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. OZETCE

Tﬁmlesik devre teknolojisindeki geligmeler,dzellikle ¢ok
Abuyﬁk §apta tﬁmlesim;deneysel arastlrmalarln'zaman haréaylcl
ve pahall'olma31 nedehiyle bilgisayar destekli tasarimi ¢ok
. tnemli bir gereklilik'olafak ortaya ¢ikarmigtir. |

Bu tezde yari iletken devre elemgnlarlnln'nﬁmerik analizine
bir girig yapllmaktadlr Yara iletken'fiziginin 621ﬁ bir tekra-
riyla temel yari iletken denklemlerl glkarllmlstlr Bu denklem-
1er1n ¢Ozimi ig¢in bir algorltma sunulmu$ ve bir boyutlu uzayda
uygulamasi genis bir sekilde incelenmistir.lki ve ili¢ boyutlu
uzayda gﬁzﬁmﬁn ortaya koydugu sorunlar tartlgllmgs,gesitli algo-
ritmalar kar$11a§t1r11m1$t1r,Ayrlca cok genis matris dizgelerinin
- ¢Ozlimliniin matematiksel'temelleri’verilmigtir.sénjolarék bir bo-

yutlu analizin sonﬁ@larl sunulmus ve tartlgllmgsflr.



ABSTRACT

Very large scale integrétioh’ﬁadefcomputer aided design

an urgent necessify in modern design procesé,since‘experiméntal
inVestigations are very time'consuming;often'too‘expensive;and
sometimes not feasible.

In this thesis,we make an introduction to’thé numerical
analysis qf semicdnductor devices.Thé'fundamentai semiéonductor
- equations are_deiived with brief;reQiew’of semiconductor physics.
An algorithm for thé.numeriéal solution of these equations is
described,and its implemeﬁﬁation in,dnérdimensioh is'thoroughly
explained.The problemé of higher dimensional éimulation are
diScﬁssed; various,algorithms-are'compared.Somé mathematical
background is .established for}thé solution of iafge'matrix systems;
And the results of one dimensionél simulétion are presented and

discussed.
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CHAPTER I

INTRODUCTION -

All major advances in the histbry of economic éndeavor‘are the
reéults of new or improved'produption methods wﬁich make it
possiblé fo produce more goods_fbr less human effort.In our age.
of,fasf’technologiéal growth,one-méjdr bottleneék‘impeding this
progress is the scarcity of available engineering_time and
skilled labor which become inefficient té respoﬂd the increasing
demand on better and more products.The,solutiop;seems to be
~found in the application Of’computers both in aesign and manu-
bfécturing. |

The electronics industry is now at the,po;nt.of designing
and producing complex systems integrated_on é silicoh chip.The
designef who claims this challenge of putting more on smaller
real-éstate reiies heavily on<digita1 computers;in designing
devices,process and circuit lay-out. |

In this thesis,we shall deal Qith computer;aided device

design and analysis'from the point of wview of numerical analysis



In order te accurately analyse a semiconduetor structure
the bartial differential equatiens which govern‘its physical
behavior must.be solved,In Chapter II)we make a brief introduc-
tion to semiconductor physies and derive these equations.

In Chapter III,one dimensional diode and transistor anal- -
ysis is considefed.In Chabter IV,analysis of Chapter III is )
extended to two dimensions.Various solution techniques are
compared,iterative eolUtion of matrix equations are explained.
With all of these, MINIMOS program is examined,and the problems
of MOS transistor simulation is diseussed. | 4

In Chapter Vl, we present and diScuSS‘ﬁhe feeults of DIODE
4and PNP programs developed on the'method expleined in Chapfer
III.Recommendations arevgiveh to improve,the pregrams to cover

more .physical cases.



CHAPTER IT

CHARGE TRANSPORT IN SEMICONDUCTORS

- Currentvflow in semicondﬁctors occur in two'ways:[B]
(a) when an electric field is applied; (b) when a gradieﬁt in
the carrier concentratipn is maintéined.The first causes a cur-
rent flow dﬁe to carrier drift; the second gives current flow
due to diffusion. |

Carrier drift:

The charge flow due to.drift of holes is expressed as:

—

I, =qg9?§ = OEE : (2.1.a)

where q is the electronic charge,pﬁp mobility and p is the

volume density of holes:Similar:expression holds for electrons:

3; =qﬂﬁqﬁ‘= &hﬁ T - ! (2.1.1)

As can bevseen current is proportibral to the electric field

and Ohm's law is valid.



Carrier diffusion:
If there is a concentration gradient of holes, there will _
be a net charge flow from high to low concentration areas.So,

the charge flow musit be¢pfoportiona1 tO'_§7péThe diffusion cur-

rent of holes with charge q can be expressed as:

—h——--D—* el e
R A VAR (2.2.a)

T

Similarly for electrons:

Jp = 40, . . | - (2.2.b)

where Dp and D, gfe the hole and electron diffusion constants,
respecti#ely.lf both drift and diffusion exist,eqﬁations (2.1)

and (2.2) must be combined.

_prj%pppE - qu§7p ‘ | (2.3)

J, = qﬂhnﬁ'+ qD,/n (2.4)

By introducing the quasi-Fermi level for noles and electrons
equations (2.3),(2.4) can be written as an extended .. . -
<. . version of Ohm's law.If we denote tne hole quasi-Fermi

potential by’pp and electron quasi-Fermi potential by(pn :



, -q(¥- ¢ )/kT q(¥ -¢ )/kT

P =n.e P n =n.e A - (2.5)
where 1} is the elaq*‘rostaﬁr_. potential.
Using tne relation f7«y= -B
and. Einstein's relatiaon k- LS

o Mo [ Q
we obtain: Jp = —‘q/u'ppvtlpp } (2.6)
JnA = -qun vSon . ’-(2.7)

Recombination of carriers:
vMany semiconductor devices are baséd ﬁpon the principle
of injebtion of holes into ngtype materialgbr injection of
electrbns into p-type materiél.Suéh ihjected carriers are
called minority}cafriers to distinguish_frqm the majority .
carriers;These minoriﬁy carriers will sooner or later recombine
withvthe majority carriers andithus be permanently removed.
In principle such a recombination might take blace in a sin-
" gle step according to the process:‘
free electron + free hole—<e€lectron bound in the valence banc
but in many cases ,such a‘reCOmbination_occurs in a;tWO—step
process involving rebombination cénters. |
A recombinationbcenter is a centef that can act‘as an elec-
tron trap when empty,and‘a h01e'trap when filled.Let holes be

injecced into n-type material,aﬁd,let a particular center be



occupied oy an.electron.It’may:thenvact as a nole trap; in the
trapping process the electron cOﬁBines with a free hole,with
reléase of excess energy,thus.leaVing the center empty.The center
cah now act as an electron trép; in the trapping process an
electron from the conductlon band makes a transition to the

empty centerk,w1th re]ease of excess: energy One hole- electron
palrlls thlS way taken out . of circulation after completlon of

_.'such a two-step process.

Fig.2.1l Operation of a recombination center.(a) Empty level
(b)_Electron captured by center (c) Center now negatively

charged (d) Hole captured by center (e) Original center restored.



Shockley-Read Theory of Recombination:

©

n electrons

N_b braps - - ()= 9—? A — - -1---—--— n, tmppzrl eledrans

r p "\‘u les |
Fig.2.2

Let uslfirst consider the trapping of electrons from the
conduction band.If n is the electron concentration and f, the
fraétibn of traps occupied by électrqns,the capture rate Rc

may pe written in the form
R, =.Cnn(1—ft) . . (2.8)
where Cn gives the captqre'rate per electron if all traps are

empty.The rate Of.emission Revfrom the traps will be propor-

tional to f, and hence

Ry =.Cnft _ | - (2.9) -



- In equilibrium R =R or Oy = - (2.10)
c e omoS T )

where n, and fto are the equilibrium values of n and fﬁ-Since

1-f . E.-E
= exp ( —a—i_ ) | (2.11)

'fto o | kT

where Et is the energy of tne trapping level;Aiso,if the system

is nondegenerate

. A
2nm? kT 3/2

n = Nexp( Zr ) n =2 )T (2.12)
o] c’" T c
kT ‘ . h2
Cbnsequently . .
' | By o '
.Cn-— CnNcexp( -—kT'P— ) = AnICn; (2.13)

where n, is the density,of electrons in the conduction band
when the Fermi level coincides with the trapping level.The net

rate of trapping may thus be written as
R, = C, (1-f )n Qn T, | (2.14)

In exactly the same way the net raté_of trapping for holes is

Ry = € fyp -Qpl(1-ft) | (2.15)



where'pl is'the-aensity ofvhbleS'in,the valence bandrwhenithe

Fermi level coincides with the trapping level.
If we now have a disturbing influence that creates hole-

electron pairs atbthe constant raﬁe R, and steadyAstate condi-

tions have been established,then

L= - -  . - (2.16)

Substituting (2.14) and (2.15) solVing‘for ft

v nC + ple
ft =

v , (2.17)
Qn(n+nl)+cp(p+p1)

Substituting (2.17) back into (2.1 ) the recombination rate R

~may be written as

pn - n22, ey
R = 1 ’Cr-:—- -C'D —

(n+nl)§} (p+p1)t;

where T, and T, aré tne hole aﬁd electron lifetimes respec-
tively.

Continuity equations:

If in a semiconductor sample there is an excess concentration

of minority carriers,then the excess carrier concentration can

-disappear in two ways: by recombination with the majority
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carriers and by minority carrier flow.

Consider holes in n-type semiconductor.If R is the recom-

bination rate and G is the generation rate of hole-electron
pairs then: |
. , 5

ot . |

If there is a net flow of holes,then a term muSt be added
to equation (2.19).Consider current flow in the x-direction.
If Jpx§x> is the'x qompbnent of the‘hoie currént density at x,

- then the x component of that current at x+ Xx is,

B ?J
J _(x+Ax) = J__(x) + —2X Ax
X px DX

Joo ] | T+ 2,

X X 4%

Fig.2.3

The net number of holes arriving per second in a volume
_element of unit cross section and width Ax is:
oJ__

- —BPX Ax
DX
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Dividing by x,we write the net rate of increase in the hole

density due to current flow in the x-direction as:

Adding this to equation (2.19) we get the net rate of change

of hole concentration.

3p o 1 J
— = -R+ G - — —2%

(2.20)
° . - 4 -9x

In three dimensions'(Q;ZO) is written in vectoral notation:

9P o 1

-f—f-=—R+‘G-‘—-V.5p | (2.21)
ot . a SRS
and for eiectrons,
> 0, . (222
— = = R + G + . J - 2.22
ot g n

Equations (2.21) and (2.22) are called continuity equations.

Space charge in semiconductors:

Acdording to Gauss's law, a space charge distribution

P(X,y,z) is accompanied by an électrig field E such that
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_ P : R ]
e'éo' P . . . .

where ¢ is the relative permitti@ity of the medium and €,

is the permittivity of the free space.Since  E = - Vv

(2.23) may be written

P

€ey

Vv =- (2.24)

In a semicondﬁcfof in equilibriﬁmla nét,épaéé charge may
be present.But éccording to‘Gaﬁss's law, this'space chafge'is
accompanied by an electric field E;Because of this fieid there
will be a drift term,in’the éléctrid‘curient.But since there
can be no net éufrenf flow in equilib?ium,~the‘drift term in
ihe current must be eiactly balanced by a diffusion current.
Only in nonequilibrium casés cah a netvcurrént flow.

'  Spaée qhérée is generally»preseht iﬁ n;ﬁype‘and p-type
semiconductqrs with é noﬁuhiform ddnor or acceptor cohcentra—
tion.For a éemiconductor dobed b6th—with ddnors and acceptors

Poisson}s equation is of the form:

2 ' e
= . 9 - N
V= - Z— (p -n+ Ny - V) - (2.25)
NB : concentration of donors,
NX : concentration of acceptors, assuming COmplete_ioniza-

tion of dopants.
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CHAPTER III

INTRODUCTION TO NUMERICAL SOLUTION OF SEMICONDUCTOR EQUATIONS

'.The first‘paper»on‘the numerical'analysis of semiconductor
devices which appeared in- 1964 was Gummel s "A self consistent
iterative scheme for one dlmen51onal steady state tran51stor
Calculatlons".The approach that ne presented in his paper is now
~called Gummel's algorithm,and it is one of the two basic ap—
.proaches-taken in the numerical analysis of semiconductor de—
‘vices.In this chapter, we will present a solution method based
on Gummel's idea - of solv1ng the - charge transport equations se-:

rially(decoupling),and derlye,the relevant ‘equations for analysis.

Gummel's Algorithm:

The classical theory of transistors developed by Shockley
is basedon dividing the tran51stor 1nto field-free regions
where the carriers move only by dlffu51on and1to space charge
regions where there are only-lonlzed impurities and no free

carriers.

Shockley- theory is succesful in describing the behavior



s

4of abrupt junction transistors under—iow injedtion c@hﬁitions;.
If a transistor's basewidth becomes comparable ﬁo the space
charge regioné,or it has asgradeé}base,the analysis fails.Then
numerical methods must be employed.

In the previous chapter,we have'shdwn that_the state of a
region of a semiconductor'materiai is specified,if the hole
and electron concentrations and the electric field arékknown.
Equivalent infdrmation is.providedtby the,electrostatié.poten—
tial W and ﬁhe'hole and electron quasi-Fermi potentials. (< , )
These'quantities are governed by‘é'set of three second order
nonlinear equaﬁions.The basic Gummel A1gQrithm[11so1ves them .
in the followiﬁg way:‘ | o - |

1) A‘guessksolution for,thé"electrostatic potential is

entered.

-

2) Hole{quasiéFermi:pocential and electron quasi-Fermi
potentials are calculated through'ihtegration With the guess
- solution for electrostatlc potential this ylelds hole and elec-
tron concentratlons.

3) Poisson's equatiqnlis solved to obtain a better ap-
proximation for the.eleéfrqsﬁafic4potential.

4) Steps (2) andb(S).are_alfernately executed until the
solution is obtained to tne requlred accuracy. (+B 3.4)

Input data for calculatlons are:

1) Doping profile,
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- 2) Mobility as a function of dopiﬁg prqfile and electric
field. |
3) Excess carrer recombinatio; model; for‘Shockley;Read
model,the hole and electron lifetimes aﬁd the energy of the
center are specified. |
4) Applied voltages,
5) A trial solution fox the elecnrostatlc potentlal

Boltzmann statistics are used tnroughout This limits our

application to nondegenerate sgmiconductors.

Derivation of the onefdimensional solution method:

Variables are normalized as shown in the table below.

Norma\'a.inTQ_ constant - Narmaolized varighles »
'kt-i—=VT "V > e $n '
o P ,n;'N;,N;
Mo Meos f
D, S D, . D,

( kTeg)f ’
qtm < %p X
9D, 1
LD IP s 3'n.
Dyn; o
R

Table 3.1
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Enter v .
R rcambination

Me - ““d;f"‘

Laleulute:
e¥ and e e

Fand hde snd

elestron contendmbions

A

Bolve linearized

Poissons aquqtinn

- for &

~y
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In normalized notation,

hole density: p= exp(qp-ﬂk)‘ B ".” (3.1a)
electron density: n ¥ exp(ﬁf—gh) S - (3.1b)
’Jp = - —f7£~exp(-‘k) — 8XP(¥$>l(3'2)
. D dx :
Ty = - exp(-y) exp(-¢,) (3.3)

DQ dx .

If no recombination takes place the current densities J_ and

Jn are constant. . ’ :

e o P27 s

Yes
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The electrdstatic potential is governed by the Poisson's
equation

_d__lt - exp('q/_:pn) - exp(({J _1{;) - NB - N" (3-4)
2 . P | A
dx : = .

Imposition of. bounaary con&ﬁmns A.(FQSEZ)
1) At the end points carller equlllbrlum ex1sts( @p gh)
This means no. excess carriers at the ‘end points.

2) Space chdrge neutrallty exists at the metal contacts

?y(o) | a®W(E) _
dx‘r:r dx2

~which fixes 7y if Qp =, is known.

w(0) = (o) - amn(((HelyZ ey (55

| w(r) = ‘fp(r) -vin(\/(—ﬁ—;—%?.q - M} - (3.6)

5) (o) = (o) = A

kT
and : 'i v .’
(0) = @ (o) = —2B '
Ppto) n kT
: : Vcb
(Pp(r) = '(Pn(r) = q ——
kT

-<€n(m) =
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For transistors we take the reference level for potentials
the value of the electron qua51 Ferml level at some p01nt in the-
base,and set ¢ (M) = 0. (x)For ‘diodes the reference point is the
cathode contact. Usually tne ch01ce of the p01nt M is not critical
since the electron qu351—Ferm1_potent1a1 has a nearly constant
value throughout the_base.Iffph ehahgesvcohsiderably across the
base, fhe deteils'of how the béSe»cﬁrrent is broﬁght‘info the
baSe becomes important and a one dimensional calculation is in-
adequate;A |

Now let us compute the hele QuasieFermi ?otential and the
electron qgsi-Fermi potential in terms ofvtne eleetrostatic

pdtential Vv and tne reiative-diffusion coefficients:

¥ = D. e p oo (-1
. : P : n
From (3.2)
d . . ( . =~ .
—E; exp(<Pp) = fqP jpfexpg'y ) | (?.8)

integrating both sidee,Ab
Cexp( ¢ (x)) = -jJ‘p(t). ¥(t).exp(w () at + C (3.9)

[+]

(x) Here we analyze pnp transistors.



Evaluation of constant C 1is easy.(Jp= constant,no recombination)

o

exp( @ (0)) = -’[inK(t-)exp(\y.(t-)) dt + C

v}

C = exp(py(o))

exp( gp(e)) = =[5, (Vexp(y (1)) at + exp @ (o))
 exp(@(0) - exp( @ (x)

then =~ J_ = (3.10) -

p

F(o)

where F(o) = f?fp(t)éxp('\y(t)) dt - (3.11)

o
X

) | .
fh’p(t)eXP(w(t))dHexp( <{>p(0))
:E‘(O) . ' 3 ) B

exp(p,(x))-exp( @ (o)

then exp(<pp(X))=
- (3.12)

Proceeding in the same way,we obtain the electron quasi-

Fermi potentiél function as:

eipk— (r))—exp(— '(Oj) " '
exp(—(pn(X))— ¥?l' (o) (P@- “/( Xn(t)exp(—1k(t))dt+exp(— %%KQT
: F (o) °

(%3.1%)
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r : ’ S '
where.' Fn(o) é‘//%nexp(—iy(t))dt _ o z; (3.14)
s ' s - '

.'T_r;é above equation is'va_lid‘Hfor..‘diodes,bﬁ.t in the transistor -
ﬁ:oblem the eléctroﬁ quasi;Ferminofential must be épecified in
two regions.They can beveasily derived aé .

X :

léxp(_ @nkx)ll ~ exp(- ?n(O){J[gﬁ(t)exp(swy(ﬁ))dtféxp(—<pn(o))

™ . 4
'J/%n(t)éXp(-wk(t))dt'
© "~ where 0 ¢ x <M (B,IS)
an(M)=O.Mis a pointvin the base,choice of whichvis not very

important.

Cexp(- g, (1)) A0 T2 /Kn(t)eXp(-jP(t))dt .1

| 'B;(t)exp<—§k(t))dt‘

M

r

M<x ¢ S (3%.16)
Because of the boundary conditions on the electron;quasi¥
Fermi pbtential,electron current flows. even in the absencé of

recombination in thne interior of the transistor.

 Now let us assume a recombination process that gives a

recomoinétion rate R(n,p) carriers_per cm?, then by-the‘con—

tinuity equations = -
d . ‘ d N . ' .
- —J =J =R ‘ (3-17) :
dx P ax S _ .
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If the recomblnatlon proceﬁ“ is*of‘ShockleY-Read type, then
. exp( @ ',Q%)’; 1 e
R = —2P — R : (3.18)
T, (p+l) + 'Tf’-(nﬂ), ,

where the recomblnatlon center 1s.assumed to be in the middle
of the energy gap. -

Now ' let us derlve the expre331on for exp((p (x)) and
exp(- @y (x)) with Carrler recomblnatlon. : ; -

* From tne.contlnulty equation for holes

4 7 (x) =-R
e
Integrating. both sides,

Jp'(x)'f -]'R(»t)d_t& Tpo Jp'ov‘='J,p(|O) o (3.19)

| Substituting this value of J.(x) into (3.2) and solving for

_ p
4 exp(@_(x))
dx %
'i—exp(CP_p(x)): -J, ¥ exply) = - |- ,]R‘d‘twpo
dx ‘ S s

X

- ﬁ dt - JPOJ ‘?{p,exp(\{))

(o]
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Integrating both sides,With,respéct.to.X'v

o X

exp( %(x)'ﬁf[ﬁ(u)au] xpexpw)dt‘.‘.,Jpo/,xpexpwma» exp( ¢ (0))

‘o

| (3;21)

vand‘Jpo'Can be found as

Jpo:

' ..  S ' c. - .
- exp( @ (0))-exp( ¢ (r)) + of[ﬂfﬁdu]?fpéxr)(w) dt

| : /er’xp(q{,) ;ix:

A solution for,exp((Pn(X))'can be obtained énalqgously.

(3.22)

qn(x) = /R at + Jo qno‘ = Jn(o)_ ’ o o (_3.23)
2 _ . _

‘Substituting this»value of Jn(x) into  (3.3) and solving for
Q_eXp(—yi(x)):
odx

Q_exp(-¢%(x)) = J;(x)'fnexp(-ﬂk(x)) ~'  ‘ ,. (3.24)
dx ‘ S . o

Integrating both sides

oo . .tM ’ . N B |
e)(]@(—@n(_x'))‘= f[ﬁdu] Y exp(- yldt + J

x
(/b’nexp(-lk)dt + exp(- @ (0))

(3.25)
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| .
_ ?Xp(f!Pn(rf-QXP((Pngo))“— dff&fﬁdulxnéxP<—‘P)dt; (3.26)

no - .- ] :

r . o
C [renty) o

The. result'(3.25)‘-can be ge.néralized to the transistor prob-
1em‘by gpeqifying the electron ’quas‘i—Fermvi‘ botential in two , |
domains.In the emitter doma’i:n_:

- PP . x e .
exp(-tpn(x'))= /[ Rdu}z{néxp('—t(/)dt + Jnoej Kr'leXp(f\P)dt+ exp'(—(‘on(o))
3] T .

(]
(o]

with

‘ 1 - e'icp(—(pn(o')‘) - / [/Rdu],fnexp‘(-q/)dx‘, | _
Jnoe= — — ' (3.28)
[t dx .
.’In fhe cdilector wdoma4in:: “
exp(- (pn(x))z [ [[Rdu] Kne‘xp‘(—kl))(jt* Jl;i.be~jxne}(p4(_w Ydt + 1. (3‘29),
» : M Mo ";  M . '
| exp(- @ (r))-"1 - '.Jfftzdu};?fnexp(‘-w)dx

e T ————aE (3.30)

. v
- _J[ﬁhexp(—i%) dx
. M - ’ .

S Meéex <L
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Having found the:quaSi—Eermi:potentials we can proceed to}the
vthird step; finding a better ebproximation,for'fhe electrosta-

ticpotential;For this we must solve the Poisson's equation:

2' - ] g
—3 = -2—(p -n + N, - N, )
,dxz €€ L DA

o

~0r, in normalized notation:

,—+§<*= exp(W=- ) —exp(p, -¥) -n (3.31)
dax ' : S : R :
where N = NBv- NK -iaifnibégits°j 

ThlS equatlon can be 11nearlzed by expandlng to Taylor S
n'serles 1n terms of 8 the dlfference between the avallable

- trlal solution and the exact qolutlon
Y exact = ¥ 6‘4' . : T (3.32)
‘Substituting this into (3.31)

W, 88 (-0, +6) - exn(pmw - §) - NG (5.53)

dx2 dx

expanding the expenentia} entries and'keepingéonly the linear

terms

| S@)GAZ\Q\ {NIVERSITES! KUTUPHANES!



- 26 -

2 | | B '
L 9—%,2 n(l +9) -p(1-8) - n(x) ' - (5.34)
ax”  ax® B S SRR

we obtain the elliptic~differéntial eQuation for the difference

2c 2 S .
S o Smaep=(-S¥ens o) L (3.35)
dx : _ vdx T ' R . .

The equation is of the form:

(o))
N

+ u(x)y ='£(#) R '>' - . (3.36)

jol}
"~

' u(x)J; n(x) + o(x) |

V“f(x)szi\y" - n(x) + p(x) + n(x)

~and its solutioh by diScréte methods are always convergent if”
f(x) and u(x) are real contlnuous funcLlons and u(x)‘?O [23]

After dlscretlzatlon the system 1s a set of linear equa—‘

- tions expressible in .the matrlx form

8=y ',41;:, R (3.23)

A=

where Aiis a tridiagonal matrix;of the form



>

| r-é+uﬁf. -1 o
-1 2+l 4 o
O
0
= | '(3._36)'
O |
, o -4  2+uh
L_ ‘ |
'Fl’?‘ o"/z —1 .
'Fz‘
fs
Z B
and’ = Y_ = I’[

L 'rn + Fs/l—,
oc and P are the p01nt ooundar\ ccmdltlons and h is the length

of subd1v131ons of tne dlscretlzatJOn mesh
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The solution for & is given by:;
§ =1ty ] o (3.39)
and the improved value for the new electrostatic potential is

'¥Ynew }f i o | Lo ’A‘(3'4O)
Gaussian;elimination method proved to be tﬁe most effective
-procedure for the-inVersion of the matrix‘A.On tne other\hand~,
existing‘Gaussian elimination programs_are extremely slow for
. our purpose,because of‘tne 1arge3size'of tne matrix involved.
'_Using‘the'special character of the matrix A, ‘a much faster and
" more efflclent solutlon procedure was dev1sed This method also'
‘eliminates the‘requlrement to store the whole matrlx; only the
diagonal elements are stored in a linear array.The mathematiCS
>'of this method iS'eprained'iokappendix-A.P
: \yne is entered as aetrial solutlon for the next 1terat10o
and the system is solved for new S If the algorlthm is conver--
gent“& H<”5H The iteration cycle is stopped when each of the
. elements of<§becomes smaller or equal to the max1mum oerm1351b1e
error.In our calculations an:error orlterlon‘of 10 S—El‘was used.
The'convergence of l;DFGummel algorithm is quite satisfac-
tory in low and moderate injection 1erels.This allows this
algorithm to apply-many physical cases with.little coﬁplexity

and low computer costs.We will discuss more details of this

in the next .chapter.
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" CHAPTER IV

TWO DIMENSIONAL NUMERICAL ANALYSIS -AN OVERVIEW

- Today integrated circnit‘technology,goes on‘its course to
pnt more on much smaller siliconvchips.Device dimensions shrink
steadiiy,ﬁand complexity grows'computer aided design (caD), at
this stage of development is applauded as a new product1v1ty
enhancement method in the electronlcs 1ndustry Infact today s
1Very Large Scale Integrated (VLSI) clrcults are computer sim-
‘ulated at the process dev1ce c1rcu1t and system levels to accu-
;rately predict cost and functlon prior to fabrlcatlon Whlle
fabrlcatlon and actual testlng is the best way to dlscoverzall
tne 1mpllcatlons and 11m1tat10ns of any new technology, it is
also the most expensive and time consumlng optlon A 51ng1e lot
of dev1ces for a new VLbI technology cost ‘over one m11110n dollars
to fabrlcate and take s1x months to complete [18]Another 1mp11—_
catlon of VLSI technology is that tne nece351tv of rlgld control
of device parameters due to ultra small dlmen31ons and complexity
of geometrles._ |
In order to ana]yze accurately a semlconductor structure

under all kinds of operating condltlons,the nonllnear coupled
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partiai_differential‘equations.pf’semiconducfor charge transporr
must.be solved.Unfortuhately‘nc analytical soiution exists due
to nonlinearity.Therefore-scme~ﬁumerica1?procedure mUst'be
employed , - _ | |
In the prev1ous chapter, we have presented a numerical.
procedure to solve 1- D n Junctlon diode and pnp tran81stor
problems.Because of its very nature’l?D_models cannot examine
the_lateral'variations of current densities and potentials,and
. cannot handle semicocductcr‘structures of special geometry.Aiso
'the varlatlons in the threshold “and the breadcwh voltages due
_to short and narrow channel effects in MOSbtransistors are two
~and three dimensional phenomena,and cannot’be’analyzed by‘one-
“dimensional models [9][13]The short.channel effect reduces the
thresholc ‘voltage of ‘an n channel MOSFET. As the draln approaches
the source,its positive blas ralses the surface potentlal near
,the source and thus 1ncreases tue amount of current flow 1n
‘the device at a given gate Voitage Narrow channels have the
op9051te effect. T21] | .
The numerical problems associated with 2-D analysis are of
course morevchallenging,The equationS'are partialeifferential
‘equations insread of ordinary differential’equations cf 1-D
'case; -

In the following;we7writefathese‘eqﬁations in a different
form: ' ' |



B Ve Zeonm o G
Fy = V.[a0,¥n - unVy)] - q( ‘+ R) =0." (4.2)
Fq = (4.3)

I
O

S T oD T+ kT ap 4.
5= Vo[ -a0pVe + )]+ a(ZR o+ Ry)
R, and Rp are'eleCtron and hole;recomhination rate.densities.

Nevertheless the basic metnods for solution are similar.

v There are two schemes torlinearlze these eQuations'injeither‘
case [17] .The first is the decoupled approach,and it is sometimes
called as Gummel's algorlthm The 1- D solut1on procedure in
'chapter III is an 1mplementat10n of. tnls method This approach
solves the semlconductor equatlonS-succes1vely in an 1terat10n
loop,so decouples‘them.This approach’ls,simple to»lmplement

but it fails:as the‘degree‘of~coupling-between the continuity

: equations increase as ihfthelcase of'avalanche multiplication
The: second llnearlzatlon scheme is coupled one, In’ thls approach
'the llnearlaed equatlons are solved 51multaneously Both methods
vkrequlre an initial guess solutlon followed by an adgustment of
the guess accordlng to certain crlterla untll an acceptable
',solutlon is obtalned'whlle the second approach 1Q a- more general
one, tne numerlcal 1mp1ementat10n.of it on a dxgltal computer

is - quite a'big job:Because of this, the decoupled approach
byields a more cost effective solution in many instances,and is

usually preferred.
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The proceduré of the;decoﬁpied approaéh must have‘beeg
uﬁderétood‘from the previous chapﬁer.A guess solutipn-for
‘electrostatic potentiallis entered,:and;_eleqtron and hole
continUity’equations_aie-solved}Theﬁ the lineﬁrized Poiséon's
equation is'sleed for a new potentiél.This Vélue is_returned~
és-a guess solution for the next itération, gnd'so oh.The
itefation‘cyCIe»isbstoppedfwhen"the requifed'aCCUracy is
reééhéd;The’coupled apprbach spl&es‘Fl.;Fz,, and_F3 §imul-
taneously by'expandihg each of the equations in a Taylor.
series in terms of eadhfvariéble.Tﬁis'yields the following

‘matrix equation.

F °F  8F  aF ||

[ | >y n »._:aP  ﬁﬂy
£ |e& o8 & |lAnl -
-F ok oF  oE |||

3 |8y on L Rp B

The coupled approach is mathlematically more attractive
since quadratic convergence of the soiution is assured.But its
development'is more difficult and time consuming,and it requires

‘more computer storage.
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In all of the caSes;'thg eQuafionssarévdiscretized by'dne
of tine two technlques' R | |

a) Finite-Difference Method -FbM

b) Finite- Element Method -FEM.

FDM is the most w1de1y uqed method beéauee of 1tq 31mp1e
implementatlon,but, FEM. is becomlng very nopular w1th its
) advantages in handling 1rregular geometr;es and - in econom;zing
computer costs. [6] ,[9],[1@;,[2@];[22] ' | |

“Discrgtizéd.differentiéi équatignsvfésult ih algebraic -
eQuationé expressible in the‘matrix férm, A. x‘; b. The key
p01nt in any algorltnm 1s tne solutlon of thesé matrix equations.
In one dlmen31ona1 andlys1s, 1f the P01sson s equatlon is
discretized on - a grid of lOO_p01nts,tnen.the resultant A matrix
ié 1OOX100.The straightforward7app1ication'of an-inveréibn
.fechhique Such“as Gaussian elimination‘is-impossible.A 1de100
matrix requireé a storage bf iOKwords, aﬁd the number of
_hultiplicationa_andfdiyiSibhs is so 1arge that a véry spall
'diode analysis progra@ requires hours of computer time.On the
- other hand, A is a spérseiy~but regulafly‘populaped symmetric
'matrik.Due its special character,;mofe efficient ihversion |
schemes can be devised;Aandbby making>use‘§f the zero entries
of the‘matrix; fne Storage'éan be reduced drastically.

In highér dimensiphalksimulatiop; the problem is much

»more‘sevére.The current contihuity equations cannot be solved

by direct integration anymore, they must be solved by discrete



- 34i_‘

technlques llke P01sson S equdtlon [8]Ii the equatlons are
dlscretlzed on a mesh of N nodes, then we have three NxN
blmatrlces.N can be‘aS‘large as‘1OOO andIZOOO.If\the_cqupled 
‘method is e@ployeq, WQ.bbtain one matrix of size 3Nx3N.It
is séen that the étofage_of thé coupled method'is three times
larger than the.deéoupled approth,‘ |

The use of direct invérsion~techniqueé,—Whether'imppoved
or as grude as Géussian eiiminatioh; is'impossible; and so;
called iterative techniques are utilized in‘this,task.The‘
choice of the iterative technigue is anothe;'problem; and
-we will defote thé.next se¢tion to.this topic; the most
impofféntmproblem:in thevﬁumeriéal solutibn_of differential

equations,
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Solution of matrix equations by iterative methodss:

Semlconductor equatlons under steady state condltlons are
elllptlc equations of " space In the follow1ng we shall give an
example of how an elliptic equatlon'is discretlzed by FDM and

we shall dlscuss 1ts solutlon by some s1mple 1terat1ve methods. -

Cons1der one of tne 81mplest cases: Laplace's equatlon in

the square é O<x<1 ’ O<y<1
V Vo= 9,2" +' V =0. (4.5)
x\ 1Dy g :

and V(x,y) satlsfles ‘the Dlrlchlet boundarj condltlons v qu y)

a known functlon along the boundary of. the square ;;

'3“

;;.

n+i .

n+i

Tig. 4.1
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_.The,method,of'finite'differenbes consists of dividing the

sides of the square into n+1 parts,giving the grid points

» _ . : ’_ i .
| Pij = (xi 'Yy )» where,fo?’axample X, = e;:;f— and

1=0,1,.00..,n+l j;O,l,.,.{.,n+i

The 1nter10r p01nts are those whlch coxrespond to i= 1 2ye00,yn
and g =1 2,...,n Vrlto V g = V(xi,yj) Then we are requlred to

‘determlne Vij so that -

- 2V.. + V. . . V. . oo 2V.. + ¥

V. . _ . s s . '
i+l,] ij :1-1,3 . .~;13f1 il 1,3—1 = 0. (4.6)
’ h2 - *v‘ h2 _
if'Pij is an 1nter10r p01nt of the aquare; and. V ij = i if
P.. 1s on the boundary Here we nave wrltten ‘h = 1 .
+d : n+1
- Arranging
Vign * Vit Vi, Vi g Y Ym0 ()

We can write (4.7) in a number of ways; it is only necessary
to arrange the interioyr points Pij in a sequence.For example

we'may take'theﬂorder

Plg_”.-....’P ,P P

Pl]_’P21’:_"'f"‘Pnl’ n2, s o e s e s e 1n,-oo.o,, nn

. . . . . 2
and let X, = Vij with k= n(j-1)+i k=1,2,...,n")
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The SYStem‘(4.7)inow:becomeé  '

ang thus akk = —4

)

provided'k—l,k+1,k;n,kfn are a11 among.(l;2.....,n?)

othervise V. .
1}

k-n

+ X

%, k-1 = 2k, kel = P, kin

(%

k-1

‘1+:X1'

RS

1

to the right hand side..

- vakv‘k"n

;v1

:(4{8)j’

(4.9)

is known (on tihe boundary), and is taken over

-4 - . I». . X.- -(\”°|"‘vla\
LA o b = Yex
l 1 5<n .1V°’n+yn—g,.)
.- - [ g
‘. 4 XT\H ) ‘\60
R ‘-4. \ . . ‘0
. :'.‘
! ~4 Xz2n
i
!
!
!
~4q A .
-4
Xnn
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We have obtained thevsyStem vaeQﬁations of the discfetized_
_system.Now let us see how we cén-solﬁe~them.

The principle of any iteratiVe méthod for the solution of

A.x = Q.is to find an initial gﬁe831§o and. calculate the

corresponding residual r, ﬁ'g.go ~.b, and then modify X

) o’
. calculate the new residual,and so on.Thé-process is stopped

when the residual falls velow tne'permiséible error.
The two'seQueﬁces of vectors ootained in this process:
{Xl ’32’....""".’x‘p-"_..v’.}
{yl’y2".."’."’yp’f‘f..}
How do we obtain‘the'pew'301ution'vector'from‘the prévious

- one and its corresponding residual?

rope :f, ‘ 5£ a . P
e o [ 5
1 : | ol
ot = and ¥ =A.x.-b -
Let xp £, =2 X2
| én. N ' . ‘ - i ?n ]



and replace .

X, éf 7]
X, P
2 &
L e
XJ-‘ .gj_i
Gl by el
o ’ . ‘ SV
X
N N I

We obtain one equation in the single unknown X. . e can

solve this provided aij# 0.

X5j=‘*l-v(»bir*l§£: aikréﬁ) L | - (410

Bij . Kk#]

This value is -equal to

P o
A (4.11)
. J A B : aij-‘ . .
'_Slncer o
5= Z Qi O - by (4.12)
L "I :

Now we‘define‘tne'vector

p—

[k A
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- pt! £
.wnere-éé = &, for i#j ana é hdS the value glven oy {4.10).

Then clearly p = 0.
Thus we nave defined “tne veclor x§+i‘h?Vi?goall its compo-
vhentS'except one (the'Jth)vthe same as those of x_, and this |
one‘chosen-so7that one of'tne equationq the ifh has a zero

re51dual Thls 1s therefore a means of deflnlng X in terms

p+l
of,xp Je must now conelder the questlon of the ch01ce of par-

tioular‘values,of'i (the residual to be reduced to zero) and

~ of j (the component to ‘be altered/.

Southwell's. method:

-Choice of=equation'¢ i is so.cnosen that
P oD
[#1] = | g

"i.e we relax the equatlon for whlch the 1e51dua1 has the largest
absolute value If there are several Vd]uee of i for whlch the

i maximum.1s,atta1neq,vwevm1ght-take,the Jargest i.
Choice of component: choose,j:if(diagonal elements assumed to.

" be all nonzero) | |

| | i) choose i so thatlﬁlle maximum, -

P+l
11) é = §: for k#i

111) ém ' éP_?‘}

i

Qe -
Number of" operatlone

In each step we must : o |
1) Given the j{,compute the é, .tnis only reQuires one

~division and adult;on..
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s
2) Calculate the new -f:_.Since

P+

PJ. = —bj + 2 ijék . = '—BJ + XOJKQZ — aji é‘: - qu( é‘ - -—-?—'—) (4, N 13)
. k=4 : k=t o . ) |
we - have : , : : : :
: : T pH P P S , -
R ) (P . R | (4.24) - -

Thié-requifesnn—l multiplications and n-1 additions.
Approkimately n2/3 pycles of this prééeSS'correspoﬁd to the

same amount of labor as the Gaussian elimination process.

'The Géuss-Seidel Method:

Choice of equation:.Equatioﬂs'are‘Chosen in cyclic order.
132,35, 000000,0,1,2,00.. |
Choice of component : As in Southwell's method we take

j:i;The step from X5 to x is then given by

p+l _
i) i=remainder on division of p+l by n,or n if this is

zZero. 7 : _
- P+l_ [ - ]
1i) E',k = ék if k#l
L T N R
) g8 R

‘The number of>bperations in each step'is the same as in
‘Southwell's method,and tne.residdals are given'bY'the'same
formula

e oF ; ’

"This proCess~converges faner'than Southwell's method,
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~ and has the advantage of being more automatic_which'facilitates'

- programming.

Succesive over-relaxation method:.

This is another'mefhdd inVOlViné the”relakatiOn of a sihgle
COmponent,in°the eame way as thebgaﬁss—Seidel method.
1) As before we chooee'the equations in Cyclie order.

 2) We alter the ith component in the ith step as follows.

. . ) _ . L Tp+4Y |

we-modify xp into xp+l by writing

)y (P.\
= B, if ki

g(P-H\

. -

I

_ . ~ et L Py
T L W (B )

(f+l)

|

(1 —t»\‘g 4 u>é _
| (4.15)

Here u; is a constant ealled<the’over—re1axation facter and
is nOnzero if u>=-1 SOR methed is equivalent to‘the GauSS—
Se1de1 method There 1is a lot of theory on. the determlnatlon'>
of optlmum w for the fastest convergence rate The SOR method
diverges for UJ>.2.SO 16 w2, |

SOR method is the most commoniy.used method for iterative

solutioh of linear matrix equations.All the iteration methods



we haVe'oounted so'faf are point iterative, methods,because
, ;they‘are basedlon the reiaxatioﬁ of only one oomponent.After -
1960'3 blook or~iteratiVe methods with reportedly superior
convergehcevrate have.been developed.(e.g. SLOR—sucoesive
line oVer;relaxation)ﬂItlhas beehyshown that by reVefsing the
cyclic orderihg'orfby elterhating it, one‘oeﬂ'improve~convergence.,
Usually user by experlmentlng ,mlght find the best scheme
which suits his partlcular appllcatlon Nowadays(l983) block-

71terat1ve methods or: Stone s method [29] are usually ‘employed -

if dlrect solvers cannot ‘be used.
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CHAPTER V_

-

MINIMOS'PROGRAMf}A‘TWO'DIMENSIONAL MOS TRANSISTOR ANALYZER

- MINIMOS, a program.developed at Technical University of
Vienna is'a general purpose.user'oriented CAD'tool which\can
be used to analyze MOS tran51stor under steady state condltlons.
ﬁg]It is wrltten in ANSI 77 FORTRAN. | |

‘Minimos 1s a two. dlmen31onal Gummel Algorlthm i.e it uses
the. decoupled approach , The unlque feature of the program 1s
its dynamlc mesh refreshment The mesh on: whlch the equatlons
are discretized 1s regenerated_at ‘each iteration to ;mprove
‘convergence rate and dynamically adjuSt'the'storaée.

: Recomblnatlon whlch is not very 1mportant in MOS tran31stors
'1s neglected The moblllty model is also orlglnal The mobility
is assumed to be a functlon of temperature (T), the electric
fleld component parallel to the current flow (E ), the elec—
'i.trlc fleld component perpendlcular to" the Si- 8102 interface,
'(E )y the dlstance to this 1nterface (y),the concentratlon'

of 1mpur1t1es N and the moblle carrier den51ty (n or p)
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Flg 5. 1
Electron:mobility is expressed as |
KT8, B yoom) = (s —LF )
‘ | /LLI@ /AEBETF -
p= 2.57x10'2.m‘§6 B - (5.2)

FLI descrlbes the 1nf1uence of 1attlce scatterlng 1mpur1ty
scatterlng;and screenlng as a functlon of temperature Thus
/u. },LLI(DNn) B EEE o  (5.3)
: ﬂEPET descrlbes the 1nf1uence of veloc1ty saturatlon and

surface scatterlng as a functlon oi temperature and tne dis-

tance to the Sl SlO2 1nterface.rhus

/AEPET: HEPEL(T, Ep LT.y) - S (5.4)

1 ﬂLI is constructed from two components, whereftL oenotes‘
‘the'pure lattice moblllty as a functlon tempexature and /LI

“denotes the impurity scatterlng mobility.
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Cpo=daexe®ae?? o (enfiuls) (5.5)
/-LI = 7.13){‘1»017.‘131".5 >(5>.6)
- . 15 2 '

v.p( 152610 717

where f(k)-=‘1n(1+x) - X
' 1l+x
These .two mebility compenents are merged by a formula first
 given by Debye[iﬂf. '

/ALX 5}d15[1/+;g( i(6FL)l/2 ) ] 5.
with g(x) = x2( Ci(x)eoei +eéinxk_Si(x)- —g—)~) . (5.8)
; Ci(x).=_-v/r22§2dt ; C + 1nx fu/( cost-1,,

Si(x) = - §i§3dt‘=’, L ‘sintg, 53]
| % t N 2 % ‘t" . .zw

‘ﬂEPET is also bullt from two parts where /LEP descrlbes

:the 1nfluence of ve1001ty saturatlon and ﬂET models surface

'scatterlng.
| KEP = 1.53x10°0° "~ (¥ + 10 — ) (em?/V.s) ~ (5.9)
g 0 . ) g

v, + 2x1
P Y ’
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4T

o pEr = 10%y + 20" a2 (5.10)

with n(x) = x + ()2

"Thesevtwo parts are'combihed empirically with a Mathiessens

rule with weight 2

| CWEPED = (i . L y"t/2 ' 5.11
. REPET ( FEP2< + ﬂET2' | o ) - )

The formulas for hole mobility ére identical in'mathematical
| BN

T, 1 1 s
(T EpyBqyy, N, p) =( + )P (5.12)
,/%p BT f1® - uEPETP

B = La6r"

vﬁi ::1.35x108T*2'2~.;(cmz/V;s)_ - L ~(5.13)

L 17.1.5 EE « B k

CpI = 5'6X19 r - — (cm2/V.s) _ (5.14)
R 15,2 e 3 |

g 250000

LI = ui( 1 + &( <1-61;-L-ff>1/.2,>'~:>' o (5.15)

8.-.52 T e ,

- EP = 1.62x10 T (Lr2xl0 )12 (em®/v.s) - (5.16)

, N Ep ' y +4x107° : T ,

/<ET = -_2.6vx1.08(y + '4x19‘_7)_.h(-ET)*1/2, (em™/vis) (5.}17)‘
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REPET = ( 2 4 2 )‘1/2 L (5.18)
_ ﬂLP _ Lo .
‘The functions f - are 1aentlca1 in structure in each case.

Boundary conditions:‘

In OXide:regionvPoisscnis eQuation reducestto Laplace's -
eQuation ‘, , _’ o o ’ | |
| V=0, e (5.19)
At the contacts (AB: Source CD: Gate ﬁF Draln GH:Bulk,see Fig.5.1)
whlch are assumed to be ohmlc the potentlal 1s kept constant to-v
the applled voltage plus the approprlate ou11t in voltage caused
by the doping. : '

At the Si- -510, interface .

I R R » tjp' S |
[eox, ::’ L=[€: 31;.}‘,-; R (5.20)

At the Vertlcal boundarles (AH, CB DE FG) the lateral

;‘electrlc fleld has ‘to vanish. _

At thevsource'contact.(ABj:and the drain contact (EF)
’the carrier den51ty is kept constant to the value of doping
.concentratlon (Thermal equlllorlum ex1sts.) At the 1nterface.
i(Bm) no current component 1n the y-dlrectlon 1s .allowed.At
the vertical. oounaarles (AH FG) tne lateral current comnonent
has to vanish.At the oulk contact (HG) no current components

are allowed.
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The matrlx equatlons are solved by an 1terat1ve technlque
.called by bIP method [29] whlch is- found to be superior to ex1st1ng
block iterative techniques. [19] \

The MINIMOS-program can'calcﬁlate the doping profile by.
a process modellng program SUPREM. ]}SIDhe vertical profiles

of SUPREM are fltted 1n the 1ateral dlrectlon The doplng pro-

. file may be spe01f1ed also by the user roint by point.This

approach, desplte the compllcatlon caused offers the - oractlclblllty_
to 51mulate complex structures;SUPREM allows us to find ‘the
“impurity profiles by d1ffus1on and ion 1mplantat1on together

'w1th the annealing process Wlth all of thése, MINIMOS is a
~complete deylce s;mulatlon program , from febrlcat1on to 01rcult

' behavior. -
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CHAPTER VI

-

DISCUSSION OF RESULTS AND CONCLUSION

‘Here wé,present sdmeiof'thé'resultswdbtainedvHy one-dimen-

sional diode and transistor analysis.

I - Analysis bea lightly doped pn-junction

.l =3 N 1ol a3
Ny =107 7em = = Np =1077em
N L ,e0; | .
Ybias =0.5 volt: l.temperature,- 25'Cf B ‘

Uﬁdér these gonditions'a diode'current of Id= 1.65x10~3A

~ flows with a crossectional area of 0,001 cm2_7
' 4w ' & ’
v )
.26 ¢
Qo 4
IS { ) .
10 : Tz0 xUSen)

Fig.6.1 Electrostatic poténtial
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>

‘, l-b . n L 2.0 ° X05%em) .

Fig.6.2 Hole concentration .=

L'}

: 'Fig.6.3 EIectrOn'concéntration

1.0 2.0 Klig*em)

or-

'S
b N - ol

4-0 2o : -
E 0 . KC‘D 1;.\}.)

Fig.6.4 Hole QUasi;Fermi potential
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4o r o "X e my
Fig.6.5 Electron_quasiéfermi poténtial'

Ve il

| - % GoHemy
 Fig.6.6 Doping profile
- The abruptness of the junctidn*is,smoothed-by'the step

'vapproximating function4' 1 e
R : ,1+exp(-b(x-xo))

b>0

The DIODErprogram»feachesnto.this.results in 4 iterations. .
Bias voltage,doping concentration and temperature are the major
factdrs goVerﬁing the‘convergence rate.

" The same junction is reverse biaséq by 0.,2volts
= ~0.2 volts - |

= —3.3xl0_llamperes_

Vpias
.Id

“no. of iterations= 4
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-2 T

P

—ﬂ

-5 d

4.0. 26 ' X C1o" % am)

Fig.6.7
‘TTheulinear chénge of potential in the n;region‘indicateé
fhat'this region:is_depleted'of free'carriers(the lightly doped
section). . o o |

Now let us: see the effect of temperature

| Ay

Vbias=O¢5V
1,(25°C)=1.6x1072
e~ ’ . 50 . . - . -
o ——— T 14(50%)=1.2x10""4
) . | - . ] . ’ A o . ;, . 0 : -_3
_:éi:?_ L » ‘ hsoc. | 'Id(,75 C)=6.0x10""A
Puynit-s05 S / o e : : S , '
N S " X
NS ) 7
\‘5—.——"’”//
Atﬁo o ) 'b 2'0 %xc40.4‘cm)

Fig.6,8-_Dedreasing barrier'height‘with increaéing temperature

II- \pn+ juaction B o
10 %em™? Ny =109 L
= 0.3volts femperaﬁure=259cl

Ny

Vhias
no. of iterations = 44

I

Ig = 2f2x10-?A.v
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vFig.6;1O

- The shemé beéomes‘divergentiif'the doping densiti&es pass

the erder

of 10%%cm™7 . as Maxwell—Boltzmann'distribution is

uséd;in this analysié,this‘marks fhe:upper limit that this

 approximat

ion is valid.-

~ III- pnp transistor . | L _
AT 16 T
Mg = 1077 Npy =100 Wy = 1070
ng = «1volt x'Vcb = f.lvqlt .
fwomt TR I, =7.08x107 %A
I, =-8.9x10774 -
.3 ) e
al T, =7.08x10" %24
, e .
¢
-1 4
- A
—.;
-4 1.
- -T
’ 5 o 4;, L 2»15 3_'9, Arxuo-‘f;m)

Fig.6.1ll
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'7'75- R B s 2.25 _ 3i0 CoxcAGL )

Fig.:6.»l‘2 o

k‘Vo\t

AR LS

0. .1
o.0
-5 : 1
o
- 20 ) . . '
S 76 : RS ) 3, 3o - o
-2.5 + A L > A c o )‘(lo‘* e )

“Figure.6.14. -Same‘transiStor with Vebz;SV’and VC ==2V.

b



.ForWard;bias on the emitter-base_junctien decreases the -
height:of,the'barrier;while the” reverse bias on the collector
base juhetion deepensithe potentialdethill at'this junctien.

LAlso we see that the w1dth of the collector base Junctlon

~ depletion reg1on is- modulated (so the basew1dth) ‘by the bias

on this Junct;on(marly‘effect),;

. Pig.6:15
The current.references_used invthis‘analysis are indicated

in Fig.6.15.Since we ignored the‘reeombination of carriers,we

L cahnot talk of the classicaljtransistor.parmeiers'dmand @v.

In'this case, the base'éurréht-isvﬁot:the amount of emittersl
curreﬁﬁ not colleeted by the collector but the sum of the sa-
e.turatlon currents of the two ]unctlons of tne tran31stor Even in
.the absence of recomblnatlon an. electron current flows to sa-

tisfy the boundary,condltlons,l.e; thermal equ111br1um

n(o) =n, /NAE ¢ n(r) =n Z/NAC

Recomblnatlon can be easlly 1ncorporated 1n this program
accordlng to ,the me thod establlshed in chaoter III Breakdown
of reverse blased Junctlons can be analyzed by addlng an ava-

lanche multlpllcatlon term to the contlnulty equatlons.'



- 57 <

&y = . é— (oc (E)IJ | o (T“)IJ 1) (6.1)
| o,(n(E) = g_’.}asyxlo?:exp(-3._'2x14o '/E)w |
.‘xp(E)p= 3;80x10§exp(-1.75xiO§ZE). - [2]

- Oneiof the:probiems encountered in'the numeriCalvanalySis_
of SemiconouCtor devices iS'fheFWide range of'the‘values of
the parameters 1nvolved Dlmen51ons of tne order of microns and
':atomlc den51t1es up to 1020 are s1de by s1de.Exponenp1at10n of
a&large numbers may cause_overflow‘and'fne'eiponentiation of large
negati#e numbers‘causes_onderfiom;For this reaSOn,some sort of
'hormalization is necessary. | | o

 Any numericai aigorithm‘testeo:for'convergence‘must be tesfed
first,by equating all_Constanpsktobl,Afper'the method is proved
vfo‘work the numbers are repiaoed with suitableyhormalization.-
f1 D methods are the startlng p01nt of any new algorlthm to be
_tested |

Theserprograms may'be‘fitpedvto;work with'prOgrams that

calculate. the-resuliant dopinv‘profile~accordiﬁg'to the given
process Suprem II is such a process englneerlng modeling program,
- and it can compute the doplng proflles obtalned by dlffuslon
'vand ion 1mp1antat10n. »

The Mlnlmos program is wrltten in ANSI 77 FORTRAV 'FTN 8R1
the forpran‘compller‘on Bogaz1cl Unlver51ty Unlvac 1106 system

is a supset of ANSIT77”FORTRAN;Ehelmissing.features of the
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compiler is completed by the subprograms written in both as-
sembly.lénguage and fortran.Despite these efforts the program
still has not beenzrun‘successfully;on Univac system.The prob-

s

"lems are expected to be'solvéd with the new CDC system since

'V. Minimos is originated onfa‘CDC_Cybérv75 system at Technical

_University Qf~Vienha.

| "The,reﬁénués of éimulafion prograhsfare ﬁost derived when

thevprogram is'fitted4to‘a“g?aphics package and high resblUtidn
graphics;Also’ﬁhe results b§t§ined through'computatiqnvmﬁst

"bQ checked Versﬁs\the experiménfq}1j'measuredAvalues to vnrove

" the validity of'thé‘numefical me thod.
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APPENDIX A

‘Mafhematiés.of'l—D'diode and transistor analysis:
Discretization;Derivatives are‘approximated by differences;

integrals are approximated as sums.

£(x)~£(x-h)
T

o h sufficiently small -~ (A.1)
Py = D00 | £(0)2e(eom)etCen)

 h2

Ihis diséretizationvis called-backward Euler'approximatiOn for

.derivatiVes. | |
Injelliptic differehtial»equations nolfirst order derivatives

 ‘existhn our anaiysis,we'used the'cehtral‘difﬁefences for the

second derivatives\for'eaSybtreatment'pf_the‘bodndary poihts.‘

f(th)—2f§x)+fki—h)._

£1(x) = (A.2)
N n® |
a L

fla)=e . £(b)=p



: b-a
B =T
X; =a+ 1‘§§% =a {fih 0 €i $N+1
T, -2f. v+‘.'f. oo ’ ’ . '
- — . : _ ‘ -

’ d‘|' -1 o - T i xl—l i b1 i
-1 q, - o - : L b,
ST (A24)
: .'—_" q,., ! Xr.\-\. ’?“." ,
L o . C o ' . -1 n."’l.'»y._ ')(n';_.i - bn —J

Gaussian'elimination is used to'soive‘this equation.The first
step in  the usual Gaussian éliminétion method is to check for
. the nonsigularity of-the_systeh,Since'discretiZed elliptib

equations result'in'ndnsingular matrices;we'skip.this step.
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SeeOﬁdlymihe’inots are selected.Obviously there is no need
_to'search for pivots;since thre diagonal elements are the

largest—absoluteevalﬁe;ehtries_all the time.

.. =2 + u.h". : Uu. =n. + p.
S84 Ui i nj Py

Camd Jagyl Y L

~So- the plvots are the elements along the dlagonal Furthermore,
m_1f we contlnue the standard ellmlnatlon nrocedure we shall
see that the solutlon set can be expressed in cillosed form.

Let us see.more’ detalls of thls flndlng.

1 -
£ o =] |
O -1 ag,-t o© ’fs ba o
N - (A.5)
O
O
- aﬂn_ _XRJ | be |
._The seeond~piyot.iS‘aéé): Lo (1) ‘a33:-*;%i7
22
L) 2 (ae



This leads to. the general formula:

RNCONS
1

ii

bi<+

i-1
11

a

Fi-1,i-1

.......

2,'_-00-0’

(8.7)

N

This‘elimination procedure converts the system to the

-fdllowing form.

a, -1 o
2 O
o 22 -1
o o a. -l
Q
i

H )

an

We - can -easily find-xﬁ'as:u

4
Y
X, -k‘}:‘.
Q)
%3 b,
1
i
. - .
‘ .(c .
ERENIE
; e —

(A.8)

(A.9)
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This va’lu’e_of,xn is sgbstituted in -the n-1st equation.

n-1,n-1°"%n-1 Xnﬂzb‘bn-l

b 1t+ xh - B | o )
X o, =zl o> o : - (a.10
n-1, an-l,n;ll ‘ ' L ~

Contlnulng tnls process we obtaln the general back sub-
A-'stltutlon formula.
big* %

X. - =—2z 3 5 _pnono1,..0.,2 R (A.11)
S ti-1 ai"‘lri"l. _ : SAS - |

Evaluatiph Of_eXp($p(x))'

'L

exp((ep(x) _ XP(P (I')) eXP( (O)) o ’/Bp(t.)exp( (t))dt + eXp(‘Pp(o))

.}[ B (t)eXP(w(t)) 2.

(A.12)
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The integrals are approximated by sums.Trapezoidal rule
was selected because of simplicity in implementation and speed.
Y. + Y.

i i-1 | ’ .
L , (A.13)

=
(=8
ct
=
=
]
»
I
4

)
=
o

o
(e}
H
(@]
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 APPENDIX B

Calculation of guess’soiutions_for DIODE and PNP programs

The guess solution is'calculatedvby a’subrouﬁine ﬁaﬁed'
GUESQL.Although_theseréubroutines'héve the same name, the
ZIGUESOL of the tfansistor problem is different from that of
DIODE. G

,Acfually these subroutines cOmpute;the potential'distri-
buﬁiOn accordin%vto Shqckleyfs theory;The poténtial does nof
mchahge in thevbulkvbuﬁ,in.the Spéc¢ charge regions.In other
words,eiedtriC'field is zero oﬁféide”the spacé Chargé regions.

| In the féiloﬁing Qe ﬁiséués’thé calculati&n'of guess so-
llﬁtion forjthe tiénsisﬁor,éince’the aiodé is.juét a simple

. case of‘the.fifSt;

" Potential at the end pointé(emitter'and‘éollector) are

calculated as:

- (o) = Vgg - K (3 n(0)/2)31 W(o)/2)  (B.1)
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L YE) =g - B anMi@/28a i) (ma2).

, The~potehtia1 bgrrier,afhthé_pase emitter‘junction is:

Nag

N

. The

AC

¢ = kT 1n(‘ AE

N

BE q n

e

DB()

(B.3)

'+ average density'of'acéeptofs in the emitter region.

DB ° average density of donors in.the base region.

base—éollector potential difference(barrier) is:

DB )

N N

(3.4)

: average density of acceptors in the collector.

VR

. L&
W i Pee
| R y
(13 |_1 cs"'?ssc
________ 1
70 1 R

Fig.B.1
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| The .potential distribution]ih Fig;C.l cannot be used for
.computatiOns.bebauéelof the'discéntinuities at the juﬁctions.
By assuming lineér change bf ;otential‘acrossvthe-depletion
regions, this soiutioﬁ can'be'réfined; |
: lf¢u)‘r |

(o)

B+ vcg

Utr) |

Fig.B.2

x5 and xﬁ are the extent that the depletion region
penetrates to the p and n'sides»reépectively.They are calcu-

lated by the use of the following formulas.

x, ='\/2€ré°(¢°'w. D ()
p A\ q NA(NA+ ND) : '




x, =f€ré°(¢° A o) | (B.6)

Théfgueés solutions so obtained'are'discretizéd and
returhed‘to fhe calling program,Althoughvthe treatment is in
. unnormalized variables here,the programs work with variables

normalized accoraing to-Table 3.1,
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