Therefore, n = 1,7 mod 8.

If m =3, then n = 22 — 3y> mod 8. Then

If then n=0 mod 8§,

If then n =5 mod 8,

If then n=4 mod 8§,

If then n = mod 8,

If then n=0 mod 8, same as (z,y) =

If then n=1 mod 8,

If then n=6 mod 8§,

If then n =5 mod 8,
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If (x,y)=(1,3), then n=6 mod S8,
If (x,y)=(1,4), then n=1 mod 8, same as (z,y) = (1,0).

If (z,y)=(2,0), then n= mod 8,

If (z,y)=(2,1), then =1 mod 8,

If (z,y)=(2,2), then n= mod 8,

If (z,y)=(2,3), then n=1 mod 8§,

If (x,y)=(2,4), then n=4 mod 8, same as (z,y) = (2,0).
If (z,y)=(3,0), then n=1 modS§,

If (z,y)=(3,1), then n=6 mod S8,

If (x,y)=(3,2), then n=0 mod S8,

If (z,y)=(3,3), then n=6 modS§,

If (z,y)=(3,4), then n=1 mod8, same as (z,y) = (3,0).
If (x,y)=(4,0), then n=0 mod S8,

If (z,y)=(4,1), then n=5 modS§,

If (z,y)=(4,2), then n=4 mod 8§,

If (x,y)=(4,3), then n=5 mod S8,

If (z,y)=(4,4), then n= mod 8, same as = = 0.

Therefore, n == 1,5 mod 8.

If m=5 mod 8, then n = 22 + 2y — y*> mod 8.Then

If
If

(r,y) =(0,0) then n=0 mod 8,
(z,y) = (0,1)
If (z,y)=(0,2) then n=4 modS§,
(z,y) = (0,3)
(z,y) = (0,4)

then n=7 mod 8§,

If
If

then n=7 mod 8§,

then n=0 mod 8, same as (z,y) = (0,0).



If
It
It
If
If
It
If
If

8 8
i
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8
I

8
I

8

8

~~ I~
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~— ~— ~— ~— ~— S v ~—

8
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8
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Therefore, n = 1,3,5,7 mod 8.

then n=1 mod 8,
then =1 mod 8,
then n=7 mod 8,
then n = mod 8,
then n=5 mod S,
then n=05 mod 8,
then n= mod 8§,
then n= mod 8.

If m=6 mod 8, then n = 22 — 6y> mod 8. Then

If (z,9)
If (z,9)
If (z,y)

If (z,9)
If (z,9)
If (z,y)

If (z,9)
If (z,y)
If (z,y)

If (z,9)
If (z,y)
If (z,9)

Therefore, n = 1, 3.

(0,0) then n=

(0,1) then n

0,2) then n

(1,0) then n

0 mod 8,
2  mod 8,
=0 mod 8§,

1 mod 8,

(1,1) then n=3 mod S8,
(1,2) then n= mod 8,
(2,0) then n= mod 8,
(2,1) then n=6 modS§,
(2,2) then n= mod 8,
(3,0) then m=1 mod S8,
(3,1) then n=3 mod S,
(3,2) then n=1 mod S8,

same as (z,y) = (0,0).

same as (z,y) = (1,0).

same as (z,y) = (2,0).

same as x = 1.
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If m=7 mod 8, then n =22 — Ty?> = 22 + > mod 8. Then

If
If

If
If

It (z,y)=(
I (z,y)=(
It (z,y)=(
It (z,y)=(
I (2,y)=(
It (2,y) =(
It (z,y)=(
It (z,y)=(
It (z,y)=(
It (z,y)=(
It (z,y)=(
It (2,y) =(
It (z,y)=(
It (z,y)=(
It (z,y)=(

Therefore, n = 1, 5.

Lemma A.0.10. Ifp =1 mod 4, then Q(y/p) has a unit ¢ with N(g) = —1.

(z,y) = (0
(z,y) = (0
If (z,y)=(0
(z,y) = (0
(z,y) = (0

then
then
then
then
then

then
then
then
then
then

then
then
then
then
then

then
then
then
then
then

n=
n=1
n=4
n=1
n=
n=
n=2
n=>5
n=2
n=
n=
n=>
n=>0
=5
n=
n=1
n=2
n=>
n=
n=1

mod 8,
mod 8,
mod 8,
mod 8,

mod 8, same as (z,y) = (0,0).

mod 8,
mod 8,
mod 8,
mod 8,

mod 8, same as (z,y) = (1,0).

mod 8,
mod 8,
mod 8,
mod 8,

mod 8, same as (z,y) = (2,0).

mod 8,
mod 8,
mod 8,
mod 8,

mod 8, same as x = 1.
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Proof. Let ¢ be the smallest positive unit with N(¢) = +1. Then, write e = 2+y,/p in

Q(y/p) with odd z. By taking norm of both sides, we get 1 = 22 —py?, so (z—1)(z+1) =
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py?. Since p is prime, we must have

r—1=2d%and z + 1 = 2pb*

or

r—1=2pb® and = + 1 = 24>
for some a,b € Q. Then a? — pb?> = F1. Therefore, a®> — pb?> = —1 since ¢ was minimal
with norm +1. O

Lemma A.0.11. If an odd number p is of the x*> — 2y® form, then p = F1 mod 8.

Proof. Let p = 22 —2y%. Then 2? and y? can be congruent to quadratic residues module

8, s0 2%, y% € {0,1,4} modulo 8. Therefore, p can have the following values:

p=0-2-0=0, p=0-2-1=6, p=0—2-4=0,
p=1-2-0=1, p=1-2-1=-1, p=1-2-4=1,
p=4-2.-0=4, p=4-2-1=2, p=4-2-4=4

modulo 8. Since p is odd, p = F1 mod 8. n

Remark A.0.12. Let £k = Q(i) and o = Z[i]. Then 0/40 ={0,1,2,3,i,1+4,24+14,3+
0,20, 14 24,2+ 20,34 2i,3i,1+ 30,24 3i,3+ 3i}. To find the quadratic residues modulo

(1+14)°, let us calculate squares of elements in o/40.

02 =0, 12 =1, 22 =0, 32 =1,

2= —1, (1+1i)>=2i, (2+4i)2=-1, (3+1)?=2i,

(20)2=0, (14+2)*=1, (2+2)?>=0, (3+2)*=1,

(3i)2=—-1, (1+30)>=2i, (2+30)>=—-1, (3+3i)*=2i.

Therefore, for some 6 € k, we get that § is a quadratic residue modulo 4, if § = F1
mod 4 since (1 + 1) | 2.
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Similarly, 0/20 = {0, 1,4,1 + i}. Then,

Therefore, § is a quadratic residue modulo 2, if 6 = 1 mod 2, that is 6 = F1 or
F1+2i mod 4. Thus, J is a quadratic residue modulo 2, but non-residue modulo 4,

if 0 =F1+ 2/ mod 4.

In addition, for other cases 6 = ¢ mod 2 or d = 0 mod 1 4+ ¢ where ¢ is a

quadratic non-residue modulo 2.

Remark A.0.13. To find the relative discriminant, we use that discy(k(v/9)) =
2

1 Q
det — (= SQ)2. So,
1 SQ
2
If §=1 mod 4, then discy,(k(vV9)) = (1 +2\/5 1 _2\/5)
(1146 : _s
pu— 2 —
2
If =3+2/ mod4, then disck(k(\/g)) = (11—:_\/.3 — 11_+\/.3>
i i
2
_ ( — 95

If §=¢ mod 2, then disck(k(\/g)) =

If §=0 mod1+i, then disc,(k(v9)) =

The usual discriminant discg(k(v/8)) of the biquadratic field is:



disco(k(V3)) =

Lemma A.0.14. Let a be in k(\/5).

is solvable for some A € O if and only if

Case 1. a = (000),(001),(010) or (011)

§=(01) mod (1 +4)%,

Case 2. o = (000), (001), (101) or (100)

§ = (10) mod (1 + )4,

Case 3. o = (000), (001),(110) or (111)

§ = (11) mod (1 +1)*,

Case 4. o = (000), (011), (100) or (111)

§ = (1+14)(00) mod (1+1i)®,

Case 5. a = (000), (011), (101) or (110)

6 = (141)(01) mod (1 +1)?,

Case 6. o = (000), (010), (100) or (110)

§=(1+4)(10) mod (1 4 4)?,

Case 7. a = (000), (010), (101) or (111)

§=(1+4)(11) mod (1 +1)°.
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1 7+ Q 12
1 —i Q —iQ
det
1 ¢ SQ iSQ
1 —i SO —iSQ
24(Q — SN)?
24|discy, (k(v/0)).

The congruence, a = Ny 5 ,(A) mod (1 +1)°

mod (1+1)%, for the field k(v/0) with

mod (1+1)%, for the field k(+v/0) with

mod (1+14)°, for the field k(v/3) with

mod (1+14)3, for the field k(v/3) with

mod (1 +1)°, for the field k(v/3) with

mod (1+1)%, for the field k(+/0) with

mod (14 4), for the field k(v/8) with
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Proof. To investigate for which combinations of values of a and ¢, the congruence
o= Nk(\/S)/k(A> mod (1 +4)® is solvable for some A € O, by Theorem 6.1.1, we will
investigate the congruence a = Ny ), (z +yQ) mod (1 +)° case by case.

146 1+

Case 1. For 6 = (01) mod (1 +4)* Q = —, 80 o = (x + 157 y)(z +
(3

1+
1 -0 d—1
1+\/._y) :x2+(1—i)xy—Ty2 =2+ (1—i)ay— (1—i)y* mod (1+4)°. Now,
i i

for x = a+ bi, y = ¢+ di where a, b, c,d € Z, we use this algorithm in Maple to get all

the values for a:

with(GaussInt):
v := array(0..4096):
i:=0;

for a from 0 by 1 to 8 do

for b from 0 by 1 to 8 do

for ¢ from 0 by 1 to 8 do

for d from 0 by 1 to 8 do

rmd = GIrem((a+bxI)*+ (1 —I)x(a+bxI)x(c+dxI)—(1—1)x(c+d*I)* (1+
D))o, equation line

if (GIrem(rmd, (1+1I)) <> 0) then
v[i] == rmd; i:=1+1;

end if

end do

end do

end do

end do;

convert(v, set);

Figure A.1. The algorithm for Lemma A.0.14

All other cases can be done with this algorithm by changing the equation with (2.

So let us give only the equations for each case that will be used in the equation line.

Case 2. For § = (10) mod (14+4)* Q=1+V9,s0 a = (z+ (1 + V8)y)(z +
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(1—V0)y) =a®+2zy — (0 — 1)y?> = 2® + 22y + (1 —i)y® mod (1 +14)°.

Case 3. For § = (11) mod (14+4)* Q=1+V0, 50 a = (z+ (1 + V)y)(z +
(1—V0)y) =22+ 2zy — (0 — 1)y® = 22 + 2zy + (3 — 3i)y®> mod (1 +1)°.

Case 4. For § = (1+4)(00) mod (1+i)* Q =9, s0 a = (z4+dy)(x—/dy) =
2 —oy* =a? — (1+4)y*> mod (1+14)5,

Case 5. For § = (1+4)(01) mod (1+i)* Q =/, s0 a = (x4+dy)(z—/dy) =
22—y =22 — (14+4)(3+2i)y? =22 — (1 +54)y> mod (1 +1)°.

Case 6. For § = (1+4)(10) mod (1+i)* Q = /9, s0 a = (z+Vdy)(z —/dy) =
22 =0y =2 — (i — 1)y* mod (1 +1)°.

Case 7. For § = (1+4)(11) mod (1+i)* Q = /9, s0 a = (z4+Voy)(x—/dy) =
2 —0yt=a?—(i— 13 +2)y* =22 — (i —5)y?> mod (1 +1)°. O

Lemma A.0.15. Let 6 € {1 F2i,2F 4,1 Fi,Fi}. If v = Ny5,.(3) for some ideal
3 in the principle genus of k(\V/9), then in fact v = Nivs)i(A) for some number A in

k(V9).

Proof. Note that here § € k is prime for each case, then for v = §, we have v =
Nk(\/g)/k(i\/g) = iv/6(—ivd) = 6. So we do not consider the value v = § in case
analysis. Furthermore, 1 = Ny 5 4.(1), =1 = Ny (5 4(2), 20 = Ny 5 (1 +4) and

2 = 2i(—1), so again no need to check these values.

Case 1. § = 1+2i. In each ideal class, there exists an ideal J in k(v/§) such that
Nivayo(3) = \Nk(\/g)/k(j)lz < V6|d| = V65 = v/30. So it is enough to check the
values Ny 5 4(3) = v = a+bi with a® +b* < v/30. Then, v € {Fi, 1 ¥4, 1 +£2i,2Fi}.

Let us check for each v that whether J is in the principle genus or not.

1 1
_— = :—]_
[112¢:1i2@} Lim} ’
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since 0/(1 £ 2i)o = {0, F1, Fi} where F1 are quadratic residues and Fi are quadratic

v
-resi lo 1+ 2. if v =14 1+ 2, th T oo 119 —
non-residues modulo t. So if v ¢ mod i, then [1j:2i : 1j:22}

L ::2_ = —1 since it is a quadratic non-residue modulo 1 + 2¢ and if v = F1
?

mod 1 £ 2¢, then ; = Y -
1£2::1£2: 1£2
residue modulo 1 4 2i where 1 + 2¢ { v, so J is in the principle genus.

} = +1 since it is a quadratic non-

1+¢ = (14+20)(1)—1 = —3 mod 1+ 2i
1—i = (1+2i)(—i)—1 = -1 mod 1+ 2i
1-2 = (142)(-1—i)+i = +i  mod 1+2
241 = (1+20)1—-09)—-1 = -1 mod 1+ 2i
2—i = (1+2)(—i)+0 =0 mod 1 + 2i
1+i = (1-2i)@)—1 = -1 modl-2i
1—i = (1—2i)(1)+i = +i modl—2i
142 = (1-2i)(-144)—i = —i  mod1—2i
240 = (1—2i)(i)+0 = 0 mod 1 — 2i
2—i = (1-2)(1+i)—1 = -1 modl—2i

241
norm of an ideal, because it is itself prime in k(\/g).Therefore, for v = 1 F 1, the ideal

1424
Here v = 2 £ 7 is a candidate, but since [ 21 = —1, the value 2 ¢ can not be a

J is in the principle genus. Furthermore, v is a norm of a number in k;(\/g) since

1+iv/1E£2: 1+iv/1£20 1—-9v1E2

e, ) = 1+ 1+

Nk(\/S)/k(

1+ (1+2i)
2
2+ 2

_ 1T
2 T

From now on, the idea in the other cases is similar to Case 1, so we only check whether



124

v is congruent to F1 or ¢ modulo d.

Case 2. § =2 +1.

1+i = (24+14)(1)—1 = -1 mod 2+ ¢
1—i = 2+)(—i)—i = —i mod 2+ ¢
142 = 2+i)(1+i)—i = —i  mod2+i
1-2i = 24+4)(—-9)+0 =0 mod 2+ ¢
2§ = (2+i)(1—i)—1 = —1  mod2+i
1+ = (2—1i)(i)—1 = -1 mod 2 — i
1-i = 2-)1)-1 = -1 mod2—i
142 = (2—)@)+0 = 0 mod 2 — g
1-2i = 2—-9)(1—0)+i = 1 mod 2 — i
24+i = 2-i)(1+i)—1 = -1  mod2—i

Therefore, for v = 2 ¢ and v = 1 £ ¢, the ideal J is in the principle genus.

Furthermore, v is a norm of a number in k(v/9) since
NuviylFi+iV2ED) = (QFi+ivV2Ed) - 1Fi—ivIED)
= (1Fi)2+(249)

= F2i+2+i=2Fu1.

Nyl +ivV2 Ei) = (1+iv2E9) - (1—iv2E9)
= 14 (2+9)

= 1=
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Case 3. § = 1+1, so check the values for v = a+bi with a? 4% < V6v2 = V12.

1—¢ = (1+4)(—i)—0
1+i = (1—14i)(i)+0

0 mod 1+ 1

0 mod 1+ 1

Therefore, for v = 44, the ideal J is in the principle genus. Furthermore, v is a

norm of a number in k(\/g) since
Nywyuli +iVTED) = (i+i/TE0) - (i—iVIED)
= 1+ (1+9)

= .

Case 4. § = i. We will check the values for v = a + bi with a® +b*> < v/6, that is

1—1 1—+i
v = 1 Fi. Moreover, L — 'Z ] = +1 and [1 H} = +1. Therefore, for v =1 F 1,

7.1 +1:1

the ideal J is in the principle genus. Furthermore, v is a norm of a number in k(v/9)

NywaysL+ Vi) = (L+ivi) - (1—ivi)

— 141,

Ny LV = (1+Vi) - (1= Vi)

= 1-u
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APPENDIX B: SOME USEFUL THEOREMS

Lemma B.0.16. (Hilbert’s Theorem 90) Let x € Q(y/m) with Ng/m)o(r) = +1.

Then there exists an integer y € O such that x = y/y' where y' denotes the conjugate

of y.

x+1 z+1 z+1 1 xx'
roof. Lety ==+ o (x4+1) 2'+1 o' +z2’ o 2

Lemma B.0.17. (Hilbert’s Theorem 90 for ideals) Let a be an ideal in Q(y/m) with

b
No(ymyjo(a) = +1. Then there exists an ideal b in Q(y/m) such that a = ¥ where b’
denotes the conjugate of b.

Proof. By Definition 4.1.2, if Ng(/m)o(a) = +1, then aa’ = O. Let b = a+ O in

a+ 9O a+ 9 a+ 9O O  ad

Qlvm) o (a+9) o+9O d4ad o o ¢

Theorem B.0.18. (Minkowski’s Theorem) Let K be a number field and let Dy, be its
discriminant. Let n = r{ + 2ry be the degree of K over Q, where r1 and ro are the
number of real and complexr embedding functions, respectively. The class group of K is

denoted by CI(K). In any ideal class c € CI(K), there exists an ideal 4 € ¢ such that

IN()| < Mg/|Dr|

L /4™
where N(U) denotes the absolute norm of  and My = n (—) .

nv o\

Theorem B.0.19. Given a commutative diagram of abelian groups

A LB o 1
@ 15} vy
! ! !

1—>A’f—0>B/g—O>C"

Figure B.1. Figure for Snake Lemma



127

with exact rows, there exists an eract sequence

ker ov — ker 3 — ker v — coker o — coker 8 — coker 7. (B.1)

Proof. See [7] for its proof. O

Theorem B.0.20. (Legendre’s Theorem) Assume that a,b,c € Z satisfy the following

conditions:

1. (a,b) = (b,c) = (c,a) = 1,
2. at least one of ab, be, ca is negative,

3. the following congruences are solvable:

2

u? = —bc mod a, v? =

—ca mod b, w? = —ab mod c .

Then the diophantine equation ax® + by* + cz* = 0 has non-trivial solutions in Z.

Proof. See [?] for its proof. O

Definition B.0.21. Let K be a number field over k£ of degree r. For A € K, the

relative norm of the number A is
Nip(A) = AAA” . A
where A®s denote the relative conjugates of A.

If 3= (Aq,..., A, is any ideal of K, then the relative norm of an ideal J is

Nei(3) =33 ...307Y

where J@s denote the relative conjugate ideals of J.

Theorem B.0.22. Let K be an algebraic field extension over k. Then for some ideal
Jin K, NK/k(J) is an ideal in k.
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Proof. Let K = k() be an algebraic extension over k of degree r and let f be the
minimal polynomial of § over k. Let 6,6,6",...,60=1 be all roots of f in a splitting
field of f, say L. Then there exists a field homomorphism o; : K = k() — K® =
k(0D) for each i = 0,1,...,r — 1. Note that L = k(6,¢,6",...,0"~Y) is normal and

separable over k, so L is Galois over k.

Let § = (Ai,...,A4,) be an ideal in K. Then Ng/(J) = 33 30D can be
denoted by (AU + ... + AU AU + ...+ AU ... (A" VU + ...+ AV D0,) for
indeterminates Uy, ..., Us by [1]. Now, we will show that (A1U; + ...+ AUs) (AU +

L+ AU . (A0 4+ AUTVUL) are integers of k to prove the theorem.

For some A € Aut(L/k), A fixes (A Uy+. . + AU (AU +. . +AU,) .. (A" DU+
o+ Agril)Us) since it is a symmetric number in L under taking conjugates. But L
is Galois over k, so the only numbers that A fixes must be in k, so (A;U; + ... +
AUNAU + ...+ AU .. (A0 + .+ AUV, € k. Thus, 9,33 ...3") =
(DA +. . +OLANOLA 4.+ A) . (D,A T V+. . +9,A7 V) =9, (0,01 +
..+ 0xCy) where (0,Cy + ...+ 0,Cy) is a k-ideal. O

Lemma B.0.23. The relative norm function is multiplicative.

Proof.

Nk(ﬁ)/k(ﬁ%) = (AB)S((AB))
= ABS(A)S(B)
= 2AS(A)BS(B)

= Nk(ﬁ)/k(m)Nk(\/ﬁ)/k(%)-
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