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ABSTRACT

GREEN BISET FUNCTORS AND REPRESENTATION
RINGS

In this thesis, we investigate Green biset functors and clasification of sipmle
modules over a Green biset functors in some special cases. Our aim is to see what
conditions on the Green functor makes simple modules over it classifiable. We also
study the relations between classification of simple modules over Green biset functors

and classification of simple modules over Biset functors .



OZET

GREEN IKI ETKI IZLECLERI VE TEMSIL HALKALARI

Bu savda, Green iki etki izleglerini ve onlar tizerine basit modiillerin 6zel du-
rumlar icin simflandirilmasi aragtirilmigtir. Amacimiz, A Green iki etki izlegi tizerine
hangi kosullar1 ekledigimizde, basit A-modullerini siniflandira bilecegimizi ogrenmektir.
Ayrica, Green iki etki izlegleri uzerine basit modiillerin siniflandirilmasi ile, iki etki

izlegleri lizerine basit modiillerin simiflandirilmast arasindaki iligkiyide 6grenmeye ¢alistik.
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1. BISET

We begin this chapter by reminding the reader basic definition of a G-set. We
continue with introducing bisets and their isomorphism classes. Finally we investigate

biset Burnside Group B(H, G) and Mackey formula for bisets.

By a group we always mean a finite group. If G is a group, by a G-set, we always

mean a finite G-set.

Let us start with reminding the reader the structure which is called a G-action
on the set S. Let G be a group and S be a set. If we can construct a map ¢ from G x S

to S such that it satisfies the conditions

©(91,9(92,8)) = ¢(9192, 5) (1.1)

o(lg,s) =s (1.2)

for all s € S and all g1, 92 € G. Here, 14 stands for the identity element in G.
Then, we call S a left G-set and the map ¢ the left G-action on the set S.

Right G-sets and right G-actions are defined analogously except elements of G
are multiplied by elements of S to the right instead of to the left.



Before we proceed to the definition of a biset, let us give a description of opposite

group, which makes it simpler to introduce bisets.

For a given group G, the opposite group denoted by G, is a group with the set

of elements same as G but for group law we reverse the place of action i.e.

For all g¢,h € G,gh(inG”) = hg (inG) (1.3)

So, knowing G-set and opposite group structures let us define bisets, which we

use throughout the entire thesis.

Let G and H be groups. Then an (H,G)-biset is a left (H x G)-set.

In other words, an (H,G)-biset U is both a left H-set and a right G-set, satisfying

the equation

For all heH, for all uwelUfor all geG (h-u)-g=h-(u-g). (1.4)

We denote this element simply by h-wu - g or hug.



Those, who are familiar with Burnside group, remember that rewriting all tran-

sitive G-sets for a given finite group G is enough to define all G-sets.

Hence, for a biset structure we also start with defyning transitive ones.

A given (H,G)-biset X, it is called transitive if for any x,y € X there exist an

element h € H and an element g € G such that hzg is equal to y.

Since we defined an (H, G)-biset as a left H x G°P-set we can figure out that there
is a bijective correspondance between the transitive (H,G) bisets and transitive left

H x G°P-gsets.

To express it in a simpler way, observe that with the definition given above (H,G)-

biset X can also be regarded as a right H x G-set equiped with the action given by

v-(h,g)=h'-x-g (1.5)

forallz € X and h € H, and g € G.

Clearly, X is a transitive (H, G)-biset if and only if X is a transitive H x G-set.



Hence there is a bijective correspondence beetween

(i) isomorphism classes [X] of transitive (H, G)-bisets.

(ii) conjugacy classes [L] of subgroups of H X G.
where the correspondence is given by [X] <» [L] if and only of if the stabilizer of

a point z € X is in [L].

For an example, for the given group G, we can regard G itself as a (G, G)-biset.

We call this biset the identity (G, G)-biset and denote by Idg

Now we would like to go further and uncover more results about the bisets, and

so let us define category structure on them.

We assume that the reader is familiar with the concept of categories.

We denote the category of G-sets by G-set. It is the category where objects are

G-sets and morphisms are G-equivariant maps.

Note that we have mentioned the importance of Burnside group for rewritying
G-sets of a given finite group G, lets recall the definition of it and proceed to the defi-

nition of the biset Burnside group.

Recall that the Burnside Group B(G) of G for a finite group G is the Grothendieck
group of the category G-set.



Which means that B(G) is the free Z-module with basis the set of equivalence
classes of finite G-sets, quotiented by relations identifying the class of the disjoint union

X UY of two G-sets X and Y to the sum of the class of X and the class of Y.

In other words, it is the quotient of the free abelian group on the set of iso-
morphism classes of finite G-sets, by the subgroup generated by the elements of the

form

(X UY] - [X]-[Y] (1.6)

where X and Y are finite G-sets, and [X] denotes the isomorphism class of X.

Since we have defined an (H, G)-biset as a (H x G)-set, we can easily pass on
biset Burnside Group denoted by B(H,G) from the Burnside group. Define the
biset Burnside Group B(H, () as the Burnside group B(H x G°). In other words,

its a Grothendieck group of the category of finite (H, G)-bisets.

Now, like in case of G-sets we would like to construct a category structure on the
bisets. In an other saying, we would like to construct a category with the finite groups

being objects in it and morphisms to be (H,G)-bisets.

Hence, we need to define first the composition of bisets in such a way that satisfies

category properties.

For finite groups G,H, and K, let U and V be an (H, G)-biset and (K, H)-biset
respectively. So define the composition of V and U as the set of H-orbits on the
cartesian product V' x U, where the right action of H is defined by



For all (v,u) €V xU, for all heH, (v,u)-h=(v-hht-u). (1.7)

Denote it by V' x g U, and the H-orbit of (v,u) € V x U as (v,g u).
Thus, the set V' x g U is a (K, G)-biset, with the action defined as

For all ke K,geG and (v,gu) € VxygU, k-(v,gu)-g=(k-v,gu-g). (1.8)

Before finalizing this section with the Mackey formula for bisets, we need to introduce

notation for some groups.
First one, for finite groups G,H and K, let L and M be the subgroups of the
groups H x G and K x H respectively
Then set M = L to be as described below,
MxL={(k,g) € KxG| there exits he H,(k,h)e ML (h,g) €L} (1.9)

Observe that M x L is a subgroup of K x G .

Second one, for finite groups G and H, let U be an (H, G)-biset.

1. For any subgroup L of H, and for an arbitrary element v € U, set

L*={geGAlell-u=u-g} (1.10)

Here, L* is a subgroup of G with 1* being stabilizer of u in G.

2. For any subgroup K of G, and for an arbitrary element u € U, set

“K={heHFke K,h-u=u-k}. (1.11)



Similarly to previous one “K is a subgroup of H and “1 is the stabilizer of u in

H.

Third one , for finite groups G and H, take L to be an arbitrary subgroup of
H x G. Then, following five groups pi(L), pa(L), ki1(L), k2(L), q(L) are defined as

below:

(i) pr(L) ={h € H|3g € G, (h,g) € L},

(ii) po(L) ={g € G|3h € H,(h,g) € L},

(iii) ks(L) = {h € H|(h,1) € L},

(iv) ko(L) ={g € G|(1,9) € L},

(v) q(L) = L/ (k1 (L) X ks(L)).



Theorem. (Mackey formula for bisets) Let G, H and K be groups. If L is a
subgroup of H x G, and if M is a subgroup of K x H, then there is an isomorphism of
(K, G)-bisets

(K x H)/M) xy ((H x G)/L) = | ] (K xG)/(M ™YLy  (1.12)
h€lp2(M)\H/p1(L)]

where [po(M) \ H/p1(L)] is a set of representatives of double cosets.

Proof. Set V.= (K x H)/M and U = (H x G)/L. Its easy to check that the map
K((k,h)M,z (W', g)L)G > po(M)h~"h'py(L) (1.13)
is a bijection K'\ (V xgU)/G — pa(M)\ H/p1(L), the inverse bijection being the map
pa(M)hpy (L) — K((1,1)M,g (h,1)L)G. (1.14)

Moreover the stabilizer of ((1,1)M,y (h,1)L) € K x G is equal to M "1 L. O
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2. BISET FUNCTORS

With the motivation given in the section one let us rewrite the Biset Category

we have described in section 1.

Let Z be a class of finite groups.

The biset category of finite groups is defined to be the category with objects in
7 and morphism between objects to be bisets. More precisely, if we have two groups

G and H in Z, then Hom(G, H) = B(H,G).

For the composition of morphisms, as we have defined before, we use the compo-
sition of bisets. In formal way, for groups G, H, and K from Z and v € Hom(H, K),
u € Hom(G, H) being morphisms from K to H and H to G respectively , we have seen

in section 1 that v x g u is a (K, G)-biset, hence define v o u to be v X g u.

And take identity morphism Hom(G,G) to be [Ids] for the group G in Z.

Thus we constructed a biset category of finite groups, and let denote it with C.

Let R be a commutative unitary ring. Adding R-linearity to the category C we
constructed above make it a more usefull tool. So define a new category, which we
denote by RC.

The objects of RC is same with objects of C that are groups in Z.

But, for morphisms we will take tensor product of R with B(H, G).
That is, Homge(G,H) = R®z B(H, G).

Hence, observe that the composition of morphisms in the category RC is the

R-linear extension of the composition in C.
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And for identity morphism of G in RC we have R ®, Idg.

Then, observe that the category RC is an R-linear category. In other words, the

sets of morphisms in RC are R-modules, and the composition in RC is R-bilinear.

Now, before defining biset functors, which are our main objective in this section,

let us review some properties about functors, and, definition of a Mackey functor.
A Mackey functor over a commutative ring R is a mapping
M : {subgroupsof G} — R — mod
with morphisms
(i) I - M(K) — M(H),
(i) RE: M(H) - M(K),
(ili) ¢y : M(H) - M(*H),

whenever J < K < H and g € G, such that

(i) I# RE ¢, - M(H) — M(H) are the identity morphisms for all subgroups H and

h e H,
(i) RKRY = R
(iii) [HIK =14

cych = cqp, for all g, h € G
Ryjcy = cRY
Iicg = cgI

RYTE =3 seinuyi) Line o R for all subgroups J, K < H

The morphism R is called restriction, ¢, is called conjugation, while I is called

induction. Axiom (vii) is called the Mackey axiom.
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For preadditive categories A and B, let F be a functor from A to B, F: A — B.
Then we call F additive if for any objects X and Y of A, the map f +— F(f) from
Homa(X,Y) to Homg(F(X), F(Y)) is a group homomorphism.

We call a subcategory a preadditive subcategory if the inclusion functor be-
tween a subcategory and a category is additive, i.e; A is a preadditive subcategory of

B if the inclusion functor A — B is additive.

For a commutative and unitary ring R, and for some preadditive subcategory of
C let say D, define a biset functor on D, with values in R-Mod to be an R-linear
functor from RD to R-Mod.

At the end of this section we define the category of biset functors, i.e; a category
considering biset functors as its objects.
Denote this new category by Fp r, where D and R are being as given above. This new
category is a category with objects are biset functors over D with values in R-mod, and
morphisms are natural transformations of functors, and composition of morphisms is

the composition of natural transformations.

Example. Let M denote the following subcategory of C: the objects of M are all finite
groups. If G and H are finite groups, then Homa (G, H) is the subgroup of
Home(G,H) = B(H,G) generated by the classes of finite left and right free (H,G)-
bisets. Then the biset functors on M are the global Mackey functors.
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3. GREEN BISET FUNCTORS

Adding ring structure to a biset functor give us a new structure which is called
q Green biset functor. Let Z here be a class of finite groups closed under subquotients

and direct products.

Denote the Burnside functor defined in RC as RB.

Proposition (3.1).

1. The Burnside functor RB is a projective object of Fp r. More precisely, if I is
an object of Fp g, then
Homg, ,(RB,F) = F(1).
2. In particular there is an isomorphism of R-algebras

Endg, ,(RB) = R.

Definition (3.1). Let M and N be objects of Fp r. Denote by H(M,N) the object of
Fp.r defined by

H(M, N)(G) = HOm]:(D’R)(M, Ng),
H(M,N)(f) : H(M,N)(G) = H(M,N)(H),
p e Hom;D’R(M, Ng) —> Nf oY E Hom;DR(M,NH),

for G and H are objects of D and f € RB(H,G).

Proposition (3.2). 1. The correspondence
- ®@—:(M,N) - M®N
is a bilinear functor from Fp r X Fp r to Fp g, called the tensor product of biset
functors.

2. There are functorial isomorphisms

Homyg, ,(M ® N, P) = Homg, ,(N,H(M, P))
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for any objects M, N and P of Fpr , the functor M @ — is left adjoint to the
Junctor H(M, —)

Proof. The prooof is classical, and not specific to the particular monoidal category RD:
set L =Homz, . (M ® N, P) .
Then:

L= [,Homp((M ® N)(G), P(G))
~ [ Homp([™” M(D)@r N(D') ©r Homg(D x D', G), P(G))
= [ [p.p Homp(M(D) @g N(D" @ Homp(D x D', G), P(G))
L= [, JgHomp(M(D) @g N(D' @z Homp(D x D', G), P(G))
(by Fubini’s theorem see [39] IX.8)
= [p.p Homp(M(D) @z N(D'), P(D x D')) (by Yoneda’s lemma see [213212] 8.2)
~ [ Homp (N(D"), [, Homz(M (D), P(D x D"))
~ [, Homgr(N(D"), H(M, P)(D")
= Homg, (N, H(M, P)).

Proposition (3.3).

Homg, ,(M ® N, P) = [}, ,, Homp (M(D) @ N(D'), P(D x D")).
Definition (3.2). Let RC be a category defined as above with objects in Z. A biset
functor A defined in RC , is a Green biset functor if there exist maps of biset functors

pw:ARA— A ande: RB— A

such that the following diagrams commute
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Id® p

A® (AR A) A® A

I
=

\/

(AR A)® A A® A

p®Id

e® Id Id®e

RB® A AR A

A®RB

By propositions (3.1) and (3.3) the definition given above is equivalent to the

following:

Definition (3.3). A is a Green biset functor if it is a biset functor equipped with bilinear
products A(G) x A(H) — A(G x H) denoted by (a,b) — a X b, for groups G,H € Z,

and an element €4 € A(1), satisfying the following conditions:

o Associativity. Let G,H and K be groups in Z. If ac u i is the canonical group
isomorphism from Gx (Hx K) to (Gx H)x K, then for anya € A(G) , b e A(H)
and ¢ € A(K)

(axb) xc=A(lso(agnk))(ax(bxc)).

o [dentity element. Let G be a group in Z. Let \¢ : 1 X G — G and pg : Gx1 = G

denote the canonical group isomorphism. Then for any a € A(G)
a = A(Iso(Ag))(ea x a) = A(Iso(pg))(a X £4).

o Functoriality. If ¢ : G — G and ¢ : H — H' are morphisms in €R, then for
any a € A(G) and b € A(H)

A(p x)(a x b) = A(p)(a) x A(4)(b).
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Example (3.1). Let F be a field of characteristic zero and Z the class of finite groups.
Assigning to each group G in Z the Grothendieck group of finitely generated FG —
modules, Rx(G), defines a biset functor Ry. It also has a structure of Green biset func-
tor given in the following way: Let s € Rx(G) and t € Rr(K), then Rr(Infs™*)(s)
and Re(Inf$X%)(t) are both in Rx(G x K) and so the natural product in Rr(G x K),

given by @x, gives us the product s X t.

Definition (3.4). Let A be a Green biset functor over D, with values in R-mod. A
left A-module M is an object of Fpr, equiped with a morphism of biset functors pip
A® M — M such that the following diagrams commute:

Id® p
A®(A® M) MA®M\ rRBo M 21 Ao m
A A) oM Ao M
( ) pv @ Id M

Equivalently, for any object G,H of D, there are product maps

A(G) x M(H) — M(G x H),

denoted by (a,m) +— a x m, fulfilling the following conditions:

o (Associativity) Let G,H and K be objects of D. If
acar:GXx(HxK)— (GxH)xK
is the canonical group isomorphism, then for any a € A(G),b € A(H),m € M(K)
(axb) xm=Iso(aguk)(ax (bxm))
o (Identity element) Let G be an object of D. Let A\¢ : 1 x G — G denote the
canonical group isomorphism. Then for any m € M(G)

m = Iso(Ag)(ea X m)
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e (Functoriality) If ¢ : G — G and ¢ : H — H' are morphisms in RD, then for
any a € A(G) and m € M(H)
M(p x )(a xm) = A(p)(a) x M(4p)(m).

Definition (3.5). If M and N are A-modules, then a morphism of A-modules from M
to N is a morphism of biset functors f : M — N suct that the diagram

AoM—M Ly
l]d@f Jf
AQN—— N

15 commutative.
Morphisms of A-modules can be composed, and A-modules form a category, denoted by

A-Mod.

Definition (3.6). Let A be a Green biset functor on D, with values in R-mod. A
left ideal of A is an A-submodule of the left A-module A. In other words it is a biset
subfunctor I of A such that

A(G) x I(H) C I(G x H)

for any objects G and H of D.

The right ideal of A is defined in similar way. A two sided ideal of A is a left

ideal which is also a right ideal.
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In other words, a two sided ideal I of A is a biset subfunctor such that

A(G) x I(H) x A(K) C I(G x H x K),

for any objects G,H,K of D, with a slight abuse in notation, a more correct formulation

being rather

(A(G) x I(H)) x A(K) CI((Gx H) x K).

Observe that when I is a two sided ideal of A, then the quotient biset functor A /I
is a Green biset functor, and the projecion morphism from A to A/I is a morphism of

Green functors.

Definition (3.7). A Green biset functor A is called simple if its only two sided ideals
are 0 and A.

Notation (3.1). Let X be a (G, H)-biset, then define X to be (G x H,1)-biset X with
action (g, h)x = grh™ forge G, h € H, x € X. Hence, for a group G, we will denote
by 8 the (G x G, 1)-biset. In a similar way, E will be, a (1,G x G)-biset.

Proposition (3.4). Let A be a Green biset functor over RC and let P4 be the following

category:

The objects of Py are the groups in Z.
If G and H are in Z, then Homp,(H,G) = A(G x H).
Let H,G and K be groups in Z. The composition of f € A(H x G) and o €
A(G x K) in Py is the following:
foa=A(H x G x K)(8 x a).
If G is in Z, then the identity morphism of G in Py is Z(G) (€a).

Then Py is an R-linear category and A-Mod is equivalent to the category of R-

linear functors from P4 in R-Mod.



19

Lemma (3.1). Let A and C be Green functors and f : C — A a morphism of Green
functors. If € C(H x G) and o € C(G x K), then

foK(B o Oé) = foG(ﬁ) o fGXK(Oé)-

Definition (3.8). Let M be a biset functor defined on RC. A group H in Z is called
minimal for M if M(H) # 0 and M(K) =0 for any K € Z with |K| < |H|.

Definition (3.9). Let A be a Green biste functor on RC, and H be group in Z. We will
write Io(H) for the submodule of A(H x H) generated by elemenets of the form aob,
where a is in A(H X K), bis in A(K x H) and K is a group in Z of order smaller than
|H|. We will denote by A(H) the quotient A(H x H)/I,(H).

It is clear that A(H) is an R-algebra. If A = RB, it is known, that RB(H) is
isomorphic to ROut(H). It is also obvious that this quotient is not always differ from

Zero.

Thus, the classification of simple biset functor is a particular case of the following

conjecture.

Conjecture. Suppose that A is a Green biset functor. Let Sa be the set of equivalence
classes of couples (H,V), where A(H) # 0, V is a simple A(H) —module and (H,V) ~
(G, W) if there exists an isomorphism of groups ¢ : H — G such that V =% W .

Then the isomorphism classes of simple A-modules are in one-to-one correspon-
dance with the elements of Sa.

Lemma (3.2). Let S be a simple A-module for a Green biset functor A defined in Qg z.
If H € Z is a minimal group for S, then A(H) # 0 and S(H) is a simple A(H)-module.
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4. SIMPLE MODULES OVER GREEN BISET FUNCTORS

Let k be a field of characteristic 0.

Let  be the category with class of finite groups as the objects, and the quotient
kEB(H x G)/Ker(klinpgxc), with F a field of characteristic 0 and

kling : kB — kRp

being the linearization morphism.

So define rhetorical biset functor to be a k-linear functor from € to k-Mod. Hence,

by Proposition (3.4), for F = Q, rhetorical biset functors coincide with kRg-modules.

Lemma (4.1). Let H, G and K be groups. If [M] is in kRo(H x G) and [N] is in
kRo(G x K), then
kRo(H x G x K)([M] x [N]) = [M ®qc NJ.
Hence, by Laurence Barkers work referred in [1], it gives a classification of kRg-
modules.
Definition (4.1). Let m be in N. A simple k(Z/mZ)*-module V is called primitive if
for n divisor of m

z-1=1 Vo € Kermpy,, = n=m

where Ty, ,, is the natural projection (Z/mZ)* — (Z/nZ)*.
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Lemma (4.2). The simple kRg-modules are the simple biset functors Sy, where H

satisfies kRo(H) # 0 and V is a simple kRg(H)-module.

Lemma (4.3). 1) Let G be any non trivial group. Then Iyr,(G) is equal to

> kPy(G x K)o kRg(K x G)

Keceyclic

|K| proper divisor of |G|
it) If G is not a cyclic group, then kR@(G) =0.

Lemma (4.4). Let K be a cyclic group with —K— a proper divisor of —H—. Let o
be an automorphism of H. Consider a Q(H x H)-module T of the form

1cfnngK ®QK 1D]n ng

with C < H X K and D < K x H cyclic subgroups. Then the coefficient of
[1AG(H)Infg:(g)] for [T] in terms of the basis B(H x H) is different from 0 if and only
if

ii) C =< (h,x) > < D =< (x,0(h)) >.

In this case, the coefficient is |[K|/|H|.

Proposition (4.1). Let x,, be

> 1

tleKermm,n

The kernel of ly is the ideal generated by {x,|n proper divisor of m}.

Corollary (4.1). Let H be a group such that Ro(H) # 0, and V a simple kOut(H)-
module. Then V is a k:RQ(H)—module if and only if V is primitive.
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Notation (4.1). Let W be an A(G x G)-module. If ¢ : H — G is a group isomorphism,
we denote by W the A(H x H) -module W with action of a € A(H x H) inw € W

given by

a-w:= (a1 0aoay)w

using the notation of the previous paragraph.

Proposition (4.2). Suppose that A is a Green biset functor for which the minimal
groups of each simple A-module form a single isomorphism class. Let Sa be the set
of equivalence classes of couples (H,V), where A(H) # 0, V is a simple A(H)-module
and (H,V) ~ (G, W) if there exists an isomorphism of groups ¢ : H — G such that
V=W,

Then the isomorphism classes of simple A-modules are in one-to-one correspon-

dance with the elements of Sy.

Proposition (4.3). CR¢ is the only simple CRc-module. In particular, it is a simple

Green biset functor.

For a group C, denote by RB¢ the Yoneda -Dress construction at C of RB. If F is
a biset functor, then F send each group G to F(GxC). In an element ¢ € RB(Gx H)
it is defined as F(p x C)

Lemma (4.5). If A is a Green biset functor and C'is a group, then Ac is a Green biset

functor.

Lemma (4.6). Let G,L,K and C be groups. If E is a subgroup of G x L x C and D is

a subgroup of L x K x C', then we have an isomorphism of G x K x C-sets
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(GxLxC)/Ex§(LxKxC)/D=| |(GxKxC)/(E«"" D)
(L)

where (l,c) is running through a set of representatives of the double cosets py3(E) \
L x C/p13(D), with pa3(E) and py3(D) being the projections over L x C' of E and D

respectively.

Lemma (4.7). Let C be a group of prime order and S be a simple RBc-module. Then

any two minimal groups H and K of S are isomorphic.

Corollary (4.2). If C is group of prime order, then the simple RBc-modules are in
one-to-one correspondance with the equivalence classes of couples (H,V) where H is a

group and V is a simple RBc(H)-module.

Lemma (4.8). For any groups G and C, we have Rl%c(G) £ 0.
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5. CONCLUSION

In this thesis, we investigate Green biset functors and clasification of simple
modules over a Green biset functors in some special cases. In first two chapters, we
remind the reader basic definitions of Biset and Biset functors. In third chapter, we
have given the definition of Green biset functors and introduce the conjecture by Serge
Bouc. In last chapter, we exemplify the conjecture with three simple modules over

Green biset functors.
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