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ABSTRACT

NONLINEAR EVOLUTION OF THE INTERFACE
BETWEEN TWO IMMISCIBLE FLUIDS IN A MICRO
CHANNEL SUBJECTED TO AN ELECTRIC FIELD

In this work, the nonlinear evolution of the interface between two immiscible,
Newtonian, leaky dielectric fluids in a micro channel subjected to a pressure-driven base
flow in the presence of an electric field applied normal to the interface is investigated.
The long wave analysis of the interface is performed and the evolution equations of the
interface position and the surface charge density are derived. The evolution equations
are solved using a numerical procedure, in which the Fourier transform and the 4" order
Runge-Kutta formulation are used to discretize the space and the time derivatives,
respectively. A major result indicates that the presence of a pressure-driven base flow
prevents the interface from reaching the walls of the channel and also results in loss
of symmetry of the interface. Stronger base flow reduces the vertical distance between
the maximum and the minimum of the interface, i.e. the amplitude of the interface. As
linear theory suggests, the early times of the evolution of the interface do not depend
on the presence or the strength of the base flow. In addition to the base flow analysis,
a parametric study, which involves the depth, the viscosity and the conductivity ratios,
and the dimensionless groups, namely the electric number and the ratio of the fluid
to electric time scales, is conducted. It is revealed that increasing the electric number
leads to a more symmetrical interface position profile with a larger amplitude, which
means that it has the exact opposite effect on the interface compared to the strength
of the base flow. The parametric study also shows that when the viscosity ratio is
constant, the largest interface amplitude occurs for the depth ratio that gives a base

state velocity profile, for which the maximum is at the flat interface between the fluids.



OZET

BIR MiKRO KANALDA AKMAKTA OLAN
KARISMAYAN IKi AKISKANIN ARAYUZEYININ
ELEKTRIK ALAN ETKISINDE LINEER OLMAYAN
GELISIMI

Bu calismada, bir mikro kanalda basing farki sebebiyle akmakta olan karigmayan
iki Newtonyen yar1 iletken akigkanin arasindaki araytizeyin dogrusal olmayan geligimi,
araylizeye dik olarak uygulanan bir elektrik alaninin varhiginda incelenmektedir. Arayti-
zey pozisyonu ve yiizey yik yogunlugu igin gelisim denklemleri uzun dalga analizi
kullanilarak elde edilmektedir. Gelisim denklemleri, zaman ve pozisyon tiirevleri i¢in
sirasiyla Fourier doniigiimii ve 4. derece Runge-Kutta formiilasyonu kullanan bir niime-
rik yontemle ¢oziilmektedir. Sonuglar, basinca dayali akigin, arayiizeyin kanal duvar-
larina ulagmasini engelledigini ve ayni zamanda arayiizeyde simetrinin yok olmasina
sebep oldugunu gostermektedir. Akisin kuvvetlenmesi arayiizeyin maksimum ve min-
imumu arasindaki dikey farkin, bir bagka deyisle arayiizeyin genliginin azalmasina se-
bep olmaktadir. Lineer teorinin gosterdigi gibi arayiizeyin geligimi ilk zamanlarinda
akigin varligindan ya da kuvvetinden etkilenmemektedir. Akigin etkisine ek olarak de-
rinlik, viskozite ve iletkenlik oranlarini, ve boyutsuz sayilar olan elektrik sayisini ve
akigkan zaman olgeginin elektrik zaman oOlgegine oranini iceren bir parametrik caligma
yapilmaktadir. Elektrik sayisini arttirmak akigin kuvvetini arttirmanin tam aksine
daha yiiksek genlikli ve daha simetrik araytizeylerin gozlemlenmesine sebep olmaktadir.
Parametrik caligma ayni zamanda viskozite orani sabitken en biiyiik arayiizey genligine,

hiz profilinin maksimumu diiz arayiizeyde oldugunda ulagildigini ortaya ¢ikarmaktadir.
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1. INTRODUCTION

Microfluidics is the branch of fluid mechanics, with typical dimensions on the
order of microns up to Imm. Recently, due to its numerous advantages, such as the
usage of small sample sizes and short experimental times, microfluidics has gained more
attraction from academia and industry [1]. Although microfluidics has several benefits,
it also has some major drawbacks, such as difficulties in mixing. Since the length scales
of microfluidic devices are small, the Reynolds number Re is also small; hence the flow
is laminar [1]. As a consequence of the laminar flow regime, no turbulence is observed in
the channel and mixing can only be achieved via molecular diffusion. Due to the small
scales, the conventional mixing techniques, which are applied for large volumes, are
not suitable for micro channels [2-4]. To achieve mixing, passive methods [5-7], which
are based on complex channel geometries, and active methods [8-10], which employ
external inputs such as electric or magnetic fields, or acoustics are used [11]. When
two or more immiscible liquids are used in a micro channel, it is possible to form micro
droplets of one liquid in a continuous phase by disturbing the interface between the
liquids. Again, the methods which are used to form micro droplets are categorized as
the passive and the active methods. The passive methods include different techniques
based on the channel geometry such as co-flowing streams [12], T-shaped junctions [13]
and flow focusing [14]. The active methods are based on external forces such as electric
field [15], magnetic field [16], temperature [17] and pressure [18]. In this work, the focus
is on the electric field. Depending on the magnitude of the voltage difference, applying
an electric field on the fluids can deflect the interface between these immiscible fluids,
which is a mechanism of an instability called electrohydrodynamic (EHD) instability
[19,20]. The reason behind an EHD instability is the discontinuities in the electrical
conductivities and the permittivities of the fluids [21]. Application of a normal electric
field to a polymer-air interface yields similar patterns [22,23] to those that emerge in
the lithographically-induced self-assembly (LISA) [24] process. Hence EHD instabilities

have drawn more attention recently.



Different approaches are used to analyse EHD instabilities. The bulk-coupled
model, used for miscible fluids, assumes the electrical forces on the fluid elements
emerge as a result of the deviations in the conductivity in a thin diffusion layer between
the fluids [25-27]. On the other hand, the surface coupled model is used for immiscible
fluids. In the surface coupled model, the electrical terms appear only at the interface
conditions and the model assumes jumps in the electrical properties of the fluids at
the interface. [19,21,28-33]. Another classification of the models is based on the type
of the fluid; the fluids are assumed to be either perfect dielectric [34,35], where free
charges in the fluid are absent and the electric field emerges due to polarization, or
leaky dielectric [36,37], where the conductivity is uniform and the free charge carriers
are present, or conductive. The linear stability analyses show that the electric field
is always destabilizing for perfect dielectrics [21, 38|, whereas it can be stabilizing or
destabilizing for leaky dielectrics depending on the parameters [21,31,32]. An overall
result for the linear stability analysis is given by [33] including the permittivity and
conductivity ratios and the direction of the electric field, which is applied either parallel

or normal to the flat interface between the fluids.

The aim of this work is to examine the evolution of the interface between two
immiscible, Newtonian and leaky dielectric fluids in a micro channel subjected to a pres-
sure driven flow in the presence of an electric field applied normal to the flat interface.
The fluids are allowed to have different viscosities, densities, electrical conductivities
and permittivities. The nonlinear evolution equations for the interface position and the
surface charge density are derived using the lubrication theory. A brief survey on the
literature is presented in Section 2. In Section 3, the physical system is depicted and
the key steps of the derivation of the mathematical model are given. The numerical
procedure employed to solve the evolution equations and its validation are presented
in Section 4.1 and Section 4.2, respectively. The effects of the base flow and the di-
mensionless parameters on the interface position and the surface charge density are
given in Sections 4.3-4.8. In Section 5, conclusions and recommendations are given.

The details of the derivation are given in the Appendix A.



2. LITERATURE SURVEY

In this section, a brief literature-survey on the electrohydrodynamic (EHD) in-
stability is presented. EHD instability is an instability mechanism that stems from
the discontinuities in the electrical conductivities and the permittivities of the fluids.
An electric field that is applied to the interface between these fluids may deflect the
interface depending on the magnitude of the electric field [19,20]. Most of the works in
the literature on the subject are theoretical studies. Therefore the focus of the Section
2 is on theoretical studies. In a closely related experimental work, Eribol and Uguz [39]
determine the critical voltage, which deflects the interface between two immiscible flu-
ids subjected to a base pressure-driven flow in the presence of a DC electric field either
normal or parallel to the flat interface. A parametric study in [39] show the critical

voltage is only affected by the flow rate ratios, not by the individual flow rates.

In this work a surface coupled model, in which fluids are assumed to be leaky
dielectrics is used. A direct current (DC) electric field is applied initially normal to the
interface. The nonlinear governing equations with the interface and boundary condi-
tions are solved to observe the behavior of the interface position. To distinguish the
theoretical studies in the literature five criteria are selected. In Section 2.1 the first
classification is made based on the coupling of the electrical terms and the hydrody-
namic equations, and the works that employ the bulk coupled model are given in detail.
In Sections 2.2-2.4 only the surface coupled model is considered. The second classifi-
cation presented in Section 2.2 is made based on the type of the fluid in terms of its
conductivity. The works, in which only perfect dielectrics or conductors are presented
and the details for other works, i.e. the works with a surface coupled model and leaky
dielectric fluids, are classified and summarized further in Sections 2.3 and 2.4. Two
different characteristics are investigated in Section 2.3 and classifications based on the
direction of the electric field and on the type of the current, i.e. alternating or direct
currents, are made. The final classification is done in Section 2.4 based on the analysis
method. A classification based on the type or presence of the base flow is not made,

but the type of the flow is mentioned throughout Section 2 when it is present.



2.1. Bulk and Surface Coupled Models

Depending on the miscibility of the fluids, two different mathematical models
are employed to investigate the EHD instability of the interface between the fluids.
The models are classified in terms of the coupling of the electrical terms with the
hydrodynamic equations. First one is the bulk coupled model, which is used to derive
the EHD equations for miscible fluids [25-27]. According to the model, there are
no jumps in the electrical properties across the interface and there is a conductivity
gradient. The electrical forces on the fluid elements are caused by the deviations in
the conductivity in a thin diffusion layer between the fluids [25-27]. In this model,
the electrical forces are treated as body forces and included in the momentum balance
equations. The first works on the EHD instabilities are presented by Hoburg and
Melcher [26,40]. Baygents and Baldessari [41] employed the bulk coupled model for
a one-fluid system, which has a linear electrical conductivity profile, and conducted
a linear stability analysis. It is possible to achieve rapid mixing due to the EHD
instability; therefore, more recently, the model is used in studies that aim to overcome
the problem of mixing in micro scale devices [42,43]. This type of EHD instability
is studied in different geometries such as a long rectangular shaped channel [3] or a
cross-shaped junction [44]. A review of the works that employ the bulk coupled model
and the EHD equations derived using the bulk coupled model are given by Lin [45].

Second model, which is also used in this work, is the surface coupled model. This
model is widely used for the interfacial instabilities of immiscible fluids in the presence
of an electric field [19,21,28-33]. Unlike the bulk coupled model, the surface coupled
model assumes a jump in the electrical properties of the fluids at the interface. It
also assumes that the free charges accumulate at the interface and the bulks of the
fluids do not contain free charges. Therefore, the electrical terms do not appear in
the governing equations and are only present at the interface conditions. The works
reviewed in Sections 2.2-2.4 focus on the immiscible fluids and as thus the surface
coupled model is employed in them. Therefore, to avoid repetition the details of those

works are not given here.



2.2. Fluid Conductivity Models

The models in the literature are also classified based on the type of the conduc-
tivity of the fluids. Two extremes in terms of electrical conductivity are the perfect
dielectric and conductor models, in which the fluid is non-conducting and perfectly
conducting, respectively. The third model, namely the leaky dielectric model is pro-
posed by Taylor [36,37] to represent the behavior of a poorly conducting fluid and
used by Melcher to develop electrohydrodynamics [37]. The model assumes a uniform
conductivity profile and allows free charge carriers induced by the electric field [20].
Also it is possible to model a fluid as a perfect conductor in high conductivity limit of
the leaky dielectric model [21]. Unlike the leaky dielectric fluids, in perfectly dielectric

fluids there are no free charges and electric field occurs due to polarization [34,35].

The EHD instability between two leaky dielectric, immiscible fluids is examined
in many works [21,29,31-33,46-56] and they are summarized not here but in Sections
2.3 and 2.4. In some of these works two perfect fluids are also considered. In some
recent works, the focus is only on the interface between two perfect dielectrics [57-59).
Kochurin and Zubarev [57] inspect the dynamics of the interface where an electric field
vertical to the initial position of the interface, and gravitational field act on the sys-
tem. In [58] a configuration, in which the upper electrode is a patterned mask and the
lower electrode is flat, is investigated using two perfect dielectric fluids. They form a
two-dimensional computational model and analyse the fully nonlinear equations. Kour-
matzis and Shrimpton [59] employ a fully nonlinear analysis to examine the morphology
of the resulting steady-state interface shapes in the presence of a base Couette flow.
It is shown that there are three different regimes, in which single or double convection
cells are observed, or a roll structure occurs without the convection cells, or neither of
these shapes are observed. Herminghaus [60] conducts a linear stability analysis for
the interface between a perfect conductor and a leaky dielectric fluid and gives the
wavenumber of the fastest growing mode in terms of the strength of the electric field
and dispersive forces. Tseluiko and Papageorgiou [61] study the interface between two
perfectly conductive fluids where the upper fluid is infinitely thick and show that even

though the interface does not reach the wall in finite time it asymptotically reaches at



infinite time. In another work of the same group [62], the lower electrode is taken as
an inclined, corrugated wall. The lower fluid has finite thickness and is either a perfect
conductor or a perfect dielectric, whereas the upper fluid is an infinitely thick perfect
conductor. It is shown that the behavior of the perfect dielectric film is quantitatively

different for permittivity ratios larger than 1 and smaller than 1.

2.3. Direction of the Electric Field

In this section the direction of the applied electric field and the type of the current
are examined. The electric field is applied either normal [21,29,31,38,46,48,49,51,63—67]
or parallel (tangential) [3,32,47,55,67] to the initial position of the interface. In
most configurations a direct current (DC) electric field is used [3,21,29,31-33, 38, 46,
47,63, 64,66, 67]; however, alternating current electric field is also employed in few
works [48,49,51,65,68]. The works, where the electric field is applied normal to the

interface via a direct current is presented in Section 2.4.

The linear stability of the interface between a viscous leaky dielectric fluid and a
surrounding hydrodynamically passive leaky dielectric fluid is inspected in the presence
of a tangential, DC electric field for the charge relaxation times that are much smaller
than the hydrodynamic time scale at zero Reynolds number limit in [47]. The regions,
in which the interface is unstable are given in terms of the electrical conductivity and
permittivity ratios of the fluids. Uguz et al. [32] and, Uguz and Aubry [33] investigate
the linear stability of two leaky dielectric fluids subjected to a base pressure-driven
flow in the presence of a parallel DC electric field in a micro channel. These two works
are given in more detail in Section 2.4. Nurocak and Uguz [67] use the leaky dielectric
model to inspect the EHD instability between a non-Newtonian and a passive fluid in

the presence of an electric field either normal or parallel to the interface.

In few works, physical systems including alternating current (AC) electric fields
are examined [48,49,65]. Roberts and Kumar [48] employ AC field to destabilize the
interface between a polymer and air. The fluids are assumed to be both perfectly or

both leaky dielectric. The linear stability analysis reveals that the charge accumulation



at the interface is reduced in high frequencies. A similar system, in which three layers
are present, two polymer layers and air, is studied in [65]. The addition of the second
polymer layer results in increased complexity in the steady-state interface position
profiles. Also, the nonlinear analysis shows that the shapes are drastically different
for the leaky dielectric and the perfectly dielectric fluids. Gambhire and Thaokar [49]
carry out a linear stability analysis for the interface of two immiscible fluids in the
presence of an AC electric field. The fluids are assumed to be either perfect or leaky
dielectrics. It is shown that in the high frequency limit, the observations for the leaky
and perfect dielectrics are similar, whereas when frequency goes asymptotically to zero,
the behavior of the leaky dielectric fluids under an AC field are similar to that of the
leaky dielectric fluids under a DC field.

2.4. Mathematical Analysis Methods

Three types of stability analysis giving different informations for the system are
present in the literature. The most commonly used method is the linear stability
analysis, which gives information about the critical or the neutral point of the instability
and shows whether an infinitesimally disturbance on the system dies out or grows. It
is not possible to observe the behavior of the interface after it is deflected by using
the linear stability analysis. By carrying out a weakly nonlinear stability analysis,
the type of the bifurcations is determined [21]. Finally, the fully nonlinear stability
analysis gives the time evolution of the interface, e.g. whether it touches a channel wall
or reaches a steady-state far from the walls. Unless otherwise mentioned, all works in

this section carries out a linear stability analysis.

Shankar and Sharma [46] investigate the stability between two immiscible leaky
dielectric fluids and show the effects of the conductivity, dielectric constant, thickness
and viscosity ratios on the fastest growing mode and the growth rate of the most
unstable mode. Ozen et al.determine that the electric field applied to the interface
between two leaky dielectric fluids is either stabilizing or destabilizing depending on the
physical properties [31]. Then, it is shown that the electric field is always destabilizing

for the interface between two perfect dielectrics, whereas it may destabilize or stabilize



the interface in the case of two leaky dielectric fluids depending on the permittivity and
conductivity ratios of the fluids [38]. Uguz et al. [32] reveals that the linear stability
analysis for the interface between two leaky dielectric fluids simplifies significantly for
fast electric charge relaxation times. This simplification enables the analytical solution
of the linear equations and the regions where a normal and/or a parallel electric field
destabilize the interface is given based on the conductivity and the permittivity ratios.
It is also shown that the presence of a base pressure-driven flow does not affect the
linear stability point. Uguz and Aubry [33], verify the findings of [32] and determine

the growth rates and neutral stability curves in the zero Reynolds number limit.

Craster and Matar [29] consider two leaky dielectric fluids in a channel. The
fluids are initially stationary and a normal electric field is applied to disturb the in-
terface between them. The nonlinear evolution equations for the interface position
and the surface charge density are derived and a parametric study is done. Thaokar
and Kumaran [21] examined the interface between either two perfectly dielectric or
two leaky dielectric fluids in the presence of a base flow. The base flow is a linear
shear flow, which occurs due to the motion of the channel walls. It is shown that the
voltage, at which the interface becomes unstable is higher for a perfectly dielectric
system compared to a leaky dielectric one, via the linear stability analysis. It is also
shown in the presence of the base shear flow, the interface does not reach the walls via
lubrication theory. Mahlmann and Papageorgiou [50] solve nonlinear equations in the
presence of a base Couette flow and show that drop-like regions near the channel walls
emerge as growth rate is increased. Narayanan [69] studies a configuration similar to
the physical system of this work. The linear and fully nonlinear analysis are done for
two immiscible leaky dielectric fluids, one of which (oil phase) is sandwiched by the
other fluid (aqueous phase). The main difference with this work is that [69] has two
interfaces. Also a case, in which a base pressure-driven flow is present is studied and
it is claimed that the long waves are stabilized by an increase in the pressure gradient,

whereas the short waves are destabilized.

Some of the works, which are slightly less similar to ours are given in chronolog-

ical order. In [66] a similar configuration to [67] is investigated using only a normal,



DC electric field. The linear stability of the interface between a Newtonian and a
non-Newtonian fluid is examined. In [52], both linear and nonlinear analysis are done
to observe the shape of the steady-state interface position in the presence of either
homogeneous or heterogeneous charge distribution at the interface and develop some
analytical expressions to estimate these shapes for both perfect and leaky dielectric
fluids. Wray et al. [70] study a cylindrical configuration in which a leaky dielectric
fluid flows in the direction of gravity and is surrounded by a passive fluid. The flu-
ids are between two concentric cylindrical electrodes. Their linear stability analysis
reveals that as the strength of the electric field increases the non-axisymmetric modes
become more dominant. Ramkrishnan and Kumar [53] inspect the behavior of the
interface between a liquid and air. Both leaky and perfect dielectric fluids are consid-
ered, and the lower electrode has either a sinusoidal or a trapezoidal cavity, whereas
the upper one is flat. The study shows that there is qualitative agreement between
the theoretical results and flow visualization experiments. In [54] an electric field and
a temperature gradient act on a two layer system simultaneously. It is concluded that
the effect of the temperature gradient is dominant for the perfectly dielectric fluids,
whereas the leaky dielectric fluids affected by both the temperature gradient and the
electric fields. Thaokar [71] investigates the EHD instability at the interface between
a Newtonian fluid and a viscoelastic solid in the presence of an oscillatory flow. This
work involves both theoretical and experimental parts. It is shown that the EHD in-
stability is destabilized by the oscillatory flow and the applied electric field destabilizes

the shear induced instability, which emerges due to the oscillatory flow.
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3. PHYSICAL SYSTEM AND MATHEMATICAL MODEL

The physical system is composed of two immiscible, Newtonian and leaky di-
electric fluids. The fluids are subjected to a pressure-driven flow in a micro channel
and allowed to have different physical properties, viscosity pu, density p, electrical con-
ductivity o, and electrical permittivity eoe, where gg is the vacuum permittivity. The
physical system is depicted in Fig. 3.1, where superscript * is used to distinguish the
upper fluid from the lower one. The lower wall is at z=—d, the upper wall is at z=d*,
2=0 is the position of the flat interface and z=Z2(x, t) is the interface position. Due the
small dimensions of a micro channel, Reynolds number is also small; hence the flow is

laminar and the interface is flat at the base state.

It is possible to disturb the flat interface at z=0 by applying an electric field
to the system and at some critical voltage the interface may become unstable [32].
In this work, the direction of the electric field is normal to the flat interface. Since
the wavelengths of the disturbances that are applied to the flat interface are much
larger than their amplitudes, long wave analysis can be employed and the nonlinear
evolutions of the interface position and the surface charge density are studied. In
this work, surface coupled model is used. Therefore, there are no electrical terms in
the governing equations and they appear only at the interface conditions [19]. The
derivation of the electrohydrodynamics equations will not be given here but the details

can be found in [72].

" V=0
z=d
g€, 6, W
z:Z(x,l)
€€, 0, U
z=-—d
V:Vb

Figure 3.1. Physical system.
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The nonlinear governing equations for the electrohydrodynamics are the Navier-

Stokes, the continuity and the Laplace equations, and are given as

ov

g truVu= —Vp+uVie (3.1)

and

V3V =0 (3.3)
respectively. Here, v, p and V' are the velocity, pressure and voltage fields, respectively.
Corresponding governing equations are valid for the starred (%) fluid as well and are

not repeated here. The boundary conditions are given as

z = —d, V=V at z=-d (3.4)

<

I
o

®
=

and

v'=0 at z=d", V¥=0 at z=d" (3.5)

The kinematic condition, the no-slip condition, the tangential and the normal compo-

nents of the stress balances at the interface are given as
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(Z-n)-n—(L-n)-n+y2H=0 (38)

and
(Z"-n)-t=(L-n)-t (3.9)
respectively. Here, T is the total stress tensor, v is interfacial tension. Also, u is the

velocity of the interface, 2H is the twice of the mean curvature, and n and t are the

normal and tangent vectors given as

u=Zik (3.10)
Z,
2H = —— (3.11)
(14 Z2)2
Z.k
= 22 (3.12)
(1+22)z
and
—Z g+ k
n= —1+—1 (3.13)
(1+22)=
respectively [73]. Here Z, and Z; are g—f and %—f, respectively. The total stress tensor

is assumed to be composed of two separate parts as

~

— 1" 1" (3.14)

where gF and gE are the fluid and the electric stresses and defined as

T =-pL+p (Vy + (VQ)T) (3.15)
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and

(3.16)

1
TEzaoalﬂ—g(E-E)I

respectively. Here, I is the identity tensor and E is the electric field defined as
E=-VV (3.17)

Other equations that should be satisfied at the interface are the continuity of the

electric field, the Gauss’s law and the conservation of charge and they are given by

E-t=FE"-t (3.18)
q=¢cc" " n—egpck - n (3.19)
¢ —u-Vsq+Vs-(qu,) +q2Hu-n=on-E—o"n-E* (3.20)

respectively, where ¢ is the surface charge density. In Section 3.1, first, the governing
equations and the boundary and the interface conditions will be nondimensionalized
and then the dominant terms in the equations will be determined based on the lubri-

cation theory.

3.1. Scaling and Dominant Terms

Following characteristic scales are used to nondimensionalize the governing equa-

tions and the boundary and the interface conditions:
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i=—

U
Uty
L PTawr v, oV

j’:‘: 2: =

SHEN
<

x z
L d

~ N\

w

- f =
au

w =

Here, L and d are the channel length and width of the unstarred fluid; and based on
the lubrication theory it is assumed that the width of the channel is much smaller than
its length, i.e. d/L=¢, where ¢ << 1. Also u and w are the x and z components of the
velocity, U is the speed of the interface when the interface is flat and V, is the base

state voltage applied at Z=—d. Next, the governing equations are nondimensionalized.

3.1.1. Governing Equations

The nondimensionalized governing equations for the unstarred fluid are found as

e Re (T + iliy + Wiks) = —pz + Uzz + Uss (3.22)
e*Re (17 + Wbz + Wz) = —pz + €Wz + €Wzs (3.23)
Uz +Ws =0 (3.24)
and
Viz + €V =0 (3.25)

where Reynolds number Re is defined as

Re = — (3.26)
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The governing equations for the starred fluid is written in dimensionless form as

1
62Re§(ﬂ§ + WL+ wruy) = —Xﬁg + UL, + Ul (3.27)
1
e4Re§(w; + W + wrWw;) = —Xﬁ; + el + el (3.28)
uf+wi =0 (3.29)
and
Vi 4+ V5 =0 (3.30)

where ¢ and A are the density and the viscosity ratios defined as

o=E A=t (3.31)

3.1.2. Boundary and Interface Conditions

The dimensionless boundary conditions are

a(-1)=0 V(-1=1 @@ =0 VB =0 (3.32)

B=— (3.33)

The interface conditions, the kinematic condition Equation 3.6, the no-slip condition

Equation 3.7, the normal stress balance Equation 3.8, the tangential stress balance
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Equation 3.9, the continuity of the electric field Equation 3.18, the Gauss’s law Equa-
tion 3.19 and the charge conservation Equation 3.20 are given in dimensionless form

by

Wy + 0 = Zy = W 25 + 0" (3.34)
U+ €20 = " + E 20" (3.35)

\e?
1+ EQZ§

* 1 5 5 _ o
+ E'bg—~ |:_ (1 _ 62Z§> (V';Q . 62‘/;(2) . EQZEV;VZ]
14+ €22 |2

(7 ") + 2 (€22 1) — 22 (a2 + a3 |

Ebg (1 + 82;) : (V + ZV) =0 (3.37)

Vit Ve = VP 4 V22, (3.38)

jo— 1 (g(ez 7V — V) — e(22,V — i)) (3.39)
(1+e22)s e B
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and

. Ty 1 U+ 0 Z; . N 1Y/
q; — € 2 4z + ~); ~—~—q | +e€ ;7:5;—( q
2

14+ 622§)2

where S is a dimensionless parameter, which shows the ratio of the fluid to electric
time scale, a is the conductivity ratio, C'a is the capillary number and Eb is the electric

number defined as

2
g Lo LT U gy 2BV

3.41
eoU o vy pUL ( )

respectively.
3.2. Base State Profiles
To obtain the base state equations, the dominant terms of the governing equations
and the interface conditions are determined. From now on, tildes will be dropped and
subscript 0 will be used to denote the base state variables. Since ¢ << 1, the dominant
terms for the governing equations for the unstarred fluid Equations 3.22 to 3.25 can be

written as

0= —Po,x + U, 2z (342)

0= —Do,z (343)

%,zz =0 (344)
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and

U,z + Wo,, = 0 (345)

The dominant terms of the governing equations for the starred fluid Equations 3.27 to

3.30 are

1
Vi =0 (3.48)
and
ug , +wp, =0 (3.49)

Again by recalling that ¢ << 1, the dominant terms for the interface equations Equa-

tions 3.33 to 3.40 are given as

woy — U(]Z[)J = ZO,t == U)S - USZUJ (350)

Uy = uy (3.51)

€3

E
S €V2 - 6*‘/*2 +
Po Py ( 0,z O,z) Ca

Zo sz =0 (3.52)
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g — Mg, = —Ebgo (Voo + Zo.V0,2) (3.53)
‘/O,x + ZO,x%,z = ‘/()T;U + ZO,x‘/()TZ (354)
G =eVo,. — "V, (3.55)
and
Qo+ (uoqo), = S (Vi — Vo) (3.56)

The dominant terms for the dimensionless boundary conditions given in Equation 3.32

are written as
up(—=1) =0,  W(-1)=1, u(p)=0, V(B =0 (3.57)

Next step before the perturbation is to solve the base state equations, where the inter-
face is flat and Z=0. The governing equations, i.e. Equations 3.42 to 3.49 and two of
the interface condition Equation 3.51 and Equation 3.55 remain the same. Therefore
they are not repeated here and only the other interface conditions will be given. Since

/=0 and constant with respect to time and position, Equation 3.50 yields
wo =0 = wy (3.58)
At the flat interface, the normal stress balance Equation 3.52 reduces to

* Eb * *.
po— = L (VR — V) =0 (359
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and the tangential component of the stress balance Equation 3.53 yields

Uz = Aug (3.60)

since the base state voltage profiles are not x-dependent and Z=0. At the flat interface,

Equation 3.54 becomes

Voo = Vi, (3.61)

The voltage profiles when the interface is flat, are not x-dependent and the derivatives
of the voltages of the starred and unstarred fluids with respect to x are zero. Therefore,
the continuity of the electric field is automatically satisfied. However, by integrating
along one wavelength with respect to x, it can be seen that the continuity of the electric

field should also satisfy

Vo=V (3.62)

The base state flow is assumed to be fully developed and the base state charge density
is constant. Therefore, the velocity profiles of both fluids are not x-dependent and the
base state charge density does not depend on time or position. Then, Equation 3.56

reduces to

Vo = oV, (3.63)

Now, the governing equations Equations 3.42 to 3.49 will be solved. The z-components
of the Navier-Stokes equations for both fluids, Equation 3.43 and Equation 3.47, indi-
cate that py and pf are not z-dependent. Therefore, by integrating Equation 3.42 twice
with respect to z, the base state velocity profile of the unstarred fluid is found as

1

Uy = 5]7071»22 + agz + b() (364)
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and similarly, by integrating Equation 3.46, the base state velocity profile for the starred
fluid is written as

uy = %pngQ + agz + b (3.65)
where ag, af, by and b are the integration constants. The velocity profiles have a total
of six unknowns and to determine the unknowns, two boundary conditions at the walls,
the no-slip condition, the tangential stress balance, the derivative of the normal stress
balance with respect to x and the definition of the characteristic velocity scale will be
used. The boundary conditions at the walls are given by Equation 3.32. The no-slip
condition indicates that the velocities of the fluids are equal at z=0. Also, since the

velocity scale is the speed at the interface when it is flat, i.e. Z=0
up(0) =1 = uj(0) (3.66)

The base state voltage profiles are not x-dependent. Therefore, the derivative of the

normal stress balance with respect to x yields

Doz = Dou (3.67)

By using the boundary conditions and Equation 3.60 and Equation 3.67, the velocity

profiles for unstarred and starred fluids are found as

A6 A — (2
—5(ﬁ+1)22——ﬁ(6+1)2+1 (3.68)

Ug = —

and

. L A+8 5, 1 Xx—p2

BV ICES P VICES R (369
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respectively. By integrating Equation 3.45 and Equation 3.49 twice with respect to z,

the linear voltage profiles are found as

Vo = coz + go (3.70)

and

Vo =chz+ g (3.71)

Using the boundary conditions Equation 3.32, and Equation 3.62 and Equation 3.63

the scaled base state voltage profiles are found as

o B

Vo=— + 3.72
0 oz—i—ﬂz a+f ( )
and
1 B
V= — 3.73
0 a~|—ﬁz+a+5 ( )

By substituting the voltage profiles in Equation 3.55, the surface charge density at the
flat interface is determined as
g —ae

=75 (374)

Now, all base state variables are known. In Section 3.3, the equations will be perturbed
and the nonlinear evolution of the interface and the surface charge density will be

investigated.
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3.3. Derivation of the Perturbed Equations

In this section, the interface is perturbed with a small disturbance and Z is not

zero anymore. Perturbing the governing equations, i.e. Equations 3.42 to 3.49 gives

Uo,z + /le + Wo, ~ + quJz =0 (378)
1 * Ak * ~ %
X (pO,x +px> = U’O,Zz + Uy, (379)
Py, + 02 =0 (3.80)
Vi + V2 =0 (3.81)
and
W+ A%, + B = 0 (3.82)

where, hats denote the perturbed variables. Since the base state governing equations

are valid at any point regardless of the position of the interface, subtracting Equations



3.42 to 3.49 from Equations 3.75 to 3.82 yields

and

Pz = Uz
ﬁz:o
‘A/zz:O

Uy +w, =0

1A* ~ K
— = U
Apl‘ zZz
pr=0
VE =0

~ ko
w, +w; =0

The perturbed boundary conditions can be written as

24

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)
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and
a(—=1)=0 w(=1) =0 V(-1)=0 (3.92)

The interface conditions at the perturbed interface, i.e. at Z=Z(z,t), are written

starting with the kinematic condition Equation 3.50, i.e.
(wo + W) — (ug + 1) Zy = Zy = (Wl + 0*) — (ufy + %) Zy (3.93)
and it simplifies into
W — (ug+0) Zy = Zy = " — (uf 4+ 0*) Zy (3.94)

since the z-components of the base state velocities are zero. The no-slip condition

Equation 3.51 yields
Uy + U = uy + u* (3.95)

Here, it is important to notice that the base state velocities of the starred and unstarred
fluids are equal to each other only at the flat interface. Therefore, Equation 3.95 can
not be simplified further when the interface is perturbed. The normal stress balance
Equation 3.52 is perturbed as

A * A 1 b A\ 2 . . N 2 63 N
(po+p)—(po+p)—§E {s(%,zﬂ/;) —€ (VO,Z+VZ>}+aZm=0 (3.96)

By using the base state normal stress balance Equation 3.59 and letting €3 = Ca, the

perturbed normal stress balance reduces to

(%) — 5B [e (V2 4+ 210.02) — < (V2 4 203 02) ] + Ze =0 (3.97)
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Note that the capillarity should be kept in the equation as it is responsible for the
stabilization of the interface. By letting € = Ca implicitly non viscous fluids are
considered for this analysis. The tangential component of the perturbed stress balance

1s
(o + t12) — A (ul, + 2) = Eb(qo+ q) [(vo + v) v 7, (vo,z + v)} (3.98)

Although, the base state velocities of the fluids at the interface are not equal when the

interface is disturbed, by analysing the base state velocity profiles, it can be seen that
U,z = Aug (3.99)

Therefore, also by noticing that the base state voltage is not a function of x, the

tangential stress balance is simplified to
s = NG = Bb (g0 + ) | Vs + Ze (Voo + V2 )| (3.100)

The continuity of the electric field Equation 3.54 becomes

~

Vv, + (VO,Z + V) Zy =V + (VOfZ + V) Z, (3.101)

Since all terms in Equation 3.55 are constant, the equation is also valid when the

interface is disturbed and the perturbed Gauss’s law can be written as

A

G=¢eV,—eVr (3.102)

z

The charge conservation Equation 3.56 is perturbed as

do+ o+ [(wo+ ) @+ ), = S o (Vi +72) = (oo + V)| (3103)
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By using Equation 3.63 and noticing that the base state surface charge density is not

time dependent, Equation 3.103 reduces to

@+ (o + ) (g0 + )], = S (a7 = V2) (3.104)

3.4. Solutions of the Perturbed Equations

This section starts with the solutions of the perturbed governing equations and
the aim is to reduce the equation system to two unknowns, namely the interface position
Z and the surface charge density ¢. Hereafter, Z is used instead of Z , since Zy=0.
Equations 3.84 and 3.88 indicate that the perturbed pressures of both unstarred and
starred fluids are not functions of the coordinate z, but that does not mean that they
are not functions of the interface position Z. By using Equation 3.83 and Equation

3.87 x-components of the velocities are found as

1
i = éprQ +az+b (3.105)
and
0 = 1A*2+ *2 4 b (3.106)
U = 2)\pxz a z .

where a, a*, b and b* are the integration constants. Notice that the integral constants
may depend on the coordinate x. Applying the boundary conditions given by Equation
3.91 and Equation 3.92, the velocity profiles are written as

1
= Eﬁx (2=1)+a(z+1) (3.107)
and

= =ps (2° = B*) +a* (= — B) (3.108)
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The continuity equations for the unstarred and the starred fluids, Equation 3.86 and

Equation 3.90 give the z-components of the velocities as

1 ¥ ?

and

1 23 ) 22
Kk - Ak - _ * - * 11
w 2)\pm ( 3 I6] z) ay ( 5 Bz) +e (3.110)

respectively. Here, e and e* are the integration constants and determined using the
boundary conditions given in Section 3.3. By substituting the integral constants in
Equation 3.107 and Equation 3.108 the z-components of the velocities are determined

as

w:—éﬁm (2> =32 -2) —%(22+22+1) (3.111)

and

*
ax

2 = — %, (2° = 36% +25°) —

= (2% — 2Bz + %) (3.112)

For the voltage profiles, the Laplace equations Equation 3.85 and Equation 3.89 are
used and by applying the boundary conditions given in Section 3.3, the profiles are
found as

V=c(z+1) (3.113)

and

V*=c"(z—p) (3.114)
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Solutions of the perturbed governing equations include eight unknowns, a, a*, p,, p,
¢, ¢, Z and ¢, which require eight boundary conditions. First, by using the relations
deduced from the continuity of the electric field and the Gauss’s law Equation 3.101
and Equation 3.102, respectively, ¢ and ¢* will be determined as functions of Z and q.
Then, combining Equation 3.95, Equation 3.100, one of the equalities from Equation
3.94 and the derivative of Equation 3.97 with respect to x, will relate a, a*, p., p} to
the interface position and the surface charge density. By substituting the perturbed
voltage profiles, i.e. Equation 3.113 and Equation 3.114 in Equation 3.101 gives

e (Z+ )+ Vo Zo+cZ, =05 (Z—P)+ Voole + 2y (3.115)

It should be noted that z in the voltage profiles is not the interface position. Therefore,
its derivatives with respect to x is zero. First, the x-derivatives of the profiles are taken
and then z = Z is substituted in the resulting equations. Rearranging Equation 3.115

gives

czril- (7)ol (s5) % G

and by integrating with respect to x over one wavelength yields

Z+1 1—-a Z

*

cF=c + 3.117
Z—-06 a+pZ-p ( )

Substituting the perturbed voltage profiles in Equation 3.102 gives
jg=cc—cc* (3.118)

By combining Equation 3.117 and Equation 3.118, ¢ is found as

Wz =B e g7
S Z-B) o (Z+1) (3:.119)

C
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Equation 3.117 relates ¢* to ¢ and Equation 3.119 gives ¢ as a function of only the
interface position and the surface charge. Therefore, both ¢ and ¢* are known as
functions of Z and ¢ only. Substituting the perturbed velocity profiles in Equation
3.95 gives

1 1
uo + 5 (22 =) +a(Z+1)=uf+ 5]3; (2% - B%) +a* (Z - P) (3.120)

By inserting the voltage and the velocity profiles, Equation 3.100 can be written as

—piZ — A" + P Z +a=—Eb(§+ q) [cm (Z+1)+ (c - ) Zx} (3.121)

a4+ p

and rearranging Equation 3.121 yields

a=\a* — (py — p) Z — Eb(go + §) Kc - aim) (Z + 1)L (3.122)

Here, one of the equalities from Equation 3.94 will be used:
W — (ug + 0) Zp = w* — (uy + 0*) Z, (3.123)

Inserting the perturbed velocity profiles in Equation 3.123 and rearranging gives

—éﬁm (2> =37 -2)
_ <

2

N [_ém (2° =38 +26°) — = (2 - 6)2} —uiZ, (3.124)

Substituting the voltage profiles in Equation 3.97 gives

-1 -8 | (@2 (- ) o) o (a2 (-5 ) @)

+ Zy =0 (3.125)
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By rearranging, the derivative of Equation 3.125 is written as

((-z5)) = ((-75)).

Substituting the constant a using Equation 3.122 in Equation 3.120 results in

1
P — Dy — 5Eb + Zpwe =0 (3.126)

2

1
uy + Eﬁx (22 —1)

+ |Aa* — (s — §) Z — Eb(go + §) KC_aaTﬁ> (Z+1)U (Z +1)

= up + %ﬁ; (22 =) +a* (Z—-B) (3.127)

which is rearranged as

a* Ny = N’ + Napr + Na (90 + §) (Z +1) + (up — 1) (3.128)
where
Ni=1[Z(1—=X)—(A+p) (3.129)
1
Ny =—o (2% (1—2)) — 8* — 2)Z] (3.130)
1 2
Ny =—5(Z+1) (3.131)
and

Ny = —Eb Kc— - j‘_ ﬁ) (Z + 1)L (3.132)
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Combining Equation 3.122 and Equation 3.128 gives a as

N. N,

a=p, [)\—+Z] + Da {)\FB—Z} + (g0 + q) {)\ﬁ(z"‘l)ﬂL]\Q
1 1

A

+ N (up — ug) (3.133)

After a and a* are found, Equation 3.124 can be rewritten as

PyNs = —pzNe — (90 + §) N7 + N5 (3.134)

where

N, = [61 (Z 4 28)(Z - B)* + (Z — B)? 2—N1—(Z+ 1) <)\2L]\2+§)} (3.135)

Ny = [_é(z_m (Z+ 172+ (Z - B)? 2—N1— (Z +1)? ()\Q—M _ g)} (3.136)
N, = _@ (A% (Z+1)+N4) (z 25) N2+ (3.137)
and
]- 2 2
Np = (up —u )[Z+2—M(A(Z+1) —(Z - p) )} (3.138)

Finally, using Equation 3.134 and Equation 3.126 together, p, can be written as a

function of only Z and ¢ as

N — N3 B {5 ((c_ alw>2> e ((C B #g)z) ]

Pz = N5+N6
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Equation 3.134 relates p} to p,, Equation 3.133 relates a to p; and p,, and Equation
3.128 gives a* as a function of p; and p,. Therefore, now all variables are known as
functions of the interface position and the surface charge density. Last equation is the

other equality in Equation 3.94
W — (U4 uy) Zy = Zy (3.140)
which can be written as

7 + +ugZy =0 (3.141)

CET A

T

At this point, it is not possible to advance analytically any further. Equations 3.104
and 3.141 form a set of coupled nonlinear partial differential equations. They are solved

in the next section, Section 4.
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4. RESULTS AND DISCUSSION

This section presents the results and their discussions. First, the tests to validate
the numerical procedure and the code are presented. Then the effects of the base flow,
the electric number Eb, the depth ratio 3, the viscosity ratio A, the dimensionless

number S and the conductivity ratio a are examined.

4.1. Numerical Procedure

The evolution equations (Equation 3.104 and Equation 3.141) for the interface
position Z and the surface charge density ¢ present coupled nonlinear partial differ-
ential equations in space and time. The numerical procedure includes the use of fast
Fourier transform (fft) and inverse fast Fourier transform (ifft) subroutines of MAT-
LAB R2015b. To deal with the spatial derivative, Fourier transform is applied by using
the eigenvalues of the Fourier derivative matrix given in [74] instead of composing and
using the derivative matrix itself. Using the transform, spatial derivative of a function

can be written as

F(fa) = ik F(f) (4.1)

or

fe = F 1 (ikF(f)) (4.2)

where F and F~! represent Fourier transform and its inverse transform, k is the eigen-
values of the Fourier derivative matrix [74], i is the imaginary unit and f is an arbitrary

x-dependent function. Then, Equations 3.141 and 3.104 are written as

Zy=—F 7 (ikF (f1)) —uoF ' (ikF (7)) (4.3)
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and
G = —F7(ikF (f2)) + fs (4.4)
where,
fi= @ (a+%(2—2))] (4.5)
fo=[(uo + 1) (g0 + q)] (4.6)
and
fz =8 (ac" =) (4.7)

All other spatial derivatives are also discretized using the relation given in Equation
4.2. The discretization of the time derivatives is done by using the 4" order Runge-
Kutta formulation [75]. In each time step, the right hand sides of Equations 4.3 and

4.4 are calculated to relate the next time step to the previous one using

At

Zj+1 - Z] + ? (Za + 2Zb + 2Zc + Zd) (48)
and
At
Gjr1 = q; + o (¢a +2gp + 2q. + qa) (4.9)

where, j denotes 7% time step, At is the size of the time step. Z,, Z,, Z. and Z,; are
right hand side of Equation 4.3 evaluated at

N
I
N

(4.10)
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Z =27+ Z,At/2 (4.11)
Z =Z; + ZyAt/)2 (4.12)

and
7 = Z; + Z.At (4.13)

respectively. q., ¢, ¢. and ¢4 are calculated using the right hand side of Equation 4.3

and same relations as Z;.

To observe the evolution of the interface, it is disturbed from its initial flat state

using initial conditions in the form of

Z(x,0) = Acos(Bx) (4.14)

where A is a small number and B is the wavenumber of the disturbance. Depending
on the value of B, the interface may deflect. The critical value of B for different
configurations are presented in [21,29,32,33,46] by applying linear stability analysis.
The surface charge density itself is not disturbed, but affected by the disturbance on
the interface. Time stepping is continued until a steady-state is reached. Since there
is a base flow in the x direction, a steady-state is never reached in this direction, but a
steady-state can be reached in the z direction and hereafter steady-state discussions will
be on the z direction only. To check the steady-state, the amplitude of the interface,
which is here defined as the vertical distance between the maximum and the minimum
points of the interface is observed. When the amplitude reaches a steady-state, the

interface position and the surface charge density profiles reach steady-states too.

The code starts with the inputs such as the dimensionless numbers, the number

of grid points, the time step and the length of the domain, and vector k is formed.
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Then the interface is disturbed using the initial condition. The main section of the

code includes advancing in time using the 4* order Runge-Kutta formulation.

Some difficulties were encountered during the coding process. The most impor-
tant one is that the numerical configuration allows only very small time step sizes.
Most of the time, these time step sizes are on the order of magnitude of 10~° or 10~°
and advancing several millions of time steps until reaching a steady-state is very usual.
Also, due to the time discretization, all equations are calculated four times per un-
known, eight times in total, in each time step. Consequently, several hours of run time
for each parameter set is required to reach the steady-state. To reduce the run time,
the code itself can be optimized or the initial disturbance could be changed, e.g. it may
be a combination of several disturbances, but in this work an efficient way of doing

this could not be achieved.

As the depth ratio S is increased, some other difficulties emerged. An increase in
the depth ratio means an increase in the total width of the channel, due to the scaling.
This increase in the width prolongs the run time even more. Also linear stability
analysis [21,29] indicates that as ( increases smaller wavenumbers should be used to
deflect the interface. Some numerical experiments were done in the absence of the
base flow for the default parameter set, which is given later in this section, and f=2.
Those experiments showed that even disturbances with very small wavenumbers, which
should deflect the interface according to the linear stability analysis, may not deflect
the interface when the domain length is 2. A possible reason might be that some key
elements of the disturbance, which may be the cause of the deflection of the interface,
is not included in the initial disturbance, since for small wavenumbers the period of the
disturbance is much larger than the domain, which is 27. Enlarging the domain, e.g.
to 127 solves the problem, but result in another one. Since Fourier derivative matrix
is defined for a domain length of 27, when the length of the domain is changed, the
code yields erroneous results. To overcome this problem, eigenvalues of the Fourier
derivative matrix k£ should be scaled, i.e. divided by the length of the domain over 27.

Next the validation of the numerical procedure and the code is presented.
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4.2. Validation

For the validation, first the results of [29] are recovered. Then three other tests
are done in the presence of the base flow. Craster and Matar [29] have a similar work, in
which the pressure-driven base flow is not present, i.e. the base state is stationary. Asa
first way of validating the formulation and the code, the results of [29] are reproduced.
There are differences in the scaling between this work and [29], e.g. the electric number
Eb does not emerge in [29], whereas there is no capillary number here. To recover the
results, the values of the parameters in [29] are adjusted to the configuration in this
work and selected as the default values of the parameters; Fb=1, 3=0.5, A=1, S=10%,
a=0.1, e=4 and £*=3, and the A and B in the initial condition are —0.01 and 0.01,
respectively. Also, since the base state is stationary ug and uf were set to zero. Figure
4.1 shows a sample of the reproduced results (Figure 5a in [29]). It is not possible
to compare the results numerically, but by observation only, it can be concluded that
the shapes and the amplitudes of the interface position and the surface charge density

profiles are very similar. Hence, the code works properly when there is no base-flow.
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Figure 4.1. Steady-state profile of a)the interface position and b)the surface charge

density in the absence of the base flow.

Next, the code and the formulation are validated in the presence of the pressure-
driven base flow. In this case, three other tests are applied. First, by keeping every

parameter same, the numerical procedure is started with two different initial conditions
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Figure 4.2. Amplitude of the interface starting with two different initial conditions.

and steady-state behaviors are observed. In Figure 4.2, the default parameter set is
used and the amplitude of the interface is plotted. Here, the amplitude of the inter-
face, defined as the vertical difference between the maximum and the minimum of the
interface, is accepted as an indicator of the evolution of the interface. As expected the
amplitudes of the interface reach the same point and same steady-states are obtained.
Then, a second test is applied, in which the interface was disturbed one more time
once it reached the steady-state. Figure 4.3 shows the amplitude of the interface after
it reached steady-state and then, the interface is disturbed around t=580. As expected
the disturbance dies out and the steady-state value of the amplitude of the interface
is recovered. Note that the line in Figure 4.3 look very thick, but this is due to the
oscillations in the amplitude. Those oscillations occur, because there is a bulk flow
in the x-direction and the grid points are stationary. Therefore it is not possible to
capture the real vertical maximum or the vertical minimum values of the interface in
every time step, e.g. the maximum of the interface may be between two grid points.
Consequently, this result, which contains oscillation having very small amplitude and

period, seems like a thick line. Third test is a very simple test but an important one.
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In this validation, the direction of the base state velocity is changed by keeping ev-
erything constant including the magnitude (strength) of the base flow. First, the code
is run without any changes, meaning that the base flow is in positive x direction and
then it is run once more, in which the direction of the base flow is changed to negative
x direction simply by multiplying the base state velocity profiles with —1. The re-
sulting steady-state interface position profiles can be seen in Figure 4.4. As expected,
those two runs yield exactly symmetric with respect to steady-state interface position
profiles. The amplitude of the profiles are also checked, but not presented here since
they are indistinguishable. The code and the formulation managed to pass all tests

mentioned here and it is concluded that the code is working properly.
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Figure 4.3. Amplitude of the interface reaches the same steady-state after a second

disturbance.

Figure 4.4. Steady-state interface position profile obtained using base state velocities
of same magnitude at positive x direction (solid-line) and negative x direction

(dashed-line).
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4.3. Effect of the Base Flow

The effect of the base flow on the evolution of the interface can be investigated
in two manners. First, the effect of the presence of the base flow and then, the effect of
the strength of the base flow is examined. The nonlinear evolution of the interface in
the presence of the pressure-driven base flow for the default values of the parameters
is given in Figure 4.5. Two important observations can be made in the presence of the
base flow. First, although the interface touches the wall (in numerical simulation it
can not actually touch the wall, but it reaches to z=—0.999, where the wall is at z=-1.
Therefore it can be accepted that the interface flaps the wall.) for the default values of
the parameters when the base state is stationary, in the presence of the pressure-driven
base flow, the interface does not reach the walls of the channel; instead a steady-state
profile, which is relatively far from the walls, is observed. Second, after the initial
disturbance, for a certain time, the disturbance grows but the interface remains almost
perfectly symmetric. Then, as the interface moves further away from the position of

the flat interface, i.e. z=0, it becomes more asymmetric.
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Figure 4.5. Time evolution of the interface.

Next, the effect of the strength of the base flow, which can be related to the total
volumetric flow rate in the channel, is inspected. Although it can easily be changed in
an experiment, here it can not be manipulated directly due to the scaling. Therefore,
the base state velocity profiles are multiplied with an artificial term (), which is
an indicator of the strength of the base flow. Figures 4.6 and 4.7 show the interface
position Z and the surface charge density ¢ for different wu,,,;; values, respectively. The
presence of the base flow results in a deviation from the symmetric shape of the interface

attained when there is no base flow (Figure 4.6a) and increasing the strength of the base
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flow yields more asymmetric shapes. This effect of u,,,;; can be observed in Figure 4.7
more clearly, where the symmetry of the surface charge density profiles changes more
dramatically with the strength of the base flow. By minimizing the strength of the base
flow, it is possible to asymptotically reach the steady-state interface position profile of
the stationary base state case. Also, decreasing u,,,; results in steady-state profiles
that are closer to the channel wall. It can be concluded that troughs and crests of
the interface position and the surface charge density coincide, by considering Figures
4.6 and 4.7 together. As shown in [21,33], the linear stability point is not affected by
the base pressure-driven flow. Therefore, at least in the early stages of the nonlinear
evolution of the interface, the profiles should be similar. To verify this claim, the

amplitude of the interface is plotted at different velocities in Figure 4.8. As can be se-
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Figure 4.6. Effect of the strength of the base flow on the interface position at
steady-state. Base state velocity profiles are multiplied with w,,,;; a)0 (i.e. Stationary

base state), b)0.1, ¢)0.5, d)0.75 and e)1.
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en in Figure 4.8, starting from an identical initial condition, the amplitudes follow the

same curve until the late stages of the evolution.
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Figure 4.7. Effect of the strength of the base flow on the surface charge density at
steady state. Base state velocity profiles are multiplied with w,,;; a)0 (i.e. Stationary

base state) b)0.1, ¢)0.5, d)0.75 and e)1.

An additional investigation is made by deleting the uyZ, term in Equation 3.141,
but keeping all of the other base state velocity related terms. The aim here is to
observe the effect of the deleted term, since it directly emerges in Equation 3.141. The
amplitudes of the interface for three cases are given in Figure 4.9. The dotted curve
is for the amplitude of the interface when the pressure-driven base flow is present, the
dashed one is the amplitude for the stationary base state, and the solid one is for the
case, in which the pressure driven base flow is present but only the uyZ, term is missing.

It can be seen that the dashed and solid amplitudes reach the same steady-state even
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Figure 4.8. Amplitude of the interface at different velocities.

starting with different initial conditions, whereas the dotted curve reaches steady-
state in a completely different amplitude. When the dashed and the solid amplitudes,
start with the same initial condition, they are almost indistinguishable. Therefore, for
easier observation they are started with different initial conditions. Also, the interface
position profiles for the stationary and the missing term cases, are almost identical
(The interface position profile is given in Figure 4.1a for the stationary base state
case.); therefore the profiles are not given again. Similarly, ¢ profiles for these two
cases are also same. It can be concluded that ugZ, term arising from the kinematic
condition is the most important term here and it causes the difference between the
profiles when the pressure-driven base flow is absent and present. Other base state

velocity terms emerged in the model are negligible.
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Figure 4.9. Amplitude of the interface for three cases. Solid, dashed and dotted
curves represents the cases where uyZ, term is missing in the presence of the base

flow, the base state is stationary and the base flow is present, respectively.
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4.4. Effect of the Electric Number

The effect of the applied voltage on the system can be directly seen by monitoring
the effect of the dimensionless electric number, defined in Equation 3.41. Therefore, it
is the next important parameter to examine. The steady-state profiles of the interface
position and the surface charge density for different Eb values are shown in Figures
4.10 and 4.11, respectively. According to the linear stability analysis [29], the applied
voltage is destabilizing for this given set of parameters and at some critical voltage,
the interface becomes unstable [21,31,32]. Therefore, it may be anticipated that below
some critical Eb the disturbed interface should return back to its flat shape in the
nonlinear analysis. Also, as Eb gets larger, the deflection of the interface position and
the surface charge density amplitude get larger. In this work, the critical value of the
Eb is not determined but the diminishing amplitude of a stable configuration can be
seen in Figure 4.12, where Eb is 0.1. As Eb is increased further, an expected behavior
is observed in Figures 4.10 and 4.11. For Eb=0.25, the interface does not deflect much
and remains almost flat, whereas for larger values, the interface deflects. In contrast to

Umuit, iNcreasing Fb results in more symmetrical shapes. There is a competition bet-
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Figure 4.10. Interface position at steady-state for a) £6=0.25, b) Eb=0.75, ¢) Eb=1
and d) Eb=1.25.
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ween the strength of the base flow, which tends to give more asymmetric profiles with
smaller steady amplitudes, and the strength of the electric field, which yields more
symmetric profiles having larger amplitudes. Also, again troughs and crests of the
interface position and surface charge density coincide for each E'b. As mentioned earlier,
the applied voltage affects the stability according to the linear stability analysis [33].
Therefore, as expected, each amplitude in Figure 4.13 follows a separate path starting

from almost right after the initial disturbance.
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Figure 4.11. Surface charge density at steady-state for a) £b=0.25, b) Eb=0.75,
¢)Eb=1 and d)Eb=1.25.
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Figure 4.12. Amplitude of the stable interface for £b=0.1.
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Figure 4.13. Amplitude of the interface for different Eb’s.

4.5. Effect of the Depth Ratio

The depth ratio S is a function of the flow rate ratio, which is an important
parameter in an experiment. The effect of the depth ratio on the interface position
and the surface charge density are shown in Figures 4.14 and 4.15, respectively. As [
increases, the distance between the crests of steady-state profiles of both the interface
position and the surface charge density gets larger. Again, at steady-state, the troughs

and the crests of the ¢ and Z profiles for each 8 coincide. Another observation is that
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Figure 4.14. Effect of the depth ratio on the interface position at the steady-state. a)
£=0.3, b) f=0.5, ¢) f=L1.
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the interface is close to the upper wall, for all three values of 8 given in Figure 4.14,
whereas it only gets closer to the lower wall as f increases. Figure 4.15 also reveals that
the values for ¢ range between smaller values with increasing 5. A similar observation
is made in [29] where base pressure-driven flow is not present. This behavior can be

explained using Eq. 3.74, which reveals that ¢ is inversely related to (.
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Figure 4.15. Effect of the depth ratio on the surface charge density at the
steady-state. a) f=0.3, b) f=0.5, ¢) f=1.

Due to the scaling, as $ changes the width of the channel also changes. Thus, to
examine the amplitudes of the interface for different depth ratios, they are normalized
by the channel width, i.e. by 1 + 8. The normalized amplitudes of the interface are
given in Figure 4.16. First observation is that each amplitude in Figure 4.16 follows
a different curve starting from the early stages, since (8 affects the linear stability.
Also, as can be seen, f=1 has the largest normalized amplitude and as 8 decreases,
the normalized amplitude also decreases. This observation can be explained with the
effect of the strength of the base flow discussed in Section 4.3. Figure 4.17 reveals that
for =1, the maximum of the base state velocity profile is at z=0, i.e. the position of
the flat interface. Since the velocity is scaled with the interface speed, the maximum
value of the base state velocity is 1 for f/=1. On the other hand, as shown in Figure

4.17, when £ is smaller than 1, e.g. $=0.3 and §=0.5, the interface speed is smaller
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Figure 4.16. Effect of the depth ratio on the amplitude of the interface.

than the maximum of the velocity profile and after nondimensionalization, the maxi-
mum value of the velocity is greater than 1. As a result, it can be claimed that the
magnitude of the velocity is greater in the latter case. The increase in the maximum
point has an effect on the amplitude of the interface similar to the strength of the base

flow.

Base state velocity

Figure 4.17. Base state velocity profiles for different 3.

The claim holds when 0 < 8 < 1, but the results for § > 1 should also be
investigated. Figure 4.18 indicates that, when ( is greater than 1, i.e. [F=1.2, the
maximum of the velocity is not on the interface and as a result the maximum speed is

greater than 1. Then, with a similar reasoning, a smaller amplitude of the interface for
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f=1.2 is expected. The amplitudes for =1 and S=1.2, are presented in Figure 4.19.
Although the difference is relatively small, it can be seen that the amplitude for f=1
is greater. Therefore, it is concluded that the largest amplitude of the interface occurs
when the maximum of the base state velocity is at the interface. To generalize, the
base state velocity profiles Equations 3.68 and 3.69 are examined. The velocity profiles
reveal that the maximum velocity will be exactly on z = 0, when 8 = v/\. Therefore,

keeping A constant, the largest amplitude of the interface is observed when f=v/\.
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Figure 4.18. Base state velocity profiles for f=1 and f=1.2.
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Figure 4.19. Amplitude of the interface for =1 and f=1.2.
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4.6. Effect of the Viscosity Ratio

The next dimensionless number to investigate is the viscosity ratio A. The effect
of X\ on the steady-state profiles of the interface position and the surface charge density
is shown in Figures 4.20 and 4.21 respectively. For each viscosity ratio value, it can be
seen that the troughs and the crests of the interface position and the surface charge
density coincide. Also, it is seen that an increase in A results in more asymmetric
shapes in both Z and ¢ profiles. By considering the symmetry of the profiles, it can
be said that A has an effect similar to the strength of the base flow, i.e. increasing A

gives more asymmetric Z profiles.
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Figure 4.20. Effect of the viscosity ratio on the interface position at the steady-state.

a) A=0.25, b) A=0.8, c) \=1.2.

The amplitudes of the interface for A = 0.25, A = 0.8 and A = 1.2 are given in
Figure 4.22. As X decreases, the amplitude of the interface gets larger. In Section 4.5,
the size of the amplitude was related to the base flow and it was determined that the
largest amplitude occurs for § = /. Since in Figure 4.22 the default values of the
parameters are used, where 5 = 0.5, it is expected to have the largest amplitude for
A = 0.25. As expected, A = 0.25 has the largest amplitude compared to the amplitudes

for A > 0.25. However, when \ < 0.25 is investigated, it is seen that the amplitude
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Figure 4.21. Effect of the viscosity ratio on the surface charge density at the
steady-state. a) A=0.25, b) A=0.8, ¢) A=1.2.

of the interface for A = 0.2 is larger than A\ = 0.25, which is not expected based on

the analysis in Section 4.5. Therefore, it is concluded that the explanation holds when

A is constant and [ is changed, i.e. for constant A the largest amplitude occurs for

B = /A, whereas when [ is constant, the largest amplitude may not be at A = 2.

This conclusion may indicate that the decrease in the viscosity ratio below 0.25, has

other effects on the system, which are more important than the effect of the base flow.
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Figure 4.22. Amplitude of the interface for A=0.25, A=0.8 and A=1.2.
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Figure 4.23. Amplitude of the interface for A=0.2 and A\=0.25.

4.7. Effect of the Dimensionless Number S

The dimensionless number S given by Equation 3.41, shows the ratio of the fluid
to electric time scales. In the case of the fast electric charge relaxation times, i.e.
S >> 1, the perturbed equations in the linear stability analysis can be simplified and
the dispersion relationship, i.e. the growth rate of the disturbance versus wavenumber,is
independent of S [33]. Therefore, it is expected to observe a single behavior in the
nonlinear analysis for different high S values at least in the early stages of the instability.
Figure 4.24 shows that the steady-state interface position profiles for S = 10* (Figure
4.24b) and S = 10°® (Figure 4.24c) are almost indistinguishable, which means that even
at the end of the evolution, Z is same for different large values of S. Similarly, the
surface charge density profiles can be interpreted with the help of Figures 4.25b and
4.25¢. Although the Z profile for S = 300 (Figure 4.24a) looks similar to the others,
it is slightly different. It has narrower troughs and wider crests. The difference is
more obvious in ¢ profiles. In Figure 4.25, it is seen that the crests in the ¢ profile
for S = 300 has a distinguishable bulge, whereas others are smoother. To reveal the
differences between large and small values of S more clearly, other results where S is
on the order of magnitude of 1 should be examined. However due to the numerical
difficulties, these results could not be obtained in this work. A final discussion is made

on the amplitude of the interface position profiles (Figure 4.26). The amplitudes for
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S = 10% and S = 10* are identical as expected. Although, the amplitudes between
t =0 and t = 50, and after ¢t ~ 60 for S = 300 are very similar to the others, it is seen

that the behavior between t ~ 50 and ¢t ~ 60 is different.
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Figure 4.24. Effect of the dimensionless number S on the interface position at the

steady-state. a) S = 300, b) S =10%, ¢) S = 10°.
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Figure 4.25. Effect of the dimensionless number S on the surface charge density at

the steady-state. a) S =300, b) S =10%, ¢) S = 10°,
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Figure 4.26. Amplitude of the interface for different S.

4.8. Effect of the Conductivity Ratio

The last dimensionless number, which is considered in this work, is the conduc-
tivity ratio a. The steady state interface position profiles for different a are given in
Figure 4.27. As first three subplots of Figure 4.27 show increasing « result in slightly
less symmetric interfaces whereas in Figure 4.27d it is seen that the interface remains
almost flat as in Figure 4.10a. The difference between the profiles is clearer when the
surface charge density profiles given in Figure 4.28 are studied. There are two peaks
in each crest of the ¢ profile for & = 0.9 and as « is increased to 1.1 and 1.2, one of
them disappears. Again, when « is 2 the ¢ profile is almost flat. The amplitudes of
the interface position at different conductivity ratios are shown in Figure 4.29. As «
increases, the amplitude of the steady-state Z profile decreases and the time to reach

to steady-state increases.



Figure 4.27. Effect of the conductivity ratio on the interface position at the
steady-state. a) a=0.9, b) a=1.1, ¢) a=1.2 d) a=2.
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Figure 4.28. Effect of the conductivity ratio on the surface charge density at the
steady-state. a) a=0.9, b) a=1.1, ¢) a=1.2 d) a=2.
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Figure 4.29. Amplitude of the interface for different conductivity ratios.
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5. CONCLUSIONS AND RECOMMENDATIONS

5.1. Conclusions

In this work, the effect of the presence and the strength of a pressure-driven base
flow, and the effects of the physical parameters; such as the voltage difference, the depth
ratio, the viscosity ratio, the ratio of fluid to electric time scales, and conductivity ratio
represented by the dimensionless numbers Eb, 8, A, S and « on the evolution of the
interface position between two immiscible leaky dielectric fluids subjected to a normal

electric field in a micro channel are investigated.

Presence of a pressure-driven base flow results in two major effects. First, in all
configurations considered in this work, it is seen that in the presence of the base flow
the interface does not reach the walls, whereas it was experimentally shown that once
the interface becomes unstable, it deforms and touches the walls [39]. That difference
between the experimental and the numerical results may be due to a deficiency in the
model, e.g. the intermolecular forces. Second, steady-state profiles of both Z and ¢
(Figures 4.6 and 4.7) become asymmetric in the presence of the base flow. An increase
in the strength of the base flow yields more asymmetric steady-state Z and ¢ profiles
having smaller amplitudes. Also, it is shown in Figure 4.9 that the major effect of the
base flow stems from the uyZ, term arising from the kinematic condition Eq. (3.6) and

other base state related terms, such as Np Eq. (3.136), are negligible.

As the electric number Eb increases, the Z and ¢ profiles (Figures 4.10 and 4.11)
become more symmetric and the amplitude of the interface position gets larger. The
electric number and the strength of the base flow have exactly opposite effects on
the profiles. Therefore, it is concluded that there is a competition between these two

parameters.

When the depth ratio is considered, it is seen in Figures 4.16 and 4.19 that the

largest normalized steady-state amplitude for the interface occurs when the maximum
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of the base state velocity profile is on z=0, which corresponds to A=v/\. Also, the
distance between the troughs in both Z and ¢ (Figures 4.14 and 4.15) profiles gets
larger for higher (.

Smaller viscosity ratios A yield more symmetric Z and ¢ profiles (Figures 4.20
and 4.21). When £ is kept constant, the largest steady-state amplitude of Z does not
occur for A=/? (Figure 4.23), which gives the interface speed as the maximum of the
base state velocity profiles. Decreasing A further after A=/, results in even larger
amplitudes. Therefore, it is concluded that A\ affects the system more, individually,

compared to its effect via the base flow.

For large ratios of fluid to electric time scales, represented by the dimensionless
number S, the steady state Z and ¢ (Figures 4.24 and 4.25) profiles are indistinguish-
able. For small values of S, e.g. 300, Z profile is still similar to those of large S values.
However the steady-state g profiles are significantly different. Also, although the time
evolution of the interface differs between t ~ 50 and t ~ 60, for all three values of S,

Z reaches the same steady-state amplitude (Figure 4.26).

Increasing the conductivity ratio a has a similar effect to decreasing the electric
number. The interface position (Figure 4.27) and the surface charge density (Figure
4.28) profiles become more asymmetric for higher v values. Also, the amplitude of the

steady-state Z profile (Figure 4.29) is larger for smaller conductivity ratios.

5.2. Recommendations

The theoretical results presented in this work do not match with the experiments
conducted in a similar configuration [39]. The discrepancy is more pronounced at the
later stages of the evolution of the interface. In the experiments the interface flaps
the walls, whereas in the numerical results it reaches a steady-state before reaching
the walls. Consequently to match the theory with the experiment, the mathematical
model should be improved. Additional forces such as intermolecular forces may be

implied in the model. An electrical Marangoni number could be obtained by adding
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the dependence of the surface tension on the electric field as the magnitude of the
electric field is as high as 10 V/m and it is known that surface tension depends on

the electric field [76].

In order to lose the oscillations mentioned in Section 4.2 and to obtain more

accurate results, a numerical procedure with moving meshes could be used.

Finally, different physical configurations, e.g. a configuration in which the electric

field is parallel to the direction of the base flow, can be investigated.
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APPENDIX A: DETAILS OF SCALING

In this section, the details of the derivation of the mathematical model are pre-
sented. The vectorial equations, e.g. the Navier-Stokes equation Equation 3.1, are
shown in scalar forms. The determination of the characteristic scales denoted with over-
bars is also explained in this section. By letting the x-component and the z-component
of the velocity u and w, respectively, the governing equations i.e., the x-component
and the z-component of the Navier-Stokes equation, the continuity equation and the

Laplace equation are written as

puy + puty + pwiu, = —py + (e + u,y) (A.1)
pwy + puw, + pww, = —p, + p(Wee + W) (A.2)
Uy +w, =0 (A.3)
and
Vee + V.. =0 (A.4)

respectively. The length L and the width of the unstarred fluid d are selected as the
characteristic length scales in the x-direction and the z-direction, respectively. Also,

according to the lubrication theory

d
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Then, to obtain a relation between the velocity scales, the continuity equation Equation

A .3 is scaled as

iz + %w =0 (A.6)

= €u (A7)
Next, the time scale is determined via the kinematic condition:

(A.8)

S
I3

Il
I
IS

By applying the dot product and using the definition of the normal vector given by

Equation 3.13 and the surface speed u - n, Equation A.8 becomes

—Zy A
T (A.9)
(1+2%)2 (1+22):2
and after the scaling it is written as
d_- _ d__ ds
which gives the time scale as
_ L
A — A1l
- (A1)
Scaling the x-component of the Navier-Stokes equation, i.e., Equation A.1 gives
w, D u U
p—(ug + uuz + U)U5) = — =Pz + ,LL(_QU/;E;Z -+ —Ugg> <A12)

L L L L2e?



which yields the characteristic pressure scale as

uu

P=Te

Nondimensionalization of Equation A.12 gives

2 Re (T + Uliy + Wiz) = —pz + sz + Tzs

where the Reynolds number Re emerges as

Scaling the z-component of the Navier-Stokes equation yields

pe“f(w; Vi + i) = — L’“;Z P + g—iwﬁ + ‘z‘—fw
Equation A.16 written in dimensionless form as
e*Re (1 + Wbz + Wz) = —pPs + sz + gz
The Laplace equation is scaled as
% ~22 + ;‘7@5 =0
where
V=AV

The nondimensionalized version of Equation A.18 is

Viz + Vi =0

72

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)
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The x-component of the Navier-Stokes equation for the starred fluid is given as

pr(ug + utug +wtul) = —pp 4+ (g, + ) (A.21)

Equation A.21 is scaled and nondimensionalized as

2 p— p— p—

u* . Y nu u . u
P + 0T + 0T = — P (gl ) (A22)
and
2 (b ~% ~ %~k ~k ek _l~* 2 ~% ~ %
€ RBX(UE +wrug + wtug) = 3 P + €Uy + s (A.23)
respectively, where
o= A= (A.24)
P H

The z-component of the Navier-Stokes equation for the starred fluid is given by
(W] + W) = —p () (A.25)
Equation A.25 is scaled and nondimensionalized as
PR () + T + 6 = — 5+ (g, + i) (A.26)
and

' Re— (W0} + @} + w* k) = ——ps + 'k, + €05; (A.27)
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respectively. Next, the interface conditions are nondimensionalized. The dimensionless

form of the scaled kinematic condition is given by

WZs + 0 = Zy = W Zy + 0 (A.28)

By using the definitions of the normal and the tangent unit vectors given by Equation

3.12 and Equation 3.13, the no-slip condition Equation 3.7 is written as

u+ Zyw =u*+ Zw* (A.29)

The dimensionless form of Equation A.29 is

L (A.30)

The double dot products of the electric and the fluid parts of the total stress tensor,

Equation 3.15 and Equation 3.16 respectively, with the normal unit vector are

7]
T inn=-p+ 2 [2u, (Z2 — 1) — 22, (u. + w,)] (A.31)
and
€0E 1
TP :nn= - +Oz2 5 (1—22) (V2= V2) —2Z,V,V. (A.32)

Substituting Equation A.31 and Equation A.32 in Equation 3.8 gives

*

* /’L * * *
(p—p")+ T4 22 [2u} (22 —1) — 22, (u} + w})]
£0€ 1 " * *{*
N
- - 5 (202 (22 1) = 22, (s + w2)]
F (1—22) (V2-V2) - 27, VV] 0% (A33)
2 (14 22)>
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Scaling and nondimensionalization yields

u ~ I ﬂ[~*<2~2 > 7 (=% 2*]

B 5 _Blog (222 —1) — 22, (a* .

L€2(p p)+1+GQZ§L uJ) € T (u2+€w$)
goe*AV? 1 1( N2 . SRS
L e Z~> ey Ve R D8 Ve Vo
1+@@L2L )@’ T o he

K ur,.- 252 5 (= 2,~
raml (2015 (222 — 1) = 2Z; (@ + €5 |
coe*AVZ 1 [1 0o\ (1o w0 o
. (11— Z~)—~—~—22“2
1+e222 12 {2( €% 62Vz Vi Vel
Zfii‘
%—§:0 (A.34)
<1—|—62Z§)2
and
5 — ) -;E:—Pm(éﬁ—4)—220ﬁ+8wﬂ}
p p 1+€222 x x x z x
* 1 - - - - . -
+ Eb— [— (1 - 82;) (v;2 - 621/5;2) - 622951/5;1/;}
1+62Z§ 2
€ ~ ~
— |, (6222—1) 27, (s + s ]
1+ €272 [ * ( )
1 . . . o
B [— (1 . 82;) (v; . 81/5) - eQZj‘/ng]
1+ €222 |2
3 7
£ 0 (A.35)
- —
<1+622§>2
where
AV? 7
Bh =0 ——  Ca= aad (A.36)
1 v

The double dot product of the total stress tensor by the normal and the tangential

unit vector is

1 1
EE—Z|EPI) :nt=|—— Z -V, Z A.
(__ 2!_| :) nt {HZQ(Vﬁ o Ve) (—VaZy +V2) (A.37)

x
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i (Vo (Vo)) int= +“ 72 (420 + (ws +us) (1= 22)] (A.38)

x

and
Combining Equation 3.9 and Equations A.37 to A.39 gives

il
1+ 72

xT

€0
1+ 22

xT

[zt ) (1 22)) + [0 (ot 20 (1 + 1)

*

i
1+ 22

xT

[—4qu; + (wy +ul) (1 — Zg)]

14 72

T

+[ 2= <V;*+Z$v;><—vgzx+vz>} (A.40)

which is scaled and written in dimensionless form as

W[ de Zati+ (s + ) (1 - 22) |+ [&Wz (Vi 2272 (~0ie +72)]

L2
= ,uLu [—462256ﬁ§ (62ID§ + il’;) (1 — ¢ N;)
eeAV? /o o o -
+{°L2 Q;+%n>(ﬂﬂgz+-g](AM)
and
(46 Zsis + (s + ) (1 - 222)| = X |46 2505 + (P + 02) (1- 222) ]

respectively. The continuity of the electric field Equation 3.18 is written in scalar form

as

Vo + ViZy = Vi + V22, (A.43)



7

V.,V Vo, V.,
Vet PViZo = VI + VI (A.44)

Equation A.44 is written in the dimensionless form as

Vi + Vil = Vi + VI Zs (A.45)

The Gauss’s law Equation 3.19 can be written as

1
= 2,V —=VF) — ZV,—V, A .46
q (1 N Zg)% (€08 ( T z) 608( )) ( )

Scaling Equation A.46 yields

1 Voo, Vo Voo V-
G = ——— * —,EV~*——~*— —ZLiVi — — V3 A47
qq (1 I EQZJ%)% <€08 (GL T d z ) 505(€L d )) ( )
By letting
AV
g="22 (A.48)
d
Equation A.47 is given in dimensionless form as
1= (S(ELVE  V2) — (@275~ 7)) (A.49)
(14 €222)2

The charge conservation Equation 3.20 yields

B YAV N 1 U+ ws, 7 W — ULy
Ty 2T T ar e \ar 222?) Tty 22t
o o*

u+@ﬁ( ) u+@ﬁ( ) (A50)



78

Equation A.50 is scaled and made dimensionless as

al|. ., ZiZy 1 i+ 0y vs W — Uy
a7 |4 —¢€ =z + =T TEagd | Tl =4
L (1+e23) (1+e222)2 \(1+e23) i (1+e223)

1 A ~ - 1~ -~ 1~
= — v o\ eZ;:Vy — =Vi | —o* | eZ;VZ:— =V (A.51)
(1+e22%)2 L € Toe”

and

respectively, where

A.
ol o ( 53)

Finally using Equation A.45 and Equation A.49, the tangential stress balance Equation
A.42 is simplified as

(4 Zsis + (s + ) (1- €22)| = X |4 2505 + (Eag + @2) (1- 222)]
1

b (1+¢22)" (Va+ Z:V:

R
N———
I
)}

—~
>
ot
W~

~—

The velocity scale w is selected as the interface speed at the base state U.





