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ABSTRACT

AERODYNAMIC ANALYSIS OF A PARAGLIDER WING

USING DOMAIN DECOMPOSITION TECHNIQUES

The flow around a curvature tube is investigated using it as a simple 2D model

of a paraglider wing based on the similarity between their top views. The solutions are

obtained for five different angle of attacks varying from 00 up to 420, for two different

radius of curvatures and for two different Reynolds number namely for Re=80 and for

Re=160.

Two non-matching overlapping domains are used. The flow at these domains is

solved separately and the solutions are transferred into each other using the alternating

multiplicative Schwarz technique. With the aid of this technique a solver is developed

which is capable of solving the flow around various forms of the tube and at different

angle of attacks without making any modifications in the outer boundaries and without

using grid generation.

Newton’s methods combined with three different Krylov sub-space solvers are

applied. Implementing also Jacobi, symmetric Gauss-Seidel (SGS) and incomplete LU

decomposition (ILU(0)) preconditioners into the solvers their effects on the convergence

behavior are investigated. It is observed that the ILU(0) has a superior effect on the

convergence behavior than the others have. However, its unavailability for the matrix

free algorithms makes SGS preconditioned inexact Newton’s method a better option

as a solver because of its low storage load and low code development period.

Keywords : Newton’s method, Krylov solvers, overlapping domain, precondition-

ers



v

ÖZET

YAMAÇ PARAŞÜTÜ KANADININ ALAN AYRIŞTIRMA

TEKNİKLERİ KULLANILARAK AERODİNAMİK

ANALİZİ

Yamaç paraşütüyle eğik tüpün üstten görünüşlerindeki benzerliğe dayanarak

basit iki boyutlu yamaç paraşütü modeli olarak eğik tüp üzerindeki akış incelenmiştir.

Sonuçlar 00 dan 420 ye kadar beş farklı hücum aşısı, iki değişik yarıçap ve iki farklı

Reynolds sayısı için elde edilmiştir.

İki tane üst üste binen çözüm alanı kullanılmıştır. Bu alanlardaki akış birbir-

lerinden bağımsız olarak çözülmüş ve sonuçları birbirlerine değişken çarpımsal Schwarz

tekniği kullanılarak aktarılmıştır. Bu tekniğin yardımıyla dış sınır koşullarını değiştirme-

den ve yeni ağ yaratmadan değişik formlardaki tüplerin üzerindeki akış farklı hücum

açılarında incelenebilmektedir.

Newton yöntemi üç farklı Krylov çözücüsüyle birleştirilerek kullanılmıştır. Ayrıca

Jacobi, simetrik Gauss-Seidel (SGS) ve tamamlanmamış matris ayrıştırma (ILU(0)) iy-

ileştiricileri kullanılarak bunların Krylov yöntemlerininin çözüme ulaşma performansları

üzerindeki etkileri incelenmişir. ILU(0) iyileştiricisinin diğerlerine göre daha etkili

olduğu gözlenmiştir. Ancak bu iyileştiricinin matrissiz methodlara uygulanamamasın-

dan SGS iyileştiricili yaklaşık Newton yöntemi hem düşük hafıza kullanımıyla hem de

kod yazım süresinin kısalığıyla daha uygun bir çözücü olarak gözükmektedir.

Anahtar kelimeler : Newton yöntemi, Krylov yöntemleri, üst üste binen çözüm

alanları, iyileştiriciler
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1. INTRODUCTION

Today paragliding is one of the most widespread aviation sports all over the world.

Only in Europe there is an estimated 400,000 pilots. This sport began to emerge at

the beginning of the 1980’s. The first paragliders had a very poor performance and

were potentially more dangerous. They had a gliding speed around 20kph and a glide

ratio around three. Since then the performance and the safety of the gliders are being

improved continuously. Today the gliders in the competition class have a glide ratio

around ten and a cruising speed of 40kph.

Paragliders are composed of the wing called canopy, the suspension lines and the

harness. Beside the wing also the harness and the line geometry affect the performance

and the stability of the aircraft. But the wing has the dominant effect on the overall

performance of the glider. Paraglider wings basically have similar forms with the

aircraft wings. The main difference is that they do not have any rigid structure at all.

They are made of a special cloth which takes the form of a wing by the pressure of the

air entering into the canopy through the openings at the leading edge. This structure

brings it a weight advantage (around 7 kg) over the conventional aircrafts with the

rigid structures and makes it easily transportable and cheap. Due to these advantages

paragliders become widespread in a short time as super lightweight aircrafts. The wing

is composed of two layers of cloth and of cell walls which attach these. Cell walls give

the wing rigidity, helps it to preserve its shape better. So the wing is divided into

similar compartments called cells. At the leading edge these compartments are open

two allow air flow in and at the rear edge they are closed to prevent air from escaping.

Taking the cross section of the wing we will see an airfoil shape. Moving the airfoil

at the allowed angle of attack range through the air it creates lift and drag which

counterbalance the gravity force.

In order to survive in the growing paraglider market companies should produce

better performing and more reliable gliders. This competition in the market leads

the designer to use the most recent technologies in order to build better performing
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Cell Walls

Cells

Figure 1.1. Paraglider wing [2]

gliders, to lower the costs in the development process and also to make them less time

consuming. Formerly, the design of the wing was mainly based on the try and error

method. According to this procedure first the designer decides on his new creation’s

planform and aerodynamic profile. Making the 3D model of the wing on the computer

and constructing it the design procedure continues with the test flight carried out by the

professional test pilots. Improvements on the design are made based on the feedback

of the pilots. This process was clearly a time consuming and costly method of design.

Therefore producers started to shift from the conventional design methods and began

to benefit from CFD. Nowadays commercial flow modeling programs are started to be

used by the companies. CFD specialists are begun to be incorporated to the research

and development teams.

On the other hand, in designing a paraglider a designer should optimize the wing

with respect to many parameters. The paragliders should not only perform well but

also they have to be safe to fly also in demanding air conditions. Due to the non-rigid

structure of the paraglider wings they can collapse if subjected to turbulent conditions.

The characteristics of the gliders suffering from a collapse can only be monitored and

evaluated by the test pilots. The present CFD techniques are far from modeling of

these behaviors of the wings and incorporating the collapsed behavior of the gliders
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Figure 1.2. Design procedure

will be another milestone in the design process [10]. Paragliders have a very diverse

usage. Beside their popular usage as a sport equipment their modified versions are also

used in the landing of the space shuttles to the earth. Because of their various usage

paragliders are extensively studied in the literature. Although most of these studies

have an experimental character recently with the advent in the computer technology

CFD also began to enter into this field.

A related study has been done by Babinsky [1] on the performance of the paraglid-

ers. Building a two dimensional model of the paraglider wing the drag and the lift

coefficient of the model is measured in wind tunnel. In this study a number of mod-

ifications to a flexible paraglider section is investigated with the aim of reducing the

detrimental effects. The devices studied are: vortex generators; leading edge stiffeners

and trailing edge slots. According to the measurements it is shown that these modi-

fications are capable of increasing the maximum lift coefficient of the wing as well as

giving up to 25 percent improvement in the glide ratio.

In this thesis a computational study of the flow around a simple model of the

paraglider wing is carried out. Curvature tube is used as a model in this work. It is

a 2D regular shape. Because of its regularity it can be embedded into a cylindrical

domain without generating grids around it. In this study the flow around the object

is analyzed using the domain decomposition method. Using the simplicity it brings to

the problem the flow at various angle of attacks are solved with ease. The effect of
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the physical parameters such as angle of attack or Reynolds number are investigated.

Moreover, a great importance is also given to the convergence behavior of the numerical

methods used in the thesis. Memory efficient and flexible algorithms are developed and

their performances are compared both by means of iteration number and computation

time.
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2. NUMERICAL METHODS

The governing equations of fluid motion are non-linear differential equations and

generally do not have an analytical solution except some special cases such as Couette

or Poiseuille flow in which some simplifications due to the geometry and boundary

conditions can be done so that they can be solved analytically. However, for the more

general cases application of the numerical methods are needed. CFD is the field of

fluid mechanics which deals with these techniques in order to obtain approximate but

sufficiently accurate results to all kinds of flow problems. CFD is a very broad field of

research therefore only a brief introduction of the key concepts and the methods used

in this work will be presented in this chapter. Detailed information about the concepts

mentioned here can be found in the materials written in the reference section.

2.1. Finite Difference Discretization

Since the governing equations are not analytically solvable they have to be trans-

formed into approximate expressions so that they can be solved using numerical so-

lution techniques. In order to convert the derivatives in the equations to algebraic

expressions the computational domain has to be divided into nodes and the deriva-

tives have to be redefined with respect to these nodes using one of the discretization

techniques. There are mainly three different discretization methods. These are finite

difference, finite volume and finite element. Finite difference is the simplest one among

the three. In this work finite difference discretization formulations are used. The

derivation of the finite difference formulations can be found in [5].

Although the governing differential equations are valid throughout the whole

domain the discretized form of these equations are valid only at the respective node.

Writing these equations for each node an equation system is obtained which can be

solved using iterative methods.

Finite difference has also different schemes and one of them is selected according
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to the location of the node in the computational domain. In this work second order

central difference formulations are used for the inner points and second order forward

or backward formulations are applied for the computational and solid boundaries.

Second order spatial derivatives within the computational domain were approxi-

mated as follows.

∂2f

∂x2
=

fi+1,j − 2fi,j + fi−1,j

(∆x)2
central (2.1)

∂2f

∂x2
=

2fi,j − 5fi+1,j + 4fi+2,j − fi+3,j

(∆x)2
forward (2.2)

∂2f

∂x2
=
−fi−3,j + 4fi−2,j − 5fi−1,j + 2fi,j

(∆x)2
backward (2.3)

2.2. Newton’s Method

The discretization of the non-linear differential equations results in nonlinear

system of equations. In order to solve them using linear system solvers they have to be

linearized. Newton’s method is one of the most widely used methods in this manner.

Newton’s algorithm is given below. Here f is a vector composed of the nonlinear

equations aroused from the discretization of the governing equations with respect to

the nodes in the computational domain and J is the Jacobian matrix composed of the

partial derivatives of the equations with respect to all unknowns. And k indicates the

number of the Newton step.

1. Guess a solution vector

2. Solve the linearized equation system below for ∆xk+1

J(xk)∆xk+1 = −f(xk) (2.4)
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3. xk+1 = xk + ∆xk+1

4. Continue until norm of the f vector drops below the tolerance

Ji,j =
∂fk

i

∂xk
j

(2.5)

To solve the linearized system of equations linear system solvers must be used. A

broad range of solvers of this kind can be found in the literature. In this work only

Krylov sub-space solvers are used. Brief information about them will be given in

the next section. All these solvers require Jacobian matrix vector multiplications.

And Newton’s method can be grouped into two main categories with respect to the

computation of this multiplication. In the exact Newton’s method the Jacobian matrix

is written analytically in the code, stored in the memory and multiplied with the desired

vector when necessary. The main drawback of the exact Newton approach is the large

memory requirements for storage of the Jacobian matrix. This generally limits the use

of such methods to small-scale problems unless a large memory machine is available.

Moreover, multiplications with vectors are also time consuming due to the large sizes of

the Jacobian matrices. However, preconditioners can be easily applied in this method

due to the storage of the Jacobian matrix in the memory.

Second approach is called inexact Newton’s method. In this method the matrix

vector multiplications are carried out using the f vector and the directional differencing

technique without computing the Jacobian matrix analytically and storing it in the

memory. This approach reduces the memory requirement considerably and also speeds

up the matrix vector multiplications by a great extent. However, preconditioners which

require the Jacobian matrix explicitly cannot be applied in this method.

Jv =
f(x + εv)− f(x)

ε
(2.6)

The selection of the value of ε has a crucial importance. There are several formula for

the computation of ε. In the present double-precision computations, an effective choice
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for ε was found to be

ε = σ1/2/‖x‖ (2.7)

when ‖x‖ 6= 0, and if ‖x‖ = 0, the result of the matrix vector product is set identically

to zero. Here, σ is taken to be 10−14 [7]

There are also other methods for dealing the non-linear equation systems with.

Although Newton’s method is one of the most widely used methods it has also some

drawbacks beside the advantages it has.

Advantages:

• Quadratically convergent from good starting guesses if J is non-singular.

• Exact solution in one iteration for an affine f (exact at each iteration for affine

component functions of f)

Disadvantages:

• Not globally convergent for many problems.

• Requires J at each iteration.

• Each iteration requires the solution of a system of linear equations that may be

singular or ill conditioned.

2.3. Solution Methods of the Linear Algebraic Equation Systems and

Krylov sub-space solvers

Frequently iterative methods are preferred in CFD applications due to the surplus

of the arithmetic operations in the direct methods such as Gaussian elimination, which

makes them too costly by means of computation time. The term iterative method

refers to a wide range of techniques that use successive approximations to obtain more

accurate solutions to a linear system at each step. There are two types of iterative
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methods. Stationary methods such as Jacobi, Gauss-Seidel, Successive over-relaxation

(SOR) are older, simpler to understand and to implement but usually not as effective

due to their slow convergence behavior[8].

On the other hand, non-stationary methods are a relatively recent development,

their analysis is usually harder to understand but they can be highly effective. The

non-stationary methods presented here are based on the idea of sequences of orthogonal

vectors. Some of the well-known methods are Conjugate Gradient (CG), Generalized

Minimal Residual (GMRES), Bi-Conjugate Gradient (BiCG), Bi-Conjugate Gradient

Stabilized (BiCGSTAB), Quasi Minimal Residual (QMR), Conjugate Gradient Squared

(CGS) Method. These methods are called Krylov sub-space methods, because they

project the original set of equations onto a so called Krylov sub-space. Each of the

Krylov sub-space solvers have their own characteristics. Choosing the most appropriate

solver according to the type of the problem enables faster convergence. On the other

hand, in some cases choosing an inappropriate method may even lead to divergence.

For instance, CGS can be applied to non-symmetric matrices but CG can not.

In this work CGS, BiCGSTAB and GMRES methods are used. These are among

the fastest and robust iterative solvers for a wide variety of applications. All of them

are applicable to the non-symmetric matrices which is the case in the thesis problem.

A brief summary of the properties of these methods is given below [8].

Conjugate Gradient Squared (CGS):

• Applicable to nonsymmetric matrices.

• Converges (diverges) typically about twice as fast as BiCG.

• Convergence behavior is often quite irregular which may lead to a loss of accuracy

in the updated residual.

• Computational costs per iteration are similar to BiCG but the method doesn’t

require the transpose matrix.

• Unlike BiCG the two matrix vector products are not independent so the number

of synchronization points in a parallel environment is larger.
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Bi-conjugate Gradient Stabilized (BiCGSTAB):

• Applicable to nonsymmetric matrices.

• Computational costs per iteration are similar to BiCG and CGS but the method

doesn’t require the transpose matrix.

• An alternative for CGS that avoids the irregular convergence patterns of CGS

while maintaining about the same speed of convergence; as a result we often

observe less loss of accuracy in the updated residual.

Generalized Minimal Residual (GMRES):

• Applicable to nonsymmetric matrices.

• GMRES leads to the smallest residual for a fixed number of iteration steps but

these steps become increasingly expensive.

• In order to limit the increasing storage requirements and work per iteration step

restarting is necessary. When to do so depends on A and the right-hand side; it

requires skill and experience.

• GMRES requires only matrix vector products with the coefficient matrix.

• The number of inner products grows linearly with the iteration number up to the

restart point. In an implementation based on a simple Gram-Schmidt process

the inner products are independent so together they imply only one synchro-

nization point. A more stable implementation based on modified Gram-Schmidt

orthogonalization has one synchronization point per inner product.

2.4. Preconditioning

The convergence rate of iterative methods depends on the spectral properties of

the coefficient matrices. Preconditioners transform the linear system into one that has

the same solution but into which the linear solvers can be more efficiently applied.

The need for preconditioners arouses because problems in the fluid mechanics usually

give rise to matrices with undesired spectral properties especially at high Reynolds

numbers.
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Preconditioners increase the amount of operations per iteration. However, the

additional time spent to produce the preconditioner matrix and to carry out the ad-

ditional operations at each iteration is compensated by the reduction in the number

of iteration steps. So they provide a decrease in the computation time on overall.

Moreover, they can make a solver converge whereas a solver could diverge without the

implementation of a preconditioner [8].

Accordingly, a preconditioner must be similar to the coefficient matrix as close

as possible and also the preconditioner system Mx = p must also be easy to solve.

Taking the preconditioner matrix equal to the coefficient matrix A would enable the

solver to converge in a single iteration. However, the time required for solving the

system Mx = p would be equal of solving the real system Ax = b. On the other

extreme, taking the preconditioner matrix equal to the identity matrix so that the

system Mx = p can be easily solved would not result in any reduction in the number

of iteration steps. So the ideal preconditioner must be between the two extreme cases.

The preconditioners are divided into three groups according to the application of

the preconditioner matrix. These are left, right and split preconditioning.

In left preconditioning the preconditioner matrix M is applied to the original

equation (Ax = b) from left hand sides. The Krylov methods are then applied to the

new equation system.

M−1
leftAx = M−1

leftb (2.8)

The spectral properties of the preconditioned system (M−1
leftA) may be more favorable

than the original one (A).

It is also possible to transform the system with right preconditioning, as given by

the equation (2.9),

AM−1
righty = b where x = M−1

righty (2.9)
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The transformed system is first solved for y, and then, the unknown vector x is com-

puted by the relation given in the equation (2.9).

In the left preconditioning the preconditioner is applied directly to the residual

vector so it may cause the algorithm stop prematurely or with delay [3]. Because of

this reason right preconditioning is preferred in this work.

The other option split preconditioning can be used if the preconditioner matrix

is of the form

M = LU (2.10)

According to this option

L−1AU−1y = L−1b where x = U−1y (2.11)

In this work three different kinds of preconditioners are used. These are Jacobi,

symmetric Gauss-Seidel (SGS) and incomplete LU decomposition (ILU). The precon-

ditioner matrices of each of these methods are given below.

2.4.1. Jacobi

This method is also called diagonal scaling, since each row is scaled with respect

to the entries in the diagonals.

M = D (2.12)
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-E

-F

D

Figure 2.1. Initial partitioning of matrix A [3]

2.4.2. Symmetric Gauss-Seidel(SGS)

In this method the preconditioner matrix is composed of the product of a lower

triangular matrix with an upper triangular matrix.

M = (D − E)D−1(D − F ) (2.13)

In order to solve the system Mx = p the factorized form of the preconditioner matrix

is utilized instead of taking the inverse of the matrix. The solution procedure is given

below.

• Solve (D − E)D−1y = p for y by forward substitution.

• Solve (D − F )x = y for x by backward substitution

2.4.3. Incomplete LU decomposition(ILU)

As it can be understood from its name the Jacobian matrix is partially decom-

posed into upper and lower triangular matrices in this method. Inaccurate factorization

improves the spectral properties of the matrix and provides faster convergence. The

exact LU factorization would require similar amount of operation like Gaussian elim-

ination and would be therefore an inefficient solution method. Because of this reason

this factorization is carried out only at some locations in the matrix. ILU has also some
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versions based on the accuracy of the factorization. In this work only ILU(0) is applied.

The zero in the parenthesis indicate that the zero pattern of the decomposed matrices

precisely fit the zero pattern of the Jacobian matrix. For ILU(0) the LU factorization

is carried only at the non-zero elements of the original matrix.

M = LU (2.14)

In this method the system Mx = p is solved using the factorized structure of the

preconditioner matrix. The solution algorithm is given below.

• Solve Ly = p for y by forward substitution.

• Solve Ux = y for x by backward substitution

2.5. Compressed Storage Schemes

The Jacobian matrices arousing from the discretization of the partial differential

equations have characteristic sparsity patterns. Instead of storing each element of the

matrix storing only the non-zero elements of the matrix using one of the compressed

storage schemes decreases the memory load of the computer considerably. Also defin-

ing the matrix vector multiplications required for the linear solvers accordingly faster

convergence can be achieved. There are various kinds of compressed storage schemes.

One of them is compressed column storage (CCS). According to this scheme the non-

zero elements of the matrix are stored column by column in a vector. The row number

of each element is written at another vector. And a third vector indicates at which

element a new column starts. In this work matrix free algorithms are modified using

the CCS scheme in order to apply SGS preconditioner in a fast way to the matrix free

methods. Another scheme used in this work is the compressed row storage scheme

abbreviated as CRS. Adapting the exact Newton method with respect to this scheme

an efficient algorithm is created. However, the analytical computation of the Jacobian

matrix and entering it with respect to the CRS scheme makes the code development

process time consuming.
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2.6. Application of the Preconditioners to the Matrix-Free Algorithms

As mentioned above preconditioners can have an important effect on the conver-

gence behavior of the Krylov sub-space solvers especially when the forming matrices

are ill-conditioned, which is usually the case for the flow problems at high Reynolds

numbers. However, some of the preconditioners require the coefficient matrix explicitly

such as ILU. Therefore these type of preconditioners cannot be adapted into a fully

matrix free algorithm. On the other hand, preconditioners such as Jacobi or symmetric

Gauss-Seidel (SGS) can be used in the matrix-free methods [6]. In order to apply SGS

the forward and backward algorithms must be modified so that they can be carried out

in a column by column manner instead of row by row. The algorithm of the matrix-free

version of the backward substitution is given below.

for i=1:n

v(n+1-i,1)=1

Av=(f(x+eps*v)-f(x))/eps

v(n+1-i,1)=0

x(n+1-i,1)=p(n+1-i,1)/Av(n+1-i,1)

for j=i:n

p(n+1-j,1)=p(n+1-j,1)-Av(n+1-j,1)*x(n+1-i,1)

end

end

And the forward substitution algorithm is shown below.

for i=1:n

v(i,1)=1;

Av=(f(x+eps*v)-f(x))/eps

v(i,1)=0;

x(i,1)=p(i,1);

for j=i:n
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p(j,1)=p(j,1)-Av(j,1)*x(i,1)/Av(i,1);

end

end

The application of the SGS preconditioner to the matrix free algorithms increases

the operation load considerably. However, this load can be decreased combining the

matrix free algorithm with the compressed column storage (CCS) scheme. In this

method the Jacobian matrix is computed column by column using the directional

differencing technique and stored via the CCS storage scheme. For example, using the

vector with 1 only at the first entry and zeros at the remaining ones the first column

of the Jacobian matrix is obtained. Continuing this process and storing every time

the non-zero elements in the columns of the Jacobian matrix using CCS the matrix

can be stored in a compressed manner. Using this matrix and adapting backward and

forward substitutions for SGS according to the storage scheme the operation load of

the algorithm is decreased considerably. This modification in the matrix free algorithm

only affects the operations related with the preconditioner. The Jacobian matrix vector

multiplications in the solvers are carried out matrix free. Although this modification

increases the memory load it is far below than the load the exact Newton method

brings.

2.7. Domain Decomposition

Dividing a problem into subproblems and combining the solution of each one

in order to build the puzzle is the idea behind the domain decomposition methods.

Instead of solving the problem as a whole partitioning it into regions can contribute to

simplicity and speed.

The simplicity may depend on the geometrical advantages of the sub-domains

or on the difference of the modeling equations that are used in each sub-system. For

example restricting the uequations to the proximity of the object and using Euler

equation in the other regions could be one of the practical usages of this idea. On

the other hand, this method could also enable decrease in computation time using
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Γ1

Γ2

Ω1

Ω2

Figure 2.2. Partitioning of the domain in the thesis problem

the advantages of the parallel computing. Using multiple machines each sub-problem

can be solved simultaneously and combined afterwards. Although this technique has

begun to be more widely used in the recent years the roots of this idea are in the

19th century. In 1870 Schwarz introduced an alternating algorithm which provided a

parallel, potentially fast, and robust method for the solution of linear or non-linear

systems of equations resulted usually from discretization of PDEs [11]. According to

this method a domain Ω is partitioned into the sub-regions Ωi, i = 1, ..., M . Using

this method called Multiplicative Schwarz Procedure the problem is solved on a sub-

domain at each iteration and the most recent solution of this domain is used as a

boundary condition for the other sub-regions. As shown in the figure 2.2 there are two

overlapping domains (cartesian and cylindrical) labeled as Ω1 and Ω2 respectively. Γ1

and Γ2 show the two artificial boundaries between the domains shown with the dotted

lines. These are the boundaries where the solution in one domain is transferred into

the other domain.

Domain decomposition is a very wide field of research. Here only a brief summary

of the general ideas and the solution algorithm of the thesis problem is mentioned. For

more information please refer to [3], [9].
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2.8. Convergence Criterion

Setting a criterion for convergence is a crucial aspect of the numerical methods.

They give an approximate solution and the accuracy of the solution depends on the

criterion set.

There are different ways of deciding for convergence. In this study the two norm

of the residual vector is monitored which is a frequently used way of concluding the

convergence. There are two types of residual vectors in this thesis. These are the

residual of the linear system J∆x = −f and the non-linear residual f .

As mentioned above the discretized form of the governing equations have a non-

linear character and they are linearized by the Newton’s method in order to be solved

by the linear solvers. So in each Newton step a linear system has to be solved. At

each step the reduction of the two norm of the linear residual vector is monitored with

respect to the norm of the initial residual vector.

‖b− Axk‖
‖b− Ax0‖ < tol (2.15)

Moreover, a maximum number iteration steps is also set at each Newton step. If the

linear system does not converge in the given number of iteration steps then a different

solver is used or the same solver combined with a more efficient preconditioner is tried.

After deciding for convergence at a Newton step and making the necessary correc-

tions in the solution vector the procedure continues with the next Newton step. After

each Newton step the two norm of the f vector composed of the non-linear system

equations is checked.

‖f‖ < tol (2.16)

In the thesis problem two different domains, cartesian and cylindrical, are used and the

solutions of each domain are transferred to the other until the change in the solutions
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of the domains drops below the tolerance given. Accordingly, the difference of the

successive solution vectors of the cylindrical domain is taken and the two norm of the

resulting vector is monitored to decide for convergence.

‖xk
cylindrical − xk−1

cylindrical‖ < tol (2.17)
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3. COMPUTATIONAL MODELING

3.1. Problem Statement

Paraglider wings have a characteristic airfoil cross-section. Therefore the simula-

tion of the flow around the wing requires the use of grid generation techniques. In this

work curvature tube is used as a 2D simple model of the wing based on the similarity

between the top views of the paraglider wing and the curvature tube. A curvature

tube is a 2D shape composed of two arcs which belong to two concentric circles and

also cover the same angle ∆θ. In this shape there are also two lines connecting these

arcs at their ends. Using domain decomposition methods the flow around the tube is

determined. Defining the physical and the computational parameters their effects on

the flow and on the convergence of the iterative methods respectively are investigated.

3.2. Solution Algorithm

Embedding the curvature tube in a cylindrical domain and defining the outer

boundary conditions at that domain could be one way of solving this problem. However,

there have to be also a second cylindrical grid around the object in order to simulate

the flow around the vicinity of the object more accurate. Instead of that, it is preferred

to use a rectangular base grid in which it is easier to define the boundary conditions

and to overlap a cylindrical smaller domain around the vicinity of the object to model

the flow around the solid more precise.

Accordingly, first the flow around a rectangle similar to the curvature tube in size

is solved. After that, passing to the overlapped cylindrical domain the flow around the

curvature tube is solved taking the outer boundary conditions from the solution of the

cartesian system by bi-linear interpolation. However, the values at the outer boundaries

of the cylindrical domain do not reflect the effect of the curvature tube because of the

difference of the shapes between the tube and the rectangle. Therefore the effect of the

curvature tube has to be reflected back to the cartesian domain by taking the inner
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Figure 3.1. Paraglider wing-Top view [12]

O

r1
r2

Figure 3.2. Curvature tube
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boundary conditions from the solution of the cylindrical system using interpolation.

So solving each system separately and transferring each time the boundary conditions

to the other domain the flow field around the tube can be determined. To decide for

convergence the difference between the adjacent solutions of the cylindrical domain

are checked. This difference is in form of a vector therefore it is checked whether the

greatest value is below the tolerance or not.

3.3. Interpolation

For the interpolations both from cartesian to cylindrical and from cylindrical to

cartesian bi-linear interpolation algorithm is used. Their formulations are given in the

equations. 3.1, 3.2, 3.3 ,3.4.

ΨE =

(
1− (xE − xA)

∆x

) (
1− (yE − yA)

∆y

)
ΨA +

(
(xE − xA)

∆x

)(
1− (yE − yA)

∆y

)
ΨB

+

(
(xE − xA)

∆x

)(
(yE − yA)

∆y

)
ΨC +

(
1− (xE − xA)

∆x

)(
(yE − yA)

∆y

)
ΨD (3.1)
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Figure 3.6. Second cartesian domain

ΩE =

(
1− (xE − xA)

∆x

)(
1− (yE − yA)

∆y

)
ΩA +

(
(xE − xA)

∆x

)(
1− (yE − yA)

∆y

)
ΩB

+

(
(xE − xA)

∆x

)(
(yE − yA)

∆y

)
ΩC +

(
1− (xE − xA)

∆x

)(
(yE − yA)

∆y

)
ΩD (3.2)

ΨE =

(
1− (rE − rA)

∆r

)(
1− (θE − θA)

∆θ

)
ΨA +

(
(rE − rA)

∆r

)(
1− (θE − θA)

∆θ

)
ΨB

+

(
(rE − rA)

∆r

)(
(θE − θA)

∆θ

)
ΨC +

(
1− (rE − rA)
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)(
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)
ΨD (3.3)

ΩE =

(
1− (rE − rA)

∆r

)(
1− (θE − θA)

∆θ

)
ΩA +

(
(rE − rA)

∆r

)(
1− (θE − θA)

∆θ

)
ΩB

+

(
(rE − rA)

∆r

)(
(θE − θA)

∆θ

)
ΩC +

(
1− (rE − rA)

∆r

)(
(θE − θA)

∆θ

)
ΩD (3.4)
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START

Solve the flow around

the rectangle in the first 

cartesian domain.

(Figure 3.4)

i = 1

Set the solution vector of the 

cylindrical domain to zero.

 x (i) = 0 

i = i + 1

Solve the flow around the curvature tube 

with the outer boundary conditions taken 

from the first cartesian domain by 

interpolation (Figure 3.5)

Find x(i)

Compute x(i)-x(i-1) and 

check for convergence

Go back to the second cartesian 

domain take the values at the inner 

boundaries of that domain from the 

cylindrical domain. 

(Figure 3.6)

STOP

NO

YES

Figure 3.7. Flowchart of the solution algorithm
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3.4. Discretization of the Governing Equations and Domains

Navier-Stokes equations are the well-known governing equations of the fluid flow.

Since the velocities subjected in this problem are far below the compressibility limit

the fluid can be assumed as incompressible and incompressible forms of these equations

can be used. Moreover time derivatives in the equations can be dropped because steady

state solution of the problem is sought.

There are two different formulations of these equations based on the dependent

variables used. In this work stream function vorticity formulations are used. These are

derived from the primitive variable formulations of the governing equations using the

definitions of the vorticity and the stream function. Since the problem consists of both

cartesian and cylindrical domains the equations both for cartesian and cylindrical co-

ordinates are required. The derivation of the formulation for the cylindrical coordinate

system can be found in appendix A. The derivation of the equations for the cartesian

coordinates can be found in [5].

The stream function and the vorticity transport equations for the cartesian system

are respectively.

∇2Ψ + Ω = 0 (3.5)

∇2Ω−Re

[
∂Ψ

∂y

∂Ω

∂x
− ∂Ψ

∂x

∂Ω

∂y

]
= 0 (3.6)

Second order central finite difference formulations are used for the discretization of

these equations except at the solid and computational domain boundaries.

[
(Ψi+1,j − 2Ψi,j + Ψi−1,j)

∆x2
+

(Ψi,j+1 − 2Ψi,j + Ψi,j−1)

∆y2

]
+ Ωi,j = 0 (3.7)
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[
(Ωi+1,j − 2Ωi,j + Ωi−1,j)

∆x2
+

(Ωi,j+1 − 2Ωi,j + Ωi,j−1)

∆y2

]
−

Re

[
Ψi,j+1 −Ψi,j−1

∆y

Ωi+1,j − Ωi−1,j

∆x
− Ψi+1,j −Ψi−1,j

∆x

Ωi,j+1 − Ωi,j−1

∆y

]
= 0 (3.8)

The stream function and the vorticity transport equation for the cylindrical system are

respectively.

∂2Ψ

∂r2
+

1

r

∂Ψ

∂r
+

1

r2

∂2Ψ

∂θ2
+ Ω = 0 (3.9)

[
∂2Ω

∂r2
+

1

r

∂Ω

∂r
+

1

r2

∂2Ω

∂θ2

]
− Re

r

[
∂Ψ

∂θ

∂Ω

∂r
− ∂Ω

∂θ

∂Ψ

∂r

]
= 0 (3.10)

Second order central finite difference formulation of the equations in cylindrical coor-

dinates are:

Ψr̂+1,θ̂ + Ψr̂−1,θ̂ − 2Ψr̂,θ̂

(∆r)2
+

1

rin + (r̂ − 1)∆r

Ψr̂+1,θ̂ −Ψr̂−1,θ̂

2∆r
+

1

(rin + (r̂ − 1)∆r)2

Ψr̂,θ̂+1 + Ψr̂,θ̂−1 − 2Ψr̂,θ̂

(∆θ)2
+ Ωr̂,θ̂ = 0 (3.11)

Ωr̂+1,θ̂ + Ωr̂−1,θ̂ − 2Ωr̂,θ̂

(∆r)2 +
1

rin + (̂r− 1) ∆r

Ωr̂+1,θ̂ − Ωr̂−1,θ̂

2∆r
+

1

(rin + (̂r− 1) ∆r)2

Ωr̂,θ̂+1 + Ωr̂,θ̂−1 − 2Ωr̂,θ̂

(∆θ)2

− Re

rin + (̂r− 1) ∆r

[(
Ψr̂,θ̂+1 −Ψr̂,θ̂−1

2∆θ

)(
Ωr̂+1,θ̂ − Ωr̂−1,θ̂

2∆r

)

−
(

Ψr̂+1,θ̂ −Ψr̂−1,θ̂

2∆r

)(
Ωr̂,θ̂+1 − Ωr̂,θ̂−1

2∆θ

)]
= 0 (3.12)

3.5. The Boundary Conditions of the First Cartesian Domain

The derivation of the boundary conditions in this domain are given below.
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3.5.1. Solid Boundaries

Since the object is non-porous and stationary the velocity at the solid wall can

only be parallel to it. This means that v = 0 along the E1-F1 line shown in figure 3.4.

Using the definition of the stream function (v = −∂Ψ
∂x

= 0) it is found that the stream

function is constant along that boundary. Applying the same principle to the other

three solid boundaries it can be seen that the value of the stream function is constant

along the boundaries of the solid and can be chosen arbitrarily.

Ψ = 0 (3.13)

Boundary conditions for the vorticity does not exist. Therefore they have to be con-

structed. Derivation of the conditions for the E1-F1 line is given whereas the conditions

for the other three boundaries are only specified.

Vorticity boundary conditions are derived using the stream function equation.

∂2Ψ

∂x2
+

∂2Ψ

∂y2
= −Ω (3.14)

Along the E1-F1 line in figure 3.4 the value of the stream function is constant and

therefore the equation 3.14 simplifies to this form for this boundary.

∂2Ψ

∂y2
|i,j = −Ω|i,j (3.15)

Writing the second order Taylor series expansion of the equation;

Ψi,j−1 = Ψi,j +
∂Ψ

∂y
|i,j∆y +

∂2Ψ

∂y2
|i,j (∆y)2

2
+ O(∆y)3 (3.16)

Applying the no-slip boundary condition for that line by taking ∂Ψ
∂y

= 0 the following
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equation appears.

Ψi,j−1 = Ψi,j +
∂2Ψ

∂y2
|i,j (∆y)2

2
+ O(∆y)3 (3.17)

Solving the equation for ∂2Ψ
∂y2 and using the equation (3.33) the vorticity equation for

that boundary are formed.

The vorticity boundary conditions of the inner boundaries are given with respect

to the coordinates of the corners and dimensions of the inner rectangle. The coordi-

nates of the corners of the rectangle are:

E1(Spacex + 1, Spacey + 1); F1(Spacex + Nin, Spacey + 1);

G1(Spacex + Nin, Spacey + Min); H1(Spacex + 1, Spacey + 1)

For the E1-F1 boundary,

Ωi,j =
2(Ψi,j −Ψi,j−1)

(∆y)2
(3.18)

where Spacex + 1 6 i 6 Spacex + Nin and j = Spacey + 1

For the F1-G1 boundary,

Ωi,j =
2(Ψi,j −Ψi+1,j)

(∆x)2
(3.19)

where i = Spacex + Nin Spacey + 2 6 j 6 Spacey + Min − 1

For the G1-H1 boundary,

Ωi,j =
2(Ψi,j −Ψi,j+1)

(∆y)2
(3.20)

where Spacex + 1 6 i 6 Spacex + Nin j = Spacey + Min
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For the H1-E1 boundary,

Ωi,j =
2(Ψi,j −Ψi−1,j)

(∆x)2
(3.21)

where i = Spacex + 1 Spacey + 2 6 j 6 Spacey + Min − 1

3.5.2. Computational Domain Boundaries

At the inlet,

∂Ψ

∂y
= u =U0 −∂Ψ

∂x
= v = 0 (3.22)

Using first order finite difference equations and specifying the value of the stream

function at one of the grid points the values at the other points of the inlet boundary

can be found with respect to this point. For instance, the value of the node matching

with the stagnation point of the object is taken zero in this problem since the values

of the stream function were specified as zero at the object boundaries.

Ψi,j+1 −Ψi,j

∆y
= U0 (3.23)

where 1 6 j 6 Mout − 1 and i = 1

Ωi,j = 0 (3.24)

where 1 6 j 6 Mout and i = 1

At the far field,

Ψi,j = Ψ1,1 (3.25)
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where j = 1 and 2 6 i 6 Nout

Ψi,j = Ψ1,Mout (3.26)

where j = Mout and 2 6 i 6 Nout

Ωi,j = 0 (3.27)

where j = 1 or j = Mout and 2 6 i 6 Nout

At the outflow,

∂Ψ

∂x
= 0

∂Ω

∂x
= 0 (3.28)

Applying second order backward differencing,

−3Ψi,j + 4Ψi−1,j −Ψi−2,j

2∆x
= 0 (3.29)

−3Ωi,j + 4Ωi−1,j − Ωi−2,j

2∆x
= 0 (3.30)

where i = Nout and 2 6 j 6 Mout − 1

3.6. The Boundary Conditions of the Cylindrical Domain

The derivations of the boundary conditions of this domain are given below.

3.6.1. Solid Boundaries

The same principles valid for the solid in the first cartesian domain are also valid

for the object in the cylindrical domain shown in the figure 4.2. So the value of the
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stream function along the solid boundaries is:

Ψ = 0 (3.31)

The derivation of the vorticity boundary conditions for the cylindrical domain is similar

to the way they are derived for the cartesian domain.

Vorticity boundary conditions for this domain are derived using the stream func-

tion equation valid for the cylindrical domain.

∂2Ψ

∂r2
+

1

r

∂Ψ

∂r
+

1

r2

∂2Ψ

∂θ2
= −Ω (3.32)

For instance, along the E2-F2 line shown in the figure 4.2 the value of the stream

function is constant and therefore the equation 3.32 simplifies to this form for this

boundary.

1

r2

∂2Ψ

∂θ2
|r̂,θ̂ = −Ω|r̂,θ̂ (3.33)

Writing the second order Taylor series expansion of the equation

Ψr̂,θ̂−1 = Ψr̂,θ̂ +
∂Ψ

∂θ
|r̂,θ̂∆θ +

∂2Ψ

∂θ2
|r̂,θ̂

(∆θ)2

2
+ O(∆θ)3 (3.34)

Applying the no-slip boundary condition for that line ∂Ψ
∂θ
|r,θ = 0 and solving the equa-

tion for ∂2Ψ
∂θ2 and using the equation (3.33) the vorticity equation for that boundary will

be formed.

The boundary conditions are given according to the coordinates of the corners

and lengths of the inner curvature tube. The coordinates of the corners of the tube are:

E2(Spacer + 1, Spaceθ + 1); F2(Spacer + Nr−in, Spaceθ + 1);

G2(Spacer + Nr−in, Spaceθ + Nθ−in); H2(Spacer + 1, Spaceθ + Nθ−in)
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For the E2-F2 boundary

Ωr̂,θ̂ =
1

(rin + (r̂ − 1)∆r)2

2(Ψr̂,θ̂ −Ψr̂,θ̂−1)

(∆θ)2
(3.35)

where Spacer + 2 6 r̂ 6 Spacer + Nr−in − 1 and θ̂ = Spaceθ + 1

For the F2-G2 boundary,

Ωr̂,θ̂ =
2(Ψr̂,θ̂ −Ψr̂+1,θ̂)

(∆r)2
(3.36)

where r̂ = Spacer + Nr−in and Spaceθ + 1 6 θ̂ 6 Spaceθ + Nθ−in

For the G2-H2 boundary,

Ωr̂,θ̂ =
1

(rin + (r̂ − 1)∆r)2

2(Ψr̂,θ̂ −Ψr̂,θ̂+1)

(∆θ)2
(3.37)

where Spacer + 2 6 r̂ 6 Spacer + Nr−in − 1 and θ̂ = Spaceθ + Nθ−in

For the H2-E2 boundary,

Ωr̂,θ̂ =
2(Ψr̂,θ̂ −Ψr̂−1,θ̂)

(∆r)2
(3.38)

where r̂ = Spacer + 1 and Spaceθ + 1 6 θ̂ 6 Spaceθ + Nθ−in

3.6.2. Computational Domain Boundaries

The boundary conditions for stream function and vorticity are taken from the

solutions of the first and second cartesian domains. According to the solution algorithm

shown in the figure 3.7 the iteration begins by solving the flow in the first cartesian

domain and continues with the flow in the cylindrical domain using the boundary

conditions taken from the first cartesian domain. However, for the remaining iterations
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second cartesian domain is used and the values for the computational boundaries of

the cylindrical domain are taken from the solution of that domain. So,

Ψr̂,θ̂ = Ψinterpolation (3.39)

Ωr̂,θ̂ = Ωinterpolation (3.40)

where r̂ = 1 or r̂ = Nr−out and 1 6 θ̂ 6 Nθ−out

3.7. The Boundary Conditions of the Second Cartesian Domain

The aim of the first cartesian domain was to provide a good initial guess for

the iterations between the domains as mentioned in the solution algorithm. Moreover,

there is a second cartesian domain whose function is to reflect the effect of the flow

field of the curvature tube to the far fields which the cylindrical domain cannot cover.

The boundary conditions of this domain and the boundary conditions of the

first cartesian domain have the same inlet, far field and outflow conditions. And the

values of the inner boundaries are taken from the solution of the cylindrical domain by

bi-linear interpolation.

3.7.1. Inner Boundaries

The boundary conditions are given according to the coordinates of the corners

and lengths of the inner rectangle. The coordinates of the corners of the rectangle are:

E3(Spacex2 + 1, Spacey2 + 1); F3(Spacex2 + Nin2, Spacey2 + 1);

G3(Spacex2 + Nin2, Spacey2 + Min2); H3(Spacex2 + 1, Spacey2 + Min2)

Ψi,j = Ψinterpolation (3.41)

Ωi,j = Ωinterpolation (3.42)
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where Spacey2 + 1 6 j 6 Spacey2 + Min2 and Spacex2 + 1 6 i 6 Spacex2 + Nin2

3.8. Computational and Physical Parameters

Parameters affecting the flow field around the object are grouped into the phys-

ical parameters. These are the angle of attack, Reynolds number and the radius of

curvature. The effect of the velocity, viscosity and the dimensions of the object are

combined into the dimensionless Reynolds number. On the other hand, there are also

computational parameters affecting the convergence behavior of the problem. The

convergence pattern depends also on the physical parameters because changes in these

parameters also affect the character of the equations or the boundary conditions. For

example, increasing Reynolds number increases the non-linear character of the equa-

tions and convergence slows down. Other than these, preconditioners, the solver and

the overlapping area between the domains also influence the convergence of the problem

considerably. These parameters are grouped into computational parameters.

3.8.1. Physical Parameters

3.8.1.1. Reynolds Number. Reynolds number is one of the most important flow pa-

rameters. It is the ratio of the inertial forces to the viscous forces. Solving the problem

at different Reynolds numbers while holding the other parameters constant the effect

of this parameter on the flow field can be analyzed.

3.8.1.2. Angle of Attack. This is a term used to describe the angle between the airfoil’s

chord line and the direction of airflow. In case of curvature tube the chord line is also

the line joining the leading edge with the trailing edge. Angle of attack is also a very

crucial parameter. It greatly affects the flow and also the forces acting on the object.

Taking the solution at different angle of attacks the effect of this parameter on the flow

field is investigated.
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Figure 3.10. Radius of curvature and angle of attack α of the curvature tube

3.8.1.3. Radius of Curvature. By this parameter the radius of the mean curve passing

through the span of the tube is meant. Like the other flow parameters it also affects the

flow field considerably. Solving the problem for curvature tubes with different radius

of curvatures but with the same width conclusions about the effect of this parameter

can be made.

3.8.2. Computational Parameters

3.8.2.1. Solvers. Different Krylov sub-space solvers are used in this work. These are

CGS, BiCGSTAB and GMRES(m). Different from the other two solvers the amount

of work and storage in GMRES linearly rises with the iteration count. To overcome

this limitation the iteration is restarted after a given limit m, the accumulated data

are cleared and the intermediate results are used as the initial data for the next m

iterations. This procedure is repeated until convergence is achieved.

These solvers have different characteristics and residual reduction behaviors.

Their speed of convergence are also compared by means of iteration number and com-

putation time.
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3.8.2.2. Preconditioners. Preconditioners improve both the robustness and the effi-

ciency of the iterative techniques. The convergence of the problem is investigated

using different preconditioners. Their effect on the convergence behavior is analyzed

both by means of iteration number and computation time.

3.8.2.3. Overlapping of the Domains. Both the overlapping area and the layout of this

area on the base domain affect the convergence of the problem. Unsuitable selection

of these parameters can lead to slow convergence and even in some cases the problem

may diverge.

3.9. Code Development and Validation

The validity of the code developed is tested using an example problem. The test

case should be similar to the actual problem in form and also its results must be found

in the literature so that they can be compared with the solutions of the code.

3.9.1. Sample Problem:Bratu Equation

Bratu equation is one of the well known non-linear partial differential equations.

It is basically Poisson equation with a non-linear source term and resembles the form

of the fluid equations. Both have a non-linear character and they have to be linearized

using Newton’s method in order to use linear system solvers. This problem has been

studied extensively and results are found in the literature.

The Bratu equation:

∂2φ

∂x2
+

∂2φ

∂y2
= −seφ where 0 6 s 6 6.808 (3.43)

The equation is discretized using second order central finite difference formulation.

φi+1,j − 2φi,j + φi−1,j

(∆x)2
+

φi,j+1 − 2φi,j + φi,j−1

(∆y)2
= −seφi,j (3.44)
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Figure 3.11. Maximum φ values vs. the parameter (s)

As shown in the figures the equation has two solution for values less than s∗ = 6.808.

As s gets greater the two solutions approach each other and at the limit they become

equal. This point is called the bifurcation point. Going beyond this point no solutions

can be obtained.

3.9.2. Results of the Bratu Equation

Bratu equation is solved on a unit 33x33 square grid with the zero Dirichlet

boundary conditions for six different s numbers varying from 1 up to 6.8.

The solution on the lower branch of the graph is obtained giving the initial so-

lution vector in the Newton’s method equal to zero. Second solution can be attained

changing the initial vector. The convergence of the second solution for values of s

higher than three is easy so the selection of the initial guess is not so crucial. However,

in order to obtain the second solution for the lower s values the second solution of the

Bratu equation for the higher s values have to be used as initial guess.
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Figure 3.12. Surface plots of the Bratu equation at s = 1.0, s = 2.0, s = 3.0
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Figure 3.13. Surface plots of the Bratu equation at s = 4.0, s = 5.0, s = 6.8
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On the figures above the two solutions of the Bratu equation for alternating

values of s are given. As shown in the figures the maximum φ values of the two

solutions approach each other as s gets greater. And at s=6.8 max φ value of the two

solutions are nearly the same. They are not exactly the same because this value is not

exactly the value of the bifurcation point which is s∗ = 6.808.
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4. RESULTS AND DISCUSSION

4.1. Flow Around the Curvature Tube

The flow around the curvature tube submitted to free flow boundary conditions

are studied numerically. The results cover both the non-symmetric and symmetric

cases. The non-symmetric cases cover the solutions from zero angle of attack up to

420. Flow at each of these angle of attacks are solved for Re=80 and Re=160. The

cylindrical and cartesian domain consist of 81x81 and 61x81 grids respectively.

In the figures below the solution of both the cartesian domain and cylindrical

domain are shown. The contours in the cartesian domain are plotted in red whereas

the contours in the cylindrical domain are drawn in green. These are given in order

to compare the solution of both two domains. The similarity between the solutions at

the overlapping region indicates the convergence of the problem.

4.1.1. Effect of the Physical Parameters on the Flow Field

4.1.1.1. Angle of Attack. The field around the curvature tube is determined at five

different angle of attacks from zero up to 420. As shown in the figures an increase in

angle of attack enlarges the wake behind the solid. And after a certain value specific

for that tube separation of the flow behind the object is observable and this shows

us the maximum attainable angle of attack for the tube without entering into a stall

which is a sharp drop in the lift force and a dramatic increase in the drag force due to

the vortex formation.

The vortex formation occurs at the angle of attack α = 280 and at Re=80 as

shown in the figure 4.5 and at the angle of attack α = 190 and at Re=160 as shown

in the figure 4.6. Increasing the Re number the separation occurs at a lower angle of

attack.
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Figure 4.1. Stream function contours at the angle of attacks α = 420, α = 330,

α = 230 and at the Reynolds numbers Re=80, Re=160-Overlapping of the domains
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Figure 4.2. Stream function contours at the angle of attacks α = 120, α = 00 and at

the Reynolds numbers Re=80, Re=160-Overlapping of the domains
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Figure 4.3. Vorticity contours at the angle of attacks α = 420, α = 330, α = 230 and

at the Reynolds numbers Re=80, Re=160-Overlapping of the domains



47

x

y

0 1 2 3 4
0

1

2

3

(a) α = 120 Re=80

x

y

0 1 2 3 4
0

1

2

3

(b) α = 120 Re=160

x

y

0 1 2 3 4
0

1

2

3

(c) α = 00 Re=80

x

y

0 1 2 3 4
0

1

2

3

(d) α = 00 Re=160

Figure 4.4. Vorticity contours at the angle of attacks α = 120, α = 00 and at the

Reynolds numbers Re=80, Re=160-Overlapping of the domains
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4.1.1.2. Reynolds Number. Reynolds number is one of the most important non di-

mensional numbers determining the flow regime. As known the flow regime shifts first

from laminar to transition and then to turbulence with increasing Reynolds number.

Actually the flow around the real paraglider wing at its cruising speed of 10 m
sec

is around

6× 106. Therefore the flow around the wing is quite turbulent and usage of turbulent

modeling is required. However, this study investigates the low Reynolds number flows

so that the flow stays in the laminar region.

Looking to the stream function contours at two different Re numbers it is observed

that the wake area behind the solid increases with increasing Re number. And this

indicates a higher pressure force acting on the solid for high Re number flows. Also

increasing the Re number the sizes of the vortices grow and they become observable.

For instance, vortex formation could not be observed in the flow at the angle of attack

α = 230 and at Re=80. However, they form at Re=160 at the same angle of attack.

4.1.1.3. Radius of Curvature. In order to clarify the effect of the radius of curvature

the flow field of two tubes having the same width but not the same radius curvatures

are compared. The results are given below. As shown in the figures the wake behind

the tube with higher radius curvature is larger at the same Reynolds number. Larger

wake means larger pressure drag because wakes are low pressure areas. So the tube

with greater radius of curvature or the tube which is more flat has a larger drag of

coefficient than the one with smaller radius of curvature. This result is also in harmony

with the experimental results. For instance, at the extreme case the drag coefficient of

a vertical flat plate is higher than the one of a circle. [13].

4.1.2. Effect of the Computational Parameters on the Convergence Behav-

ior

In the figures 4.16, 4.17, 4.18, 4.20, 4.21, 4.22 the convergence behavior of the

solvers and the effect of the preconditioners on this behavior are shown. Three different

preconditioners namely Jacobi, SGS and ILU(0) are combined with three different
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Figure 4.7. Stream function contours at the angle of attacks α = 420, α = 330,

α = 230 and at the Reynolds numbers Re=80, Re=160-Cylindrical domain



51

x

y

1 2

1

1.5

2

2.5

(a) α = 120 Re=80

x

y

1 2

1

1.5

2

2.5

(b) α = 120 Re=160

x

y

1 2

1

1.5

2

2.5

(c) α = 00 Re=80

x

y

1 2

1

1.5

2

2.5

(d) α = 00 Re=160

Figure 4.8. Stream function contours at the angle of attacks α = 120, α = 00 and at

the Reynolds numbers Re=80, Re=160-Cylindrical domain
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Figure 4.9. Vorticity contours at the angle of attacks α = 420, α = 330, α = 230 and

at the Reynolds numbers Re=80, Re=160-Cylindrical domain
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Figure 4.10. Vorticity contours at the angle of attacks α = 120, α = 00 and at the

Reynolds numbers Re=80, Re=160-Cylindrical domain
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Figure 4.11. Stream function contours at the radius of curvatures r = 0.1, r = 0.3

and at the Reynolds numbers Re=80, Re=160-Overlapping of the domains
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Figure 4.12. Vorticity contours at the radius of curvatures r = 0.1, r = 0.3 and at the

Reynolds numbers Re=80, Re=160-Overlapping of the domains
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Figure 4.13. Stream function contours at the radius of curvatures r = 0.1, r = 0.3

and at the Reynolds numbers Re=80, Re=160-Cylindrical domain
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Figure 4.14. Vorticity contours at the radius of curvatures r = 0.1, r = 0.3 and at the

Reynolds numbers Re=80, Re=160-Cylindrical domain
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Krylov sub-space methods such as CGS, BiCGSTAB and GMRES. The performance

of these solvers are compared using the thesis problem but on a lower grid resolution.

For instance, 53×82 grids for the cartesian domain and 41×51 grids for the cylindrical

domain. Reynolds number is fixed to 80 at the test problem. Relative residual is

checked to decide for convergence and is taken as 1× 10−5.

The variation of the non-linear residual with respect to the number of Newton

steps are also given in the figures 4.15, 4.19. Damping factor is not needed in the test

problem and zero vector is used as the initial guess both for the cartesian and the

cylindrical domains. Different from the linear residual absolute non-linear residual is

monitored and the tolerance is set to 1× 10−6.

Using the domain decomposition method the problems are solved separately in

each domain using the boundary conditions of the other domain as an input. This

iteration wise solution technique continues until the two norm of the difference of

the solution vector of the cylindrical domain drop below the tolerance which is taken

1× 10−5 in the test case.

As mentioned before ILU can not be applied to the matrix-free algorithms. In

order to compare its effect with the effects of Jacobi and SGS exact Newton algorithm

is used in the test problem. This algorithm is adapted to the compressed row stor-

age(CRS) scheme. Otherwise the grid density in the test problem would lead to a high

memory load and also the computation time would be very high.

4.1.2.1. Solvers. The residual of the linear system is evaluated relative to the initial

residual of the system. That’s why the residuals equal to unity at the beginning of the

iterations. The variation of the relative residual is shown with respect to the iteration

number in the figures 4.16, 4.17, 4.18, 4.20, 4.21, 4.22. According to the figures CGS

has the most irregular convergence pattern among the solvers. BiCGSTAB shows a

smoother behavior and converges in less iteration than any other solvers do. Although

BiCGSTAB has to complete two more inner products than CGS does per iteration its
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Figure 4.16. Comparison of the preconditioners/Solver:CGS-First cartesian domain
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Figure 4.19. 2 norm of the non-linear residual vs. Newton steps-Cylindrical domain
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Figure 4.20. Comparison of the preconditioners/Solver:CGS-Cylindrical domain
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Figure 4.21. Comparison of the preconditioners/Solver:BiCGSTAB-Cylindrical

domain
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Figure 4.22. Comparison of the preconditioners/Solver:GMRES-Cylindrical domain



63

advantage in the iteration steps brings it also the advantage in computation time.

GMRES is the one with the most regular convergence pattern. Iterations in

GMRES are restarted after 100 iterations. The accumulated data are cleared and the

intermediate results are used as the initial data for the next 100 iterations. In GMRES

the residual of the linear system always decreases as iteration continues which is not

the case at CGS and BiCGSTAB. However, it requires more iteration steps in the

sample problem than the others require to converge. On the other hand, the robust

and stable character of GMRES can be used at the ill-conditioned matrices where the

other solvers may diverge. The detailed comparison of these solvers are given in the

tables. 2.6

In the figures 4.15, 4.19 the variation of the non-linear residual of the first carte-

sian domain and of the cylindrical domain are given respectively. This variation does

not change with respect to the selected linear solver because the same tolerance value

is valid for all of them. Changing the linear solver only affects the variation of the

linear residual as far as it reaches the desired tolerance.

4.1.2.2. Preconditioners. Because of the unsuitable spectral properties of the forming

Jacobian matrix solvers without preconditioners could not make the solvers converge

in the given iteration limit. BiCGSTAB and CGS methods even diverge when used

without preconditioner.

Jacobi as a preconditioner does not contribute to the convergence performance

much. It can not ensure the convergence of the solver. CGS and BiCGSTAB methods

converge with the aid of Jacobi in the cylindrical domain however they can not in

the cartesian domain because of the higher grid resolution. It is one of the most

easily applicable preconditioners however it does not have an important affect to the

convergence behavior of the solvers.

On the other hand, SGS and ILU(0) methods greatly enhance the convergence
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behavior of all three methods not only in the number of iteration steps but also in

computation time. Looking to the graphs it is understood that ILU(0) preconditioned

methods have a superior convergence character to the SGS preconditioned ones.

4.1.2.3. Overlapping of the Domains. The variation of the two norm of the difference

between the successive stream function vectors of the cylindrical domain is given in

the figure 4.23. The iterations between the domains continue until the norm of the

difference vector drops below the tolerance 1 × 10−5. In the test case nine iterations

were required to achieve the tolerance set. Changing the relative sizes of the overlapping

domains and the layout of these domains the iteration number between the domains

would be different.

As mentioned the relative sizes of the domains as well as their layouts are impor-

tant parameters affecting the convergence of the solution.

The iterations between the domains begin taking the solution of the flow around

the rectangle in the cartesian domain as initial guess. Adjusting the size of this rect-

angle is one of the key issues in this problem. Choosing the size of the rectangle close

to the size of the tube enables faster convergence. On the other hand, beginning the

iterations with a rectangle with great differences in size from the curvature tube would

slow down the convergence and in some cases especially at high Reynolds numbers

a solution may even not converge. Shortly, it should serve as a good initial guess.

Secondly, the size of the overlapping area is also a very important parameter affect-

ing the convergence of the problem. At the first iteration the cartesian domain has

the solution of the flow around the rectangle. Passing to the cylindrical domain the

flow around the curvature tube is solved with respect to the outer boundary condi-

tions taken from the cartesian domain. Although the solution at the first iteration is

not correct the effect of the curvature tube is being reflected to the cartesian domain

as iteration continues. Correction in the field also serves for more correct boundary

conditions for the cylindrical domain. So, choosing the cylindrical domain small with

respect to the tube the reflection of the solution between the domains is hindered. The
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reasons for this is the formation of the vortexes behind the object especially at high

Reynolds numbers. These are the signs of non-uniform flows and there the change in

velocity with respect to the location is high. Transferring the values belonging to the

wake of the object can lead to boundary conditions for the cylindrical domain which

can be difficult to impose. Therefore it can increase the number of iterations between

the domains required for convergence or the problem may even diverge. So, it is better

to select the cylindrical domain as large as possible.

Another important point about the domains is the size of the rectangle which

should serve the second cartesian domain as inner boundary conditions. This rectangle

and the rectangle at the first iteration are different in size. The function of the rectangle

at the first iteration was to produce a flow field which is similar to the field of the

curvature tube. However, this rectangle serves as the inner boundary conditions for

the second cartesian domain at the passage back from the cylindrical domain. Taking

the rectangle too close to the solid will slow down the convergence since the solution of
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the flow field near the tube is complex and therefore transferring these values back to

the cartesian system and forcing the flow field in that domain to converge can lead to

non-physical results. Then either a solution does not converge or even if it converges

it can be non-physical. On the other hand taking the rectangle too large will increase

the convergence speed but than the solution of the cylindrical domain could not be

adequately reflected back to the cartesian domain. So the solution converged may also

not be physical.

The overlapping area at the front of the object is not that crucial, since vorticity

contours stretch parallel to the flow direction to the back of the object. Unless the

overlapping area is too near to the solid non-uniform flow formation does not occur in

that area. Therefore it is adequate to cover only a small part of this area and slide the

overlapping area to the back of the object as far as possible so that it covers the wake

behind the object.
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5. Conclusions

In the present study, the flow around the curvature tube is investigated based on

the similarity between the paraglider wing and the curvature tube. The flow field is

investigated at two different Reynolds numbers combined with five different angle of

attacks and two different radius of curvatures. Moreover parameters related with the

convergence of the problem are also studied in this work.

In this work it is shown that the flow around the curvature tube can be solved

using the domain decomposition technique. Overlapping of the non-matching domains

are used namely cartesian and cylindrical. The cartesian domain serves as the base

system and serves to reflect the effect of the solid to the outer boundaries. On the

other hand, the overlapping cylindrical domain models the flow around the vicinity of

the solid using the outer boundary conditions taken from the base domain. Iterating

between the domains and correcting each time the values in the boundaries the solution

is attained.

Usage of the overlapping domains enables to specify the inlet, far field and out-

flow boundary conditions in the cartesian domain. Holding these conditions fixed and

turning the overlapping cylindrical domain the flow at various angle of attacks is ob-

tained.

Based on the solutions it is concluded that increase in angle of attacks brings an

increase in the wake area behind the object. This in turn indicates to a rise in the

pressure drag. Also Reynolds number has a similar effect on the flow field. Higher

Reynolds number engenders an increased pressure drag as a result of the larger wake

area behind the solid.

Both exact and inexact Newton’s methods are used to linearize the discretized

non-linear equation system and the corrections are evaluated by the Krylov sub-space

solvers (CGS, BiCGSTAB and GMRES)combined with the preconditioners Jacobi,
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SGS and ILU(0).

Inexact Newton’s method combined with the GMRES is a robust and efficient

technique of solving large non-linear equation systems because of the stable convergence

character of the GMRES and the low memory load due to the directional differencing.

Moreover the performance of this method is increased with the implementation of the

preconditioners such as Jacobi and SGS. The importance of the implementation of the

preconditioners are shown in the figures 4.16, 4.17, 4.18, 4.20, 4.21, 4.22 comparing the

convergence behavior of the linear solvers with and without preconditioners. Increasing

the Reynolds number the non-linear character of the equations is increased so the

gap in performance between the solvers with and without preconditioners gets bigger.

Moreover, CGS and BiCGSTAB methods can show a divergent behavior even at low

Reynolds numbers if applied without a preconditioner.

Implementation of SGS to the inexact Newton’s method requires the modifica-

tion of the backward and forward substitutions so that they can be applied also to the

matrix free algorithms. Adapting the substitution methods accordingly slows down the

iterations considerably. However, they can be used in ill-conditioned systems where

the Jacobi preconditioner can not make GMRES converge. On the other hand, the

backward and forward substitutions in the SGS preconditioned matrix free GMRES

algorithm can be speeded up storing the Jacobian matrix using the compressed column

storage (CCS) scheme. Writing the substitution algorithms accordingly SGS precon-

ditioning can be applied in a faster way. Although this will not be a fully matrix

free algorithm using this scheme the memory load on the computer is not increased

dramatically since only the non-zero elements of the matrix are stored in the memory

which make up only a small percentage of the full Jacobian matrix.

Exact Newton method is also applied in this work. Adapting the exact Newton

algorithm to the compressed row storage (CRS) scheme by storing only the non-zero

elements of the Jacobian matrix and defining the matrix vector multiplications accord-

ingly a fast non-linear system solver is obtained. Moreover, the storage of the Jacobian

matrix in the memory enables the implementation of the preconditioners which cannot
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be used in the matrix free methods. For example, writing the ILU(0) preconditioner

algorithm according to the CRS scheme also it could be applied. However, the code

development phase of this method is much longer than the one of the inexact Newton

since the Jacobian matrix has to be computed analytically and written in the code

according to the CRS scheme.

The flow around the curvature tube is solved at two different Reynolds numbers

combined with five different angle of attacks. Also the effect of the radius of curvature

is also investigated by comparing the flow fields of the tubes with different radius of

curvatures.

In this study a regular curvature tube is used in order to embed it into a single

cylindrical domain. It composed of the arcs having the same radius of curvatures.

However, using a tube with two different radius of curvatures would be a more realistic

model of a paraglider wing and could be dealt with as a future project.

Using a 3D curvature tube instead of 2D can be considered as a next step of the

present study. Modeling the flow in three dimensions the effect of the induced drag

can also be incorporated which is due to the tip vortexes at the end of the wings. This

kind of drag significantly contributes to the overall drag especially at the low gliding

speeds. Therefore this kind of modeling can help us to figure out the relation between

the induced drag and the form of the curvature tube.

Extending the 2D problem to 3D will result in an increase in the number of

unknowns. However, the low memory load of the matrix free approach enables also

to deal with the 3D flow problems with ease. Also the code development stage will

not take long since only the f vector has to be modified according to the new problem

statement. Using also the preconditioners adapted to the matrix free environment the

problem can be solved in a memory efficient and fast way.

Today the performance of the real paraglider wings are also modeled on the com-

puter using commercial fluid flow programs. However, they do not take the elasticity
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of the cloth and also the lines into account. Moreover, modeling of the flight character-

istics of collapsed gliders is also another crucial aspect. Such considerations combined

with aero-elastic modeling is perhaps the future of paraglider design and will enable

more realistic airflow modeling of the paraglider wings.
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APPENDIX A: DERIVATION OF THE STREAM

FUNCTION VORTICITY

FORMULATION IN CYLINDRICAL COORDINATES

Continuity equation

vr + r
∂vr

∂r
+

∂vθ

∂θ
= 0 (A.1)

Definition of vorticity

Ω =
∂vθ

∂r
+

vθ

r
− 1

r

∂vr

∂θ
(A.2)

Momentum equations

r − dir ρ

(
∂vr

∂t
+ vr

∂vr

∂r
+

vθ

r

∂vr

∂θ
− v2

θ

r

)
= −∂p

∂r
+ ρgr+

µ

[
1

r

∂

∂r

(
r
∂vr

∂r

)
− vr

r2
+

1

r2

(
∂2vr

∂θ2

)
− 2

r2

(
∂vθ

∂θ

)]
(A.3)

θ − dir ρ

(
∂vθ

∂t
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∂vθ
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r

∂vθ
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(
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(A.4)

Taking the derivative of the momentum equation in r direction with respect to θ,

ρ

(
∂2vr

∂θ∂t
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∂vr

∂θ

∂vr

∂r
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∂θ∂r
+ρ

∂gr

∂θ
+

µ

[
1

r

∂2vr

∂θ∂r
+

∂3vr

∂θ∂r2
− 1

r2

∂vr

∂θ
+

1

r2

∂3vr

∂θ3
− 2

r2

∂2vθ
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]

(A.5)
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Multiplying the momentum equation in θ direction with r and taking the derivative

with respect to r,

ρ

(
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∂r∂t
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(A.6)

Subtracting A.6 from A.5

LHS:
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RHS:
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
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(A.8)

Final Equation:

ρ
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∂r
− vθ

∂Ω

∂θ
− Ω

∂vθ

∂θ
− Ωr

∂vr
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Stream Function:

vr =
1

r

∂Ψ

∂θ
vθ = −∂Ψ

∂r
(A.10)
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Stream Function Equation:
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Vorticity Transport Equation:
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Neglecting gravity and assuming steady state:
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Non-dimensionalizing the equation
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