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ABSTRACT

LARGE DEVIATIONS PRINCIPLES FOR MARKOV
CHAINS AND FOR STRONGLY ADDITIVE
ARITHMETIC FUNCTIONS

Large deviations is a branch of probability theory with far-reaching applications
in other fields of science and can be described to the layperson as the study of “very
rare” events. We provide a modest introduction to the subject with an emphasis on
large deviations behavior of continuous-time Markov chains and we present a recent
result on large deviations related to the Erdds-Kac theorem on the number of distinct

prime factors of a uniformly chosen random natural number less than or equal to n.
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OZET

MARKOV ZINCIRLERI VE BAZI TOPLAMSAL
ARITMETIK FONKSIYONLAR ICIN BUYUK
SAPMALARIN PRENSIPI

Biiyiik sapmalarin teorisi, matematiksel olasilik teorisinin ender olaylari inceleyen
bir bransidir. Bu tezde, temel kavram ve teknikleri agikladiktan sonra siirekli Markov
zincirlerinin ve sayilar teorisinde Erdds-Kac teoremi olarak bilinen teorem ile ilgili bir

siirecin, bliylik sapmalarin teorisi ¢ergevesinde incelenmelerine yer verecegiz.
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1. INTRODUCTION

Firstly, a mathematical meaning of rare events should involve the idea of some
probability measures at hand assuming small values, and secondly, the natural envi-
ronment for a study of these events should be in the context of the theory of stochastic
processes, where numerous interesting limit theorems already take place, with stochastic
processes being sequences or families of random variables modeling a random process
evolving over time. Large deviations is roughly speaking a study of “logarithms of prob-
abilities” extending on a theorem of H. Cramér from 1938, see [1], which deals with an
asymptotic estimation of a certain sequence of probabilities in the i.i.d. setting, referred
to as “large deviations”. (We shall present this theorem in the next chapter.) A new
scaling favoring the “rare events”, achieved by considering the logarithms of the prob-
abilities yields way to an abstract theory with analytic, probabilistic and topological
components. The results complement the various limit theorems, and they have impor-
tant applications in physics, biology, computer science, statistics, operations research,

and finance among other fields.

The theory is centered around the definition of a large deviations principle (LDP)
for a family of probability measures on a topological space. The definition is due S. R.
S. Varadhan, see [2], and is actually tailored to suit the need of computing certain expo-
nential expectations with respect to these measures over “time”. A correct estimation
of these type of integrals play an important role in applications of probability theory.
Under large deviations theory we understand the collection of definitions, theorems,

techniques particularly relating to this definition, in its abstract setting.

Namely, a family (p);~0 of probability measures on B, with (E, d) a metric space
and B the Borel o-algebra on F| is said to satisfy a large deviations principle with rate

I:E —[0,00], if

1 1 .
sup {—1(z)} < lim inf n log pt(A?) < limsup 7 log 1:(A) < sup{—I(z)},
— 00 1

r€A° t—o0 €A



for all A € B, and if some further technical condition on the function I holds, which is
useful for the implications. We also sometimes say that a family of random variables

satisfy an LDP, if their distributions satisfy the definition.

After a chapter on preliminaries, we present the basics of the theory in Chap-
ter 3, where we exhibit the techniques for showing LDPs. Here we point out to the
Gartner-FEllis theorem as a nice tool for this purpose. The rate function turns out to
be a Legendre transform in this case. This chapter is also where we present Varad-
han’s lemma, which enables the estimation of the exponential expectations we have

mentioned above.

Chapter 4 deals with the LDP for the empirical and the pair empirical measures
of i.i.d. random variables. These are random measures constructed by considering the
relative frequencies of states, respectively, the relative frequencies of pairs of states
occurring in succession, in given realizations of the process up to a certain time. The
LDPs are followed by using a combinatorial argumentation for the estimations without
using strong tools, which are not needed in this case, and thus some insight can be

gained as to how the corresponding rate functions actually arise.

Then the results of Chapter 4 are used to deduce the LDP for the pair em-
pirical measures for finite state Markov chains in discrete-time, by introducing a tilt
argumentation. The LDP for the empirical measures follows via contraction principle.
Afterwards an approximation argumentation is applied to extend the results to the
continuous-time setting. We conclude the chapter by showing an alternative approach
which uses the Gartner-Ellis theorem together with the Perron-Frobenius theory of

positive matrices directly in the continuous-time setting.

In the last chapter it is shown that a large deviations principle is also satisfied in
the context of the Erdés-Kac theorem. The Erddés-Kac theorem is in a sense a central
limit theorem, for the number of distinct prime factors of a uniformly chosen random
natural number from {1, 2,...,n}, saying that, loosely speaking, the distributions after

subtraction of the “means” and division by the “variances” follow the standard normal



distribution. The results are presented in a general form for arbitrary strongly additive
arithmetic functions in the place of the prime factor count function. Here again the
Gértner-Ellis theorem is employed together with a series of exponential approximations
reducing the problem to a simpler model. The results here are due B. Mehrdad and L.
Zhu [3].



2. PRELIMINARIES

2.1. Stochastic Processes

Here are some basic definitions that we shall use.
Definition 2.1. (Stochastic process). Let (§2, F,P) be a probability space, (E,&) a
measurable space, and let I serve as an indexing set. A stochastic process with prob-
ability space (0, F,P) and state space (E,E) is a family (Xi)ier of (F,E)-measurable
functions
X :Q—=FE tel;
and for fized wy € €2, the function

Xe(wp) : I = E, s+— X (wo),

is called a realization of the process.
Definition 2.2. (The law of a stochastic process). Let (X;)ie; be a discrete-time
stochastic process with probability space (2, F,P) and state space (E,E). Let further
E®T denote the the smallest o-algebra on E!, which contains all finite rectangles, i.e.,
all subsets of the form

{feEL f(iy) € By, ..., f(ir) € Ex}, kEN, iy, ....ir €1, Ey,...E, € E.
The function

X Q= E v X, (w),

is (F,E%T)-measurable,



and

PY . €% 5 R, B PY(B):=P(X(B)),

is a probability measure on (E1,E®T). It is called the law of the process (X;)ie;.

2.2. Large Deviations Principle (LDP)

The definition of an LDP is set on a Polish space, see [4], for the sake of generality.

Definition 2.3. (Polish space). A topological space X is said to be Polish, if there

exists a complete metric defining its topology and if this topology has a countable basis.

Definition 2.4. (Lower semi-continuity). Let X be a Polish space with the metric
d: X xX — [0,00), and f : X — [—00,00| a function. f is called lower semi-

continuous, if it satisfies the following equivalent conditions:

(i) For all x € X and all sequences (Tp)nen n X with lim,_, x, = x, the inequality

liminf f(z,) > f(z)

n—0o0

holds.
(i1) For allx € X,

lim inf {f(y)} = f(x),

e—01 yeB.(x)

where Be(z) :={y € X;d(z,y) < €}.

(11i) f has closed level sets, i.e.,

fH([=o0,c]) ={z € X; f(z) < c}

is closed for all c € R.



Definition 2.5. (Rate function). Let X be a Polish space, and f : X — [0,00] a

function. fis called a rate function, if the following conditions hold:

(i) | # oo.

(ii) f has compact level sets, i.e., f~'((—o0,c]) is compact for all c € [0, 00).

Remark 2.1. Notice that a rate function on a Polish space is thus semi-continuous.
Also notice that a lower semi-continuous function f : X — [—00, 0] on a Polish space

X attains a minimum on every non-empty compact subset K C X.

We now present the definition of a large deviations principle. As we have men-
tioned in the Introduction, this definition is particularly set with the estimation of
exponential integrals in mind, and has established itself as a central definition in the

field of large deviations. For similar principles and approaches to the subject see [5].

Definition 2.6. (Large deviations principle). Let X' be a Polish space, B(X) the Borel
o-algebra on X, (P,)nen a sequence of probability measures on (X,B(X)), (pn)nen a
sequence in Rsqg with im,, o p, = 00, and I : X — [0,00] a function. The sequence

(Py)nen is said to satisfy an LDP with speed p, and rate I, if:

(i) I is a rate function.

(i1) For all open sets G C X,

lim inf i log P,(G) > —I(G);

n—o0 pn

(i1i) For all closed sets F C X,

1
limsup — log P,(F) < —I(F),
n—oo Pn
where I1(S) := inf{I(z);x € S} for S C X, with the convention inf() = oco. (ii)
and (iii) are then referred to as the LDP lower bounds, and the LDP upper bounds

respectively.



Remark 2.2. Clearly, we may extend this definition to define the concept of an LDP
for a family of measures indexed by real numbers in the obvious way by altering the
parameters of the limits appearing above. Also we point out here that the theorems
we shall prove in the next chapter for families of measures satisfying LDPs are usually
stated for the ones satisfying the LDPs with speed p, = n and with the discrete
definition, for the sake of brevity in the statements and in the argumentation. However
it is a simple task to check whether the theorems hold in general with arbitrary speeds

Pn, P With lim, o p, = 00, lim;_,o, py = 00 in the corresponding settings.

At this point we state Cramér’s theorem mentioned in the Introduction. Its

resemblance with the definition of an LDP is apparent.

Theorem 2.7. (Cramér’s theorem). Let (X;)ien be a sequence of R-valued i.i.d. ran-
dom variables on a probability space (Q, F,P), with ¢(t) := Ele!*1] < oo for all t € R.
Let further PX : B(R)®™ — [0, 1] be the law of (X;)ien, and S, := > X; forn € N.
Then, for all a > E[X}],

1
lim — log P*(

Jim -~ % >a) =—1(a), (2.1)

where I(a) := sup,cp{t - a —logo(t)} for a € R a > E[X;].

Proof. We defer a proof until Section 3.5. For now we just point out that the Equation
2.1 is equivalent to

IED( > CL) — efnl(a)Jro(n)

Sn
n Y

for I(a) < oo. This is clearly a statement about the decay rate of the probabilities
]P’(% > a), which should converge to 0 by the weak law of large numbers, since a >
E[X1]. These probabilities are sometimes referred to as large deviations away from the

mean, and apparently the corresponding events are, loosely speaking, rare events. [J

The function [ : R — [—00, 00|, @+ I(x) := sup,cp{tz —log ¢(t)}, appearing in



the above theorem is called the Legendre transform of the function log ¢ there:

Definition 2.8. (The Legendre transform, a.k.a. the convex conjugate). Let f: R —

[—o00, 00| be a function. Then, the function f*: R — [—o00, 00| defined by

f*(z) :==sup{tz — f(1)}, for x € R,

teR

is called the Legendre transform of the function f.

2.3. Two Propositions

The following proposition is well-known and needs no introduction.
Proposition 2.9. We have, as n — oco:

(i) n! =n"e"V2mn(1+ O()).  “Stirling’s Formula”
(it) logn! = nlogn — n + 3 logn + log v2r + O().

Proof. For (i) see e.g., [6]. (ii) follows from (i) with ease using

log(1 +0(-)) = 0(-),

where the O(%) in the argument of the logarithm function on the left-hand side denotes

an unspecified function f such that f = O(1). O

The following proposition sheds some light on the definition of a large deviations

principle.

Proposition 2.10. (Exponential rate of growth of sums). Let (ay)nen and (5y)nen be

two sequences in Rsg, and (pp)nen a sequence in Ry with lim,,_, p, = o0.



Then,

1 1
lim sup — log(ay, + B,,) = lim sup — log(max{a,, 6,})

n—oo  Pn n—0o n

1 1
= max{lim sup — log a,,, lim sup — log /3,, }.
n—oo Pn n—oo 1N

Proof. Let’s call these quantities A, B and C respectively, the claim being thus A =
B = C. We have

1 1
A <limsup — log (2 max{ay,, 5,}) = limsup — (log 2 + log (max{a,, 5,})) = B.

n—oco Pn n—00 n

Also B < A is clear, and hence A = B. Next, observe that C' < B is clear too. We
show C' < B to complete the proof. For this we use the fact that B must be the

greatest limit point of the sequence

n

(pi log (max{a,, ﬁn})) .

Since the “maximum” is either the «, for infinitely many of the n’s or it is the [, for
infinitely many of the n’s, we deduce that B is also a limit point of at least one of
the sequences (pinlog O )neNy (pinlog Bn)nen. And so, indeed B < C' and the result is
established. O

2.4. Empirical, Pair Empirical, and Occupation Time Measures

We need rigorous definitions for the measures, for which we shall present large

deviations principles. We establish a part of this task here.

Definition 2.11. (M(I")). Let r € N and I' be a set with |I'| =r.
M(T) = {v = (n,....,»») €0, 1]} _we =1} C [0,1]".
s=1

M(T) can be interpreted as the set of all probability measures on (I, P(T)). It is a
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Polish space together with the topology endowed to it by the total variation distance

1 T
d(p,v) = 5 Z \ps — vs| for p,v € M(T).

s=1

We shall mean this topological space when we speak of M(T).

Definition 2.12. (M(I' x I')). Let r € N and I" be a set with |I'| = r. Consider the
set M(L x ') using the previous definition.

ﬁ(F X I') i={v = (Vet) syerxr € M x I'); Vs € T Zi/st = ths} C [0, 1]™".

tel’ tel’

IM(I" x I') has an interpretation as being the set of all probability measures on the space
(' x I',P(I' x I')) each of whose marginals coincide. It is a Polish space together with

the topology endowed to it by the total variation distance

1 N
d(,u,y):§ Z \pst — vst| for p,v € M(I x T).

(s,t)er'xT

We shall mean this topological space when we speak of ﬁ(l“ x I).

Definition 2.13. (The functions L, : TN — 9(T)). Letr € N and T = {1, ..., 7, } be

a set with |I'| =r. Forn € N, we define

Ln : FN — m(r)7 Tr = (xk)kEN — Ln(x) = (ln,x(lyl)y ceey ln,x(%"))a

where forn € N, x = (Tg)ren € I'N the functions ln are defined as
1 n
oo T = 10,1], 7 = La(7) =~ D Ly (7).
i=1

L, is (P(I)*N, B(M(T')))-measurable for alln € N.

Remark 2.3. In the above definition [, ,(y) € [0,1] is the relative frequency of the
value v € I' among the first n entries of z = (21 )reny € I'N. And, the measurability bit

is also clear, since L,, relates only to the first n entries of z = (xy)gen:-
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Definition 2.14. (Empirical measures of a stochastic process). Let r € N, I' =
{1,...,r}, L, : TN — () for n € N the (P(I')*N, B(M(T')))-measurable functions
defined in Definition 2.13, and let (Xn)nen be a stochastic process with probability
space (0, F,P), state space (I', P(I")) and law PX : P(I)®N — [0,1]. This constellation
gives rise to a sequence of probability measures on (IM(L), B(I(T))) given by B —
PX(L;Y(B)), called the distributions of the empirical measures of the process, and

denoted by PX(L, € o).

Remark 2.4. Notice here that we have not defined empirical measures, but their
distributions. Empirical measures are the random measures, i.e., random variables
(QF) = (M), B(AN(L))), defined in a similar manner, whose distributions are the
objects we have defined. We do not stick to the perhaps more deliberate construction

of the above definition throughout the work.

Definition 2.15. (The functions L'Y, defined with periodic boundaries). Let r € N
and T' be a set with |I'| =r. For n € N, we define

L7(12) : FN - m(r X F)v T = (xk)k’EN = L'Szz)(x) = (lg;(avﬁ))(aﬁ)epxra

where forn € N, x = (Tg)ren € v,

n—1

1
Z L@won (o, B) + El{(xnvwl)}(a’ B).

i=1

HT‘B
)1
X
=
1
=
=
B
=
1
&{:\3
Q
=
|
S |

L' is (P(F)®N,B(§JVT(F X F)))—measumble for all n € N.

Remark 2.5. In the above definition l%%)z(a, B) € [0,1] is the relative frequency of
the pair (o, 8) € I' x I among the n pairs (z1,x2), (T2, 23), ..., (Tpn_1,Zn), (Tn, 1), With
x = (zp)ren € I'N. And, the measurability bit is also clear, since LP relates only to

the first n entries of © = (zk)gen.

Definition 2.16. (Pair empirical measures with periodic boundary conditions). Let
reN,T={l..r}, L . TN 5 NI xT) forn €N the (P(F)@N,B(ﬁ(r x r)))-
measurable functions defined in Definition 2.15, and let (X, )nen be a stochastic process

with probability space (0, F,P), state space (U, P(T)) and law PX : P(T)*N — [0, 1].
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These give rise to a sequence of probability measures on (5.7?(11 X 1“),5’(%(11 X P))>
given by B — IPX((L%Z))”(B)), called the distributions of the pair empirical measures
of the process, and denoted by ]P’X(LSE) Ee).

Remark 2.6. Notice also here that we have not actually defined the pair empirical
measures, but their distributions. Pair empirical measures are the random measures
(QF) — (ﬁ(l“ x T, B(ﬁ(F X F))) defined in a similar manner, whose distributions
are the objects we have defined. We do not stick to the construction of the above
definition throughout the work, and use further constructions for the measures we
shall be dealing with when we believe they are more suitable. These will be rigorously

defined at the appropriate places. The same remarks hold for the next two definitions.

Definition 2.17. (The functions L; : [®z0 — OY(T)). Let r € N, T = {y1,...,7} be
a set with |[T| = r, and let L(T®>0) denote the set of Lebesque measurable functions

R>o — I'. Fort € Rs, we define

L, : E(FRZO) - M), = (xS)SGRZO = Li(x) = (Lew(71)s ooos Lo (30)),

where for fired t € Ryo, T = (T5)sers, € %20 and v € T, l;.(7y) is defined by

1 t
lt,x(’)/) = _/ 1{xs}(7)d3-
0

t

Definition 2.18. (Occupation time measures associated to a stochastic process). Let
re N, T ={1,.,r}, L : L(T®20) — M(T) for t € Rsq the functions defined in
Definition 2.17, and let (X;)er, be a stochastic process with probability space (2, F,P),
state space (I', P(T")), and law PX. These give rise to a family of probability measures
on (ML), BEON(T))) given by B — PX(L;*(B)), denoted by PX(L, € o), and called

the distributions of the occupation time measures of the process.

2.5. Markov Chains

Markov chains are in a sense the next level of complexity above the i.i.d. setting.

These are stochastic processes considered by A. Markov for the purpose of exhibiting
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limit theorems replacing the i.i.d. assumption with a moderate dependence assumption,
now called the Markovian property, which basically demands that the path of the
process can be disregarded for the prediction of its future behavior, see [7]. (In this view
it is interesting to compare the large deviations results for the i.i.d and the Markovian
settings, i.e., the Theorems 4.2 and 5.2 below.) We firstly define stochastic matrices
and also using the opportunity we define the irreducibility of a matrix, then we follow

with the definitions of a Markov chain in the discrete- and the continuous-time settings.

Definition 2.19. (Stochastic matrix). Let r € N, I' = {1,...;7} and P = (pij)ijer €
R™" be an (r x r)-matriz with coefficients in [0,1]. P is called a stochastic matrix, if
Y jerbij=1foralli €T,

Definition 2.20. (Irreducible matrix). Let n € N and A € R™*™ be an (n x n)-matriz
with coefficients in R. A is called irreducible, if for every i,j € {1,...,n} there exists
an m € N such that (A™);; # 0, where (A™);; denotes the coefficient of the matriz A™

corresponding to the index pair (i,j).

Definition 2.21. (Finite state, discrete-time Markov chain (DTMC)). Let r € N,
I'={1,...,r}, and (X,)nen be a stochastic process with probability space (Q, F,P) and
state space (I',P(I")). (Xn)nen is called a@ DTMC, if there exists a stochastic matriz
P = (pij)ijer, such that for alln € N and all iy, i, ..., in41 € I with P(X,, = iy, X;,1 =

Tn—1, ...,Xl = Zl) >0,

P(Xni1 = tn1]| Xn = b0, Xpmt = o1, o0, X1 = 91) = Din i

holds. The matriz P is called the transition matrix of the chain.

Definition 2.22. (Finite state, continuous-time Markov chain (CTMC)). Let r € N,
['={1,..,r}, and (X(t))ier., be a stochastic process with probability space (2, F,P)
and state space (U, P(T)). (X(t))iers, is called a CTMC, if for allm € N, all t;,j =

1, ,n—l— 1 f'rom RZO with 0 S tl S tz S s S tn+1, and all ?:1,?:2, ...,in+1 € F,

P(X (tni1) = tns1| X (tn) = tny .o, X(t1) = 11) = P(X (tns1) = tn1]| X (£0) = i)

holds. This equation is referred to as the Markovian property.
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3. BASIC CONCEPTS AND TECHNIQUES

3.1. Weak LDP and Exponential Tightness

We introduce the somewhat weaker auxiliary concept of a weak large deviations
principle (WLDP) first, via which an LDP can be demonstrated under some condition
on the measures in question called exponential tightness. Namely, we say that a WLDP
holds, if the upper bounds in the definition of an LDP is satisfied for all compact subsets

instead:

Definition 3.1. (WLDP). Let X be a Polish space, (P,)nen a sequence of probability
measures on (X, B(X)), (pn)nen @ sequence in Rsg with lim,,_, p, = 00, and I : X —
[0,00] a function. The sequence (P,)nen is said to satisfy a WLDP, with speed p,, and
with rate I, if:

(1) I is a rate function.

(i1) For all open sets G C X,

lim infilog P,(G) > —-I(G);

n—o0 pn

(i1i) For all compact sets K C X,

1
limsup — log P,(K) < —I(K),

n—oo Pn

where I(S) :=inf{I(z);x € S} for S C X, with the convention inf ) = co.

Definition 3.2. (Exponential tightness). Let X be a topological space, (P,)nen @
sequence of probability measures on (X,B(X)), and (pp)nen a Sequence in R with
lim,, o0 P = 00. (Pp)nen s said to be exponentially tight in the scale of (pn)nen, if

for every C' € Ry there exists a subset G C X, whose complement is compact, such
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that

1
lim sup — log P,,(G) < —C

n—oco Pn

holds true.

Here is now the technique we have mentioned above.

Theorem 3.3. (LDP via WLDP). Let X be a Polish space, (P,)nen a sequence of
probability measures on (X, B(X)), and (pp)nen @ sequence in Rsg with lim,, o pn =
00. If (Py)nen satisfies a WLDP with speed p, and with a rate function I, and if
(Py)nen 18 in addition exponentially tight in the scale of (pn)nen, then it satisfies the
LDP with speed p, and with the same rate I.

Proof. The issue is showing the upper bounds for all closed subsets of X'. To this end,
let K C X be a closed set, and assume that we consider a compact set M C X. Then
K N M is compact and we get, using the WLDP upper bounds for the compact sets
and the Proposition 2.10,

1 1
limsup — log P,(K) = limsup — log (P, (K N M) + P,(K N M©))

1 1
= max {lim sup — P, (K N M), limsup — P, (K N MC)}

1
< max{—[(Kﬂ M), limsup —P,(K N MC)}

n—0o0 pn
1
< max {—I(K), lim sup —Pn(]\/[c)} .

n—o0 p’ﬂ

So, choosing a set G C X', whose complement is compact, with

1
limsup — log P,(G) < —A,

n—oo  Pn

where A € R is sufficiently large using the exponential tightness, and setting M = G¢
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above, we get

1
limsup — log P, (K) < —I(K),

n—oco Pn

which was to be demonstrated. O

3.2. Exponential Approximations

Another technique for demonstrating an LDP is to approximate the initial mea-
sures or random variables by others, which are simpler to analyze, and to demonstrate
the LDP for the latter. For such an approach to be possible we need approximations

that respect the LDP.

Definition 3.4. (Exponentially equivalent sequences of random variables). Consider
a Polish space (X,B(X)) with the metric d : X x X — Ry, and two sequences of
X -valued random variables (Xn)neN,(f(n)neN defined on the same probability space
(Q, F,P). Further, let (pn)nen be a sequence in Ry with lim, o p, = co. Then,

(X0 )nen, (X'n)neN are called exponentially equivalent in the scale (pn)nen, if:

(i) For alln € N and all § € Rsg, the set A, = {w € Q,d(X,(w), Xn(w)) > 0} is
measurable;

(1) And for all 6 € Ry

1
lim —logP(4,5) = —oc.

n—rc0 P,
Definition 3.5. (Exponentially well approximations). Let (X, B(X')) be a Polish space
with the metric d : X X X — Rso, (Xp)nen a sequence of X-valued random variables,
and (X,gf))neN,r € N a family of sequences of X-valued random variables, all defined
on the same probability space (2, F,P). Further let (p,)nen be a sequence in R with
lim,, o pn = 00. Then, the family (X,(LT))neN,T € N is called an exponentially well

approximation of the sequence (X, )nen in the scale (pn)nen, if:

(i) For alln,r € N and all § € R, the set A, 5 = {w € Q,d(X,(w), X,(f)(w)) >0}
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1s measurable;

(1) And for all 6 € Ry

1
lim limsup — log P(A4,,,s) = —o0.

=0 psoo Pn
Theorem 3.6. Exponentially equivalent sequences of random variables satisfy the same

LDP, if either one of them satisfies an LDP.

Theorem 3.7. Let the family (XT(LT))RGN, r € N be an exponentially well approximation
of the sequence (X,)nen, and let the sequence (Xff))neN satisfy an LDP for allr € N
with corresponding rates I, : X — [0,00]. Then (X, )nen satisfies an LDP with rate

I:X — 0,00, x+ I(x):= sup liminf inf I.(y) .
§€Rsq T y€EBs(x)

Proof. See [8] for the proofs. O

3.3. The Contraction Principle

The following theorem shows that an LDP on a topological space X can be
“contracted” to an LDP on a space ) under a continuous mapping X — ). We
demonstrate this principle in Chapter 5 on Markov chains, where we e.g., follow the
LDP for the empirical measures on (") from the LDP for the pair empirical measures
on M(I" x ') by using a canonical continuous mapping 7 : M(L x I') — M(T). This
approach is also in agreement with the intuition since the pair empirical measures

contain more information.

Theorem 3.8. (Contraction principle). Let X, ) be Polish spaces, T : X — Y a con-
tinuous map, and (P,)nen a sequence of probability measures on (X, B(X)) satisfying
an LDP, with speed n and rate function I : X — [0,00]. Then the sequence (Qn)nen
of probability measures on (¥, B(Y)), given by Q.(B) := P,(T~Y(B)) for B € B(Y),

satisfies an LDP on Y, with speed n and rate function

J:Y = [0,00], y— J(y) :=inf{l(z);z € X,T(z) = y}.
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Proof. If C € B(Y) is closed, then T~1(C) € B(X) is closed; if O € B())) is open, then
T-YO) € B(X) is open by the continuity of T'. So, using the LDP bounds, we get

1 1
lim sup — log Q,,(C) = limsup — log P,(T~(C))
n n

n—oo n—00

< -ITHO) =~ inf {I(2)}

——  inf  {I(2)}

zeX,T(x)eC

= — inf inf I
3}1610 {IGX%}(x)zy{ <x)}}

= nf{J(y)} = —J(C)
for all closed sets C'in B(Y). Similarly,

lim inf = log O, (0) > —J(O)
n

n—oo

for all open sets O in B(Y). It remains to show that J is a rate function. Notice that
Dr:={zx e X;I(x) < oo} # 0 implies D; :={y € V; J(y) < oo} # 0. And since I has

compact level sets, and T is continuous, J has compact level sets: Indeed, for ¢ € R

J Y ([~o0,c]) = {y € ¥; J(y) € [~00,d]}
— {y € y;xex%l(fx):y{[(@} € [—o0, C]}

={T(z);x € X,I(x) € [—00, |}

= T(I"Y([~00,(])) is compact.

J is thus a rate function and the result follows. ]

3.4. Varadhan’s Lemma and Tilting an LDP

The following theorem is arguably the most important proposition of the the-
ory, because it enables the computation of the asymptotics of exponential expecta-

tions/integrals with respect to a sequence of measures satisfying an LDP:
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Theorem 3.9. (Varadhan’s lemma). Let X' be a Polish space and (P,)n,en a Sequence
of probability measures on (X,B(X)) satisfying an LDP with speed n and rate function
I:X —[0,00], and let further F': X — R, x — F(z) be a continuous function which

1s bounded from above. Then,

n—oo 1,

1
lim — log/ "F@AP, = sup{F(z) — I(z);z € X}.
x

Proof. Set J, := [4e"F@dP,, for S € B(X).
Step 1. (The upper bound). Let

a:=sup{F(z),x € X} and [ := sup{F(x) — [(z),z € X'},
and note that —oo < [ < a < oo. Now let C' := F~1([l,a]). We shall show that

1
lim sup —log J,,(C) < I,

n—oo I

and then we extend this to

1
lim sup — log J,,(X) <,

n—oo T

which is the “upper bound”. For obtaining the former inequality we discretize [[, a] by

setting
cjy:l—i—%(a—l), j=0,1,...,N for N € N.

Then C' = UL, CN, where OV := F~'([c)',,c)]), j = 1,...,N are disjoint. And the

C’JN are closed, since F' is continuous. So, we have the LDP bounds

1
limsup — log P,(CY) < —I(CY), j=1,..,N.
n

n—oo

Noticing that F'(z) < cj.v on CJN , and using the proposition on the exponential growth
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of sums, i.e. Proposition 2.10, we now get

1 1
lim sup — log J,,(C) = lim sup - log(Jn(CY) + ... + J.(CY))

n—oo T Nn—00

1
= limsup—logmaX{Jn(CJN), 1<j<N}
n

n—oo

1
< lim sup — log max{e"'cj'an(C’;V), 1<j <N}
n

n—oo

1
= max{cjy —|—limsup—loan(C’J]-V), 1<j <N}
n

n—o0

< max{c) —I(C}),1 < j < N}.

Now, since ¢}/ < infxecjgv{F(m)} + (a—1) forall1 < j <N, we get

And so,

1
lim sup — log J,,(C') < max

inf {F(a)} - xggN{Hx)}} +la—0)

nsoo T T 15N {xGCJN

< nax. SeucEf)V{F<x> — [(x)}} + N(a —1)
1

= sup{F(z) = I{z)} + la =)

=1+ %(a —1)

1
lim sup — log J,,(C') <{

n—oo 1N

follows by taking the limit as N — oo. To extend this upper bound to J,(X) we make

use of the estimate J,(X \ C) < ™! (use that F(x) <l on X\ C), and then apply

Proposition 2.10 once more in a similar fashion.

Step 2. (The lower bound).

Let z € X and € € R be arbitrary. The set G, :={y € X; F(y) > F(x) — €} is an

open neighborhood of = by the continuity of F'. So the LDP gives

1
liminf —log P, (G.c) > —1(Gae).

n—oo M



21

Using this we get,

1 1
liminf — log J,,(X) > liminf — log J,,(G..)

n—oo M n—oo M

1
> lim inf — log (e"(F(””)_g)Pn(Gw))

n—oo 1
. 1
= hggolf(F(x) — e+ - log P, (Gye))

> F(z) —e—1(Gy)

> F(x) —e—I(x),
for all x € X', e € R.y. Hence,

1
liminf — log J,(X) > 1

n—oo M

follows by first letting ¢ — 0, and then taking the supremum over all x € X. The

proposition follows combining the upper and the lower bounds we have presented. [J

Theorem 3.10. (The tilted LDP). Let X be a Polish space and (Py,)nen a sequence of
probability measures on (X, B(X)) satisfying an LDP, with speed n and rate function
I:X — [0,00], and let further F : X — R, x +— F(x) be a continuous function which

is bounded from above. Defining
Jn(S) = / e"F@dp, < 0o
S

for S € B(X), gives rise to a sequence of probability measures on (X,B(X)), given by

for S € B(X). Then the sequence (Ple))nGN also satisfies an LDP on (X,B(X)), with

speed n and rate function

1) - x - [0,00], 2 I8 (2):= (I(z) — F(z)) —inf{I(y) — F(y);y € X}.
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Proof.
1
lim sup — log J,,(C') < b(C), for all closed sets C' € B(X),
n—oo T
1
and, liminf —log J,(O) > b(O), for all open sets O € B(X),
n—oo N
where b(S) := —inf,es{I(z) — F(x)} for S C X, are obtained analogous to the proof

of Varadhan’s lemma. Then using Varadhan’s lemma and the above bounds we get,

1 1. Ju(C
lim sup — log PX(C) = lim sup — log (©)

n—oo T n—oo TN Jn(-)(

~—

1 1
= limsup — log J,,(C') — lim sup — log J,,(X)
n

n—oo T n—00

= Timsup + log J,(C) + inf {1(y) ~ F())
Yy

n—oo T

< - inf{I(z) = F(2)} + inf {I(y) - F(y)}

zeC

zeC yeX

—— int {10) - Flo) - i {10) - P00} }
= _[F(C)7
for all closed sets C' € B(X). Similarly,
| F
liminf —log P,(O) > —17(0),

n—oo M

for all open sets O € B(X). Finally we show that I is a rate function. Thence the

result follows. Indeed, letting
B :=sup{F(y);y € X} < o0,
we have

inf{I(y) — F(y);y € X} > inf{I(y) — B;y € X} = =B > —oo.
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Therefore, I¥ # co. And for every ¢ € R, if some z € X satisfies I(z) — F(x) < ¢,
then I(z) < ¢+ B. In other words,

(I — F)'((—o0,c]) c I"*((—o0,c+ B])

and the latter set is compact. So, it suffices to show that (I — F)™!((—o0, ¢]) is a closed
set, and this follows from the semi-continuity of I. So, I has compact level sets and

the result follows. 0

3.5. The Gartner-Ellis Theorem

The following theorem due J. Gértner [9] is an elegant way to obtain the LDP
when applicable, since one just has to show that a limit depending on a real parameter,
defined below in the theorem, exists and defines a differentiable function to conclude,
avoiding the tedious approximations needed for presenting the upper and lower bounds
of the definition of an LDP separately. An extension was given by R. S. Ellis relaxing

the condition that the limit should be finite. We present the former version.

Theorem 3.11. (Gértner-Ellis theorem). Let d € N and (Z;)ier., be a family of
random wvectors Z; : Q; — RY on corresponding probability spaces (Qy, Fy, ;). Let
further, for all X\ € RY the limits

. 1 <N 7y .
}H&;ngt [e" M2 ] = A(N) < oo ezist,

and the map A : RY — R, X\ — A(N\) be differentiable, E; standing for the corre-
sponding expectations. Then, the measures Py(Z;, € o) on (R B(RY)), which map
B+ P(Z;1(B)), satisfy an LDP with speed t, and with A*, the Legendre transform of

A, serving as the rate function.

Proof. We show the LDP upper bounds for closed sets. The lower bound is more
technical and uses some ideas from convex analysis. The latter can be found in e.g., [10].

For the former it suffices to show the upper bounds for compact sets together with the
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exponential tightness of the measures, after Theorem 3.3. Here is some notation first

for brevity: We set

$i(B) 1= Ele~7]
for 5 € R n € N, and as above

1 1
A(N) := lim ~log E[e<M#>] = Jim = log E[¢:(t)\)]
—00

t—o0

for A € R?, which we assume to be a finite limit. Further, die Legendre transform of

the function A : RY — (—o00,00) is the function A* : R? — [—o00, 00] given by

A (z) = sup{< z,\ > —A(N)}.

AeRd

Finally, we introduce a notation for the measures in question by setting
,ut(B) = ]P)t(Zt c B)

for B € B(RY), t € R.g. Now we show the LDP bounds for compact sets. Let for this

K C RY be a compact set, € € Ry arbitrary, and define

A?(z) = min { A ) — e 1}

€

for z € R%. This is clearly a truncated version of A*, with A* — A* pointwise as € — 0.

Since

Al(z) < A*(z) == sup{< x, A > —=A(\)},

AER4

we follow that for all z € R? there exists a further vector, say \,, with

A(z) < <z, A > —A(N\).
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And since “< -,a >” is a continuous function we have an open neighborhood, say A,

of x with

inf <y, A\ >><ux, )\, >—¢€
yEA,

and this is

inf <y—ax, A\, >> —e
yEAL

So we have an open cover K C U,cxA, for our compact set K, and hence a finite
cover K C U;—1, nA;,. Using the Chebyshev’s inequality we obtain for these sets A,

the estimates:

,ut(Ax) L= ]P)t(Zt € Aw)
S Pt(< Zt — x,)\m > 2 —6)

— ]pt(et<Zrm,/\z> > e—te)

Et [et<Zt—x,>\x>]

efte

— etfe. e—t<ac,)\gc> X Et

[et<Zz,>\x>]

— ete . e—t<z,)\x> . ¢t(t)\z) )

So, using this for A,,, + = 1,..., N and using the Proposition 2.10 on the exponential

rate of sums we get:

1 1
lim sup n log 1 (K) < limsup n log pe (Uit nAs;)

t—o00 t—o0

1
< limsup — log(N - max i (A;;))

t—o00

1
= lim sup ; log( maxN ;ut(A:z:z))

t—00 i=1,...,

1
= max {limsup n log 11:(Az,)}

i=1,...N~ {500
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: 1 T
< max {hm sup log (et CeTt<mA> gbt(th))}

t—o0

1
= max {e— <y, Ay, > —i—limsup;log O1(tA)}

i=1,...,N o0

i=1,...,N
<e— min {A!(z;)}
i=1,...,

for all sufficiently small € € R..

1
lim sup n log 1 (K) < — inf {A*(x)}

t—o00 reK

follows by letting € — 0%. This was the LDP upper bound for compact sets. For the

exponential tightness it suffices to show

1
lim limsup n log 1 (R*\ [-N, N]%) = —o0.

N—=oo 400

Let for this u; denote the i-th unit vector in R? for i = 1,...,d. We again use Cheby-
shev’s inequality and get for all i =1, ..., d:

S eftN . Et [eftZtm]

=" pr(—twy),
where Zt(i) denotes the i-th component of this random vector. Analogously, we have

P(Z? > N) = P(etZ” > eN) < oV B [otZ"] = etV . 4, (tu,).
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Using these estimates together with the Proposition 2.10, we get

1 .
lim sup — log (R \ [~ N, NJ) < limsup - logIP’t(Elz ce{1,...d}:Z" ¢ |-N,N))

t—o00 t—o00

1
= limsupglogIP’t(U d {|Z | > N})

t—o00

.....

1 i i
< limsup;logIP’t (ui:1 ,,,,, ({29 > Mu{z? < —N}))

t—o0

d
< hmsup log (Z P.(Z 2 N) + ZPt(Zt(i) < —N))

t—o00 i—1
d
< limsu lo E e NV, (tu; E e N oy (—tuy
t_mp g (Z 1 b1 (tu;) + 2 b4 ( )

1
= max limsup i log (max{e ™ ¢y (tu;), e N oy(—tu;)})

i=1,..,d {00
= max, {max {—N +lim Sup—log o (tu;), —N + lim Sup—log or(— tuz)}}

t—o00 t—o00

-----

lim limsup — log e (R*\ [=N, N]%) = —oc0

N—=oo 500

follows by letting N — oo. m

Remark 3.1. The Géartner-Ellis theorem can be viewed as an extension of Cramér’s
theorem. Indeed, we have for an i.i.d. sequence of R-valued random variables (X;);en

with ¢(t) := E[e'*1] < co for all ¢t € R,

1 n 1 n 1
— log E[e”"\%] = —logE[e*>=1 %] = —log(E[e*])" = log E[e**"]
n n n

for all A € R. And hence the limits

1 \
A(N) = lim —logE[e" %], AR

n—oo 1

exist, with A(A) = log¢(A) for all A € R. In addition, the mapping A — A()) defines a

differentiable function by the monotone convergence theorem, because by this theorem
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we have

lim
h—0

Hm h

E[eO+h)X1] — E[eMX1) & [ e(A+h)X1} _ oM. x|

if X1 # 0 almost surely, and this case can be dealt with separately. Together with
the differentiability of the logarithm function we now have the claim. This means
that the assumptions of the Gartner-Ellis theorem are met and thus the sequence

(PX (5= € 0))neN satisfies an LDP with rate

I:R —[0,00], I(x):=sup{t-z—logo(t)}.
teR
Finally, Cramér’s theorem follows from the LDP in the following way. By the LDP we

have

— inf I(x) < liminflog P (% € [a, oo)) :

z€(a,00) n—00

: x  Sn :

limsuplogP* [ — € [a,00) | < — inf I(z),

N—00 n z€[a,00)

and both the upper and the lower bounds in this display are equal to I(a), since [ is
lower semi-continuous, and increasing for a > E[X;]. So the conclusion of Cramér’s

theorem follows, namely

1
lim — log P*(

Sn
Jim —log PX (2 > a) = ()

for a > E[X,].
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4. LARGE DEVIATIONS FOR SEQUENCES OF I.I.D.
RANDOM VARIABLES

4.1. Sanov’s Theorem and LDP for the Empirical Measures of Sequences

of I.I.D. Random Variables

In this section we firstly present the large deviations result on empirical measures
which goes back to I. N. Sanov, see [11]. Then the full LDP for the empirical measures
of an i.i.d. sequence is obtained from this. In the next section the analogous result
for the pair empirical measures is presented. We will be repeating the argumentation

from [10].

Theorem 4.1. (Sanov’s theorem). Let r € N, I' = {1,...;r}, and let (X,)nen be a
stochastic process with probability space (Q, F,P), state space (U',P(T)) and law P* :
PN — [0,1], where Xy, Xo,... are i.i.d. with the distribution p = (ps)ser, and
ps > 0 for all s € T. Further, let PX(L, € o) stand for the distributions of the
empirical measures on (ML), B(M(I"))), see Definition 2.14. Then for all a > 0, we

have

lim ~log PX(L, € BC(p)) = — inf L),

where BS (p) = {v € M(T);d(v, p) > a}, and

I, s M(T) = [0,00], v = (W)ser = L(v) ==Y v, 1og(§>.

Proof. We define K, := {k = (ki, ..., k,) € NI; > _ ks =n} for n € N, and note that
1K, = {ikk € K,} € M(T). For k € K,,

1= n! L phs
X _ _ k1 kr _ 1 s
PoLn = k) = oy P e = ”Hl kel
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is seen by combinatorial considerations. Now let a € R be arbitrary, and set

Q)= max  {F¥(L,= )},

k€Kn; ke BS (p)

where BS (p) = {v € M(T);d(v, p) > a}, d(-, ) standing for the total variation distance.

Then we have
Vn e N:Qula) < IP’X(Ln € Bac(p)) < | K,|-Qn(a), (4.1)

see the definition of L,, for this. But, Stirling’s formula, Proposition 2.9 (ii), gives

r

1 1o 1 Ll k k
ZlogPX(L, = ~k)==logn! | | = = = —log -2
nog (L, n) nogn ' Zn(ogps og —) + O(

n

logn

),

where the O-constant is uniform on K,. This is, in fact, how the function I, arises,
because the sum on the right hand side equals —1I p(%l;) Thus, by using (4.1) and the
fact, that |K,| = (:fi”{), we get

logn

%logIP’X(LnEBg(p)):— min {zp(%z%’)w()( )

keKn;LkeBS (p)

At this point notice that U,en— K, is dense in M(T), and that I, : M(T) — [0, 00)
is continuous. Actually, for all v € (L"), there exists a sequence, say (vy)nen, With
Up € %Kn for all n € N, such that lim,,_,~, d(v,,,7) = 0, and then, also lim,_,o, 1,(v,,) =

I,(v) by the continuity of I,. Now, since BS(p) is open, this implies

1- _
limsup ~ min {I,(=k)} < I,(v), for all v € BY(p).
n—00 kEKn;%EEBg(p) n

So, taking the infimum over the v’s, we get

lim sup min {Ip(lg)} < inf ){]p(u)}.

n—o00 EEKH;%EEBE(p) n veBS (p

And the reversed inequality is clear, since inf,cpc(,){1,(¥)} is a lower bound for the
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sequence on the left hand side, whose limit superior is being considered there. Hence,

lim sup min {Ip(l/z)}: inf {I,(v)}.

n—00 EEKH;%EEBg(p) n veBE (p)
Similarly, we get

lminf  min  {L(-B)} = inf {1,0)}

11m in min — = 1mn V).

n—00 FeKnlEeBC(p) | N veBS(p)

And thus, we indeed have

lim 1 logP*(L, € BS(p)) = — inf {I,(v)}.

n—oo M veBg (p)

]

Theorem 4.2. (LDP for the empirical measures of a sequence of i.i.d. random vari-
ables). Letr € N, T'={1,....,r}, and let (X,,)nen be a stochastic process with probability
space (2, F,P), state space (I',P(T)) and law PX : P(T)®N — [0,1], where X1, Xo, ...
are i.i.d. with the distribution p = (ps)ser, and ps > 0 for all s € I'. Then the distri-
butions of the empirical measures, PX(L,, € &) on (IMM(T), B(IM(T))), satisfy an LDP

with speed n and rate function

I, MI) = [0,00], v = (Vs)ser — 1,(v) := ZVS log(ﬁ).

Proof. Firstly, observe that the same argumentation in the proof of Theorem 4.1 gives
us the analogous result for arbitrary open balls in the place of the complements of

closed balls particularly centered at the distribution p. That is, we have

1
lim —logPX(L,, € B,(n)) = — inf {I,(v)},
Jim —logP* (L, € Ba(n)) Veana(u){ p(V)}
for all p € M(T') and a € Ry, with B,(u) := {v € M(I');d(v, p) < a}. This actually
suffices here to follow the LDP: We explain this as a general principle. For this, let’s

switch to a more general notation. Consider a Polish space X and a sequence (P, ),en
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of probability measures on B(X'). For the LDP lower bounds for open sets to hold it

suffices to have the local estimates,

1
lim liminf — log P,(Bs(x)) > —I(z), for all z € X.
6—0t m—oo 1
And for the LDP upper bounds for closed sets to hold it suffices to have the local

estimates

61_i>r(§1+ hI:LSOIi_p % log P,(Bs(z)) < —I(x), for all x € X,
together with the exponential tightness of (P,),en, where the exponential tightness
is used to climb up from the WLDP to LDP. Back to our case, we have the local
estimates for the lower bounds already. We actually have the local estimates for the
upper bounds too, but here the continuity of I, is also employed. Hence we have the

WLDP. Now since 9(I") is compact itself, every closed subset here is compact, and

the LDP follows by itself. O

Remark 4.1. A finite state version of Cramér’s theorem follows from Theorem 4.2 by

using the contraction principle with a map 7" : M(I') = R, v = (Vs)ser — D _oer Vs - 5-

4.2. LDP for the Pair Empirical Measures of Sequences of I.I.D. Random

Variables

Theorem 4.3. (LDP for the pair empirical measures of a sequence of i.i.d. random
variables). Let r € N, I' = {1,...,r}, and let (X,)nen be a stochastic process with
probability space (Q, F,P), state space (I', P(T)) and law PX, where X1, Xo, ... are i.i.d.
with the distribution p = (ps)ser, and ps > 0 for all s € T'. Then distributions of the

pair empirical measures, IPX((L,(?) ce)on (EITI(F x I'), B(OR(I" x F))), satisfy an LDP

with speed n and rate function

—~ VS
I M xT) = [0,00], v = (V) sperxr = [P @) = > [valog (=),

7
(s,£)€DXT sPt
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where Uy =), Vg for s €T

Proof. The argumentation is very similar to that of Theorem 4.1, but the combinatorial
aspects are a bit more involved. We recapitulate the proof given in [10]. This time we

define,

Kn = {E = (kst)(s,t)eI‘XF € N627 Z kst =n, Z kst = Z kst}

(s,t)€TXT ter sel

—~

for n € N, giving the subsets 1K, C B(M(I' x I')). Further, we set k; = >, ks for
s € I'. We want to estimate the probability

PX(1) = 1F)
n

for k € K,,. We have that

YL = ) = T
" sel’
where C' stands for the number of possible arrangements of X7, X, ..., X, that give rise
to k = (kst)(s,erxr in a certain realization of the process. For an estimation of this
combinatorial factor C it is useful to interpret the situation in graph theoretical terms:
Let each occurrence of (s,t) € I' x I" among (X1, Xs), (Xa, X3), ..y (Xpo1, X0), (Xn, X1)
be thought of as an arrow from s to ¢t. In this way we obtain an oriented graph having
I' as its set of wvertices, and the arrows as its set of oriented edges. The condition
Y ter kst = Y _ser kot says then that for each vertex s, the number of incoming arrows
equals to the number of outgoing arrows. The total number of arrows in the graph is

Z(s,t)GFXF kst = n. We have then

P = R =0 T (4.2)

n H(s,t)EFXF Kst! sel’

where £ denotes the number of Fuler circuits on the graph (i.e. the number of looped
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paths respecting the arrows and making use of each arrow precisely once), and C” is

the number of distinct cyclic shifts of (X, ..., X,,). Obviously,
1<C' <n.

And the number of Euler circuits can be controlled by

I G-1<e< J[ K.

sel, ks>0 se€Tl, ks>0
Using these estimates and the Equation (4.2), we see that
k. _

1 Al
IP)X<L(2) _ —k’) — Ologn) HseF . p,?S? on K,, .
n H(s,t)EFxF st o1

The rest is analogous to the proofs of Theorems 4.1 and 4.2. O
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5. LARGE DEVIATIONS FOR MARKOV CHAINS

We now present large deviations results related to Markov chains.

5.1. LDPs for the Pair Empirical Measures, the Empirical Measures and
the Empirical Means of DTMCs

We will be following the plan of the argumentation in [10] in this section. The
results go back to M. D. Donsker and S. R. S. Varadhan, see [12]. See the introductory

remarks to the Section 5.3 for an overview of what we are doing in this chapter.

Theorem 5.1. (LDP for the pair empirical measures of a finite state DTMC). Let
reN, I'={1,..,r}, and (X,)nen be a DTMC with probability space (2, F,P), state
space (I, P(T")), transition matric P = (pg)spersr and law PX, and let py > 0 for

all s,t € I'. Then the distributions of the pair empirical measures, IP’X(Lg) € o) on

(5)7(1“ x I), B(ﬁ(F X F))), satisfy an LDP with speed n and rate function

11(32) M x ') = [0,00], v = (Vet)(s,p)erxr — ]g)(y) = E [Vg log (ﬂ pt )],
(s,t)eDxT stost

where Vg := Y, Vg for s €T

Proof. A stationary distribution, say m, m = (7s)ser, for the Markov chain exists under
the assumptions, and is unique. Furthermore it satisfies w4 > 0 for all s € T', see [14].
Introduce an auxiliary sequence (Y;,)nen of independent random variables, each with
the distribution 7. We shall tilt the LDP of IP’Y(L%Q) € o), where PY is the law of the
process (Y, )nen, and the result shall follow.

For this, let now

@1, s 0] = {(Ta)men € TN 7y = @4, 0oy T = @} € P(D)2N



be an arbitrary simple rectangle. Then for every path x € [4, ..., x,] we have

PX([x1, ..., zn]) = P(X) = 21, 0., Xy = 2)

P<X1 = ‘rl)'pxl,mz"'pxn—ly$n
P(Xl = 271)

_ o i 108 Pr; wy g HOg P 0y

Pzr 1

P(X; =)

= ——~’¢" Z(SJ)GFXF li,x (s,t).log pst
)

Py 21
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where lﬁf%(s,t} denotes the member of L (z) corresponding to the pair (s,t), as in

Definition 2.15. Similarly,

PY ([z1, ..., 7,]) = Hﬂ'xi

= e” Z(S;t)el“xr lﬁ;(s,t), log ¢
)

for all € [21, ..., z,]. Thus, we have
PX (21, ..., 2,]) = O(1)e"FET@PY [z x.]),
for all paths = € [z1, ..., z,], where

F ﬁ(l“ xT') = R, v = (Ve)(sp)erxr — Z Vgt log(]ﬁ).

Tt
(s,t)eT'xT

Notice that F(Lg) (x)) is constant for x € [z1, ..., z,], so, we have now

..........

This is then also clearly correct for all finite rectangles in P(I')*N, that is: for all finite

rectangles Q € P(T)®N we have

/ 1dPX = / O(1)e" P L @) gpY |
Q Q
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where the O-constant actually does not depend on the rectangle (). Now finally let
S e M x ). (L%Q))_I(S) is a finite rectangle in P(I)®N for all n € N. So, we have

1 1
—log PX((L)71(9)) = —log/ 1dP~
n @)y
1 )
= log/ O(l)e”F(L%)(:”))dIP’Y
n (L)1)

=0(-) + L 1og / P2 @) gpY
n (LH)=1(5))

=0(=)+ l1og/en””)d(ﬁby(L§3> ce)).
n s

SI— 3=

The proposition follows from this by Theorems 4.3 and 3.10. Indeed, on the right-hand
side, the tilt of the pair empirical measures of i.i.d. random variables occur, and the

O(2) term ensures that the LDP also holds for the measures of the left-hand side. [

Theorem 5.2. (LDP for the empirical measures of a finite state DTMC). Let r € N,
I'={1,...,7}, and (X,)nen be a DTMC with probability space (2, F,P), state space
(I, P(I)), transition matrizc P = (pst)sperxr and law PX, and let py > 0 for all
s,t € I'. Then:

(i) The distributions of the empirical measures, PX(L,, € o) on (IM(T), B(M(T))),
satisfy an LDP with speed n and rate function

Ip: m(r) — [0700]7 n= (,us)sel“ — IP(,U) = in{L@(l/); Vv E ﬁ(l“ X F), V= Iu},

where v := (Us)ser for v € ﬁ(F x I'), with vy ==Y, . Ve for s € T

(i)

To() = sup{— 3" alog T2} for all e (),

u>0 Us

where the supremum runs over all families u = (uy)ser € (0,00)F, and (Pu), =

> ter Pstus for s € T
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Proof. (i): Consider the map

—~

T: M xI)— M), v 0= (Vs)ser-
T is continuous, because d(v, i) < d(v, ) for all v, u € ﬁ(f‘ x I'). And we have

PX(L,'(B)) =P* (L) H(T1(B))) ,
for all B € 9M(T), since for all z in TN, L,(z) = T(Lg) (x)). So, part (i) follows from
the contraction principle, noticing that the function Ip is the rate function described

in the contraction principle corresponding to this map 7. For (ii), see [10]. O

Theorem 5.3. (LDP for the empirical means of a finite state DTMC). Let r € N,
I'={1,...,r}, and (X,)nen be a Markov chain with probability space (2, F,P), state
space (I', P(T")), transition matriz P = (pst)(spersr and law PX, and let py > 0 for all
s,t € T'. Let further f : T — R, x — f(x) be a deterministic function. For n € N, we
define

S, TN 5 R, 2= (24)ren — Sn(2) := Zf(xz)

S, is (P(I)®N, B(R))-measurable. This gives rise to a sequence of probability measures
on (R, B(R)) given by B — PX(S-Y(B)), called the distributions of the empirical means
of (f(Xy))nen, and denoted by PX(S, € o). Then the measures PX(S, € o), n € N
satisfy an LDP on (R, B(R)), with speed n and rate function

I:R—[0,00], A I(X) :=inf{Ip(v);v € MT),> vaf(s) = A}

sel

Proof. Apply the contraction principle once more, this time with the map 7" : 9(T") —
R, v = (Vs)ser = Y _ser Vsf(5). O
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5.2. LDP for the Occupation Time Measures of CTMCs

We move over to the setting where the time parameter varies in R>o. Again we

will be following the line of argumentation in [10].

Theorem 5.4. (LDP for the occupation time measures of a finite state CTMC). Let
reN, I'={1,..,r}, and X = (Xy)er., be a CTMC with probability space (2, F,P),
state space (U, P(T)), and law PX : P(T)®%z0 — [0,1], and let X possess a generator
matriv G = (Gyj)ijer € RUY, which is irreducible. Then the distributions of the
occupation time measures, PX(L; € ) on (M(T),B(ON(T))), satisfy an LDP, with

speed t and rate function

~ ~ d Gu);
I : ML) — [0,00], v = (Vi)ier = La(v) == su;g[— Zl/i(u—)],
u> i=1 7
where the supremum runs over all families v = (u;);er € (0,00)Y, and (Gu); =

Zjel" Gijuj fOT”i el.

Proof. Step 1. Let o € R be fixed but arbitrary. For ¢ € R, we define
L? R0 — mt(r)a T = (x5>5€RZO = L?(l’) = (131(71)7 e lz:p(’W))’

where for fixed o € Ry, t € Ryg, © = (75)sers, € ['®>0 and v €T,

(5]

Q|+

I7.(v) = a3 ()

k=1

QI#| —

Ly is (P(I)®®z0, B(M(T')))-measurable for all & € R.o, and ¢ € Rxo. This gives rise
to the measures P* (L& € o) on (MM(T), B(M(T))).

PX(LY € o) is actually a continuous form of the distribution of the empirical measure

after [] steps of the I'-valued discrete-time Markov chain (Xjq)ren, whose transition

matrix is given by ¢*“ =: P, see [13], where e := >~ /L A" for square matrices A

with real coefficients is the matriz exponential function. Notice that P® has strictly
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positive coefficients since G is irreducible. Thus, using Theorem 5.2 we see that the
families (PX (LY € ®))icksy, @ € Ry, satisfy LDPs with speed ¢ and with the corre-
sponding rate functions 7pa, v € Ry, where

1 1 1 4 Pou);
—Ipa : M) — [0,00], v = (Vi)ier — a_lpa(y) = —sup|— Zui log(< )

(0% & 4>0 T
i=1

in accordance with the notation in Theorem 5.2 .

Step 2.
1
Claim: lim limsup ~ log PX (d(L;, L) > €) = —o0, for all € € Ry.
a—0t t—00 t

Indeed, firstly we have for all realizations, say X (wy), of the process,

d (Li(X (wo)), L (X (wo))) <

QIW| —

where ¢ denotes the number of jumps in the realization X (wp) in [0, ¢], since every jump
causes an “error” of at most é And from the theory of Markov processes, we have
that this number ¢ is less than or equal to N(ct)(wp), where N(ct) : Q — Ny, t € Ry are
Poisson random variables with corresponding means ct, and ¢ := sup;cp{> ki Gi} <

oo. Hence, for = > 1 we can estimate,

1 1
lim sup — log P* (d(Ly, L) > €) < lim sup n logP (N(ct) > e(i))
a

t—o00 t—o00

1 N
= c- limsup — log P > “
t—s00  Ct ct ac
€

— —cl(—
a(=),

where I : R — [0,00], z — I(z), is the rate function in of a continuous version of

N (ct)
ct

Cramér’s theorem for the family ( )ter-, Oof R-valued random variables satisfying

the assumptions of such a Cramér’s theorem; this is also where the = > 1 = E[%]

assumption is made use of. The rate function I can be computed explicitly in this case

of Poisson distribution. Namely, it is given by I(z) = zlogz — z 4+ 1 for z € R. So, we
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get

: 1 o € € €
h?i)igp ;logIP’X (d(Li, L) > €) < —alog(Q) LG

for o < £. The “claim” follows by letting a — 0%. This will enable us to demonstrate

an LDP for (PX(L; € ®))er., by defining a rate function as

M(T) 5 (0,00, v lim, éfpa(u).
Step 3. For the mere definition of such a function we must show that lim, o+ = /pa(v)
either exists, or diverges to infinity, as @ — 0%. Indeed, we show that Tg(l/) from
the statement of the theorem, equals lim,_,o+ é[ pa(v), which also takes care of this
convergence issue:
Since P° = Z, where Z denotes the identity matrix, and %Pa = GP%, in the sense
limy, o+ 3 (Pt" — P*) = GP, see [13], we get

u>0

1 I ~  (GPPu),
Il —sup{ Sz [ dﬁ}—a/ﬁiﬁ*i%ﬁ}dﬁ

I

| —
h

BN

S

[oN

)

for all @ € Ryy. So, we have

lim sup l]pa(l/) < Is(v). (5.1)

a—0t &

On the other hand, for all u = (u;);er € (0,00)" there exists a constant c¢(u) € R, such

that
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:(om-m)
> X8 g, |

for sufficiently small o € R+, and all ¢ € I". Using this we get

élpa( :—sup{ Zyzlog ) }

u>0

)

\V
|
S
| —
—
o
o

(V4
|
N
]~
AN
Q
£l
~
|
o
S
B

for sufficiently small o € RT, and all u € (0, 00)".

T

lim inf I pa( Zl/l (Gu); ,

a—0t

for all u € (0, 00)", follows. Taking the supremum over all u € (0, 00)" we get,

1 ~
liminf —Ipa(v) > Ig(v).

a—0t
Hence, together with the Inequality 5.1 we have now

1 ~
liminf —Ipa(v) = Ig(v),

a—0t

for all v € M(T).
Step 4. We conclude the argumentation by showing the LDP bounds. Firstly, let
O C M(T") be open. Then for all € € R.( we have

PX(L, € O) > PX(L¥ € O,) — PX (d(Ly, LY) > ),
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where O, := O N{v € M(I");d(v,00) > €} is the e-interior of O. Using the claims in
Steps 2 and 3, we get

1 1
lim inf E]P’X(Lt € 0) > —liminf liminf —Ipa (O,)

t—00 e—0t a—0t «

> —liminffg(Oe),

e—0Tt

and this last quantity is equal to —f(;(O), because every v € O falls in O, for sufficiently
small e € RT. Thus, PX(L, € 0) > —I5(0).

Secondly, let K C M(I") be closed. Since M(I") is compact, every closed set, and hence
also K, is compact in 9(T").

We have for all € € RT,
PX(L, € K) <PX(L¢ € K.) +PX(d(Ly, LY) > €),

where K, := K U{v € M(I');d(v,0K) < €} is the e-exterior of K; JK denoting the
boundary of K. Again using Step 2 we get,

1 1
lim sup ;]P’X(Lt € K) < limsuplimsup —Ipa(K,).
a

t—00 e—0t  a—0t

Next, we show

1 ~
limsup —Ipa(K,) > Ig(K,) for all e € RT. (5.2)
a0t O
Here is the explanation: K, is compact and é[ pa is continuous, so there exists a
Veo € K. with é[pa<K6> = é]Pa(l/E,a>. The sequence (Ve 1/n)nen has a convergent

subsequence with the limit, say v, € K.. Then we have

lim sup (n ~Ipim (Ve,l/n)) > TG(Ve)

n—oo

by the same argumentation in the beginning of Step 3, using the fact that TG is con-

tinuous. And this establishes the Inequality 5.2, since TG(UE) > TG(KE).
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It remains to show that

lim sup 7G<Ke) > ’]VG(K)J
e—0t
which we show next: Since K, is compact and TG is continuous, there exists a v, € K,
such that Tg(Ke) = fg(ﬁe). The sequence (71 /5 )nen has a convergent subsequence with

the limit, say ¥ € K. Then, we get,

lim sup Tg(ﬂl/n) = Tg(ﬂ).

n—o0

And this implies

lim sup fg(Ke) > TG(K>7

e—0+

because Ig(7) > Ig(K). So, we have established
PX(L; € K) < —Ig(K).

Finally, notice that I is a rate function. Thence the proposition follows. ]

5.3. Another Treatment of the LDP for the Occupation Time Measures of
CTMCs

So far we have presented large deviations principles for Markov chains both in
discrete-, and continuous-time settings. We obtained the results for the continuous-
time setting from the results of the discrete-time setting via an approximation argu-
mentation, discretising the time and using the exponentially wellness of the resulting
approximations. And the results in the discrete-time case were based on the i.i.d. set-
ting by applying a tilt to the LDP for an auxiliary i.i.d. sequence of random variables
having the stationary distribution of the chain. We now present another treatment,

which uses the Géartner-Ellis theorem to follow the LDP directly in the continuous-
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time setting. For an execution of the same method in the discrete case, see [8]. The

Perron-Frobenius theorem plays an important role here:

Theorem 5.5. (Perron-Frobenius theorem). Let n € N, and B = (b;;); j=1,..n € R™"
be a positive matriz, i.e., a matriz with positive entries b;; > 0, 1,7 = 1,...,n. Then,
B possesses an eigenvalue p € R, which is mazimal in the sense that for all further

eigenvalues A # pu of B in C,
Al <
holds. In addition the following statements hold true:

(1) p is of multiplicity 1, i.e., dimg V,, = 1, where V), stands for the eigenspace of .
(ii) | possesses an eigenvector with positive entries.
(111) For every i = 1,...n and every vector ® = (®;);=1.. , with positive entries,

®; >0, j=1,...,n, we have,

1
lim —log (B™®), = log p.

m—o0 1M,

Proof. For a treatment of the subject see [15]. We merely demonstrate (iii) assuming
the rest. For this let ® = (®;);-1, ., be a vector with positive entries, v = (v;);=1,.n be

an eigenvector of positive entries from part (2), and set
a = max {v;}, f:= min {v;}, v:= max {®;} and 0 := min {P;}.
j:17"7n j:17"’n j:17"7n j:17"7n
Then for all 7,7 =1, .., n, we have

Y omre e O i .
EBQM%ZBOMQZEB@MW
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Therefore, indeed

1 a1 S
lim —log (B"®); = lim — log (ZIB (w)%)
]:

m—o0 M, m—o0 M,

1 - 1
= lim —log (Z Bm(i,j)v]) = lim — log(u™v;) = log 1 .

j=1
[l

Theorem 5.6. (LDP for the occupation time measures of a CTMC II). Consider an
irreducible CTMC, (X;)ser.,, with a finite state space I', and let f : I' — R be a

deterministic function. Assume, we have the R-valued random variables

1 t
Zt = ;/ f(XS)dS, t e R>0.
0

Then, the family of distributions P(Z; € ), t € Rog on (R, B(R)) satisfies an LDP

with speed n.

Proof. We shall use the Gartner-Ellis theorem. Therefore we show that for all § € R

the limit,
1
lim - log E[e’ Iy J(Xa)ds)
t—oo t

exists as a finite limit, and that the function which maps ¢ € R to this limit corre-

spondingly is differentiable. Firstly notice that it is enough to consider
1 0 1 r(xs)ds
lim — logE[e” /o /t2s)49]
t—oo t
instead, discretizing the time, since if this limit exists, then

lim 1log E[egfot F(Xo)ds) — im llogE[eefo[t] F(Xo)ds)
t—oo t—oo



Indeed, using the fact that f : I' — R is thus bounded, we have

E[eefg f(XS)ds] E[eafo[t] FOX)ds+ [} F(X) dS]

[ efo f(Xs)ds+0(1 )]) _ O(l) ,]E[QHfo[t] f(Xs)dS]7

and so,
1 0 [ f(Xs)ds 1 1 0 [ f(xs)ds
glogIE[e o J(As)ds] = glog(O(l))—i-ZlogE[e o J{Xs)ds)
from which the assertion follows. Secondly, we may even consider the limit

lim —logE[ 0[0 f(Xs)dS]
t—o00 [ ]
instead of

1 1
lim —log E[ee Jo f(XS)dS], or lim = log]E[eefo[t] f(Xs)dS]’
t—o0 t—oo t

since lim;_,00 & = 1. Now for m <t < m + 1, and 6 € R we compute, that
[t]

E[e o [ F(Xs) ds] = E[e 0 [ f(Xs) ds] _ E[eeznmgol :'Hf(Xs)ds]

— Z E[e! T :Hf(XS)ds'l{xm_l:xm_l}]
Tm—1€l

_ Zl E[ o2 n+1 F(Xs)ds+6 [T | F(Xs)ds 1{Xm71=xm71}]
Tm_1€T

_ Zle Efef Znso [ f(Xa)ds | of [T, f(Xa)ds g Ko=)
Tm_1€T

— 5 Ele Oy [r F(Xs)ds 1(x, 1o 1) 0 Sy F(Xo)ds l{Xm_lzxm_1}]
Tm—1€T

_ Z E[ o2 [T (Xa)ds 1{Xm_1=xm_1}] ‘E[GOf;L”_lf(Xs)ds . 1{Xm_1=xm_1}]
Tm—1€0

m—2 pn+1 s S
— Z E[ef X0 ] SXds g ] [% * Axgman )]

Tm—1€l



m—2 rn+l1
- Z Z E[69 Zn:o " f(XS)ds]'{melz$mfl}1{X’m*2:z’m*2}]'

Tm—1€l o€l
(% s)ds
[ fO l{XO =Tm— 1}]

m—3 rn+1 m—1
= Z Z E[GGZ":O " f(XS)dseef"HQ f(Xs)dsl{XmA:mmfl}1{Xm72:xm72}]'

Tm—1€ xpm—_o€l
E[ee fOl f(XS)dsl{Xo:mmfl}]

= Y Y EEEERTIOONL g IOy

Tm_1€l Ty_o€l

: 1{Xm72:73m72}]E|:e

m—3 rn+1

Tm—1€ o€l

m—1
E[69fm72 f(XS)dsl{melzxmfl}1{Xm72:-73m72}:| [ efo d 1{X0 Tom— 1}]
m—3 rn+1 s
= > D BRIl )
Tm—1€ o€l
m—1
E[e9fm,2 f(XS)dsl{Xm—lixmﬂ}1{Xm72:xm72}] [ 6’f0 2)d 1{X0 T 1}]

m—3 rn+1
= Z Z E[QGZnZO n f(XS)dS]‘{Xm72:Im72}].

Tm—1€l o€l

B[ f

d81{Xm 1=Tm— 1}1{Xm 2=Tm— 2}]

[ 9f0 ds]‘{ Xo=Zm— 1}]

And so on, by induction, we have,

oy oy ...ZE{JZLJS“f(Xs)dsl{XFm}].

Ty—1€l xm—o€l xpy—3€D o€l

[ 9f0 dsl{Xo =x2,X1= 363}]

[ 9f0 dsl{Xo =x3,X1= 934}]

[ 6’f0 dsl{Xo Tm—2,X1=Tpm— 1}]
[ efo

dsl{ Xo=Zm— 1}]

48
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And for the first factor of the summands above, we have

'n+1
E[ 9271 Of ds]_{X2 xz}]

n+1
_ ZE 9271 0fn  f(Xs)d 1{X2 =zo} ° 1{X1 931}]

x1€l’

1
= ZE[eefo F(Xs)ds | 1{X1 —o) € 02 F(X5) 1{X1 =z1,Xo= 902}]

x1€l’

1 2
— Z E[eefo f(Xs)ds . 1{X1:x1}] . ]E[eefl f(Xs)ds . 1{X1=x1,X2=IQ}]

x1€l’

1 1
— z E[e? o F(X:)ds . 1(x,=m}) - E[¢’ Jo F(Xs)ds 1 Xoma1 X1 =} -
1€l

We get after these calculations, for m <t <m + 1,

[ ef F(Xs) ds} _ Z [ efo X) -1{X1:x1}]'
Ty —1,Lm—2,-., X1 EL
1
E[eefo f(XS)dS . 1{XO:;L‘17X1:$2}:|.
[ Hfo Xs)ds | l{XO:m,Xlzxs}]'
[ Hfo Xs)ds | 1{X0::L"m—27X1:$m*1}].

1
E[eefo f(Xs)ds | 1 xomrn 1})-

So, setting

po(x,y) == E[eefo1 J(Xo)dslxp=e.x1=0}] for x,y € T,
we have, form <t <m+1,
Efe? Jo /(X:)ds] —

= Z po(Zo, T1) - po(1, T2) * + * Po(Tm—2, Trm—1) - E[e 00 1 dsl{xo —tpm—1}]

xm—lyxm—Qa”wxlEF
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= Z po(xo, 1) - po(1,22) - - Po(Tm—2, Tm—1) * Po(Tm—1, Tpm)

T yee @1 €L

= | (po)™ | : :

o

where (pyg) is the (k x k)-matrix with entries py(z,y), z,y € I', and |I'| = k. Since the
chain is assumed to be irreducible, we have that (py) is a positive matrix, and hence
the Perron-Frobenius theorem, i.e. Theorem 5.5, in particular the part (iii), applies

and we get,

1 t 1
Jlim — log Efe’ " 7% — tim —Tog | (pg)l" | : = log o,
— 00

7] e [

zo

where 119 € R.o denotes the Perron-Frobenius eigenvalue of (pg), showing also that

m % log E[e” /o 7X4] = Jog 1,
as we have justified at the very beginning of the proof. It remains yet to show the
differentiability of this map, € — log . It suffices to show that the entries py(z,y),
x,y € I' are differentiable functions of #. This claim follows from the implicit function
theorem. Indeed, the Perron-Frobenius eigenvalue is a solution of the characteristic
equation of the matrix, with multiplicity one. It is an implicit function of the entries
of the matrix. We complete the argumentation by showing the differentiability of the

entries. Indeed, we have

o(6+h) Jo f(Xds _ of Jo f(Xs)ds
h ' 1{X0=I,X1=y}

. ol0+h) J§ f(Xo)ds _ o [y f(Xs)ds
lim “Lixg=a,x1=y}

d .
@pe(w,y) = lim E

=E

h—o00 h




oh Jo F(Xs)ds

I I (
h—o0

h

oh Jo F(Xs)ds

)

h—o0

I i (

h

)

r 1
— E eefol f(XS)dS . /0 f(Xs>ds . 1{X0:r,X1:y}:| < OO,

*LiXg=zX1=y}

’ 1{X0:$,X1:y}

o1

using the monotone convergence theorem and the assumptions. The theorem follows.

]
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6. LARGE DEVIATIONS RELATED TO THE
ERDOS-KAC THEOREM

6.1. The Erdds-Kac Theorem

The following theorem of P. Erdés and M. Kac is famous, in particular because
it is one of those theorems which demonstrate an application of probabilistic methods
in mathematics itself. It can be interpreted as a central limit theorem for the number
of distinct prime factors of a uniformly chosen random natural number less than n. It
describes deviations from the “mean” behavior, of order \/loglogn in its context. In

the next section we present large deviations corresponding to this central limit theorem.

Theorem 6.1. (Erdds-Kac theorem). Let v(m) denote the number of distinct prime
factors of m for m € N; and K, ,, forn € N, w € R, the number of those integers
m €N from {1,...,n} for which v(m) < loglogn + w+/2loglogn holds. Then,

. an ]- “ 7172
lim == — e ¥dx.
n—oo N ﬁ oo

Or, equivalently,

4{meN: m<n, v(m) — loglogn _

VwER - Vloglogn w}

— ®(w) as n — oo,

where @ : R — R, = — \/%f_xoo e™*/2 Qu is the cumulative distribution function of

the standard normal distribution.

Proof. For a proof see [16]. But here is the interpretation of the theorem in our context:
Let ©,, :={1,--- ,n}, and define for each n € N a probability measure on (£2,,, P(£2,))
by assigning each element of €2, the same probability % Now we consider the random
variables X, : Q, = R, m +— X,,(m) := m, where R is considered as (R, B(R)). Then

% for n € N is also a random variable €2,, — R. And then we consider the
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distributions of the latter. The theorem says, that the values of the distribution of
% converges to the corresponding values of the standard normal distribution

on R as n — oo. O

6.2. Large Deviations for Strongly Additive Arithmetic Functions

Let P denote the set of all prime numbers in this section. See [3] for the original

work, which we repeat here.

Theorem 6.2. (Large deviations for Erddés-Kac theorem). Let Q, := {1,---,n},
and define for each n € N a probability measure on (Q,, P(,)) by assigning each
element of €, the same probability %, and call these measures P,,. Consider the random
variables X, : Q, — R, m — X, (m) := m, where R is considered as (R, B(R)),

and let again v : N — N, k +— v(k) denote the distinct prime factor count function.

Then the sequence of probability measures P, <1:g(i;’;)n € o) on (R, B(R)) satisfies a large
deviations principle with speed loglogn and rate function, I : R — [0,00], x — I(x),

where

rloge —x+1, for x>0,
I(x) := s 4

0, otherwise.

Proof. See the following exposition, which contains the claim in a more general form.

O

As in the case of the Erdés-Kac theorem itself, see the original article of Erdés

and Kac, [16], the large deviations result holds in a more general form.

Definition 6.3. (Strongly additive arithmetic function). Let g : N — C be a function.

g 1s called a strongly additive arithmetic function, if:

(i) Ym,n € N:ged(m,n) =1 = g(mn) = g(m) + g(n).
(ii) Vp € P,k € N: g(p") = g(p).
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Thus, by the fundamental theorem of arithmetic, assigning a value g(p) for each

prime p € P gives rise to a unique strongly additive arithmetic function g.

Theorem 6.4. (Large deviations for strongly additive arithmetic functions). Let Q,, :=
{1,---,n}, and define for eachn € N a probability measure on (2,,, P(2,)) by assigning
each element of €, the same probability %, and call these measures P,. Consider
the random wvariables X,, : Q, — R, m — X, (m) := m, where R is considered as
(R,B(R)), and let g : N — R be a strongly additive arithmetic function. Define for
n € N probability measures p, on (R, B(R)) by setting

ZpEP,g(p)eA,pgn(l/p)

Pl = s (D)

for A € B(R).

Assume further that there exists a probability measure on (R, B(R)), say p, such that
for all 0 € R,

/ e"p(dy) < oo,
R

and with

/R e pa(dy) — /]R o™ p(dy)

as n — oo. Then, the sequence of probability measures P, <% € o) on (R, B(R))

satisfies a large deviations principle with speed loglogn and rate

I:R—[0,00], z I(x):= sup{fz — /R(eey — 1)p(dy),0 € R} .

Proof. g(Xn(m)) = > cp p<n 9(p)Zp, where Z, = 1 if X,,(m) is divisible by p and
Z, = 0 otherwise, is seen by the strong additivity.
The result is presented in 4 steps. The first three establish approximation lemmas.

The final step concludes the argumentation.
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Step 1. Claim: For all € € Ry we have,

logP, | | Z 9(p)Z,| > eloglogn | = —oc.

pEP,|g(p)|>C,p<n

lim sup lim sup ———
Csoo  n—oo loglogn

Indeed, we show this by showing:

1
lim sup lim sup —— log P, | | Z 9(p)Z,| > (e/2)loglogn | = —o0,
Cooo  nooo loglogn
peP,g(p)>Cp<n

and

1

lim sup lim sup ——— log P,, | | Z 9(p)Z,| > (¢/2)loglogn | = —oc.
C—oo n—00 10g 1Ogn

peP,g(p)<-Cp<n

For these, construct independent Bernoulli random variables Y, for p € P with Y, =1

with probability 1—17, and Y, = 0 with probability 1 — 119. Then for distinct primes
b1,p2, - ,p1 We have7
1 n 1
ElZ, Z,, - Z,] =— < =E|Y, Y,  ---Y,|
2y d n []91]?2"']?1} pPip2-- - iy a

Using this and the series definition of the exponential function, we get for non-negative

real numbers 0, p € P,
E [eZpeP,pSn GPZPi| S E [eZpeP,pSn GPYP] .

Now for 6 € R., we have using Chebyshev’s inequality,

) 1
hflf;fp Toglogn logP, | | Z 9(p)Z,| > eloglogn
pEP,g(p)>C,p<n

= lim sup _ log I, <ea 2pe,g(p)>Cp<n 9PV Zp > felog logn)
n—oo loglogn -



< lim sup L logE oI Crerm>crosn 90Z | _ g
T oo loglogn

< limsup 1 logE I Tnep om>Cpen IPYr | _ e
T oo loglogn

1
= lim sup log log n logE H P | — e
n—oo 10g10g N | PEP,g(p)>C\p<n i
1
s log H E [eﬁy(p)Yp] — O¢

peP,g(p)>C,p<n

1 1 09(p)Y;
= hinﬂsolip w Z IOgE [e P} — 96
peP,g(p)>C,p<n

1 1
= limsup —— Z log[(e?®) — 1)~ +1] — e
nooo loglogn pEP,g(p)>Cp<n b

< lim sup 1 Z [(eP9P) 1)1] — fe.

n-oo loglogn pEP,g(p)>C,p<n p

On the other hand, using the assumptions we have,

/ = p(dy) = Jim [ (€ = ()

n—o0

y>C
| b() 117 ' 6{PSn}
:nh—>nc}o Z (e”®) 7). ﬁ
p€EP,g(p)>C I
0
f— hm ZPEP7g(p)>C7p§n (e g(p) _ 1)
o ZPEPaPSn %
0
f— hm ZPEP7g(p)>C7p§n (e g(p) _ 1)
n—oo log log n ,

since ZpeP,pgn% ~ loglogn, see e.g., [17]. So, we have for all § € R,

i 1
hznﬁsotip Toglogn logP, | | Z 9(p)Z,| > €eloglogn
peP,g(p)>Cp<n

< /y>c(60y — 1Dp(dy) — e < / e p(dy) — fe ,

y>C

and this last quantity tends to —fe as C' — oc.
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So we have,

1
lim sup lim sup ———— log P, | | E 9(p)Z,| > (¢/2)loglogn | = —o0,
Cooo  n—oo loglogn
pEP,g(p)>Cp<n

by letting # — co and observing that € € Ry is arbitrary. Similarly,

lim sup

log P, Z,| > eloglogn | < % p(dy) + e,
n—oo loglogn & | Z 9(p)Zy| = eloglog _/y<C p(dy)

and so,

1
lim sup lim sup ——— log P, | | Z 9(p)Z,| > (¢/2)loglogn | = —o0,

loglogn
Cmroo nm00 §108 peP,g(p)<—C,p<n

by letting § — —oo. The claim follows.
Step 2. Let k, := nﬂoglig")? for n € N.

Claim: For all e € R.(,C € R>( we have,

1
lig:s;pwlogpn | Z 9(p)Z,| > eloglogn | = —oo,
peA(n,C)

where A(n,C) :={p € P;|g(p)| < C,k, <p <n}, forn e N,C € Rs,.

Indeed, for any 6 € R-, we have,

E[ee| 2 opeA(n,C) g(p)Zp|] <E[69 2 opeA(n,O) |9(P)|Zp]

<E[e€c ZpGA(n,C) ZP]

<E[e?C Zreame) 7).

Therefore, for any 6 € R, we have,

IOgE[ee|ZPGA(”’C)g(p)ZP‘] < IOg]E[eeozpeA(n,C) 2]



= Z log((e" — 1)]19 +1)

pEA(n,C)

< Z (eec_l)é

pEA(n,C)

:(GHC’_D Z

1
pEPkn<p<n p

And notice that

= Z b Z lwloglogn—loglogkn

peP,p<n pEP p<kn

2.

1
pEP kn<p<n p

= loglogn — log( 2 logn) = 2logloglogn.

(loglogn

So, again using Chebyshev’s inequality in the appropriate way, we get,

, 1
hirisolipwlogpn | Z 9(p)Z,| > eloglogn
peA(n,C)

1 (%€ — 1) 1
< lim 1 —
= Hmsup IOg logn 08 <69610glogn Z P

nee PEP kn<p<n

= —fe.

The claim follows now by letting 6 — oc.

Step 3. Claim: For all § € R, C € Ry,

lim b log |E[e” ZpeB<n,C)g(p)Zp] — E[¢’ ZpeB<n,C)g(p)Yp” = —00
n—oo log logn

Y

where B(n,C) :={p e P;lg(p)| < C,p < k,} forn € N,C € Rs,.
Indeed, we firstly set

Sy = Z 9(p)Z,, Sp = Z g(p)Y, for n € N

peB(n,C) peB(n,C)

o8

for the simplification of the following expressions. Then we have for all € R, C € R,
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K €R,

‘E[ee ZpéB(n,C) g(p)ZP] —_ E[ee ZpGB(n,C) g(p)YP] |

— r! —
0S,)" 05,
= [El Z ( r! + Z ( rl) )
TSK(loglogn)% T>K(loglogn)%
(05,) (05,
—El Z 7! * Z 7! I
rSK(loglogn)% T>K(loglogn)%
0" (E[(S,)"] — E[(S,)"]) 0 ..
oy, TEBJIEEED g T
TSK(loglogn)% T>K(loglogn)%
D SETAY
r>K(loglogn) 3
|‘9|T r 3 \7 0" r
< Y Mgsy-msonee Y W
rSK(loglogn)% T>K(log10gn)%
|6‘T 3 \r
r>K (loglog n)%
= EEST—ES;T |9|TIEST
= Y DEs)1-EE)+ Y e
rgK(loglogn)% r>K(1oglogn)%
|0|r 3 \7
+ ) IWE[(STL)]’ (6.1)
T>K(loglogn)%

by the monotone convergence theorem. Now for an estimation of (6.1), we firstly show

(Chn)"

|E[<Sn)r] - E[(‘gn)rﬂ < n

For this notice that

r! 1 r T 71 r
= Y. T 2 e gl ElZ - 2y,
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and that,
5\ r 7"! 1 r r r r
E[(S,)] = S om 2 dw)gm) RN Y.
k=1 r1+-trp=rri>0 L ke " p1,pk€B(n,C)

Also observe,

EB[Z7 - 2% = E[Z,, - 2, ] = ~[—"

[pl.‘. pk]i [pl... pk] ﬁ[pl...pk’
™ T T T 1
ElYy, - Y] = B Y] = ——,

for r1,---r > 0, and so, that E[Z]! .- Z7¢] and E[Y}!

Therefore, indeed,

r

- r!
E[(Sn)"] —E[(S,)"]| < _
DEHSECHSED DD DR
k=1 ri+-+ry=r, r;>0
1 (Cky)"
= — "< .
n( Z ) < n
peB(n,C)
Thus, we get,
I g1(s,)7) - EI(Sy
>, (ST E(S)]
s T
r<K(loglogn)2
01" (Ckn)"
<
- Z , 7! n
r<K(loglogmn)2
_ Z ler(log\9|+10gc+logkn)flogn
Ll
r<K(loglogn) 3
e’
~ . ar(log|0|+log C+log kn)—logn
<Co Z rl ¢
rgK(loglogn)%
<Cpe 8" . K (loglog n)% . max
rSK(loglogn)%

Let now F(r) := r(log|0| + logC + log k,, + 1) — rlogr,

--- Y] differ by at most +.

()

n

k!

2

p1, ,pRE€B(N,C)

er(log|6|+log C+log kn+1)—rlogr

for € Rsg. Then F'(r) =

log |0] +1log C'+log k, +1—logr—1> 0, for all r < K(loglog n)%, for sufficiently large

n. Therefore the maximum of F(r), r < K(loglogn)3 is achieved at r = K (loglogn)

3
2



61

for such large n, and hence, now

S gs,)n - B8

r!
3
r<K(loglogn)2
_ 3 3 _ 3
SCO e 10gnK<10g log n>2 . eK(loglogn)2(log|9|+logC’+10gkn+1 log(K (loglogn)2))
logn _
(log log n)?2

Jog log n) 3 3 1og log 1
§e_lognecl(og ogn)2-( 2 logloglogn)

1
—=logn
<e 27T,

for sufficiently large n € N. This was an estimation of the first term in (6.1). Notice
now, that the second term in (6.1) is bounded from above by the third term there. To
bound the third term, first observe

3
2

So, for r > K (loglogn)z, we can estimate:

EE[(SN )r] < erlog|9|—logr!+logr+rlogC—l-rlogZpEp’pSn%
n >

7!
< ¢ log |0|+r—7log r+log r+r log C+r-% log log logn
< er(log\€|+1+lOgC’—logK)+logr

1
T log K
<ela ),

for all sufficiently large K € R.q, sufficiently large n € N, and all corresponding

3
2

r > K(loglogn)z. Hence, the third term in (6.1) is bounded above by

2 : ef%rlogK S C2efélogK-loglogn.

3
r>K(loglogn)2

So, now, for sufficiently large K € Ry, n € N,

1 1
|E[e9 2 peB(n,C) g(p)Zp] _ E[e9 > peB(n,C) g(p)Yp” < e zlgn Cs - e~ 2 log Kloglogn
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< 04 . efélogKloglogn

And, thus,

hm su ; ].O E e(9 ZpEB(n,C) g(p)ZP — E e(9 ZpEB(n,C) g(p)YP
p 8
n—oo loglogn

1
< limsup —— log <C4 . e—%logKloglogn>
n—00 loglogn

S 05 logK

Letting K — oo the claim follows.
Step 4. We had B(n,C) :={p € P;|g(p)| < C,p < k,}. For § € R, we have

log E[e? 2renwm.0)9P)Y2] — Jog H E[e?P)Yr] = Z 1Og(1699(p) +1-— 1)
peB(n,C) peB(n,C) p p
Using the representation
log(1 _ S (g <1
oB(1+5) = D (-1 T for o] < 1
we see that for sufficiently large p € B(n, (), also n large accordingly,
1 1 1 1
log(—eeg(p) +1--)= (899(1)) —1)=+0(=),
p p )p (pz)
and so,
1
1OgE[e9ZpeB(n,0) Q(P)Yp] - Z (@ —1)= | +0(1) (6.2)
p
pEB(n,C)

for sufficiently large n € N. Now noticing

1 1 . loglogk, loglogn — 2logloglogn
Z —=1and lim = =

lim ————— = =
nsoo log logn P n—oo loglogn log logn

Y

peP p<n
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we have

/ (" —1)p(dy) = lim [ (™ —1)pn(dy)

_C n—o0o |_~
' 69(p) 3 L)
=Jim o 0o (S
peP,|g9(p)|<C peP.p<n p
1
. » Lp<ny
=lm ) (P —1) <—§ T
PEP |g(p)|<C pePp<n p
ef9(p) 1
— lim ZPEPJQ(P)\Scmﬁn( I3 )
n—00 ZPGP,pSn %
0g9(p) _1
— llm ZPEP’IQ(p)‘Scypgkn(e P )
e ZPEP,pSkn ;la
ef9(p) _1 ef9(P) _1
— lim ZpEB(n,C)( D ) — lim Zpeg(n,c)( ) )
oo log log K, n—00 loglogn ’

provided that g(p) skips the values C, —C using also the fact that the convergence
of moment generating functions implies weak convergence. Notice here, when we shall
send C' to infinity, we will be sending such C’s, say the C’s coming from a set € for
sake of notation. After this calculation we have by the Equation 6.2,

c

1 Y.
lim —— loe Ele? ZreBn.c) 9(P)Yp _/ % _ 1) p(dy) € R.
nlm Jog log 1 ogEle ] 70(6 )p(dy)

And, this mapping

c
A:R—-R, 00— A(9) ::/ (e —1)p(dy)

—-C
is differentiable: Indeed, we have

C o(O0+h)y _ Oy

li _
A

I © oy e —1 d
= [ e ( - )p( y)—/

C
= / ye”p(dy) € R,

—C

C hy __ 1
e lim (e - )p(dy)

C h—0—
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for y > 0, where taking the limit inside is justified after the monotone convergence

ehv—1

;— defines an increasing function. A similar argumentation

theorem, since h —
yields the same limit for h — 0%. Also the case y < 0 is analogous, and hence
A is differentiable. We conclude after the Gartner-Ellis theorem, that the sequence

P, (@ ZPGB(mc) g(p)Y, € 0) satisfies an LDP with speed loglogn and rate

Ie :R— [0,00] : &= Io(2) == selég{@:c — /_C(eey —1)p(dy)}.

By Step 3, the sequence P, (m ZpGB(n,C’) 9(p)Z, € o) satisfies the same LDP. And

by Step 2, the sequence P, <m Zpep,\g(p)\gcg(p)zp € 0) satisfies the same LDP,

since the sequences

1 1
Z Z
log log Z 9(P) 2 "\ loglog Z 9(P)Zp

peB(n,C) peEP,|g(p)|<C

neN neN

are exponentially equivalent in the sense of its definition. Finally, Step 1 says precisely

that the family

1
> 9wz, Cec

log log peEP,|g(p)|<C

9(Xx)
log logn
3.7, the latter sequence satisfies an LDP with speed loglogn and rate

is an exponentially well approximation of ( ) , and hence after Theorem
neN

I:R —[0,00], x+ I(x):= sup liminf inf {sup{@a: — /_C (eay — 1),0<d3/>}}

§€Rsy C—oc z€Bs(z) ( geRr c

c
= sup liminf sup{f(z — ) — / (e” — 1)p(dy)}

§€Rsy C—0 geRr _c

— sup sup{f(z — 5) - / (% — D)p(dy)}
5ER>0 fcR —00

— sup{6a / (& — D)p(dy)}.
0eR —00
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