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.OZET9E 

TiimIe§ik devre teknolojisindeki geIi§meIer,ozeIIikIe gok 

btiytik gapta ttimIe§im,deneysel ara§tIrmaIarIn zaman harcaY1CI 

ve pahall olmasl nedeniyIe bilgisay~r destekli tasarIml gok 

onemli bir gerekIiIik olarak ortaya glkarml§tIr. 

Bu tezde yarl iIetken devre eIemanIarInIn ntimerik analizine 

birgiri§ yapIImaktadIr.yarl iIetken fiziginin ozlti bir tekra­

rIyIa temel yarl iIetken denkIemIeri "glkarIIml§tIr.Bu denklem-

Ierin goztimii igin bir algoritma sunuImu§ ve bir boyutlu uzayda 

uyguIamasl geni§ bir §ekilde incelenmi§tir.iki ve tig boyutlu 

uzayda goztimtin ortaya koydugu sorunlar tartl91lml9,ge9itIi algo-
I 

ritmalar kar91la9tIrIIml9tIr.AyrIca gok geni9 ma~ris dizgelerinin 

goztimtintin matematiks~l temeIIeri veriImi9tir.S9n olarak bir bo­

yutlu analizin sonugIarl sunulmu9 ve tartl9llmI9tlr. 



ABSTRACT 

Very large scale integration made computer aided design 

an urgent necessity in modern design process,since.experi~ental 

investigations are very time consuming, often too expensive,and 

so~etimes not feasible. 

In this thesis,we make an introduction to the numerical 

analysis of semiconductor devices. The fundamental semiconductor 

equations are derived with brief"reviewof semiconductor physics. 
i , 

An algorithm for the numerica~ solution of these equations is 

described,and its implementation in one dimension is thoroughly 

explained.The problems of higher dimensional simulation are 

discussed; various algorithms are compared.Some mathematical 

background is established for the solution of large matrix systems. 

And the results of one dimension~l simulation are presented and 

discussed. 
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CHAPTER I 

INTHODucrrION 

All major advances in the history of economic endeavor 'are the 

results of new or improved prod~ction methods which make it 

possible to produce more goods for less human effort.In our age 

of fast technological growth,one majcir bottleneck impeding this 

progress is the scarcity of available engineer~ng time and 

skilled labor which become inefficient to respond the increasing 

demand on better and more products.The solution seems to be 

-found in the application of computers both in design and manu-

facturing. 

The electronics industry is now at the, potnt of desig~ing 

and producing complex systems integrated on a silicon chip. The 
I 

designer who claims this ~hallenge of putting more on smaller 

real-estate relies heavily on digital computers in designing 

devices;process and circuit lay-out. 

In this thesis,we shall deal with computer 'aided device 

design and analys,is from the point of view of numeric,al analysis 
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In order to accurately analyse a semiconductor structure 

the partial differential equations which govern its physical 

behavior must be solved.ln Chapter II,we make a brief introduc-

tion to semiconductor physics atid derive these ~quations. 

In Chapter III,one dimensional diode and transistor anal-

ysis is considered.ln Chapter IV,analysis of Chapter III is 

extended to two dimensions. Various solution techniques are 

compared,iterative solution of matrix ~quations are explained. 

With all of these, MINIMOS program is examined,and the problems 

of MOS transistor simulation is discussed. 

In Chapter~, we present and discuss the results of DIODE 

and PNP programs developed on the' method explained in Chap'ter 

III. Recommendations are given to improve the programs to cover 

more.physical cases. 
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CHAPTE:R II 

CHARGE TRANSPORT IN SEMICONDUCTORS 

Current flow in semiconductors occur in two ways:[3] 

(a) when an elehtric field is applied; (b) wh~n a ~radie~t in 

the carrier concentration is maintained. The first causes a cur-

rent flow due to carrier drift: the second gives current flow 

due to diffusion. 

Carrier drift: 

The charge flow due to. drift of holes is expressed as: 

O"E 
P 

(2.I.a) 

where q is the electronic charge '.fp mobili ty and p is the 

volume density of holes'. Similar-:. expression holds for ~lectrons: 

= C>-' E n (2.I.b) 

As can be seen current is proportioral to the electric field 

and Ohm's law is valid. 
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Carrier diffusion: 

If there is a concentration gradient of holes, there will 

be a net charge flow from high to low concentration areas.So, 

the, charge flow must be.:.proportional to -\7p.:The diffusion cur­

rent of holes with charge q can be expressed as: 

-qD ";:"/ 
P vp 

Similarly for electrons: 

(2.2.a) 

(2.2.b) 

where Dp and Dn ~~e the hole and electron diffusion constants, 

respectively.If both drift and diffusio!l exist,equations (2.1) 

and (2.2) must be combined. 

(2.3) 

-
I n = qrnnE + qDn\7n (2.4) 

By introducing the quasi-Fermi level for noles and electrons 

equations (2.3).(2.4) can be writ~en as an extended 'u. 

,A • ver.sion of Ohm I slaw. If we aenote tne hole quasi-F'ermi 

potential by ~p and electron quasi-Fermi potential bY~n : 

, 
~, , 
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. -q ('ly- <Pp ) /kT 
P = n.e 

1 

q (~ - Ifn) /kT 
n = ni e . 

where. -q. i~ the eled-ro:stcroc. potential. 

Using tne relation \7"t' = -E 

and. Einstein's relation kT = 
q 

we obtain: J p = -·qfpp \l'fp 

J
Il = -qfnn 'Vlf'n 

Recombination of carriers: 

(2.·5 ) 

(2.6) 

Many semiconductor devices are based upon the principle 

of injection of holes into n~type material or injection of 

electrons into p-type material. Such injected carriers are 

called minority carriers to distinguish from the majority. 

carriers. These minority carriers will soon~r or later recombine 

with the majority carriers and thus be permanently removed. 

In principle such a recombination might take place in a sin-

gle step according to the process: 

free electron + free hole:;:::: electron bound in the valence bane 

but in many cases ,such a· recombination occurs in a :.two-step 

process involving recombination centers. 

A recombinatilon center is a center that can act as an e.lec-
-

tron trap when empty,and a hble trap when filled.Let holes be 

fnjected into n-type material,and let a particular center be 
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occupied oy anelectron.lt may then act as anole trap; in the 

trapping process the electron combines with a free hole,with 

release of excess energy, thus leaving the center empty. The center 

can now act as an electron trap; in the trapping process an 

electron from the conduction band makes a transition to the 

empty cen ter ,wi th release of excess energy. One hole-elect,ron 

pair is this way taken out of circulation after completion of 

such a two-step process. 

e 

o D 

a b c d e 

Fig.2.l Operation of a reco,nbination center. (a) Empty level 

(b) Electron captured by center (c) Center now negatively 

charged (d) Hole captured by center (e) Original center restored. 
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Shockley-Read Theory of Recombination: 

-------!"f!-------~----'r_--1:!. elect\"'ol1~ 

£( 

No\; haf~ - - - - - - ---- ------- -------t-----'\~rr .. 
1:2. 

+ 

Fig.2.2 

Let us first consider the trapping of electrons from the 

c6nduction band.If n is the electron c?ncentration a~d f t the 

fractibn of traps occupied by electrons, the capture rate Rc 

may be written in the form 

(2.8) 

where en gives the capturerat~ per electron if all traps are 

empty. The rate of emission Re from the traps will be propor~ 

tional to f
t 

and hence 

(2.9). 
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In equilibrium Rc =Re or 
C'n (l-f

t 
) 

n 0 0 (2.10) 

where no and f to are the equilibrium values of nand ft·Since 

l .. ,.f to 

.f
to 

= exp ( ) (2.11) 

where E
t 

is the energy of tne trappi?g level~Also,if the system 

.is nondegenerace 

n = Nc exp ( Ef ) 
o ~ 

Consequently 

, 
C = C N exp( 

n It- ·c 

N = 2( c 

E 
·t 

k'r 
) = 

2rr m .... kT 
n 

nC 
1 n· 

3/2 
) (2.12) 

(2.13) 

where n
l 

is the density of electrons in the conduction band 

when the Fermi level coincid~s with the trapping level. The net 

rate of trapping may thus be written as 

(2.14.) 

In exactly the same way the net rate of trapp~ng for holes is 

(2.15) 
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where P1 is the aensity of holes' in the valence band when the 

Fermi level coincides with the trapping level. 

If we now have a disturbing influence that creates hole­

electron pairs at the constant rate R, and steady state condi-

tions have been established, then 

(2.16) 

Substituting (2.14) and (2.15) solving for f t 

(2.17) 
C (n+n )+C (p+p ) n· 1 p 1 

Substituting (2.17) back into (2.1 ) the recombination rate R . 

may be written as 

.2 pn - n·, 
R 1 I I 

(2.18~ = "Cr ",- L.II=-
Ci' ·Co 

(n+n )'L+ (p+p )'en 1 p 1 . 

where 'Lf and 'Ln are the hqle and electron lifetimes respec-

tively. 

Continuity equations: 

If in a semiconductor'sample there is an excess concentration 

of minority carriers,then the excess carrier concentration can 

disappear in two ways: by recombination with the majority 
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carriers and by minority carrier flow. 

Consider holes in n-type semiconductor. If R is the recom-· 

bination rate and G is the generation rate of hole-electron 

pairs then: 

'dp 
= -It + G (2.19) 

dt 

If there is a net flow of holes, then a term must be added 

to equation (2.19).Consid~r current flow in the x-direction. 

If J (x) is the x component of the hole current den~ity at x, px· . 

then the x component of that current at x+ x is, 

J (x+b.x) = ,J ex) + px ·px 

Fig.2.3 

The net number of holes arriving per second in a volume 

element of unit cross section and width .6.x is: 

oJ 
_,--,-px;..;.. 6. x 

'Ox 
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Dividing by x,we write the net rate of increase in the hole 

density due to current flow in tbe x-direction as: 

-ld J px 

q d x 

Adding this to equation (2.19) we get the net rate of change 

of hole concentration. 

In three 

C)p 

'at 

dimensions 

C)p 

at 

and for electrons, 

an 

at 
f <'" ',' 

1 C)Jpx 
= - R + G -

q - C>x 

(2.20 ) is written in 

1 
'Y.i p = - R +' G -

q 

1 __ 

= - R + G + --\7. I n q 

(2.20) 

vectoral notation: 

(2.21) 

(2.22) 

Equatio~s (2.21) and (2.22) are called continuity equations. 

Space charge in semiconductors: 

Ac~ording to Gauss's ~aw, a space charge distribution 

?(x,y,z) i~ accompanied by an electric field ~ such that 
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9.E= (2.23) 

where f. is the relative permi ttiv:j. ty of the medium and eo 

is the permittivity of the free space. Since E = -VV 

(2.23) may be written 

f 
(2.24) = 

E. t.o 

In a semiconductor in equilibrium a net space charge may 

be present. But according to Gauss1s law, this space charge 'is 

accompanied by an electric field E.Because of this field there 

will ,be a drift term in the electric current. But since there 

can be no net current flow in equilibrium,- the drift term in 

the current must be exactly balanced by a diffusion current. 

Only in nonequilibrium cases can a net current flow. 

Space charge is generally present in n-type and p-type 

semicond~ctors with a nonuniform donor or acceptor concentra-

tion.For a semiconductor doped both with donors and ,acceptors 

Poisson1s equation is of the form: 

(2.25) 

N; concentration of donors, 

N~ concentration of acceptors, assuming complete ioniza-

tion of dopants. 
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CHAPTER III 

INTRODUCTION TO NUMERICAL SOLUTION OF SEMICONDUCTOR EQUATIONS 

The first paper on.the numerical analysis of semiconductor 

devices which appeared in 1964 was Gummelts "A self consistent 

iterative scheme for one dimensional steady state transistor 

~alculations'I.The approach that he presented in his paper is now 

called Gummel's algorithm,and it is one of ~he two basic ap-

.proaches· taken in the numerical analysis of semiconductor de­

vices.In this chapter, we will present a solution method based 

on Gummel's idea of solving the charge transport equations se-' 

rially(decoupling),and derive .the reievantequations for analysis. 

Gummelts Algorithm: 

The classical theory of transistors developed by Shockley 

is based~on dividing the transistbr into field-free regions 

where the carriers move only by diffusion,and to space charge 

regions where there are only ionized impurities and no free 

carriers. 

Shockley' theory is succesful in describing the behavior 
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of abrupt junction transistors under low injection c0naitions~ 

If a transistor's basewidth becomes comparable to the space 

charge regions,or it has a graded base,the analysis fails.Then 

numerical methods must be employed. 

In the previous chapter,we have shown that the state of a 

region of a semiconductor'material is specified,if the hole 

and electron concentrations and the electric field are~':known. 

Equivalent information is provided by the electrostatic poten­

tial '\p and the hole and electron quasi-Fermi potentials. (C(Jp ,C({) 

these quantities are governed by a set of three second order 

nonlinear equations. The basic Gummel Algorithm[llsolves them 

in the following way: 

1) A guess solution for the electrostatic potential is 

entered. 

2) Hole quasi-Fermi pocential and electron quasi-Fermi 

potentials are calculated through integration. With the guess 

solution for electrostatic potential this yields hole and elec­

tron concentrations. 

3) Poisson's equ~tion is solved to obtain a better ap­

proximation for theelectroscatic potential. 

4) 'Steps (2) and (3) are alternately executeq until the 

solution is obtained to tne required accuracy. (+~. 3. f) 

Input data for calculations are: 

1) Doping profile, 
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2) Mobility as a function of doping profile and electric 

field. 

3) Excess carrer recombination model; for Shockley-Read 

model,the hole and electron lifetimes and the energy of the 

center are specified. 

4) Applied voltages, 

5) A trial solution for the electrostatic potential. 

Boltzmann statistics are used throughout.'fhis limits our 

applicatiori to nondegenerate s~lniconductors. 

Derivation of the one-dimensional solution method: 

Variables are normalized as shown in the table below. 

NQ rntll\iLi!!.9 c;on!ll:1lni: N4rltlQlittd vgdllbl~ 

~=VT '\y , .'fr ' 4' .... 

rt.i P 1 I' , N~ ,N~ 

fo f"'~ , ~n. 

Do Dp , Dn. 

( k T E:E:o )'1,. 
- L 

'l&~ - D x: 

CJ Do tt. 
JI' J ... Lo 

Dort.; 
R. L2. 

D 

Table 3.1 
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E/1-1;.~r '\y, 

It j:t£lm birtot1D n; 

fl'p cmd fAr\. 

t.r.llcul~t~ 

e 'Pf ~nd e-<f(t. 

5o\ve Ii neAri:z::e If. 

PC>·I~*on:j etjl.lCltiOfl. 

t Dr & 

Fi.£!. 3.1 
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In normalized notation, 

hole density: p= exp(cp -~) 
P . . 

(3.la) 

electron density: (3.1b) 

D d 
J p = P exp(-,\(,) exp(Cfp) (3.2) 

D dx 
0 

·D d 
I n = _-lL exp(-1()-- exp(-cp ) (3.3) 

D dx. . n 
n 

If no recombination takes place the current densities J p and 

I n are constant •. 

E"","" ... 

----------1 
'PI'!- Yc& 

~l 
o 

Fig. r.;. 2 
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The electrostatic potentiai is governed by the Poisson's 

equation 

exp ('l/'- 'e. ) 
n 

Imposi tion of boundp.ry Coo.nclitions ,: (Fi3·3.:2.) 

N~ 

1) At the end points carrier equilibrium exists( ~ ~) 't'p= In 

This m~ans no excess carriers at the ~nd points. 

2) Space charge neutrality exists at the metal contacts 

which fixes "t if lfp = lfn is known. 

'\.y(o) = 'P. (0) - 'In( Jc N(o) )2 +1 _ N(o) ) (3.5) p 2 2 

In(J 

,-

"f( r ) = lfp (r) - N(r) )2 +1 _ N{~t} (3.6) 
2 2 

3) if (0) = tp (0) = 
'qV 

P .n kT 

and qV 
Cfp(o) cp (0) eb = = n kT 

'f (r) Cfn(r) = q 
Vcb 

= 
P 

kif 

'fn (M) = o. 
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For transistors we take the reference level for potenti~ls 

the value of the electron quasi-Fermi 'level at some point in the' 

base,and set o/n(M) = O.(x)For diodes the ~eference point is the 

cathode contact. Usually tue choice of the point M is not critical 

since the electron quasi-Fermi potential has,a nearly constant 

value throughout the base.If~n changes considerably across the 

base, the details of how the ba~e current is brought into the 

base becomes important and a one dimensional calculation is in-

adequate. 

Now let us compute the hole quasi~Fermi potential and the 

electron qusi-Fermi potential in terms of tne electroRtatic 

potential '\jI and tne rela tivediffusion coefficients: 

Do D 

Op '0 0 (3.7) = = 
Dp 

n D n 

From (3.2) 

d 
exp( <f,p) = -J D ;exp( If-' ) 

dx ,p p. 
(3.8) 

Integrating both sides, 

x, . . 

ex p ( <p p ~ x » = - J J p ( t). Q ( t ) . ex p ( '"0/ ( t » d t + C (3. 9 ) 
o 

(x) Here we analyze pnp transistors. 
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Evaluation of constant C is easy.(J = constant,no recombination) 
p 

o 

exp( 'fp(o» :: - j J p o(t)exp( '\p(t» dt + C 
o 

r . 

exp( 'fp(r» = - jJp '6 (t)exp( ~(t»~t + exp( 'fp(O» 
o 

then (3.10) . 

where 

r 

F(o)· f '6p (t)ex p ('v(t» dt (3.11) 

o 

x 

then exp( <fp(x» 
exp( <p (r) )-exp( c.p (0)1· . 

p p « (t)exp('\f'(t»dt+exp( <p (0» p p 
F(O) 0 .. 

(3.12) 

Proceeding in the same way,we obtain the electron quasi-

Fermi potential function as: 

• . . x 
exp(- <fn(r)-exp(- <fn(O»j . 

exp(-~n(x»- . '6n(t)exp(~'1t-(t»dt+exp(- <pn(O; 
F (0) . 

n 0 

(3.13) 
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where Fn(b) ~ j;nexp(-'t:(t))dt (3.14) 
o 

The ~bove equation is valid for diodes,but in the" transistor 

problem the eleciron quasi~Fermi potential must be specified in 

two regions. They can be easily derived as 

" " x' 

" " ""( "() 1 ,.. exp (- If n (0 nj~c ( t ) exp ( ;... 'r ( t ) ) d t+exp (- ({J (0» 
eXI:> - <P n x "p" " " " n 

J:n (t )exp( -'/'( t) )dt .. 

o 
"where O"~ x <. fJI C3 .15 ) 

"~n(M)=O.Mis a point in the base,choice of which is not very 

important. 

x 
exp (- c:p (r» -1 j 

exp(- (f) (x» n" '6 (t)exp(-tp(t»dt 
In r n" 

fin ( t ) ex p ( -'/' ( t ) )d t 
+ 1. 

M" 

f'I1. <. x ~ r (3.16) 

Because of the boundary conditions on the electron~quasi­

Fermi potential,electron current flows even in the absence of 

retombination in the interior of tnetransistor. 

Now let us assume a recombination" process that gives a 

recombin~tion rate ~(n,p) carriers per cm3 , then by the con­

tinuity equ~tions 

~J 
dx P 

d 
=-J 

dx "n 
= R (3.11) 
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If the recombination process isof Shockley-Read type, then 

, . 

R = 
exp(Cp - ,Cf- ) ~ 1 

, P n (3.18) 

~. (p+l) + t, (n+l) 
n r 

where the recombination center is assumed to be in the middle 

of theenergy'gap. 

Now let us derive the expression for exp( Cfp(x» and 

exp(- Cfn(x» with carrier recombination. 

From the continuity equation for holes 

d ' 
-J (x) = - R 

dx P , 

Integrating, both sides, 

x ' 

Jp(X) = -jR(t)dt + J po 
o 

J =J (0) po p,' 

Subst~tuting this value of J~(~) into (3.2) and solving for 

~exp (Cf (x)') 
dx P 

, ~exp( 'Pp(x) )'= -J '( exp('1f") 
p p , ' 

dx ' 

)( exp ( lp) ,p 

)( exp('l!') p 

(3.20) 
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Integrating both sides with respect to x 
~. 

x· t x 

exp( 'f'p(x ))= ! ~ (u)du J ¥ p exp( '\j')d t -J po J~ p exp( 'f')d t + exp( lf' p (0) ) 

. 0 

(3.21) 

and Jpo can be found as 

Jpo= 
ex p ( Cf P ( 0 ) ) - ex p ( GO p ( r ») + 

o 

A solution for exp( ~n (x) . can be obtained analogously. 

o 

J no J no = J (0) n (3.23) 

Substituting this -value of J(x) into (3.3) a.nd solving for . n . 

d .' 
-exp( -<Pn (x»): 
dx 

~exp( -~ (x) = 

dx 
j (x) -0 exp(-'l}'(x» 

n . n' , 

Integrating both sides 

(3.24) 

x 

exp(- If'n(x))= f f:u 1 ¥nexp (-1y)dt + J nJ6n
eXP(-'Y)dt + exp(- 'f'n(o)) . 

o 0 o 

(3.25) 
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~)<. t 

exp(- cp (r)"-exp( ep(o)) - J rfRdulo exp(-'tp)dt 
=' ·n.·, n . 9 S! n· (3.26) 

r 10 n exp·( - "r~) dx 
o 

The result (3.25) can be generalized to the transistor prob-

lem by specifying the electron quasi-Fermi potential in two 

domains.In the emitter domain: 

)<. t . )( 

exp (- 'i"n (x»; ! VRdU10n ~xp( - 't')d t + J noe J l(nexp ( c 'f')d t+ exp (- 'fri( 0» 

o 

o ~ x ~ M (3.27) 

M ~. . 

1 - exp(-Cf (0)) jr!Rdu]r:exP(-1f)dX. 
J n 0 0 n = --------------------~~-------------------noe M' 

JOnexp(-.l'? dx. 

with 

(3.28) 

o 

In the collector domain: 

(3.29) 

·Jnoc = 

. r . " 

exp(-<f'n(r))-l - '!r~dU]O'nexp(-~)d:& 
'r . J -Onex~ (-1.() dx 

(3.30) 

M 

f\'l 4 x £r 
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Having found the q~asi-Fermi potehtials we can proceed to the 

third step,; finding a bet ter a-pproxima tion. for' the ele.ctrosta­

ticpotential.For this we must solve the Poisson's equation: 

. or, in normalized notation: 

= 

where 

exp ('f:- If'n) - exp ( tp p - \.jJ) - N 

N = N+ 
. D in .. n. units • 

.' 1 

(3.31) 

This . equation can be lineariz~d by expanding to Taylor's 

. series in terms of S ,the difference between the available 

- trial solution and .the exact solution. 

'\1./ = '\.y + S .,.. exact 

Substituting this into (3.31) 

= exp( lfJ- <(In + b.)- exp( <Pp- ~ - b) - N(x) (3.33) 

expanding the exponentia~ entries and keepingionly the linear 

terms 
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d 2\f' "d 2S 
-:-2" + -:--2' :t n(l + ~) - pel - S) - N(x) 
dx dx· .. . 

we obtain the elli~tic differential equation for the difference 

d 2\!, 
( - - + n .,.. p - N(x)) 

dx2 (3.35) 

The equation is of the form: 

d2 
~ + u(x)y = f(x) 
dx 

(3.36) 

u(x) - n(x) + o(x) 

" f ( x) = 't' n ( x ).+ P ( x) + n (x ) 

and its solution by discrete methods are always convergent if 

f(x) and u(x) are real. continuous func tions and u(x) ) O. [23] 

After discretization the system is a set of linear equa-

tions· expressible in the m~trix form 

where AJis a tridiagonal matrix.of the form 
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-1 

o 

.. 0 

A= C3.3B) 

o 

o .-1 

r 0(. ~h2. t\ -t :1'1 

and v - h 

0(. . and ~ are. the point boundary· condi tions and h -is the length 

of subdivisions of the disc~etization mesh. 
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The solutioA for ~ is given by:' 

-1 = A ·.v (3.39) = 

and the improved value for the new eledtrostatic potential is 

~new = 'V+ -1 
A • v (3.40) 
= 

Gaussian elimination ~ethod proved to be the most effective 

procedure for the in~ersion ~f the matrix A.On the 6ther hand 

existing Gaussian elimination programs are extremely slow for 

our purpose,becauRe of the large~ize of tne matrix involved. 

Using the special character of th~ m~trix A, a much fa~ter and 

more efficient solution procedure was devised,This method also' 

eliminates the requirement to store the wh61e matrix; only the 

diagonal elements are ~tbred in a linear array. The mathematics 

of this method is explained in appendix A. 

'V is entered as a triaL solution for the next iteration, 
-new . . . . 

and the systein is solved for new 6·~ If the algorithm is conver-

gent 11&11(9(11 <II a II. 'rhe iteration cycle is. stopped when each of the 

. elements of ~ bec.omes smaller or equal to the 

error:In our ~alculations an error criterion 

maximu~ permissible 

-5 kT of 10 --- was used. 
q 

The convergence of l-D Gummel algorithm .is quite satisfac­

tory in low and moderate injection levels.This allows this 

algorithm to apply ~any physical .ca~es with little complexity 

and low computer costs.We will discuss more details of this 

in the next .ch~pter. 
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CHAPTER IV 

TWO DIMENSIONAL NUMERICAL ANALYSIS -AN OVERVIEW 

, Today tntegrated circuit technology goes on its course to 

put more on much smaller silicon chips.Device dimensions shrink 

steadily, and complexity grows.Computer aided design (CAn),at 

this stage of development is applauded as a new productivity' 

enhancement method in the electronics industry.Infact today's 
-

Very Large Scale Integrated (VLSI) circuits are computer sim-

ulated at t~e process,device,circu~t and system levels to accu­

rately predict cost,and 'function p~ior to fabrication,. While 

fabrication and actual testing is the best way to discover~ll 

the implications and limitations of any'new technology, it is 

also tne most expensive and time consuming option.A single lot 

of devices for ~ new VL~Itechnology costbver one million dollars 

tb fabricate and take six ~onths to complete. ~8]Another impli­

cation of V1SI technology i~ that tue necessity of rigid control, 

of device parameters due to ultra ~mall dimerisions,and complexity 

of geometries. 

In order to analyze accurately a semiconductor structure 

under all kinds of operating conditions,the nonlinear coupled 
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~artial differential equations of semiconductor charge transport 

must b~ solved. Unfortunately n~ an~lytical solution exists due 

to nonlinearity. Therefore some 'numerical procedure mtist be 

employed. 

In the previous chapter, we have presented a numerical 

procedure to solve I-D pn junction diode and pnp transistor 

problems~Bec~use of its very nature I~D models cannot examine 

the lateral variations of current densities and pbtentials;and 

cannot handle semiconductor structures of special geometry.Aiso 

the variations in th~ threshold'and the breadown voltages due 

to short and narrow channel effects in MOS trans~stors are two 

,and three dimensional,phenomena,and cannot be analyzed by one' 

'dimensional models. [9] [1~The short channel effect reduces the 

threshold voltage of ' an n channel MOSFET.A~ the ,drain approaches 

the source, its positive bias raises the surface pot~nti~l ~ear 

the source and thus increases t';18 amount of current flow in 

the device at a given gate voltage.Narrow criannels have the 

opposi te effect: [2]] 

The numerical problems associated with 2-D analysis are of 

course more challenging. The equations are partial-differential 

equations instead of ordinary differential equations of I-D 

case. 

In the following ,we:wri te" these equa ttons in a different 

form: 
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Fl. = Y'~ + --lL..( p - n -N) =·0. (4.1,) . 
Efo 

F = '\l . [ q(Dn '\In - f!nn"v\y) ] q( an 
+ ,Rn) o. (4.2) 2 at . = 

F3 = V . L -q (Dp "\jp + t<pP"1'tf ) ] + q(~ + R) = o. (4.3) 
.' dt P 

Rn and Rp are electron and hole recombination rate,densities. 

N~verth~lesa the basic methods for solution are ~imilar. 

There are two schemes to linearize these equations in either 

case [171 • The first i~ the decoupled approach, and it. is sometimes 

called. as Gummel's algorithm.The I-D.solution procedure in 

chapter III is an im~leme~tation of this method.Thisapproach 

solves the semiconductor equations succesively in an iteration 

loop,so decouples them.This app~oachis.simple to implement 

but it fails a~ the degree of coupling' between the continuity 

equations increase as in the' case of avalanche multiplication. 

The second linearization scheme ii ~oupled one. In this approach 

the linearized equations are solved simultaneously. Both methods 

require an initial guess solution followed by an adjustment Qf 

the guess according to certain criteria,until an acceptable 

solution is obtairted.While the second approach i9 a'more general 

one, tbe numerical implementation.of it on a digital computer 

is quite a big job.Becau~e of this, the decoupled approach 

yjelds a .more cost effectiv~ solution in many instances,and is 

usually preferred. 
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The procedure of the'decoupled approach must have been 

understood from the previous chapter.A guess soluti~n'for 

electrostatic potential is enterediand, electron and hole 

continuity equation~ are solved.Then the linearized Poisson's 

equation is' solved for a new pot~ntial.fhis value is returned 

as a guess solution for the next iteration, and so on. The 

iteration cycle ~s stopped when 'the required accuracy is 

reached~Thecoupled approach solves Fl ,F2 ' and F3 ~i~ul­

tan~ously by expanding each of the equations in a Taylor 

series in terms of each variable.Tttisyields the following 
, ' 

,matrix equation. 

-F. 'OF, ,8F. ' c> F. [sty I 
enV on c>p 

- f: ' 'db C)S 81=; 6n (4.4) 2 
3"\y an Clp 

-F. dh '2>F.i 8G ~p 3 
o\y 'an "dp 

The coupled approa6h is mathematically more attractive 

since quadratic convergence of the solution is assured. But its 

develop~entis mor~ difficul~ and time consuming,and it requires 

more cdmputer storage. 
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In all of the cases, the equations· a.retdiscretized by one" 

of the two techniques: 

a) Finite-Difference Method ~FDM 

b) Finite-Eiement Method ~FEM. 

FDM is the most widely used -method because of its ~imple 

implementation,but, FEM_is becoming very popular with its 

advantages in handling irregu. lar geometries and"in economizing . .' . -

computer costs. [6] ,[9J, [16J ,[20J - [22] 

Discretized differetitiai equation~ result in algebr~ic" 

equa~ions expressible in the matrix form, A.x = ~.The key 

point in any ~lgorithm i~ the solution of these matrix equations. 

In one dimensional analysts, if _t~e Poisson's equation is 

discretized on a grid of 100 points, then the resultant A matrix 

is 100xlOO.The straightforw~rd application of an ~nversion 

~echnique such as G~ussian elimination is impossible.A 100xiOO 

matrix requires a storage of 10Kwords, and the -number of 

multi~lications and ~ivisions is so large that a very small . . \ 

diode analysis progra~ requires hours Of nomputer time.On the 

other hand~ A is a sparsely but regulailypopulated symmetric 

matrix.Due its special character,more efficient inversion 

schemes can be devised; and by making use of the zero entries 

of the matrix, tne storage Cctn be reduced drastically. 

In higher dimensional simulation, the problem is much 

more severe. The current continuity ~qu~tions cannot be solved 

by direct integration nnymore, they must be solved by discrete 
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techniques like Poisson's equati6n.[8]If the equations are 

d~scretized on a mesh of N nodes," then we hav~ three NxN 

. matrices.N can be as large as 1000 and 2000. If the coupled· 

method is employed, we .obtain one matri~ of s1ze 3Nx3N.It 

is seen that the storage of the c6upled method is three times 

larger than the decoupled approa~h. 

The use of direct inversion techniques. -whether improved 

or as c~ude as Gaussian elimination- is "impossible, and so-

called iterative techniqu~s.are utilized in this task.The 

choice of the iterative technique is another problem; and 

we will devote the next section to this topic;. the most 

important~problem in the numerical solution of differential 

equations. 
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Solution of matrix equations by ~terative methods: 

Semiconductor equatioris under steady state conditions are 

elliptic equations ofsp~ce.ln the following we shall give an 

example of how an elliptic equation is discretized by FDM,and 

we shall discuss its solution by some simple iterative methods.' 

Consider one of the simplest cases: Laplace's equation in 

o <x<l O<y<l 

and V(x,y) satisfies the Diriehlet boundary conditions'V =CfXx,y) 

a known function along the boundary . of the square ~ .' 

~ 
J. 

: j 
1'1-1"i 

.{ 

11.+1 . 
.i 

Fig.4.l 
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The method of finite differences consists of dividing the 
"". . 

sides of the square into n+l parts,giving the grid points 

p .. = (x. ,yo ) 
·lJ 1 J where, for example x. = 

1 

i 

n+l 

y = ,j 
i = ° ,1, .• • . . ,n + 1 j=O,l, ..... ,n+l 

n+l 

and 

The interior pOints are those which correspond to i=1,2, ••. ,n 

and ·j=1,2, ••• ,rt.Write Vij = V(xi,Y j ) .Then we are requi~ed to 

de termine V .. so that 
1J 

V. 1 . - 2V. . + V. . 1 . 1+ ,J 1J 1- ,J 

h 2 
+ 

v . 2V .. + i,j+l - 1J 

2 
h 

V .. 1 1,.}-

if Pi~ is an interior point of the square~ anaVij = 

1 P. . is on the boundary. Here we have written·h = ~ 
1J n+l 

Arranging 

V1··,.J·+1 + V. ·1· + V. 1· + v. ] . + 4V .. = o. ,1,J- l+,J l- .. ,J 1J 

= 0. (4.6) 

if ij 

We can write (4.7) in a number of ways; it is only necessary 

to arrange the interior points P .. in a sequence.Fo·r example 
1J 

we may take the order 

and let Xk ='Vij with k~ n(j-l)+i 
. '2 

k=l, 2 , ... , n ) 
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The system (4.7) now becomes 

and thus a kk = -4 

ak,k_l = ak,k+l'. = ak,k+n = ak,k-n = 1 (4.9) 

provided 
. . 2· 

k-l,k+l,k-n,k+n are all among (1,2 ••••. ,n ) ; 

othervise V .. is known (on the boundary) t and is taken over 
1J . 

to the right hand side. 

t -+ ~ 
I I. -1. I . .~ ... 

-4 \. 

I .-"\. \ , 

... \ 
" -4 

r-----------~--------~.~.~~--------------------~~----------~ ~ 

I------~-----r~----------+---~------~--------~----~~--~I--­-4 ~ 

~ -""l \ 

, 'A 

L-__________ ~ ____ --------~----~----~----------~----~--~~-~·4~ x"~ ,L--

'. 
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We have obtained the system of equations of the discretized 

system. Now let us see how we can solve them. 

The principle of an'y iterative method for the solution of 

A.x = b is to find an initial guess x and· calculate the 
::: - .,-0 

corresponding resi~ual ~q ~~.~o -~, and then modify ~o' 

calculat~ the new residual,and so on. The proces~ is stopped 

when the residual falls below tne permissible error. 

The two sequences of vectorsootained in this process: 

{Xl ,x2 '······· ,x p ,····1 
{yl'y2'········,yp,····} 

How do we obtain the new sblution vector from the previou~ 

one and its corresp9nding residual? 

Let x = -p 

Take the ith equation 

+ .•••.••••• ' •. + a. x 
In n = b-1 
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and replace 

by' 

we obt~in one equation in the single unknown x .. We can 
J 

solve this -provided a .. -# O • . - .- lJ 

x. = 
J 

'rhis value is 

since 

1 

a .. 
lJ 

equal to 
rH 

S. 
J 

.fl 

~ow we define tne vector 

(4.10) 

p 
r 11 = ~. - - (4.11) 

o- J a" IJ _ 

n 

'I. F 
Q'kS -- b . I Ie. • L 

(4.12) 
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p-t l r 
where};j = 4,.\ fori*j ana 

P+I 
~. hastne value given by (4.10). 

J 
p+l. 

Then clearly fl = O • 

. Thus we nave definedtne vector x I having all its compo-p+ - . -

nents except one (the jth) the samea~ those of x p ' and this 

one chosen so that one of tne equations, the ith has a zero 

~esidual.This is therefore a m~ans of defining x I in term~ 
1'+ 

of x .~e must now consider the question,of the choice of par­
'p 

ticular values ofi (the residual to be reduced to zero) and 

of j (the component to b!3 altered). 

Southwell's method: 

Choice o~ equation: i is so-chosen th~t 

i.e we relax the equation for which the residual hasthe·largest 

absolute value. If there are several values of i for which the 

maximum is. attained, we might take the largest i. 

Choic~ of comnonent: choose j=i,'(diagonal elements assumed to. 

be all nonzero). 

i) choose" i so that!fniR mrlximum .. 

ii) 
Sr+1 

:: 
~p for kfoi 

k Ie:. 

iii) ?t" == S: f/ 
I I /0" ~l 

Number of operations: 
. 

In each step we must 
p ."" p+1 

I) Given the fi.' compu te tile ~i. • tnis only requires one 

diviaion and addit~on.· 
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p.1-\ ' 
2) Calculate the new S' . fi . :nce 

we-have 
p+1 P 

a .' l;~ + a .. ( t. , Pi) JI I JI '=>1 --
a" II 

'~ = e f' 
O"P,/ 

J\}i 0" . , II 

This requires n-l multiplica~ions and n-l ~dditions. 

Approximately n 2 /3 cic1es ~f this pr9ce~scorrespond to the 

same amount of labor as the Gaussian elimination process~ 

- The Gauss-Seidel Method: 

(4.14) 

Choice of equation: Equations are chosen in cyclic order. 

1 ~ 2, 3, ••.••• ,n ~l , 2 , ~ ••• 

Choice of component: As in Southwell's method we take 

j=i.The step from xp to xp+l is t~en given by 

i~ i=remainder on division ofp+l by n,or n if this is 

zero. 
1"+1 f' ' 

ii) . l; :: ~~ if k~i" 
I.::. 

iii) tS~+1 == ;.1" ftP 
I I - '/a .. 

1\ 

The number of operations in each step is the same as in 

Southwell's method,and the residuals are given by "the same 

formula 

r+1 p 

~ =~-
a·· Dr 

:.I'.); / . 
1 c.' 

" ' .. j =1,,2, ••• ,n 

This process converges faster than Southwell's metho~, 



and has the advantage of being: more automatic which facilitates 

,programming. 

Succesive over-relaxation method: 

This is another method involvinJg the relaxation of 'a single 

component,in'the same way as the ?auss-Seidel method. 

1) As before we choose the equations ,in cyclic order. 

2) We alter the ith component'in the ith step as follows. 

If x = [~~r+ .. '] -p+l ' I 

we modify xp irito xp+l by writing 

{p+l} 
~(r) 

Sk. =' if k4i 
~ 

S~r+l) 
:: 

~.(r) 
+ 

w ( ~(:-t') , ~~f) ) 

'\ ' '\ '\ -

lr) ~ (1'+/) 
::: ( 1 - w) 4,. , + w . 

'\ ''\ 

(4.15) 

Here w is a constant called ·the over-relaxation factor and 

is nonzero.If w= 1 SOR method is equivalent to the Gauss-

Seidel method. There is a lot of theory on the d~termination 

of optimu~ w for the fastest convergence rate. The SOR method 

diverges for w> 2.So 1 ~ w < 2. 

SOR method is the most commonlj used method £or iterative 

solution of line~rmatrix equations.All the iteration methods 



- 43 -

we have counted so far are point iterative. methods,because 

: they are based on the relaxation of only one component.After 

1960's block'or iterative methods, with reportedly superior 

conv~rgence rate have been developed. (e.g. SLOR-succesive 

line o~er-relaxati~n).It has been shown that.by reversing the 

cyclic ordering or by alternating it, one can improve convergence. 

Usually user by experimenting ,~ight find the best scheme 

which suits his particular applicati~n~Nowadays(1983) block­

iterative methods or'Stone's meth6d [2~ are usually employed ' 

if direct solvers cannot be u~ed. 
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CHAPTER V 

.. 

MINH'lOS PROGRAIYl~,A TWO DIMENSIONAL lYlOS TRANSISTOR ANALYZER 

MINIMOS, a program developed at 'rechnical University of 

Vienna is a general purpose user oriented CAD tool which can 

be used to analyze MOS transistor und~rsteady state conditions. 

Q.9] It is' w~i tten in ANSI 77. FORTRAN. 

Minimos is a two dimensional Gummel Algorithm-i.e it uses 

the.decoupled approach~The unique feature of the prog~am is 

its dynamic mesh refreshment. The mesh on which the equations 

are discretized is' regenerated at each' iteration to improve 

convergenc~ rate and dyriamicallj adjust the storage. 

Recombination which is not very important in MOS transistors 

is'neglected.The mobility model is also oritinal.Themobility 

is assumed to be a(~function of temperature (T) ,~he electric 

field component parallel to th'e current flow (Ep)' the elec-

tric field 'component perpendicular .tothe 8i-8i02 interface, 

(ET),'th~ distance to t~is interface (y),the concentration 

of impurities N,and the mobil~ carrier density (n or p) 
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Fig.5.1 

Blectron mobility is expressed as 

fn(T,Ep ,E
T 

,y,N,n) 
I· - (----,-_. + 

1L1 f-> 

[3a.] 

.~ 
_~l_) ~ 

~EBET ~ 
(5.1) 

(5.2) 

fL1 describes the influence. of lattice scattering,impurity 

scattering~and screening as a function of temperatuie.Thus 

fEPET 4escribes the influence of velocity saturation and 

surface sc~ttering as a function of temperature and tile dis-

tance to the Si-Si02 interface. Thus 

fL1 is constructed from two components; where f-L denotes 

the pure lattice mobility as a functio~ tempe'rature and f I 

denotes the impurity scattering mobility. 
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where f(x) = ,In(l+x) _ ---.;;x~_ 
l+x 

2 (em IV.s) 

These two mobility components are merged by a formula first 

gi ven by Debye [31] 

with g(x) =.x2 ( Ci(x}cosx + sinx( Si(x)- ~) ) 

.0 X 

, Ci (x) -J ~:stdt C Inx j cost-l = = + +. dt 
t ' 

)( . 
o . 

... x 

Si(x) = _ j Si:tdt = ..2L. + J sintdt P3] 2. . t 
x 0 

r EPET is also built from two' parts,where, ~EP describes 

. the influence of velocity saturation and fET models surface 

scattering. 

2 . 
(em IV'.s) (5.9) 



(5.10) 

with hex) = x + (x)lli 

These two pa~ts are combined empirically with a Mathiessens 

rule with weight 2 

. f EPET (5.11) 

The formula:s for hole mobility are identical in mathematical 

structure 

.17 
~ = .46T ' 

fL = 1.35xl08T-2 . 2 (cm2/V.s) 

, 5. 6xl017'r1 • 5 f-I= -"'-'--------
2 . 

(cm IV.s) 
2.5xl015T2 ') 

N.f( p 

. fiEF 

(5.13) 

(5.14) 

(5.17) 
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}<EPET ( 1 ,I )-1/2 (5.18) = --+ 
pET

2
" t-EP2 . 

The functions f,g,h are identical in struc.ture in each case. 

Boundary conditions: 

In oxide region Poisson's ~quation reduces to Laplace's 

equation 
2. . \J .'ty = o. (5.19) 

At the contacts (AB:Source,CD:Gate,EF:Drain,GH:Bulk,see Fig.5.1) 

which are assumed to be ohmic,the: potential is kept constant to 

the applied voltage plus the appropriate built-in voltage caused 

by the doping. 

At the 8i-8i02 interface 

(5.20) 

At the vertical boundaries (AH,CB,DE,FG)" the lateral 

~lectricfield has 'to vanish. 

At the source contact CAB) and the drain contact (EF) 

the carrier density is kept const~nt to the ,val~e of doping 
I . 

,concentr~tion.(Thermal equilibrium exists~) At the interface· 

.(BE) no current component in the 'y-d'irection is' allowed.At 
, . 

the verticaL boundaries (AH,F9) the lateral current component 

has to vanish.At the oulk contact (HG) no cur~ent components 

are allowed. 
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The '~atrix.equations are solved ~Y an iterativ~ technique 

,called by SIP method~~ ~hi?~ is found to be superior to existing 

block iterati~e techniques.[l~ 

The MINIMOS program can calctiiate the doping profile by 

a process modeling program SUPREMo [15J'rhe vertical profiles 

of SUPREM are ·fitted ·in tpe lateral direction.The doping pro-. 

file may be ~pecified also by ,the user point b~ point. This 

approach,despite ~he complication caused,offer~ the practicibility 

to simulate complex structures~SUPREM allows us to find the 

. impurity profiles by diffusion and ion implantation together 

with the annealing proces~.With'all of th&se, MiNIMOS is a 

complete device simulation program , from fabrication to circuit 

behavior. 
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CHAPTER VI 

DISCUSSION OF RESULTS ANIT CONCLUSION 

Here we present some of the results obtained by one~dimen-

sional diode and transistor analysis. 

I - Analysis of a lightly doped pn-junction 
16 -3 . . 15 -3 

NA = 10 cm - ND =:10 cm 

Vb" =- 0.5 volt . l.as 
o temperature = 25 C. 

Undir these conditions a diode current of Id= 1.65xIO-}A 

flows with a crossectirinal ar~a ofO~OOl cm2 • 
'\.\'(v) 

·ao 

,.2f> 

.IS 

.,.0 .z,O 

Fig.6.1 Electrostatic potential 
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:1.0 

Fig~6.2 Hole concentration 

-f.o. 2 ... "(,o---~ ) 
Fig.6.3 Electron concentration 

Ifr 
., 

-04 

.~ 

.-& 

.1 

-1·0 ;1.0 
.oc:(/o"fe ...,;) 

Fig.6.4 Hole quasi-Fermi potential 
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.~ 

.<\ 

·3 

1,0 :2.0 

Fig.6.5 Electron quasi-Fermi potential 

-Iff' 1---------

Fig.6.6 Doping ~rofile 

The abruptness of the junction is smoothed by -the step 

1 
approximating function 

l+exp(-b(x-x )) 
. 0 . 

b;>O 

The DIODE program.reachesto this results in 4 iterations. 

Bias voltage,doping concentra~ion and temperature are the major 

.' 

factors governing the convergence rate. 

The same junction ~s reverse biased by Oi2volts 

v . 
bias 

= -0.2 volts 

- -11 = -3.3xlD amperes 

no. of iterations~ 4 
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.3 

.1 

0." 

Fig.6.7 

-The linear change of P9tential in t~e n-region indicates 

that this region is depleted of free carriers(the lightly doped 

section) . 

_ :26"c. 
-+-'- 60·c. 
;...·-7s"c 

. Now let.us-see the effect of te~perature 

So~ 

.A. 0 :1.0 

Vbias=0.5V 

I d{250C)=1.6xIO-3A 

. i
d

(500C)=1.2XIO-3A 

I d (750C)=6.0XIO-3A 

Fig.6.8 Decreasing barrier height 'with increasing te~perature 

I +. t' I - pn JU~c lon 

15 -3 
NA =10. cm 

v = 0.3volts 'bias 

.' 19 3 
ND =10 cm- -. 

. ° i temperature=25 c. 

no. of iterations = 44 

--5. 
Id = 2.2xlO - A 
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-1.0. :2.0 

Fig.6.10 

. The sheme becomes divergent if the doping densities pass 

the border of 1019cm-3.As Maxwell-Boltzmann distribution is 

used in this analysi~,thia m~rks the uppe~ limit that "this 

approximation is valid. 

111- pnp transistor 

NAE = 1017 
NDB - 1016 NAC = 1017 

Veb = .1volt Vcb = -.lvolt 

'ty tv.I~'1" I 
E 

=7.0BxlO-12A" 

1B 
-15' =-B.9x10 A 

.3 

.1. . I =7.08x10-12A C 
0-

_.\ 

-. :l 

-.3 

_ .... 
_.!> 

.15 .t.!'>, .2.:2.5 3.0 X tlo--t c. ....... ) 

Fig.6.11" 
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Figure.6.14. -Same transistor with Veb=.5V and Vcb =-2V. 
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Forward ;bias on the emitter-base junction decreases the . 

height· of thebarrier~while th~ reverse bias on the· collector 

base junction deepens· the potential 'downhill at this junction. 

Also,we see that the width of the collector-base junction 

depletion r'egion is ' modulated (so, the basewid th) by the bias 

on this junction(E~rly effect) •. 

lIE 
.. 

The current references used in this analysis are indicated 

in Fig.6.l5.Since w~ ignored the recombina~ion of carriers,we 

cannot talk of the classicaltransistor.parmeters ~.and ~ .• 

In this case, the base current is not the amount of emi tter~',., 

current not collected by the collector,but the sum of the sa-

turation currents of the two junctions of the transistor. Even in 

the absence of recombination an ~lectron current flows to sa-

tisfy the boundary conditions, i.e, thermal equilibrium 

n(o)' = ~i 2 
/NAE 

Recombination can be easily incorporated in this program 

according tO,the method.established in chapter III.Breakdown 

of r,everse biased junctions' can be analyzed by adding an ava­

lanche multipl~cation term tb the bontinuity equations. 
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g I == ~ (CXn (E) I J n I' + cX.p ( E) I J pi) 

~ (E) = 2.25X107~xp(-3.2XI06jE) n 
6 . 6 = 3~ 80xlO exp (-1. 75xlO /E) 

(6.1) 

One of the problems encountered in the numerical analy~is 

of ~emicondu6tor devi~es is ~he wide range of the values of 

·the parameters , involved .Dimensions of the 'order of microns and 
, . '. 20 

atomic densities up to 10 'are side by side.Exponentiation-of 

large numbers may cause overflow and the exprinentiatibn of large 

negative numb~rs causes underflow. For this reason, some sort of 

normalization is necessary. 

4-ny numerical algori thm 'tested for conv.ergence must be tested 

first,by equating all ~onstants to 1.Afterthe method is proved 

to work the numbers are replaced with suitable normalization. 

I-D.' methods are the stclrting point of any new algori thm to be 

tested. 

These programs may be fitted to' work with p~ograms that 

calculate.t~eresultant doping profile according to the given 

process. Supr.em II is such a. process· enginee:ring modeling program, 
I 

an~ it can compute the doping profiles obtained by ditfusion 

and ion implantation. 

The Minimos progr~m is written in ANSI 77 FORTRAN~FTN 8RI 

the fortran compiler on Bogazigi 'Universi ty Univac 1106 system 

is a su~set of ANSli77'FORTRAN~fhe missing features of the 
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compiler is completed by the subprograms written in both as­

semb'ly language and fortran. Des p-i te these efforts the program 

s~ill has n6t been run successfully on Univac ~ystem.The prob-

. lems ar~ -expected to be solved wi th the new C'DC system since 

Minimos is tiriginated on a CDC Cyber 75 system at ~echnical 

University of Vienna. 

The revenues of simulation programs are most derived when 

the program is fitted to a graphics package and high resolution 

graphics.Also the results ~stained through computation must 

b~ checked versus,the experimentally measured values to nrov~ 

the validity of the numerical method. 
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APPENDIX A 

. 
Mathematics of I-D diode and transistor analysis: 

Discretization:Derivatives are approximated by differences; 

integrals are approximated. as sums. 

f'(x), = f(X)~f(X-h) h suffici~ntly small 

f!l(x) = f'(x}-f' (x-h) 
h = f(x)-2f(x-h)+f(x-2h) 

h2 

(A.I) 

This discretization is called backward Euler approximation for 

. deri va ti ves. 

In elliptic differential equations no first order derivatives 

exist.In our analysis,we used the centraldif:(erences for the 

second derivatives, for easy treatment of the boundary points. 

f"(x) f(x+h)-2f(x)+f(x-h) 
= h2 (A.2) 

a i-I . L+I b .. 
f(a)=ol. 
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h b-a = N+l 

+ . ·b-a + ih 0 '(i 'N+l x. = a ~ N+l - a 
, ~ 

f. 1 ~2fi + f. 1 
f. 1+ 1- (A.3) = 2 ~ h 

. Solution of the linear matrix equation (3.37): 

CI" -I a x, b
1 

-\ Q 
22. . 

-\ 0 - :X.2. b.:z 

·0 
(A:?4) 

.. 

o 
- \ ~-I -I ~H. ~~_I 

-\ qnn :>Cn, b o 

Gaussian elimination is used to smlve this equation. The first 

. step in the usual Gaussian elimination method is to check for 

the nonsigularity of the system. Since' discretized elliptic 

~quatioris result in nonsingular matrices,we skip this step. 
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Sebondly ihe pivots are selected.Obviouslythere is no need 

to s~arch for pivots,since ttre diagonal elements are the 

largest-ab~olute-value -entries all the tim~. 

2 a .. = -2 + u.h 
11 1 

and la .. I ") 1-11 
11 

u. -no + p. 
1 1 1 

Soothe pivots are the "elements al0:r:tg the diagonal. Furthermore , 
. " . , 

if we con~inue the standard elim{nation procedure,we shall 

see that the sol~tion set can be expressed in ciosed form. 

o 

o 

The second pivot is a~~). 

(A.6) 
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This l~ads to, the generafformula: 

a .. -
11 

b .. + 
1 

1 
.. ( 1) .' a . ',' 

i:-l,i-l 

b. 1 1-

a~l) . 
. 1-1,1-1 

i = 2, ••.••• ,n 

. i = 2,~ ••••• ,n (A.7) 

This elimination procedure converts the system to the 

following form. 

dll 

0 

0 

-\ 0 

(I) 

0.2.2 -\ 

(4) 
0 °33 -( 

a 

o 

We can easily find x as: n 

)<1 

x,2 

)(3 

. 

. i 

x n 

b-i 
. b'l) 

. .;2 

b(l) 

3 

(A.8) 

(A.9) 
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This v~lueof x is substituted in the n-lst equation. n 

x ' = n-l 
b 1::" x n- n 

a . n-l,n':"l 

= b· n-l 

(A.IO) 

continuing this process we obtain the general back sub­

, stitution formula: 

b. 1 + x. 
1- 1 i = n, n -1 , • • • • ,2 (A.ll) x. 1 = 

1- a. I' . 1 
1- ,1- , 

Evaluation of exp(rp(x)) 

x 

~~p(t)exp( (t))dt + exp(~p(o)) 
0, 

exp(r (r)-exp(rp (0)) 
exp (<0 (x)) = p P 

fp Jf" " ~p(t)exp(~(t))dt 

o (A.12) 

o .z. 3 '4 
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The integrals are approximated by sums. Trapezoidal rule 

was selected because of simplicity in implementation and speed. 

F. = 
J. 

Y. + Y. 1 
J. J.-. h 

2 
+ F. 1 J.-

~ith h = x. 1 - X. 
J.+ J. 

and Fo= O. 

(A.13)-
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APPENDIX B 

Calculation of guess solutions for DIODE and PNP program~ 

The guess solution is c~lculated by a subroutine named 

GUESO.L. Al though these subroutines have the same name, the 

GUESOL of the transistor problem is different from th~t of 

DIODE. 

ActlJally these subroutines compute· i;he potential·distri­

bution according to Shockley's theory. The potential does not 

change in the bulk but in the space charge regions.In other 

words,electric field is zero outside the space ~harge regions~ 

In the following we discuss the calculation of guess so­

lution for the transistbr,since the dioae is just a simple 

case of the first. 

Potential at the end points(~mitterand collector) are . 

calculated as: 

(B.I) 
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The. potehtia1 barrier at the pase emitter'junction is: 

kT 
q (B.3) 

NAE average density of acceptors in the ernitterregion. 

NDB average. density of donQrs in the base region. 

The base-collector potential difference(barrier) is: 

kT 
q 

NACNDB J 
In( 2 

n. 
1 

N
AC 

average density of ac~eptors in the collector. 

1.j'(.>c.) 

-- __ - - - - r--r-----, --..-

'4-C-r ) I- - - - - - - - - - -

Fig.6.1 

(B.4) 
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The potential distribution in Fig.C.l cannot be used for 

computations.because.of the discontinuities at the junctions. 

By assumirig linear change of potential across the depletion 

regions, this solution can be refined. 
"4-Uc) 

},ig.~.2 

Xp and xn are the extent that the depletion region 

penetrates to the p and n sides re~pectively.They are calcu-

lated by the use of the following formulas. 

x -. p 

2~rf:o ( SLio -V) ND 

q NA(NA+ ND) 
(B.5) 
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(B.6) 

The. guess solutions so obtained are discretized and 

returned to the calling prQgram~Although the treatment is in 

unnormalized variables here, the programs work with variables 

normalized a6coraing to-Table 3.1. 
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