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ABSTRACT

SIDE-SLIP ESTIMATION FOR ESP APPLICATIONS

ESP (Electronic Stability Programme) applications require reliable data about
vehicle state in order to operate correctly. One of these data is the vehicle side-slip

angle.

In this study, a nominal and a robust side-slip estimator are designed using static
multipliers. The design is based on the well-known Single Track Model. Then, the per-
formances of the estimators are analyzed using a more complex nonlinear model. With
the nonlinear model, more realistic results are obtained because this model resembles

a real vehicle in many aspects.

After the construction of the nonlinear model and the Single Track Model, vehicle
parameter values are set for these two models so that they behave similarly. Then, the
sensitivity analysis is conducted to be able to determine the uncertain parameters,
which are to be used during the side-slip estimator design. After the system is put in
the LFT (linear fractional transformation) form, the nominal and the robust estimators
are constructed using static multipliers. Finally, the obtained side-slip estimators are
connected to the nonlinear model and the Single Track Model, and then results for

different kinds of inputs and conditions are gathered and compared.



OZET

ESP UYGULAMALARI ICIN YANAL KAYMA TAHMINI

ESP (Elektronik Stabilite Programi) uygulamalari, dogru ¢ahsabilmek i¢in arag
durumu hakkinda giivenilir verilere ihtiyac duyarlar. Bu verilerden bir tanesi arag yanal

kayma agisidir.

Bu ¢aligmada, statik carpanlar kullanilarak bir nominal ve bir de dayanikli yanal
kayma estimatoril tasarlanmigtir. Tasarim, iyi bilinen Tek Iz Modeli {izerine ku-
rulmustur. Daha sonra, estimatorlerin performanslar: daha karmagik ve lineer olmayan
bir model kullanilarak analiz edilmigtir. Lineer olmayan modelle daha gercekg¢i sonuclar

elde edilmistir ¢linkii bu model bir¢cok acidan gercek bir araca benzemektedir.

Lineer olmayan modelin ve Tek Iz Modeli'nin tamamlanmasimdan sonra, bu iki
modelin benzer davraniglar gostermeleri i¢in ara¢ parametrelerinin degerleri bulunmus-
tur. Daha sonra, yanal kayma estimatori tasarimi sirasinda kullanilacak olan kesin
olmayan parametrelerin tespiti igin hassasiyet analizi yapilmigtir. Sistem, LFT (lineer
fraksiyonel transformasyon) formuna sokulduktan sonra nominal estimator ve dayanikl
estimator statik garpanlar kullanilarak bulunmugtur. Son olarak, elde edilen yanal
kayma estimatorleri lineer olmayan modele ve Tek Iz Modeli'ne baglanmistir. Farkh

girdiler ve sartlar i¢in sonuclar elde edilip karsilagtirilmigtir.
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1. INTRODUCTION

Nowadays, safety is a very dominant issue during vehicle design. Big investments
are being made to protect both passengers and pedestrians. A lot of active and passive
safety systems are still being discovered and improved to push the safety levels even

higher. Airbag, ESP and ABS are some of the commonly known safety systems.

One of the most important facts about safety systems is that they work in col-
laboration with each other [1]. That is the reason why a minor change in one of these
systems may lead to drastic changes in vehicle behavior finally. Therefore, the changes
or improvements have to be made with great care during the design stage. In order
to ensure that the systems work fine together, tests are conducted after the design of
these systems. The main purpose of the tests is to simulate almost every condition and
observe vehicle response. If the vehicle does not respond as desired in some conditions,

then the safety systems are revised until the desired safety levels are achieved.

Safety systems mostly rely on information about the state of the vehicle [2].
The actions taken by the safety systems depend on this information. Therefore, the

information has to be supplied to the safety systems correctly.

Among the data supplied to the safety systems, mostly used ones are the velocity,
yaw rate, side-slip angle and lateral acceleration [3]. As stated before, it is very crucial
that these signals are obtained and transmitted to the other systems without any

mistake or error.

There are two main methods to obtain the information about the state of the
vehicle. The first one is via direct measurement, which requires sensors. The second

method is obtaining the information using some other states of the vehicle.

The first method requires the usage of sensors. The advantages are that the

sensors are designed specially for the purpose and they output independent data. This



method has a few disadvantages on the other hand. The first disadvantage is the
cost of the tools, which are used to measure the desired states. The cost is especially
high for the side-slip sensor [4], making it impossible to be included in the production
vehicles. Another disadvantage of using sensors is that the obtained data have the
possibility to be noisy or erroneous [5]. This is strongly related with sensor quality. In
most occasions, the quality and cost rise together. This means that a more expensive

measurement tool is required to obtain better results.

The second method to obtain data is making estimations using some other mea-
sured data. This reduces the costs dramatically because the number of sensors used in
a vehicle is decreased by this approach. However, estimation requires theoretical skills.
If the design is not adequate for the purpose or there are mistakes in the design, the
results are fatal. Therefore, it is very important to set the underlying theory right.
Also, the operating conditions have to be well-determined. The main reason for this
is that observers and estimators generally operate in limited conditions [6]. A lot of
efforts are being spent to widen the operating conditions, which are related with ve-
hicle state. In some articles such as [5], [7] and [8], it is noted that some designs are
improved over time yielding to more accurate results for different operating conditions.
The external factors are also taken into account in some researches. These studies are
mainly focused on the change of road conditions such as changing friction coefficient

[9] or changing slant of the road [8], [10].

An observer is designed to estimate the state of the vehicle at any time knowing
the inputs and outputs of the real system. As the state of the vehicle is known, the
required data are sent to systems, which then take the necessary actions. Estimation
can be done by designing observers using linear [11] or quasi-linear techniques [12].
Nonlinear observers are also used widely for the purpose of improving the accuracy of

the observer.

There are many different kinds of observers which rely on different models in-
ternally. The most commonly used one is the Road-Tire Friction Model, which is

nonlinear, with a variety of assumptions and considerations on each study such as



[5], [7] and [9]. This is not surprising because the only interactions, which define the
motion of the vehicle, are between tyres and road, if the comparatively small effects
such as wind disturbance or air drag are neglected [11]. Therefore, it is concluded that
tyre-road interaction is important while determining the motion of a vehicle and thus

it is used widely as a model to be used in an observer.

The EKF approach is used for estimation purposes in some studies such as [13],
[14] and [15]. However, using the EKF approach is not practical in some cases due to
its computational complexity [5]; high performance electronic control units are required

to solve the involved Ricatti equations in real time [7].

The side-slip angle is the angle between the velocity vector and the longitudinal
direction of a vehicle. This shows the importance of side-slip angle. It gives information
about the orientation of the vehicle with respect to its velocity. If the side-slip angle is
large, the vehicle is probably spinning or the driver has lost control. Therefore, side-slip
estimation is very important in a vehicle with safety systems. Also, side-slip angle is
the most difficult parameter to measure, which leads to high costs of side-slip sensors.
Because of these facts, it is concluded that the side-slip angle has great importance
and somehow has to be obtained. Since placing a side-slip sensor to every production
vehicle is not possible due to the cost, the only remaining method is estimating the

side-slip angle.

The solutions for estimating the side-slip angle which are represented above,
however, lack of robustness; and recent results allow to solve this problem in terms
of robust estimators [16]. Also, the computational requirement of the designed robust
estimator is minimal which turns out to be a great advantage. This makes the approach
preferable because the estimator can easily be integrated into electronic control units
with normal processing capabilities. Robust estimation using static multipliers, which
includes solutions for LMIs via convex optimization, is used for estimator design in this

text.

Before attempting to find a robust estimator using static multipliers, the uncer-



tainties in the plant of interest have to be taken out first. The system has to be put
in the LF'T form. This is done by starting with the state-space form of the plant. The
parameters, which are thought to impose uncertainties to the system, are written with
uncertain terms. Then, these uncertain terms are written as another plant. This makes
it easier to deal with uncertainties. Finally, all of the uncertainties are collected in a

plant, and the remaining original plant is thought to include no uncertainties.

To write the system in the linear LFT form however, the uncertain parameters
have to be determined first. All of the parameters are thought to have some amount
of uncertainty, but some of the parameters affect the system more than the others as
their values vary. Here, it is important to determine the parameters, which change the
behavior of the system or plant drastically. To do this, the sensitivity of the system
to a change in each parameter has to be studied. The methodology in [17] is used for

sensitivity analysis.

In this study, the aim is to design a robust estimator using static multipliers,
which is then used with a nonlinear model to estimate the side-slip angle using the
known yaw rate data. During the design stage however, the internal dynamics of
the system have to be known. The internal dynamics of the nonlinear model are not
known. For this reason, the robust estimator is designed using a linear model, which
is the well-known “Single Track Model” in this case. At this stage, it is important
that the two models behave similarly so that the estimator, which is designed based
on the Single Track Model, performs as desired with the nonlinear model. Finally, the
estimator is connected to the nonlinear model and its performance is measured. The
details are discussed later on the text but it is beneficial to include a general scheme

of the problem here. Figure 1.1 on page 5 serves for this purpose.

Firstly in the text, information about rules, guidelines and conventions, which

are used throughout the text, is given.

Next, the nonlinear model and the Single Track Model are constructed. For each

model, definitions are done first. Then, assumptions are stated. Next, equations of
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Figure 1.1. A general scheme of the robust estimation problem

motion are written. After writing the equations of motion, modeling in Simulink is

discussed.

After the construction of the two models, vehicle parameter values are set for these
two models. First, vehicle parameter values for the nonlinear model are determined
according to known data, which are obtained using a dynamic simulation software
called “MSC Adams/Car”. Then, the nonlinear model is linearized and the vehicle
parameter values for the Single Track Model are determined so that the two models

behave similarly.

Next, estimators are designed using static multipliers. First, the sensitivity anal-
yses of the models are done. Here, the parameters, which are thought to be uncertain,
are determined. Then, these uncertainties are taken out of the plant. As the next
step, a weighing function is added. By doing this, the performances of the estimators
are increased, which is explained later in the text. The last step is constructing the
estimators using static multipliers. These estimators are later used to estimate side-slip

angle using yaw rate data.

After the estimators are designed, the nonlinear model and the Single Track



Model are simulated with the nominal and robust estimators connected. The graphs,
which show the real and estimated values of the side-slip angles for various cases, are

included. In addition, the results are compared.

Finally, conclusions are done according to the results, which are obtained previ-

ously.



2. GENERAL CONSIDERATIONS

Setting some rules, guidelines and conventions in the beginning is crucial. Rules,
guidelines and conventions do not change in different parts of the study, which is a time
saving fact. As another result, it becomes easier to follow the text. In this section,
these rules, guidelines and conventions are discussed. It is very important to keep in

mind that the discussions made in this section are always valid for the whole study.

The symbols are seen in the list of symbols/abbreviations. However, additional
symbols have to be used in some parts of the study. In these cases, the symbols are
defined within the part and these definitions are used in that part. In other words, if
some additional definitions are made in a part, these definitions overwrite the ones in

the list of symbols/abbreviations for that part.

Various coordinate frames are used in vehicle dynamics. Here, it is sufficient to
discuss three of them; namely the “ISO”, “SAE” and “MSC Adams/Car” coordinate
frames. The common characteristic of these coordinate frames is that they all obey the
right hand rule. Therefore, any transformation is done without any hassle if there are
variables defined with respect to different coordinate frames. These three coordinate
frames are seen in Figure 2.1 on page 8. The ISO coordinate frame is defined by
the International Organization for Standardization. The x axis points forward. The
y axis points to the left. The z axis points upward. The SAE coordinate frame is
defined by the Society of Automotive Engineers. The x axis points forward. The y
axis points to the right. The z axis points downward. The last coordinate frame is
used in MSC Adams/Car, which is a mechanical system simulation software produced
by MSC Software. The x axis points backward. The y axis points to the right. The z

axis points upward.

If nothing is mentioned about the type of the coordinate frame, it is understood
that it is an ISO coordinate frame. It is also beneficial to remind that all of the

coordinate frames obey the right hand rule independent of their types. When the



Figure 2.1. Representation of the ISO, SAE and MSC Adams/Car coordinate frames

respectively

name of a coordinate frame is known, its origin and the names of its axes are easily
gathered. For example, the origin of the Gzyz coordinate frame is point G. Its axes

[Pl [A9)]

are named as “x”, “y” and “z”.

In this study, some conventions are used and declaring them here is necessary.

These conventions are represented as the following:

e my stands for the mass of rigid body K.

® Ix/Gay. stands for the inertia tensor of rigid body K with respect to the Gxyz
coordinate frame.

® I/ Ikyy Ik)z, 1K)y, 1K /2. and Ik, stand for the inertia components of rigid
body K with respect to the Gzyz coordinate frame.

e T'y/p stands for the transformation matrix from the coordinate frame which has
its origin at point A, to the coordinate frame which has its origin at point B.

e p4/p stands for the position of point A with respect to point B.

e p4 stands for the position of point A with respect to the reference point which
is fixed.

e v,/ p stands for the velocity of point A with respect to point B.

e v 4 stands for the velocity of point A with respect to the reference point which is



fixed.

® a4/ stands for the acceleration of point A with respect to point B.

e a, stands for the acceleration of point A with respect to the reference point
which is fixed.

e wg stands for the angular velocity of rigid body K with respect to the reference
coordinate frame which is fixed.

e ay stands for the angular acceleration of rigid body K with respect to the refer-
ence coordinate frame which is fixed.

o Fi /1, stands for the force on rigid body K applied by rigid body L.

e F'i stands for the total force on rigid body K.

e My, stands for the moment on rigid body K applied by rigid body L.

® M (a) stands for the total moment on rigid body K about point A.

e Wi stands for the weight of rigid body K.

As seen above, vectors are written in bold unlike matrices and tensors. As an
additional information, the magnitude of a vector is represented with characters which
are not bold. For example, v4,p stands for the magnitude of v4,p. Sometimes, initial
conditions of the variables are used. The initial condition of a variable is represented

@

with an “i” in the subscript. For example, va,p; stands for the initial condition of

VA/B-

In this study, the vehicle model is constructed so that it is divided into four
quarters. For some variables, it is necessary to include the information about their
quarters. In these situations, numbers are used to represent the quarters. “17, “2”,
“3” and “4” stand for the front left, front right, rear left and rear right quarters,
respectively. A similar situation exists for passengers. “17, “2”7  “3”, “4” and “5”
stand for the front left, front right, rear left, rear middle and rear right passengers,

respectively.

If nothing is mentioned about the unit of a variable, it is N, kg, m, s, rad or a

combination of these according to the type of the variable.
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In Simulink, color codes are assigned for different types of signals. Color of the
constant signals (signals that do not change during simulation) is cyan. If the color of
a signal is magenta, it means that the signal is an input. The signals belonging to the
transformation matrices are represented with gray. Signals belonging to the front left,
front right, rear left and rear right quarters are represented with red, green, blue and
yellow, respectively. The remaining signals are colored black. There is another fact
which has to be kept in mind while working with the models in Simulink: Sometimes,
signals belonging to the four quarters are combined. In these situations, numbers on
the subscripts (1, 2, 3 and 4) are no longer meaningful. These numbers are replaced
with “Q”, meaning that the signal includes information about all of the quarters of the

vehicle.
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3. NONLINEAR MODEL

In this section, a vehicle model, which is later used to test the performance of the
estimator, is made. The vehicle model shows nonlinear characteristics and it has 11
degrees of freedom. A lot of tests are conducted in this study, this is why this model
is essential. There are two primary goals which have to be achieved during the design
of the model. The first one is about how the model behaves. It is very important that
the model behaves like a real vehicle. This means that, for various inputs, the outputs
of the simulations done using the model have to be similar to the outputs of the real
simulations. The second goal is about the running speeds of the simulations using the
model. The simulations conducted with the model have to run as fast as possible;
they have to last less than real time. This decreases the time spent during simulations.

Because a lot of tests are conducted, this turns out to be an important fact.

To accomplish the first goal, the model has to be as complex as possible. As
the complexity of the model increases, the results of the simulations with the model
become more similar to the ones obtained via real simulations. On the other hand,
the model has to be as simple as possible to accomplish the second goal. The model is
made simpler by decreasing the amount of calculations involved. This puts less effort
on the processor and therefore reduces the running time, or increases the running speed
of the simulation. Because both of the goals have great importance, the effort is spent
to keep the simplicity (or the complexity) of the model in a level so that both of the
goals are accomplished. This always has to be kept in mind during the design of the

model.

In the multibody systems approach, several bodies are considered to exist in a
model. This is the approach used to construct the nonlinear model. As the model
consists of bodies, these bodies have to be discussed first. This can be thought as
dividing the vehicle into parts which are reasonable in the dynamic aspect. It is a
common approach to separate the suspended part of the vehicle and call it the “sprung

mass”. This is the upper part of the vehicle which includes the chassis, power train,
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interior, exterior etc. Loads such as passengers, luggage and fuel are also considered to
be parts of the sprung mass. The remaining part is called the “unsprung mass”. This
mass includes wheels and some parts of the suspensions. Obviously, the suspensions are
modeled so that they connect the sprung and unsprung masses to each other. Since the
vehicle has four wheels, there are four suspensions between the sprung and unsprung

masses.

When there are two masses (the sprung and unsprung masses) connected to each
other with four suspensions, the solution of the equations of motion is challenging
because the number of equations is less than the number of unknowns. This problem is
solved by separating the unsprung mass into four parts: Front left, front right, rear left
and rear right unsprung masses. By doing this, the number of equations is increased
due to the increase in the number of parts involved in the nonlinear model. As a result,
it becomes easy to solve the equations of motion to obtain the unknowns. This is an
approach used in the past, which is called the “Quarter Model Approach” [18], [19].
The representation of this approach is seen in Figure 3.1. This figure is included here
only for the purpose of giving an idea about the Quarter Model Approach. It is studied

in detail later on the text.

Ne))

Figure 3.1. The representation of the Quarter Model Approach

Since the sprung mass includes many parts of the vehicle such as the engine or
the chassis, it is the heaviest part. Also, all of the additional loads (passengers, luggage
and fuel) are considered to be parts of the sprung mass. Since the sprung mass can be

loaded, it is beneficial to make two definitions such as “unloaded” and “loaded” sprung
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mass, which makes it easy to distinguish between the unloaded and the loaded case.
The unloaded sprung mass includes only the parts belonging to the vehicle, hence the
specifications of the unloaded sprung mass do not change. On the other hand, the
specifications of the loaded sprung mass change according to the loading conditions.
So it is necessary to always indicate the loading condition when a loaded sprung mass

is considered.

There are different ways of modeling suspensions in a dynamic vehicle model.
Each method is appropriate for a case; which means that each method is compati-
ble for different modeling conditions. Five most commonly used methods are called
“Lumped Mass Model”, “Equivalent Roll Stiffness Model”, “Swing Arm Model”, “Link-
age Model” and “Concept Suspension Approach” [18]. As stated before, the unsprung
mass is separated into four parts. Because of that, the most appropriate method among
those is the Lumped Mass Model. In the Lumped Mass Model, the camber angles of
the wheels are directly related to the roll angle of the sprung mass, which means that
the wheels roll together with the sprung mass. However, setting the camber angles of
the wheels equal to zero simplifies the tyre model, the details of which are explained
later. Because of that, the Lumped Mass Model is modified according to the needs.
This modified version is explained as the following: Suspensions are always vertical,
which means that they do not roll and pitch. The unsprung masses also do not perform

these two rotations. This results in zero camber angles of the wheels as desired.

In vehicles, suspensions are connected to the body from several points, the number
of which varies according to the vehicle and the type of the suspensions. In model-
ing however, these points have to be less in number because every connection point
introduces additional forces and moments to the model. These additional forces and
moments increase the number of unknowns, making the equations of motion unsolvable.
This is why the suspensions have to be connected to the sprung and unsprung masses
from a number of connecting points as small as possible. In this model, suspensions

are connected to the sprung and unsprung masses from one point.

It is stated that the unsprung mass is divided into four parts according to the
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Quarter Model Approach. Each quarter of the unsprung mass is also divided into parts
which are wheels, wheel knuckles and sliding masses. This is seen in Figure 3.2, where
the rear left quarter of the unsprung mass is not shown. Separation makes it easier
to visualize and handle the dynamics involved. The wheel knuckles exist to represent
the steering of the wheels. As the driver steers, the wheel knuckles turn as well as the
wheels. In other words, the wheel knuckles rotate about the vertical axis with respect
to the sliding masses. In each quarter of the unsprung mass, there are various parts

other than wheels. These parts are represented by means of the sliding masses.

—— Sprung mass

:
O)i-a

|

§ § —— Suspension

| |

| |

L» Sliding mass
Wheel knuckle

» Wheel

Figure 3.2. The expanded view of the nonlinear model (The rear left quarter of the

unsprung mass is not shown.)

As the general considerations about the nonlinear model are discussed briefly,
a more detailed analysis of the parts and interaction points has to be done, which

provides a better understanding of the model.

Parts involved in the vehicle model are the wheels, wheel knuckles, sliding masses,
suspensions and the sprung mass. These parts are also seen in Figure 3.2. It is good

to have a look at Table 3.1 on page 16 to see some features of the parts involved in
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the vehicle model. In this table, it has to be noted that the last seven parts are the
loads which are put on the unloaded sprung mass. After loading the sprung mass, it

is called the “loaded sprung mass”.

There are many points used in the nonlinear model. However, some of them have
to be studied in order to understand how the model is constructed. These are called
the “interaction points”. These points are actually frictionless joints which connect
parts to each other. Therefore, the forces and moments between parts are applied via
the interaction points. This fact reveals the importance of these points. The front view
of the model is seen in Figure 3.3 where the interaction points of the front left quarter

are also shown.

Sprung mass

E1l
—— —
<> <>
— Suspension
— —
D1
Wheel ff # — Sliding mass O1d §B1

L. Wheel knuckle

Al

Figure 3.3. The front view of the nonlinear model

Looking at Figure 3.3, it is seen that point Al is the interaction point between
the road and the front left wheel. Point B1 connects the front left wheel and the front
left wheel knuckle to each other. This point actually represents a joint which provides

the rotation of the parts with respect to each other. Point B1 represents a revolute



Table 3.1. Some features of the parts involved in the nonlinear model
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Name Abbreviation | Center | Coordinate Frame Attached
of to the Part with the Origin
Gravity | on the Center of Gravity

Front left wheel W1 w1 Wlzwiywizwi

Front right wheel W2 W2 W2xwoywozwe

Rear left wheel W3 W3 W3xwsywszws

Rear right wheel W4 W4 WaAzrwaywazwa

Front left wheel knuckle WK1 WK1 W K1lziy121

Front right wheel knuckle | WK2 WK2 W K2x5y229

Rear left wheel knuckle WK3 WK3 W K 3x3y323

Rear right wheel knuckle | WK4 W K4 W K4x4y424

Front left sliding mass SM1 SM1 SM1xsyrysvnzsmi

Front right sliding mass | SM2 SM?2 SM2xsn0Ysnr2zsne

Rear left sliding mass SM3 SM3 SM3xsn3ysnizzs s

Rear right sliding mass SM4 SM4 SMAx s aYsraZsma

Front left suspension S1 S1 Slxs1ys1251

Front right suspension S2 S2 S2x59Ys2252

Rear left suspension S3 S3 S3153Y53253

Rear right suspension S4 S4 S4x54Ys4254

Unloaded sprung mass SMU SMU | SMUx'y2

Loaded sprung mass SML SML SM Lxyz

Front left passenger P1 P1 Plxpiypizp1

Front right passenger P2 P2 P2xpoypozpo

Rear left passenger P3 P3 P3xpsypszps

Rear middle passenger P4 P4 P4xpsypszps

Rear right passenger P5 P5 Pbxpsypszps

Luggage L Lxryrzy

Fuel F Frpypzp
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joint because the front left wheel can spin with respect to the front left wheel knuckle.
Point C'1, which is between the front left wheel knuckle and the front left sliding mass,
also represents a revolute joint. It provides the rotation of the front left wheel knuckle
with respect to the front left sliding mass. The front left sliding mass and the front left
suspension are rigidly connected to each other, which means that they neither rotate
nor translate with respect to each other. This fixed joint is represented with point D1.
Finally, point E'1 is where the front left suspension is mounted to the sprung mass.
This is a joint as well. This joint prevents any translation of the parts with respect to
each other. It also prevents the relative rotation of the parts about the vertical axis.
As the result, this is a universal joint. These explanations about the interaction points
are also valid for the other quarters with the appropriate changes in the names of the

points.

Types of joints also reveal the prevented motions of each part. Accordingly, an
analysis can be made to find the degrees of freedom of the nonlinear model. Here, it may
also be helpful to refer to the assumptions which are discussed later. No translational
or rotational motion of the sprung mass is prevented which means that it has six
degrees of freedom. Suspensions translate in horizontal directions and rotate about
vertical axes, but these motions are completely defined if the motion of the sprung
mass is known. Therefore, suspensions do not add any degrees of freedom. This is
also the case for the sliding masses because the sliding masses and the suspensions are
rigidly connected to each other. While the vehicle is cornering, rotation of the wheel
knuckles and the sliding masses about the vertical axes differ. Since all of the rotations
of the wheel knuckles are dependent on the steering wheel, knowing the position of the
steering wheel is enough to gather the motions of the wheel knuckles; bringing only one
additional degree of freedom. The wheels move similar to the wheel knuckles, except
that they also spin. This adds four degrees of freedom to the model. Finally, adding

up the degrees of freedom, it is concluded that the model has 11 degrees of freedom.

One of the most important features of this model is that it involves nonlinearities.
Adding nonlinearities to a model increases the simulation time or, in other words,

lowers the performance. But, as an advantage, the behavior of the model becomes
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more similar to a real vehicle. In a real vehicle, there are a lot of parts which show
nonlinear characteristics. In a model however, nonlinearities have to be less because
the performance of the model has to be kept in a high level. Interaction of the vehicle
with the road is a very dominant fact to define the motion of the vehicle. Therefore,
relations between the road and the wheels are modeled nonlinearly. In addition, springs
and dampers, being parts of the suspensions, also play important role in defining the
motion of the vehicle. This is why their nonlinear characteristics are also included in

the model. The details of these nonlinearities are discussed in Section 3.3.4.

As stated before, the unsprung mass is divided into four parts, each representing
a quarter. Most of the time, the properties of the quarters are the same. In these cases,
statements are only made for the front left quarter, and it is stated that results for the
other quarters can easily be obtained by modifying the statements appropriately. This

makes it easier to follow and understand the text.

This section is divided into four parts. In the first part, the definitions used in
this section are explained. In the second part, assumptions are discussed. Next, all of
the equations, which belong to the nonlinear model, are presented. Finally, modeling

in Simulink is discussed.

3.1. Definitions

All of the definitions, which are used in the nonlinear model, are included in
the list of symbols/abbreviations, so they are not discussed here again. However, to
provide a better understanding of the model, some of the variables are represented with

figures in this section.

Understanding the interaction points is important since they define the relative
motion of the parts with respect to each other. The interaction points of the front left
quarter of the vehicle, namely points A1, B1, C'1, D1 and E'1, are shown in Figure 3.3
on page 15. The structures of the other quarters are exactly the same, so there is no

need to show the interaction points belonging to the other quarters.
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It is also beneficial to represent [, t, ny, ny, ng and n4 using a figure. To see them

clearly, the sprung mass is viewed from the bottom. This is seen in Figure 3.4.
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Figure 3.4. The bottom view of the sprung mass

Next, angles and rotation rates are visualized. This is easily done if the rotational
motions are treated separately. First, the rotation about the longitudinal axis, which

is called “roll”, is represented as seen in Figure 3.5 on page 20.

The rotation about the lateral axis, which is called “pitch”, is represented in

Figure 3.6 on page 21.

The rotation about the vertical axis, which is called “yaw”, is represented in

Figure 3.7 on page 21.
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Figure 3.5. The front view of the nonlinear model while performing roll (Roll angle

and roll rate are shown in positive directions.)
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—_ 1

Figure 3.6. The side view of the nonlinear model while performing pitch (Pitch angle

and pitch rate are shown in positive directions.)

Figure 3.7. The top view of the nonlinear model while performing yaw (Angles and

yaw rate are shown in positive directions.)
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3.2. Assumptions

Simplifying the nonlinear model leads to faster simulations which is a desired
fact. To make the model simpler, some assumptions have to be made. Assumptions
have to be declared clearly and carefully because each assumption has effects on the
model. While making the model simpler, assumptions also change the behavior of the
model. Therefore all of them have to be consistent. If the assumptions somehow change
the model behavior in different ways, the model fails because of inconsistencies. To
avoid this, assumptions are discussed one by one and related assumptions are grouped

together.

Interaction points for the front left quarter of the vehicle are seen in Figure 3.3
on page 15. When the force and moment balance equations of the parts are discussed,
interaction points and center of gravities of the parts are used. The positions of these
points have role in simplifying the force and moment balance equations. To make some
of the moments equal to zero, it is assumed that related interaction points and center of
gravities are coincident. This simplifies some of the moment balance equations because
the distances between the force application points (interaction points) and center of

gravities become to zero.

Assumption 3.1. Points W1 and B1 are coincident. This assumption is also valid for

the other quarters of the vehicle.

Assumption 3.2. Points W K1 and B1 are coincident. This assumption is also valid for

the other quarters of the vehicle.

Assumption 3.3. Points WK1 and C1 are coincident. This assumption is also valid for

the other quarters of the vehicle.

Assumption 3.4. Points SM1 and C'1 are coincident. This assumption is also valid for

the other quarters of the vehicle.

Assumption 3.5. Points SM1 and D1 are coincident. This assumption is also valid for

the other quarters of the vehicle.

Assumptions about the masses and inertias of the parts help to reduce the com-
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putational load.

Assumption 3.6. Wheels are axisymmetrical about their spinning axes.
Assumption 3.7. Wheel knuckles do not have mass.

Assumption 3.8. Sliding masses do not have inertia.

Assumption 3.9. Suspensions do not have mass.

Some movements of the parts are restricted. This is done mainly to simplify force
and moment balance equations. As a side effect, some kinematic relation equations are

also simplified.

Assumption 3.10. Wheels do not translate vertically.
Assumption 3.11. Wheels do not roll.

Assumption 3.12. Wheel knuckles do not roll and pitch.
Assumption 3.13. Sliding masses do not roll and pitch.

Assumption 3.14. Suspensions do not roll and pitch.

The following assumption about the suspensions simplifies the moment balance

equations as well as the kinematic relation equations.

Assumption 3.15. Center of gravities of the suspensions are always exactly in the middle

of the interaction points.

Computation of the drag force on the vehicle is a challenging task, so this force

is assumed not to exist.

Assumption 3.16. There is no drag force on the vehicle.

Determining the characteristics of the external force makes its calculation easier.

Assumption 3.17. External force is always applied on the center of gravity of the sprung

mass.

Assumption 3.18. External force is always parallel to the road and it always points

forward.
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The equations of the tyre model are complex, increasing the computational load.
By investigating the nature of the tyre model, it is concluded that doing some simpli-

fication is possible via elementary considerations.
Assumption 3.19. The road is flat and even.
Assumption 3.20. The speed of the vehicle is constant.

Assumption 3.21. Wheels spin freely, meaning that no driving or braking torque is

applied on the wheels.

In the unloaded case of the vehicle, some of its properties ease the calculations.

Assumption 3.22. Vehicle is completely symmetric in the left-right sense when un-

loaded.

Assumption 3.23. Sprung mass is horizontal when unloaded; meaning that the ' and

Yy axes are horizontal whereas the 2’ axis is vertical.

Information about the initial state of the vehicle motion has to be included too.
Assumption 3.24. Initially, vehicle moves straight along X axis.

Assumption 3.25. Initially, points O and SM L are vertically aligned.

3.3. Equations

The equations belonging to the nonlinear model are shown in this section. Since
all of them are used while preparing the model, each equation has to be derived care-
fully. They should be consistent and, of course, correct. In addition, it is very im-
portant to use the assumptions properly because if there is any inconsistency between

assumptions, the whole model fails.

Before starting to write the equations however, there are some facts which have

to be explained. These facts are widely used, so mentioning them here is necessary.

For the front left quarter of the vehicle; it can be easily said that points W1, B1,
WK1, C1, SM1 and D1 are coincident, considering Assumptions 3.1, 3.2, 3.3, 3.4 and
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3.5. Obviously, this is true for the other quarters as well, with the appropriate changes

in the names of the points. This fact is used many times while deriving the equations.

The equations involving vectors have to be written in the component form. At
this point, the selection of the appropriate coordinate frame arises as an issue. While
selecting the coordinate frame, two main goals have to be achieved. Most of the
time, the simplicity of an equation is directly related to the selected coordinate frame.
Therefore, the coordinate frame has to be selected so that the equation has the pos-
sible simplest form. Since different coordinate frames are used for different equations,
transformations are necessary. The coordinate frames have to be selected so that the
number of transformations is as small as possible. For example, while writing most
of the equations for the front left quarter, the W K'1xz1y,2; coordinate frame is used.
Firstly, it is appropriate to be used in the equations related with the front left wheel
as explained in Section 3.3.4.2. Secondly, according to Assumption 3.12, z; and
axes are always horizontal; and z; axis is always vertical. This makes the W K 1xy,2;
coordinate frame suitable for the equations of the front left quarter in some cases. Fi-
nally, the use of this coordinate frame reduces the number of transformations. Another
example is the SMUx'y'z" coordinate frame. This coordinate frame is especially used
where the positions are considered because all of the positions are provided in terms

of the 2/, 3/ and 2’ components.

For the sake of simplicity, the equations are grouped. This is done by thinking of
the steps which are followed while preparing a real vehicle for simulation. Firstly, the
vehicle is stationary and unloaded. This is the case for the first part. In the second
part, the stationary vehicle is loaded. Next, the initial conditions of the movement of
the vehicle are discussed. Finally, the fourth part is devoted to the case in which the

vehicle moves.

3.3.1. Stationary and Unloaded Vehicle

Here, the effort is spent mainly to find the vertical forces on the suspensions and,

accordingly, to determine the vertical positions of points 1, £2, E3 and FA4.
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First of all, the positions of points E1, £E2, E3 and E4 with respect to point
SMU have to be found. This work is not shown here because it involves only vector

addition; but it is necessary to remind that Assumption 3.22 is used.

Since the vehicle is at rest, the accelerations of points W1 and SM1 are zero. By

using the suitable equations from Section 3.3.4, it is concluded that
Fsyuyst = Fwiyr + Wwi + W (3.1)

According to the tyre model, which is explained in Section 3.3.4.1, the horizontal
components of the forces on the wheels from the road are zero when the vehicle is
stationary. Using this with Assumption 3.14 and the suitable equations from Section

3.3.4,
Msnyuys1 = —Mwrywka - (3.2)

It should be noted that these equations are valid for the front left quarter of the
vehicle. The equations related to the other quarters can be found easily by changing

the subscripts.

Using Assumptions 3.22, 3.23, Equations (3.1), (3.2) and the suitable equations
from Section 3.3.4,

pE1smu, 9 (Mwi + msan) — Pesssmu,, g (M + mgan + 2840 ) (3.3)

Fwir, =
- PE1/SMU,, — PE3/SMU,,

m
Fws/r, = (mWI + mws + msay1 + mspsz + SMU) 9— Fwir,- (3.4)
Using Equations (3.1) and (3.78),
Fsi/smu, = mwig +msug — Fwiyr,, (3.5)

Fs3/smu, = mwsg + msusg — Fws/r,,- (3.6)
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Since the vehicle is stationary, the forces generated by the dampers are zero. By

using Equation (3.77),

div = fspringt " (Fs1/smu,) s (3.7)
A3 = fsprings™ " (Fssysnmu,) - (3.8)
As the result of symmetry,
d2U = d1U7 (39)
dyr = day. (3.10)

When Equations (3.3), (3.4), (3.5), (3.6), (3.7), (3.8), (3.9) and (3.10) are used,

all of the results belonging to the stationary unloaded case are obtained.

3.3.2. Stationary and Loaded Vehicle

In the nonlinear model, the loads are passengers, luggage and fuel. Combining
these loads, many loading conditions are obtained. Some variables change according

to the loading condition. In this section, these variables are obtained.

Obviously, masses, inertias and positions change as the loading condition change;
which means that they have to be found. However, obtaining them involves elementary

concepts, so the work is not represented here.

The roll and pitch angles, and the vertical position of the center of gravity of the

loaded sprung mass change according to the loading condition.
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Using the facts in Section A.4.2.3,

PE1/SMLyx cost 0 sind;| |1 0 0 PE1/SML,
PE1/SMLy | = 0 1 0 0 cos¢; —sing;| |peismr, | - (3.11)
PE1/SML, —sinf; 0 cost;| [0 sing; cos¢; | |pri/smL.

It should be noted that this equation is valid for the front left quarter of the vehicle. The

equations related to the other quarters can be found easily by changing the subscripts.

Since the vehicle is stationary, the forces generated by the dampers are zero.

Also, Equation (3.77) is valid here, which follows

Fspringt”" (Fs1/smi,) — dw + hi — pp1jsmr, — psarwi; = 0. (3.12)

It should be noted that this equation is valid for the front left quarter of the vehicle. The

equations related to the other quarters can be found easily by changing the subscripts.

According to the tyre model, which is explained in Section 3.3.4.1, the horizontal
components of the forces on the wheels from the road are zero when the vehicle is

stationary. Using this,

Fsiysmr, + Fs2ysmr, + Fssysmr, + Fsaysmr, +msurg = 0. (3.13)

Equations (3.42), (3.44) and (3.45) are also valid here. Using these equations

with the discussion about the tyre model, which is stated above, yields

Pe1v/smLy Fsi/smr, + Pe2svry, Fseysmir, + Pesjsmr, Fssysmr, + Prajsvry, Fsasmi,

—0, (3.14)

pE1/smLy Fsiysmr, + Pe2/smr, Fs2ysmr, + Pes/svry, Fssysmr, + Peajsvr, Fsiysmi,

— 0. (3.15)
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Equations (3.11), (3.12), (3.13), (3.14) and (3.15) are solved together to obtain

¢i, 0; and PSMLiz-

Additionally, the following two equations are also used in order to provide the
initial conditions of the nonlinear model. As the result of Assumption 3.25 and the

facts in Section A.4.2.3,

DSMLi, 1 0 0 cosf; 0 —sinb; 0
psmrLi, | = |0 cos¢;  sing; 0 1 0 0 : (3.16)
PSMLi. 0 —sing; cos¢;| |sinf; 0 cosb; DSMLiy

Assumption 3.24 states that

¥; = 0. (3.17)

3.3.3. Moving Vehicle, Initial Conditions

By looking at Assumption 3.24, it is easily concluded that

VSM Lig 1 0 0 COS 01 0 —sin QZ USMLix
vsmrLi, | = |0 cos¢; sing; 0 1 0 0 : (3.18)
VSMLi. 0 —sing; cos¢;| |sin#; 0 cosb; 0

Considering this assumption, it can be said that the vehicle does not perform any

maneuvers, leading to

dgi =0, (3.20)

ds; = 0. (3.21)
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Again, if the vehicle does not perform any maneuvers,

WSM Li, 0
WSM Liy, 0 (3.22)
WSMLi, 0

The equations in this section are used in order to provide the initial conditions of the

nonlinear model.

3.3.4. Moving Vehicle

The case, in which the vehicle moves, includes complex equations. In addition to
the complexity, the number of equations is too many. The equations and the relations
between them have to be represented so that they can be followed and understood
easily. Therefore, the equations are grouped. Grouping is done according to the parts
of the vehicle because the equations are derived part by part. This also makes it easier

to locate the equations when required.

In this section, most of the equations are written to represent the intermediate
derivation steps. Therefore, all of the equation are not used in the end while preparing
the nonlinear model. Even though the equations are represented later, it is mandatory
to declare which equations are used finally while preparing the nonlinear model. Some
of the finally used equations are written only for the front left quarter of the vehicle.
They are Equations (3.27), (3.28), (3.29), (3.30), (3.31), (3.32), (3.35), (3.42), (3.44),
(3.45), (3.46), (3.47), (3.53), (3.60), (3.61), (3.64), (3.69), (3.70), (3.71), (3.77), (3.79),
(3.80), (3.86), (3.87), (3.88), (3.100), (3.101), (3.102), (3.103), (3.104), (3.105), (3.106),
(3.107), (3.108), (3.109), (3.110), (3.111), (3.112), (3.113), (3.114), (3.115), (3.116),
(3.117), (3.131), (3.133), (3.135), (3.136), (3.138), (3.140), (3.141) and (3.142). The
equations for other quarters of the vehicle can easily be obtained by changing the
subscripts in these equations. The obtained equations for all of the quarters and
Equations (3.81), (3.82), (3.83), (3.84), (3.85), (3.89), (3.90), (3.91), (3.92), (3.93),
(3.95), (3.97), (3.98), (3.99), (3.118), (3.122), (3.123), (3.124), (3.125), (3.126), (3.127),
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(3.128), (3.129), (3.130), (3.132), (3.134), (3.137), (3.139) and (3.143) completely define

the motion of the vehicle.

3.3.4.1. Road and Wheels (Magic Formula Tyre Model). Considering Assumption

3.16, it is concluded that the only forces and moments applied on the vehicle are the
ones from the road, except the external force. The external force, of which the details
are discussed later, is used to keep the speed of the vehicle constant. Since the vehicle
is mainly affected by the forces and moments from the road, these forces and moments

are highly important for the discussion of the vehicle motion.

The dynamics of tyre forces and moments are complex. However, in the literature,
many methods are developed to deal with that complexity. Some models rely on
experimental data, whereas others try to solve the problem using the physical structure
of the tyre. These approaches differ from each other in some aspects. The first aspect
is the complexity. More complex models are generally used for analysis concerning
only tyre properties. Simpler models, on the other hand, are suitable to be used in
simulations because these models do not slow down the simulations due to their simple
structures. The second aspect is the accuracy. The accuracy is not always related
with the complexity of the model, especially under certain conditions. Some models
return good results in certain conditions even if they are not complex. Therefore, the
tyre model should be chosen carefully according to the conditions and nature of the

problem [20)].

The well-known “Magic Formula” is used as the tyre model in this study. Magic
Formula is a semi-empirical model, which means that the tyre parameters are obtained
trying to fit the curves of the experimental results. Due to the opportunity to make
endless numbers of experiment, the results of the model are said to be very similar to the
experimental results. That is why Magic Formula is very suitable for use in simulations.
Also, tyre data are generally provided in terms of Magic Formula parameters. As a

result, there is no alternative to Magic Formula to be used in the vehicle model.
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Magic Formula calculates the steady-state forces and moments [20]. At first
glance, this can be considered as a fact which makes Magic Formula inappropriate for
dynamic simulations. This is not the case though, because the simulation sends the
information to Magic Formula in samples. Each sample of signal can be thought of as
a steady-state input, so the results of Magic Formula can be used in the model. In this
text, Magic Formula is not discussed in deep detail, but only its characteristics, which

are important for the constructed model, are explained.

Magic Formula tries to find appropriate tyre parameters, ensuring that the gen-
erated curves are similar to the experimental curves. A standard curve and elementary
parameters are seen in Figure 3.8.

Y Y
5 X

L

|
y arctan(BCD)

Figure 3.8. A standard Magic Formula curve with elementary parameters [20)]

As stated before, Assumptions 3.19, 3.20 and 3.21 are made to simplify the Magic
Formula equations. These assumptions lead to the fact that the longitudinal slip con-
stants of the tyres are zero. This also means that the tyres do not slip relative to the
road along the wheel longitudinal axes. As a result of this, no forces are generated along
the wheel longitudinal axes. This extremely simplifies the Magic Formula equations
because calculation of one of the force components becomes unnecessary, reducing the
calculation load. Introducing Assumption 3.11, it is also concluded that there are no
cambers on wheels. Accordingly, the use of the extended equations of Magic Formula

becomes unnecessary, simplifying the equations even more.

Magic Formula is improved over time and, thus, there are various versions of

Magic Formula equations. Knowing the version of the equations is important because
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the tyre parameters are provided accordingly. The equations in [20] are version 2004
and they are used in this study. Considering the assumptions and neglecting toe and
camber effects, the number of equations is reduced and the remaining equations are

simplified. The final equations are seen in Section B.

Even though Magic Formula is appropriate to be used in simulations, integrating
it to the model via its equations slows down the simulation in a significant amount.
Using lookup tables instead, is the solution for this problem. Equations in Section B
are used to generate lookup tables. The generated lookup tables are placed into the
appropriate places in the model. These lookup tables basically receive wheel longitudi-
nal and lateral components of the contact point velocities and the vertical components
of the forces on wheels. They return the forces and moments which are applied on the

wheels by the road.

As stated before, the equations in [20] are used to construct the lookup tables.
The definitions used in [20] show slight differences, so it is necessary to briefly introduce
them here. V_, stands for the wheel longitudinal component of the contact point
velocity and its positive direction is forward. V., stands for the wheel lateral component
of the contact point velocity and its positive direction is to the right. F, stands for the
wheel longitudinal component of the force on the wheel from the road and its positive
direction is forward. Fj stands for the wheel lateral component of the force on the
wheel from the road and its positive direction is to the right. F, stands for the vertical
component of the force on the wheel from the road and its positive direction is upward.
M, stands for the wheel longitudinal component of the moment on the wheel from the
road and its positive direction is forward. M, stands for the wheel lateral component
of the moment on the wheel from the road and its positive direction is to the right.
M, stands for the vertical component of the moment on the wheel from the road and

its positive direction is downward.

Now that the definitions are done according to [20], the equations can be written.



34

Using Assumptions 3.19, 3.20 and 3.21, it is concluded that

F, =0. (3.23)

The other equations are written as the following:

Fy = fMF,Force,Laterall (‘/C.Iv chy7 Fz) (324)
Mm - fMF,Moment,Rolll (‘/c:m ‘/cya Fz) (325)
Mz = fMF,Moment,Yawl (‘/;za ‘/cya Fz) (326)

Here, it should be noted that M, is not found because it is not used by any other

equation in the model.

In [20], a coordinate frame, which makes all of the rotations as the wheel ex-
cept spinning, is used. Among the coordinate frames used in the nonlinear model, the
W K1x1y12z1 coordinate frame is the appropriate one. Therefore, while doing the vari-
able transformations, this coordinate frame is used. The details of the transformations
are not included here. After the transformations, Equations (3.23), (3.24), (3.25) and
(3.26) become to

Fwir,, =0, (3.27)
Fwiyr,, = —fur Force_raterat (Vat,,, —vat,, s Fwi/r.,) , (3.28)
Mwr/r,, = farrsoment.ront (Vat,,» —vav, , Fwir.,) (3.29)
My1)g., = = frr sMomentyawt (Vat,,, —va1,,, Fwir.,) - (3.30)

It should be noted that all of the equations shown in this section are valid for
the front left quarter of the vehicle. The equations related to the other quarters can

be found easily by changing the subscripts.
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3.3.4.2. Wheels. Using Equation (A.59a), the force balance equations of the front left

wheel are written as

FWl/WKlz1 = Mwi1awi,, — FWl/lea (3-31)
Fwywri, = mwiaw, — Fwiyr, (3.32)
FW1/WK1Z1 =mwiawi,, — FWl/RZ1 + mwig. (3.33)

Using Assumption 3.10, it is concluded that
aw1., = 0. (3.34)
Using Equations (3.33) and (3.34) yields

FWl/RZ1 =mwi9 — FWl/WKlzl- (3.35)

Writing the moment balance equations of the front left wheel is more challenging.

As stated before, points W1 and B1 are coincident. Using this fact,

Mwiw1) = Mwi/r+ Mwiywki + (Payywi X Fwi/r) - (3.36)

Using Assumption 3.11 and the definition of point Al, it can be said that points Al

and W1 are vertically aligned; resulting in
Paywi1 = —T1k1. (3.37)

Using Equations (3.36) and (3.37) yields

Mwiwy,, Mwir,, + Mwywri,, +11Fwi/r,
]\/-[1/1/1(W1)y1 = | Mw1r,, + Mw1iywki,, — 1 Fwir,, | - (3.38)
MWl(Wl)ZI MWI/Rzl + ]\41/111/WK121
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When Assumption 3.6 is considered, it is seen that the second part of Section A.4.2.5
can be used for the wheels. If the fact that points W1 and W K1 are coincident and
Assumption 3.12 are considered, W K1xz1y; 21 is selected as the coordinate frame which

does not spin. As the result,

Mwiw),, Iw1/eyww,, + (Iw1yz — Twiyy,) wwi,, Wwwi., — Iwinwwi, (1
My, | = Iwryyiowt,, + (Iwije, — Iwiyz) wwi, Wi,
MWl(Wl)Zl w1z wwi,, + (IWI/yl — IWl/acl) wwi,, Wwwi,, T Iwijzwwi, 1
(3.39)
Assumption 3.11 results in
wwi1 = Mg+ <¢ + 51) k. (3.40)
Using Equations (3.39) and (3.40) yields
MWI(Wl)xl _IWI/ylgl <w + 51)
MWI(Wl)yl = IWl/ylﬂl . (3-41)
MWl(Wl)Zl Iy, (@/) + 51)
Putting Equations (3.38) and (3.41) together,
]\41/[/1/14/K1;,:1 = —Iw1/y, 4 <1/1 + 51) - MWI/Rxl — 11w, (3.42)
MWl/WKlyl = fW1/y191 — MWl/Ryl + 7°1FW1/321, (3.43)
Mwvywii., = Iwiyz (1/) + 51) — Mw1r., - (3.44)

Using Assumption 3.21, Equation (3.43) is superseded by

Mwiywri,, =0. (3.45)
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As stated before, points A1 and W1 are vertically aligned; resulting in

UAl.rl == Ulel, (346)
Va1, = Vwi,, - (3.47)

By using definitions,
Pwi,, = T1 (3.48)

Modifying Equation (A.41) according to the definitions of points,

U1 = Vw1 + Wwi X Pr1/wi- (3.49)

Using Assumption 3.11 and the definition of point 71, it can be said that points W1

and T'1 are vertically aligned; resulting in

priywi = —T1ks. (3.50)

Using Equations (3.40), (3.49) and (3.50), it is concluded that

UT1,, UWie, —r1{h
vri,, | = [vw, | T 0 : (3.51)
VT, VWi, 0

Assumptions 3.19, 3.20 and 3.21 lead to

vry,, = 0. (3.52)
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Using Equations (3.51) and (3.52),

Q= Wl (3.53)

1

It should be noted that all of the equations shown in this section are valid for
the front left quarter of the vehicle. The equations related to the other quarters can

be found easily by changing the subscripts.

3.3.4.3. Wheels and Wheel Knuckles. Front left wheel and front left wheel knuckle

interact with each other via point B1, and the related force and moment equations are

as the following:

Fwiywk1 = —Fwki/w (3.54)

Mw1 w1 = —Mwki1/wi (3.55)

It should be noted that these equations are valid for the front left quarter of the
vehicle. The equations related to the other quarters can be found easily by changing

the subscripts.

3.3.4.4. Wheel Knuckles. As the result of Assumption 3.7, Equation (A.62) is used to

write the force balance equation of the front left wheel knuckle as the following:

Fywii/wi + Fwki/sv =0 (3.56)

Reconsidering Assumption 3.7 and the facts in Section A.4.1.1, it is concluded
that Equation (A.67) can be used to write the moment balance equation of the front left

wheel knuckle. As stated before, points B1, WK1 and C1 are coincident, simplifying
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the moment balance equation as

Mwk1 w1+ Mwki/sa = 0. (3.57)

It should be noted that all of the equations shown in this section are valid for
the front left quarter of the vehicle. The equations related to the other quarters can

be found easily by changing the subscripts.

3.3.4.5. Wheel Knuckles and Sliding Masses. Front left wheel knuckle and front left

sliding mass interact with each other via point C'1, and the related force and moment

equations are as the following:

Fwiki/sv = —Fsavnywka (3.58)

Mwiki/sm = —Msanwka (3.59)
It should be noted that these equations are valid for the front left quarter of the

vehicle. The equations related to the other quarters can be found easily by changing

the subscripts.

3.3.4.6. Sliding Masses. Using Equation (A.59a), the force balance equations of the

front left sliding mass are written as

EFsamys1, = msuasan,, — Fsaywrka, (3.60)
Fsvysy, = msanasan,, — Fsyywr, (3.61)
FSMl/Slq = MsM1ASM1,, — FSMl/WK1Z1 + mgsnng- (3.62)

Using Assumption 3.10 and the fact that points W1 and SM1 are coincident, it is
concluded that

asmi,, = 0. (3.63)
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Using Equations (3.62) and (3.63) yields

Fsyywr, = mswg — Fsanysi, - (3.64)

Considering Assumption 3.8, it is concluded that Equation (A.67) can be used
to write the moment balance equation of the front left sliding mass. As stated before,

points C'l, SM1 and D1 are coincident, simplifying the moment balance equation as

Msniiywikr + Msniys: = 0. (3.65)

It should be noted that all of the equations shown in this section are valid for
the front left quarter of the vehicle. The equations related to the other quarters can

be found easily by changing the subscripts.

3.3.4.7. Sliding Masses and Suspensions. Front left sliding mass and front left suspen-

sion interact with each other via point D1, and the related force and moment equations

are as the following:

Fsnriys1 = —Fsi/smvn (3.66)

Mgsnii/s1 = —Msi/smn (3.67)
It should be noted that these equations are valid for the front left quarter of the

vehicle. The equations related to the other quarters can be found easily by changing

the subscripts.

3.3.4.8. Suspensions. As the result of Assumption 3.9, Equation (A.62) is used to

write the force balance equation of the front left suspension as the following:

Fsi/sann + Fsiysmr =0 (3.68)
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Reconsidering Assumption 3.9 and the facts in Section A.4.1.1, it is concluded
that Equation (A.67) can be used to write the moment balance equation of the front
left suspension. With the addition of Assumption 3.14, the moment balance equation

1s written as

MSI/SMLM .7\451/51\41951 —10171/5121 FSI/SMlyl —]9E1/s1z1 FSl/SMLyl

Msiysmr, | = = | Msi/san,, poysi, Fsiysan, pevsi, Fsiysur,,

WEVE T Msi/su, 0 0
(3.69)

As stated before, points W1 and D1 are coincident. Using this fact with As-
sumptions 3.14, 3.15 and Equation (3.48) yields

™ — PE1,

Ppijsi, = =5 o (3.70)
PE1,, —T1

Peijsi, = 5 (3.71)

In the nonlinear model, each suspension is made up of a spring and a damper.
Springs and dampers are connected in parallel just like in a real vehicle. Here, the
forces generated by the springs and dampers are studied separately. Then, these forces

are summed up. By definitions,

dispr = pp1, — ha, (3.72)
dispy = di, — dv, (3.73)
FSpringl - fSpringl (dlL) . (374)

Putting Equations (3.72), (3.73) and (3.74) together yields

FSpringl = fSpringl (dlU + PE1, — hl) . (375)
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Again by definitions,

FDamperl - fDamperl (UEIZ) . (376)

Adding Equations (3.75) and (3.76),

-FS1/SMLZ1 = fSpringl (dlU ""pElz1 - hl) + fDamperl (vElzl) . (377)

It should be noted that all of the equations shown in this section are valid for
the front left quarter of the vehicle. The equations related to the other quarters can

be found easily by changing the subscripts.

3.3.4.9. Suspensions and Sprung Mass. Front left suspension and sprung mass inter-

act with each other via point F'1, and the related force equation is as the following:

Fs1/smr = —Fsmrys1 (3.78)
This equation is written in z; components as

Fsyrysi, = —Fsiysmr, - (3.79)

The related moment equation is as the following:

Msnirysi,, Msi/sur,,
]\451\4L/s1y1 - MSI/SMLyl (3~80)
MSML/5‘1Z1 MSl/SMLZ1

It should be noted that all of the equations shown in this section are valid for

the front left quarter of the vehicle. The equations related to the other quarters can
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be found easily by changing the subscripts.

3.3.4.10. Sprung Mass. The total force applied on the sprung mass is written as

Fsur, Fsyrysi, Fsyryse, Fsnryss, Fsarrysa,
Fsyr, | = | Fsmrysy, | + | Fsmryse, | T | Fsmryss, | T | Fsarrysa,
Fsnrr, Fsnrrysi. Fsnrryso. Fsnrrysa. Fsnrrysa,
Fsyr)Bet, Wsmr,
+ | Fsymr/pet, | + | Wemz, | - (3.81)
Fsyrr)gat. Wsnmr.

By looking at Equation (A.59a), the force balance equation of the sprung mass is

written as

ASML, Fsu Ly
1
AsmLy | = Fsyr, | - (3.82)
asmr, Fsurr.
Or, alternatively,
USML, X Fsnr, WSML, USML,
UsmL, | = —— Fsyr, | — |wsmr, | X |vsier, (3.83)
USML. Fonrr, WSML, USML,

by looking at Equation (A.61).

As the result of Assumption 3.17, the external force does not have any effect on

the total moment applied on the sprung mass. Accordingly, the total moment applied
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on the sprung mass is written as

Msnrnsmr), Msarrysi, Msyrrys2, Mgz ss, Msarrysa,
Mgnyrsmry, | = | Msmrysy, | T | Msmrysz, | + | Msmryss, | T | Manrysa,
Msyrrsmr, Msnirysi, Msniryse. Msniryss. Mg sa.

PE1/SML, FSML/Slx

+ | \pe1smr, | X | Fsmrss,

| PE1/SML. | | Fsmrysi. |

PE2/SML, Fsarysa,

+ | |pe2/smr, | X | Fsmise,

_pE2 /SML: | _F SML/S2: |
PE3/SMLs Fsnryss,
+ | |pesssmr, | X | Fsmryss,
PE3jsmr. | | Fsmiyss. |
PE4/SML, Fsur /S84,
+ | |peaysmr, | X | Fsmrysa, | |- (3.84)
\Peajsymr. | | Fsmiysa. |

By looking at Equation (A.66), the moment balance equation of the sprung mass is

written as
WSML, Msyrsmr), WSML, WSML,
: _ -1
WSML, | — ISML/SMnyz MSML(SML)y - |WsmrL, X ISML/SMnyz WsmrL,
WSML. Msnrsmr), WSML. WSML.

(3.85)

Position, velocity and acceleration of point E'1 have to be found. By looking at

Equation (A.38),

PE1, PsmL, PE1/SML,
PE1,| — |PSmMmL, + PE1/SML, | - (3.86)

PE1, Psmr, PE1/SML,
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By looking at Equation (A.41),

VE1, USML, WSML, PE1/SML,
vpl, | = |vsmr, | T |wsmr, | X |PEsmL, | - (3.87)
VE1, USML., WSML. PE1/SML.

By looking at Equation (A.44),

api, aSML, ASML, PE1/SML,
ap, | = |asmr, | t |asmr, | X |Pe1/svr,
agi, asMrL, QsML, PE1/SML,
WSML, WSML, PE1/SML,
+ |wsmr, | X | |wsmr, | X |PE1/smr, | | - (3.88)
WSML, WSML, PE1/SML,

It should be noted that positions, velocities and accelerations of points £2, E'3 and E4

can be obtained by changing the subscripts in the last three equations.

Modification of Equations (A.14) and (A.15) results in

PSML, USMLs, WSML, PSML,
PsmL, | = |VsmrL,| — |wWsmrL, | X |PsmL, | - (3.89)
PSML. USML, WSML, bsmL,
Similarly,
ASML, WSML,
asmL, | = |wWsmL, | - (3.90)

QSML, WSML,
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Modification of Equations (A.47) - (A.49) yields

(WSMLy sin ¢ + wgpr,, cos gb) sin 6

h = 3.91
¢ WSML, + cos 0 ) ( )
0= wSMLy COS gb —WsML, sin 925, (392)
¢ _ WsmL, sin ¢ + wgprr, cos gzﬁ' (3.93)

cos

Changing the notation of Equation (A.46¢) appropriately,

WsMmML = (gb — 1/}sin6’) 7+ <¢cos€sin¢+ écosgzﬁ) J+ <¢cos(9cos¢ — ésingb) k.
(3.94)
Using Equations (3.90) and (3.94),

QsyL, SN + agnrr, cos ¢ + 1) sin 6 + &6
cos f '

) = (3.95)

3.3.4.11. External Force. The external force is an imaginary force which is used to

keep the vehicle speed constant. Keeping the vehicle speed constant is necessary to
satisfy some of the assumptions. For this purpose, a PI controller is integrated into
the model. A PID controller is not preferred because it involves derivation, which is
undesirable for simulations. The PI controller basically takes the difference between

the actual and reference speeds, and generates a force.

Considering Assumption 3.14, it can be said that the only rotation of the sus-
pensions is yaw. Moreover, the yaw motion of the suspensions is the same as the yaw
motion of the vehicle. Therefore, any of the coordinate frames attached to the suspen-
sions can be used. Here, S1x51ys12s1 coordinate frame is used. The use of Assumption

3.18 leads

Fsmir/pat,, # 0, (3.96)
Fsvp/gat,, =0, (3.97)

Fsrmr/gat.,, = 0. (3.98)
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By looking at Equation (3.96), it is understood that FSML/ECUt151 has to be found.

Considering what a PI controller does, it is found as

Fsnp/gat,y, = Cp (Vsmrix — Vsmr,,,) + C]/ (vsmrix — VsmL,,, ) dt (3.99)

where the actual and reference speeds are represented with USMLag, and vgarLiy Te-

spectively.

3.3.4.12. Combination of Equations. In this section, the suitable equations belonging

to different vehicle parts are combined. This is done to reduce the number of equations

which are used while preparing the nonlinear model in the end.

Using Equations (3.54), (3.56) and (3.58),

Fsvnywri,, = —Fwiywki,, (3.100)
Fovywri,, = —Fwiywki,, (3.101)
Fwiywri., = —Fsmywra., - (3.102)

Using Equations (3.68) and (3.78),

Fsi/sm,, = Fsmrysi,, s (3.103)

Fsi/sam,, = Fsmrysy, - (3.104)

Using Equations (3.66) and (3.68),

Fsi/smr,, = Fsmiysi,, s (3.105)
Fsiysmr,, = Fsmiysiy, (3.106)

Fsnmysi., = Fsiysmr., - (3.107)



Using Equations (3.66), (3.68) and (3.78),

Fsyrysi,, = —Fsaysi,,

Fsmrysr, = —Fsmysi,, -

Using Equations (3.55), (3.57), (3.59), (3.65) and (3.67),

MSI/SMICC MWI/Wle
1 1
MSI/SMly == MW1/WK1

1 Y1
MSl/SMlz1 MWl/WKlzl

Using the fact that points W1 and SM1 are coincident,

ASM1,, = AW,y

asmi,, = Awiy, -

Using Assumption 3.14 and the fact that points W1 and D1 are coincident,

UWily, = VElL»
Uwi,, = VE1,,;
awi

o1 = aElgE1 3

awi,, = aEp1,,-
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(3.108)
(3.109)

(3.110)

(3.111)

(3.112)

It should be noted that all of the equations shown in this section are valid for

the front left quarter of the vehicle. The equations related to the other quarters can

be found easily by changing the subscripts.
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3.3.4.13. Transformations. All of the equations about transformations are explained in

this section. First, the transformation matrices are found, then vector transformations

are done using the transformation matrices.

Using Assumptions 3.12 and 3.13,

cosd; —sind; 0
Twrkisy = [sind;  cosd; O] - (3.117)
0 0 1

It should be noted that this equation is valid only for the front left quarter of the
vehicle. The transformation matrices belonging to the other quarters can be obtained

by changing the subscripts.

Considering Assumption 3.14,

1 0 0 cosf 0 —sinf
Tsi/smrL = [0 cos¢g  sing o 1 0 |, (3.118)
0 —sing cos¢| [sinf 0 cos6
Tsoysmr = Ts1/smrs (3.119)
Ts3/smr = Ts1/smLs (3.120)
Tsaysmr = Ts1ysmr- (3.121)

Remembering Equation (A.10),

Tsnrryst = Tsiysur” - (3.122)

Since the front left sliding mass and the front left suspension make exactly the

same rotation, Tspr1/1 is an identity matrix; which follows

Twriysmr = Ts1ysmrTwi/smi (3.123)
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Writing for the other quarters using Equations (3.119), (3.120) and (3.121),

Twio/smr = TsiysmrTwie sz, (3.124)
Twis/smr = Tsi/smrTw ks siss (3.125)
Twrasmr = TsyysmrTwiassma- (3.126)

Remembering Equation (A.10) again,

Tsyrywir = Twrysms” (3.127)
Tsvrywiz = Twieysmr’ (3.128)
Tsmrwis = Twisysur” (3.129)
Tsarrywia = Twicasmr” - (3.130)

Now that the transformation matrices are found, all of the required vector trans-



formations are written as

Fsniysi,

Fsmiys,

Fsnrysi,
Fsyp/eat,

Fsnr/eat,

Fsmippat,

Msniry s,

M
SML/S1,

Msnryst,
WsmL,
Wsnr,

Wsnr.,

PE1,,
PE1,,
| PE1:, |
VBl

VELy,

VE1.,

USMLgg,
USMLyg,

USML.g,

AF1.,

By,

api,,

ASM Ly g,

ASM Ly,

ASML.g,

Fsmrys,,
= TWKl/SML FSML/Slyl
Fsmrysi,,

Fsyp/gat,
S1

= Ts1/smL FSML/E‘mtySl

Fsymr/par,
Msnrsi,,
= TWKl/SML MSML/Sly1

Msnz/s,,

Wsmr,,
:T51/SML WSMLy81 5

Wsmr.g,

PE1,

=Tsmrwri |pe, | -

PE1,

VE1,

=Tsmrwki |ve, |

VE1,

USML,
:TSML/Sl USMLy 5

VsML,

agi,
=Tsmrywki |ag, | >

ap1,

ASML,
=Tsmr/s1 |asmr, | -

asML,

o1

(3.131)

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

Here, it should be noted that Equations (3.131), (3.133), (3.135), (3.136) and (3.138)
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are valid only for the front left quarter of the vehicle. The vector transformations

belonging to the other quarters can be obtained by changing the subscripts.

3.3.4.14. Inputs. According to the definition of ¢,

01 = qi0s. (3.140)

If the previous equations are scanned, it is seen that §; and d; have to be found also.
This is basically done by taking the derivative of Equation (3.140), and the results are

as the following:

o = @105 (3.141)

0 = @105 (3.142)

These three equations are valid only for the front left quarter of the vehicle. The

equations belonging to the other quarters can be obtained by changing the subscripts.

By looking at Equations (3.140) - (3.142), it is concluded that dg, dg and dg have
to be obtained. This can be accomplished in two ways: Derivation of dg or integration
of dg. In simulations, it is good to avoid derivation. Therefore, integration of dg is
preferred, meaning that dg¢ and 55 are calculated using (55 The construction of 55

signal involves elementary calculus, so it is not explained here.

3.3.4.15. Outputs. Fwi/r.,, Fwosr.,, Fws/r.,, Fwasr.,» Fsmr/pat, o, s Vsmr

z51’?

asMmrL,g, > 0s, B; ¢, 0, ¢ and 1 are selected as the outputs. Except the side-slip angle,
G, all of these variables can be directly taken out of the model. The side-slip angle is

found as

0 = atan2 (USMLysl’USMLZSl) ) (3.143)
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3.4. Modeling in Simulink

Since the simulation of the vehicle is about the case in which the vehicle moves,
equations in Section 3.3.4 are used to prepare the model. The details about the equa-
tions are covered in Section 3.3.4, so they are not discussed again. Beyond equations,
there are some facts which have to be considered while preparing the model. In this

section, these facts are explained.

While preparing the model in Simulink, grouping the blocks makes it easy to
handle the whole model. Of course, grouping is done according to the specifications of
the equations. The primary groups are set according to the grouping done in Section
3.3.4. “Road - Wheels”, “Suspensions”, “External Force” and “Inputs” are some ex-
amples for the primary groups. Grouping in the secondary level is done according to
the types of the equations. “Force Balance Equations”, “Moment Balance Equations”

and “Kinematic Relations” are some examples for the secondary groups.

According to Section 3.3.4.1, Magic Formula, which is the tyre model used, re-
ceives the vertical components of the forces on wheels as inputs. The horizontal com-
ponents of the forces on wheels, on the other hand, are returned as outputs. This
fact makes it necessary to make a distinction between the components of the forces on
wheels. As the result, signals belonging to vertical and horizontal components flow in
opposite directions in the model. This is a fact which has to be kept in mind while

working with the model.

As a result of the nature of the relation between the road and the wheels, the
vertical components of the forces on the wheels from the road can not be in the down-
ward direction. Therefore, the nonlinear model is modified so that if one of the vertical

components is downward, the simulation stops.

As stated before, the model involves nonlinearities which are due to the suspen-
sions and the interaction between road and wheels. These nonlinearities are integrated

into the model by means of lookup tables. Using lookup tables is the best choice be-
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cause their negative effect on the performance of the model is small. The data for
lookup tables are prepared before simulation. During simulation, lookup tables use the

data to return results; and the results are used in other equations in the model.

Different maneuver types are included in the nonlinear model as input. They
are namely “step”, “cornering”, “lane change”, “ramp”, “sine wave”’ and “custom”

maneuvers.
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4. SINGLE TRACK MODEL

The Single Track Model is a well-known approach in the vehicle dynamics litera-
ture. The simplicity of the model is a very important advantage. Due to its simplicity,
the simulations run faster and it is very easy to diagnose for incidental mistakes. De-
spite the simplicity of the model, the obtained results do not differ from the results of
a more complicated model too much. In these aspects, this approach is considered to

be useful.

The definitions used in this section differ a bit, therefore they are explained in
detail in the first part. In the second part, assumptions are discussed. Next, the

equations of motion are presented. Finally, modeling in Simulink is discussed.

4.1. Definitions

It is very beneficial to make the definitions before starting to work with the Single
Track Model. The definitions used in the Single Track Model are a little bit different, so
all of them are explained in detail. To make it easier to understand, the definitions are
discussed in the following order: Points, coordinate frames, masses, inertia components,

lengths, velocities, accelerations, angles, angular velocities, forces and other constants.

Point O is a fixed point which is on the road surface. The center of gravity of the
vehicle is represented with point GG. Points F' and R stand for the contact points of
the front and rear wheels with the road, respectively. These points are seen in Figure

4.1 on page 56.

The OXY Z coordinate frame is the fixed or reference coordinate frame. Its origin
is at point O. The X and Y axes are on the road surface. The Z axis points the upward
direction. The Gzyz coordinate frame is attached to the vehicle and its origin is at
point GG. The z, y and 2z axes point the vehicle forward, left and upward directions,

respectively. The Fxpypzrp coordinate frame is attached to the front wheel knuckle
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Figure 4.1. Representation of the points and the coordinate frames used in the Single

Track Model

which means that it does not spin with the front wheel. Its origin is at point F'. The xp
and yr axes point the front wheel forward and left directions, respectively. The zp axis
points the vehicle upward direction. The Rxryrzg coordinate frame is attached to the
rear wheel knuckle which means that it does not spin with the rear wheel. Its origin
is at point R. The zr and yr axes point the rear wheel forward and left directions,
respectively. The zi axis points the vehicle upward direction. These coordinate frames

are seen in Figure 4.1.

m stands for the mass of the vehicle.

I, 1, 1., Iy, I,., I, stand for the inertia components of the vehicle with respect

to the Gzyz coordinate frame. They are calculated according to Section A.4.1.1.

[r stands for the length between the contact point of the front wheel with the
road (point F') and the vehicle center of gravity (point G). lg stands for the length
between the contact point of the rear wheel with the road (point R) and the vehicle

center of gravity (point GG). They are seen in Figure 4.2 on page 57.



Figure 4.2. Representation of the lengths, velocities and angles used in the Single

Track Model (Angles are shown in the positive direction.)

S7
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v stands for the velocity of the vehicle center of gravity (point GG) with respect
to the origin of the fixed coordinate frame (point O). vp stands for the velocity of the
contact point of the front wheel with the road (point F') with respect to the origin of
the fixed coordinate frame (point O). vg stands for the velocity of the contact point of
the rear wheel with the road (point R) with respect to the origin of the fixed coordinate
frame (point O). They are seen in Figure 4.2 on page 57.

ag stands for the acceleration of the vehicle center of gravity (point G) with

respect to the origin of the fixed coordinate frame (point O).

1 stands for the yaw angle which is measured with respect to the X axis. A
positive value means that the vehicle corners to the left whereas a negative value means
that the vehicle corners to the right. dr stands for the front wheel steering angle which
is measured with respect to the x axis. A positive value means that the wheel is turned
to the left whereas a negative value means that the wheel is turned to the right. dg
stands for the rear wheel steering angle which is measured with respect to the z axis.
A positive value means that the wheel is turned to the left whereas a negative value
means that the wheel is turned to the right. § stands for the side-slip angle which is
measured with respect to the x axis. A positive value represents a counter-clockwise
direction whereas a negative value represents a clockwise direction. ap stands for the
front wheel side-slip angle which is measured with respect to the xr axis. A positive
value represents a clockwise direction whereas a negative value represents a counter-
clockwise direction. apr stands for the rear wheel side-slip angle which is measured
with respect to the xr axis. A positive value represents a clockwise direction whereas
a negative value represents a counter-clockwise direction. These angles are seen in
Figure 4.2 on page 57. In addition, dg stands for the steering wheel angle. A positive
value means that the vehicle corners to the left whereas a negative value means that

the vehicle corners to the right.

w stands for the angular velocity of the vehicle with respect to the OXY Z coordi-
nate frame. According to the assumptions, the only component of the angular velocity

of the vehicle is the yaw rate ¢ which is shown in Figure 4.3 on page 59.
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Figure 4.3. Top view of the Single Track Model while performing yaw

Fr and Fg stand for the forces on the front and rear wheels from the road,

respectively. W represents the weight of the vehicle.

cr and cgr stand for the linear tire stiffness parameters of the front and rear
wheels, respectively. They are positive quantities. gr and qg stand for the front and

rear steering coefficient, respectively. They are positive quantities.
4.2. Assumptions
Assumptions are treated in two parts: Starting assumptions and internal assump-
tions. It is very important to note that there is no functional difference between these
two groups of assumptions. This classification is done only to emphasize that some
assumptions are made when necessary (internal assumptions) while others are made
before starting to work with the equations (starting assumptions).

4.2.1. Starting Assumptions

Assumption 4.1. The road is flat and even.
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Assumption 4.2. Initially, the vehicle moves along the X axis in a straight and stable

manner.

Assumption 4.3. There is no drag force applied on the vehicle. As a result of this

assumption, wind effects are also neglected.

Assumption 4.4. No moments are applied on the wheels from the road.
Assumption 4.5. Vehicle center of gravity (point G) is on the road level.
Assumption 4.6. The vehicle does not perform roll and pitch.
Assumption 4.7. The inertia components I, and I, are equal to zero.

Assumption 4.8. The wheel longitudinal axis components of the forces, which are ap-

plied on the wheels from the road, are zero.

Assumption 4.9. The wheel lateral axis components of the forces, which are applied on

the wheels from the road, are proportional to the wheel side-slip angles.

4.2.2. Internal Assumptions

Assumption 4.10. Side-slip angle is small.

Assumption 4.11. Front wheel side-slip angle is small.

Assumption 4.12. Rear wheel side-slip angle is small.

Assumption 4.13. Front wheel steering angle is small.

Assumption 4.14. Rear wheel steering angle is small.

Assumption 4.15. The vehicle longitudinal axis component of the velocity is constant.

Assumption 4.16. The vehicle does not perform bounce.

4.3. Equations of Motion

The derivation of the equations of motion of the Single Track Model is explained
in detail in Section C. Therefore, details of the derivation are not discussed again in

this section. The necessary equations are selected from Section C and included here.
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The main subject of this study is the estimation of the side-slip angle ( using
the yaw rate w So, in the state-space description, the state variables are § and w In
addition, the vehicle in concern is front steered. Equation (C.62) describes this case.

Rewriting this equation yields

__CrHCRr crlr—crlp 1 93
. p)
T = MG MYGg T+ | ™% | u (4.1)
crlp—crlp _ crlp’®+cplp? crlp
I, IZ'UG;); I,
where
x=|. (4.2)
and

If the output is selected as the side-slip angle 3, it is represented with the equation

y = [1 ()] x. (4.4)

If it is selected as the yaw rate zﬁ, it is represented with the equation

y= [O 1] . (4.5)

4.4. Modeling in Simulink

To be able to obtain results, a Simulink model is created using the equations of
motion of the Single Track Model. In addition to the equations of motion, some other
facts have to be discussed to be able to create the model. In this section, these facts

are explained.
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Since the Simulink model involves integration blocks, the initial conditions of
some of the variables have to be known. Assumption 4.2 is adequate to determine the

initial conditions as the following:

55 =0 (4.6)
bs =0 (4.7)
5 =0 (4.8)
f= (4.9)
Y = (4.10)
) = (4.11)

In Section 4.3, the equations of motion for the front steered case are represented.
However, the front and rear steered case is used in the Simulink model. This is done
because the model is easily converted to the front steered case by setting the rear

steering coefficient to zero.

To make the model more realistic, the input is introduced to the model in terms of
the steering wheel angle. Because of that, the relation between the steering wheel angle

and the wheel steering angles has to be defined. This is easily done as the following;:

OF = 0sqr (4.12)

5R = 5SQR (413)

Also, different maneuver types are included in the model as input. They are namely

“step”, “cornering”, “lane change”, “ramp”, “sine wave” and “custom” maneuvers.
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5. PARAMETER VALUES OF THE NONLINEAR MODEL

In this section, parameter values of the vehicle, which is used with the nonlinear
model, are set. Vehicle data are provided in terms of MSC Adams/Car data. Results
of a simulation, which is done under certain conditions using MSC Adams/Car, are
also provided. However, some of the parameter values have to be set again because the
nonlinear model and MSC Adams/Car do not behave exactly same. Here, the aim is
to make the simulation results as close as possible by changing some of the parameter

values. Obviously, this involves a lot of trials.

First, conditions which are set while obtaining the provided simulation results
have to be known. The only loads on the vehicle are the two front passengers and
the fuel. By looking at the provided graphs, it is seen that the longitudinal velocity
is 59.841 km/h when the maneuvering starts. This is seen in Figure 5.7 on page 68.
By looking at this figure, it is also concluded that the longitudinal velocity is not kept
constant. Therefore, the constants of the PI controller (C; and Cp) are set to zero in
the nonlinear model. The information about the steering is also important. The type
of the steering input is step. Initially, the steering wheel angle is zero degrees. When
the simulation time is two seconds, the steering wheel angle is changed to 45° in 0.2 s.

This is also seen in Figure 5.1 on page 64.

Next, it is necessary to discuss which parameter values are changed to make
the simulation results similar. Primary parameters such as masses, inertias, positions,
suspension parameters and tyre parameters are not used in this work. The selected
parameters are hi, ho, hs, hg, [, N1, no, n3 and ny. The values of these parameters are

changed and the simulation results are investigated.

Before making trials and trying to fit the results, the effects of parameter vari-
ations on the results have to be studied. If the effects are known, it becomes easier
to select the parameter value to be changed; saving a lot of time. Here, each param-

eter value is changed and the changes in the simulation results are compared. The
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Figure 5.1. The steering wheel input

details are not explained because a lot of trials are done and representing them here
is impossible. Among the selected parameters, [ seems to be the most dominant one.
The lateral acceleration, side-slip angle and yaw rate curves are mostly affected by the
changes in [. When the vertical forces on wheels are considered, it is seen that changes
in [, ny, no, nz and ny affect the curves in the same amount. When the roll angle is
considered, the domination of ny, no, ng and ny is seen. It is seen that the roll angle

curve is affected mostly by the variations in these parameters.

Analyzing the effects of parameter variations on the results makes it possible to
define a method. First of all, the lateral acceleration, side-slip angle and yaw rate
curves are fitted by varying [. After some trials, the value selected for [ is 3000 mm.

The results are seen in Figures 5.2, 5.3 and 5.4 on pages 65, 65 and 66, respectively.

Then, the roll angle curve is fitted by varying ni, ns, n3 and ny. This is seen in
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Figure 5.5 on page 66. The selected value for these parameters is -280 mm.

Finally, the minor changes are obtained by varying hy, hs, hs and hy. The value
of these parameters is 320 mm. The curves of vertical forces on wheels and longitudinal

velocity are included too. They are seen in Figure 5.6 and in Figure 5.7 on page 68.
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Figure 5.6. Curves of the vertical forces on wheels obtained from the nonlinear model

Because of the structural differences between the nonlinear model and the MSC
Adams/Car software, exact fit of the curves is not possible. However, the results are
satisfactory. The shifts in the curves of the vertical forces are due to the difference in
load distribution. The distribution of the load on the front and rear wheels is dependent
on the parameters, especially [. Since the parameter values show differences, the shifts
are expected. Both curves representing the side-slip angles do not reach steady-states

until the simulations end. This is due to the decreasing longitudinal velocity of the

vehicle.

and the provided results
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6. PARAMETER VALUES OF THE SINGLE TRACK
MODEL

Previously, the parameter values of the vehicle, which is used with the nonlinear
model, are set. In this section, a set of parameter values is found for the vehicle which
is used with the Single Track Model. The parameter values have to be set so that
the nonlinear model and the Single Track Model generate similar outputs for the same
inputs. For this purpose, a constrained nonlinear optimization algorithm is used and
the parameter values for the Single Track Model are obtained. Then, the responses of
the two models are compared by means of bode plots. Finally, the models are fed with

the same inputs and their outputs are compared.

In the Single Track Model, it is assumed that the vehicle longitudinal axis com-
ponent of the velocity is constant. The behavior of the nonlinear model has to be
similar. To provide this, the constants of the PI controller have to be set in the nonlin-
ear model. After a number of trials, it is found that 300000 N/m and 13000 Ns/m are
appropriate values for C7 and Cp, respectively. Also, the longitudinal velocity is set
to 60 km/h in both of the models. It is also necessary to remind the loading condition
of the vehicle which is used in the nonlinear model. The only loads on that vehicle
are the two front passengers and the fuel. Since the Single Track Model is used in this

section, the definitions made in Section 4 are also valid here.

The state-space description of the Single Track Model is as the following:

t = Ax + Bu (6.1)

y=Cz+ Du (6.2)
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Here, it is beneficial to remind that

r = 6 : (6.3)
G

The side-slip angle 3 and the yaw rate ¢ are outputs for both of the models. Therefore,

the output is set as

B
y= . (6.5)
(0
by setting
10
C = (6.6)
0 1
and
D=0 (6.7)

Before using the constrained nonlinear optimization algorithm, the nonlinear
model has to be put in the state-space form. To do this, the “linmod” function of
MATLAB is used. This function extracts continuous or discrete-time linear state-space
model of a system around the operating point. The “linmod” function is executed us-
ing the nonlinear model and the matrices A, B, C' and D are obtained for the nonlinear
model. In addition, it is necessary to check the stability of the obtained state-space
model. For this purpose, the eigenvalues of the matrix A are investigated. As the
result, it is seen that all of the eigenvalues have negative real parts which means that

the stability criterion is satisfied.

Now that both of the models are in the state-space form, it is possible to find the
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parameter values of the vehicle which is used with the Single Track Model. The values
of the parameters vg,, m, 1., cp, cg, lp and [z have to be found in order to define the
Single Track Model completely. The distance between points F' and R is set to three

m, that is
lp+1gr=23. (68)
Also, it is assumed that
Cp = CR. (69)
For the constrained nonlinear optimization algorithm, the initial values of the remaining
parameters have to be supplied. This is done by looking at the parameter values of the
vehicle which is used with the nonlinear model. The initial values of the parameters

are set as the following:

ve, = 16.6667

m = 1432.6

(6.10)

(6.11)

I, = 2100 (6.12)
cp = 94000 (6.13)
(6.14)

lp =1.0679
The optimization returns the following values for these parameters:

Vg, = 16.76

m = 903.84

(6.15)

(6.16)

I, = 2103.08 (6.17)
cr = 94007.99 (6.18)
(6.19)

lp =131
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Simply,

Ip = 1.69, (6.20)
cr = 94007.99. (6.21)

It is also required to check the values of the eigenvalues of the matrix A to see if the
system, which is found for the Single Track Model, is stable. All of the eigenvalues

have negative real parts which means that the stability criterion is satisfied.

Looking at the bode plots of the obtained systems is useful because bode plots
show how systems behave. Bode plots are generated for both of the models in a
longitudinal velocity range from 10 km/h to 150 km/h with 10 km/h increments.
However, all of the results are not shown here. In the figures, the first output is the
side-slip angle 8 and the second output is the yaw rate ¢. Figure 6.1 on page 73 shows
the bode plots for a longitudinal velocity of 30 km/h. The systems show a little bit of
difference in this figure, but this difference is acceptable. Figure 6.2 on page 74 shows
the bode plots for a longitudinal velocity of 60 km/h. It is not surprising that the bode
plots are very close to each other at 60 km/h. The nonlinear model is linearized at the
longitudinal velocity of 60 km/h. Therefore, this condition gives the best result, as it is
seen in the figure. Figure 6.3 on page 75 shows the bode plots for a longitudinal velocity
of 90 km/h. Again, the bode plots are not coincident. As the longitudinal velocity
increases starting from 60 km/h, it is expected that the bode plots separate from each
other. Even if the bode plots are not coincident at different longitudinal velocities, it
is seen that they are very close to each other at each case. This shows that the values

of vehicle parameters used in the Single Track Model are selected correctly.

Also, the bode plots for the nonlinear model and the Single Track Model, which
are obtained as the longitudinal velocity changes from 10 km/h to 150 km/h with 10
km/h increments, are included. Figure 6.4 on page 76 and Figure 6.5 on page 77 show
these bode plots. By analyzing the similarity of these figures, it is concluded that the
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Figure 6.1. The bode plots of the nonlinear model and the Single Track Model at a
longitudinal velocity of 30 km/h (The first output is the side-slip angle § and the

second output is the yaw rate 1).)
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values of vehicle parameters used in the Single Track Model are selected correctly.

To further investigate the behaviors of the models, they are simulated with the
same steering wheel inputs. The longitudinal velocity is 60 km/h in all of the sim-
ulations. In the first set of simulations, steering wheel input is a sine wave with an
amplitude of 45° and a period of 2.2 s, which is also seen in Figure 6.6. The results of
the simulations are seen in Figure 6.7 and 6.8 on page 79. As seen in these two figures,

the side-slip angle and the yaw rate curves are very similar.

50 T . . .

Steering Wheel Angle)
o

— NLM

— — ~STM

-50 i i i T
0 2 4 6 8 10

Time (s)

Figure 6.6. The sine wave steering wheel input for the nonlinear model and the Single

Track Model

In the second set of simulations, steering wheel input is a step input. The steering
wheel angle increases to 45° in 0.2 s, which is also seen in Figure 6.9 on page 80. The
results of the simulations are seen in Figure 6.10 on page 80 and in Figure 6.11 on page
81. Side-slip angle curves show slight difference, but this difference is acceptable. On

the other hand, the yaw rate curves are very close to each other.
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7. ESTIMATOR DESIGN BASED ON THE SINGLE
TRACK MODEL

Estimation can be summarized as guessing a signal by using another measured
signal. A basic estimation scheme is seen in Figure 7.1. In this figure, the dynamic
system G is fed by the input w. z is the output to be estimated and y is the measured
output. The estimator E outputs the estimated value zgg. e stands for the error and

it is the difference between the real and the estimated values; namely z and zgg.

Y E ZEst

Figure 7.1. A basic estimation scheme

Here, it should be noted that the real output z does not exist in real-life applica-
tions because it can not be measured. As a result of that, e can not be calculated in
real-life applications. At this point, a question may arise about the existence of these
two signals in Figure 7.1. During the design stage, the internal dynamics of the system
(G is known; this information is necessary to be able to design the estimator. Therefore
the two outputs of the system and thus the error can be obtained. However, in real-life
applications, the internal dynamics of the system is not known. In this case, the only
data is the measured output y. Using this measurement and the designed estimator

E, the estimated output zg, is found.

In the case of this study, the estimation of the side-slip angle (3 is done. It is
considered that the yaw rate ¢ is measured with a sensor. The estimation is done by
using this measurement. As stated before, the longitudinal velocity of the vehicle is
assumed to be constant. Therefore, the only remaining input to the system is the front
wheel steering angle which is designated with 0. Figure 7.2 on page 83 is obtained by

changing the notations in Figure 7.1.
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Figure 7.2. A basic estimation scheme with modified parameters

Here, of course, the right choice of the estimator F is very important. It has to
perform as desired for the specified conditions. More specifically, the error e has to be
less than the defined value. This is done by minimizing the effect of the input on the

error, which is explained in detail later.

The parameters, which are involved in a system, play an important role in defining
the system behavior for some given input. The estimator is designed according to a
set of parameters, and it is expected to perform well when the values of some of these
parameters change. The fact that some of the parameter values can change means
that the system is “uncertain”. If the system is uncertain, the uncertain terms has to
be taken out and represented separately before starting to design the estimator. This

process is called the “linear fractional transformation (LFT)”.

The parameters, which are considered to be uncertain, have to be selected first.
This is done by changing the parameter values in the same amounts and running tests.
After that, the outputs are compared. If the system is more sensitive to a parameter, it
is expected that the outputs change more when the value of that parameter is changed.
Obviously, the system is more sensitive to the parameters which are considered to be
uncertain. By looking at the sensitivity of the system, these parameters are selected.
This has to be done before the uncertainty analysis, so the sensitivity analysis is done

in the first part of this section.

After the sensitivity analysis, the uncertainty analysis takes place. The second

part of this section is devoted to the uncertainty analysis.

Looking at Figure 7.2, one can easily observe that the only disturbance to the
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system is the front wheel steering angle 0. Clearly, a variation in its value affects the
whole system. This is why the estimator is designed considering the input, in this case
the front wheel steering angle. The estimator is designed so that it performs well in
any condition. If the conditions can be limited, it is clear that the estimator performs
better. Limiting the input provides better functioning of the estimator. This is done
by adding a “weighing function” so that the input is filtered. This process is the third

part of this section.

The system is put into the LFT form and fine-tuned via a weighing function. In
other words, the pre-work is done and the system is finally ready to be used in the
estimator design. Therefore, the last part of this section is devoted to estimator design.

The robust estimator design is done onto an uncertain plant using static multipliers.

7.1. Sensitivity Analysis

The first step of robust estimator design involves the analysis of model sensitiv-
ities to variations in parameter values. If the parameters, to which a system is most
sensitive, are known, the uncertainties related to these parameters can be taken out of
the equations of the system. In this section, the aim is to determine these parameters.
To do this, the effects of the parameter value variations on the outputs have to be
known. This analysis is done for both the nonlinear model and the Single Track Model
using the methodology in [17]. The methodology is not discussed in detail, however it
is summarized as the following: First, the model is simulated with the actual inputs
and parameters while recording the output values at each time step. Then, one of the
parameters is selected and its value is changed. The model is simulated again while
recording the output values at each time step. Next, for each time step, the differences
of the outputs are calculated. Then, the absolute values of the differences are found
and summed up, returning the total absolute errors for each output. Total absolute
errors show how sensitive the model is to the changes in the value of the selected pa-
rameter. The same process is applied for other parameters too. Here, it is necessary to
remind that only one parameter value is changed at a time. Finally, the total absolute

errors are compared and the parameters, to which the model is most sensitive, are
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determined.

As stated before, the analysis is done for both of the models, namely the nonlinear
model and the Single Track Model. Some of the facts are valid for both of the models
and discussing these facts is necessary. The outputs, which are analyzed, are selected
as the side-slip angle § and the yaw rate w Both of the models are simulated at
longitudinal velocities of 20, 40, 60 and 80 km/h. Always a step steering wheel input is
applied. The steering wheel angle increases to 45° in 0.2 s. All of the selected parameter

values are changed from -25 per cent to 25 per cent with five per cent increments.

The selected parameters for the nonlinear model are pgyu/p,, Msmu, Ismu, and
vsmriy- The longitudinal velocity has to be kept constant in simulations, so C; and
Cp are set to 300000 N/m and 13000 Ns/m, respectively. Vehicle parameter values are
determined in Section 5 and these values are used in the simulations. Also, the loading
condition of the vehicle has to be determined. The only loads on the vehicle are the
two front passengers and the fuel. Here, it is not possible to represent all of the total
absolute error graphs obtained for the nonlinear model. Therefore, only the results of
the simulation with the longitudinal velocity of 60 km/h are included. These results

are seen in Figures 7.3 and 7.4 on page 86.

The selected parameters for the Single Track Model are lg, lg, m, I, cp, cg and
vg,. The definitions of these parameters can be found in Section 4. Vehicle parameter
values are determined in Section 6 and these values are used in the simulations. Here,
it is not possible to represent all of the total absolute error graphs obtained for the
Single Track Model. Therefore, only the results of the simulation with the longitudinal
velocity of 60 km/h are included. These results are seen in Figures 7.5 and 7.6 on page

87.

After studying the total absolute error graphs obtained for the nonlinear model
and the Single Track Model, it is seen that both of the models are most sensitive to the
changes in the values of longitudinal velocities. Accordingly, the longitudinal velocity

is chosen as the uncertain parameter. To confirm this choice, bode plots of both of the
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models are also analyzed as an additional work. The bode plots are generated while
the values of the selected parameters are changed. Here, only some of the bode plots
are shown in Figures 7.7 - 7.14 on pages 89 - 96. Looking at these bode plots, it is
concluded that the largest change is obtained when the longitudinal velocity is varied.
Accordingly, the selection of the longitudinal velocity as the uncertain parameter is

confirmed.
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Figure 7.7. Bode plots of the nonlinear model as pgsyu/p, is changed at a longitudinal
velocity of 60 km/h (The first output is the side-slip angle  and the second output is
the yaw rate 1.)



90

O 1 1 1
=
5 -20
o)
5
= —40F
o)
3 90
o =
>
8 5 o0
a5
R
S -9
2 50
3
g 5
s O O0f
o
|_
-50
0
S
5
O -45
-
|_
-9
10°

Frequency (rad/sec)

Figure 7.8. Bode plots of the nonlinear model as mgj; is changed at a longitudinal
velocity of 60 km/h (The first output is the side-slip angle  and the second output is
the yaw rate 1.)



91

O 1 1 1
=
5 —20f
o)
5
= —40F
o)
3 90
o =
>
8 5 o0
a5
R
S -9
2 50
3
g 5
s O O0f
o
|_
-50
0
S
5
O -45
-
|_
-9
10°

Frequency (rad/sec)
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Figure 7.10. Bode plots of the nonlinear model as vgy/r;, is changed at a longitudinal
velocity of 60 km/h (The first output is the side-slip angle § and the second output is
the yaw rate 1.)
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Figure 7.11. Bode plots of the Single Track Model as m is changed at a longitudinal
velocity of 60 km/h (The first output is the side-slip angle  and the second output is
the yaw rate 1.)
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Figure 7.12. Bode plots of the Single Track Model as I, is changed at a longitudinal
velocity of 60 km/h (The first output is the side-slip angle  and the second output is
the yaw rate 1.)
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Figure 7.13. Bode plots of the Single Track Model as cg is changed at a longitudinal
velocity of 60 km/h (The first output is the side-slip angle  and the second output is
the yaw rate 1.)
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7.2. Uncertainty Analysis

From now on, the Single Track Model is used to design the estimator. As stated
before, the estimator is designed based on the Single Track Model, and then it is used
with the nonlinear model to analyze its performance. After the sensitivity analysis,
the next step is the uncertainty analysis which is done in this section. At the end of
this section, the uncertain parameters are represented separately which makes it easier

to deal with them in the following steps.

This section is divided into three parts. The first part deals with the initial
system where the system is explained in detail. In the second part, the uncertainty
due to the longitudinal component of the velocity is taken out. Finally in the third

part, the obtained plant is normalized.

7.2.1. The Initial System

Any system can be represented in the state-space form as

i = Az + Buw, (7.1)

y = Cx + Duw. (7.2)

where w, x and y stand for the input, state and output vectors of the system. The
sizes of these vectors are dependent on the system itself. In the case of this study,
estimation of a parameter is done by using another parameter. This clearly explains
why there have to be two outputs of the system. This means that vector y is made up

of two scalars. The state-space representation of the system is then rewritten as

& = Az + Bw, (7.3)
y1 = Ciz + Dyw, (7.4)

Y2 = Cox + Dow. (7.5)
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For the sake of simplicity, the above equation set is written as the following:

i = Az + Bw (7.6)
y = Cyx + Dyw (7.7)
z2=Cyx+ D,w (7.8)

Finally, the system is represented as the following:

& = Ax + Bw (7.9)
C D

o es [ w (7.10)
z C, D,

The block representation of the initial system is seen in Figure 7.15 where

(7.11)

Figure 7.15. The block representation of the initial system

It is necessary to define the inputs, states and outputs of the system. As stated
before, the Single Track Model with only front steering is used in this study. Therefore,
the only input to the system is the front wheel steering angle. Accordingly,
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The state vector is defined as

z = . (7.13)

The outputs of the system are the side-slip angle and the yaw rate; which means that

y =1, (7.14)
2= 8. (7.15)

Using these definitions, the system reduces to

& = Az + Bw, (7.16)

y = Cyz, (7.17)

z=Cx (7.18)
where

C, = [o 1] : (7.19)

C, = [1 o] : (7.20)

It is stated that the Single Track Model with only front steering is used in this study.

Considering this fact, the system is written as

_CF+CR CRlR—CFlF _ 1 CF
. 2 —
T = MG MG r+ | "% | w, (7.21)
crlp—crlp _ crlp’+cplp? crlp
T. g, I
y=[o0 1]= (7.22)

z:b_ﬂx. (7.23)
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7.2.2. Pulling Out the Uncertainty

When a system is considered, representing the uncertainties separately is benefi-
cial during the estimator construction stage. As stated before, the uncertainty due to
the longitudinal component of the velocity is taken out of the system.

The starting equation is

t = Ax 4+ Bw. (7.24)

The term vg, is considered to be uncertain. Therefore, it is thought to change around

a value vy, which can also be written as

va, = v+ 6. (7.25)

After the necessary calculations, the following set of equations is found:

&= Az + Byp + Byw (7.26)
q = Cyx + Dgpp + Dygyyw (7.27)
p=Aq (7.28)
A =01 (7.29)
Including the outputs,
&= Az + Byp+ Byw, (7.30)
q = Cqx + Dygpp + Dygww, (7.31)
y=Cyz, (7.32)
z = Clx, (7.33)
p=Ag, (7.34)
A=l (7.35)



The above equation set is put into the common form as

where

These equations can be put into a more compact form as

&= Az + B,p+ Byw,
q = Cyx + Dypp + Dy,
y = Cyx + Dypp + Dy,

2 =Cx+ D,p+ D,w,

p = Ag,

A =61
Dyp =0,
Dy, =0,
D., =0,
D.,=0

i=Av+ (B, B |"]

w
Cq qu qu
= |Cy| v+ | Dy, Dy
Cz sz Dzw
= Ag,
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(7.46)

(7.47)

(7.48)
(7.49)



or, equivalently,

A B, B,
¢ _ Cqy | Dyp Dy P
8 Cy| Dy Dyw w|’
1 lelp, pa
p:A-Q7 -
A =901

Cq qu qu
Guls) = |¢,| (1= )" [B, B.|+ |Dy Dy
Oz sz Dy
and
A =01,
A
» g

G, |y
w 2
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(7.50)

(7.51)
(7.52)

(7.53)

(7.54)

Figure 7.16. The block representation of the system with the uncertainty taken out



7.2.3. Normalization
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It is better to change the value of § between zero and one during the uncertainty

analysis. Therefore, normalization should be done.
Firstly, ¢ is written as
0 =v"d".
Using Equations (7.25), (7.29) and (7.55),

* ok
UGI:U0+U67

A =0v"0"1.
The relation between p and ¢ is rewritten as

p=A»7g
=v"0"1q
=01 v'q
N~
An dn

= AnQn-
The application of these equations to the plant results in

i = A'z + B,p + Byw,
qn = V"Cox +v"Dypp + v* Dyw,
y = Cyx + Dypp + Dy,
2 =Cx+ D,p+ D,,w,
p = Angn,
A, =0"1.

(7.55)

(7.56)
(7.57)

(7.584)
(7.58b)
(7.58¢)

(7.58d)
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This equation set is written in a more compact form as

r=Ar+ -Bp B, : (7.65)
- w
In v*C, V*Dgp U Dy,
p
yl=1Cy |2+ | Dy Dy , (7.66)
w
V4 Cz sz Dzw
b= Aan (767)
A, =01 (7.68)

or, equivalently,

v*C, | v*D,, v*D,,
y| = ! " » 7] (7.69)

p= A-nQna (770)
A, = o*1. (7.71)

The block representation of the system is seen in Figure 7.17 on page 105 where

v*C, V*Dyp V" Dy,
Gu(s)=| €, | (I=A)"|B, B+ | D, D, (7.72)
Cz sz Dzw

and

A, =61, (7.73)
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Figure 7.17. The block representation of the normalized system with the uncertainty

taken out
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As the final representation of the system is obtained, it is appropriate to write

the matrices explicitly. The matrices involved are as the following:

_Llcepter 1 crlp—crlr _ |
A/ _ vg m 02 m ‘
crlr—crlp 1 crlp®tcplp? (7 74)
L IZ Vo Iz
_1 0 1 crlp—crlp
B, = oo (7.75)
0 1 0
(1 cr
B,=|"" (7.76)
crlr
L IZ
[ 1 crten 1 crlr—caln
2 m o3 m
Co=| 0  Jyerletenln (7.77)
| 0 —
Cy = [0 1] (7.78)
C, = [1 0] (7.79)
_ 1 O LCFIF_CRlR
vg 02 m
Dgyp=10 —% 0 (7.80)
0 0 1
)
Dy, = [0 0 O] (7.81)
_ 1 cr
v92 Mm
0
Dy =0 (7.84)
Do =0 (7.85)
o 0 0
Ap=10 6 0 (7.86)
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7.3. Frequency Weighing

The system shown in Figure 7.17 on page 105 is actually ready for estimator
construction. However, another additional step is essential to improve the performance

of the estimator. This step is the addition of a weighing function.

A weighing function basically modifies the input, commonly by means of filters.
This provides the elimination of the undesired signals. Frequency weighing is the
elimination of signals according to their frequencies. The well-known analog filters,
which are used in frequency weighing, are the low-pass, band-pass and high-pass filters.
A low-pass filter eliminates the signals which have higher frequencies than the specified
value. A band-pass filter offers passage to the signals which have frequencies between
two specified values. Finally, a high-pass filter eliminates the signals which have lower
frequencies than the specified value. Figure 7.18 illustrates the responses of a low-pass,

band-pass and high-pass filter, respectively.

‘W|dB ’W‘dB |W’dB

w w
" - logw < logw

Figure 7.18. The responses of a low-pass, band-pass and high-pass filter, respectively

In the case of Figure 7.17 on page 105, the only input to the system is the front
wheel steering angle which is designated with w. This means that the system response
is totally dependent on the value of the front wheel steering angle. Therefore, limiting
the input in the frequency aspect constraints the system. Accordingly, the estimator is
constructed using a constrained system. As the result, the estimator performs better,

which turns out to be an important fact.

As stated before, the aim is to filter the input signal. There are two reasons for
doing that. The first reason is eliminating the unwanted noise, if there is any. The

second reason is eliminating the frequencies which are impossible to be achieved in real
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life. In both cases, the higher frequencies are undesired, so a low-pass filter is used.
To limit the input, the weighing function has to be placed just after the input signal.
Figure 7.19 shows the system after the weighing function W is added.

p an

Figure 7.19. The block representation of the normalized system with the uncertainty

taken out and the weighing function added

It is easily seen that the dashed block represents a system with the same inputs
and outputs as GG,,. If the state-space description for the dashed block is determined,
the estimator can be constructed. However, the dashed block includes the weighing
function which shows nonlinear characteristics. Accordingly, the state-space descrip-
tion for the dashed block can be found using a computational tool. The “linmod”

function of MATLAB is used for this purpose.

The “linmod” function returns the state-space matrices of the system. Figure

7.20 on page 109 shows the system after the use of the “linmod” function where

qu qup quw
Gw (S) = Cwy (SI - Aw)_l |:Bwp wa:| + Dwyp Dwyw (787)
Cu2 Dwzp Dy



and

A, =61,
An
p I
Gy Y
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(7.88)

Figure 7.20. The block representation of the system after the use of the “linmod”

function

During estimator construction, this system is often used. Therefore, the following

changes in the names of the parameters and variables are done for the sake of simplicity.

The parameters and variables of the newly obtained system are not to be confused with

the previous ones, even if they are the same. Figure 7.21 on page 110 shows the final

representation of the system where

Oq qu qu
G(s)=|C,| (sl —A)" [Bp Bw}+ D,, Dy,
Oz sz Dzw
and
A =4I

(7.89)

(7.90)



Figure 7.21. The block representation of the final system

This system can also be represented as

Al B, B, |
! B Cq | Dgyp Dy P
"W le b, Dl lwl|
4 e, b
p=Aq. _
A=l

or, equivalently,

T = Ax + [Bp Bw] P ;
w
q C, Dy Dy
y|l = |Cy| *+ | Dy, Dy P )
z C, D., D., v
p=Aq,
A=901.

110

(7.91)

(7.92)
(7.93)

(7.94)

(7.95)

(7.96)
(7.97)
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Finally, the expanded form is as the following:

& = Az + Byp + B,w (7.98)
q=Cyz + Dygpp + Dgyyw (7.99)
y = Cyx + Dypp + Dyyyw (7.100)
2 =Chx+ D,p+ D,,w (7.101)
p=Agq (7.102)
A =61 (7.103)

As stated before, the analog frequency filter has to be selected with care in order
to design an estimator which has good performance. In this study, the input signal,
which is the front wheel steering angle, is filtered. Therefore, driver behavior has to
be investigated because it is the only fact which affects the front wheel steering angle.
First, it is obvious that driver is not able to steer in the high frequency range, hence
a low-pass filter is used. Next, the cutoff frequency has to be determined. Its value is
selected as 47 rad/s because it is almost impossible to steer with an angular frequency

higher than this value.

7.4. Estimator Design

An introduction to estimation is given at the beginning of Section 7. Here,
however, a more detailed explanation is done. Figure 7.1 is redrawn with the addition
of a dashed block as in Figure 7.22 on page 112. The dashed block T, represents the
transfer function from w to e. Looking at this figure, it is easy to observe that the
error e is affected only by the input w via the transfer function T,.. If the plant is

written as

G
Go

Q
I

(7.104)
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it is easily found that

z = Ghw, (7.105)
y = Gow. (7.106)
Looking at the figure,
Zpst = Ly, (7.107)
e =2+ 2gg. (7.108)

Putting these four equations together, the error is found to be

which can also be written as
e = Tyew. (7.110)
I\ - ---—--—-—-- - - - - - - - - =-==-==-==-==-==-==-="=-—==-=- = - -" - -" - =-==-— - =-” = |
| |
l l
| z |
: + | e
w%—» G :
3 Yy E ZEst 3
| |
| |
l l
Twe

Figure 7.22. A basic estimation scheme

The performance of the estimator is measured according to the error. For accept-
able performance, the error has to be less than a specified value. Hence, the error has
to be minimized somehow. Since the only variable affecting the error is the input, it is
concluded that the effect of the input on the error has to be minimized. This is done

by minimizing the H,, or the Ho-norm of the transfer function T,.. The definitions of
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them are given as

[Tl = 5P & (Tue (jw)) (7.111)
weR
and
2 1 [™ e
|Tuell, = 5- /OO Trace (Toye(jw) Tuwe (jw)) dw. (7.112)

For single-input single-output systems, the H.,-norm is the peak of the corre-
sponding Bode plot. It is also useful to discuss the signal-based interpretation of the

H,-norm. The energy-to-energy interpretation of the H,,-norm is written as

o el
| Towel| . = ST (7.113)

where |le||, and [Jw]||, stand for the energy-norms of the error and input, respectively.

They are defined as

el := /Oooe(t)Te(t) dt (7.114)

and

Jo]? = /Ooow(t)Tw(t) dt. (7.115)

For single-input single-output systems, the Hy-norm is the area under the Bode
plot. It is also useful to discuss the signal-based interpretations of the Ho-norm. The

impulse-to-energy interpretation of the Hy-norm is written as

| Toaell, = D lleslls- (7.116)
=1
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The energy-to-peak interpretation of the Ho-norm is only applicable to single-input

single-output systems. It is written as

lelloo
||Twe||2 :ii%m (7.117)

Finally, the white noise-to-variance interpretation of the Ho-norm is written as

[Toell, = lim B ()7 e (1)) (7.118)

t—o0

If G is an LTI transfer function, H,, and H, estimations can be denoted with
LMIs. Convex optimization problems can be created using LMIs. Briefly, convex
optimization is trying to minimize the output of a function such that the input of the
function is always in a defined set. More specifically, f (x) is to be minimized such
that €S where f is a convex function and S is a convex set. In a convex function,
local minima is equal to the global minima. This means that if a minimum value is
achieved in an interval, it is the minimum value for all of the outputs of the function.
In a convex set, every point on a line, which joins any two points in the set, has to be

an element of the set.

Until here, the uncertainty within the system are ignored. However, they exist
in real-life applications. An estimator, which is designed ignoring the uncertainties,
performs well in the lack of any uncertainty. But when the uncertainties take place,
the error does not diminish. That means that the system is not robust. The aim is
to design an estimator so that the error is kept in an acceptable interval when the
uncertainties take place. As the result, it is beneficial to consider the uncertainties

within the plant. This is referred to as “robust estimation”.

The details of separating the troublesome terms are explained in Section 7.2.2.
Figure 7.21 on page 110 shows a system with the uncertainties collected in A. Also,
Figure 7.23 on page 115 shows the estimation problem when the uncertainties are taken

out. Here, the characterization of A has to be done in terms of IQCs. This is done by
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means of suitable multipliers which are considered in two groups: Static and dynamic
multipliers. Static multipliers do not reflect the dynamics of a system, whereas dynamic

multipliers do. In this study, static multipliers are used.

Figure 7.23. A basic estimation scheme with the uncertainties taken out

As stated before, all of the predictable uncertainties are collected in A. The aim
is to find an estimator such that the H,, or the Ho-norm is minimized for all possible

variations of A.

According to [16], the robust Hy and H..-estimation problems where A is char-
acterized by dynamic IQCs admit LMI solutions. As stated before, LMIs are convex
optimization problems. Therefore, LMIs can be solved using techniques involved in

convex optimization.

By trying to minimize the Ls-gain of the system, an estimator can be found.
Here, it is important to emphasize that this estimator is not the only estimator that

can be found. It is an estimator found using the methodology in [16].

Theorem 7.1 ([16]). There ezists an estimator such that A and Ag are stable if the



LMIs

and

o O O O O N o O
o O O O N O o O
o O O O O O O N~

~

00 0 0 0
I 00 0 0
00 0 0 0
00 0 0 0
0P Q 0 0
0 QT R 0 0
0 0 0 ~'7 0
00 0 0 =9I
0 0 0
I 0 0
ZA 7B, 7B,
XA+ LC, XB,+LD,, XB,+ LD,,
C, Dy Dy
0 I 0
C.+NC, D.,+ND,, D.,+ND,,
0 0 I
X—Z%0

are satisfied. This estimator is then written as

E(S) = CE (SI — AE)_l BE -+ DE‘

<0
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(7.119)

(7.120)

(7.121)
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where

Ap=(XA+LC, - K)(X —2)", (7.122)
Bg =1, (7.123)
Cp=M(X-2)", (7.124)
Dg = —N. (7.125)

It should also be noted that @ is a skew-symmetric matrix and
R=-P. (7.126)

As stated before, the two LMIs in the theorem lead to a convex optimization
problem in matrix variables K, L, M, N, P, ), R, X, Z and ~. In the solution, it is

important to try to keep v as minimum as possible.

The solution thereafter requires computational tools. YALMIP [21] and SeDuMi
[22], which are toolboxes designed for use with MATLAB, are used in the solution of the
convex optimization problem. YALMIP is a parser which can operate in conjunction
with SeDuMi. Its command line interface makes using SeDuMi easier. SeDuMi is the
solver. It is used to solve the convex optimization problem.

“nomi-

Two estimators are designed using the theory above. The first one is the
nal” estimator, which means that uncertainties within the system are neglected. This
estimator is designed using the previously determined parameter values for the Single
Track Model and a longitudinal velocity of 60 km/h. As it is stated before, it is im-

portant to keep 7 as minimum as possible. The solution of the convex optimization

problem for the nominal estimator returns a value of 3.18 - 107 for 4. The matrices,



which make up the estimator, are found

—2.84-102
2.90-103
—1.27-10*
Ap = | -1.0710°
—5.77-10°
—1.34-106

1.39-107

6.21
—1.71-102
1.62:103
Br = | 493102
—1.98-10°
—7.57-10%

2.42.10%

1.35-10

—7.61-102

9.92.103

—9.40-10*

—4.46-10%

—2.84.10°

2.97-106

4.08

—1.28-102

1.50-103

—1.43-10*

—8.14-103

—4.54-10*

4.60-10°

as the following:

3.96-10~1
—1.10-10
1.32-102
—1.35-103
—6.77-102
—4.26-103

4.28-10*

Cp = [—4.16 —8.79-10-1  —1.41-10! —1.32.10—2

Dg = 9311075

2.48-10—2

—6.73-10~1

8.89

—9.42-10

—5.61-10

—2.60-102

2.84-103

—8.06:10~4

4.61-10~4

—1.25-102

1.69-10~1

—1.52

—6.54

—2.12-10

4.94-10

—9.80-10—5
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4.38.1073
—1.19-10~1
1.60
—1.42-10
—6.31-10
—6.81-10

4.35-102

(7.127)

(7.128)

—1.58-10—4
(7.129)
(7.130)

The second estimator is the “robust” estimator, which means that uncertainties

within the system are taken into account. As the result of the sensitivity analysis, the

longitudinal velocity is the most sensitive parameter. This is why the uncertainties

related with the longitudinal velocity are taken out in Section 7.2.2. This estimator is

designed using the previously determined parameter values for the Single Track Model

and a longitudinal velocity of 60 km/h. The uncertainty of the longitudinal velocity

is set as 20 km/h. As it is stated before, it is important to keep v as minimum as

possible. The solution of the convex optimization problem for the robust estimator

returns a value of 2.75 - 107! for 7. The matrices, which make up the estimator, are



found as the following:

—3.33-10 —9.92-10
Ap =
—1.24-10 —1.33-10?
—8.87-102
Bp =
—5.41-101

Cg=1-926 —2.81- 10]
Dr=290-10"3

119

(7.131)

(7.132)

(7.133)
(7.134)
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8. TESTS WITH THE NONLINEAR MODEL

Here, the previously obtained nominal and robust estimators are connected to
the nonlinear model. The tests are conducted with two kinds of steering wheel inputs.
The first one is a sine wave steering wheel input with an amplitude of 45° and a period
of 2.2 s. The second one is a step steering wheel input where the steering wheel angle
increases to 45° in 0.2 s. The tests are conducted with the longitudinal velocities of 60
and 80 km/h. The obtained side-slip angle curves are represented in Figures 8.1 - 8.6
on pages 120 - 123.

0.6 T T T T

0.4

Side-Slip Angle9)
S o
N o N

|
o
N

|
o
o))

-0.8 i i i i
0 2 4 6 8 10

Time (S)
Figure 8.1. Nonlinear model with the sine wave steering wheel input at a longitudinal

velocity of 60 km/h using the nominal estimator

For the sine wave steering wheel input case, the results show that the estimators
perform better when the longitudinal velocity is 60 km/h. This is predictable because
the nominal value of the longitudinal velocity is chosen as 60 km /h during the estimator
design. As the longitudinal velocity is varied from 60 km/h, the difference between

the estimated and real side-slip angle values increases. This is observed when the
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Figure 8.2. Nonlinear model with the sine wave steering wheel input at a longitudinal

velocity of 60 km/h using the robust estimator
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Figure 8.3. Nonlinear model with the sine wave steering wheel input at a longitudinal

velocity of 80 km/h using the nominal estimator
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Figure 8.4. Nonlinear model with the sine wave steering wheel input at a longitudinal

velocity of 80 km/h using the robust estimator
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Figure 8.5. Nonlinear model with the step steering wheel input at a longitudinal

velocity of 60 km/h using the nominal estimator
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Figure 8.6. Nonlinear model with the step steering wheel input at a longitudinal

velocity of 60 km/h using the robust estimator

longitudinal velocity is increased to 80 km/h.

Here, it is also necessary to compare the performances of the estimators. When
the longitudinal velocity is 60 km/h, it is expected that the nominal estimator performs
better because it is previously designed by using the nominal value of 60 km /h. Looking
at the figures, it is concluded that the nominal estimator performs better when the
longitudinal velocity is 60 km/h. Since the nominal estimator is designed without
considering any uncertainty within the system, it is expected to perform worse than
the robust estimator when the longitudinal velocity differs from the nominal value.
This explains why the robust estimator performs better than the nominal estimator

when the longitudinal velocity is 80 km /h.

The nonlinear model responds slightly worse when the steering wheel input is
step. This is due to the rapid change of the steering wheel angle in the case of step

steering wheel input.
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9. TESTS WITH THE SINGLE TRACK MODEL

In this section, the previously obtained nominal and robust estimators are con-
nected to the Single Track Model. The tests are conducted with two kinds of steering
wheel inputs. The first one is a sine wave steering wheel input with an amplitude of 45°
and a period of 2.2 s. The second one is a step steering wheel input where the steering
wheel angle increases to 45° in 0.2 s. The tests are conducted with the longitudinal
velocities of 60 and 80 km/h. The obtained side-slip angle curves are represented in

Figures 9.1 - 9.6 on pages 124 - 127.
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Figure 9.1. Single Track Model with the sine wave steering wheel input at a

longitudinal velocity of 60 km/h using the nominal estimator

For the sine wave steering wheel input case, the results show that the estimators
perform better when the longitudinal velocity is 60 km/h. This is predictable because
the nominal value of the longitudinal velocity is chosen as 60 km /h during the estimator
design. As the longitudinal velocity is varied from 60 km/h, the difference between

the estimated and real side-slip angle values increases. This is observed when the
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Figure 9.2. Single Track Model with the sine wave steering wheel input at a

longitudinal velocity of 60 km/h using the robust estimator
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Figure 9.3. Single Track Model with the sine wave steering wheel input at a

longitudinal velocity of 80 km/h using the nominal estimator
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Figure 9.4. Single Track Model with the sine wave steering wheel input at a

longitudinal velocity of 80 km/h using the robust estimator
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Figure 9.5. Single Track Model with the step steering wheel input at a longitudinal

velocity of 60 km/h using the nominal estimator
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Figure 9.6. Single Track Model with the step steering wheel input at a longitudinal

velocity of 60 km/h using the robust estimator

longitudinal velocity is increased to 80 km/h.

Here, it is also necessary to compare the performances of the estimators. When
the longitudinal velocity is 60 km/h, it is expected that the nominal estimator performs
better because it is previously designed by using the nominal value of 60 km /h. Looking
at the figures, it is concluded that the nominal estimator performs better when the
longitudinal velocity is 60 km/h. Since the nominal estimator is designed without
considering any uncertainty within the system, it is expected to perform worse than
the robust estimator when the longitudinal velocity differs from the nominal value.
This explains why the robust estimator performs better than the nominal estimator

when the longitudinal velocity is 80 km /h.
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10. CONCLUSIONS

In this text, the behaviors and performances of two side-slip estimators (namely
the “nominal” and the “robust” estimator) are studied. The estimator design is based
on the well-known Single Track Model. The parameter values of the Single Track
Model are determined according to a more complex nonlinear model so that the two
models behave similarly. After the construction of the estimators, these two models
are simulated using the estimators. The curves of both the real and estimated side-slip
angles, which are obtained for different cases, are placed on the same graphs to be able

to compare the difference between the real and estimated values of the side-slip angle.

The performances of the side-slip estimators are dependent on the model used.
The estimators are designed considering the Single Track Model, so it is expected that
the simulations with the Single Track Model return better results than the ones with
the nonlinear model. When the results are compared, it is seen that this prediction is
correct. For the same conditions and inputs, the difference between the real and esti-
mated values of the side-slip angle (namely the “error”) is smaller for the Single Track
Model. Because of the nonlinearity of the nonlinear model, the estimator performance
is lower. The nonlinear model includes many parts when compared with the Single
Track Model. Also, all of the rotations (roll, pitch and yaw) are performed in the non-
linear model whereas only yaw is performed in the Single Track Model. In addition, the
tyres and suspensions show nonlinear characteristics in the nonlinear model. Because
of these facts, the performances of the estimators are lower when they are used with

the nonlinear model.

It is observed that the performances of the side-slip estimators are also related
with the type of the input. Therefore, it should be noted that the constructed estimator
has to be tested with possible different inputs to see if the estimator is capable to work

with all of the inputs which are given to the plant.

The side-slip estimators are designed using the nominal value of 60 km/h for the
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longitudinal velocity. For both the Single Track Model and the nonlinear model, the
estimation error increases as the longitudinal velocity varies. Therefore, it is concluded
that the nominal values of the selected uncertain parameters have to be set carefully
during estimator design using static multipliers. Also, the operating range has to be
defined correctly for each parameter. After designing, the estimator has to be tested

to see if it works well in the selected range for each uncertain parameter.

The simulations are done using different models (the Single Track Model and the
nonlinear model) with varying inputs (steering wheel angle) and conditions (longitu-
dinal velocity). By looking at the results, it is seen that some error exists in every
simulation. Here, however, it is very important to note that error does not increase in
any simulation as the simulation runs. This fact shows that the error is controlled and

kept in a margin, even if the margin is different for each simulation.

As it is stated before, the designed side-slip estimators are fed by the yaw rate
data. In other words, the estimator obtains the side-slip angle by processing the yaw
rate data. The yaw rate data are obtained via the yaw rate sensors. It is possible to
improve estimator performance by designing it so that lateral acceleration or lateral
velocity data are input. But when this is done, a lateral acceleration sensor is required

of course.

Another factor, which affects estimator performance, may be the selection of
the uncertain parameters. As stated before, longitudinal velocity is the parameter
to which the models are most sensitive. Therefore, it is selected as the uncertain
parameter. However, side-slip estimator performance can be improved by including
some other parameters as uncertain parameters. This increases estimator robustness.

As estimator robustness increases, the side-slip estimation error is expected to decrease.

The whole estimator design is done using static multipliers during the charac-
terization of the uncertainties in terms of IQCs. Using dynamic multipliers instead,
may increase estimator performance because dynamic multipliers also account for the

dynamics of the system. This makes the estimator operate better in different condi-
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tions. In this case, the estimation error is expected to be less as a result of increased

estimator performance.
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APPENDIX A: PRELIMINARIES

In order to make the whole text easier to understand, the preliminaries are in-
cluded. However, only the information, which is required and used, appear here. There-
fore, this discussion is brief because the main purpose is to help the reader. A literature

search has to be conducted for detailed information about the topics.

A.1. Vector Transformations in Two Dimensions

Studying vector transformations in two dimensions makes it easier to analyze
more complex motions. Here, two coordinate frames are considered and the represen-
tations of a vector in these coordinate frames are studied. Then, the transformation

matrices are found.

The first coordinate frame is made up of x, y and z axes. The x and y axes lie

on the plane of interest. On the other hand, the z axis is normal to that plane.

The second coordinate frame is made up of 2/, ¥’ and 2’ axes. The x’ and 3/ axes
lie on the plane of interest just like the z and y axes. The 2’ axis is normal to the

plane.

To make it easier, it is assumed that the z and z’ axes coincide. In this case, the
origins of the coordinate frames must also coincide because the z, y, 2’ and ¢y’ axes
must lie on the same plane. The 2'y'2’ coordinate frame is rotated about the 2’ axis
in the positive sense with respect to the xyz coordinate frame. This is seen in Figure
A.1 on page 132 with the addition of an arbitrarily chosen vector A which also lies on

the plane of interest.

A vector can be written in the component form according to any coordinate frame.

Vector A is written in the component form according to the xyz and x'y’2’ coordinate
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132

Figure A.1. Two coordinate frames and a vector in two dimensions

frames as the following:

Using trigonometric relations, the following equations

A=A+ A5+ Ak

Aq
A
A

I )

At + Ay’ + ALK

Ay

Y

(A.la)

(A.1D)

(A.1c)

(A.1d)

are written easily. These
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equations provide the correlation between the components of vector A.

Ay = Ay cosp — Ay sing
Ay = Ay siny + Ay cosp

A, = Ay

Ay = Ay cosy + Aysiny
Ay =

Y

—Agsiny + Ay cos

Az’ - Az

The above equation sets can also be written in the matrix form. Here, the three

by three matrices are called “transformation matrices”. This type of matrices are used

throughout the text.

It should also be noted that

_cos Y —siny
siny  cosy
I 0 0
[ cosy  sin
—siny cosvy
I 0 0
T=T"

where T is a transformation matrix [23].

o O

o O

Ay
Ay (A.8)
A,
Ag
A, (A.9)
A,

(A.10)
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A.2. Time Derivative with Respect to Different Coordinate Frames

Here, a time dependent vector @ (t) is considered. Also, two coordinate frames
are defined. The first coordinate frame is the XY Z coordinate frame. The second
one is the ryz coordinate frame. The zyz coordinate frame rotates with the angular

velocity € with respect to the fixed coordinate frame XY Z.

First, the time dependent vector is written in the component form as

Q= Q.1+ QyuJ + Q.k. (A.11)

Now, the time derivative of this vector with respect to the zyz coordinate frame
is calculated. Since the derivative taken is with respect to the xyz coordinate frame,

2, 7 and k are considered to be constant. The yielding equation is

(Q) T Qi+ Quj + Q.k. (A.12)

Next, the time derivative of this vector with respect to the XY Z coordinate frame
is calculated. Since the derivative taken is with respect to the XY Z coordinate frame,

2, 7 and k are no longer considered to be constant. The yielding equation is

(Q) = Qi+ Quf + Q:k + Qui + Q5 + Q.k. (A.13)
XY Z

In the above equation, it is easily seen that the first three terms on the right side
are equal to the time derivative of vector @ with respect to the zyz coordinate frame.
In addition, the last three terms on the right side of the equation can be written as

Q x Q [23]. Details of this are not covered in this text. After the replacements, the
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equation becomes to

(Q) - (Q)W L OxQ. (A.14)

The use of time derivative of a vector is very common. The result changes if the
derivative is taken with respect to different coordinate frames. Therefore, care should

be taken while taking the time derivative of a vector.
A.3. Relations between Position, Velocity and Acceleration of a Point

First, a fixed coordinate frame (reference coordinate frame) is defined. This is the
XY Z coordinate frame which neither translates nor rotates. Then, a moving point A is
considered. Finally, another point named K is defined; this point is stationary. This is
the reference point which is used while defining the position, velocity and acceleration

of point A.
The relation between the position and the velocity of point A is written as the

following. Here, it should be noted that position and velocity of point A are defined
with respect to point K as stated before.

(Pa/k) xy, = Va/k (A.15)

The relation between the velocity and the acceleration of point A is written as
the following. Here, it should be noted that velocity and acceleration of point A are

defined with respect to point K as stated before.

(T')A/K)XYZ:(J,A/K (A.lﬁ)
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A.4. Rigid Bodies

In this section, rigid bodies are studied briefly. It is especially important to note
that only the properties and concepts, which are used in the text, are discussed here. In
the first part, properties of rigid bodies, which are independent of motion, are studied.

In the second part, motion of a rigid body in three dimensions is studied.

A.4.1. Mass and Inertia of a Rigid Body

A.4.1.1. Inertia Definitions. To be able to make definitions, a coordinate frame has to

be defined first. The xyz coordinate frame is attached to the rigid body and its origin
is coincident with the center of gravity of the rigid body. All inertias are defined with

respect to this coordinate frame.

The moments of inertia of the rigid body with respect to the zyz coordinate

frame are defined as the following [24]:

I, = / (y* + 2°) dm (A.17)
I, = / (2® +2%) dm (A.18)
I, = / (® +y*) dm (A.19)

The products of inertia of the rigid body with respect to the zyz coordinate frame are

defined as the following [24]:

(xy) dm (A.20)

/
I, = / (zz) dm (A.21)
/

(yz) dm (A.22)
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It should also be noted that

Ly = La. (A.23)
L. = L., (A.24)
I,. =1, (A.25)

according to [24].

If a rigid body is assumed to be massless, then the dm term in Equations (A.17)

- (A.22) becomes zero. This makes the moments and products of inertia equal to zero.

A.4.1.2. Parallel Axis Theorem. The moments and products of inertia of a rigid body

with respect to different coordinate frames are not the same. Parallel Axis Theorem

defines relations between these different values.

Point G represents the center of gravity of the rigid body. The Gxyz coordinate
frame is attached to the rigid body and its origin is coincident with the center of gravity

of the rigid body.

Point S is an arbitrary point which can be inside or outside of the rigid body.
The origin of the coordinate frame Sz'y’z" is coincident with point S. The axes of the
Sx'y'Z coordinate frame are parallel to the axes of the Gxyz coordinate frame and the

corresponding axes of each coordinate frame point the same direction.

Position of point G with respect to point S is shown as pg/s. 7, i and Z are the

components of pg/s defined according to any of the two coordinate frames.

The definitions made so far are seen in Figure A.2 on page 138.

As the last definition, m stands for the mass of the rigid body.
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Figure A.2. Definitions for the Parallel Axis Theorem

The moments of inertia of the rigid body with respect to the Sz'y’z’ coordinate

frame are written as the following [25]:

Ly =I,+m(y° + 2% (A.26)
Iy =1I,4+m(z*+ 2% (A.27)
Li=L+m(z*+ 7% (A.28)

The products of inertia of the rigid body with respect to the Sz'y’'z’ coordinate frame

are written as the following [25]:

[z/y’ = [my -+ mi’g (A29)
Iy =14+ mzxz (A30)

I/ 1= lyz —|—m§2 (A31)

Yy z
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A.4.1.3. Differently Oriented Coordinate Frames. Parallel Axis Theorem considers

two coordinate frames with the same orientation; but their origins are attached to
different points. Here, effort is spent to analyze the relations between the inertias of
the rigid body when the orientations of the coordinate frames are different; but their

origins coincide. The derivations are made by using the definitions in Section A.4.1.1.

Two coordinate frames are defined, namely the xyz and z'y’z’ coordinate frames.
These two coordinate frames are attached to the same arbitrarily selected point, which
is either inside or outside of the rigid body. Here, one case is selected: The z and
x' axes are parallel but they point opposite directions; the same is also valid for the
y and vy’ axes. The z and 2z’ axes are parallel and point the same direction, they are
coincident in other words. These coordinate frames are seen in Figure A.3.

T

.’LJ

Figure A.3. Two coordinate frames with different orientations

Using Equations (A.17) - (A.22), the following equalities are written:

I, = I (A.32)
I,=1, (A.33)
L =1 (A.34)
Ly = Ly (A.35)
L. = —Ly (A.36)
I.=—1I,. (A.37)
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A.4.2. Motion of a Rigid Body in Three Dimensions

A.4.2.1. Relations between Different Points in a Rigid Body. When a rigid body is

moving, every point on the rigid body moves in a different manner. This fact makes it
obvious that there are relations between points in a rigid body. Here, these relations

are studied.

The rigid body translates and rotates freely in the three dimensional space. w
stands for the angular velocity of the rigid body, whereas a stands for the angular

acceleration of the rigid body.

Two points are chosen in the rigid body; namely point A and point B. Also a
stationary point is chosen in the three dimensional space, this is point K. This is the
reference point which is used while defining positions, velocities and accelerations. The
XY Z coordinate frame is considered to be fixed. These are seen in Figure A.4. In

addition, the xyz coordinate frame is attached to the rigid body.

Figure A.4. A rigid body with points and positions

Looking at Figure A .4, it is clearly seen that

PB/K = PA/K + PB/A- (A.38)
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This equation is about the relation between the positions of the points.

Taking the derivative of the above equation with respect to the XY Z coordinate

frame, the relation between the velocities of the points is found as the following:

(BB/K) <y, = (Pasx) <y, + (PB/4) <y, (A.39)
VB/K = VA/K + <25B/A):L‘yz +w X pp/a (A.40)

0
VB/K = VA/K +W X PB/A (A.41)

Taking the derivative of the above equation with respect to the XY Z coordinate

frame, the relation between the accelerations of the points is found as the following;:

(’}B/K)XYZ - (i}A/K)XYZ + (W) xyz X PB/A + W X (I.)B/A)XYZ (A.42)
aB/K = AA/K + O X Pp/a +w X (pB/A)xyszw X pPB/A (A.43)
———

0
ap/K = AA/K T O X PB/A + W X (w X pB/A) (A.44)

A.4.2.2. Angular Velocity of a Rigid Body. In this section, angular velocity of a rigid

body is studied. The method used is basically rotating the reference coordinate frame

until the orientation of the body-fixed coordinate frame is obtained.

The reference and body-fixed coordinate frames are defined first. The OXY Z
coordinate frame is the reference or fixed coordinate frame. The origin of this coordi-
nate frame is called point O. The Gzyz coordinate frame is attached to the rigid body.
The origin of the Gzyz coordinate frame is coincident with the center of gravity of the
rigid body, which is point G. These two coordinate frames are seen in Figure A.5 on

page 142 as well.

As the first step, the reference coordinate frame OXY Z is rotated v radians
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A

Figure A.5. The reference and body-fixed coordinate frames

about its Z axis. This rotation is called “yaw”. The representation of this rotation is

seen in Figure A.6.

Figure A.6. Representation of the rotation about the Z axis

Next, the obtained coordinate frame X'Y'Z’ is rotated 0 radians about its Y’
axis. This rotation is called “pitch”. The representation of this rotation is seen in

Figure A.7 on page 143.

Finally as the third step, the obtained coordinate frame X"Y”Z" is rotated ¢
radians about its X” axis. This rotation is called “roll”. The representation of this

rotation is seen in Figure A.8 on page 143.

Since all of the possible rotations, that a rigid body can make, are included on the
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Z/

Z//

X/ Yl/

Y/

X//
Figure A.7. Representation of the rotation about the Y’ axis

"
y Y

Figure A.8. Representation of the rotation about the X" axis

previous three steps, it is concluded that the finally obtained coordinate frame is the
body-fixed coordinate frame Gxyz. This actually means that the rotational relation
between the reference and the body-fixed coordinate frames is defined completely by

means of rotation angles and rotation rates (rates of rotation angles).

Using the rotation rates, the angular velocity of the rigid body is found. The
rotation rates of the rigid body in the previous three steps are represented as wK , 0.J’

and ¢I”, respectively. Therefore, the angular velocity of the rigid body is written as

w=oI" +0J + K. (A.45)
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Applying vector transformations in two dimensions to the above equation yields

w=oI" +0J + K’ (A.46a)
= (&~ dsind) I 407" 4 i cos 0K (A.46D)

- (¢’> - ¢sin9) i+ <¢cos9sin¢+ écos¢) j
+ (costeos o — fsing) k. (A 46c)

Defining the rotation rates in terms of rotation angles and the body-fixed coor-
dinate frame components of the angular velocity is very useful in some applications.

This is done as the following [23] but the details of the derivation are not covered here.

(wy sin ¢ + w, cos @) sin @

¢=wat cos 0 (A47)

0 = w, cos ¢ — w, sin ¢ (A.48)

b= Wy Sin @ + w, cos ¢ (A.49)
cos 6

A.4.2.3. Transformations in Three Dimensions. The definitions made in Section

A.4.2.2 are also valid here. This means that the coordinate frames and the angles,
which are used here, are the same with the ones used in Section A.4.2.2. Here, A is

an arbitrary vector.

The transformation from the reference coordinate frame components to the body-

fixed coordinate frame components is found first. To do this, the two dimensional
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transformations for each rotation made in Section A.4.2.2 are obtained as the following:

Ax i cosyp siny 0| [Ax
Ay | = |=siny cosy 0] | Ay (A.50)
Ag | 0 0 1| |Az
AXH- -cos f 0 —sinf| |Ax
Ayn | =1 0 1 0 Ay (A.51)
Agn sinf 0 cosf Az
Al 1o o] fae
Ayl = [0 cosgp  sing| [Ayn (A.52)
AZ_ _O —sing coso| | Agn

Using the above three matrix equations, the following result is found:

A, 1 0 0 cosf 0 —sin6 costy siny 0| |Ax
Ayl = |0 cos¢ sing 0 1 0 —siny cosy 0| |Ay| (A.53)
A, 0 —sing cos¢| [sinf 0 cos6 0 0 1| |Az

Next, the transformation from the body-fixed coordinate frame components to
the reference coordinate frame components is found. To do this, the two dimensional
transformations for each rotation made in Section A.4.2.2 are obtained as the following:

AX- -Cosd} —siny 0| |Ax
Ay | = |siny  cosy 0 | Ay (A.54)
Ay

1
Axr cos@ 0 sinf| |Axn
Ay (A.55)

Ay —sinf 0 cos@| | Azn

Axn 1 A,
A

A,

Ayn| = |0 cos¢ —sin Y (A.56)

Agn 0 sing coso¢
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Using the above three matrix equations, the following result is found:

Ax cosy —siny 0 cosf@ 0 sinf| |1 O 0 A,
Ay | = [siny  cosy 0 0 1 0 0 cos¢ —sing| |A,| (ASBT)
Az 0 0 1| [—sinf 0 cos@| |0 sing cos¢ A,

Here, it is necessary to rewrite Equation (A.10) which states that

T'=1" (A.58)

where T is a transformation matrix [23].

A.4.2.4. Force Balance Equation of a Rigid Body. Points O and G, and the coordi-

nate frames OXY Z and Gxyz are defined in Section A.4.2.2. These definitions also
comply here. These points and coordinate frames are seen in Figure A.5 on page 142

as well.
F' stands for the total force applied on the rigid body. m and w stand for the
mass and angular velocity of the rigid body respectively. vg and ag stand for the

velocity and acceleration of point G with respect to point O which is fixed.

The total force applied on the rigid body is written as

F = mag (A.59a)
=m(¥c)oxyz (A.59Db)
=m _(ﬁg)GIyz +w X vg (A.59¢)

(UeR Wa VG,
=m | |vg, + |w, X |vg, . (A.59d)
(Uen Wy va,

ijk ijk ijk
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If the left-hand side of the equation is also written in the component form, the equation

becomes to

Fa: UGL Wy VG,

E,l =m| |ig,| + |w, X |vg, : (A.60)
F U w v

1k G= ik 1k G 1 ik

Here, the subscripts 17k stand to emphasize that the results are in the body-fixed
coordinate frame components. Since both sides of the equation are in the same form,

the subscripts are dropped down, yielding

FCC iij Wy VG,
Fz bGz Wy Va,

If the rigid body is assumed to be massless, the force balance equation simplifies

to

F =0. (A.62)

A.4.2.5. Moment Balance Equation of a Rigid Body. Points O and G, and the coor-

dinate frames OXY Z and Gxyz are defined in Section A.4.2.2. These definitions also
comply here. These points and coordinate frames are seen in Figure A.5 on page 142

as well.

w stands for the angular velocity of the rigid body. I stands for the inertia tensor
of the rigid body with respect to the body-fixed coordinate frame. H(g) stands for the
angular momentum of the rigid body with respect to the fixed coordinate frame about
the center of gravity G. Mg stands for the total moment applied on the rigid body
about the center of gravity G.
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The angular momentum of the rigid body with respect to the fixed coordinate

frame about the center of gravity G is written as the following [24]:

H),
Lywy — Lywy — I w,
—Lyyw, + Lywy, — Iw, (A.63Db)
1wy — Iywy + Lw, -
Ia: _Ixy _]:vz Wy
Ly, I, —I.]| |w, (A.63c)
_[:vz _Iyz Iz Wy ijk
Wy
I'|w, (A.63d)
Wy
ijk

The total moment applied on the rigid body about the center of gravity G is

written as the following:

M) = (H<G>>

(A.64a)
OXYZ
(H(G)>nyz +w X H(G) (A64b)
d)y + Wy X I Wy (A64C)
W, W, W,
L1/ ik ijk ijk
Wy Wy Wy
wy | + |wy | X1 |w, (A.64d)
W, W, W,
|7 ijk

If the left-hand side of the equation is also written in the component form, the equation
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becomes to

]\4(G)z Wg Wy Wy
M(G)y =11 (,[)y + Wy | X 1 Wy . (A65)
M), ijk we We We ijk

Here, the subscripts 17k stand to emphasize that the results are in the body-fixed
coordinate frame components. Since both sides of the equation are in the same form,

the subscripts are dropped down, yielding

M(G)z Wy We Wy
M(g)y =1 Wy | + |wy| X I Wy | - (A.66)
M(G)z wz Wy Wy

If all of the components of the inertia tensor I are equal to zero, the moment

balance equation simplifies to

M) = 0. (A.67)

An axisymmetrical rigid body, which spins about its axis of symmetry, is consid-
ered as a special case. Obviously, a coordinate frame attached to the rigid body also
spins about the axis of symmetry. Therefore, obtaining the total moment applied on
the rigid body in the body-fixed coordinate frame components is meaningless because
the values change as the rigid body spins. It is more applicable to use another coor-
dinate frame which does not spin but makes all the other rotations. Also, this new
coordinate frame is selected so that the moments and products of inertia of the rigid
body with respect to the new coordinate frame remain constant during the motion.

/

Figure A.9 on page 150 shows the new coordinate frame Gz'y'z’ as well as the

other coordinate frames which are already defined. As stated before, the new coordinate
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frame Gz'y'z" does not spin. In the case of Figure A.9, it does not rotate about the y
or iy’ axes. Here, it should be noted that the y axis is chosen as the axis of symmetry.
Therefore, all of the calculations hereafter are done according to the coordinate frames

represented in Figure A.9.

A

Figure A.9. An axisymmetrical rigid body with coordinate frames

The 2/, v and 2’ axes are principal axes of inertia because the rigid body in
concern is axisymmetrical. Using the definitions in Section A.4.1.1, it is seen that the
products of inertia with respect to the Ga'y'2’ coordinate frame (I, I, and I .)
are equal to zero. Therefore, the angular momentum of the rigid body with respect
to the fixed coordinate frame about the center of gravity G is written as the following

where I,,, I, and I, stand for the moments of inertia with respect to the Gz'y'z’
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coordinate frame [24]:

(A.68a)

z ,l:/jlk/

= | Lywy (A.68D)

L i'§'k!

The total moment applied on the rigid body about the center of gravity G is writ-
ten as the following where € stands for the angular velocity of the Gz'y'z’ coordinate

frame with respect to the OXY Z coordinate frame:

M) = <H(G)>OXYZ (A.69a)
- <H(G>>Gﬂy/2/ +Qx Heg, (A.69D)
= H(G)>Gx,ylzl + (w—05") x Heg (A.69¢)
-Ix/wm/ Wt 1wy

= | Iy + wy — 0 X | Lywy (A.69d)
REE itk Y L Lows ik
_Ix,wx, + Ly — Iy) wyw, — Low,0

= Iywy + Iy — L) wpw, (A.69¢)
| Lo+ (Ly = L) wproy + Lyrwyd b

If the left-hand side of the equation is also written in the component form, the equation

becomes to

M(G)I/ Ty + (Iz' - Iy/)wy/wz/ — ]Z/wz,é
Me), | = Loy + (Iy — L) wyws . (A.70)
M(G)z’ [Z/wzl + (Iy/ - Ix’) wac/wy’ + Ix%dx’é

i/jlk/
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Here, the subscripts i'j'k’ stand to emphasize that the results are in the Gz'y'2" coor-

dinate frame components. Since both sides of the equation are in the same form, the

subscripts are dropped down, yielding

M(G)z’ ]Ilwx/ + (‘[Zl - Iy’) wy’wz’ - ]z’wz’é
M), | = Loy + (L = Lr) wors . (A71)
M(G)z’ [Z/wzl + ([y’ - [:E'> Wac’wy’ + [z’Wx’é

If Iy, I,y and I, are equal to zero, the moment balance equation simplifies to

Mg = 0. (A.72)
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As stated in Section 3.3.4.1, Magic Formula equations in [20] are simplified using

Assumptions 3.11, 3.19, 3.20 and 3.21. These simplified equations are represented here.

The starting equations are as the following:

‘/c = \/‘/;12+‘/cy2

Vtsy:‘/cy
Vs:’Vsy|
‘/;":‘/cx

F;o = )‘onon

dfz = (FZ—F,;O)/FZ,O

o = =Vo/ (Vea| +€)
cos' a =V, /V.

=1
(3=1
(=1

)‘;y = )‘uy/ (1+ )‘uVVs/Vo)

¥ E YT EEW
ot



The equations, which are related with the lateral force, are as the following:

Ky = pryiFL, sin (prya arctan (F./ (pry2Fl,))) GAkya
Cy = poy1Aey
fy = (Ppy1 + Poy2df:) A,
Dy = pyF.C
By = Kya/ (CyDy +€y)
ay =a
Ey = (ppy1 + pry2df=) (1 — peyssgn (o)) Agy
F,

Y

F,=F,

o = D, sin (Cy arctan (Bya, — E, (Bya, — arctan (Byay,))))

The overturning couple is obtained as

Mm - FzRo <QS$1 + QS13Fy/F;O) /\Mm

The rolling resistance moment is found as

M, = —F,R, (qsy arctan (V,./V,)) Aury-
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(B.22)

(B.23)
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The equations for the aligning torque are as the following:

Dio = F. (Ro/F.,) (qp21 + qp22df.) Msgn (Ver) ( )
Dy = DioGs (B.25)
Cy = qea ( )
By = (qBa1 + 4B2df: + qB23df=?) Acya/ Ny (B.27)

SHt = qua1 + qu2df. ( )
ar = a" + Sy (B.29)
E, = (qEzl + qp2df, + C]Ezgdfz2) (1 + qg.q (2/m) arctan (B;Cyayy)) )

t, = Dy cos (Cy arctan (Byay — Fy (Byay — arctan (Biay)))) cos’ a ( )
M, = —toFyo (B.32)
M, = M, (B.33)

(B.34)

Mz = Mzo



156

APPENDIX C: EQUATIONS OF THE SINGLE TRACK
MODEL

The equations of motion of the Single Track Model are derived in a few steps.
First, starting equations are written; they are the force balance equation, moment
balance equation, road and wheel interactions and kinematic relations. Then, the
derivations are done in four steps. Finally, the resulting equations are obtained. The
motion is completely defined by the resulting equations. The method, which is followed

here, is similar to the one in [26].

It should be noted that the definitions made in Section 4 are valid in this section

too.
C.1. Starting Equations
C.1.1. Force Balance Equation
Assumption 4.3 declares that there is no drag force applied on the vehicle. Hence,
the only remaining forces are the ones applied on the wheels from the road and the

weight of the vehicle. Rewriting Equation (A.59a) with these forces yields

FF—i—FR—i-W:mag. (Cl)

C.1.2. Moment Balance Equation

Applying Assumptions 4.3, 4.4, 4.5, 4.6 and 4.7 onto Equation (A.65) yields

(Ipi x Fg) + (—lzi x Fgr) = Lk. (C.2)
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C.1.3. Road and Wheel Interactions

Using Assumptions 4.4, 4.8 and 4.9, the equations, which give information about

the forces applied on the wheels from the road, are obtained as

Fr,, =0, (C.3)
Fr, = crap, (C4)
Fg,, =0, (C.5)
Fg, = crag. (C.6)

C.1.4. Kinematic Relations

Transforming Equation (A.41) and using Assumptions 4.5 and 4.6, the velocity

of the contact point of the front wheel with the road is written as

vp =vg + w X (lp1) (C.7a)
= vg +lrj (C.7b)
= v+ (vgy + z/}zF> j. (C.7¢)

Similarly, the velocity of the contact point of the rear wheel with the road is written

as

Vr = Vg + w X (—lgi) (C.8a)
= vg — Ylpj (C.8b)
— vai + (vgy - sz) j. (C.8¢)
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By the definition of the side-slip angle, it is easy to conclude that

v
tan f = —* (C.9)
Uggc
which is rewritten as
v
Bt (C.10)
?)Gz

by making and using Assumption 4.10.

C.2. Derivations

C.2.1. Step 1

By using trigonometric relations, the vehicle longitudinal axis component of vg

1s written as

VUF, = UF COS ((SF—OéF). (Cll)

This equation is then written as

VG, = Upcos (0p — ap) (C.12)

by using the fact that

VR, = VG, (C.13)

which is obtained from Equation (C.7c).

By using trigonometric relations, the vehicle lateral axis component of vg is
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written as
Vg, = vpsin (0p — ap) . (C.14)
This equation is then written as
vg, + Ylp = vpsin (0p — ap) (C.15)
by using the fact that
VE, = Vg, + Dl (C.16)
which is obtained from Equation (C.7c).

Dividing Equation (C.15) by Equation (C.12), it is found that

va, + Ulp

tan (0p — ap) = (C.17)
UGI
This equation is rewritten as
il
Op — ap = M (C.18)
UGI
by making and using Assumptions 4.11 and 4.13. Using Equation (C.10) yields
il
5p — ap = Pve, +¥lr (C.19a)
VG,
il
_p4 Yl (C.19D)
G,
Rearranging to obtain ar leads to
l
ap=—0— f—F + 6. (C.20)
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By using trigonometric relations, the vehicle longitudinal axis component of vg

is written as

Vg, = Vg cos (0r — ag) . (C.21)
This equation is then written as

vg, = Vrcos (Or — ag) (C.22)
by using the fact that

VR, = Vg, (C.23)

which is obtained from Equation (C.8c).

By using trigonometric relations, the vehicle lateral axis component of vg is

written as
Vg, = Ugsin (0g — aR). (C.24)
This equation is then written as
VG, — ¥lp = vpsin (0r — ag) (C.25)
by using the fact that
VR, = VG, — Vil (C.26)

which is obtained from Equation (C.8c).



Dividing Equation (C.25) by Equation (C.22), it is found that

ve, — 1l
tan (6p — ap) = G?J—M_
UGI
This equation is rewritten as
va, — bl
Or—ap = ve, —Ylr
UGI
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(C.27)

(C.28)

by making and using Assumptions 4.12 and 4.14. Using Equation (C.10) yields

5 _ Pua, — YR
R—QRp=—"
UGI
Pl
G B i
(VeR
Rearranging to obtain ap leads to
il
aRp = —6 + @ —+ (SR.
UGx

C.2.2. Step 2

Using Equation (A.16), ag is written as

ag = (Q}G)OXYZ‘

This equation is then rewritten as

ag = (06)gyy. +w X ve

(C.29a)

(C.29b)

(C.30)

(C.31)

(C.32)
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according to Equation (A.14). Using Assumption 4.6 yields

(YeR 0 (YeR

ag = |ug, + 10 X |va, . (C.33)
) ' )
G ijk ¢ ijk G ijk

Making and using Assumptions 4.15 and 4.16; and using Equation (C.10) yield

0 0 VG,
ac = |(Bug,) + 10 X | fug, (C.34a)
- 0 ijk v ijk 0 ijk
—¢5UG$
= |Bug, + dve, (C.34D)
| 0 ijk
—p
—va, |B+d]| - (C.34c)
0 ijk

C.2.3. Step 3

Rewriting Equation (C.1) in z components and using Assumption 4.16 lead to

Fr, + Fr, — mg = mag, (C.35a)

= 0. (C.35b)

Rewriting Equation (C.1) in = and y components leads to

FFI + FRI =maqg,, (036)

FFy + FRy = m(lgy. (C37)
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Transforming these two equations so that they are written in z g, yr, T g, yg components

and including Assumptions 4.13 and 4.14 yield

FFa:F _FFyF5F+FRxR —FRthsR:man, (038)

FF,TF(;F‘FFFyF —f—FRxR(SR—l-FRyR = mag, - (C.39)
Using Equations (C.3), (C.4), (C.5) and (C.6) with these two equations yields

—CFO[F(SF — cRozRéR =maqg,, (040)

CrQp + CROR = Mag,. (C41)

Using Equations (C.20), (C.30) and (C.34c) with these two equations yields

—Cplp <—ﬁ - % + 5F) — CRroR (—5 + % + 5R> = —mUGzl/}@ (C.42)

VG, (eR
CF <—5 - % + 5F> +cCr (—ﬁ + f—iR + 53) = mug, (ﬂ + @D) . (C.43)

C.2.4. Step 4
Equation (C.2) is written in the expanded form as

lpFrk —1pFp.j — lgFrk + gFr.j = Lk (C.44)

Equation (C.44) is written in y components as

—1pFp + gFp, = 0. (C.45)
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Equation (C.44) is written in z components as
lpFr, — gFr, = L. (C.46)

Transforming this equation so that it is written in xp, yr, g, yg components and

including Assumptions 4.13 and 4.14 yield
lr (Fr,, 0p + Fr,.) — g (Fr, 0r + Fr,, ) = L. (C.47)
Using Equations (C.3), (C.4), (C.5) and (C.6) with this equation yields
lpcpap — lpcprap = [Zqﬂ. (C.48)

Using Equations (C.20) and (C.30) with this equation yields

ZFCF< ﬂ—%—i—éF) —lRCR< 5+@+5R> = Z’QZ) (C49)

Vg

C.3. Resulting Equations

Equations (C.35b), (C.42), (C.43), (C.45) and (C.49) are the resulting equations,

which are obtained in Section C.2. It is beneficial to rewrite them as the following:

FF —l—FRZ—mg:O (050)

Plp WR _ ;
—cplp | =0 — . +0p | —crop | = +— + Or | = —mug, Y8 (C.51)
< B — wéF + 5F> +Cr ( & + WR + 5R> = mug, (5 + ¢> (C.52)
—mﬂw+@ﬂﬁ:o (C.53)

sz<5—¢F+%)—W%(5+¢R+@>=Z¢ (C.54)
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This section is divided into three parts. In the first part, vertical forces are
obtained. In the second part, state-space description with § and w as state variables
is obtained. Finally in the third part, state-space description with vg, and w as state

variables is obtained.
C.3.1. Vertical Forces

Solving Equations (C.50) and (C.53) together, vertical forces are found as

[rmg
Fr = , C.55
£ lp+ g ( )
lpmg
Fp = . C.56
R lr+ g ( )

C.3.2. State-Space Description with 3 and 1) as State Variables

Rewriting Equations (C.52) and (C.54) in expanded form yields

y ] ‘ '
—cpf3 — cFE +cpdp — cpf3 + CR@ + crop = mug, B + mug, 1, (C.57)

UGx UGl-
)l )l .
—lpcp — chF:f—F + lpcpdr + LrerB — chR:’f—R — lpcrdp = L. (C.58)

By looking at these equations, the state vector is chosen as

r = : (C.59)

The state-space form for the front and rear steered case is written as

__Ccr+cr crlr—crlp 1 cr _CR
= mug, mug, 2 T+ mug,, mug, u (C 60)
crlr—cplp  _ crlp®+cplp? crlp  __crlr

I, I vg, 1. I,
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where

u = . (C.61)

The state-space form for the front steered case is written as

_crtcr crlr—crlr __ 1 cF

i = mug, vaQCQ T+ mug, U (C62)
crlp—crlr _ crlp®+crplp? crlp
Iz IZ’UGZ Iz
where

The state-space form for the rear steered case is written as

_ cr+cr crlr—crlp __ 1 CR
i = mug,, vaxQ T+ mug, U (C64)
crlr—crlyr  _ crlr®+crlp? __Ccrlp
IZ IZ’UGZ Iz
where

If the output is selected as the side-slip angle 3, it is represented with the equation
y = [1 O] z. (C.66)
If it is selected as the yaw rate z/}, it is represented with the equation

y = [0 1] x. (C.67)
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C.3.3. State-Space Description with vg, and Y as State Variables

Using Equations (C.10) and (C.60) together, the state-space form for the front

and rear steered case is found to be

__Cr+tcCRr Ccrlr—crlp __ Ve CcR CR
T = MYGe M0Ge I mn U (C.68)
crlr—crlF _ crlR®+crlp? crlr __ crlr
Lvg, Ivg, I, I,
where
Vg,
r= " (C.69)
and
oF
u= : (C.70)
Or
The state-space form for the front steered case is written as
_crtcer crlr—cplp __ Ve (90
T = M0Ga MGa o+ | ™ |u (C.71)
CRlR—CFlF _CRZR2+CFZF2 CFlF
IzUGz IzUGI 1.
where
The state-space form for the rear steered case is written as
_crtcer crlr—cplp __ v CR
T = MYGe M0Ga |+ mn u (C.73)
crlr—crlp _ crlR®+crlp? crlr

IzUGz IzUGI I,
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where

If the output is selected as the vehicle lateral axis component of the velocity,

which is vg,, it is represented with the equation
y = [1 ()] x. (C.75)
If it is selected as the yaw rate ¢, it is represented with the equation

y = [() 1] x. (C.76)
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APPENDIX D: RELATED COMPUTER SOFTWARE

Computer software developed for this study is included in a separate DVD. Con-
tents of the DVD are grouped according to the sections of the text. In other words,
directory paths in the DVD are similar to sections in the text. Software belonging to

a section is easily found by exploring the directories in the DVD.
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