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ABSTRACT

NUMERIC METHODS FOR STOCHASTIC DISEASE

SPREAD MODELS

Disease spread models are important in controlling the new infectious diseases

that suddenly threaten the public health. Mathematical tools are especially impor-

tant to understand the spread of the disease since experiments are not possible in the

area. This study focusses on a stochastic SIR (susceptible-infected-recovered) model

for a finite population. We first assume a homogeneous population and study Markov

modelling of disease spread for an exponential infectious period. We present the al-

gorithms that compute the expected duration of an epidemic, the final outbreak size

distribution and the maximum number of simultaneously infected individuals distri-

bution. After stating the problems with exponential infectious period, we assume an

Erlang distributed infectious period allowing us to use Markov chains. The Markov

disease spread model proposed for it uses the remaining stages as state variables and

treats the Erlang distributed infectious period as simply exponential. This enables us

to compute the exact final outbreak size distribution for large populations efficiently.

Moreover, we propose an approximation for the distribution of the maximum epidemic

size using the exact distribution of the remaining stages. We also consider a mixture

of Erlangs so that by using the first two moments of an infectious period one can fit a

corresponding mixture. Furthermore, by considering a mixture of Erlangs distribution

for the infectious period and assuming two types of infected individuals as symptomatic

and asymptomatic, our proposed models are implemented with the parameters similar

to those reported for COVID-19 spread. Finally, a stochastic SIR model for a non ho-

mogeneous population is considered. The notion of R0 for heterogeneous populations is

discussed and individual R0 as the expected number of secondary cases produced by a

unique given initially infected individual. We propose a general formula for individual

R0 and use it for the assessment and development of the intervention methods.
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ÖZET

STOKASTİK HASTALIK YAYILMA MODELLERİ İÇİN

SAYISAL YÖNTEMLER

Halk sağlığını tehdit eden yeni bulaşıcı hastalıkların kontrolünde hastalık yayılım

modelleri çok önemlidir. Alanda deneyler de mümkün olmadığından matematiksel

araçlar hastalığın yayılmasını anlamak için özellikle önemlidir. Bu çalışma, sınırlı bir

nüfus için stokastik SIR (susceptible-infected-recovered) modeline odaklanmaktadır.

Başlangıç olarak homojen bir nüfusu düşünüyor ve bulaşıcı dönemin üstel dağılıma

sahip olduğunu varsayarak hastalık yayılımının Markov modellemesini çalışıyoruz. Bir

salgının beklenen süresini, salgında enfekte olmuş toplam kişi sayısının dağılımını

ve aynı anda enfekte olmuş maksimum kişi sayısının dağılımını hesaplayan algorit-

maları veriyoruz. Üstel dağılan bulaşıcı dönemin sorunlarını belirttikten sonra Markov

zincirlerini kullanmamıza izin veren Erlang dağılan bulaşıcı dönemi varsayıyoruz.

Önerdiğimiz Markov hastalık yayılım modeli kalan aşamaları durum değişkenleri

olarak kabul ederek üstel dağılıma benzetilir. Bu büyük popülasyonlar için nihai

salgın büyüklüğü dağılımını verimli bir şekilde hesaplamamızı sağlar. Ayrıca, kalan

aşamaların tam dağılımını kullanarak maksimum enfekte sayısının dağılımı için bir

yaklaşım öneriyoruz. Ayrıca bulaşıcı dönem için bir Erlang karışımı düşünüyoruz ki

ilk iki momenti verilen herhangi bir bulaşıcı döneme karşılık gelen dağılımı kullan-

abiliyoruz. Erlang karışıma sahip bulaşıcı dönem ve semptomatik ile asemptomatik

olarak iki tip enfekte bireyin varlığını varsayarak önerdiğimiz modelleri COVID-19

yayılımı için uyguluyoruz. Son olarak homojen olmayan bir nüfus için stokastik SIR

model düşünülmektedir. Heterojen nüfuslar için R0 kavramını tartışıyoruz ve bireysel

R0 kavramını enfekte bir birey tarafından üretilen beklenen ikincil vaka sayısı olarak

tanımlıyoruz. Bireysel R0 için genel bir formül öneriyoruz ve bunu hastalığa müdahale

yöntemlerinin değerlendirilmesi ve geliştirilmesi için kullanıyoruz.
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ÖZET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

LIST OF SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

LIST OF ACRONYMS/ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . xv

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1. Basics for Our Stochastic Disease Spread Models . . . . . . . . . . . . 2

1.2. Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3. Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2. LITERATURE REVIEW . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1. Markov Modeling of Disease Spread . . . . . . . . . . . . . . . . . . . . 7

2.1.1. Markov Modeling with Exponential Infectious Period . . . . . . 8

2.1.2. Markov Modelling with Alternative Infectious Period Distributions 10

2.1.3. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2. Disease Spread for Non Homogeneous Populations . . . . . . . . . . . . 13

2.2.1. Agent Based Simulation . . . . . . . . . . . . . . . . . . . . . . 14

2.2.2. Metapopulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.3. Contact Network . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.4. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3. MARKOV MODELING OF DISEASE SPREAD WITH EXPONENTIAL IN-

FECTIOUS PERIOD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1. Model Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2. Expected Duration of an Epidemic with Exponential Infectious Period 30

3.3. Final Outbreak Size Distribution with Exponential Infectious Period . . 32

3.4. Maximum Epidemic Size Distribution with Exponential Infectious Period 38

3.5. SIS Markov Model and Expected Duration of an Epidemic . . . . . . . 40

3.6. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43



v

4. MARKOV MODELING OF DISEASE SPREAD WITH ERLANG INFEC-

TIOUS PERIOD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.1. Model Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.2. Final Outbreak Size Distribution with Erlang Distributed Infectious Period 48

4.2.1. Extension to Mixtures of Erlang Distributed Infectious Period . 57

4.3. Distribution of The Maximum Number of Disease Stages and Approxi-

mation to Maximum Epidemic Size Distribution . . . . . . . . . . . . . 59

4.4. Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.4.1. Effect of Infectious Period Variability . . . . . . . . . . . . . . . 64

4.4.2. An Infinite Population Approximation for the Outbreak Proba-

bilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.4.3. Effect of k on Approximation to Maximum Epidemic Size Dis-

tribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.5. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5. COVID-19 SPREAD: ANALYSIS USING A MODIFIED STOCHASTIC SIR

MODEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.1. Model Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2. Determination of Model Parameters . . . . . . . . . . . . . . . . . . . . 80

5.3. Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.3.1. Final Outbreak Size Distribution for COVID-19 . . . . . . . . . 83

5.3.2. Final Outbreak Size Distribution with Changing Contact Rates 89

5.4. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6. R0 NOTION AND ASSESSMENT OF INTERVENTION STRATEGIES FOR

NON HOMOGENEOUS POPULATIONS . . . . . . . . . . . . . . . . . . . 94

6.1. The Notion of R0 for Non Homogeneous Models . . . . . . . . . . . . . 95

6.1.1. Use of Individual R0 on Intervention Analysis . . . . . . . . . . 100

6.2. Some Non Homogeneous Population Structures for Influenza Spread . . 101

6.2.1. Model with Multiple Cities . . . . . . . . . . . . . . . . . . . . . 102

6.2.2. Model with a Population of Households . . . . . . . . . . . . . . 103

6.3. Intervention Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.3.1. Intervention by Vaccination . . . . . . . . . . . . . . . . . . . . 105



vi

6.3.2. Intervention by Social Distancing . . . . . . . . . . . . . . . . . 108

6.3.3. Intervention by Use of Antiviral Drugs . . . . . . . . . . . . . . 109

6.4. A Model with Overlapping Mixing Groups . . . . . . . . . . . . . . . . 110

6.5. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7. CONCLUSIONS AND FUTURE RESEARCH . . . . . . . . . . . . . . . . . 117

7.1. Main Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

7.2. Possible Future Research Directions . . . . . . . . . . . . . . . . . . . . 119

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

APPENDIX A: POPULATION MATRIX GENERATION . . . . . . . . . . . 133



vii

LIST OF FIGURES

Figure 3.1. State transition diagram for SIR . . . . . . . . . . . . . . . . . . 28

Figure 3.2. The state transitions of process {I(t), S(t)} for SIR with N = 5 . . 29

Figure 3.3. Expected duration of an epidemic for exponential infectious period 31

Figure 3.4. Final outbreak size distribution for exponential infectious period . 34

Figure 3.5. Distribution of Imax for exponential(µ) infectious period . . . . . . 39

Figure 3.6. State transition diagram for SIS . . . . . . . . . . . . . . . . . . . 40

Figure 3.7. The state transitions of process for SIS with N = 5 . . . . . . . . 40

Figure 4.1. State transition diagram for SIkR . . . . . . . . . . . . . . . . . . 48

Figure 4.2. The state transitions of process {(V (t), S(t))} for N = 3 and k = 2 52

Figure 4.3. Exact final size distribution for Erlang distributed infectious period

(k, µ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Figure 4.4. Comparison of final size distributions for discrete infectious period

and mixture of Erlangs distributed infectious period . . . . . . . . 58

Figure 4.5. Distribution of Vmax for Erlang(k, µ) distributed infectious period . 60

Figure 4.6. Final outbreak size distribution for k = 1 based on implementation

of algorithm in Figure 4.3 . . . . . . . . . . . . . . . . . . . . . . . 65



viii

Figure 4.7. Final outbreak size distribution for k = 2 based on implementation

of algorithm in Figure 4.3 . . . . . . . . . . . . . . . . . . . . . . . 66

Figure 4.8. Final outbreak size distribution for k = 5 based on implementation

of algorithm in Figure 4.3 . . . . . . . . . . . . . . . . . . . . . . . 66

Figure 4.9. Final outbreak size distribution for k = 10 based on implementa-

tion of algorithm in Figure 4.3 . . . . . . . . . . . . . . . . . . . . 67

Figure 4.10. Cumulative final outbreak size distribution for k = 1 . . . . . . . . 69

Figure 4.11. Cumulative final outbreak size distribution for k = 2 . . . . . . . . 70

Figure 4.12. Cumulative final outbreak size distribution for k = 5 . . . . . . . . 70

Figure 4.13. Cumulative final outbreak size distribution for k = 10 . . . . . . . 71

Figure 4.14. The comparison of Imax probability mass function obtained by sim-

ulation and our approximation using Vmax for k = 1 . . . . . . . . 72

Figure 4.15. The comparison of Imax probability mass function obtained by sim-

ulation and our approximation using Vmax for k = 2 . . . . . . . . 72

Figure 4.16. The comparison of Imax probability mass function obtained by sim-

ulation and our approximation using Vmax for k = 5 . . . . . . . . 73

Figure 4.17. The comparison of Imax probability mass function obtained by sim-

ulation and our approximation using Vmax for k = 10 . . . . . . . 74

Figure 5.1. State transition diagram for COVID-19 . . . . . . . . . . . . . . . 77



ix

Figure 5.2. Final outbreak size distribution for R0 = 2.24 and ka = 2 . . . . . 84

Figure 5.3. Final outbreak size distribution for R0 = 2.24 and ka = 4 . . . . . 84

Figure 5.4. Final outbreak size distribution for R0 = 3.58 and ka = 2 . . . . . 85

Figure 5.5. Final outbreak size distribution for R0 = 3.58 and ka = 4 . . . . . 85

Figure 5.6. Cumulative final outbreak size distribution for R0 = 2.24 and ka = 2 86

Figure 5.7. Cumulative final outbreak size distribution for R0 = 2.24 and ka = 4 87

Figure 5.8. Cumulative final outbreak size distribution for R0 = 3.58 and ka = 2 87

Figure 5.9. Cumulative final outbreak size distribution for R0 = 3.58 and ka = 4 88

Figure 5.10. Final outbreak size distribution if Rc = 0.7 when at least 5% si-

multaneous infectives . . . . . . . . . . . . . . . . . . . . . . . . . 90

Figure 5.11. Final outbreak size distribution if Rc = 0.95 when at least 5%

simultaneous infectives . . . . . . . . . . . . . . . . . . . . . . . . 90

Figure 5.12. Final outbreak size distribution if Rc = 0.7 when at least 10%

simultaneous infectives . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 5.13. Final outbreak size distribution if Rc = 0.95 when at least 10%

simultaneous infectives . . . . . . . . . . . . . . . . . . . . . . . . 91

Figure 6.1. Intelligent Vaccination Strategy . . . . . . . . . . . . . . . . . . . 106

Figure 6.2. The frequency of individual R0s without household quarantine . . 112



x

Figure 6.3. The frequency of individual R0s after vaccination without house-

hold quarantine . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

Figure 6.4. The frequency of individual R0s after 80% household quarantine . 115



xi

LIST OF TABLES

Table 3.1. Time required to calculate final outbreak size distribution with ex-

ponential infectious period . . . . . . . . . . . . . . . . . . . . . . 38

Table 4.1. Comparison of final size probability values for different population

sizes for k=5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

Table 4.2. Time required to calculate exact final outbreak size distribution (in

seconds). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

Table 4.3. E[Vmax],
2

k+1
E[Vmax] and E[Imax] for different k and R0 values . . . 63

Table 4.4. Numerical descriptors for final outbreak size distribution with R0 =

1.5 and λ = 3 for different k values . . . . . . . . . . . . . . . . . . 64

Table 4.5. Comparison of outbreak probability from final outbreak size distri-

bution and infinite population approximation . . . . . . . . . . . . 68

Table 5.1. Published estimates of R0 for COVID-19 and our corresponding λ 82

Table 5.2. Average percentage of the individuals who have been infected during

epidemic (%) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

Table 5.3. Average percentage of the individuals who have been infected during

epidemic (%) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

Table 6.1. Population sizes and infection probabilities for the population with

multiple cities. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103



xii

Table 6.2. Individual R0 based vaccination with different number of vaccinated

individuals for the population with multiple cities . . . . . . . . . . 107

Table 6.3. Individual R0 based vaccination with different number of vaccinated

individuals for the population partitioned into households . . . . . 108

Table 6.4. Quarantine after first day of infection for the population partitioned

into households . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Table 6.5. Use of antiviral drugs with different reduction factors without house-

hold quarantine for the population partitioned into households . . 110

Table 6.6. Use of anti viral drugs and 50% household quarantine with different

reduction factors for the population partitioned into households . . 110

Table 6.7. Population matrix for a model with overlapping mixing groups . . 111

Table 6.8. Maximum individual R0 values after random vaccination and vac-

cination based on individual R0 without household quarantine . . . 113



xiii

LIST OF SYMBOLS

ej The unit vector of size kwith 1 at jth entry and 0 at other

entries

fD(d) The probability mass function of infectious period

i The current number of infected individuals

Ii(t) The number of infected individuals at time t who needs to

goes through i more stages before becoming recovered

IM(j) The indicator function that is 1 if j is an element of mixing

group M of i, 0 otherwise

Imax The maximum number of simultaneously infected individuals

I(t) The number of infected individuals at time t
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1. INTRODUCTION

Epidemiology can be defined as the study of how diseases occur in different popu-

lations and why they occur. There exist a considerable number of studies on epidemics

mostly done by medical doctors. Since new infectious diseases that are more dangerous

have emerged recently, more people are attracted by this area. Therefore, mathemati-

cians are also interested in the area of epidemics and mathematical epidemiology has

become an important part of epidemiology. Mathematical epidemiology has used math-

ematical tools to understand the spread of infectious diseases in populations. Because

experiments are not possible in this area, mathematical models have become so im-

portant. That allows to compare different intervention strategies against anticipated

epidemics or pandemics. They are used in order to understand the dynamics of disease

spread.

Compartmental models suggested by Kermack and McKendrick (1927) are mostly

used for mathematical modelling of infectious diseases. In compartmental models, the

population is divided into compartments assuming that every individual in the same

compartment has the same characteristics based on their disease symptoms. The clas-

sical epidemic models are usually investigated through ordinary differential equations

which are deterministic and indicate time rate of transfer from one compartment to

the other. Later, a stochastic framework was considered which allows us more realistic

but also more complicated analysis.

The SIR model is one of the simplest compartmental models consisting of three

compartments, S denotes the number susceptible, I indicates the number of infectious,

and R denotes the number of recovered or immune. In SIR model, if a susceptible

individual is infected, it transfers to compartment I and when it is recovered, it transfers

to compartment R. This model is for infectious diseases where recovery confers lasting

resistance, such as measles. Some infections do not confer any long lasting immunity

and thus the SIS (Susceptible-Infectious-Susceptible) model is appropriate for these

infections. For many infections, there is a significant incubation period during which the
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individual has been infected but is not infectious. Those are called exposed individuals

and SEIR (Susceptible-Exposed- Infectious-Recovered) model is used for them. There

are also other elaborations on the basic SIR model including MSIR (Maternally derived

immunity-Susceptible- Infectious-Recovered), MSEIR (Maternally derived immunity-

Susceptible-Exposed- Infectious-Recovered), MSEIRS (Maternally derived immunity-

Susceptible-Exposed- Infectious-Recovered-Susceptible).

In this study, we focus on stochastic SIR disease spread models. At first, we

consider a finite population in which all individuals are homogeneous and mix uni-

formly. We propose a Markov model to characterize important properties of disease

dynamics. Then, we consider a non homogeneous population and investigate the no-

tion of computable R0 for heterogeneous models and develop and assess intervention

strategies using R0. The following sections provide more detail on the basics for our

stochastic disease spread models, the motivation of the dissertation, and the structure

of the manuscript.

1.1. Basics for Our Stochastic Disease Spread Models

We consider an SIR model for finite populations with size N during the thesis.

Thus, there are no births and deaths for our model only infection and recovery. SIR

is used where individuals infect each other directly. And, an infected individual who

recovers from the disease is also modeled to have perfect immunity to disease thereafter.

For Markov modeling of a stochastic SIR model, a homogeneous population and

perfect mixing are assumed. It is also assumed that the number of contacts leading

to an infection has a Poisson distribution. An infected individual remains infectious

during a random time period that is generally assumed to be exponential.

Chain binomial model is another important model in the analysis of disease spread

in small groups like households. In chain binomial model, the number of newly infected

individuals at time t depends on the number of infected individuals and the number of

susceptible individuals at time t− 1. Further, the number of new infected individuals
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at time t follows a binomial distribution.

There are some important quantities that describe the disease spread behaviour

like probability of an outbreak, final outbreak size distribution, distribution of max-

imum number of simultaneously infected individuals. In epidemiology, epidemics are

called “outbreak” if the total number of infected individuals goes to infinity for an in-

finite population size. However, an outbreak probability cannot be calculated exactly

for finite population models since it is not clear how an outbreak should be declared.

In the literature, the basic reproduction number, R0 is defined as the expected

number of secondary cases that one infected case would produce in an entirely suscep-

tible population. R0 was first defined and calculated for deterministic disease spread

models with homogeneous populations. The special case of the deterministic model

proposed by Kermack and McKendrick in 1927 is the baseline model that has a simple

formula for R0 (Brauer et al., 2008). In epidemiology, R0 is important since it is di-

rectly related to the outbreak possibility. When it is smaller than 1, then the infection

is going to disappear before involving a significant number of the population. When

R0 is greater than 1, then there is a probability of a large outbreak.

Attack rate is another important quantity in epidemiology and is calculated by

dividing the total number of new cases in the population from the beginning of disease

to its end to the total number of persons at risk in the population. Thus, final outbreak

size distribution also gives us attack rate in epidemiology.

1.2. Motivation

Investigation of dynamic properties of disease spread is important to assess the

threatening effects of infectious diseases on human life and evaluate the intervention

strategies that may prevent disease spread. Deterministic models can be solved ex-

actly using different mathematical tools like matrix operations, differential equation

systems etc. However, there are some problems with deterministic disease spread

models. Firstly, the number of infected cases is actually integer but in deterministic
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modelling, differential equations treat them as continuous. In addition, approximations

in deterministic studies are good only if both the population size and the number of

initial hosts are large. However, the number of infected individuals in the population is

typically small at the beginning of the disease. Therefore, the mass action assumption

required by differential equation systems cannot be valid anymore and other models

have to be considered that model the stochastic nature of the contact pattern of indi-

viduals. Another problem deterministic epidemic models encounter is about R0. For

deterministic models when R0 is greater than 1, an outbreak is certain even if in reality

this is not the case.

Stochastic epidemic models can handle most of the problems that deterministic

models have. Stochastic models are more realistic but also more complex to analyze.

Under the stochastic approach, achieving numerical solutions is very difficult even for

homogeneous populations and it is almost impossible for non homogeneous populations.

During our literature survey, we observe that some important quantities for properties

of stochastic epidemic models like attack rate are calculated via approximations and

simulations even for homogeneous populations.

In this study, we target to obtain numerical solutions for some important charac-

teristics of disease spread like final outbreak size, time until extinction and maximum

number of simultaneously infected individuals for Markov models. We also enhance our

study with Markov chains considering more realistic infectious period than exponential

infectious period. However, our Markov modelling is only appropriate for homogeneous

populations.

Analysis of stochastic disease spread models for non homogeneous populations

are mostly done by simulation. In the literature, Longini et al. (2004) estimate the

basic reproduction number for overlapping mixing groups via agent based simulation

claiming that it cannot be directly calculated. Motivated by that wrong statement we

investigated the notion of R0 for non homogeneous populations and developed a simple

formula for R0. We also claim that a notion of R0, newly defined for non-homogenous

distributions, can be used to assess the effect of intervention strategies and thus to
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develop better intervention strategies.

1.3. Organization

The rest of the thesis starts with a literature review. Section 2.1 and Section

2.2 summarize the related literature in Markov modeling of stochastic disease spread

and disease spread for non homogeneous populations, each of which are followed by a

discussion.

Chapter 3 is dedicated to our studies related with Markov modelling of disease

spread for homogeneous populations. The model properties are given and important

results for epidemiology like the expected duration of epidemic, the distribution of the

total number of infected individuals during epidemic, the distribution of the maximum

number of simultaneously infected individuals are derived. Algorithms for exact solu-

tions are proposed and explained in detail. As an extension, a formula for a SIS model

to calculate the expected duration of an epidemic is given. Finally, infectious period

distributed by Erlang is suggested as an extension. Chapter 3 ends with a discussion

showing that the use of the exponential distribution for the infectious period is not

realistic.

Thus, we present a model where infectious period is distributed as an Erlang

random variable and propose an efficient computational procedure for the final outbreak

size in Chapter 4. We also consider a mixture of Erlangs so that using the first two

moments of infectious period one can fit a corresponding distribution. Finally, we

suggest an approximate distribution for the maximum epidemic size distribution and

implement numerical studies to demonstrate the practical importance of the proposed

algorithms.

Chapter 5 includes the implementation of our methods suggested in Chapter 4

for COVID-19 spread. We integrate the recent COVID-19 epidemiological data into a

stochastic SIR model considering two types of infectives as asymptomatic and symp-

tomatic. Furthermore, we also investigate the effect of the timing and the intensity
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of social distancing on the final outbreak size distribution by using state dependent

probabilities.

Chapter 6 is devoted to disease spread models for non homogeneous populations.

In this part, we investigate the notion of R0 for heterogeneous populations and intro-

duce individual R0 as the expected number of secondary cases produced by a given

unique initially infected individual. A general formula to calculate individual R0 val-

ues is presented and some intervention methods are assessed by using it. Optimal

intervention strategies are also suggested and numerical studies are carried on. Finally,

Chapter 7 concludes the thesis and points out some possible future research directions.
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2. LITERATURE REVIEW

The number of studies published in the area of mathematical epidemiology is

increasing fast and there are many studies that approach the problem from different

aspects. Studying the relevant literature, the deterministic modeling approach is the

oldest in the mathematical theory of epidemics. Kermack and McKendrick (1927) is

the oldest landmark paper in the area. They study the deterministic models and the

formulas they offered are still used today in deterministic modelling implementations.

However, we focus on stochastic disease spread models and in this chapter, a brief

literature survey is provided on this topic.

In the following sections, the papers are examined in two groups. The first group

includes the papers that consider the Markov modelling of disease spread. The second

group contains the papers which study disease spread for non homogeneous populations

especially the notion of R0 and the assessment of intervention strategies are considered.

At the end of each section, a discussion that motivates our study is provided.

2.1. Markov Modeling of Disease Spread

In this section, we investigate mostly the papers working on Markov modelling of

stochastic disease spread models. Markov modeling of disease spread can be useful to

calculate important results for epidemiology like total number of infected individuals

during an epidemic, the duration of an epidemic and the distribution of infected indi-

viduals for an epidemic. We analyse the papers on this topic in two different groups.

The first group includes the studies assuming exponential infectious period while the

second group consists of the papers that criticize exponential infectious period and

present other approaches for Markov modelling of disease spread with non exponential

infectious period.
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2.1.1. Markov Modeling with Exponential Infectious Period

In the literature, Markov modelling of disease spread assuming exponential in-

fectious period is popular since they make the computation of important epidemic

properties like the distribution of the total number of infected individuals during an

epidemic and the duration of an epidemic, possible (Lloyd, 2001).

Gani and Jerwood (1971) are among the earliest researchers who apply Markov

chain methods for epidemic models. They demonstrate that both Greenwood and

Reed Frost chain binomial models form Markov chains and they can be used to obtain

probabilities for the duration of time and the total number of infected individuals in an

epidemic. They carry out a study of chain binomial models as Markov chain embedded

in continuous time processes.

Gibson and Renshaw (1998) implement Markov chain Monte Carlo methodology

to estimate parameters for SIR models. They develop methods based on the Metropolis

Hasting algorithm and illustrate their use though simulated realizations of the process.

They show that the methods presented can be useful to provide meaningful estimates

for parameters and parameter uncertainty by comparing estimated likelihoods with

theoretical results.

Daley and Gani (2001) employ embedded Markov chain to compute the probabil-

ity distribution associated with the final size of recovered individuals. They compute

the transition matrix for the embedded matrix by considering the probabilities to im-

plement their suggested method.

Naasell (2002) studies the quasi stationary distribution and time to extinction

for stochastic SI, SIS, and SIR models. He states that the stochastic models are too

complex to allow explicit solutions. The quasi stationary distribution is especially

important since the expected time to extinction is expressed in terms of it. Since an

explicit solution for the quasi stationary distribution cannot be determined, a derivation

based on a diffusion approximation is developed.
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Allen (2008) reviews three different types of stochastic SIS and SIR model for-

mulations including discrete time Markov chain, continuous time Markov chain and

stochastic differential equations. They investigate the disease properties of stochas-

tic models like probability of disease extinction, probability of disease outbreak, quasi

stationary probability distribution, final size distribution and expected duration of an

epidemic.

Gómez et al. (2010) introduce a probabilistic discrete time Markov chain formu-

lation for contact based spreading of diseases in complex networks. They construct a

dynamical system that generalizes from an individual contact process to the case where

all connections are concurrently used. In order to show the validity of their approach,

they obtain more details at the individual level of description based on Monte Carlo

simulations.

Keeling and Ross (2007) suggest to use Kolmogorov forward equation to under-

stand stochastic disease dynamics since it allows to simultaneously consider the proba-

bility of each possible state occurring. Kolmogorov forward equation is linear and has a

matrix formulation providing disease spread dynamics. They describe the advantages

of matrix formulation of dynamics to compute the expected time until extinction and

to compare expected total cost of control strategies.

Artalejo et al. (2010) are interested in the distribution of the number of recovered

individuals for SIR not only during the time until the absorption but also in transient

state. They also consider SIS epidemic model and study the number of recovered

individuals. They apply the generating functions, factorial moments and moment gen-

erating functions to derive final size distribution. Artalejo et al. (2010) also study both

the maximum number of infected individuals during an epidemic and the distribution

of the current number of infected individuals given that the maximum number of in-

fected during epidemic is not above a certain value for a SIS model. They compute the

distribution of maximum number of infected individuals in transient regime and until

absorption by numerically inverting the Laplace transforms.
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House et al. (2013) compare methods to compute the probability mass function

of the total number of infections during an epidemic. Methods evaluated by them

cover Markov chain methods including Brute force methods, Bailey’s method, Path

integral and Null space method. Then, numerical efficiency of Markov chain methods

are compared.

Kuhnert et al. (2014) introduce a birth death SIR model for estimating parame-

ters like R0. The model approximates a classical stochastic SIR presenting trajectories

of the number of susceptible, infected and recovered individuals. In their Markov chain

Monte Carlo implementation of the birth death SIR model, they show that the tree

likelihood is suitable, by illustrating that they can infer parameters from simulated

phylogenies with high accuracy.

Dadlani et al. (2016) develop a continuous time Markov chain model based on

the retrial queuing notion in which infected nodes return back to become susceptible

only after being served by one idle recovery unit. Their aim is to assess the impact

of infected nodes retrying for recovery controlled by limited resources on the transient

behaviour of SI model assuming both homogeneous and non homogeneous contacts.

Amador and Lopez-Herrero (2017) focus on two important measures for the sever-

ity of an epidemic that are the total number of infectious cases and the maximum num-

ber of simultaneously infectious individuals. They consider a stochastic SEIR model

and present a recursive algorithm for determining the final size distribution. They

also calculate the probability of having at least m simultaneously infected individuals

recursively from linear equations.

2.1.2. Markov Modelling with Alternative Infectious Period Distributions

Lloyd (2001) states that most mathematical models describe the infectiousness

period by an exponential distribution. He investigates the effects of more realistic

descriptions of the infectiousness period on two epidemiological consequences. He im-

plements Monte Carlo simulation for every single transition and observes that as the
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variability increases, the number of infected individuals is more likely to decrease.

Thus, the disease persistence is diminished and less stable behaviour is observed.

Trapman and Bootsma (2009) establish a relationship between disease spread

behaviour and dynamics of M/G/1 queues with process sharing. They constitute a

link between the relation of disease spread and epidemics and the relation of M/G/1

queues and birth and death processes.

Hernández-Suárez et al. (2010) are interested in expected time to extinction and

quasi stationary distribution for SIS and SEIS epidemic models by applying queuing

theory. In their study, they derive approximations for expected time to extinction and

quasi stationary distribution and all derived approximations assume a general distribu-

tion of the infectious period duration. Finally, they compare the approximations with

the results obtained from simulations.

Fackrell (2009) claims that exponential distribution suffers from its lack of ver-

satility, being characterized by only one parameter. They introduce phase type dis-

tributions that can be used in the healthcare industry. Phase type distributions are

applicable to Markov chains and it includes a number of popular distributions like ex-

ponential distribution, the order p generalized Erlang distribution, the order p hyper

exponential distribution and the order p Coxian distribution.

Gamma distributed infectious period is popular for epidemic models with Markov

chains since it is identical to the distribution of the sum of independent exponential

distributed random variables. Anderson and Watson (1980) are among the earliest re-

searchers who consider gamma distribution for infectious period and obtain a number

of important results regarding the progress of the epidemic. They implement determin-

istic approximation and derive equations for the final size distribution. They also use

a branching process approximation for minor outbreaks and martingale central limit

theorem approximation for major outbreaks.

Andersson and Britton (2000) also assume gamma distributed infectious period
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and study stochastic SIR and SEIR models in dynamic populations to compute time

to extinction starting from quasi stationary states. They claim that to find the exact

distribution of the epidemic process is not manageable so they implement deterministic

approximation and diffusion approximations. It is also stated that population size

determines how the outbreak occurs.

Ma and Earn (2006) consider arbitrarily distributed transmission rates of infec-

tious individuals and claim that this complexity has no impact on the final size formula.

They replace an exponential distribution with mean 1/γ by a Gamma distribution with

parameters k and kγ. It is suggested to replace a single infectious stage with k identical

exponentially distributed substages with mean 1/kγ.

Nishiura et al. (2012) use a branching process model to compute the final out-

break size distribution for minor outbreaks and apply the method to final size data

of pneumonic plague with a basic reproduction number above 1. They compute the

probability of extinction by using probability generating functions of branching process

assuming gamma distributed infectious period.

Craft et al. (2013) analyse simulated data for early stages of disease to obtain

important insights for predicting major outbreaks. Their study, based on simulation,

applies to two approaches which are trajectory matching and discriminant function

analysis assuming both exponential and gamma distributions with different parameters.

Leclerc et al. (2014) focus on incubation period since it is important to detect

how disease pathogens spread and infects susceptible individuals. They fit alternative

probability models to data to demonstrate how incubation period changes with host

age. They also apply to simulation to examine the sensitivity of the lag between

epidemics of cryptic infection and the associated epidemics of symptomatic disease for

different distributional assumptions like exponential and Gamma.
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2.1.3. Discussion

We consider a SIR disease spread model for a homogeneous population by using

Markov chains. Thus, we will begin our discussion of the literature by considering

the studies modelling Markov chains for disease spread. We review these studies by

separating them into two groups.

The first group of studies assumes exponential infectious period and derives im-

portant quantities like probability of an outbreak, attack rate and R0 that describes

the disease spread behaviour. The second group includes the papers that apply to

Markov chain modelling but assume infectious period other than exponential distribu-

tion. Among alternative distributions, Erlang(k, µ) distribution becomes more popular

since it is identical to the distribution of sum of k independent exponential(µ) random

variables.

Moreover, all studies presented in Section 2.1 consider disease spread models for

homogeneous populations and implement Markov chain modelling approach to analyse

disease spread behaviour numerically.

2.2. Disease Spread for Non Homogeneous Populations

In this section, we study disease spread for non homogeneous populations. We

mainly focus on R0 notion for heterogeneous populations and assessment of intervention

strategies. We identified three main groups of papers on this topic. The first mainly

authored by medical doctors and practitioners uses agent based simulation to assess

disease spread behaviour. A second group considers meta population models that are

especially useful for modelling pandemics. In the third group, mostly mathematicians

have investigated epidemic models by considering contact networks.
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2.2.1. Agent Based Simulation

Our interest in epidemiology started from agent based simulation models in epi-

demics. Agent based simulations are developed in order to understand the disease

spread mechanism in small populations. They are actually simple but allow modelling

of complex phenomena.

Longini et al. (2004) use stochastic epidemic simulations in order to measure the

effects of antiviral agents and vaccine. They make a simulation for a heterogeneous

population separated by age and mixing groups. They show how average R0 can be

computed via simulation for heterogeneous populations if the required infection transi-

tion probabilities are known. Longini et al. (2005) also present how the basic reproduc-

tive number R0 affects the effectiveness of targeted antiviral prophylaxis, quarantine,

and pre vaccination by specifying threshold values.

Lipsitch et al. (2003) also implement agent based simulation to assess the impact

of public health efforts on reducing the size of the epidemic for dangerous SARS (severe

acute respiratory syndrome). They report that R0 per index case for SARS is highly

variable if some control measures like isolation of SARS cases and quarantine of their

asymptomatic contacts are implemented. Thus, they estimate R0 values changing by

time. They conclude that large variation in R0 by each index case will decreases the

probability of large epidemic compared to small variation in R for the same R value.

Patlolla et al. (2004) model the dynamics of the spread of infectious diseases by

using agents to model the interaction between people and pathogens. The dynamics

of the spread are analysed by using the graphical output generated via simulation and

the behaviour of the spread is exactly the same as for the classical SIR model. They

also indicate the threshold levels of the SIR model by using the graphical outputs.

Dunham (2005) gives the design and the implementation of an agent based epi-

demiological simulation system by using the MASON toolkit. His simulation model

is so robust that it can be implemented for epidemic models including SIS, SIR and even
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more complicated SEIR (Susceptible-Exposed-Infected-Removed) or SLIR (Susceptible-

Latent-Infected-Removed) models. He concludes that his simulation tool can be used

for realistic studies if proper parametrization can be done.

Ferguson et al. (2005) carry on a simulation analysis to assess H5N1 influenza

spread after policies to increase social distance. Germann et al. (2006) introduce and

use a large scale stochastic simulation model to study the spread of a pandemic strain

of influenza virus for different R0 values. They consider some intervention strategies

including targeted antiviral prophylaxis, dynamic mass vaccination, school closure,

social distancing and reductions in travel.

Wu et al. (2006) consider a SEIR disease spread model for a population with

households. They assume that initial basic reproduction rate is 1.8 and it is considered

to be dependent on the behaviour of the host population and vary during time. They

implement a sensitivity analysis to estimate the average decrease in attack rates after

household based intervention methods

Gustafsson and Sternad (2007) propose a Poisson simulation model for both micro

and macro simulation models. Epidemic models generally consist of many discrete

entities and there are two main types of simulation for these models. Micro model that

describes each entity with its attribute and behavior and macro model which describes

population with the number of entities in different states. Agent based model can be

regarded as a micro model but due to its complexity, it cannot be implemented to

macro models. Poisson simulation technique in this brings consistency for these two

models by adapting agent based simulation to large models.

Auchincloss and Diez Roux (2008) focus on the study of how features of residential

environments or neighbourhoods affect health. Then, they use agent based simulation

since it allows the system dynamics to follow a system consisting of heterogeneous

entities. They investigate the determinants of the spatial patterning of physical activity

so they prepare a simple and informative agent based model. Therefore, they conclude

that agent based approaches make developments of sophisticated theoretical models
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possible.

Milne et al. (2008) propose an individual based model of a small community

in the developed world with details including exact household structure, household

demographics and movement within the community and individual contact patterns.

They analyze the effects of some interventions including school closure, increased case

isolation, workplace non-attendance and community contact reduction on the spread

of pandemic influenza. They state that earlier and continuous implementations of

social distancing become effective even for great R0 values up to 2.5. They obtain

consistent results with the others who also study epidemics models with individual

based approaches.

Degli Atti et al. (2008) make a study on the spread of influenza in Italy. They

use an individual based SEIR model based on demographic data since individual based

models give the most reliable estimates of infectious disease spreads. They use the 2001

census data while generating the individual based simulation and evaluate the effec-

tiveness of several control methods for different basic reproduction values. The results

they obtained have become consistent with reality because the model requires detailed

information on the population characteristics and the data they used are routinely

collected by national statistics in Italy.

Bobashev et al. (2007) demonstrate a hybrid model starting with an agent based

model and switching to equation based after the number of infected individuals is

large. This model takes the advantage of agent based models’ power in describing

structured epidemiological processes and the advantage of equation based model for

better tractability.

Perez and Dragicevic (2009) develop an agent based modelling approach integrat-

ing geographic information system to simulate the spread of a communicable disease

in an urban environment. Their model is implemented on data obtained from Metro

Vancouver and census data from Statistics Canada for the municipality of Burnaby.

They state that agent based simulations is beneficial for better understanding of disease
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spread dynamics improving control of an epidemic outbreak.

Andradóttir et al. (2011) introduce a stochastic pandemic influenza model cali-

brated by documented illness attack rates and basic reproductive number estimates. An

agent based approach is used for simulation; intervention strategies are recommended

based on the obtained simulation results for economic cost estimations. According to

the results, higher vaccine efficacy and greater vaccine coverage decrease the average

attack rate but vaccine coverage with disruptive social distancing strategies seem even

more effective.

2.2.2. Metapopulation

Another technique for modelling epidemics in a heterogeneous population is

metapopulation. In metapopulation modelling, different levels of relations are con-

stituted between homogeneous groups so it is an approach similar to agent based mod-

elling. Actually, recent research is more interested in structured metapopulation models

rather than detailed agent based models. Metapopulation models are more proper for

the study of worldwide epidemics than other modelling approaches since agent based

modelling is easily implemented only for small sized populations.

In early modelling of worldwide epidemic, Hufnagel et al. (2004) present a prob-

abilistic model in order to describe the spread of infectious diseases through the world

and forecast the geographical spread of epidemics. In this epidemic model, a stochas-

tic local infection dynamics among individuals and a stochastic traffic in a worldwide

network are combined. Then, predictions for the future of infectious diseases are done

and endangered regions in the world are identified by simulations.

Watts et al. (2005) state that many spatial and network models are proposed

to give the aspects of interaction structure among individuals but they suffer from

limited tractability and incapability of yielding general results due to their complexity.

Therefore, they propose a meta population model in which homogeneous mixing is

assumed in local subpopulations and a nested hierarchy of subpopulations exists. They
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claim that the nested hierarchy of subpopulations allows to model large populations

and even global pandemics. Their results also support that the final size and duration

of an epidemic are highly sensitive to the structure of the population even if the R0

value is constant. Moreover, similar distributions of epidemic size can correspond to

very different values of R0.

One point that makes meta population model so important recently is the in-

crease of airline traffic in the world. Thus, some regions in the world are under bigger

threat of a global pandemic than others having less traffic. Colizza et al. (2006) study

the structure of the population flows between different geographical regions. They

state that as the airline traffic has been increasing, the geographical space shrinks that

diseases can spread. Therefore, the epidemic model is analysed by using an informa-

tion theory approach allowing the quantitative characterization of the heterogeneity

level and the predictability of disease spreading patterns. In another study of global

epidemics, the properties of the airline transportation network specifying the diffu-

sion pattern of diseases and the reliability of outputs based on stochasticity of disease

transmission and traffic flows (Colizza et al., 2006). Then, Colizza et al. (2007) study a

metapopulation stochastic epidemic model considering airline travel flow information.

A sensitivity analysis of pandemic is done for different virus infectiousness and different

initial conditions. They compute R0 and find the effects of basic reproduction number

on a global pandemic through metapopulation technique. For metapopulation models,

a threshold value R∗ is also provided below which the epidemic cannot spread to a

macroscopic fraction of subpopulations. A study for better understanding the effect of

travel restrictions in epidemic containment is also carried on (Colizza and Vespignani,

2007). Colizza and Vespignani (2008) show that the metapopulation network exhibits

a global threshold for the subpopulation invasion.They derive an explicit analytic ex-

pression for the invasion threshold that determines the minimum number individuals

traveling among subpopulations.

Balcan et al. (2009) investigate the seasonal transmission potential and the peak

time of influenza worldwide. They use a global structured metapopulation model.

They regard the mobility of individuals and the transportation data worldwide. The



19

model parameters are estimated by maximum likelihood estimation technique based

on past data. Based on the output of the global structured metapopulation model, the

R0 estimation is done effectively and the peak times are determined. This is beneficial

for specifying the time and the extent of the intervention strategies. Barthélemy et al.

(2010) show that the possibility of global disease spread is described in terms of bond

on the network so they give a lower bound for the global epidemic threshold for all

model parameters and all networks.

Ajelli et al. (2010) compare agent based models with structured metapopulation

models in their study. They generate an agent based model and structured metapopu-

lation model for a pandemic in Italy and whole Europe with identical initial conditions.

Then, they compare the results obtained from both modelling techniques. Based on

their results, the two models are consistent in the peak time of the epidemics. Moreover,

the fraction of the population who become infected is greater for the metapopulation

modelling than agent based modelling because the contact structure is more detailed

in agent based modelling and homogeneity assumption is stronger in metapopulation

models. One drawback of the agent based modelling is the difficulties in obtaining

reliable data for most regions due to its detailed structure. Therefore, Ajelli et al.

(2010) offer a hybrid model that make predictions at the global scale by implementing

a metapopulation technique and representing individuals by employing the agent based

approach. Furthermore, Merler and Ajelli (2009) study how different levels of popula-

tion heterogeneity and different human mobility patterns affect the influenza pandemic.

According to the results, the epidemics affect the European countries differently due

to the huge differences in socio-demographic properties of European countries. Cu-

mulative attack rate, peak daily attack rate and R0 depend on socio-demographic

parameters.

Singh (2014) also studies epidemics in metapopulation networks. He describes a

set of mixed subpopulations that are coupled together with some links. He analyses

different network cases including fully connected and strongly connected. Then, the

distribution of outbreak size, epidemic threshold, probability of a large outbreak, and

size of a large outbreak are found on both strongly connected metapopulation networks
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and weakly connected metapopulation networks. Finally, Ball et al. (2015) state that

even if theory and application of meta population models made great progress recently,

there are still important challenges that remain for future study. They present seven

major challenges they observe for meta population models of epidemics.

2.2.3. Contact Network

In the literature, the calculation of the basic reproduction number R0 has always

been considered important. R0 is of interest not only because it is used in calibrating

infection transmission probability but also it directly quantifies the possibility of a

pandemic. Contact network is another important issue in disease spread modelling

because it depends highly on both intrinsic features of the pathogen and the properties

of the network structure.

Chowell et al. (2003) present how network characteristics can be used to generate

social networks. They propose that modelling on individual interactions can be useful

to analyse dynamic processes like slowing the spread of infectious diseases. They repre-

sent a network whose edge weights are derived from the daily movements of individuals

between locations. The number of edges between nodes are determined by power-law

distributions based on school, work and social activities.

Barrat et al. (2004) study the networked structures in transportation infrastruc-

tures, social phenomena, and biological systems. They state that the networked struc-

tures have gained importance in recent years due to their complex structure. The

networked structures are specified by both their topology and the information dynam-

ics on them. In this networks a weight is assigned to each edge while a link can only

exist or not for standard models.

Keeling and Eames (2005) review the basis of epidemiology and network the-

ory and study some idealized network types and approximation techniques.. Then,

they introduce different methods that allow an approximation to the network to be

ascertained.
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Bansal et al. (2006) implement contact network epidemiology while investigating

the optimal vaccination strategy under vaccine supply shortage. They compare two

different vaccination strategies that are mortality based strategy targeting high risk

populations and morbidity based strategy targeting high prevalence populations. They

conclude that the mortality based strategy is preferred for high R0 values and the

morbidity based strategy is better for moderate R0 values.

Stroud et al. (2006) implement power law scaling of new infection rates for SIR

and SEIR model. They state that the expected number of new infections per day

per infectious person has power law scaling with respect to the susceptible fraction

in the population. However, in traditional approach there exists a linear relationship

between them assuming a homogeneous mixing assumption. However, some people

have greater chance to get infection in real life like highly connected people. This

social contact structure is regarded by the power law scaling approach. Moreover, it

shows that the total number of recovered people is considerably lower when using social

contact structure than for the traditional approach.

Wallinga et al. (2006) use data of social contacts in order to estimate the age

specific transmission parameters. They derive possible contact patterns based on age

distributions and household sizes. It is also stated that there exist surveys that gives

information on social contacts. They conclude that transmission parameters based on

social contacts yield better estimations for the age specific infection patterns because

the pattern of social contacts indicate that people have generally more contacts with

others of similar age.

Meyers (2007) suggests contact network epidemiology as a more powerful ap-

proach for modelling disease spreads. She considers the SARS case whose basic repro-

duction number was first estimated to be between 2.2 and 3.6. Therefore, a worldwide

pandemic was expected but only a limited spread of SARS was observed. Meyers

(2007) explains this by using contact network epidemiology. She asserts that R0 esti-

mates for SARS were done based on the data from a hospital and a crowded apartment

building where the contact rates were extremely high. Therefore, it is inappropriate
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to expect the same R0 value for a large population having a different contact network.

She emphasizes that recording both the number of new infections and the total number

of contacts during the infectious period is important in order to estimate the average

transmissibility; estimating the basic reproduction number R0 is not enough.

Trapman (2007) describes an infection spread by approximating the network by

a random graph. He considers two different infection types. The first one assumes that

an infected individual can infects its neighbours independently during his infectious

period. And, the second one assumes that an infected individual either infects all of

its neighbours or no one.

Ajelli and Merler (2008) also study the structured and unstructured contacts in

individual based epidemic modelling. They try to evaluate the effectiveness of interven-

tion strategies in heterogeneous populations and assert that the diversity in the choice

of unstructured contacts yields different model outputs and different effective rates. It

is suggested that not only the socio economic data are used for structured contacts but

also data including activity levels, distance information and time to improve the model

and to decrease the variance in outputs.

Ajelli and Merler (2009) claim that the development of a dynamic contact network

is required for a long term study of individual based epidemic studies while they study

hepatitis A transmission. Based on the dynamic contact network they study, the

intervention methods and their effectiveness are determined to prevent hepatitis A in

Italy. Dimitrov and Meyers (2010) also introduce a contact network epidemiology to

address public health policies and develop powerful computational methods to optimize

epidemic control strategies.

Paarporn et al. (2015) also investigate whether the available information about

epidemics is used to determine the level of individuals’ interactions with their neigh-

bours thus actually changing the contact network. They generate a stochastic SIS

model on an arbitrary connected network. Then, they use their contact network model

and study on how the awareness of agent is effective in reducing the disease spread.
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The computation of R0 value has always been important as it informs people

about the possibility of an outbreak. Contact network approach indicates that the

value of R0 without contact network might be misleading. However, the R0 value

is still important and in case the contact network is known, the basic reproduction

number can be still computed (Andradóttir et al., 2011).

There are also others who define basic reproduction number in different ways for

the models with heterogeneous contacts. Inaba (2012) introduces a new definition of

R0 based on the generation evolution operator that can be applied to all type of het-

erogeneous populations. He states that the spectral radius of next generation operator

is R0 and it can be calculated as the positive eigenvalue.

Keegan and Dushoff (2016) calculate a finite population reproduction number

considering different types of heterogeneity that are heterogeneity in mixing rate and

heterogeneity in probability per contact. Then, they investigate the effects of het-

erogeneity on finite population reproduction number and conclude that heterogeneity

decreases the finite population reproduction number when R0 is large relative to the

population size.

The Markov chain approach is especially popular for computing the basic repro-

duction number for heterogeneous populations since it makes the calculation of R0

easier as the level of heterogeneity increases (Hernandez-Suarez, 2002). Allen and Bur-

gin (2000) compare deterministic and stochastic SIS and SIR models where discrete

time stochastic models are Markov chains. They conclude that the disease is eliminated

when R0 is smaller than 1 while the disease exists in the population when R0 is greater

than 1 for deterministic models. However, the disease ends whatever R0 values is for

stochastic models since Markov chain diagram for stochastic SIS and SIR includes at

least one absorbing class and finite state space. Therefore, they make their analysis

conditioned on non extinction of disease and conclude that there exist a quasi station-

ary probability distribution when R0 > 1 whose mean is consistent with deterministic

equilibrium.
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Artalejo and Lopez-Herrero (2013) are concerned with the number of secondary

cases of disease modelled by a Markov chain. However, they introduce new concepts

that are the exact reproduction number Re0 and the population transmission number

Rp since R0 overestimates the average number of secondary cases.

Economou et al. (2015) study a stochastic SIS model for a population size N

where N is small and each individual has heterogeneous contacts. They also model

the problem as a continuous time Markov chain and calculate the number of infected

individuals, the length of an outbreak, and the maximum number of infected individ-

uals. They also define the basic reproduction number as random variable rather than

an expectation.

López-Garćıa (2016) models a small population with N individuals by considering

a graph. Each edge has a weight βij representing the interaction level from i to j. He

assumes that an infectious contact on network occurs after an exponentially distributed

random time and analyzes the effectiveness of control strategies by this modelling

approach.

The heterogeneous disease spread models considered by Markov chains assume

small population size to derive explicit results. For great population size, the level of

heterogeneity is requited to decrease. Ball and Neal (2002) consider a SIR model only

with two levels of mixing and define two possible contacts that are local and global

contacts. They compute a threshold parameter R∗ that governs whether a global

epidemic occurs and the average fraction of recovered individuals. Their theoretical

contact network is specialized to the households model, the overlapping groups model

and the great circle model. Furthermore, R∗ computed for a population partitioned

into households is suggested to be used for developing optimal vaccination policies.

They consider optimality in terms of vaccination cost and derive explicit results from a

constructive method to describe optimal vaccination strategies (Ball and Lyne, 2002).

Andradóttir et al. (2011) also suggest that the fundamental aim of most disease

spread models is to reduce R0 below 1. This can be possibly reached by changing the
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contact networks. Household prophylaxis, school closure and general social distancing

are some possible ways that change contact network and allow to reduce R0. Possible

public health interventions other than changing contact network might be vaccination

and antiviral treatment.

2.2.4. Discussion

We can mainly categorize the disease spread models for non homogeneous groups

into three as the ones that consider agent based simulation, meta population and

contact network.

Our interest in epidemiology starts from agent based simulation technique. Agent

based simulations are developed in order to understand the disease spread mechanism in

small populations. Agent based simulation is actually simple but allows the modelling

of complex phenomena. Probably for that reason it seems to be popular especially

among medical doctors.

Meta population is another method that constitutes different levels of relations

between homogeneous groups and is mostly implemented by mathematicians. It is a

similar approach to agent based modelling but it can be implemented for huge pop-

ulations while agent based simulation is used for small size populations. Moreover,

contact structure is more detailed in agent based modelling and homogeneity assump-

tion is stronger in Meta population. Thus, meta population is more proper for the

study of worldwide epidemics.

Contact network has more detailed contact structure than meta population so

it is similar to agent based modelling approach. However, the researchers who apply

to graphs to model disease spread obtain exact numerical results rather than simula-

tion results. They generally consider small size populations. As their heterogeneity

assumption increases, the population size decreases. Markov modelling is especially an

important method that has been used in contact network literature recently.
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The majority of the studies outlined in Section 2.2 includes main modeling ap-

proaches that are used in epidemiology to model disease spread for non homogeneous

populations. The decision on which approach is implemented depends on the problem

types.
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3. MARKOV MODELING OF DISEASE SPREAD WITH

EXPONENTIAL INFECTIOUS PERIOD

In epidemiology, stochastic models are especially important due to their more

realistic assumptions as compared to deterministic models. Markov chains for mod-

elling the stochastic dynamics in understanding of an epidemic has also become quite

popular recently since it allows derivation of important quantities including probability

of an outbreak, quasi-stationary probability distribution, final size distribution of an

epidemic, and expected duration of an epidemic.

Even if Markov chain modelling of disease spread is not a new approach in the lit-

erature, it became quite popular in recent years as it allows to predict the behaviour of

stochastic disease spread explicitly using a set of equations. By solving these equations,

it is possible to derive important results for discrete time disease spread models and

continuous time disease spread models. There exist great similarities between continu-

ous time disease spread models and queuing theory where births and deaths correspond

to infection and recovery in disease spread models. Markov chain models promise great

improvement for epidemiology as the yield important results on epidemics. First of all,

they are used to calculate basic reproduction number R0 in stochastic epidemic models

and to estimate parameter values by using a given R0 value (Hernandez-Suarez, 2002;

Artalejo and Lopez-Herrero, 2013). It is also possible to know the probability of an

outbreak, the quasi stationary distribution of an epidemic, and its final size by using

Markov chains (Allen, 2008).

In this part of our thesis, we deal with continuous time Markov chain modelling

of SIR disease spread model with constant population size to find important properties

of disease dynamics. We start with the expected time to extinction of an epidemic

for a SIR model. Even if in the literature results for the expected duration of an

epidemic were obtained using differential equation approximations, factorial moments

and generating functions, we implement first step analysis to calculate the expected
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time to disease extinction and also for the final outbreak size distribution and for the

maximum number of simultaneously infected individuals. Further, we consider a SIS

model and calculate the expected time to disease extinction for it.

3.1. Model Definition

We consider a finite population with size N where all individuals are homogeneous

and mix uniformly. For SIR disease spread models, the population is divided into three

classes as susceptible, infected and recovered. The flow diagram for each member of

the population is displayed in Figure 3.1. Let S(t), I(t), and R(t) be the number

of susceptible, infected, and recovered at time t, respectively. Since this is a finite

population model, we have N = R(t) + I(t) + S(t), so any one of the variables is

implied by the other two.

S I R- -
λi/N µ

Figure 3.1. State transition diagram for SIR

The transition rate from the susceptible state to the infected state is dependent on

both the number of susceptible cases, and the number of infected cases so it is denoted

by λis where i and s denote the current number of infected and susceptible individuals,

respectively. It is assumed that each infected individual has close contact with others

in the population according to a Poisson process with parameter λ. Since every close

contact would be with a susceptible individual with probability s/N and there are i

infected cases, the total number of contacts (per unit time) that will end up with an

infection follows a Poisson process with parameter λis = isλ/N (Hernández-Suárez et

al., 2010; Naasell, 2002). We assume that the infectious period has an exponential

distribution with parameter µ. The recovery rate for the states with i infected cases

becomes iµ. Therefore, it is possible to model this infection using Markov chains where

the state is the combination of the number of infected individuals and the number of

susceptible individuals, (I(t), S(t)). The Markov chain diagram with transition rates

depending on both the number of infected individuals and the number of susceptible
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individuals for a population size N = 5 becomes

0, 0 0, 1 0, 2 0, 3 0, 4

1, 0

µ1,0

1, 1

µ1,1

1, 2
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1, 3
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1, 4
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2, 0

µ2,0

λ1,1

2, 1

µ2,1

λ1,2

2, 2

µ2,2

λ1,3

2, 3

µ2,3

λ1,4

3, 0

µ3,0

λ2,1

3, 1

λ2,2

3, 2

λ2,3

4, 0

µ4,0

λ3,1

4, 1

λ3,2

5, 0

µ5,0

λ4,1

Figure 3.2. The state transitions of process {I(t), S(t)} for SIR with N = 5

The Markov chain in Figure 3.2 shows that there are N absorbing states for

stochastic SIR models for which the number of infected individuals are zero but the

number of susceptible individuals can take integer values from 0 to N − 1. There are

questions to be answered. One interesting question is the time until absorption (the

time until disease ends). Another question is in which state the process is absorbed

so what is the number of susceptible individuals who can manage to escape from the

disease (total number of recovered individuals). It is also important to observe the

maximum number of infected individuals on the path the model follows (maximum

number of simultaneously infected individuals).
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3.2. Expected Duration of an Epidemic with Exponential Infectious Period

Let τi,s be the time to extinction for a population size N starting with i in-

fected individuals and s susceptible individuals. We know that τi,s values become zero

whenever there are no infected individuals.

τ0,s = 0 for s = 0, 1, ..N. (3.1)

By considering (3.1) as boundary equations for Markov SIR models, we can calculate

the expected duration of an epidemic for any values of i and s. We start with calculating

E[τi,s] for the states with zero susceptible individuals that is

E[τi,s] =
i∑

j=1

1

µj
. (3.2)

Then, we can benefit from the first step analysis of Markov models while specifying

equations of expected time to extinction for the states with one remaining individual

that are

E[τi,1] =
1

λi,1 + µi
+

λi,1
λi,1 + µi

E[τi+1,0] +
µi

λi,1 + µi
E[τi−1,1]. (3.3)

In Equation 3.3, 1/(λi,1 +µi) gives us the expected time elapsed in state (i, 1) and first

step analysis is considered. We already know the value of E[τi+1,0] and there is only

one term left for which we write Equation 3.4.

E[τi−1,1] =
1

λi−1,1 + µi−1
+

λi−1,1
λi−1,1 + µi−1

E[τi,0] +
µi−1

λi−1,1 + µi−1
E[τi−2,1]. (3.4)
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So, we continue to specify such equations until the time when the number of infected

individuals becomes zero. and we obtain Equation 3.5 that is

E[τi,1] =
1

λi,1 + µi
+

λi,1
λi,1 + µi

E[τi+1,0]

+
i−1∑
j=1

{(
1

λj,1 + µj
+

λj,1
λj,1 + µj

E[τj+1,0]

)( i∏
l=j+1

µl
λl,1 + µl

)}
. (3.5)

In general for s susceptible, we can write

E[τi,s] =
1

λi,s + µi
+

λi,s
λi,s + µi

E[τi+1,s−1]

+
i−1∑
j=1

{(
1

λj,s + µj
+

λj,s
λj,s + µj

E[τj+1,s−1]

)( i∏
l=j+1

µl
λl,s + µl

)}
.

If we replace λi,s with isλ/N and µi with iµ, we can calculate the expected duration

of an epidemic for given parameter values λ, µ, and N for any number of infected

individuals i and susceptible individuals s by using Equation 3.6 that is

E[τi,s] =
i∑

j=1

{(
Nµ

sλ+Nµ

)i−j
+

(
N

jsλ+ jNµ
+

sλ

sλ+Nµ
E[τj+1,s−1]

)}
. (3.6)

Thus, we obtain a set of equations and it is possible to calculate the expected time to

extinction by solving these equations recursively using the algorithm in Figure 3.3.

Algorithm 1

1. Set τ0,s = 0 for s = 0, 1, . . . , N

2. Set s = 0

3. for i = 1, 2, . . . , N

4. Compute τ(i, s) using Equation (3.2)

5. end for

6. Set s = s+ 1

7. for i = 1, 2, . . . , N − s
8. Compute τ(i, s) using Equation (3.6)

9. end for

10. Set s = s+ 1. If s ≤ N − 1 go to step 7. Otherwise, stop the algorithm.

Figure 3.3. Expected duration of an epidemic for exponential infectious period
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3.3. Final Outbreak Size Distribution with Exponential Infectious Period

In epidemiology, final outbreak size distribution indicates the distribution of total

number of recovered individuals when the disease ends. Define τ as the termination

time of the disease: the time when no infected individuals remain,

τ = inf{t ≥ 0 : I(t) = 0}.

Given that we start with (I(0), S(0)) = (i, s), the probability that the final number of

recovered individuals equals m when the outbreak ends can be obtained as

Pm(i, s) = Pr{R(τ) = m|(I(0), S(0)) = (i, s)}.

To calculate Pm(i, s) values, we firstly specify both the absorbing states and the

transient states in our Markov model. The absorbing states for SIR include only the

states with zero infected individuals so in our model there are N+1 different absorbing

states like (0, s) where s can take any integer value from 0 to N . And the remaining

states are considered as transient. Further, the transition rate matrix for transient

states becomes

M =



... ... (i−2,s) (i−1,s) (i,s) ... (i,s−1) (i+1,s−1) ... (i+2,s−2) ...

...
...

. . .

(i−1,s) 0 0 µi−1 0 0 . . . λi−1,s 0 . . . 0 . . .

(i,s) 0 0 0 µi 0 . . . 0 λi,s . . . 0 . . .

(i+1,s−1) 0 0 0 0 µi+1 . . . 0 0 . . . λi+1,s−1 . . .
...

...
. . .


.
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Actually, every Pm(i, s) value is equal to the probability of being absorbed by

absorbing state (0, N −m). Further, it is possible to implement first step analysis in

order to calculate Pm(i, s) values which is given in Equation 3.7 using the transition

rate matrix.

Pm(i, s) =
λis

λis + µi
Pm(i+ 1, s− 1) +

µi
λis + µi

Pm(i− 1, s). (3.7)

If the transition rates λis and µi are taken as (isλ)/N and iµ respectively, Equation

3.7 becomes

Pm(i, s) =
λs

λs+ µN
Pm(i+ 1, s− 1) +

µN

λs+ µN
Pm(i− 1, s). (3.8)

For this Markov model, the next event can be either a new infection or a recovery.

Equation 3.8 shows that neither the probability of a new infection λs/(λs + µN) nor

the probability of recovery µN/(λs+µN) depends on the number of infected individuals

at the current state. These probabilities change only with the number of susceptible

individuals. Moreover, we need to compute Pm(i, s) for s = N −m,N −m + 1, ..., N

to determine the final outbreak size distribution since Pm(i, s)s are equal to zero for s

values less than N −m. Therefore, it is possible to set the boundary conditions such

that

Pm(0, s) = 1 for s = N −m and Pm(0, s) = 0 for s < N −m. (3.9)

The recursive method that combines Equation 3.8 and the boundary conditions given

in (3.9) is summarized in the pseudo-code given in Figure 3.4.
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Algorithm 2

1. Set m = 1

2. Set Pm(i, s) = 0 for s < N −m and i = 0, 1, ...(N − s)
3. Set s = N −m
4. Set Pm(0, s) = 1

5. for i = 1, 2, . . . , N − s
6. Compute Pm(i, s) from Equation 3.8

7. end for

8. Set s = s+ 1

9. Set Pm(0, s) = 0

10. for i = 1, 2, . . . , N − s
11. Compute Pm(i, s) from Equation 3.8

12. end for

13. Set s = s+ 1. If s ≤ N − 1 go to step 9. Otherwise, go to step 14.

14. Set m = m+ 1. If m ≤ N go to step 2. If m = N + 1 stop algorithm.

Figure 3.4. Final outbreak size distribution for exponential infectious period

We start to calculate Pm(i, s) values for the states with N −m susceptible. Since

a new infection reduces the number of susceptible for these states to N − m − 1 for

which Pm(i+ 1, N −m− 1) is zero, Pm(i, N −m) is calculated as

Pm(i, N −m) =
µN

λ(N −m) + µN
Pm(i− 1, N −m) =

(
µN

λ(N −m) + µN

)i
. (3.10)

Further, we compute all Pm(i, s) values recursively by increasing the number of

susceptible one by one. Since we already know Pm(i, N − m)’s for all i values, we
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continue with calculating Pm(i, N −m+ 1)’s such that

Pm(i, N −m+ 1) =

=
i−1∑
a1=0

{(
µN

λ(N −m+ 1) + µN

)a1 λ(N −m+ 1)

λ(N −m+ 1) + µN
Pm(i− a1 + 1, N −m)

}
=

λ(N −m+ 1)

λ(N −m+ 1) + µN
i−1∑
a1=0

{(
µN

λ(N −m+ 1) + µN

)a1 ( µN

λ(N −m) + µN

)i−a1+1
}

=
λ(N −m+ 1)

λ(N −m+ 1) + µN

(
µN

λ(N −m) + µN

)i+1 i−1∑
a1=0

(
λ(N −m) + µN

λ(N −m+ 1) + µN

)a1
.

Then, we calculate Pm(i, N −m+ 2)’s as

Pm(i, N −m+ 2) =

=
i−1∑
a2=0

{(
µN

λ(N −m+ 2) + µN

)a2 λ(N −m+ 2)

λ(N −m+ 2) + µN

Pm(i− a2 + 1, N −m+ 1)

}

=
λ(N −m+ 2)

λ(N −m+ 2) + µN

λ(N −m+ 1)

λ(N −m+ 1) + µN

i−1∑
a2=0

{(
µN

λ(N −m+ 2) + µN

)a2
((

µN

λ(N −m) + µN

)i−a2+2 i−1∑
a1=0

(
λ(N −m) + µN

λ(N −m+ 1) + µN

)a1)}

=
λ(N −m+ 2)

λ(N −m+ 2) + µN

λ(N −m+ 1)

λ(N −m+ 1) + µN

(
µN

λ(N −m) + µN

)i+2

i−1∑
a2=0

{(
λ(N −m) + µN

λ(N −m+ 2) + µN

)a2 i−a2∑
a1=0

(
λ(N −m) + µN

λ(N −m+ 1) + µN

)a1}
.

In general, we can write the equation for the final outbreak size m as

Pm(i, N −m+ j) =

(
µN

λ(N −m) + µN

)i+j
j∏

k=1

 λ(N −m+ k)

λ(N −m+ k) + µN

i−
∑j+1

l=k+1(al−1)∑
ak=0

(
λ(N −m) + µN

λ(N −m+ k) + µN

)ak (3.11)
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for j = 1, 2, ...m− i where aj+1 = 1.

We will prove Equation 3.11 using induction.

i) For j=1

Pm(i, N −m+ 1) =
λ(N −m+ 1)

λ(N −m+ 1) + µN
i−1∑
a1=0

{(
µN

λ(N −m+ 1) + µN

)a1 ( µN

λ(N −m) + µN

)i−a1+1
}

=

(
µN

λ(N −m) + µN

)i+1
λ(N −m+ 1)

λ(N −m+ 1) + µN

i−1∑
a1=0

(
λ(N −m) + µN

λ(N −m+ 1) + µN

)a1
.

ii) For j=t

Pm(i, N −m+ t) =

(
µN

λ(N −m) + µN

)i+t
t∏

k=1

 λ(N −m+ k)

λ(N −m+ k) + µN

i−
∑t+1

l=k+1(al−1)−1∑
ak=0

(
λ(N −m) + µN

λ(N −m+ k) + µN

)ak .



37

iii) For j=t+1

Pm(i, N −m+ t+ 1) =

=
i−1∑

at+1=0

{(
µN

λ(N −m+ t+ 1) + µN

)at+1 λ(N −m+ t+ 1)

λ(N −m+ t+ 1) + µN

Pm(i− at+1 + 1, N −m+ t)

}
=

i−1∑
at+1=0

{(
µN

λ(N −m+ t+ 1) + µN

)at+1 λ(N −m+ t+ 1)

λ(N −m+ t+ 1) + µN{(
µN

λ(N −m) + µN

)i−at−1+1+t

t∏
k=1

 λ(N −m+ k)

λ(N −m+ k) + µN

i−at+1+1−
∑t+1

l=k+1(al−1)−1∑
ak=0

(
λ(N −m) + µN

λ(N −m+ k) + µN

)ak}}

=

(
µN

λ(N −m) + µN

)i+t+1
λ(N −m+ t+ 1)

λ(N −m+ t+ 1) + µN
i−1∑

at+1=0

{(
λ(N −m) + µN

λ(N −m+ t+ 1) + µN

)at+1

t∏
k=1

 λ(N −m+ k)

λ(N −m+ k) + µN

i−at+1+1−
∑t+1

l=k+1(al−1)−1∑
ak=0

(
λ(N −m) + µN

λ(N −m+ k) + µN

)ak}

=

(
µN

λ(N −m) + µN

)i+t+1

t+1∏
k=1

{
λ(N −m+ k)

λ(N −m+ k) + µN

i−
∑t+1

l=k+1(al−1)−1∑
ak=0

(
λ(N −m) + µN

λ(N −m+ k) + µN

)ak }

In the Markov model generated to calculate final outbreak size distribution, there

are N2 states for exponential infectious period. Since we compute Pm(i, s) values for

every m value from m = 1 to m = N , the time required to find the final outbreak size

distribution increases like N3.

Table 3.1 gives the time required to calculate final size distribution for different

population sizes. However, these results are computed for the cases with every possible

initial state (i,s) so the time to calculate final size distribution for given initial state
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Table 3.1. Time required to calculate final outbreak size distribution with

exponential infectious period

Population Size N 100 500 1000

Time (seconds) 2.02 240.52 1886.14

will become much smaller.

3.4. Maximum Epidemic Size Distribution with Exponential Infectious

Period

Another stochastic variable of interest is the maximum epidemic size, as the

treatment resources required for an epidemic are proportional to this maximum size.

Actually, intervention methods and control strategies aim at reducing the peak epi-

demic size. Define

Imax = max
0≤t≤τ

I(t)

as the maximum number of infected cases, or the peak epidemic size, until the extinc-

tion of the disease (τ). Given that we start with (I(0), S(0)) = (i, s), the probabil-

ity that the maximum number of simultaneously infected individuals during epidemic

equals m is denoted as

Φm(i, s) = Pr{max(I(t)) = m|(I(0), S(0)) = (i, s), t ≤ τ}.

To calculate Φm(i, s) values, we firstly state the probabilities for some initial
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states for which we already know the maximum epidemic size probabilities which are

Φm(i, 0) = 1, for i = m

Φm(i, 0) = 0, for i 6= m and

Φm(i, s) = 0 for i+ s < m < i.

Because the next event can be either a new infection or a recovery, we can implement

the first step analysis again which is

Φm(i, s) =
λis

λis + µi
Φm(i+ 1, s− 1) +

µi
λis + µi

Φm(i− 1, s). (3.12)

If the transition rates λis and µi are taken as (isλ)/N and iµ respectively, Equation

3.12 becomes

Φm(i, s) =
λs

λs+ µN
Φm(i+ 1, s− 1) +

µN

λs+ µN
Φm(i− 1, s). (3.13)

In the implementation of (3.13), we first calculate Qm(1, 1) for the maximum possible

value of m: 1 + 1. Then, we decrease m one by one down to its minimum possible

value: the current value of i. The procedure to calculate the distribution of maximum

number of simultaneously infected individuals is given by the algorithm in Figure 3.5.

Using this algorithm, we can find the maximum epidemic size distribution.

Algorithm 3

1. Set Φm(0, s) = 0 for m 6= 0 and Φm(i, s) = 0 for i+ s < m < i

2. Set Φm(i, s) = 1 for m = i and Φm(i, s) = 0 for m 6= i

3. Set s = 1

4. Set i = 1

5. for m = i+ s, i+ s− 1, . . . , i+ 1

6. Compute Φm(v, s) using Equation 3.13

7. end for

8. Set Φi(i, s) = 1−
∑i+s

m=i+1 Φm(i, s)

9. Set i = i+ 1. If i ≤ N − s go to Step 5. Otherwise, go to step 10.

10. Set s = s+ 1. If s ≤ N − 1 go to Step 4. Otherwise, if s = N stop the algorithm.

Figure 3.5. Distribution of Imax for exponential(µ) infectious period
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3.5. SIS Markov Model and Expected Duration of an Epidemic

In this section, we also consider susceptible-infected-susceptible models for which

the flow diagram for each member of the population is presented in Figure 3.6. Because

S I S- -
λi/N µ

Figure 3.6. State transition diagram for SIS

the summation of the number of infected individuals I and the number of susceptible

individuals S equals N , the disease dynamics in SIS epidemic models depend only on

the number of infected individuals I(t) and the states of the Markov model become

I(t). The Markov chain diagram with transition rates depending on the number of

infected individuals for a population size 6 is shown in Figure 3.7.

0 1

µ1

2

µ2

λ1

3

µ3

λ2

4

µ4

λ3

5

µ5

λ4

Figure 3.7. The state transitions of process for SIS with N = 5

The Markov chain in Figure 3.7 indicates that the stochastic SIS model is equiva-

lent to a simple birth and death process. It is obvious that there is only one absorbing

state when the population is free of infected individuals I(t) = 0. Therefore, determi-

nation of final outbreak size does not make sense since disease ends with 0 infected and

N susceptible individuals with probability one and we are only interested in calculating

the expected duration of an epidemic for SIS models.

Let τi be the time to extinction with initially i infected individuals. If we denote

the time to go from state i to state i− 1 with Ti, the expected duration of an epidemic
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starting with i infected individuals, E[τi] can be calculated as

E[τi] =
i∑

k=1

E[Tk]. (3.14)

We can calculate E[Ti] by conditioning on the next event that is either a recovery or

an infection. Lets define Ii

Ii =

1, if if first state change is due to a recovery.

0, if first state change is due to an infection.

Then, the expected time to go from state i to state i−1 conditioning on the next event

becomes

E[Ti|Ii = 1] =
1

λi + µi
,

E[Ti|Ii = 0] =
1

λi + µi
+ E[Ti+1] + E[Ti]

where the probability of the next event is

P [Ii = 1] =
µi

λi + µi
,

P [Ii = 0] =
λi

λi + µi
.

Thus, E[Ti] becomes

E[Ti] =
µi

λi + µi

1

λi + µi
+

λi
λi + µi

(
1

λi + µi
+ E[Ti+1] + E[Ti]

)

and hence we can obtain a relationship between E[Ti] and E[Ti+1] such that

E[Ti] =
1

µi
+
λi
µi
E[Ti+1].

We suppose that there will be at most N infected individuals and we know E[TN ]
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exactly that is

E[TN ] =
1

µN
.

Thus, we can also calculate E[TN−1] as

E[TN−1] =
1

µN−1
+
λN−1
µN−1

1

µN
.

Therefore, we derive recursive equations to calculate E[Ti] that is

E[Ti] =
1

µi
+

N−i∑
k=1

(
1

µi+k

k−1∏
l=0

λl+i
µl+i

)
. (3.15)

We assume that contact rate is (λi(N − i))/N and recovery rate is iµ. Then,

if we replace λi and µi in 3.15with (λi(N − i))/N and iµ respectively, Equation 3.15

becomes

E[Ti] =
1

iµ
+

N−i∑
k=1

(
1

(i+ k)µ

k−1∏
l=0

λ(N − l − i)
Nµ

)

that is

E[Ti] =
1

iµ
+

N−i∑
k=1

(
1

(i+ k)µ

(N − i)!
(N − i− k)!

(
λ

Nµ

)k)
. (3.16)

While modelling SIS using Markov chains, the states include only the current number

of infected individuals and have one dimension. Therefore, the expected duration of

an epidemic can be calculated by a single formula given in Equation 3.16 rather than

recursive algorithms.
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3.6. Discussion

For a stochastic SIR model with Exponential infectious period, we have studied

the expected duration of an epidemic, the distribution of the total number of recov-

ered individuals and the distribution of the maximum number of individuals who are

simultaneously infected until the end of disease by obtaining recursive algorithms. As

an extension, we also derive a formula to calculate expected duration of an epidemic

for SIS.

We assume that the exponential infectious period assumption for stochastic dis-

ease spread modelling by Markov chains is mainly popular due to its simplicity. Its

simplicity comes from its single parameter µ and its memoryless property. But these

properties are also the main problem. The memoryless property is unrealistic and only

one parameter implies a lack of versatility.

Therefore, different distributions for infectious period have been offered in the

literature recently. Lloyd (2001) studies the effects of more realistic distributions of

the infectious period for SIR models and finds a major effect on disease dynamics.

There are others who benefit from previously established results in queuing theory

using e.g. M/G/1 and M/G/N type queues for which infectious periods do not have

to be exponential. They derive approximate results for disease spread dynamics with

different distributions of infectious period (Trapman and Bootsma, 2009; Hernández-

Suárez et al., 2010). Craft et al. (2013) apply simulation for a wide range of outbreak

sizes by considering both exponential and gamma distributed transition times. Leclerc

et al. (2014) also examine the sensitivity of infectious period to exponential versus

gamma by implementing simulation considering both incubation and infectious period

as Gamma distributed. Fackrell (2009) introduces phase type distributions that are

used in healthcare services.

We also suggest to use Erlang distribution for infectious period as a more ver-

satile class of distributions. Erlang distribution can be appropriate for disease spread

modelling since its coefficient of variation is less than or equal to one and it allows anal-
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yses using a Markovian compartment model due to the fact that Erlang distribution

is identical to the distribution of the sum of k independent Exponential(µ) random

variables.



45

4. MARKOV MODELING OF DISEASE SPREAD WITH

ERLANG INFECTIOUS PERIOD1

Markov chain modelling of an epidemic employs the assumption that infectious

period is exponential. However, different distributions for infectious period that are

considered more realistic are suggested in the literature recently. Erlang distribution

is especially popular for realistic infectious period assumptions. Many studies assume

Erlang distribution for infectious period but they mostly derive approximations such

as the deterministic large population approximation, branching process approximation

and central limit theorem approximation (Anderson and Watson, 1980; Bailey, 1964).

Andersson and Britton (2000) consider Erlang distribution for both latent period and

infectious duration. They analyse their model by using a Markovian compartment

model relying on the fact that Erlang distribution with rate parameter λ and shape

parameter n is identical to the distribution of the sum of n independent exponential

random variables with rate parameter λ. However, their results for some quantities like

quasi-stationary distribution, and the time to extinction of the disease are also based

on deterministic and diffusion approximation. Black and Ross (2015) calculate the final

size distribution for exponential distribution and extend their model to a phase type

distribution by splitting the infectious period into k stages. By accepting the advantage

of Ball method for handling any infectious period, they claim that their method is the

most efficient for values of k typically of interest since the time to compute a final size

distribution grows linearly with the size of the state space. However, the size of their

state space is
(
N+k+1
N

)
so their computational time grows exponentially with k and their

method can be calculated in practice implemented only for only small populations with

sizes not larger than 100.

Therefore, SIkR model with an Erlang distributed infectious period is computa-

tionally challenging since one needs to keep track of the system state, which can be

very memory intensive and time consuming. Our aim is to provide a fast and efficient

1This chapter is published in İşlier et al. (2020a).
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computational method for obtaining the distribution of the number of recovered in-

dividuals for the susceptible-infected-recovered (SIR) stochastic model over the entire

duration of the epidemic. Our method relies on the concept of total remaining dis-

ease stages and does not have to keep track of the number of infected individuals at

each stage of the SIkR model. It transforms the problem in such a way that many

interesting quantities can be obtained even for large size problem instances.

Another important feature of an epidemic is its maximum size since it influences

the planning of control methods for dealing with epidemics. Daniels (1974) obtains

an approximation for the distribution of the maximum number of infected individuals

by considering a diffusion approximation of the imbedded random walk. Artalejo et

al. (2010) also consider the maximum number of infected individuals for SIS epidemic

models. Amador and Lopez-Herrero (2017) are interested in both the distribution of

the final size epidemic and the maximum number of simultaneously infected individuals

for a stochastic SEIR model and suggest to use the first step methodology. They

discuss the distributions in transient states and the quasi stationary distributions of

the maximum number of infected individuals until absorption. Amador et al. (2019) are

interested in a multi type SIR epidemic model for exponentially distributed recovery

time and derive the joint distribution of the random vector (Xmax, Tmax) describing

the maximum number of simultaneously infected individuals and the time to reach

this maximum number for the first time. They present algorithmic solutions for the

mass functions of Xmax rather than analytical formulas, by using matrix algebra.

In this part of our thesis, we firstly present a model that uses the total num-

ber of remaining stages as the state variable for the case when the infectious period is

distributed as an Erlang random variable, resulting in an efficient computational proce-

dure that can be used to find the final outbreak size distribution. This is a considerable

improvement on previous models using the Erlang infectious period. Essentially, our

state transformation enables us to treat the Erlang distributed infectious period as

simply exponential. Although our model is more restrictive than Ball (1986) in terms

of the infectious period distribution, our result and the structure of our expression

allows us to compute the final outbreak size distribution for population sizes of thou-
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sands if not more with a very high level of precision. We feel that the generality of an

Erlang distributed infectious period, coupled with our method of exact computation

of the outbreak distribution for large populations make our model a strong competi-

tor to existing methods. We also demonstrate that our method can be extended to

a mixture of Erlangs so that by using the first two moments of an infectious period

one can easily fit a corresponding mixture. Then, we consider maximum epidemic size

distribution and present an algorithm for computing the distribution of the maximum

disease stages over the course of an infection. We obtain an approximation for the

maximum epidemic size distribution that gives exact results for exponential infectious

period. Lastly, we present a computational study for understanding the contribution

of various factors affecting the final outbreak size and understanding the effect of k on

our maximum epidemic size distribution.

4.1. Model Definition

We again assume a finite population with size N where all individuals are homo-

geneous and mix uniformly. Further, we have N = R(t) + I(t) + S(t), so any one of

the variables is implied by the other two. It is also assumed that the total number of

contacts (per unit time) that will end up with an infection follows a Poisson process

with parameter λis = isλ/N (Hernández-Suárez et al., 2010; Naasell, 2002). And, the

infectious period has an Erlang distribution with parameters k and µ.

Because the Erlang random variable can be represented as the sum of k inde-

pendent and identically distributed exponential random variables with parameter µ,

the model is commonly referred as SIkR. The flow diagram for each member of the

population can be represented as in Figure 4.1 where the box with Ii denotes the com-

partment in which an infected individual needs to go through i more stages before

becoming recovered and arrows denote the transitions between compartments.

In an Erlang distributed infectious period, each infected individual is assumed to

go through k stages, before becoming recovered, and the time spent in each stage is

exponentially distributed with parameter µ. Accordingly, let Ii(t) be the number of
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λi/N µ µ µ µ

Figure 4.1. State transition diagram for SIkR

infected individuals at time t that need to go through i more stages before recovery.

Hence,

I(t) =
k∑
j=1

Ij(t).

Let Ĩ(t) = (I1(t), I2(t), . . . , Ik(t)) be the vector of disease stages at time t. Then the

state of the SIkR at time t is given by (Ĩ(t), S(t)), and {(Ĩ(t), S(t)), t ≥ 0} is a Markov

process on the state space

X̃ = {(i1, i2, . . . , ik, s) : ij ∈ {0, 1, . . . , N}, 1 ≤ j ≤ k, s ∈ {0, 1, . . . , N},
k∑
j=1

ij+s ≤ N}.

4.2. Final Outbreak Size Distribution with Erlang Distributed Infectious

Period

Define τ as the termination time of the disease: the time when no infected indi-

viduals remain,

τ = inf{t ≥ 0 : I(t) = 0}.

Let ω = (i1, i2, . . . , ik) be the current state of disease stages. Given that we start with

(Ĩ(0), S(0)) = (ω, s), the probability that the final number of recovered individuals

equals m when the outbreak ends can be obtained as

Pm(ω, s) = Pr{R(τ) = m|(Ĩ(0), S(0)) = (ω, s)}.
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In principle, finding the distribution of the final outbreak size (that is, obtaining

Pm(ω, s) values) is not difficult, as it corresponds to finding absorption probabilities of

a Markov process. Note that the process {(Ĩ(t), S(t))} makes two types of transitions.

Given that the current state is (ω, s), a transition of type-I occurs when the

disease stage of an infected individual decreases by one. In this case, the state of the

system moves from (ω, s) to (ω−ej +ej−1, s) for some j = 1, 2, . . . , k, where ej is a unit

vector of size k with 1 at jth entry, and 0 at other entries. By convention e0 is a zero

vector of size k. A transition from j to j − 1 occurs at rate ijµ. A type-I transition

changes the state of the disease stages, and the aggregate rate of type-I transition is

µ
∑k

j=1 ij. Note that j = 1 corresponds to a recovery.

Defined similarly, a type-II transition indicates a new infection. The state of the

system moves from (ω, s) to (ω + ek, s − 1), as a new infection brings k more disease

stages, and decreases the number of susceptibles by one. A type-II transition occurs

at rate (
∑k

j=1 ij)λs/N .

We realize that the size of the state space, and hence the computational burden in

finding the absorption probability Pm(ω, s) increases exponentially with k, the number

of stages. As it can be observed from the state space X̃ of {(Ĩ(t), S(t)), t ≥ 0}, the

memory and computation requirement grows proportional to Nk+1, where N is the

total population size, and k is the number of disease stages. Therefore, we propose

a transformation of the state space in such a way that the computational burden of

finding the outbreak size distribution is considerably reduced.

Let V (t) be the total number of disease stages at time t:

V (t) =
k∑
j=1

jIj(t).
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Consider the process {(V (t), S(t)), t ≥ 0}. Define,

Πm(v, s) = Pr{(V (τ), S(τ)) = (0, N −m)|(V (0), S(0)) = (v, s)}.

Starting with a total of v disease stages and s many susceptible, Πm(v, s) is the prob-

ability that at the end of the outbreak (at time τ), the total number of stages is zero,

and the total number of susceptible remaining is N −m. The following result is our

main finding in this section.

Proposition 1. For m = 0, 1, . . . , N , we have Πm(v, s) = Pm(ω, s) where ω =

(i1, i2, . . . , ik), and v =
∑k

n=1 nin.

Proof. We first note that V (t) = 0 ⇐⇒ Ĩ(t) = (0, 0, . . . , 0) ⇐⇒ I(t) = 0.

Therefore, at the absorption time τ , V (τ) = 0. Moreover, the jumps of the pro-

cess {(Ĩ(t), S(t))} correspond to the jumps of the process {(V (t), S(t))}. For a given

current state (Ĩ(t), S(t)) = (ω, s), let (V (t), S(t)) = (v, s), where v =
∑k

n=1 nin. If

there is a transition of type-I with a move from j to j − 1 stages, then V (t) = v jumps

to

v′ =
∑

n6=j,j−1

(nin) + j(ij − 1) + (j − 1)(ij−1 + 1) = v − j + j − 1 = v − 1.

On the other hand, if there is a type-II transition, then V (t) jumps from v to v + k,

since ω moves to ω + ek. As this corresponds to a new infection, S(t) moves from s to

s − 1. Hence, the processes {(Ĩ(t), S(t))} and {(V (t), S(t))} make jumps at the same

time, and their absorption times are equivalent. Therefore, starting from equivalent

states, they have the same absorption probabilities.

Proposition 1 enables us to compute the outbreak size distribution using a two-

state process instead of a k + 1-state process by noting that there are several states in

the original process leading to the same state in the transformed process. For example,

state (i1, i2, s) = (2, 0, 1) and state (i1, i2, s) = (0, 1, 1) correspond to the same state
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(v, s) = (2, 1) in the transformed process. Let’s consider the following state transitions

of the original process for state (2, 0, 1),

(2, 0, 1) → (1, 0, 1) with rate 2µ,

(2, 0, 1) → (2, 1, 0) with rate 2λ/3,

and for state (0, 1, 1),

(0, 1, 1) → (1, 0, 1) with rate µ,

(0, 1, 1) → (0, 2, 0) with rate λ/3.

Although these rates are different, one step transition probabilities are the same for

both states that are 2µ
(2µ+2λ/3)

= µ
(µ+λ/3)

for recovery and 2λ/3
(2µ+2λ/3)

= λ/3
(µ+λ/3)

for infection.

Thus, the state transitions for state (v, s) = (2, 1) in the transformed process become

(2, 1) → (1, 1) with probability µ
(µ+λ/3)

,

(2, 1) → (4, 0) with probability λ/3
(µ+λ/3)

.

Moreover, Figure 4.2 displays the state transitions of the process {(V (t), S(t))} for

N = 3 and k = 2 where the arrows indicate the possible transitions and the initial state

(V (0), S(0))=(2, 2) is coloured in black. The state (0, 3) coloured in red corresponds

to all individuals being susceptible and having no infected individuals. In what follows,

we formally describe the process {(V (t), S(t))}.

Let t1, t2, . . . be the times of transitions of the process {(V (t), S(t))}. After the

ith transition, let (V (ti), S(ti)) = (v, s) be the current system state with v =
∑k

n=1 nin.

Then, if the next transition is of Type-I,

Pr{(V (ti+1), S(ti+1)) = (v − 1, s)|(V (ti), S(ti)) = (v, s)} =
µ
∑k

j=1 ij

µ
∑k

j=1 ij + sλ
N

∑k
l=1 il

=
Nµ

Nµ+ sλ
. (4.1)
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Figure 4.2. The state transitions of process {(V (t), S(t))} for N = 3 and k = 2

If the next transition is of Type-II,

Pr{(V (ti+1), S(ti+1)) = (v + k, s− 1)|(V (ti), S(ti)) = (v, s)} =
sλ

Nµ+ sλ
. (4.2)

Neither of the Equations 4.1 or 4.2 depend on the total number of disease stages

v or the total number of infected cases
∑k

j=1 ij. Therefore, the imbedded process

{(V (ti), S(ti)), i = 0, 1, . . .} is a discrete time Markov chain on

X = {(v, s) : v ∈ {0, 1, . . . , kN}, s ∈ {0, 1, . . . , N}, v
k

+ s ≤ N}.

with transition probabilities given by (4.1) and (4.2). Note that {(V (ti), S(ti)), i =

0, 1, . . .} is not a continuous time Markov chain, as the knowledge of (V (t), S(t)) is not

sufficient to describe changes (particularly, rates of changes) in the process. We can

only describe the jumps and the probabilities of jumps of the process {(V (t), S(t))}.

Although this is sufficient to obtain exact outbreak size distribution, more detailed

statistics of the process {I(t), t ≥ 0}, such as {max I(t), 0 ≤ t ≤ τ} and E[τ ] cannot

be obtained from the imbedded Markov chain.

In order to obtain the final outbreak size distribution, we first note the boundary
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conditions for Πm(v, s):

Πm(v, s) = 0 for s = 0, 1, . . . , (N −m− 1), v = 0, 1, . . . , k(N − s), (4.3)

Πm(0, N −m) = 1. (4.4)

Observe that v = 0 corresponds to the case where there are no infections (the extinction

of the disease). Equation 4.3 follows, since if there are less than N − m susceptible

cases, the final outbreak size has already exceeded m so it cannot be m. Similarly,

Equation 4.4 follows, since if s = N − m, and if there are no infections, the final

outbreak size must be m. By conditioning on the first step (Durrett, 1999), after state

(v, s) for v = 0, 1, . . ., and s = 0, 1, . . . , N we have

Πm(v, s) =
λs

λs+ µN
Πm(v + k, s− 1) +

µN

λs+ µN
Πm(v − 1, s). (4.5)

Considering boundary conditions and (4.5) for s = N −m, we obtain:

Πm(v, s) =

(
µN

λs+ µN

)v
. (4.6)

After using (4.5) iteratively, and by conditioning on the first time a new infection occurs

for s > N −m, we obtain:

Πm(v, s) =
v−1∑
j=0

(
µN

λs+ µN

)j
λs

λs+ µN
Πm(v − j + k, s− 1). (4.7)

The recursive method to calculate the final outbreak size distribution for the models

with Erlang distributed infectious periods is given by the algorithm in Figure 4.3. For

a given m, we first state our boundary conditions (given by (4.3) and (4.4)) in steps

2 to 6. Starting with s = N − m, we calculate Πm(v, s) using (4.6) in steps 7 to 9

and by increasing the number of susceptible cases one by one, we continue to calculate

Πm(v, s) using (4.7) in steps 10 to 15.
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Algorithm 4

1. Set m = 1

2. if m < N then

3. Set Πm(v, s) = 0 for s = 0, 1, . . . , (N −m− 1) and v = 0, 1, . . . , k(N − s)
4. end if

5. Set s = N −m
6. Set Πm(0, s) = 1

7. for v = 1, 2, . . . , k(N − s)
8. Compute Πm(v, s) using Equation 4.6

9. end for

10. Set s = s+ 1. If s < N continue. Otherwise, go to Step 16.

11. Set Πm(0, s) = 0

12. for v = 1, 2, . . . , k(N − s)
13. Compute Πm(v, s) using Equation 4.7

14. end for

15. Set s = s+ 1. If s < N go to Step 11. Otherwise, go to Step 16.

16. Set m = m+ 1. If m ≤ N go to step 2. Otherwise, stop the algorithm.

Figure 4.3. Exact final size distribution for Erlang distributed infectious period (k, µ)

In order to demonstrate the usefulness of the expression given in (4.5), we present

a comparison with the recursion of Ball (1986). Using the expression given in Andersson

and Britton (2012), the probability PN−m
l that for an epidemic starting with N −m

susceptible the final size equals to l for 0 ≤ l ≤ N − m can be computed using the

equations:

l∑
j=0

(
N −m− j

l − j

)
PN−m
j /[Φ(λ(N −m− l)/(N −m))]j+m =

(
N −m

l

)
, (4.8)

where m is the initial number of infected and Φ(x) is the moment generating function

of infectious period.

As the system of equations in 4.8 is triangular, the final outbreak size distribution

can be calculated recursively. However, the solution of the set of equations using 4.8

is not stable even for population sizes as small as 100, and negative probabilities and

probabilities greater than one occur frequently in the results. Some numerical results
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for direct comparison of (4.8) and (4.5) are displayed in Table 4.1. Equation 4.8

and Equation 4.5 yield the same results for N = 50 but implementation of (4.8) has

problems for larger population sizes. Equation 4.8 yields erroneous results starting

from m = 18 for N = 100 and m = 10 for N = 500.

Table 4.1. Comparison of final size probability values for different population sizes for

k=5

Calculated Probability Value

N Final Size Value Implementation of (4.8) Implementation of (4.5)

50

1 0.276 0.276

20 0.010 0.010

40 0.013 0.013

50 3.631e-06 3.631e-06

100

18 -0.006 0.003

19 0.036 0.003

20 -0.104 0.003

100 -0.203 2.841e-11

500

10 -0.001 0.005

11 0.135 0.004

12 -2.392 0.004

500 NaN 2.738e-50

The reason for the numerical instability of (4.8) is the large binomial coefficients

in the equations. As the solution of these equations includes differences of large pos-

itive numbers, catastrophic cancellation occurs (see Goldberg (1991)). Note that the

numeric instability of (4.8) is also mentioned in Andersson and Britton (2012). In

practice it is often suggested to use simulation to compute the final outbreak size dis-

tribution for large N or to use asymptotic approximations. However, using (4.5), we

can compute the exact distribution of the final outbreak size for population sizes larger

than 2000.

As it has been emphasized before, for the SIkR model, modelling the system
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using {(Ĩ(t), S(t))} results in a state space with Nk+1 states, and computing the final

outbreak size distribution requires extensive time and memory. For instance, with a

population size N = 100 and k = 5, the model requires a storage capacity for 1006

states, and is therefore not implementable. However, if we use the number of stages

transformation, V (t), then the number of states grows proportional to (kN)2 which

is considerably more efficient than the original model. Assuming there is one initially

infected individual, the computation time required (in seconds) to find the exact final

outbreak size distribution for different population sizes N and for different k values are

given in Table 4.2 (calculations are performed on a 3.6 GHz PC using R). A large size

problem with N = 2000 and k = 10 can be computed in not much more than an hour.

As we can see in Table 4.2 the execution time increases approximately linear with the

number of Erlang stages k and quadratic with the population size N .

Table 4.2. Time required to calculate exact final outbreak size distribution (in

seconds).

Population Size N

k 100 500 1000 2000

2 2.02 48.92 189.14 797.44

5 5.10 123.89 482.89 2054.22

10 10.45 254.35 1022.08 4065.32

20 21.07 510.28 2032.92 8031.63

It should be noted that the execution time increases linearly with k and quadrat-

icly with N for our recursive method, while the execution time for naive Monte Carlo

simulation increases linearly with the number of repetitions. Therefore, naive Monte

Carlo simulation is expected to be faster for large size problems with N > 5000. How-

ever, we have difficulties in calculating the probabilities of rare events efficiently via

simulation while our method enables us to calculate very small tail probabilities with

high efficiency (see results based on implementation of (4.5) in Table 4.1). Although

we do not claim to completely replace the need for simulation in applied modelling to

obtain approximate results, our proposed method can be used for large size populations
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to obtain exact and numerically stable results with higher precision.

4.2.1. Extension to Mixtures of Erlang Distributed Infectious Period

The Markov SIR model we developed for Erlang distributed infectious period is

also applicable to problems with more general infectious period. A mixture of Erlang

distributions can be described as follows. Consider a model where with probability

αi an infected individual remains infected for an Erlang distributed period with shape

parameter ki, i = 1, 2, . . . , b, where
∑b

i=1 αi = 1. In this case, it is easily seen that

(4.7) becomes:

Πm(v, s) =
v−1∑
j=0

(
µN

λs+ µN

)j
λs

λs+ µN

b∑
i=1

αiΠm(v − j + ki, s− 1). (4.9)

Suppose that we only have the knowledge of the mean (µT ) and the standard deviation

(σT ) of the infectious period, T , so that its coefficient of variation is equal to cv =

σT/µT < 1. In this case, we can construct a mixture of Erlang distributions matching

these empirical parameters. Let k be such that c2v ∈ [1/(k − 1), 1/k]. Then, we can

take an infectious period which takes Erlang(k−1, µ) and Erlang(k, µ), with respective

probabilities α, and 1− α, where (see Adan and Resing (2002))

α =
1

1 + c2v
(kc2v − {k(1 + c2v)− k2c2v}1/2), (4.10)

µ =
k − α
µT

. (4.11)

In this case Equation 4.9 simplifies to

Πm(v, s) =
v−1∑
j=0

(
µN

λs+ µN

)j
λs

λs+ µN
{αΠ(v − j + k − 1, s− 1)

+ (1− α)Π(v − j + k, s− 1)} .

Let’s consider the discrete infectious period distribution in the study of Longini
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Figure 4.4. Comparison of final size distributions for discrete infectious period and

mixture of Erlangs distributed infectious period

et al. (2004) with mean 4.1 and variance 0.89, so the coefficient of variation for this

infectious period is equal to 0.23 (Longini et al., 2004). Using mixture of Erlangs, we

can find that for k = 19 we have 0.232 ∈ [ 1
k
, 1
k−1 ]. Then,

α =
1

1 + 0.232
(19(0.232)− {19(1 + 0.232)− (192)(0.232)}1/2) = 0.0495,

µ =
19− α

4.1
= 4.622.

Thus, it is possible to calculate the cumulative distribution of the final outbreak size

for the mean infectious period 4.1 and the variance 0.89 with R0 = 1.69 by mixing

Erlangs with given α and µ values.

In Figure 4.4, we compare the final outbreak size distribution for discrete infec-

tious period obtained by simulation with the exact final outbreak size distribution for

mixture of Erlangs distributed infectious period with the same mean and variance.
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4.3. Distribution of The Maximum Number of Disease Stages and

Approximation to Maximum Epidemic Size Distribution

Another stochastic variable of interest is the maximum epidemic size, as the

treatment resources required for an epidemic are proportional to this maximum size.

Actually, intervention methods and control strategies aim to reduce the peak epidemic

size. Define

Imax = max
0≤t≤τ

I(t)

as the maximum number of infected cases, or the peak epidemic size, until the ex-

tinction of the disease (τ). Since finding the distribution of Imax is computationally

prohibitive (as argued in Section 2), we again use the auxiliary process of total disease

stages, and define

Vmax = max
0≤t≤τ

V (t).

Finding the distribution of Vmax is also important since it is useful for measuring

the severity of an epidemic and for appraising the effect of control methods. In what

follows we provide a procedure for finding the distribution of Vmax. Let Qm(v, s) be the

probability that Vmax = m at the end of the epidemic when we start with (V (0), S(0)) =

(v, s). Clearly, we have

Qm(v, 0) = 1, for v = m (4.12)

Qm(v, 0) = 0, for v 6= m (4.13)

Qm(0, s) = 1, for m = 0 (4.14)

Qm(0, s) = 0, for m 6= 0 and (4.15)

Qm(v, s) = 0 for m < v and v + sk < m. (4.16)
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For other values of (v, s), by using the first step analysis (as in Equation 4.5),

Qm(v, s) =
λs

λs+ µN
Qm(v + k, s− 1) +

µN

λs+ µN
Qm(v − 1, s). (4.17)

The procedure to calculate the distribution of Vmax is given by the algorithm in

Figure 4.5. To calculate Qm(v, s), we first state our boundary conditions (4.12) and

(4.13) in steps 1 to 5 and (4.14) and (4.15) in steps 8 to 9. The boundary condition

(4.16) is stated in 11, and Qm(v, s) is computed using Equation 4.17 in steps 12 to

14. Lastly, Qm(v, s) for m = v is computed in step 15. Thus, Qm(v, s) values are

computed recursively by first increasing v (step 10) and then by increasing s (step 17).

The execution time for Algorithm 5 increases linearly with k and quadraticly with N

so it is faster than Monte Carlo simulation for reasonably large size populations.

Algorithm 5

1. Set s = 1

2. for v = 0, 1, . . . , kN

3. Set Qm(v, s) = 0 for m = 0, 1, . . . , kN and m 6= v

4. Set Qm(v, s) = 1 for m = v

5. end for

6. Set s = 1

7. Set v = 0

8. Set Qm(v, s) = 0 for m = 1, . . . , kN

9. Set Qm(v, s) = 1 for m = 0

10. Set v = v + 1

11. Set Qm(v, s) = 0 for m = 0, . . . , v − 1 and m = v + ks+ 1, . . . , k(N − s)
12. for m = v + 1, v + 2, . . . , v + ks

13. Compute Qm(v, s) using Equation 4.17

14. end for

15. Set Qm(v, s) = 1−
∑v+ks

m=v+1Qm(v, s) for m = v

16. Set v = v + 1. If v ≤ k(N − s) go to step 11. Otherwise, go to Step 17.

17. Set s = s+ 1. If s ≤ N − 1 go to step 7. Otherwise, if s = N stop the algorithm.

Figure 4.5. Distribution of Vmax for Erlang(k, µ) distributed infectious period

The distribution of Imax cannot be obtained from the distribution of Vmax, but

there exists a relationship between Imax and Vmax. Similar to the study of Watson (1980)
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where a random scale transformation is used to approximate the size distribution and

to estimate the critical R0, we consider a transformation of time scale depending on

the current number of infectives I(t) and the current number of remaining stages V (t).

Thus, we have the following.

Proposition 2. Define rI = E[
∫ τ
0
I(t)dt]/E[τ ] as the average number of infected per

unit time, and similarly define rV = E[
∫ τ
0
V (t)dt]/E[τ ] as the average number of in-

fection stages per unit time. Then, rI = 2
k+1

rV .

Proof. First note that
∫ τ
0
I(t)dt =

∑R(τ)
i=1 Ti, where R(τ) is the number of recovered

infections until extinction, and Ti is the infectious period of the ith infected individual.

T1, T2, . . . are independent and identically distributed random variables. We note that

for any j = 1, 2, . . . the event {R(τ) ≤ j} only depends on {T1, T2, . . . , Tj}, or specifi-

cally {R(τ) ≤ j} is independent of {Tj+1, Tj+2, . . . }. Then, by Wald’s Equation (Ross

et al., 1996, Theorem 3.3.2):

E

[∫ τ

0

I(t)dt

]
= E

R(τ)∑
i=1

Ti

 = E[R(τ)]
k

µ
.

Similarly,

∫ τ

0

V (t)dt =

R(τ)∑
i=1

∫ τ

0

Vi(t)dt,

where {Vi(t), 0 ≤ t ≤ Ti} is the number of stages present in the system due to ith

infected individual during its infectious. Using similar arguments as above, we have

E

[∫ τ

0

V (t)dt

]
= E[R(τ)]E

[∫ Ti,1

0

kdt+

∫ Ti,1+Ti,2

Ti,1

(k − 1)dt+· · ·
∫ Ti,1...Ti,k

Ti,1+...Ti,k−1

1dt

]

= E[R(τ)]

(
k

µ
+
k − 1

µ
+ · · ·+ 1

µ

)
= E[R(τ)]

k(k + 1)

2µ
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where Ti,j is the time spent at stage j, 1 ≤ j ≤ k by the ith infected individual .

Note that for k = 1, V (t) and I(t) are identical processes and implementation of

Algorithm 5 gives the exact maximum size distribution for an exponential infectious

period. Further, using Algorithm 5, we can find E[Vmax] =
∑N

m=vmQm(v, s), and using

Proposition 2, we can approximate E[Imax] as:

E[Imax] ≈
2

k + 1
E[Vmax]. (4.18)

The comparison of E[Imax], E[Vmax] and 2
k+1

E[Vmax] for different combinations

of k and R0 is presented in Table 4.3. We estimate E[Imax] via simulation with 10000

replications for N = 1000 and exactly calculate the expectation of Vmax using the dis-

tribution of Vmax obtained by implementing Algorithm. Table 4.3 indicates that we

can estimate the expectation of the maximum number of simultaneously infected indi-

viduals using Vmax distribution. We also observe that the percentage error calculated

as

2
k+1

E[Vmax]− E[Imax]

E[Imax]

becomes higher for large k values and our approximation 2
k+1

E[Vmax] is greater than

E[Imax] when k is greater than 1. We also decide to check the relationship between

the distribution of Imax and the distribution of Vmax to find an approximation for the

distribution of Imax and compare them empirically in Section 4.4.3.

4.4. Numerical Results

We present several numerical results to illustrate the precision of our method

to compute the final outbreak size distribution and the performance of our maximum

epidemic size approximation. All calculations are performed using R. We emphasize

that our results are exact (not simulation output) and obtained using the algorithms
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Table 4.3. E[Vmax],
2

k+1
E[Vmax] and E[Imax] for different k and R0 values

R0 k E[Vmax]
2

k+1
E[Vmax] E[Imax] Error

1.5

1 27.56 27.56 27.50 0.21%

2 66.42 44.28 42.29 4.70%

3 107.48 53.74 50.60 6.20%

5 191.53 63.84 59.62 7.07%

2

1 84.09 84.09 84.30 0.24%

2 204.01 136.01 132.28 2.81%

3 329.36 164.68 158.66 3.79%

5 584.20 194.73 183.13 6.33%

2.5

1 147.77 147.77 148.39 0.41%

2 353.18 235.45 229.20 2.72%

3 565.26 282.63 271.11 4.25%

5 993.53 331.17 311.06 6.46%

in Figure 4.3 or Figure 4.5.

Numerical scenarios have population sizes N = 100, N = 1000 and N = 2000.

Let R0 denote the expected number of infections caused by one infected individual in

a totally susceptible population. For our models, R0 is calculated as follows

R0 =
λ(N − 1)

N

k

µ
≈ λk

µ
.

In this section, we first observe the effect of infectious period variability on the

final outbreak size distribution. Then, we calculate the outbreak probability by assum-

ing infinite population size and show that it is possible to obtain outbreak probability

using final outbreak size distribution and checking the plateau in the cumulative fi-

nal outbreak size graphs. Moreover, we compare our approximation for the maximum

outbreak size distribution with simulation results and observe how k affects our ap-

proximation.
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4.4.1. Effect of Infectious Period Variability

First, we compare the probabilistic behavior of final outbreak size for k = 1, 2, 5

and 10. To show the precision of our method, we consider N = 2000. It is assumed

that R0 = 1.5 and mean infectious period is k/µ = 0.5 for all cases. There is only

one initially infected individual so the process starts with (V (0), S(0)) = (k,N −

1). Numerical descriptors of the final outbreak size distribution as in the study of

Amador and Lopez-Herrero (2017) are: the probability of having a single infection,

the probability that all the individuals get the infection, the median, the mean and

the standard deviation for the final outbreak size. Thus, these results are displayed in

Table 4.4.

Table 4.4. Numerical descriptors for final outbreak size distribution with R0 = 1.5

and λ = 3 for different k values

R0 = 1.5 k = 1, µ = 2 k = 2, µ = 4 k = 5, µ = 10 k = 10, µ = 20

Var. of Infec. Period 0.250 0.125 0.050 0.025

Pr{R(τ) = 1} 0.400 0.327 0.269 0.247

Pr{R(τ) = 2000} 4.751e-167 1.878e-188 9.120e-206 1.178e-212

Median of R(τ) 3 5 996 1071

E[R(τ)] 385.714 492.501 589.215 630.033

σR(τ) 547.199 574.847 582.115 580.338

Notice that, as the variance of infectious period decreases, the probability of hav-

ing a mild outbreak with a single infected decreases while the expected final outbreak

size increases. Thus, more people are expected to be infected for larger k values. This is

an important observation since in practice Markov disease models assume often k = 1,

and therefore may underestimate the threat of epidemic to society by underestimating

the expected outbreak size, and eventually overestimating the probability of no out-

break. Furthermore, we deliberately keep Pr{R(τ) = 2000}, the probability that the

full population is infected in the table, as obtaining this probability through simulation

with a reasonable degree of confidence, would be very difficult, if not impossible.
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Figure 4.6. Final outbreak size distribution for k = 1 based on implementation of

algorithm in Figure 4.3

Next, we describe the distribution of final outbreak size to assess the influence

of k on disease spread behaviour. We implement Algorithm 4 for N = 100, R0 = 2,

I(0) = 1 and k = 1, 2, 5 and 10 and have consistent results with the empirical final

outbreak size distribution obtained by Anderson and Watson (1980).

In Figures 4.6, 4.7, 4.8, and 4.9, P (R(τ) = 1) is not displayed for the sake of

scaling since this probability is much greater than 0.08. Moreover, we display how the

final outbreak size distribution changes with k noting that the mean of the infectious

period (k/µ = 1) is the same for all four cases but the variance of the infectious period

decreases with increasing k. Figures 4.6, 4.7, 4.8, and 4.9 show that larger k values

lead to a greater final outbreak size with higher probability. This is in agreement with

the results summarized in Table 4.4. We also observe that the disease affects either a

small proportion of the population or a significant proportion of the population. Given

that a significant proportion of the population is affected by the disease, the variance

of the final outbreak size distribution becomes smaller as k increases.
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Figure 4.7. Final outbreak size distribution for k = 2 based on implementation of

algorithm in Figure 4.3

Figure 4.8. Final outbreak size distribution for k = 5 based on implementation of

algorithm in Figure 4.3
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Figure 4.9. Final outbreak size distribution for k = 10 based on implementation of

algorithm in Figure 4.3

4.4.2. An Infinite Population Approximation for the Outbreak Probabilities

It is important to know whether or not an outbreak will occur. In a deterministic

and infinite population disease spread model R0 exceeding one ensures an outbreak

(Diekmann and Heesterbeek, 2000). For stochastic finite population models, an out-

break probability cannot be calculated exactly since it is not clear what percentage of

the population should be infected in order an outbreak is to be declared. Assuming

an infinite population size, branching process approximation is useful in predicting an

outbreak (Allen and van den Driessche, 2013). In what follows we approximate the

outbreak probability by considering the method proposed in the study of Andersson

and Britton (2012).

Let X be the number of individuals infected by a single infected during an Erlang

distributed infectious period T . Noting that as N goes to infinity, λTs/N = λT (N −

i)/N goes to λT we write the generating function of X as

E[uX ] = E[e−λT (1−u)]. (4.19)
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Since T has an Erlang distribution with parameters k and µ,

E[uX ] =

(
µ

(1− u)λ+ µ

)k
.

The extinction probability of a branching process with one initial seed (infected) is

given by (4.20) as the smallest solution u different than 1.

(
µ

(1− u)λ+ µ

)k
= u. (4.20)

Therefore, it is plausible that 1− u can be used as an approximation of the outbreak

probability. Table 4.5 shows the computed u and 1− u values for N = 100, R0 = λ =

1.5, 2, and 2.5 and k = 1, 2, 5 and 20

Table 4.5. Comparison of outbreak probability from final outbreak size distribution

and infinite population approximation

R0 k Plateau Value from the Figure u 1-Plateau Value 1− u

1.5

1 0.669 0.667 0.331 0.333

2 0.576 0.575 0.424 0.425

5 0.485 0.484 0.515 0.516

10 0.431 0.431 0.569 0.569

2

1 0.502 0.500 0.498 0.500

2 0.382 0.381 0.618 0.619

5 0.283 0.282 0.717 0.718

10 0.244 0.244 0.756 0.756

2.5

1 0.402 0.400 0.598 0.600

2 0.275 0.271 0.725 0.729

5 0.180 0.179 0.820 0.821

10 0.143 0.143 0.857 0.857

Since we calculate the final outbreak size distribution, we can also calculate the

outbreak probability. For better understanding of an outbreak probability, Figures

4.10, 4.11, 4.12, and 4.13 indicate the cumulative final outbreak size distribution for
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Figure 4.10. Cumulative final outbreak size distribution for k = 1

R0 = 2. In the figures, the cumulative probability for the final outbreak size makes

a jump at small values of number of infected, and then stays almost flat (the plateau

of the distribution), and finally converges to one (faster or slower, depending on the

disease parameters) after a large number of infected individuals.

As we observe in Figures 4.10, 4.11, 4.12, and 4.13, the cumulative probability

corresponding to the plateau in the figures is very close to u, the solution of (4.20).

Consequently, 1−u (approximate outbreak probability) and one minus the cumulative

probability at the plateau are very close. We present these results in Table 4.5.

4.4.3. Effect of k on Approximation to Maximum Epidemic Size Distribu-

tion

Lastly, to observe the relationship between the distribution of Imax and the distri-

bution of Vmax, we employ the approximation in (4.18). The probability mass function

of Imax is obtained via simulation, and the probability mass function of Vmax is ob-

tained by using the algorithm in Figure 4.5. We present our findings in Figures 4.14,

4.15, 4.16, and 4.17 for k = 1, 2, 5 and 10 respectively.
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Figure 4.11. Cumulative final outbreak size distribution for k = 2

Figure 4.12. Cumulative final outbreak size distribution for k = 5
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Figure 4.13. Cumulative final outbreak size distribution for k = 10

For the parameters that we used, the distribution of maximum number of simulta-

neously infected individuals can be approximated using the distribution of maximum

disease stages. Figures 4.14, 4.15, 4.16, and 4.17 display that the approximation is

getting worse as k increases.

4.5. Discussion

For a stochastic SIR model with an Erlang distributed infectious period, we stud-

ied the distribution of the total number of recovered individuals and the distribution

of the maximum number of individuals who are simultaneously infected until the end

of the disease.

We obtained recursive algorithms for the distribution of the final outbreak size

and the distribution of the maximum number of stages until the end of the disease. Our

algorithms can be implemented for a large size populations. Our state transformation

enabled us to treat an Erlang-distributed infectious periods as a simple exponential.

We also presented results showing that our recursive algorithms can be implemented

for the infectious periods distributed as a mixture of Erlangs. Later, we examined
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Figure 4.14. The comparison of Imax probability mass function obtained by

simulation and our approximation using Vmax for k = 1

Figure 4.15. The comparison of Imax probability mass function obtained by

simulation and our approximation using Vmax for k = 2
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Figure 4.16. The comparison of Imax probability mass function obtained by

simulation and our approximation using Vmax for k = 5

the relationship between the maximum number of stages and the maximum number of

simultaneously infected individuals, and accordingly suggested to use the distribution

of Vmax as an approximation for the distribution of the maximum number of simultane-

ously infected individuals. Lastly, we produced numerical results for population sizes

up to 2000 individuals at a low computational cost and within a reasonable time-frame.

This study can be extended in several directions. By using our algorithms and

their limiting behaviour, as the population size increases, we can calculate the proba-

bility that a large outbreak occurs. Furthermore, given that an epidemic occurs we can

also obtain the conditional distribution of its size. Moreover, it seems to be an interest-

ing question whether our results could be generalized to non-homogeneous population

models, e.g. models with a household structure or with a number of large homogeneous

sub-populations.
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Figure 4.17. The comparison of Imax probability mass function obtained by

simulation and our approximation using Vmax for k = 10
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5. COVID-19 SPREAD: ANALYSIS USING A MODIFIED

STOCHASTIC SIR MODEL

In December 2019 an outbreak of COVID-19 started in Wuhan, China spreading

rapidly around the world. The reason for its faster spread seems to be its relatively

long incubation period, and a long asymptomatic infectious period for some cases

(Radulescu and Cavanagh, 2020). By the levels of spread and severity, WHO made

the assessment that COVID-19 can be characterized as a pandemic. Consequently,

unprecedented intervention strategies are implemented in order to control the outbreak

such as cities are quarantined, travel restrictions are implemented, and public spaces

are closed. However, these intervention methods result in a significant disruption to

the economic activities in the world. While social distancing decreases the need for

workload and causes many jobs to be lost, the demand in food sector increases due

to stockpiling of food products. Because the socio economic effects of COVID-19 are

substantial, it is crucial to determine the level of community social distancing measures

when containment like contact tracing is no longer sufficient decreasing the peak of the

epidemic to protect healthcare capacity.

To analyse the spread of COVID-19, Yang et al. (2020) use a modified susceptible-

exposed-infected-removed (SEIR) model that includes the migration data by introduc-

ing move-in and move-out parameters for the susceptible (S) and exposed (E) popula-

tion. They consider that the exposed population is asymptomatic and infectious while

infected population (I) is symptomatic and infectious. They estimate the transmission

rate parameters for a deterministic model and assume that the contact rate for the

susceptible and infected is considerably smaller than the contact rate for the suscepti-

ble and exposed because a symptomatic infectious will be quarantined. They discuss

various time series problems to predict the number of new infections over time. Rad-

ulescu and Cavanagh (2020) study whether the control measures are properly timed

and are enough to control COVID 19. They also consider a deterministic SEIR model

assuming the transmission rate from susceptible to exposed is βS(I + qE)/N where
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q < 1 because the latent individuals are assumed to have lesser impact and N is the

population size. Moreover, they also account for the significant asymptomatic spread

of illness by using a large q value. Hou et al. (2020) also employ a well mixed SEIR

model to describe the dynamics of the COVID 19 and to explore the effectiveness of the

quarantine of the Wuhan city by considering infected individuals as contagious during

their latency period.

There are also others who consider SIR model for COVID-19. Toda (2020) esti-

mates the classical SIR epidemic model for COVID-19 to assess the economic impact

of the epidemic. Moreover, Chen et al. (2020) extend the classical SIR model and use a

time dependent SIR with undetectable infected persons for COVID-19. They consider

two types of infected individuals: detectable infected persons and undetectable in-

fected persons and assume different contact rates and recovery rates for different types

of infected individuals. Calafiore et al. (2020) also study a SIR model for COVID-19

in Italy by assuming that it is possible to detect only a portion of infected individu-

als. They provide an effective explanatory model for prediction of the future evolution

of the disease. Simha et al. (2020) model the evolution of COVID-19 infections us-

ing a stochastic SIR model and express the dynamics of the spread using stochastic

differential equations. They implement simulation to obtain projections for India.

In this part of the thesis, we present a stochastic SIR model considering two types

of infected individuals as symptomatic and asymptomatic, using a Markov chain for-

mulation. While the studies on COVID-19 in the literature are mostly deterministic,

the main advantage of our model is that its stochasticity is better in regarding un-

certainties and accounting for real variabilities. Moreover, we compute the exact final

outbreak size for COVID-19 for given incubation and infectious period approximated

by our mixing of Erlangs distribution. Then, we check how state dependent contact

rates affect final outbreak size distribution to assess the timing and the intensity of

intervention methods.
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5.1. Model Definition

Data for COVID-19 indicate that there are some cases who have contact the

virus and transmit the virus to other people but never exhibit symptoms. These cases

are called asymptomatic infectious (Ia) and should be considered in the studies for

COVID-19 spread. Let p be the fraction of asymptomatic cases among all positive

cases. Furthermore, the cases who exhibit symptoms (Is) has a significant incubation

period, also known as presymptomatic period, during which they do not exhibit symp-

toms yet but can infect others. The symptomatic cases during their incubation period

are called as presymptomatic infectious (Ip). Because it is not possible to detect all

carriers of COVID-19 due to lack of widespread testing, the presence of asymptomatic

cases and the long incubation period are more dangerous for the public health. There-

fore, we modify the original SIR model to account for the long incubation period and

asymptomatic cases. The state transition diagram for COVID-19 is presented in Figure

5.1.
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Figure 5.1. State transition diagram for COVID-19

We consider a finite population with size N where all individuals mix uniformly.

The COVID-19 spread is modelled by a Markov process for our modified SIR model

in which both symptomatic and asymptomatic individuals are considered. Because

COVID-19 spreads as easily from individual to individual as influenza and more deadly

than the flu, we assume that all cases who exhibit symptoms (Is) will be quarantined
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and cannot transmit the disease. Therefore, only the presymptomatic infectious indi-

viduals (Ip) and the asymptomatic infectious individuals (Ia) can transmit the disease.

Furthermore, the total number of contacts (per unit time) ending up with an infection

is assumed to follow a Poisson process with rate λs(ip+ ia)/N . Let the contagious time

be the time period for infected individuals during which they transmit the disease.

Therefore, the contagious time for Ip is the incubation period of COVID-19. However,

it is not possible to estimate the contagious period for asymptomatic cases exactly

because they never exhibit symptoms.

In the literature, both the incubation period and the infectious period are es-

timated by discrete distributions. Since we model the spread as a Markov process,

we assume a mixture of Erlangs distributed contagious period that can approximate

the discrete distributions suggested in the literature. Let’s consider a given mean

(µT ) and a standard deviation (σT ) of an infectious period, T , so that its coefficient

of variation is cv = σT/µT < 1. By using the approximation in Section 4.2.1, if

c2v ∈ [1/(kp − 1), 1/kp], the contagious time for a presymptomatic infectious takes

Erlang(kp− 1, µ) and Erlang(kp, µ), with probabilities α, and 1−α respectively, where

α =
1

1 + c2v
(kpc

2
v − {kp(1 + c2v)− k2pc2v}1/2), (5.1)

µ =
kp − α
µT

. (5.2)

Therefore, we assume a mixture of Erlang distributions for the contagious time

of presymptomatic cases. However, the estimation of contagious period for asymp-

tomatic cases is challenging because they mostly cannot be detected. Thus, we assume

an Erlang distribution for the contagious period of asymptomatic cases with rate pa-

rameter µ and shape parameter ka. Supposing ka < kp, we first consider that the

expected contagious time for asymptomatic cases is shorter than the contagious time

for presymptomatic cases. Then, we also consider longer contagious time for asymp-

tomatic cases by supposing ka > kp.
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Transformation of the state space in Proposition 2 enables us to transform the

original Markov process for COVID-19 to the imbedded process having the same ab-

sorption probabilities. Let us define,

Πm(v, s) = Pr{(V (τ), S(τ)) = (0, N −m)|(V (0), S(0)) = (v, s)}.

Starting with a total of v disease stages and s many susceptible, Πm(v, s) is the prob-

ability that at the end of the outbreak (at time τ), the total number of stages is zero,

and the total number of susceptible remaining is N −m. Then, we can compute final

outbreak size (m) distributions by implementing the first step analysis for our modified

model such that

Πm(v, s) =
µ(Ip + Ia)

λs(Ip + Ia)/N + µ(Ip + Ia)
Πm(v − 1, s)

+
λs(Ip + Ia)/N

λs(Ip + Ia)/N + µ(Ip + Ia)

{
p

(
αΠm(v + kp − 1, s− 1)

+ (1− α)Πm(v + kp, s− 1)

)
+ (1− p)Πm(v + ka, s− 1)

}
. (5.3)

Equation 5.3 does not depend on the number of Ip and Is, so we do not need to follow

them up and Equation 5.3 can be written as

Πm(v, s) =
µN

λs+ µN
Πm(v − 1, s) +

λs

λs+ µN

{
p

(
αΠm(v + kp − 1, s− 1)

+ (1− α)Πm(v + kp, s− 1)

)
+ (1− p)Πm(v + ka, s− 1)

}
. (5.4)

Because both the incubation period and the infectious period are uncontrollable

factors for COVID-19 and introduction of COVID-19 vaccine takes time, the only effec-

tive way to control disease spread seems to reduce contact rate, λ, by social distancing.

Because the peak is important for health capacity needs and treatment availability,

it makes sense to determine timing of control measures by considering the number of

active cases.
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Let λ be equal to λ0 without any control measures. We assume that λ0 is reduced

to λc by implementing control measures if at least c% of the population becomes simul-

taneously infectious but not detected. Assuming when control measures are introduced

and lifted dependent on the current number of cases, we can define λ as

λ =

λ0, Ip(t) + Ia(t) ≤ icritical

λc, Ip(t) + Ia(t) > icritical.

(5.5)

However, our transformed process does not follow up the number of presymptomatic

and asymptomatic individuals but v. Because we cannot observe v directly, we use the

approximation given in Proposition 2 and change contact rates by considering vcritical

such that

λ(v, s) =

λ0, v ≤ vcritical

λc, v > vcritical

(5.6)

where

vcritical =
Nc

100

(k + 1)

2
. (5.7)

Moreover, Markov chain transition probabilities become state dependent and Equation

5.4 can be written as

Πm(v, s) =
µN

λ(v, s)s+ µN
Πm(v − 1, s) +

λ(v, s)s

λ(v, s)s+ µN

{
p

(
αΠm(v + kp − 1, s− 1)

+ (1− α)Πm(v + kp, s− 1)

)
+ (1− p)Πm(v + ka, s− 1)

}
. (5.8)

5.2. Determination of Model Parameters

In this section, we decide on the values of λ, kp, ka, and µ based on the empirical

results in the literature. We also need to know p to analyse the disease behaviour. More



81

recent parameter estimates for COVID-19 have been made by using the information

from early clusters of COVID-19 cases. Even if the estimates are different depending

on the population used, they are close to each other for the incubation period and

the infectious period. Moreover, the mean incubation period is found as 7.1 days for

Singapore and 9 days for Tianjin (Tindale et al., 2020). In this study, we set the

mean and the standard deviation of the time period during which presymptomatic

cases can infect susceptible individuals to 8 and 4.75 days respectively based on the

incubation period distribution of COVID-19 in You et al. (2020). Thus, its coefficient

of variation is equal to 0.59. Using mixture of Erlangs, we can find that for kp = 3 we

have 0.592 ∈ [ 1
kp
, 1
kp−1 ]. Then,

α =
1

1 + 0.592
(3(0.592)− {3(1 + 0.592)− (32)(0.592)}1/2) = 0.0665,

µ =
3− α

8
= 0.3666.

Thus, we assume that the contagious period for symptomatic cases has an Erlang (2,

0.3666) distribution with probability 0.0665 and an Erlang (3, 0.3666) distribution

with probability 0.9335 corresponding to average infectious period 8 and standard

deviation 4.75. Noting that asymptomatic cases are typically hard to detect, there are

no direct records for the infectious period of asymptomatic cases. In order to assess

how asymptomatic cases affects the final outbreak size distribution, we assume that the

contagious period of asymptomatic cases has an Erlang distribution with parameters

(ka = 2, µ = 0.3666) and (ka = 4, µ = 0.3666) for both shorter and longer contagious

time than the contagious time of presymptomatic cases.

It is also hard to determine the real proportion of asymptomatic cases because

there is no widespread testing yet. However, Mizumota et al. (2020) conduct a statisti-

cal modelling analysis to estimate the proportion of asymptomatic individuals among

those who tested positive in a cruise ship called Diamond Princess underwent a 2 week

quarantine. Based on their estimates, we assume that asymptomatic proportion is

17.9% and set p equal to 0.821.
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We specify the contact rate λ according to R0 estimates for COVID-19. The stud-

ies using stochastic and statistical methods to estimate R0 is consistent with WHO’s

estimates from 1.4 to 2.5. Moreover, R0 have stabilized at around 2-3 in recent studies

that are consistently above WHO’ point estimates for R0. Assuming a finite population

with size N , R0 is calculated as follows

R0 =
λ(N − 1)

N
E[T ] =

λ(N − 1)

N

(
p

(
α
ks − 1

µ
+ (1− α)

ks
µ

)
+ (1− p)ka

µ

)

where T is the contagious time. As N goes to infinity R0 becomes

R0 ≈ λ

(
p

(
α
kp − 1

µ
+ (1− α)

kp
µ

)
+ (1− p)ka

µ

)
. (5.9)

We consider different R0 estimates reported to range between 2 and 4 and cal-

culate the corresponding λ values using Equation 5.9 to demonstrate how the spread

is affected by the changing contact rates. Table 5.1 displays the R0 values and corre-

sponding contact rates λ that are considered for COVID-19 spread in this study.

Table 5.1. Published estimates of R0 for COVID-19 and our corresponding λ

Study Location R0 λ(ka = 2) λ(ka = 4)

Li et al. (2020) Chine 2.24 0.30 0.26

Wu et al. (2020) Wuhan 2.68 0.36 0.31

Read et al. (2020) Chine 3.11 0.41 0.36

Zhao et al. (2020) Chine 3.58 0.47 0.42

The estimates for R0 are too large before control measures come in. Moreover,

R0 can be reduced below one by introducing social distancing and even full lock down.

Let Rc be the basic reproduction number after control measures are introduced. We

consider two possible values of Rc that are 0.7 and 0.95 respectively.
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5.3. Numerical Results

In this section, we analyse and predict COVID-19 spread by using our modified

SIR model with parameters chosen in Section 5.2. First, we compute the exact final

outbreak size distribution for COVID-19 through implementation of first step analysis

using Equation 5.4 that enables us to check whether it is possible to control COVID-19

without intervention. And, we determine the ratio of the population that becomes

infected when disease ends if COVID-19 cannot be controlled. The computation of

final outbreak size after intervention strategies are introduced is also important. Be-

cause decreasing R0 from 3 to below 1 requires huge effort causing economic problems,

the usual tendency is to loosen restrictions when the epidemic is under control. The

number of cases is important here for deciding when to loosen and tighten the restric-

tions. Moreover, we compute the final outbreak size distribution by considering state

dependent Markov chain probabilities to understand how the timing and the intensity

of social distancing affect it.

5.3.1. Final Outbreak Size Distribution for COVID-19

First, we calculate the final outbreak size distribution for the smallest and largest

R0 values in Table 5.1 considering ka = 2 and ka = 4 and present the results in Figures

5.2, 5.3, 5.4, and 5.5. We observe that the proportion of the population who have been

ever infected increases dramatically as R0 increases. Therefore, reduction of R0 is ex-

tremely important for COVID-19 control. Moreover, we assume two possible ka values

for the contagious time of asymptomatic cases such that the average contagious time

for ka = 4 is two times greater than the average contagious time for ka = 2. However,

we do not observe a significant difference in the final outbreak size distributions of two

outbreaks with different contagious time but equal R0s.

In an epidemic model, another crucial question is whether the disease can be

controlled or a certain fraction of total population is infected. To check if the disease

can be controlled, we display the cumulative final outbreak size distribution in Figures

Figures 5.6, 5.7, 5.8, and 5.9 and observe that the probability of an outbreak is af-
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Figure 5.2. Final outbreak size distribution for R0 = 2.24 and ka = 2

Figure 5.3. Final outbreak size distribution for R0 = 2.24 and ka = 4
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Figure 5.4. Final outbreak size distribution for R0 = 3.58 and ka = 2

Figure 5.5. Final outbreak size distribution for R0 = 3.58 and ka = 4
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Figure 5.6. Cumulative final outbreak size distribution for R0 = 2.24 and ka = 2

fected by both R0 and the contagious time of asymptomatic cases. Because we assume

that symptomatic cases are quarantined when they exhibit symptoms, asymptomatic

cases become more dangerous when their contagious time is longer than the conta-

gious time of symptomatic cases. Moreover, we compute both the final outbreak size

distribution and cumulative final outbreak size distribution by assuming one initially

infected individual, so an outbreak is almost certain if there are more initially infected

individuals.

Because the probability of an outbreak is large and an outbreak is almost certain

even if there remains a single infected individual, the important question is, what is

the fraction of individuals who have ever had the infection when the disease ends since

it is directly proportional to the total number of deaths. To address this question,

we check the average percentage of the population having COVID-19 during pandemic

given that at least 10% of the population became infected by

E[R(τ)] =

∑N
m=N/10 P (R(τ) = m)m∑N
m=N/10 P (R(τ) = m)

. (5.10)
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Figure 5.7. Cumulative final outbreak size distribution for R0 = 2.24 and ka = 4

Figure 5.8. Cumulative final outbreak size distribution for R0 = 3.58 and ka = 2
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Figure 5.9. Cumulative final outbreak size distribution for R0 = 3.58 and ka = 4

We compute the average percentage of the population having COVID-19 for N =

500, 1000 and 2000 by using Equation 5.10 and present the results in Table 5.2.

Table 5.2. Average percentage of the individuals who have been infected during

epidemic (%)

R0 = 2.24 R0 = 2.68 R0 = 3.11 R0 = 3.58

N ka = 2 ka = 4 ka = 2 ka = 4 ka = 2 ka = 4 ka = 2 ka = 4

500 85.46 84.56 91.64 90.88 94.58 94.44 94.59 96.85

1000 85.53 84.63 91.68 90.92 94.62 94.47 96.75 96.86

2000 85.56 84.66 91.70 90.94 94.64 94.48 96.76 96.87

The average percentage of the population having COVID-19 when the outbreak

ends does not change significantly with changing population size so we can estimate

it for an infinite size population. It seems that simply waiting for herd immunity

to COVID-19 is not an option since a huge fraction of individuals has the infection

resulting in great number of deaths. Therefore, the most effective way to reach herd

immunity seems to find vaccines and reduce the number of susceptible individuals.
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However, because it takes time, other methods to control the spread of COVID-19

must be considered.

5.3.2. Final Outbreak Size Distribution with Changing Contact Rates

Because the incubation period and the infectious period are uncontrollable factors

for COVID-19 and introduction of COVID-19 vaccine takes time, the only way to

decrease R0 seems to reduce λ by social distancing. It is possible to reduce R0 around

0.7 by imposing strict measures causing significant socio economic problems. However,

it is also not possible to control the outbreak without dropping R0 below one.

Because individuals’ behaviour changes and adapts to the disease, R0 can decrease

even if control measures do not change. Therefore, we assume R0 = 2.24 that is the

smallest R0 value considered in Section 5.2. And, we compare four different ways to

implement intervention strategies and to understand how the timing and intensity of

social distancing affect the final outbreak size distribution.

First, we consider to impose strict measures and decrease the contact rates dra-

matically such that Rc becomes 0.7 if more than 5% and 10% of the population becomes

simultaneously infected, respectively. Then, we also consider Rc = 0.95 if more than

5% and 10% of the population become simultaneously infected. Because the peak is

important for the health capacity needs and treatment availability, timing of control

measures is determined by considering the number of active cases. We compare the

final outbreak size distributions in Figures 5.10, 5.11, 5.12, and 5.13 for ka = 4 when

the the timing and intensity of social distancing are different.

Assuming that control measures are introduced and lifted according to the cur-

rent number of cases, the timing of social distancing affects the final outbreak size

distribution more than the intensity of social distancing as long as Rc is smaller than

one. The final outbreak size distributions can be useful for selecting both schedule and

severity of control measures. From the figures, we observe that it is crucial to introduce

intervention methods when the number of cases is small. Moreover, the final outbreak
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Figure 5.10. Final outbreak size distribution if Rc = 0.7 when at least 5%

simultaneous infectives

Figure 5.11. Final outbreak size distribution if Rc = 0.95 when at least 5%

simultaneous infectives
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Figure 5.12. Final outbreak size distribution if Rc = 0.7 when at least 10%

simultaneous infectives

Figure 5.13. Final outbreak size distribution if Rc = 0.95 when at least 10%

simultaneous infectives
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size distributions for Rc = 0.7 and Rc = 0.95 are not different, so it is not necessary to

reduce the contact rate much more after reducing Rc below one.

Lastly, we check the average fraction of the population who have ever had the

infection when the disease ends given that there is an outbreak. The results are pre-

sented in Table 5.3. We observe that the expected total number of infected individuals

increases significantly causing the total number of deaths to increase if control measures

are implemented late. Furthermore, the expectation of the total number of infected

individuals reduces to 67% if control measures are implemented when 5% of the popu-

lation is simultaneously infected and to 74% if control measures are implemented when

10% of the population is simultaneously infected.

Table 5.3. Average percentage of the individuals who have been infected during

epidemic (%)
Control if 5%
Simultaneous
Infectives and
Rc = 0.7

Control if 5%
Simultaneous
Infectives and
Rc = 0.95

Control if 10%
Simultaneous
Infectives and
Rc = 0.7

Control if 10%
Simultaneous
Infectives and
Rc = 0.95

N ka = 2 ka = 4 ka = 2 ka = 4 ka = 2 ka = 4 ka = 2 ka = 4

500 66.56 65.37 66.74 65.53 73.80 72.80 73.87 72.86

1000 68.59 67.56 68.65 67.62 74.71 73.74 74.74 73.77

2000 69.59 68.59 69.62 68.61 75.23 74.27 75.25 74.28

5.4. Discussion

For a stochastic SIR model, we consider two types of infected individuals that

are symptomatic and asymptomatic. We approximate the incubation period and the

infectious period distributions by using a mixture of Erlang distributions to model

a Markov chain disease spread model. We calculate the exact final outbreak size

distribution and the approximate maximum epidemic size distribution by implementing

first step analysis.

Since we can compute the exact final outbreak size distributions for large size
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populations, we estimate the outbreak probability for different R0s by checking their

cumulative probability distribution. And, we calculate the average percentage of the

population that has ever been infected assuming an outbreak exists. Since an outbreak

is certain for COVID-19, we investigate how the final outbreak size distribution changes

with different strategies by controlling the timing and the intensity of social distancing.

We consider state dependent Markov chain probabilities while considering different

timing and intensity of social distancing.

We can extend this study to assess the influence of quarantine and isolation pro-

cedures on final outbreak size distribution and the maximum epidemic size distribution.

Moreover, we can conduct a sensitivity analysis to investigate how uncertainty in the

disease parameters affects the dynamics of the disease spread. It is also possible to

assess how the proportion of asymptomatic cases affects the spread of the disease.
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6. R0 NOTION AND ASSESSMENT OF INTERVENTION

STRATEGIES FOR NON HOMOGENEOUS

POPULATIONS2

Epidemiological information is mostly used to plan and evaluate strategies that

prevent disease spread by identifying risk factors. Therefore, various disease spread

models were developed in the literature. The basic reproduction number R0 as the

expected number of secondary cases produced by a single infected case in a totally

susceptible population is important for the determination of the outbreak probability

under homogeneous mixing assumption (Hernandez-Suarez, 2002; Craft et al., 2013;

Allen and Burgin, 2000). Moreover, R0 is generally used in the literature for analyzing

the possibility of an outbreak even if it is also possible to use it for intervention strategy

analysis. In the literature, to develop and analyze epidemic control strategies, different

mathematical approaches are implemented like introducing contact network epidemi-

ology (Dimitrov and Meyers, 2010), implementing optimal control tools (Sharomi and

Malik, 2017) and simulating scenarios (Wu et al., 2006; Carvalho et al., 2019). How-

ever, there are some recent papers considering the use of R0 to analyze and develop

epidemic control methods. Ball and Lyne (2002) use the average R0 for optimal vacci-

nation policies in a population partitioned into households. Artalejo and Lopez-Herrero

(2013) also suggest to use R0 to design control strategies for prevention of an outbreak.

However, their analysis requires exponential infectious period.

In this part of the thesis, we consider a stochastic SIR among non homogeneous

populations. We are concerned with the notion of computable R0 for heterogeneous

models. Our aim is to calculate the expected number of secondary cases produced by a

given infected case and use it to develop effective intervention strategies and assess the

intervention strategies without simulation. Therefore, we firstly introduce individual

R0 as the expected number of secondary cases produced by a given initially infected

individual in a totally susceptible population. Individual R0 is the expectation of Re,0

2This chapter appears in İşlier et al. (2020b) as a part of its content.
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rather than the exact number of secondary cases so we can propose a general formula for

individual R0 in this study, that is applicable to all types of heterogeneous populations

with any size. Our second major contribution is to present that it is possible to

assess intervention strategies by using the exact formula for individual R0 without

reverting to simulation. It is possible to assess the impact of intervention strategies by

their capability to reduce individual R0 values. Also, a maximum individual R0 value

smaller than 1 guarantees that an outbreak is impossible. Lastly, optimal intervention

strategies can be identified based on individual R0 values. We propose a vaccination

strategy such that the individual with greatest individual R0 are vaccinated first. In

order to choose the individual who is vaccinated next, we recalculate individual R0

values for the unvaccinated individuals and choose the individual with the greatest

individual R0 again. Thus, our vaccination strategy is to vaccinate individuals one by

one by choosing the susceptible having the largest individual R0.

6.1. The Notion of R0 for Non Homogeneous Models

Stochastic SIR models in large non homogeneous populations grew popular among

practitioners in recent years, see eg. (Longini et al., 2005; Ajelli et al., 2010). The

infection probability between an infected and a susceptible individual is modelled with

a comparatively small number of parameters assuming mixing in overlapping mixing

groups. The detailed structure of a population is generated such that the mixing groups

match in size and age those of real world census data. As mixing groups typically

households, neighbourhoods, communities, schools and work places are considered. In

several papers it is assumed without any discussion that the only way to assess the

behaviour of such models is simulation. This fact attracted our attention and we aim to

develop here an approach to assess the behaviour of such models for large populations

using a properly defined basic reproduction number R0 that can be calculated easily

also for large populations.

As individuals in a non homogeneous population are not identical, R0 for non

homogeneous populations depends on the initially infected individual that is chosen.

Thus, different R0 values occur for different initially infected individuals. In agent
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based simulation literature, the value of R0 for the entire non homogeneous population

is generally estimated by assuming “the random case”. Thus, the initially infected in-

dividual is selected among the population with equal probability for every individual.

Then, they use an average to calculate R0 (Longini et al., 2005). It is also suggested

to estimate age dependent R0 values and calculate overall R0 as a weighted average

of age dependent attack rate patterns (Germann et al., 2006). The studies which use

branching process methods to calculate R0 also considers R0 for non homogeneous pop-

ulations as a mean of different secondary cases for different initially infected individuals

(Ball and Lyne, 2002). In these studies, populations with different mixing levels and

moderate size are considered based on census data. However, average R0 is estimated

via simulation without exact solution and it cannot be used to assess the possibility of

an outbreak anymore.That this is not a sensible approach can be demonstrated with a

very simple example:

A population with N = 200 is composed of two sub-populations of equal size

A and B. An infective from A infects a susceptible from A with probability 0.003

and a susceptible from B with probability 0.0005 during his total infectious period.

Furthermore, an infective from B infects a susceptible from B with probability 0.015

and a susceptible from A with probability 0.0005 during his total infectious period.

We can easily calculate: The expected number of secondary cases for a single starting

infective of A is 99(0.003)+100(0.0005)=0.347 and for a starting infective of B it is

1.535. Taking the average over all individual we get 0.941. A value of R0 below one

should indicate that an outbreak is impossible, but in our little example it is clear that

an outbreak in group B is likely if the first infective is of group B. And in such a case

also several individuals of group A are likely to be infected.

R0 for non homogeneous models is studied especially by using Markov models

since they allow to calculate R0 exactly in the literature. However, there are some

problems with Markov modeling of disease spread. Markov chain processes requires

exponential infectious period which is clearly unrealistic. Meanwhile, the complexity

of Markov models for non homogeneous populations increases exponentially due to the

size of state space, so the exact distribution of R0(i) can only be calculated for very
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small populations. It is clear that even for moderate sized populations the state space

for such a model is huge. This makes numerical calculations so difficult that López-

Garćıa (2016), who considers a similar but continuous time model with exponential

infectious period and develops numerical methods to calculate the distribution of im-

portant stochastic descriptors, stresses even in the title of the paper that this is only

possible for small networks.

Following the simulation literature, we consider a simple discrete time stochastic

model. Important is that we allow a very general mixing structure assuming that in

a finite population of size N we know all probabilities pij that within one time-step

(in practice typically one day) an infected individual “i” transmits the disease to a

susceptible individual “j”. It turns out that it is also sometimes necessary to allow

the possibility that the infection probabilities change with time. In such cases we will

write pijt.

The estimation pij for each pair of i and j is possible for small population sizes

like hospitals etc. Laskowski et al. (2011) implement an agent based modelling for the

spread of influenza like disease in an emergency department. They model patients as

occupying a circular space with a radius of 60cm and define different contact types

like close and casual contacts based on the distance between agents. Moreover, they

consider a basic patient flow model throughout which agents come into contact with

each other and the probability of infection is found based on the agent distance during

contact and the duration of the contact. However, the estimation of pij is very difficult

for large population sizes. The overlapping mixing groups approach is mainly suggested

for estimating pij in large populations. Individual based models for disease spread have

been implemented during the last 50 years, but it has been popular recently due to

the lack of both data and advanced computational availability in the past Yang et al.

(2008). Carley et al. (2006) propose a scalable city wide multiagent network numerical

model where agents are embedded in social, health, and professional networks. The

model allows to define heterogeneous population mixing by agent and social networks

characteristics based on real data from census, school districts, general social surveys,

etc. Bian (2004) presents a conceptual framework for an individual based spatially
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explicit epidemiological model based on the following assumptions: (1) individuals

are different so age groups are needed; (2) an individual has contacts with a finite

number of individuals in different clusters like home and workplace; (3) individuals

travel between clusters; and (4) the individuals have different contact rates such as

fewer contacts for retired individuals than employed individuals. Thus, two types of

contacts are defined: those within a group and those between groups. Moreover, the

shift from population based models to individual based models is explained by the

rapid improvements in computing power and availability of spatial data. Longini et

al. (2004) compare the efficiency of the use of anti viral drugs and vaccination for a

population with 2,000 persons who are stochastically generated by the age distribution

and approximate household size published by the US Census Bureau. Yang et al.

(2008) study an individual space time activity model for the target city, Eemnes in the

Netherlands based on an activity survey data, a synthesized household data, land use

data, and PC6 statistical data.

The agent based models collect the infection data at individual level and become

more realistic. However, its increased complexity also brings too much a burden for

model structure and requires simulation. Moreover, pijs are required to be computed

for individual based models by considering the infection probabilities pf , ps, pn, and

pc in mixing groups of “households”, “school and play groups”, “neighbourhoods” and

“communities”, respectively that are also changing with age groups. Then, if infection

events between different mixing groups are assumed to be independent, the probability

of infection between two individuals i and j during a day is calculated as

pij = 1− (1− pc)IC(j)(1− pn)IN (j)(1− pw)IW (j)(1− pf )IF (j) (6.1)

where the indicator function of a subset is defined as

IM(j) =


1 j ∈Mixing Group M of i

0 otherwise.

That implies that individuals i and j can mix in different mixing groups in set M
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(community, neighborhood, school, work, family etc.). So the indicator function is one

for several j.

The state of our model is described by the state vector holding the state S, I

or R for all N individuals. In one time step a susceptible individual j is infected by

a single infected individual i with probability pij. If there is more than one infected

individual the assumption that these infections are independent of each other leads to

the total infection probability for individual j :

pj = 1−
∏
i∈I

(1− pij) ,

where I denotes the set of infected entities. The new infections are thus a sequence of

|S| independent Bernoulli trials with probabilities {pj|j ∈ S}, where S denotes the set

of all susceptible individuals. To pass from state I to R we use the model assumption

that the infectious periods of all individuals are independent and follow a discrete

distribution with probability mass function fD(d) with d = 1, 2, . . . .

For non-homogeneous mixing it is obvious that we need, like suggested in López-

Garćıa (2016), a definition of R0 that considers which individual is the single starting

infected. As we consider here large populations, we use the simple classical definition

of R0 and define:

R0(i) = E[secondary cases for starting with a unique infected individual i]

and call it individual R0.

One important advantage of individual R0 is that it can be calculated easily also

for large populations. To develop the formula we first have to calculate the probability

p̃ij that susceptible j is infected by infectious i during the total infectious period of i.
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This is easily done using conditioning on the infectious period D:

p̃ij =
∞∑
d=0

[fD(d)(1− (1− pij)d)]. (6.2)

It is also sometimes possible that the infection probabilities change with time written

as pijt. Then, the probability p̃ij can be calculated as

p̃ij =
∞∑
d=1

[fD(d)(1− Πd
t=1(1− pijt))]. (6.3)

Note that also for an infectious period distribution with unbounded domain it is

not difficult to calculate a close approximation of p̃ij as the error committed by a cut

off of the sum after d = dm is obviously always smaller than 1−FD(dm) and can thus be

easily controlled. Individual R0(i) is then simply the ”column sum of the matrix p̃ij”

or more precisely the sum of all p̃ij’s for i fixed and j = 1, 2, . . . , i−1, i+1, i+2, . . . , N :

R0(i) =
∑
j:j 6=i

p̃ij. (6.4)

The complexity of calculatingR0(i) in (6.4) for i = 1, 2, . . . , n is in totalO(dmN
2),

where dm denotes the size of the domain of the infectious period D for bounded in-

fectious period or the cut off value of the infinite sum for the case that D has an

unbounded domain.

6.1.1. Use of Individual R0 on Intervention Analysis

A main aim of building agent based simulation models for influenza spread is the

assessment of interventions. How is the spread of the disease changed for instance,

when

� 15 percent of all individuals are vaccinated;
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� anti-viral drugs are given to all members of a household when one member turns

out to be infected;

� when 50 percent of all infected would stay at home after the first day of the

disease.

How can the calculation of all R0(i) values help to asses the behaviour of the

disease spread? As we have demonstrated with the help of a simple example above,

the average of all R0(i) values does not allow a direct assessment. But it is easy to see

that if maxiR0(i) is smaller than one, an outbreak is impossible. If that value is above

one the behavior is not certain but an outbreak is possible.

Like for many other interventions also for the second and third intervention ex-

ample above it is obviously necessary to assume that the pij values change with time

and are denoted by pijt on day t. The p̃ij’s are obviously calculated using Equation

6.3. To obtain the R0(i) we need again the column sums given in (6.4).

To quantify the influence of such interventions it is first necessary to decide how

the parameters of the model are changed by the intervention. Here it may be necessary

to make assumptions (or guesses) how the infection probabilities are changed; if we

consider the case that when 50 percent of all infected would stay at home after their

first day of infection is an example where it is clear that people staying at home have

infection probabilities of zero with all individuals not belonging to their household.

6.2. Some Non Homogeneous Population Structures for Influenza Spread

It is possible to calculate individual R0 values exactly for all non homogeneous

models using Equation 6.4. In this part, we calculate p̃ij and individual R0 values for

some non homogeneous population structures in the literature that are well applicable

for airborne diseases like influenza. We need a discrete disease time for influenza and

assume like Longini et al. (2004) that the probability mass function of 3, 4, 5 and 6

days with probabilities 0.3, 0.4, 0.2, and 0.1 respectively . Moreover, we consider two

different non homogeneous population models. Then, in Section 6.3, we evaluate some
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intervention methods applied for them.

6.2.1. Model with Multiple Cities

We consider a network of cities around the world connected by transportation.

This model is commonly referred as meta population model in the literature suggested

by Levins (1968). It includes several sub populations in which perfect mixing is as-

sumed. Individuals travel between the cities leading to disease spread according to

probabilistic rules based on the population size and the travel frequency between the

cities. Population size and travel data can be obtained from different available sources

(e.g. Population Division, U.S. Census Bureau 2004).

Consider now three cities, numbered 1, 2 and 3. Assuming symmetry in travel, we

consider a function pij given in Table 6.1 and compute individual R0 values by applying

Equation 6.4. In big cities, it is standard to assume that R0 is the same in a homogenous

population. Thus, the expected number of individuals infected by a single infected

individual is not increasing with the size of the population and the probability to meet

and potentially to infect another individual is reduced as the population size increases

(Lund et al., 2013). Therefore, we assume greater infection probabilities within a city

with smaller population sizes. To obtain the infection probabilities between cities is

more complicated and challenging and it is beyond the scope of this work (Lund et

al., 2013). Here, we take a simplistic view and assume that the travel frequency is

the greatest between city 1 and city 2 and the smallest between city 1 and city 3

by considering the distances between cities and population sizes. Furthermore, the

infection probabilities between cities are considered to be around 2 percent of the

infection probabilities within the same city. However, it is also possible to obtain

travel frequency data for better estimation. Moreover, the reported R0 values for the

basic reproduction number in a fully susceptible population is in the range of 1.6 to 2.4

for influenza (Germann et al., 2006). Thus, while setting the infection probabilities, we

target to obtain average R0 1.7 like in the study of Longini et al. (2004). We estimate

the infection probabilities by dividing target R0 = 1.7 over expected disease time and

the number of susceptible individuals. We also include some super spreaders in this
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Table 6.1. Population sizes and infection probabilities for the population with

multiple cities.
Pop.
Size City 1 City 2 City 3

Super
Spreaders R0(i)

City 1 746 5.20e-4 1.30e-5 8.66e-6 1.00e-3 1.673

City 2 500 1.30e-5 7.80e-4 1.04e-5 1.50e-3 1.714

City 3 746 8.66e-6 1.04e-5 5.2e-4 1.00e-3 1.668

Super-spreaders 8 1.00e-3 1.50e-3 1.00e-3 0 9.174

example supposing there are some individuals who often travel. Because individuals

in the same city have identical characteristic, the number of different individual R0

values in this case is equal to the number of cities plus one for the super spreaders. The

corresponding individual R0 values are given in the last column of Table 6.1 computed

by using Equation 6.4 consistent with the simulation results.

6.2.2. Model with a Population of Households

We also consider a population partitioned into several households similar to Ball

and Lyne (2002) since the household based public health interventions are important

to prevent the spread of infectious diseases. Moreover, the two levels of mixing is also

important for the behaviour of the epidemic.

Lets consider that an infected individual infects a household member with prob-

ability ph and other individuals with probability pc. ph is selected considerably higher

than pc since individuals in the same household have closer contacts. If we denote the

family members of individual i as set N(i), the infection probabilities for individual i

are

pij =

ph, if j ∈ N(i)

pc, otherwise.

(6.5)

We assume that ph and pc are 0.0001 and 0.06 respectively for our intervention analysis
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and we consider 498 households each consisting of four individuals. Further, there might

be some individuals in the population who meet with other people more frequently

than other individuals eg. due to their work. We call such people super spreaders. In

the literature, super spreaders are defined as the individuals infecting more contacts

than others. We assume that each infected super spreader infects with probability

ps = 0.0008 and that there are 8 super spreaders in the population.

6.3. Intervention Analysis

Intervention methods aim to change the characteristics of the spread of a disease

by changing the infection probabilities pij. We suggest to assess the impact of interven-

tion strategies by calculating and comparing the individual R0 values of the different

scenarios. We consider the models described in Section 3 where the individuals within

the same group are assumed to behave homogeneously. Colizza and Vespignani (2008)

define the usual R0 as a function of disease parameters for each group while a sub-

populations reproductive number R∗ as a function depending on the diffusion rate of

individuals among subpopulations. Thus, a group specific basic reproductive number

is considered for a deterministic metapopulation system and the epidemic behaviour

on both the global scale and the local scale is determined by R∗ and R0, respectively.

Barthélemy et al. (2010) consider a stochastic metapopulation model by taking into ac-

count both temporal and topological fluctuations. Moreover, individual R0 computed

in this section is also a group specific basic reproduction number by considering both

infection among the population members of each group and between the members of

different groups instead of two different basic reproduction numbers as in the study of

Colizza and Vespignani (2008). However, individual R0 values can be generalized for

every non homogeneous population model like individual based models. Furthermore,

we illustrate some numerical results to demonstrate the use of individual R0 for both

developing and assessing intervention strategies including vaccination, social distancing

and use of antiviral drugs.
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6.3.1. Intervention by Vaccination

For the evaluation of vaccine efficacy, it is assumed that vaccination takes place

before the infection starts to spread and that all vaccinated individuals develop im-

munity. Therefore, vaccinated individuals are not considered as susceptible anymore.

For the vaccination as an intervention strategy, it is possible to assume random vacci-

nation in which the individuals who are vaccinated are selected randomly with equal

probabilities within the population. However, it is better to use the vaccine efficiently

to attain herd immunity by vaccinating a smaller number of individuals.

Ball and Lyne (2002) develop optimal vaccination policies for a population with

two levels of mixing and consider optimality in terms of the cost of vaccination program

including vaccine, administration, and travel. Here, we propose an intelligent vaccina-

tion strategy when assuming that the cost of vaccine is considerably larger than the

cost of vaccination. In other words, the aim is to obtain for a fixed number of vaccines

the greatest reduction for the maximum individual R0 value . In this vaccination strat-

egy, individuals with large individual R0 are vaccinated first because we both eliminate

the greatest individual R0 and obtain the greatest total reduction in the other individ-

ual R0 values if pijs are symmetric. Therefore, as a next step all individual R0 values

must be recalculated and their values are arranged in non increasing order. Then, the

individual who is vaccinated is selected from the top of the list and the individual R0

values for unvaccinated individuals are recalculated. Thus, our intelligent vaccination

policy is to vaccinate individuals one by one choosing the susceptible having the largest

individual R0. By taking the population matrix, popm and the target number of vac-

cinated individuals, vcritial as input parameters, the algorithm in Figure 6.1 presents

the intelligent vaccination strategy.

In the theory of branching process where m is the expected number of children of

each individual, m < 1 implies the ultimate extinction with probability one. If a non

homogeneous branching process is considered, m values are different for different indi-

viduals (Antreya, 2006). If the maximum m is smaller than one, then the process will

be also extinct with probability one. Since we consider non homogeneous populations
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Algorithm 6

1. Set v = 0

2. Compute p̃ij using Equation 6.2

3. for i = 1, 2, . . . , N − v
4. Compute R0(i) from largest to smallest

5. end for

6. Order R0(i) from largest to smallest

7. Remove individual i with the largest R0(i) from the population matrix

8. Set v = v + 1. If v < vcritical go to step 3. Otherwise, stop the algorithm.

Figure 6.1. Intelligent Vaccination Strategy

yielding different individual R0 values, we guarantee that there will be no outbreak

by reducing all individual R0 values below one. The algorithm in Figure 6.1 for the

intelligent vaccination policy is a greedy heuristic for heterogeneous populations and it

approximates to the optimal vaccination policy as the heterogeneity level decreases.

If we consider the population with three cities described in Section 3.1, the intel-

ligent vaccination strategy requires to vaccinate individuals from different cities. The

simulation results indicate that a significant proportion of the population has been

infected with probability 0.662 without vaccination. To guarantee that the infection is

going to disappear before involving a significant number of the population by imple-

menting Algorithm 6, we observe that individual R0 values in all cities reduce below

1 if 292 individuals from city 1, 200 individuals from city 2, 290 individuals from city

3 and all 8 super spreaders are vaccinated. Therefore, the minimum number of re-

quired vaccinated individuals reducing all individual R0 values to under 1 is found to

be 790 where there will be no outbreak controlled by computing the final outbreak

size through simulation. As ’in the city infection probabilities’, pii are considerably

greater than ’between the cities infection probabilities’, pij where i 6= j for a model

with multiple cities, intelligent vaccination strategy based on sequential vaccination

also gives us the optimal vaccination strategy for reducing all individual R0 values to

under one. Let 291 individuals be vaccinated from city 1 instead of 292 individuals,

then more than one individual have to be vaccinated from the other cities to decrease

individual R0 value of city 1 below one since p11 is considerably greater than p12 and
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Table 6.2. Individual R0 based vaccination with different number of vaccinated

individuals for the population with multiple cities
8 Vaccinated
Individuals

108 Vaccinated
Individuals

208 Vaccinated
Individuals

308 Vaccinated
Individuals

790 Vaccinated
Individuals

City
Vacc.
Ind. R0(i)

Vacc.
Ind. R0(i)

Vacc.
Ind. R0(i)

Vacc.
Ind. R0(i)

Vacc.
Ind. R0(i)

1 0 1.644 35 1.563 73 1.479 111 1.397 292 0.999

2 0 1.671 32 1.563 56 1.479 81 1.396 200 0.999

3 0 1.639 33 1.562 71 1.480 108 1.397 290 0.999

p13. This also holds for city 2 and city 3. However, it does not always yield the optimal

strategy. If we consider an individual based model where each individual has its unique

R0(i), we need to decide which individuals are vaccinated in one step by considering

all relationships. Even if it is not possible to vaccinate enough people to reach herd

immunity intelligent vaccination is still important in order to have the greatest possi-

ble reduction of the individual R0 values. Table 6.2 shows how individual R0 values

change for an increasing number of vaccinated individuals when using the intelligent

vaccination strategy.

For the population partitioned into households described in Section 3.2, the indi-

vidual R0 value for the 1992 individuals living in households is 1.509. The sequence of

intelligent vaccination starts with the super spreaders. Then, one individual is vacci-

nated from every family. To reduce the maximum individual R0 value below 1, vacci-

nation of one individual from every family is not sufficient so the vaccination continues

with the vaccination of second individuals from each family. It is easy to calculate that

the maximum of individual R0 values drops below one when two individuals are vac-

cinated in 139 families while only one individual is vaccinated from the remaining 359

families. The two resulting individual R0 values are 0.999 (for 1077 individuals) and

0.777 (for 278 individuals). The minimum number of vaccinated individuals required

for herd immunity is thus found to be 645 and. Furthermore, Table 6.3 presents the

number of susceptibles with their corresponding individual R0 values if 8, 257, 506 and

755 individuals are vaccinated respectively. Table 6.3 indicates that individual R0 is

1.483 for unvaccinated individuals if 8 individuals are vaccinated while individual R0
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Table 6.3. Individual R0 based vaccination with different number of vaccinated

individuals for the population partitioned into households

8 Individuals
Vaccinated

In 50% families
one member
vaccinated

In all families
one member
vaccinated

In 50% families two
and in 50% families one

member vaccinated

R0(i)
Num. of
Indiv. R0(i)

Num. of
Indiv. R0(i)

Num. of
Indiv. R0(i)

Num. of
Indiv.

0 8 0 257 0 506 0 755

1.483 1992 1.159 747 1.057 1494 0.732 498

- - 1.381 996 - - 0.955 747

is reduced to 1.159 and 1.381 for 747 and 996 unvaccinated individuals, respectively

if 257 individuals are vaccinated. If 506 individuals are vaccinated, individual R0 is

reduced to 1.057 for all unvaccinated individuals. Moreover, the last two columns of

Table 6.3 show that individual R0s are reduced to 0.732 and 0.995 for 498 and 747

unvaccinated individuals if 755 individuals are vaccinated, so vaccinating more than

645 individuals decreases individual R0 much lower than 1.

If intelligent vaccination is compared to random vaccination, it is observed that

the minimum number of required individuals to be vaccinated to reach herd immunity

is much higher for random vaccination and its performance under limited vaccination

supply is also clearly worse.

6.3.2. Intervention by Social Distancing

The simplest intervention strategy that can be considered as a method of social

distancing is household quarantine. The effectiveness of household quarantine depends

on many additional disease parameters like the time between the start of the infection

and the start of the symptoms and the compliance rate indicating the percentage of

symptomatic influenza cases who remain at home. Household quarantine can be imple-

mented only some time after the infection starts so we assume that it is implemented

after the first day of the disease.
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Table 6.4. Quarantine after first day of infection for the population partitioned into

households
Without

Quarantine
Quarantine with

Compliance Rate 50%
Quarantine with

Compliance Rate 80%

R0(i) Number of Ind. R0(i) Number of Ind. R0(i) Number of Ind.

1.509 1992 1.191 1992 0.999 1992

8.084 8 0 8 0 8

We consider the population partitioned into households only since it is not pos-

sible to implement social distancing by the nature of a model with multiple cities. To

demonstrate the impact of household quarantine, it is assumed that individuals stay at

home after the first day of infection with probability 0.5 suggested in the study of Wu et

al. (2006). Table 6.4 shows the resulting changed individual R0 values. The important

point in Table 6.4 is the reduction in the individual R0 values of the household mem-

bers. Therefore, it is possible to decrease individual R0 values by increasing compliance

rate. It may be possible to increase the compliance rate if a viable diagnostic support

including virological testing is available. Thus, we search the compliance rate to attain

herd immunity for the household model. We observe that household quarantine must

be accepted by at least 80% of the infected to make an outbreak impossible for the

population partitioned into households described in Section 3.2.

6.3.3. Intervention by Use of Antiviral Drugs

Antiviral drugs can be both of prophylactic and therapeutic importance. The use

of antiviral drugs that is evaluated here prevents infection given exposure. Therefore,

it is assumed that antiviral drugs reduce the probability of transmission to others and

the probability of being infected given exposure. There are no direct estimates of how

much antiviral drug will reduce the probability that an infected individual will develop

influenza symptoms compared with an infected person who is not using antiviral drugs

but these parameters are inferred from household studies of antiviral drugs in the

literature (Longini et al., 2004). Therefore, considering that family members of the

initially infected individual use antiviral drugs, we check how their individual R0 values
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Table 6.5. Use of antiviral drugs with different reduction factors without household

quarantine for the population partitioned into households
10%

Reduction
20%

Reduction
30%

Reduction
40%

Reduction

R0(i)
Num. of

Indiv. R0(i)
Num. of

Indiv. R0(i)
Num. of

Indiv. R0(i)
Num. of

Indiv.

1.448 1992 1.386 1992 1.323 1992 1.258 1992

7.942 8 7.797 8 7.649 8 7.498 8

Table 6.6. Use of anti viral drugs and 50% household quarantine with different

reduction factors for the population partitioned into households
10%

Reduction
20%

Reduction
30%

Reduction
40%

Reduction

R0(i)
Num. of

Indiv. R0(i)
Num. of

Indiv. R0(i)
Num. of

Indiv. R0(i)
Num. of

Indiv.

1.130 1992 1.068 1992 1.005 1992 0.940 1992

5.477 8 5.333 8 5.184 8 5.034 8

change for assuming different reduction factors of anti viral drugs. The results in Table

6.5 indicate that, as expected, the effectiveness of the use of anti viral drugs is strongly

influencing to the reduction capability for infection probabilities.

Furthermore, we check how effective is the combination of anti viral drugs and

household quarantine. The results are given in Table 6.6. We observe that assuming a

compliance rate of 50% and reduction rate 40% it is possible to prevent an outbreak by

using the combined strategy even if this is not possible when using household quarantine

and anti viral drugs alone.

6.4. A Model with Overlapping Mixing Groups

The overlapping mixing group model tries to imitate the disease spread in a real

world community using census data. It requires only a moderate number of parame-

ters. The average R0 for these models are calculated using simulation in the literature

(see Longini et al. (2004)). The model uses several mixing groups like “households”,
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Table 6.7. Population matrix for a model with overlapping mixing groups
Individual

ID
Family

ID
Size of
Family

Neighbor
ID

Community
ID

Age
Group

School-Work
ID

1 10 1 100 1 6 9001

2 11 2 100 1 6 9001

3 11 2 100 1 3 3001

“school and play groups”, “neighbourhoods” and “communities” with their respective

infection probabilities pf , ps, pn, and pc changing with age groups to model all infection

probabilities pij that can be calculated by using Equation 6.1.

Moreover, following Longini et al. (2004) we also consider asymptomatic cases

for the overlapping mixing group case as a feature of influenza in real world. Asymp-

tomatic cases are the infected individuals who do not have symptoms. Their infection

probabilities are also considered to be smaller than the ones for symptomatic cases.

The implementation of intervention strategies like household quarantine and the use of

anti viral drugs is impossible for them due to lack of symptoms. However, the result

of vaccination is not influenced by adding asymptomatic cases. To calculate individual

R0 for the models with both symptomatic and asymptomatic cases, two p̃ij values for

both the symptomatic and asymptomatic cases have to be calculated using Equation

6.3. Then, R0,s(i) and R0,a(i) are calculated using the corresponding p̃ij values. The

final R0(i) values are obtained by taking the weighted average of R0,s(i) and R0,a(i).

In the study of Longini et al. (2004), a population of 2000 persons in four identical

neighbourhoods is considered. Each individual mixes with people in community, neigh-

bourhood, family and play groups. Family sizes differ between one and seven. We have

a similar model in the study of Longini et al. (2004) but we also added a mixing group

work for adults. We constitute a population matrix each row of which includes the ID

of community, neighbourhood, family, school-work and the age group of an individual

similar to the rows of Table 6.7. So the number of rows of that population matrix

is 2000. The details of the R code for generating such a population matrix based on
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Figure 6.2. The frequency of individual R0s without household quarantine

census data is available in Appendix A. A major practical problem for this model is

the calibration of the probability of infection within each mixing group. We consider

the same infection probabilities as in the study of Longini et al. (2004). As infectious

period, 3, 4, 5 and 6 days with probabilities 0.3, 0.4, 0.2, and 0.1 is again assumed.

In the study, we assume that an infected person is symptomatic with probability 0.67

and an asymptomatic infection is only half as infectious as a symptomatic infection.

In Figure 6.2, we present the histogram of all individual R0 values of the popu-

lation. The figure indicates that only a small number of individuals in the population

have individual R0 values smaller than 1 while most of the population has individual

R0 values between 1 and 2. Moreover, Longini et al. (2004) estimate R0 as the av-

erage of all secondary cases that the randomly selected initial infective person would

infect over all mixing groups he belongs to. They empirically calculate R0 and find

it as 1.7 with a range of secondary cases from zero to 17. We compute R0(i) values

with Equation 6.4 where p̃ij is computed by considering the the probability of infection

within each mixing group and the population matrix. Moreover, the average of R0(i)

values for i = 1, 2, ...2000 is 1.69, so we compute R0 suggested in the study of Longini

et al. (2004) without implementing simulation. Furthermore, there are many possible

R0(i) values giving the same average and the importance of R0(i) values increase as

the heterogeneity level increases.

In studies with overlapping mixing groups, we found only the suggestion of ran-
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dom vaccination and of random vaccination of children (Longini et al., 2004; Germann

et al., 2006). In these studies, the results of vaccination are analysed estimating attack

rates via simulation. However, we suggest to assess the intervention strategies with-

out simulation also for individual based models. Since we can compute individual R0

value for each member of the population exactly, see the histogram in Figure 1, we can

compare the frequency histograms of individual R0 values after different intervention

strategies are implemented. Moreover, simulation is not needed while vaccinating in-

dividuals based on their individual R0 values by implementing the algorithm in Figure

6.1. In this section, we apply to simulation only for random vaccination in order to

compare intelligent vaccination strategy with random vaccination where the vaccinated

individual is selected randomly. We compare the performance of intelligent vaccina-

tion and random vaccination by considering 30%, 50% and 80% of the population

vaccinated respectively. Moreover, we record the maximum individual R0 value for

the intelligent vaccination. However, we record the minimum, median and maximum

of maximum individual R0 values for random vaccination because each run yields a

different maximum individual R0 value. In Table 6.8, we present the results.

Table 6.8. Maximum individual R0 values after random vaccination and vaccination

based on individual R0 without household quarantine

Vaccination
Percentage

Min of
Maximum
Individual
R0s in 1000
Repetitions

Median of
Maximum
Individual
R0s in 1000
Repetitions

Max of
Maximum
Individual
R0s in 1000
Repetitions

Max R0 After
Individual R0

Based Vaccination

0 4.27 4.27 4.27 4.27

30 2.40 3.08 3.73 1.32

50 1.70 2.23 2.98 0.91

80 0.60 0.96 1.54 0.48

Table 6.8 indicates that 50% random vaccination of the population cannot reduce

maximum individual R0 below 1 in 1000 repetitions while 50% vaccination based on

individual R0 values of the population reduces maximum individual R0 much lower than

1. Thus, similar to the model with multiple cities and the model with a population



114

Individual R0s

F
re

qu
en

cy

0.5 0.6 0.7 0.8 0.9 1.0

0
10

0
20

0
30

0
40

0

Figure 6.3. The frequency of individual R0s after vaccination without household

quarantine

partitioned into households, we take the advantages of our R0 formula. Furthermore,

the minimum required number of vaccinated individuals to guarantee herd immunity

is 869. In Figure 6.3, we present individual R0 values of the unvaccinated population

after vaccination of 869 individuals based on their individual R0s.

Finally, we also check how individual R0 values change if 80% of the symptomatic

cases stay home after their first day of infection. Figure 6.4 shows that even if a

considerable reduction in individual R0 values is obtained, herd immunity cannot be

guaranteed since one third of the infectious cases are considered to be asymptomatic

and household quarantine cannot be implemented for asymptomatic cases. This is also

true for 100% compliance rate since the actual compliance rate can be at most 67%

that is the percentage of symptomatic cases.

The results certainly depend on disease parameters and population structures but

we expect that recursive individual R0 based vaccination gives consistently a better

performance. So we can see that the calculation of individual R0 can be a useful tool

to assess the performance of vaccination strategies and also to develop vaccination

strategies for stochastic models with arbitrary heterogeneous contact structures.
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Figure 6.4. The frequency of individual R0s after 80% household quarantine

6.5. Discussion

In this chapter, we consider a discrete time stochastic SIR model for non homoge-

neous populations and make three main contributions. Firstly, we introduce individual

R0 and propose a general formula for it that is applicable to all types of heterogeneous

populations with any size. Our other major contribution is the assessment of inter-

vention strategies by using the formula for individual R0 without reverting simulation.

Lastly, we define intelligent intervention strategies based on individual R0 values.

As we have studied the notion of R0 for non homogeneous populations, we intro-

duced individual R0 as the expected number of secondary cases produced by a unique

given initially infected individual. In the literature, R0 for non homogeneous popula-

tions is either calculated by using Markov chains assuming exponential disease time

and small population size or estimated via simulation. Here, we propose a general

formula for exact calculation of individual R0 that is applicable to an arbitrary mixing

structure and large population size.

Furthermore, the evaluation of intervention strategies is of practical importance.

The effectiveness of these strategies is evaluated by simulation studies comparing the

average attack rates or similar characteristics. However, we show that it is possible

to assess the impact of the intervention strategies by using directly the individual R0

formula. We analyze the effectiveness of different intervention strategies by their abil-
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ity to decrease the maximum individual R0 value below one. This method is more

accurate than descriptive simulation results to decide how to make an outbreak impos-

sible. However, it is only possible to evaluate strategies that are implemented before

infection and immediately after one case is infected by using the individual R0 values

of implementing vaccination, household quarantine or the use of antiviral drugs.

Finally, an intelligent vaccination policy is developed based on individual R0

values. Here, the aim is to obtain the greatest reduction in the maximum individual

R0 value for a fixed number of vaccines. It is observed that the number of required

individuals to be vaccinated for herd immunity is much higher for random vaccination

than vaccination based on individual R0.
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7. CONCLUSIONS AND FUTURE RESEARCH

In this thesis, we first considered a stochastic SIR disease spread model with a

finite and homogeneous population. For an exponential infectious period we derived

formulas for the expected duration of an epidemic, the distribution of the total number

of recovered individuals during epidemic, and the maximum number of simultaneously

infected individuals.

Because the use of exponential distribution for the infectious period is not realis-

tic, we assume an Erlang distributed infectious period that is a more versatile class of

distribution and enables us to use Markov modelling. We propose an efficient compu-

tational procedure for the distribution of the final outbreak size and an approximation

for the distribution of the maximum number of simultaneously infected individuals.

Moreover, we also consider a mixture of Erlangs for the infectious period.

By considering a mixture of Erlangs distribution for infectious period and assum-

ing two types of infected individuals as symptomatic and asymptomatic, we implement

our proposed methods for COVID-19 spread. We calculate the average fraction of the

individuals who have been infected during the epidemic and approximately determine

its maximum size distribution. Moreover, by comparing final outbreak size distribu-

tions under different control strategies, we observe that the timing rather than the

intensity of intervention is more critical.

Finally, a non homogeneous population is considered for a disease spread model.

We investigate the notion of R0 for heterogeneous populations and introduce individual

R0. After a general formula for R0 is presented, we suggest to use it for the assessment

and development of intervention methods.

The main contributions of the dissertation are given in Section 7.1, and Section

7.2 state the possible future research directions.
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7.1. Main Contributions

We can first discuss the contributions regarding Markov modelling of disease

spread. Markov modelling of disease spread enables us to obtain exact and computable

results for important properties of disease spread. The following features summarize

the novel contributions of our study implementing Markov chains for disease spread

models.

� Algorithms for important properties of disease spread like expected disease du-

ration, the distribution of the final outbreak size and the distribution of the

maximum epidemic size are given for exponential infectious periods.

� For an Erlang distributed infectious period, a model is proposed that uses the total

number of remaining stages as the state variable. It is a considerable improvement

since our state transformation enables us to treat the Erlang distributed infectious

period as simply exponential.

� Our method to compute the exact final outbreak size distribution for an Erlang

distributed infectious period is implementable for large populations that makes

our model a strong competitor to existing methods.

� Our method is extended to a mixture of Erlangs so that by using the first two

moments of an infectious period one can easily fit a corresponding mixture.

� An approximation is proposed for the maximum epidemic size distribution for

Erlang infectious period that gives exact results for exponential infectious period.

Then, we implement our method for COVID-19 spread by assuming two types

of infected individuals as symptomatic and asymptomatic, and we make the following

contributions.

� It is better in quantifying uncertainties and accounting for real variabilities com-

pared to deterministic models.

� The incubation and the infectious period can be approximated by using mixing

of Erlangs distribution for given mean and variance, so the final outbreak size
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distribution is exactly calculated.

� We assess how different timing and intensity of social distancing affect final out-

break size distributions and observe that early interventions for COVID-19 is too

important compared to intensity of interventions.

Our disease spread model for non homogenous populations aims to compute the

basic reproduction number in heterogeneous populations and assess the effect of inter-

vention methods by using it. We summarize the contributions of our study considering

non homogeneous populations as follows.

� We introduce individual R0 as the expected number of secondary cases produced

by a given unique initially infected individual.

� A general formula for individual R0 is proposed that is applicable to all types of

heterogeneous populations with any size.

� Intervention strategies are assessed by using the exact formula for individual R0

without reverting to simulation. The impact of intervention strategies is assessed

by their capability to reduce individual R0 values.

� Intelligent intervention strategies are developed considering individual R0 values.

7.2. Possible Future Research Directions

The first future research direction is to investigate the limiting behaviour of our

algorithms as the population size increases. Given that a large outbreak occurs, the

conditional distribution of the final outbreak size yielding herd immunity can be also

investigated.

Focusing on the limitations of Markov disease spread models is another research

direction. Markov disease spread models assume a homogeneous population which

may be unrealistic for some analysis. We can therefore study an extension where our

results could be generalized to non homogeneous models, e.g. models with a household

structure of with a number of large sub populations. It might be also interesting to

assess the impact of intervention methods by using Markov disease spread models.
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Finally, the distribution of individual R0 can be calculated for non homogeneous

populations. Minimizing the cost of intervention methods by using the distribution of

individual R0s is another future research direction.
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Barthélemy, M., C. Godreche, and J. M. Luck, 2010, “Fluctuation effects in metapopu-

lation models: percolation and pandemic threshold”, Journal of Theoretical Biology,

Vol. 267(4), pp. 554–564.

Bian, L., 2004, “A conceptual framework for an individual-based spatially explicit

epidemiological model”, Environment and Planning B: Planning and Design, Vol.

31(3), pp. 381–395.

Black, A. J., and J. Ross, 2015, “Computation of epidemic final size distributions”,

Journal of Theoretical Biology, Vol. 367, pp. 159–165.



124

Bobashev, G. V., D. M. Goedecke, F. Yu, and J. M. Epstein, 2004, “A hybrid epidemic

model: combining the advantages of agent-based and equation-based approaches”,

in 2007 Winter Simulation Conference, IEEE.

Brauer, F., P. Driessche, and J. Wu, 2008, Lecture notes in mathematical epidemiology,

Springer, Berlin.

Calafiore, G. C., C. Novara, and C. Possieri, 2020, “A modified SIR model for the

COVID-19 Contagion in Italy”, arXiv preprint arXiv:2003.14391.

Carley, K. M., D. B. Fridsma, E. Casman, A. Yahja, N. Altman, L. Chen, B. Kaminsky,

and D. Nave, 2006, “BioWar: scalable agent-based model of bioattacks”, In: IEEE

Transactions on Systems, Man, and Cybernetics-Part A: Systems and Humans, Vol.

36(2), pp. 252–265.

Carvalho, S. A., S. O. da Silva, and I. da Cunha Charret, 2019, “Mathematical modeling

of dengue epidemic: control methods and vaccination strategies”, In: Theory in

Biosciences, Vol. 138(2), pp. 223–239.

Chen, Y., P. Lu, C. Chang, and T. Liu, 2020, “A Time-dependent SIR model for

COVID-19 with undetectable infected persons”, ArXiv Preprint ArXiv:2003.00122.

Chowell, G., J. M. Hyman, S. Eubank, and C. Castillo-Chavez, 2003, “Scaling laws for

the movement of people between locations in a large city”, Physical Review E, Vol.

68(6), pp. 066102.
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APPENDIX A: POPULATION MATRIX GENERATION

In this section, we present the R code to generate a population matrix for over-

lapping mixing group model. We also explain the code in detail. Let first define the

input vectors to calculate probability of infection between a susceptible and an infected

(pinf) as

� EInfComm: Vector containing expected number of infected in the whole commu-

nity in each agegroup by a single infected of arbitrary agegroup

� EInfNei: Vector containing expected number of infected in Neighborhood in each

agegroup

� EinfSWork: Vector containing expected number of infected for schoolwork for

each agegroup

It is possible to generalize the above using eg. a different EInfComm vector depending

on the agegroup of the infected. Thus an EInfComm matrix is produced. EInfected-

Family should be also calculated from the pinf-values for families discussed in Longini

et al. (2004) nut this is not a vector but matrix. Lastly, DFpinf is a vector of day

factors that are used to multiply the all pinf values from day 1, 2 till maximal disease

length for the baseline DFpinf is assumed to be one.

A model similar to Longini et al. (2004) considering families, neighbourhood, and

community: The age codes for the groups pre elementary school, elementary school,

middle school, high school, adults and seniors are 1, 2, 3, 4, 5, and 6 respectively. The

below code assumes that there are only age group adult and senior (5 and 6) for family

size of 1 and two adults, one adult and one senior or two seniors for family size of 2.

Moreover, the number of two adults is fixed for families of size greater than 2.
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Size Fam Pre Elem Middle High Adult Senior

[1, ] 1 70 0 0 0 0 35 35

[2, ] 2 73 0 0 0 0 100 46

[3, ] 3 27 8 7 4 8 54 0

[4, ] 4 21 13 12 8 9 42 0

[5, ] 5 15 8 12 11 14 30 0

[6, ] 6 5 4 6 5 5 10 0

[7, ] 7 2 2 3 2 3 4 0

sizeage<-t(matrix(c(

,1, 70, 0, 0, 0, 0, 35, 35

,2, 73, 0, 0, 0, 0, 100, 46

,3, 27, 8, 7, 4, 8, 54, 0

,4, 21, 13, 12, 8, 9, 42, 0

,5, 15, 8, 12, 11, 14, 30, 0

,6, 5, 4, 6, 5, 5, 10, 0

,7, 2, 2, 3, 2, 3, 4, 0), nrow=8))

colnames(sizeage)<-c("size","fam","pre","elem","middle",

"high","adult","senior")

IDmL<- list( IDpr=cbind(1000+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(2000+1:3,c(0.5,0.8,1)), IDmi=cbind(3000+1:2,c(0.5,1)),

IDhi= cbind(4000+1:2,c(0.9,1)),

IDwo=cbind(5000+1:10,cumsum(c(0.3,0.2,rep(0.5/8,8)))) )

generateSchoolworkID <- function(nagent,IDNOv,CDF){

# assigns the ID numbers (contained in IDNOv) to ngroup people,

# randomly using according to the probabilities prob

# nagent ... number of agents for which ID numbers are assigned

# IDNOv ... vector of the ID numbers that can be assigned

# CDF ... to assign the ID numbers contained in IDNOv
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d <- length(IDNOv)

if(d==1) return(rep(IDNOv,nagent))

res <- numeric(nagent)

U <- runif(nagent)

res[U<= CDF[1]] <- IDNOv[1]

for(i in 2:d){

res[U>CDF[i-1] & U<= CDF[i]]<- IDNOv[i]

}

res

}

generateSchoolworkID(nagent=20,IDNOv=c(1,7,15),CDF=c(0.5,0.8,1))

mpdatnei<-function(sat=sizeage,IDneig=1,IDcomm=1,

IDmatrixList=NULL){

# IDmatrixList ... List holding for each for age groups 1 to 5

#a matrix with first Column IDNOv and second column CDF

#TODO make the code general, that for example also kids

#with a single parent can live in a household

sat <- data.frame(sat)

np <- sum(sat$size*sat$fam)

prd <- matrix(ncol=6,nrow=np)

colnames(prd)<- c("agegroup","fsize","IDfam","IDneig",

"IDcomm","IDworkschool")

prd <- data.frame(prd)

prd[,1]<- 5 ;

#all ages set to adult 5, later changed for children and senior

prd[,4]<- IDneig ;

prd[,5]<- IDcomm ; prd[,6]<- NA ;

# IDworkschool, later set based to age; remains NA for senior

nf1 <- sat[1,2];

nadu1 <- sat[1,7];
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nsen1 <- sat[1,8];

prd[1:nadu1,1]<- 5 ; # adult singles

prd[(nadu1+1):nf1,1]<- 6 ; # senior singles

prd[1:nf1,2]<- 1 ; #all have size 1

prd[1:nf1,3]<- 1:nf1 ;

nf2<-sat[2,2];

nadu2 <- sat[2,7];

nsen2 <- sat[2,8];

if(nadu2 >= nf2){

prd[nf1+(1:(nf2*2)),1]<- 5; # all set to adult

prd[nf1+nadu2-nf2+(1:nsen2),1]<- 6;

# couples with both senior or both adult, one couple may be mixed

}

else{

prd[nf1+(1:(nf2*2)),1]<- 6; # all set to senior

prd[nf1+nsen2-nf2+(1:nadu2),1]<- 6;

# couples with both senior or both adult, one couple may be mixed

}

prd[nf1+(1:(nf2*2)),2]<- 2; #family size

prd[nf1+(1:(nf2*2)),3]<- rep(nf1+(1:nf2),each=2) ;# family ID

nf<-numeric(7)

nf[1:2]<-c(nf1,nf2)

for(j in 3:7){

j0 <- sum(sat$fam[1:(j-1)]*(1:(j-1)))

nf[j]<- sat$fam[j]

prd[j0+(1:(nf[j]*j)),2]<- j; #family size

prd[j0+(1:(nf[j]*j)),3]<- rep(cumsum(nf)[j-1]+(1:nf[j]),each=j);

# family ID

#to select the children we just produce the vector holding

#the ages of all children

agec<- rep(1:4,sat[j,3:6])[sample(sum(sat[j,3:6]))]



137

# randomly sample from the ages

ci <- j0 + rep((1:nf[j])*j,j-2)-rep(0:(j-3),each=nf[j])

prd[ci,1]<- agec;

}

#schoolworkID

for(j in 1:length(IDmatrixList)){

prd[prdagegroup == j, 6] < −generateSchoolworkID(nagent = sum(prdagegroup==j),

IDNOv=IDmatrixList[[j]][,1],CDF=IDmatrixList[[j]][,2])

}

prd

}

res<-mpdatneig(sat=sizeagetab,IDneig=1,IDcomm=1,IDmatrixList=IDmL)

IDmLNei1<- list( IDpr=cbind(1000+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(2000+1:3,c(0.5,0.8,1)), IDmi=cbind(3000+1:2,c(0.7,1)),

IDhi= cbind(4000+1:2,c(0.9,1)),

IDwo=cbind(5000+1:10,cumsum(c(0.3,0.2,rep(0.5/8,8)))))

IDmLNei2<- list( IDpr=cbind(1100+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(c(2101,2102,2003),c(0.5,0.9,1)), IDmi=cbind(c(3101,3002),c(0.6,1)),

IDhi= cbind(c(4101,4002),c(0.8,1)),

IDwo=cbind(5000+1:10,cumsum(c(0.3,rep(0.5/8,8),0.2))))

IDmLNei3<- list( IDpr=cbind(1200+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(c(2201,2202,2003),c(0.5,0.95,1)), IDmi=cbind(c(3201+3002),c(0.8,1)),

IDhi= cbind(4201,4002),c(0.75,1)),

IDwo=cbind(5000+1:10,cumsum(c(rep(0.5/8,7),0.25,0.25,0.5/8))) )

mpdatcomm <- function(sat=sizeagetab,IDneig=1:3,IDcomm=1,IDmLL){

# IDmLL ... list of school-work IDlist and CDF for each neighborhood

# for which a number is given in IDneig

for(i in 1:length(IDneig)){

new <- mpdatneig(sat=sat,IDneig=IDneig[i],IDcomm=IDcomm,
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IDmatrixList=IDmLL[[i]])

if(i==1) res<-new

else res <- rbind(res,new)

}

res

}

IDmLNei21<- list( IDpr=cbind(21000+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(22000+1:3,c(0.5,0.8,1)), IDmi=cbind(23000+1:2,c(0.7,1)),

IDhi= cbind(24000+1:2,c(0.9,1)),

IDwo=cbind(25000+1:10,cumsum(c(0.3,0.2,rep(0.5/8,8)))) )

IDmLNei22<- list( IDpr=cbind(21100+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(c(22101,22102,22003),c(0.5,0.9,1)),

IDmi=cbind(c(23101,23002),c(0.6,1)),IDhi= cbind(c(24101,24002),c(0.8,1)),

IDwo=cbind(25000+1:10,cumsum(c(0.3,rep(0.5/8,8),0.2))) )

IDmLNei23<- list( IDpr=cbind(21200+1:6,cumsum(c(0.3,rep(0.7/5,5)))),

IDel=cbind(c(22201,22202,22003),c(0.5,0.95,1)),

IDmi=cbind(c(23201,23002),c(0.8,1)),IDhi= cbind(c(24201,24002),c(0.75,1)),

IDwo=cbind(25000+1:10,cumsum(c(rep(0.5/8,7),0.25,0.25,0.5/8))) )

#IDmLNei1

res1 <- mpdatcomm(sat=sizeagetab,IDneig=1:3,IDcomm=1,

IDmLL= list(IDmLNei1,IDmLNei2,IDmLNei3))

res2 <- mpdatcomm(sat=sizeagetab,IDneig=4:6,IDcomm=2,

IDmLL= list(IDmLNei21,IDmLNei22,IDmLNei23))

res2$IDfam <- res2$IDfam +20000

res <- rbind(res1,res2)


