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DISCRETE TIME

VARIABLE STRUCTURE SYSTEMS

ABSTRACT

The design principles of Variable Structure Systems

(Vss) sliding mode controllers in continuous.time, achieving
plant parameter insensitivi£y and disturbance rejection, are
studied. The continuous VSS theory is extended to the discrete
time doméin. New design methods in Discrete Variable Structure
Systems (DVSS) by which it is possible to reach thé switching:
planes in a stepwise fashion are developed. Also an adaptation
- mechanism counteracting noise and plant parameter variations;
. not requiring any information about the noise statistics, is

introduced.

Both regulation and tracking problems for discrete
time control systems are considered and suitable algorithms

- are developed.

The feasibility of the control algorithm is verified

through simulations on a’digital-computer.



AYRTIK ZAMANDA

DEGISKEN YAPILI DIZGELER

- OZETCE

. Bu gallsmada deéisfen yapili dizgelerle, parametre
deger deéisﬁelerine ve bozan etkenlere karsa duyar51zllk
sagiayan kayma-kipi denetimci tasarimi tanitilmaktadair.
Sirekli zaman denetim sorunlari i¢in O6nerilmis bulunan
tasarim ilkeleri ayraik zaman denetim dizgelerini kapsaya-

cak bigimde bu arastirmada gelistirilmektedir.

Dizgenin durum vektérﬁnﬁﬁ anahtarlama dizlemine
bir dizi adimlar big¢iminde ulagacak sekilde ayrik zaman
uzayinda yeni tasarim y&ntemleri gelistirilmis bulunmak-
tadar. Bunun yanasira istatistik bilgilere gereksinim
duymaksizain, dizge parametre degerlerindeki de§ismelere
ve bozan etkenlere karsgi bir uyarlama yontemi Onerilmek-

tedir.

Diizengeleme ve izleme sorunlari ayrik zaman denetim
dizgelerinde tartisilmakta ve uygun algoritmalar geligtiril-

mektedir,

Ayrica anahtarlama diizleminin en kiicliklemesi yolu ile

en iyileme saglanmaktadir.

Denetim algoritmalarinin gergeklenebilirligi bil-

gisayar benzetimleri ile dogrulanmaktadir.
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I. INTRODUCTION

In eptimal control theory, the linear state regulator
design procedures such as eigenvalue placement (pole place-
ment) or quadratic minimization;eméu Optimal Control with state
variable feedback where a ﬁerformance index is minimized
requires the eolutiohs of algebraic or sometimes differential
matrix Riccatti equations. which are not suitable for hand
calculations [IJY: Although the theory is general and‘
completely suitable for machine computation, the controller
parameters are evaluated off-line and a fixed sﬁructure
controller is implemented. This creates problems whenever
plant parameter variation and disturbances, are present,
in which case adaptation procedures requiring hoise
statistics, accurate modelling and parameter identification

have to be applied.

In variable structure systems, the control is allowed
to change its structure and consequently the controller is
not a fixed controller. The idea of changing the structure
of the system is a natural one and early utilization can be
found in [2] - [3]. A reward for introducing the additional

complexity of changing the structure of the system is the

ﬁossibility to combine useful proberties of each one of the



structures I:4j. Moreover, a variable structure system
can posses new properties not present in any of the

structures used.

The salient feature of VSS is the so—called.sliding
mode. While in sliding mode, the system remains insensitive
to plant parameter variations and disturbances. The design
of a variable sﬁructure control which includes sliding
mode doesn't require accurate nodelling and parameter
identification ; it is sufficient to know only the bounds

of the model parametérs.'

Linear model-following control (LMFC) is an effiéient
control method that avoids the difficulty of specifying a
performance index which is usually encountered in the
application of optimal control to multivariable control
systems. The model that sbecifies the design objective.
is part of the system. However, LMFC systems are inadequate
when there are large ?arameter variations or disturbances.
This has led to the deveiopment of the so called adaptive
model~following control system (AMFC) [53. The stability
conditions in AMFC ¢guarantee that the error goes to zero
ag time tends to‘infinity, however not offering any direct
guantitative control ovér the transient-. The design method
proposed by Young [é] brovides a systematic and effective
procedure for specifying the transient response of the

error. The control is discontinuous on a number of switching



hyperplanes. During the sliding mode which exists on the
intersection of the hyperplanes the system becomes more
insensitive to system parameter variations and noise

disturbances.

In Chapter 2 and 3, the design methods of continuous
time VSS with sliding modes is discussed and the control

1

hierarchy method in multivariable control is studied. -

In Chapter 4, continuous time model foliowing

VSS is explained and its advantages are introduced.

In Chapter 5, the continuous time VSS theory is
extended into the discrete time domain and the controller
design method guaranteeing insensitivity to plant. parameter

variations and external disturbances ié established.

In Chapter 6, a new linear and adaptive discrete
time controller is formulated. Ih this method, the step
number or vector ﬁo reach the switching hyperplanes is
set a priori. The adaﬁtation procedure is applied by
measuring the value. of £he switching plane, and no infor-

mation about the noise statistics is necessary.

In Chapter 7, the stepwise control method is
extended into the model folowing discrete time case and
finally in Chapter 8 optimality is discussed'by the

minimization of the switching hyperplane.'



11, VARIABLE STRUCTURE SYSTEMS
- AND
SLIDING MODE

In the linear state regulator design, the structure

of the state feedback is fixed és

where the constant parameters k are chosen according to
various design procedures such as eigenvalue placement or
guadratic performanoe index minimization. In variable
structure systems, the control is allowed to change its
structure, that is, to switch at any instant from one

to another member of a set of possible continuous func-

tions of state.

Variabls—structure systems offer the control de-
signer new possibilities for improving the quality of
control in comparision with figed—structure systems. In
fact, VSS may have transients which are quite unattainable
in fixed-structure systems. This includes the possibility

of synthesizing high-quality stable VSS which combine



unstable structures in a certain scheme so that the resul-

ting system behaviour is stable.

As an illustration, we consider a VSS controlling
a conservative plant by switcﬁing the sign of the feed-
back.

The system (Fig l.a) with negative feedback loop
has phase plane trajectories with elliptic structure:
However, if the plant is included in a positive feedback
(Fig 1.b), it . is a periodically unstable system having
trajéctories with hyperboliC'étructures with asymptotes

01 = X%, +_alxl,.o2 = Xy = AyXy.

Néither of systems (a) or (b) is satisfactory as
far as the quality of the transient is concernea for the ,
fact that they are unstable. Neverthless, certain parts
of the phase trajectories of‘botﬁ systems are quite satis-
factory. For example, the error of system (a) decreases
rapidly in the first quadrant of the phase plane (xlx2>0)
and the system (b) has a good phase trajectory in the

fourth quadrant.

If we divide the phase plane into four regions as
in Figure l.c and include negative feedback in region I
and III and positive feedback in region II and IV, the
system under consideration is globally asymptotically
stable and the transient is either aperiodic or involves

at most one overshoot. Then we have a stable system which
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is synthesized from two. unstable systems.

The above example shouldn't .give the impression.
that VSS are synthesized solely on the basis of unstable
structures. High quality VSS may also be designed from
structuraly stable systems and a single VSS may incorpo—
rate both stable and unstable structures. In such cases,
application of thé.variable structure principle yields
a significantly superior transient in comparison with
each of the component stable structures. As an exaﬁple,
consider the é&stem in Figure 2. The system with configu-
ration (a) has a transient of long duratibn which doesgn't
satisfy speed requirements, however there is no overshoot
in the system. On the other hand, the configuration of
(b) with a local switch open results in a conserva£ive
unstable system, although oscillatory, whose inital fes—
ponse is relativel? fast. To construct avss, at the first
stage of the transient, when the absolute value of the
error is large, we open the local feedback path until
the error is sufficiently sﬁall in absolute value, then
we close the path. This will eliminate overshoot in the

system and give a fast response.

In the VSS with the phase portrait of Figure 1l.d,
if the structure doesnt't change at the precise instant
when the representative point'crosses the asymptote
gy = %, + ayxq = 0, say owing to.thé effect of noise, the

motion of the system requires special investigation. The
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result of this investigation was the discovery of an im— _
portant advantage of VSS : the possibility of synthesi-
zing systemé which are insensitive to external disturban-
ces and variation of the plant parameters within wide

ranges.

For the system in Fig l.a and b, the asymptote
0 =%, tax; =0 acts as a switching line. In £he gene-
ral case, a switching line need not be an asymptote ;
it might be a straight line 5 = X, texy =0 wheré 0<c<ow,
The phase plane is agéin divided into four regions as'iﬁ

Figure 3.a.

We first consider the case c> aq. The asymptote

X, *agx; = 0 lies entirely in the union of regions I

2
and III. Therefore, the rebresentative point (RP) star-
ting out from region I and reaching the line o= 0 at the
instant the structure switches from elliptic to hyperbdlic
continues to move in region IV along an arc of a hyperbola
that deviates from the asymptote (Fig 3.b). Consequently,
when at‘a certain time the RP reaches the ordinate axis,
the structure is again switched to‘elliptic and the pro-
cess then repeats itself periodically ﬁerforming ogscilla-
tions. According:to the contracting mabping principle,
these oscillations will be damﬁed. |

We consider now the case 0<¢< aj. Suﬁpose that at

time tg>0 the representative point starts out in region

I. When the RP reaches the line o = xz tooxy = 0, the
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structure of the system switches to the hyperbolic. But

at the points of the line ¢ = 0 the hyperbolic trajec-
tories point into region I so that the RP must-quickly
leave region IV and return to région I. However, it cannot‘
remain there since the phase trajectories immediately re-
turn the RP to region iv, then it is again expelled ihto
region I and so on. Thank's to the topology of hyperbolic
and elliptic trajectories, the RP will reach the origin

along the line o.

Y
o
~
ot
N.
I
Q
S
=
v
o

Region I : xl-

%
o

Region II : Xy <0, X, + CXy

Regmop IIT : %y < 0, X tcxy <0

n
o

] . : +
Regino IV : X, > 1 X, 20

If the switching frequency isvvery high, the RP
performs oscillations of fairly small amplitude about
0 = 0. Then the motion of the gystem will be damped by

the differéntial equation.
Xy + cxXy = 0 , _ (L)
The motion approximated by the above equation is

known as a sliding regime or SLIDING MODE. The solution

of the above differential equation is given by ;

11
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xl(t) = xl(to)e—c(t—to)

where to is the time at which the system enters
the sliding mode. Since c¢>0, the motion is asymptotically

stable.

Sliding regimes have an important property : The T
corresponding motion of the system is independent of
changes in the plant parameters and of external disturbances
In the'specific VSS just considered, the performance
- of the VS system is independent'of the gain'al. This
follows from Equation (1) which doesn't involve the
parameter aq explicitly; Changing the gain a; will only
change the slope of the phase velocity vectors relative
to the line o = 0, but these vectors'will again point
in opposite directions. Consequently, the system will
again move in a sliding regime‘on the same straight line

g = 0.

Subbose now that the vs$ exéeriences an external
disturbance:f(t). The forced motion of the VSS is described

by the system. _‘

Xl _X2

. o+

The disturbance £(t) undoubtely distorts the phase



trajectories. However, if these trajectories point in
opposite directions in the neighborhood of ¢ = 0, the
system will again move in a sliding regime and its motion

will be invariant with respect to f(t).

Unfortunately, foi higher order systems it is not
possible to make a sketch and see the behaviour of the
phase-plane tfajectories. Because of this reason an
easy decision cannot be made about when to switch in
order to have a stable system. However, there are mathe—

matical ways to settle this problem.

L)

Consider the general system of differential equa-

tions

dax

= fi(Xl, X2, cen Xn, t) 3 (i =1, ... n)(2)

Let's assume that the right hand members of these
equations‘are discontinuous on a certain hypersurface
o(xl, Xor eee xn) = 0 in the bhase sbace}{(xl, cee Xh)
in such a way that the left and right-hand limits of the
functions fi(xl, . kn,t) ; 1 =1, ... n, exist as the
RP approaches ¢ = 0 from either side.

Lim
q:o £0%0 vee X 0t) = £(%y, oo %t (3)



Lim
4+ +
0‘-“0 fi(Xl, c s Xn,t) = fi(Xl! * e ant) (4)

The derivative of the function ¢ along the trajec-

tories of the system (2) is

n dx, n

do - L LR CRR L A . (f.grad o)

dt i=1 9x, dt. i=1 9x,
3 1

where £ is a vector with components £, fz, .. fﬁ. By

(2), (3), (4) the following limits exist ;
Lim :
o0 29 _ (& . grad o) (5)
‘ dt :
Lim
odo 89 _ (£ . grad o) (6)
dt .

At each point of o = 0, the sign of the limits
(5) and (6) may stand in several relations. Among these,
the most interesting one is the following relation, as
it corresponds to an ideal sliding regime on the hyper—
surface o(xl, Xoy . xn) -0

Lim Lim

do S 0\< 0,—'—0 do

dt dt

+
g0

The equivalent inequality is ;

14
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Lim
o0 o

<0 ' , (7)
dt -

Inequality (7) may also bé written

Lim 2
G0 d(c™)

dt

<0 (8)

In fact, the above inequaliﬁy-(S) suggests a
necessary condition for system (2) to have a Lyapunov

function of the form !

V(xl, Xor ess X ) Eﬁxl, Xor eee X {] (9)

The function (9) is positive semidefinite, Furtermore,
since the derivative of:V-Is required to be negative
semidefinite in the'neighborhéod of the hypersurface, then
V is a noniﬁcreasing.function near ¢ = 0 leading to a |
conditionally stable system_rélative to the manifold

G'(Xl, X2, 0-; Xn) .= 0.



ITT, SLIDING MODE CONTROL

3.1l. SLIDING MODE EQUATIONS

a. Scalar Control

A singie—input single output (S1S0) system is

described by the equations given below

x(t) = Ax(t) + bu(t) (1)
y(£) = Cx(t) | (2)
where A is (nxn) matrix and QT = [0 0 ... bn]. For sim-

plicity, the states are assumed to be accessible so that

no observer design is involved in the analysis.

Suppose we have found a control such that the

states move on the switching plane ;

n
s(t) = cixi(t) =0
i=1

where c, = 1 and c, = congtant, 41 =1, ... n



By the above assumption, the last state can be

expressed as a linear combination of -the remaining (n-1)

states.
If x, is substitued into the original system Equa-
tion (1), the following new system equations are obtained,

which are called the sliding mode equations.

(a - cjain)xj(t)v; i=l, ... n-1 (3)

x4 () i

It
fl 11

If the system is in canonical form with a disturbance

being added into the system, the equations become

n
kg (B) = = T oagx(6) - u(b) - £(8)
setting
n
S(t) = iEl cixi(t) - 0 H Cn =1

We get the following sliding mode equations which

are insensitive to plant parameters and external disturkances



Now, it is possible to have a new stable system
by adjusting the parameters ci's so that all eigenvalues
of the new system matrix have negative real parts. In

other words, the zeroes of the characteristic polynomial

ISI — AII = Sn—l + ClSn—2+

have negative real parts.

Instead of making substitutions mentioned above,
when b is a general vector, the sliding mode equations
can be obtained from the so called equivalent control

method.

Again, we assumevthat we have found a control
such that s(t) = 0 is achieved and there is no deviation

from s(t), that is s(t) = 0

x(t)

£(x,t) + bu(t) (5)

s(t) = clx(t) ' | (6)

Xy 01 0 ...0 Xy
’t‘z 0 0 1...0 X,
. = . (4) h
. 0 * % b b s . - l - L]
'
Xn—l —cl—cz " s s —cn—'l Xn_l
. L Jot J

18



S(t) = gT[g(x,t) + gu(t)] (7)

Setting é(t) = 0 and solving Eq.7 for ueq(t). we
obtain ' |

ueq(t) = -(gT )L ng(x,t) (8)

The Equation (8) tells us that for sliding to

1

occur, (C'b)™" should exist.

As a siﬁple illustration, let's take the following

plant into consideration.

x(t) = Ax(t) + bu(t)

where

T )-l

ueglt) = - (€ ‘§T§§(t3

Substituting ueq(t) into the original system equa-

tion, the new system becomes

x(t) = [g - g(ng)'lcT]. ()

19



n-1
x (£) = - T c.x.(t)
n i=1 *+ 1

Making the necessary manipulations, we come up with
the following (n-1)x1 reduced order sliding mode equations.

xhe) = alxl(y)

1 _ T, -1 . T_3j T n
where aij - aij aian - bi(g b) [C a’ - C.(Ca")

i:l’ .« o0 n_l,j:l' Y n"'l

aJ

Hy

~is the jEE_column vector of the matrix

b. Multivariable control

In multivariable control, it isn't possible to
organize sliding regime by utilizing only one switching
hyperplane. We havé to use switching hyperplanes as many
as the céntrol inputs. Then, the aim is the simultaneous
existence of a siliding regime on several switching hyper-
planes. We shall show that in multivariable VSS of a gen-
eral type, suitable choice of the control law yields a
sliaiﬁg regime simultaneously on several switching hyper-
planes and as a result one caﬁ stabilize plants of a general

type even with variable parameters.

Consider the system

20
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-

x(t) = Ax(t) + Bu(t)

(nxn) (nx1) (nxm) {(mx1)

Let u(t) be a vector control chosen in such a way

that the system has a sliding /fegime simultaneously on

m switching hyperplanes CIPE s

2' LI m;

n

S, = L C..X,
T

j=1, ... m

1, «.. n

-
i

where

C. =1
Jjn

In vector notation, this is simply

n

=C X

mxl mxn nxl
When there exist a siliding regime simultaneously
on all m switching'hyperplanes.

ds

9]

dt
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i

ds .
cx(t) = 9[_§(t) +-§g(t>] =0
dt - - -

1

Then,, we find qu(t) = -(CB) ~CAx(t)

This control input achieves sliding mode in systems
where there is no parameter wvariations in the sysﬁem matrices
A and B. In general the above control ueq is not thevactual
control applied to the plant. It is only instrumental in
finding the sliding mode equatiohs in the most gene;al
cases where variations in the plant barameters are allowed.
‘If we substitute this control inté the original system
equations supbosing that (gg)-l exists, we obtain the

sliding mode equations as follows.
x(t) = [Zﬁ - g(gg)*lg] Ax(t) | (9)

The above state equations‘abpear to be of order
. (nx1), however this is not the case,'because.due fo the
sliding s(t) = cx(t) = O_isvaéhieved, and therefore m
of the staté variables can be expressed in terms of the
remaining (n—m)-staté variables. Obviously system (9)

can be reduced to an (n-m)xl dimensional system of equa-

tions.
n-1
- + -
8y = .Z clix. X, = 0
l:l
n-1
52= X c2il+xn=0



However, the substitution is cumbersome in the
above case. It becomes easier if we select C as a matrix

of the following form.

cll clz’li-.loh.-l--.--cl'n—l l

Cp1 S22 *rrtrrer2Cyn-2 1 0

(_-_:: ------a.n-.--.--.--.'l 0 0
Lcml.'.cm'n-m l 0 . o & & 0o " 0" D o O.J
Then ;
_ - ~ -
n-1
Xy “iZ1 C1i%y
n=2
¥n-1 = | "iZ1 ©2i%3
' n-m
*pimal |, T Cmi¥i
L ..j L. - -
The substitution of Xn—j (3 =0, 1, ... m1) into
g = [En - g(gg)'lg] AX will reduce the original system

equations to a system of order (n-m)xl of the following

form.

x(t) = B x(t)

(n-m)x1 (n-m)x(n-m)
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The components of Am can be expressed through recur-
sive relations in terms of the elements of A and Ci.’s.

Then the stability of the new system is achieved by ad-

s : ]
justing Cij S.

Moreover, there is a transformation that can facil-

itate the above procedure.

In the system

-

x(t)

i

Ax(t) + Bu(t) : | | (10)

s(t)

Cx(t)

consider the transformation g(t) = Mx(t) as two successive

transformations, that is

Dennte

i1 fn2

AN = |l
[
A1 1 By
vwhere

A (n-m) % (n-m) |
211 n-m} X
A, 5 (n-m) x (m)
=12 L matrices
A, (m) x (n-m)
222 (m) x (n—m) - o

oo el TINIVERSITEST KUTUPHANES:
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with
s(t) = CM"lq(t) =C + C
g =2 W =2 T 9D
Setting é(t) = 0, u,(t) is obtained as follows.

~-1f .
Uoq(t) = ~(C,By) [Sléll t CoBoylay ¥

(G189, * Szézz’%é]

For sliding to occur, (CzBl)—l should exist.

The equivalent control system becomes

91 (8) = B39 (8) * By,0, (%)

4

p(8) = Bpydy (B) + Byody (8] + Byugq ()
with

9, (8) = -C3 Gy (®)

Thus, the (n-m)th order equivalent system becomes

. _l .
a(8) = (B1721,8, "€ 9 (¥)
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3.2. SLIDING MODE CONTROL CONDITIONS
a. Scalar Control

So far we have assumed that we have found a control
such that sliding regime is attained that is g(t) = 0
is achieved. Now, the broblem is how to find this specific

control.

First, a control of the following form is proposed.

u+(x,t) if s(x) 3 0

u(t)

u (x,t) if s(x) <0
for the single-input plant
x(t) = Bx(t) + bu(t)
For sliding to exist
ss < 0
must be satisfied{

s(t) = cox(t), s({t) = ¢ x(t)



It follows directly from Eq.ll that

-

x(t))| <0

s[gTég(t) + eTou™ (x(8)) | < 0

This leads to the following inequalities for ut and u”

<Th > 0 O e _(ETE)-lgTéz(t)
e <0 —ut <o) HeTax(e)
N N - (") e Tax(t)
gTb <0 -u~ >-u(ng)—lcTAx(t)

sgn(nge’] u'< - |cTp| e ax(b)

(som(cT)] v -1e e (e

u(t) is selected as a function of the states
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with

where o, and B, are constants to be determined. In our

case, s(t) = g cTaix. - ch Z w X, By using Bq 11 and
i=1.- " Y T T a1
Egq 12, we come up with the follOW1ng sliding mode conditions.

sgn(c’bla; > |c
sgn(ng_))Bi <

- where gl is the i th column vector of A.

If the parameters of the blant are time varying the
condition (13) should be modified. i.e.

l T 1(

sgn(gTQ)a. > max|cTb|” t)
t

l T l(t)

sgn(ng)B. < mlnlc bl
t
In order to have a simpler controller, some of the
states may not be switched. It is interesting to investi-

gate what happens in this case.



For sé<0 to be satisfied, the following inequalities

and constraints should bé stigfied.

sgn(c_:Tlg)di > {¢7a” - ¢

sgn(c'b) B, < (c a’ - ¢, (c7am)

For such systems, ci's cannot be shosen arbitrarily
_ because these coefficients should satisfy the constraints.
In such cases, it is desirable to follow the procedure

outlined below.



Let

o
!
[

{
o
1

s
{
o
11

formula is

31
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Usually a small term § is added into the control in
order to counteract disturbances resulting from parameter

uncertainties and the additive noise in the system inﬁut.

: k
u(t) = - iil wixi - 6
8 s >0
u
'6:
—Gu s <0

b. Multivariable Contfol

ihe problem in multivariable systems is to find
é control vector u(t) such that a sliding regime is.achieved
simultaneously on m switching hyperblanes. The so called
"control hierarchy method" ensures sliding on m switching .

hyberﬁlanes simultaneously for the following general type

of a plant.

x(t) = Ax(t) + Bu(t)

The procedure of this method isvas follows.
Step 1 : First, a hierarchy of switching hyperplanes is selected.
éy a hieférchy‘of“swi£ehing hyberblanes we mean ﬁhat
- sliding mode occurs earlier on those switching hyperplaneé

which are higher in the hierarchy.’
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Suppose the hierarchy SI‘SZ"""'Sm is assumed.

The arrow points in the direction of decreasing priority.
Step 2 tLet iz=zm

Step 3 : Suppose sliding mode occurs on the surfaces

S.:O '=l . A i_l
3 T '

1

Solve for the equivalent control g;; of the variable

structure control'(ul—l)T = (uy, «.. u, ,) as a function
- 1 i-1 , i

i+1, T .
. of uy and (u ) (ui+l' e um) from the algebraic
. : i+1
equations sj =0, =1, ... i-1l Note that gl 1 is known
since u; , u;, §= i+l, ... m, have been determined previously.
Step 4 : For the surface s, = 0, find u;(x) and uz(x) such

< 0.

nNe

that s.s.
ll_

Usually a control for u(t) of the following form

is érobosed.

. n ,
uglx) = - iii(a;IXiI +8.)sgn(s )
where
u. (x) if sj > 0
uj(x) =
N ' .. <0
u](x) if sj



The inequality siéi ¥ 0 guarantees that the state
space trajectories of the system move towards the surface
s, = 0 along the intersections of the surfaces s. = 0,

j =1, ... i-1 and slides on it after reaching it.

" While satisfying siéi < 0, the max or min gl+l

should be taken into consideration. That is

+ < min or max
u; (x) ERS)

(£(x, uwi=t ut*h)

max or min | i-1 i+l
- Zi+ll (£(x, u_~, ut' ™)

u, (x)

Step 4 : Let i = i-1 if i > 0 go to Step 3 Else Stop.

As it is indicated by this procedure, initially
sliding mode occurs on the switching élane Sy = 0 and
then on the intersection‘of the switching blanes Sq1 =0
~and s, = 0 and so on until sliding mode occurs on the

intersection of all switching hyberplanes and we say

that sliding mode occurs on g(t) = 0.

Note that siéi<“0 has the same form as in the
design of single input VSS. This fact reveals the basic
idéa behind the hierarchy of control method whicﬁ~is to
reﬁlace the multiinput problem‘by a sequence of single-

input problems.



Now, let's see what happens to the control vector
if we change the hierarchy for a fourth order system

with two control inputs.-
x(t) = Ax + Bu

T .
u = [uluz:]

Since we have two control inbuts, two switching

hyéerélanes have to be selected. 

n
s, = L cC..X,
; i=1 1i7i
n-1
Syg= I CypyX, jCyy =1 cyy=1
: J.:l :

First select the hieararchy $,7S,

According to the control hierarchy method, it is .

assumed that sliding has already occured on sy = 0

solving s; = 0 for uleq(t)

n

n .
1 i, T
uleq(t) = | - z cli((§ ) %) —.z

by
i.b i=1 i=1

292

[

35



Now, the condition s,s, < 0 must be satisfied for u, if
u

leq 1s substituted for Uy, the inequality S,8, < 0
gives . '

n-1
d;(x)<l - L T CZi((al)T )
Il i=1
njl
L b,
i=1 ll n N T
(I g (@)%
n i=1
Z bl \
i=1 il
4 A 3
£
uy (%) > =5
where -1
I b,
\ il
I n-1 .};;
= ( biz) (1L - )
i:l ’ n
L b,
jo1 3

Now that uE(x) and u;(x) have been determined, the

inequality slél < 0 should be satisfied.

Following similar steps as in the above case

36
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+ 1 n AT th
u, (x) € = ———— (% e..(a”)’x) + I b,.u, )
1 n . i=1 1i°°= - i=1 i272
max or min L b.
. il
u l=l
2
v A ' )
£,
ul(x) > _fz .
nmin or max
)

Selecting now the hierarchy Sy¥Sq s we assume

that sliding has occured first on S, requiring Sy = 0.

1 n-1 i n
u = - I c,.{(a”)’x - I Db.su
2eq n—-1 izl 21 i=1 il71
I b,
i-1 12
slsl <0
n .
W - 3 e teh T -
T i=l
n
I b,
, i2 n-l .
n—-1 i=1 -
T b..
je1 2.
f
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ul(x) > - f3
where
n
¥ b.
. i2
n i=1
' = ( £ b.,) (L - )
i=1 il n-4
iil P12

with u{(x), uI(x) determined in this manner, s

2-52“‘< 0
.must be satisfied.
uj(x) < - I ey (@h™® + 1 bu
n-1 izl i=1 %
max or min r b,
121 i2
. =
1
£4

ug(x) > - f

min or max

It is easily observed that if the hierarchy is changed
the control vector changes. Besides, the bounds on the
controller parameteré differ from each othér. While
selecting the hierarchy, the inital conditions have an
uimportant role. If some of the sélected switching hyper-
planes is zero initially due to inital conditions, it
is useful to give these switching planes higher

hierarchy than the other switching planes since sliding
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occures initally on these planes.

3.3. The effect of disturbances on VSS system
x(t) = Ax(t) + Bu(t) + h(x,t)

where the vector h represents disturbances and

parameter variations. In the sliding mode

'cax + b)

Eeq(t) = -(gg)-
and
>_"<(t). =[_I§ - E(QE)_]'C] (é.X + h)

For total disturbance rejection C must be chosen such

A0

that

1

(I - B(CB) "C)h = 0

rank

1w

o
| S|
il

requiring rank [2 :
This gives

x(t) = [;-— g(gg)flc_:} ax(t)

The desired motion is achieved by adjusting the coefficients

of C.



IV, VARIABLE STRUCTURE MODEL
FOLLOWING CONTROL SYSTEMS

4.1. Model Following VSS

In model following- systems, the plant is controlled
in such a way that its dynamié behaviour approximateé
that of a specified model. The model is part of the control
system and it specifies the design objectives. The adaptive
‘controller should force the error between the model and‘

the plant to zero as time tends to infinity.

:;cP(t) = éi:(t)}—{i)(t) + gp(t)g(t)

x_(t) By (605, (6) + By(©)x(®)

We. assume that (QP,EP), (gﬁgm) are stabilazible

and 5? is accessible.

e(t) = >_<m(t) - >_<I')(t)



e(t)

e(t)

For the

shown in Ref.

rank B
=p

By (B + By Bp)xy + Byr(t)

%, () = % (t)

- gpu(t)

perfect model following, as it has been

5'

= rank(gp : EM) = rank(gp :

By - ép)

Throughout the study, we assume that perfect

nodel

following.donditions are satigfied.

1

Variable structure control has the form

,

+ _ ‘
u; (x5r @y 1) s;(e) >0

i(e) <0

=

uj(xpr €0 ) s

L

In the most general case ;

o
r‘-
i

1Q
H
¢t
1

" where the jth

_l:w'fg(t):l_*_ S; i=1, 2;... m

component of yi vector is given by



%33 qjsi<§) >0
‘Pij =

Bij qjsi(g) <0

and

+

6i Si(g) >0
Gix.:

(Si S (?) <0

where 2 represents the number of references to be tracked.

In multivariable case, it is preferable to select

a control of the following form.
u, () = {- [‘P'ilg(t) |1 + 6 ;Y sgn(s, (e))
Define

s(e) =

1na
1®

In the sliding mode g(e) = 0, the dynamic behaviour is

42
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s(e) e(t)

]
Ie]

. -l b ‘
u t - (CB -
g (¥) = - (cB) g[§M9<t) + BB () + B r(t)‘]
Substitution into the original system

1

20 = [tz e [ma® + @yapn (0 ¢ Brco)

For the perfect model following case, we obtain

. _i
e(t) = |I - B_(CB C 1A, e(t
e (t) [: B,(CB) =] Aye(t)
If the same transformation explained in the previous

chapter is made, we get an expression for the (n—m)thl

order equivalent system.
e (t) = (Byq - A.ColcVe, (B)
-1 - =1l =12=2 =1'-1

Then the eigenvalues of the above equation can be placed

arbitrarily in the complex plane to ensure stable motion

. s lim
giving .0
t->o0

4,2. Model Matching

Fbr a single input system, a new method is proposed

which forces an nth order system to follow the dynamics

of a desired (n-1)th order model without taking the error
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space into consideration. The controller used is much
simpler than the controller utilized in model following

VSS. The response is better in this case since the desired

model order is decreased by one.

Cohsider the plaﬁt given below

x(£) = Au(t) + bu(t) + d£(¥) | (1)
with a.switching plane

s(t) = ¢ x(t), C_ = L (2)

where

2= [oo . .
d [o 0 ... qF] |

A is assumed to be in canonical form.

o
i

If a control is found such that
s(t) = b'r(t)

- Then, the new system becomes
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- - [0
0 1 0 o
0
. 0 0 1 o . .
x(t) = x(t) + | r(t). (3)
(n_l)Xl ® 2 2 000N ;
17%  TCn-1) bl

This is actually a reduced order model which

the plant will follow if s(t) = b'r(t) is achieved.

A new switching plane
s'(t) = s(t) - b'r(t)

is selected.

Setting s'(t) = 0 is the same as setting s(t) = b'r(t).
This is guaranteed by a control satisfying the following

inequality.
s'(t) s"(t) <0

As easily seeh, the above control differs from
MFVSS system and is simpler because we don't deal with
the error space. The system behaviour is again insensgitive

to plant parameters and external disturbances.



V. DISCRETE TIME
VARIABLE
STRUCTURE SYSTEMS

5.1. sliding Mode Equations
A single input-single output discrete time system
is described by the equations given below.

x(k+1l) = Bx(k) + bu(k) + df (k) (1)

. where u(k) is the control and f(k) is the disturbance

added into the system.

p*:-[oo brﬂ , g’:[oo ...'er

Suppose we have found a control such that the

states move on the switching plane.

n
i=1 '
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where ch :nii C; = constant i = 1, ... n-1 From Eq.(2)
xn(k)‘z - iii cix.(k)

Substituting Eq.(2) into Eq.(l), the following
new reduced order systém equations are obtained.
n-1

xy (kel) = e (21575240

X.(k
i._ l, ;.. n"'l

j = l, v e n_l

As easily seen, the above equations are insensitive
to external disturbances. If the plant matrix were in
canonical form, the new system equations would be insensi-

tive to plant parameters and external disturbances.

Now, since the system is a discrete time system,
lthe reducéd order system is stéble if the absolute values
of the eigenvalues of the'new system matrix are less than
one, This is sim?ly achieved by adjusting the coefficients

of the switching plane}

In a plant of a general.type, the sliding mode
equations can be obtained from the so called equivalent

control method.
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When s(k) = 0 is achieved, it has to be maintained.
This is possible with a control input which is the solution
of s(k+l) - s(k)=0 after having achieved s(k) = 0, i.e.

s(k+l) = 0 with s(k) = 0.

This kind of control mechanism is suitable for
adaptation purposes which is not possible in continuous
time case. The adaptation procedure will be described in

subsequent chapters.

Consider the discrete time system given below.
x(k+1) = Ax(k) + Bu (3)
s(k) = cx(k)

where

A(nxn) matrix ; x(nxl) vector

B(nxm). matrix ; u(mxl) vector

C(mxn) matrix ; §(mxl) vector
From

s (k+1)

i

1
Beq k)

- (gB) TeRx ()
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The substitution into Eq. (3) gives the reduced order

sliding mode equations,

x(k+l) = {;-g(gg)'lélAg(k) | (5)

with s(k) = 0

The Equation (5) becomes (n-m) dimensional after
s{k) = 0 is substituted. The same transformation used
in continuous time case facilitates the sliding mode’

equations. i.e.

-1
X p(k+l) = [éll " 212% EJ %15 (k) (6)
{(n-m)x1
where _
o Zin
x o= Mx(k) 5 x, = [---
(nx1) (nxn) {nx1) - Xon
B 4

M is a prodﬁct of elemantary transformations on B and C

such that

]
U
i
Ho
n=
i_l
u
'uo'
l_.l
e
(I
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where Bl and gz are (mxm), C, is (n-m)xm matrices

>

The equivalent system becomes
gln(k+l) = _ll Xy (k) + Al2 on (k) (7)

b4 n(k+l) = A

A1 %1 (k) Bys¥ay ) + BiUeq (k)

when

s(k) = Cxq (k) + Coxy (k) = 0

is achieved then Eq.(7) takes the form of Eq(6).
5.2 Sliding Mode Control Conditions
If a control is found such that
[s(e41) - s(k)]. s(k) < 0 is satisfied then the

states will hit the switching hyﬁerplane.from any inital

conditions and will chatter around it. As a result we

~ say that s(k) = 0 is achieved.



A control input of the following form
u (x(k)) s(k) 3 0
u (x(k)) s(k) <0
is proposed for the single input blant
X (k+1) = éx(k) + bu(k)
s(k) = ¢ x (k)
For sliding to exist
s(k)-[s(k+1) - s(k)] < 0
. must be satisfied. i.e.

‘sgn(c bﬂ u (x(k)) < —|c b] EA %]x(k)

sgn(gTéﬂ (x(k) |c b|~ -1 TEA i]x(k)
The above conditions are different from those
obtained for the continuous time case.

For a simple illustration, if we consider a plant

~in canonical form as given below.

51



x(k#+1) = Ax(k) -+ bu(k)

b =|:oo N

where bn is assumed to be bositive, and if we let

n
ulk) = = I 9% (k)
i=1
where
di x, (k) s (k) > 0
Vi =7s, x)s(k) <0

we can determine the controller barameters through

‘n-1 n
s(k+l) - s(k) = izl cixi+l(k) zlaixl(k) -
n n
bn 'Z wixi(k) - .z cixi(k)
l:l l=l

After some simplification, we obtain

' n
s(k+l) - s(k) = zz(ci_l - a; - b, - cx, (k)

t(-ay = by = ey)x (k)

52



s(k)|s(k+l) - s(kﬂ £ 0 must be satisfied.

if xi(k)s(k) >0, wi = oy

Then -

Bl <‘—“(ci_l"a."C-),i=2, see I

5.3. Multivariable Control

For multivariable control, a control hierarchy

‘method similar to the continuous case is proposed.

Step 1. Suppose the hierarchy

sl(k)+sz(k)+ .o +sm(k)

53
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is imposed.

Step 2. Let 1 = m

Step 3. Suppose sliding has already occured on the surfaces
Sj(k) :0’ j:l’ [ IR i"'l

Step 4. For the surface s, = 0 find u; and u;

[ xm) s k) >0
a (00)) =

uz(g(k)) ©osy(k) <0

-

such that

e

si(k) [:si(k+l) - si(k):l < 0

Since it is assumed that sliding has already
occured on the surfaces sj(k) =0, j=1, ... i-1, an
equivalent control is substitued for the wvalue of uj(k)
which is the solution of s, (k+l) = 0 with s, (k) = 0
~After that - for/the remaining u,, £ = i+l, ce. m,
the evaluated values of u, or u, are substituted since

L 2
they are already determined for £ <m

Step 5. Let i = i-1 if i > 0 Go to Step 3 else stop.



VI, STEPWISE ADAPTIVE
DVS
'CONTROL

In DVSS, the method that is-brobosed in Chapter
5 gives a control such thét s(k)-[}(k+l) - s(kﬂ < 0
is satiéfied. Wifh this kind of control, the states are
expected to slide and chatter around'the switching plane
aftér a certain number of stebs, which'is.dependent on
the controller barameters. The exact steb number at whiéh ,
the states reach the switching hyéerblane cannot be set
Aa briori. In this cﬁabter; a new control metﬁod is'ﬁropo—
sed by which it is possible to set the steb number at which

s(k) = 0 is desired to be reached and then maintained.
A single-input single-output (SISO) discrete
system is described by the equations given below.

x(k+l) = Ax(k) 4 bu(k) (1)

with a switching hyperplane

n .
s(k) = iEl cixi(k) ' Sy

1]
=

(2)
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The design principles and the reduced order sliding
mode equations are the same as explained in Chapter 5.
However, the proposed method of finding the control input

achieving the desired motion is different.

First a steb value ¢ is selected as ;

. where £ represehts the desired step nhumber to reach the

switching hyperplane.

s(k) = cx(k)

s(kil) = ¢’ [gg(k) e gu(k)]

»then, the inequality below
s(k+l) = s(k) - r , (4)

simply tells us that for every step the value of s(k)

will decrease by r.

Now, let's find a control input for the plant

(1), which will decrease the value of s(k) by t.
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s(k+1l) = s(k) - ¢

u (k) = (ngg)'l[gT(g—§>'§(k) - a] ()

From Eg.4, it is clear that the above control
: us(k) wil make the value of s(k) to be zero at the end
of % steps since we select [ = s(0) .
)
After % steps, s(2)=0 is achieved, and then the

control should be changed such that s(k)=0 for k > &

This is achieved simply by setting ¢ = 0 for
k > &. In fact, this control is the so called equivalent

control in DVSS.
ueq(k) = (c™b) c” (Z-A)x (k)

The proposed control can be summarized in Figure

6.1.

As easily seen, us(k) and ueq(k) rely upon the.
plant parameters and therefore parameter variations may
-affect the control adversely. In addition to that, if

there is noise added into the system, the above controls
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1

cannot maintain s(k) = 0. Because after { steps s() = g (L)
due to the distarbances instead of being s(&) = 0. Then,
ueq(k) will try to maintain s(k) = e(k) for k >4 which

cannot regulate the states.

In this case, the sliding mode equations become ;
x, (k+1) = é'(afci)xn(k) + e(k)

provided that §r= [00 ‘oo b;]. For a general b vector
_case the corresponding expression can be found as explained

in the previous chapters.

~Although the new systém above is stable since
c;'s are selected such that A' is a stable matrix, the
states will not go to zero as k-, instead x(k)= g which

is difficult to find because €(k) is not constant and

changes at every step.

The problem can be solvediby having an adaptive

control for k >¢ of the following form.
s(k+l) = s(k) - n(k) - (6)
where

n(k) = sm(k) = measured value of s(k)
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s(k) = cTx(k)

VFrom Eq.6, we find an adaptive control ;

u, (k) = (ng)‘l[gT(g—é)z(k)f— n'(kﬂ for k > £

It is easily seen that if n(k)-=0 ; ua(k)+ueq(k)

The ada@tation in the above formulation is pe;formed_
for k > &. For k> the step value ¢ can be updated for
every step so that the cumulative error resulting from
the deviaﬁion from s(k) = 0 due to noise and external
disturbances will be much smaller. The method of updating

¢ is as given below.

_s(k)
L

t(L) =

where ‘wh

As easily seeh,  is uﬁdated for every step. Then,

the control input usa(k) for k < N becomes

u__ (k) = (gTb)—l[gT(§—§)§(k) - c(z)]
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The adaptation mechanism is summarized in Figure

As already stated, in multivariable control switching
hyperplanes as many as the control inputs are selected.
The control hierarchy method doesn't give us any definite
step number at which states reach the switching hyperplanes.
Besides, the hyperplanes are reached in a hierarchicai
order. Similar to the scalar case, a.multivariable control
by which the hyperplanes can be reached at desiredvsteps
" which can be determined beforéhand‘as desired is proposed.
Then, the switching hyperplanes can be reached either at

the same time or in a hierarchical order.

Consider the;system of a general type

x(k+1) = ax(k) + Bu(k) ‘ (7)
with

500 = Gx(k)

Fir;t, suppose that it is desired to reach si(k) = 0,

i =1, ... mat the same time. In this case, a step vector

- 1s selected as ;
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3]
’ s (0)
E: CZ =
. L
Em '
- -

where £ represents the desired number of steps to reach
s, (0)
the switching hyperplanes and g; = —_— ; i=1, ... m
. 9

Now, the aim is to reach the switching hyperplanes
simultaneously such that si(k) =0, i=1, ... m, is

achieved at the same time and maintained.

The control vector performing this can be formulated

as ;
s(k+l) = s(k) - %
u (k) = - (GB) "G(A-I)x(k) - (GB) "¢

After & steps s(k) = 0 and it has to be maintained

so we set L = and apply

1o

(k) $ L

n
|

g
e
n?
T
%
[
=

u

If it is desired to reach the switching hyperplanes

in different times, the g vector at the inital time becomes

s, (0) ‘
Z,'.:-'—l———- i:l, e I A ) (9)

L.
i



In this case, the hierarchy has an effect on the
value of ¢ such that its value changes at every time one
of’thekswitching hyperplanes is reached. Suppose the

following hierarchy is assumed.

S17Sy* ... 7S
then (10)
Lt 1% e L
After zi steps S5 becomes zero then Ei has to be
set to zero, otherwise si = 0 cannot be maintained. That's
why the value of § vector is changed at the instants one

of the switching hyperplanes is reached.

As it is seen, the problem becomes more difficult.
This can be seen in Figure 6.4 as compared to the case
where s(k) = 0 is achieved at the‘same time .in Figure

6.3. .

If there are disturbances in the system, a similar

adaptation procedure as in the scalar case can be followed.

Suppose that it is desired to come to the switching

hyperplanes at the same time. Then,

¥
's(a-1)x (0 - (BT

HE

u (k) = - (GB)~

62



is applied for ¢ stebs.

After % steps, s(k) = 0 is supposed to be achieved.
However, due to disturbances this condition may‘not be
satisfied. Then the following adaptation procedure is

followed.

s(k+l) = s(k) - Hmkk)

Slm(k)
nm(k) = SZm(k)
s (k)
. _l
u (k) = -(eB) Te(a-Dxk) - (e® (k) k> ¢

An adaptation for g similar to the scalar case

can be formulated as fbllows.

s (k)

L

where



The control vector becomes

u_, () = -(B) T (a-Dx (k) -

(GB)

1

() k <N
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FIGURE 6.2 Adaptation mechanism of Stepwise DVSS Gontrol
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FIGURE 6.3 Stepwise multivariable control algorithm



Apply uglk)

K=K+1

Yes

- o am w— e -

Apply uy(k) -

K=K+1
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- VII, DISCRETE TINE
o Vss
MODEL FOLLOWING

In model following, a model is selected which specifies
 the design objectives. The controller is designed such that
the error between the plant and model states goes to zero

as ko=,

The plant and the model are described by the ‘equations

given below.

_J_{p(k+l) = A'xp(k) + Ebg(k) . (1)

- 5 x
x (k+l) = A x (k) + B r(k) (2)
etk) = 5, (k) - x) (k) | (3)

Then ;

(4)

e(ktl) = n e(k) + (B - ép)gp(k) + B r(k) - Epg(k)



A switching hyperplane as a function of the error

space 1is defined as follows.

s(e(k)) = Gel(k)

In the sliding mode s(e(k)) is desired to be zero

and then maintained. i.e.
so(k+l) - s (k) =0 k > & (5)
k-0, ... N

where ¢ is the desired number of stebs to reach s (k) = 0

From Eq. 5,

=17 |
u g ) :I:(S’Ep) C_%H:(Am—g)g(k)w (BB ) x () gmg(k)]

with

Upon substitution into Eq.4, we obtain

. =1
?_(k+l) = I::I__—Ep(ggp) g:l {]};xmg(k) ,+ (pém_ép)}-{-p(k)

* Bz (o] - (6)



For the perfect model following
rank(gp) = rank(gngm) - rank(gpt(ém—ép))

as it has been explained in referehce 5,

If the perfect model following conditions exist,

then Eqg.6 is reduced into the from giVen below.

Il

e(k+l) = [g—g (QE')_lGJ 2

S(8B) TG | Ag)

with

§e(k) = gg(k) =0
The design problem is to adjust the G matrix such

that the system in Eq.7 is stable, i.e. Lim e(k) = 0

k-roo
The control inbut can be found by the same idea

introduced in the previous chapter.
First, a step vector is selected

. s (0)

§ = —S——
S 4

If there is noise added into the system, § should

be updated for every step k < 2. i.e. .



s (k)
5(0) = ——
2
where
2 =N, . 1
k=0, ... N-1

Then the inequality below
5o (k+1) = s (k) - §(g)
gives
-1 | N
Ese(k) = (ggp) g{}ém-g)g(k) + (ém—ép)gp(k)

: EmE(k)J - (@) ) k<

After f=N ste?s §e(k) = 0, then it has to be maintained.

]
[

so(k+l) - 5 (k)

Again, in order to counteract the disturbances into

the system, the following ada@tation is utilized.

_se(_k+l) = §e(k) - Qem(k) k | (8)
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where

N, (k) = s . (k) = measured value of s (k)

It follows directly from (8) that

N : .
Ese(k) = (ggp) g[}ém_g)g(k) * (ém-ép)gp(k) + Emg(kﬂ

1

- (__(_;gp)" n (k) k > g



VIII, MINIMIZATION
OF THE
SWITCHING HYPERPLANE

Consider the ?lant

x(k+l) = Bx(k) Bu (k) | | | (1)
‘with the sQitching hyperblane

s(k) = Gx(k)

where s is (mx1l) vector and G is (mxn) matrix.
Define the performance index
N .

(sT(i)g(i) + ut (L-1)R(i-1)u(i-1)) (2)
i=1 -

JN:

We begin by defining VN to be the minimum value of

the performance measure Iy in Eq.2.

min N o
Vy = ~ Z(.s (i)s(4)
u(0)u(l) ... u(N-1) i=1

+ ul (i-1)R(i-1)u(i-1)) : (3)



Using the principle of optimality, we proceed by

starting with the last stage of control in our problem.

where
s (N)

~§(N)

min o T

(" (M s(N) + u (N~-L)R(N-L)u(N-1))  (4)
u(N-1) =
= Gx(N) (5)

='§§(N—l) + Bu(N-1)

Upon substitution in Eg.5, we obtain

s (N)

= g__%[]__ng(N—l) + 13_1_1(1\1—1)]

Then, Vl becomes

If we drop

Vl::

min T T '
| [(Ag(N~l) + Bu(N-1)T¢ G (Ax (N-1) + Bu(n-1))
u(n-1) = = =

- ]

gT(N,-lnzz(N—l)g(N—lﬂ

the time arqument for simplicity

/o



Denote ng = Q , it is easily seen that Q is auto-

matically a positive semidefinite symmetric matrix.

=]
i"
o}
I
|_a
—
%
3
=
=
=
3
no
o
1=
+
e
w
@)
S
&
+
c
Tl
o
1o
+
1Ps]
o

o

T, T T XTQTQT u = XTAT

[Jos]

Then, the third term in Eg.6 is the ﬁranspoze of the second

term. Since both are scaiars,‘the two terms are equal.

Therefore, we write

min
[%T T "a"omu + u"(8"gB + B)Q}(?)

3=
no

vy = X"ATOAX + 2x

I 1)

We obtain the minimum in Eq.7 by setting the gradient

- of the terms with respect‘to u equal to zero. Then, we

have

2x'a"gB + 207 (BTgB  R) = 0
Solving for u we see that

u(N-1) = - [I_sng + ;__{l —l\"bl’gTQZ_xlc(N—l);

As it is seen, if R is selected as a positive definite

matrix, the resulting control law is physically realizable



and additionally is linear and involves feedback of the

current state.

We define

L (N-1)

u
!
fss)
H
@]
(o]
+
= i
|
[
lae]
+3
o)
5

Then,

u(N-1) = L(N-1)x(N-1)

As the reader will'readily recall, in the discrete
tinme obtimal regulator broblem, the following performance
measure is selected. (See optimal control by Meditch)

| N T :
Jy = 2 [g (iﬂz(iyg(i) + u (i—l)g(i—l)g(i—lﬂ (8)

i=1

For the ?lant in Eq.l, if we evaluate VN for the

above JN' it becomes

T

no
nw

min '
vy = [ETATQA§ + 2xA"CBU + u

T
= . (B + R)%I
N E(N"'l) = =" -

This is the same as Eq.6 with the exception that
C is rep;aced by Q which is ﬁhe ﬁroduct of the switching
hyber?lane matrix by its transboze. i.e. ggT. The design
approach is different in our case. Rather than selecting
wé ¢ being at least éositive.semidefinite and selecting

a performance index as in Eq.8 which is'to regulate the



states, we attempt. to minimize the switching plane resulting
in a new system having properties as explained in the previous

chapters and we regulate the states at the same time.

If we continue to derive the performance measure for

the N-stages, we get the following equations.

u(k) = L(k)x (k)
L(k) = - [ETE(k+l)§ v g]gTv__g(kd)é
W(k) = ATW(ks1)a + ATW(k+1)BL(K) + Q(k)

for k = N—l, N_2 TR Y 0

(N)

n=
2
i

o

gTW(k+l)§ + R is required to be ﬁositive definite for



IX, SIMULATION STUDIES

9.1 Simulation Results for CVSS (Chapter 3)

a. Scalar Control

A continuous time unstable system -

[ o
. 0
?_((t) =
0 .
12

having eigenvalues

A= [2 -1 -2 —.{IT

is simulated.

First the switching plane

s, = [12 19 8 1} x(x)

le6 .

x(t)+

u(t)+

£(t)
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.is selected which results in new system eigenvalues

that are found to be
. . (
Ay = Ed'-3 ’]

selecting another switching plane given by
s, = I:G 11 6 J:l:_g(k) ‘ (2)

the new system eigenvalues become’

' ‘ T

and when the performance of the twolresulting new

systems are compared, it is seen that the system behaviour
with the switching planevin Eq.l is fastér than the behaviour
with the switching plane in Eg.2 This verifies the design
of pcle blacement in VSS. Different»switching planes are
selected and it is observed that if it is desired to speed
ué the reééonse'of.tbe system, switching planes having
larger coefficients must be chosen which ih turn require
large controller’éaraméters and as a result a large control
effort is needed. Therefore, a compromise between the speed
and the control has td be made. Much of the control effort
is used at the inital ﬁime to force the states to come

to the switching plane no matter whether the system is



stable or unstable.

The most favorable aspect of VSS is that in case
additive noise is present in the system and the parameters

are varied, the response of the system doesn't change

as it has been verified by simulation studies.

b. Multivariable Control With Control Hierarchy Method

The Following Plant

'FO 1l 0 0 0 0
2 1 3 0 1 2 ul
x(t) = | ox(E) o+
) 0 (0] 0 1l . 0 0
. | %2
0 2 3- 3 2 .1

with switching blanes

2xl + x2

= 2x3 + X,

o
I

is simulated. The aim is to regulate the states x; and

X3 with inital conditions.

| x(0) = |

81



First, the hierarchy s{7s, is imposed and for the

controllexr

4
uj(t) = [— iEl aijlxi(t)ﬂ sgn(sj)

l "2

.
1

the following controller parameters

t

7 8 8 7

I
11

-2 -2 -3 =3

are used. Then, the hierarchy is rewersed. i.e. S,78

and the controller parameters in this case are

1
1

Observing the simulation results shown in Figure

82

9.1., we see that response speed changes when the hierarchy

is changed.

Furthermore it is observed that when the hierarchy '

is changed the roles of the control inputs are interchanged,

although the values are not -exactly the same due to the
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different parameter values,determininé the control inputs
v as derived in detail in Chapter 3. As mathematically proved
in chapter 3, when the hierarchy is changed, the bounds for

the controller parameters are different in each case.

Simulation results have also verified that in case

the hierarchy is él%sé, s, converges faster, while in the

reverse order s, converges.

9.2. Simulation Results for Model Following VSS.(Cbapter 4)
a. Model Fgllowing"\
An unétablévélant.given below .

o 1 o - Tol 0

x(€) = 0 0 1| () +| 0] u(t) «+ O £(t) (3)

-4 4 1 el 1

g ol

is desired to follow the model described by

o 1 o] . 0
x (t) = | 0 0 1 x, (£) + ol x(t) (4)
-6 -11 -6 6

1 {0
- Inital conditions are §p = 0 X [0]
o : 0



A switching plane
s(t) = [12 7] ev)

is selected. The controller parameters used in the

simulation study are

r
o

_[}2 2 -2 -2 -1 -1 -3]
. (5)

-

: [iz' 2 | 3 3 7 5 | i] |

T
g

It is observed that whether noise is applied or
not, the system behaviour is almost the same. The simulation
results where noise ig added into the system are tabulated

in Table 9.2
b. Model Matching with VSS

In model matching as explained in Chapter 4, a
" plant is controlled by a reduced order model without

using model followihg control theory.

The same élanﬁ'described in Eq.3 is simulated using
the same switching plane as a function of the plant
states, -not being the function of the error states as

- in the model following:case.

é(t) = [;2 7 il,#b(t)



A new switching plane

s'(t) = s(t) - 12 x(t)
is selected where r(t) is the reference trajectory. If
s'(t) = 0, then the reduced drder)system equations are
in the form givén below.
0 1} |x 0

xp(t) = | PHL w0 | (e - (8)

1-12 -7 X ' 12
P2

The controller parameters are

g’:“l‘;-3 -5 ‘-5]
Fo[e s ]

It is seen that the controller is simpler.than
the controller used in model following cases. Moreover,
in the two cases xpl is desifed to track r(t), in model
matching case thevspegd with which xél tracks r(t) is
higher than in the model following cases‘since the plant
is foréed to behaVe as the system in ﬁq.G which is a |
reduced b;der model., In cases Where r(t) has a éudden:

. change as shown in Figure 9.2, the deviation of s(t)

~ from zero becomes large and at that point a larger control
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talue is needed as éompared to the model following case,

since it is necessary to make s(t) = 0 again.
9.3, Simulation Results for Discrete Time VSS (Chapter 5)
a.. .Scalar Control

A discrete time system given below

1.00 0.1 0 0 | [0

0 1.0 0.1 0 o
x(k+1l) = . x(k) + u (k)

0 -0 1.00 0.1 |0

| 7.20 5.40 0.1 0.4 | 2

0

0

+ T f(k)

0

1

s

with a switching plane
s(k) = [60 47 12 '1] x (k)
is simulated. The controller parameters satisfying

[}(k+l) - s(kﬂ . s(k) < 0 are evaluated and the'followihg

conditions for d and B are found
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o' = [3.6 5.7 2.2 0.3
gt = |3.6 5.7 2.2 0.3

In the simulation study, the results of which are
shown in Figure 9.3.a, the followihg values for o and

B are used.

- - ~ -
3.67 . -0.1
6.00 _Otl
§ = 8 -
2.50 -0.1
0.40 -0.1
L. - . -

It is observed that if large values of a and B
are used, fhe responée sﬁeed becomes faster. However,‘
very large values may,result'in‘iarge deviation from
s(k) = 0 and instability may occur. Therefore, while
- selecting the parameters values very large numerical
 values are'hot advisabie. By large values, we mean that,
’if for exémple for'a/parameter o the condition is o > 3,

values much greater thaﬁ 3 shouldn't be used.

Furthermore, one shoﬁld»bebcareful while selecfing
switching blanes having large coefficients because initally
they may take very lardge values and consequently it may
take much time to reach them, resultingbin‘slow system

‘response.
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| | The noise in Fig 9.3;35is added into the system

and as it is seen in the same figure the response is

almost the same although no additionai term for éounter-
acting the noise is used and thé same controller parameters
are preserverd. It is seen thét in the noisy case the
control input changes polarity at different instants from

the noiseless case control input.
b: Multivariable DVSS

The plant given below

1.00 0,1 0 o o
o | .
x(k+t1) = [ 0 1.0 0,1 =x(x)+ [0.1 0] |-
0.6 -0.10.6 0,2 1 |[%2)
[0
+ [o] £(k)
1

with a switching hyperplane

2 3_.l
s(k) = x (k)
6 1 0 |

is simulated. The following controller parameters are

used.
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0 7 2
T
o =
- 0.7 1.10 O
4 -
’ T 0 -0.2 _'0.2
E= | .
LO —3.0 _'007

The simulation results are shown in Figure 9.3.b.
Although not shown in the figuré, if the hierarchy is
changed, the response speed of the‘system changes.}
Moreover, selection of switching hyberblanés resulting
in new reduced order system equations having faster
eigenvalues increases the reéponse sbeed of the system..;
The noise added into the system doesn't effect the
stability of'thé systém behaviéur even with the same

controller parameters used in the noiseless case. -

9.4. Simulation Results for StebwiSe Adaptive DVS Control

(Chapter 6)
a. Scalar Control

A discrete time system’

(1,00 0,1 o o0 ‘0 o
0 1 0,1 0 o 0
x(k+1) = : x(k) + u(k)+ £(k) .
0 0 1 0,1 0 0
| 1,2 . 1,6 0,10,6] 2} 1
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with a switching plane
s(k) = [60 47 12 J:' x (k)

is considered. It is desired to bring s(k) = 0 in 6

steﬁs. The initial conditions are

1]

therefore it is easily found that ¢ = 10. The control

vectér is
u_(k) = [-0.6 -3.8 -2.4 -0.4] x(k) - 5
u (k) = [-0.6 -3.8 -2.4 -0.4] x(0) - 0.55,, (k)

In the first example, noise isﬁ't added into the system
i.e. £(k) = 0. The simulation results are shown in Figure
9.4.a. Although the design procedure does not require |
any particular noise model or noise statistics, in this
simulation a Gaussian réndom noige shown in Figure 9.4.b
is added into the system and the adaptation procedure is

apblied. It is observed that the system behaviour is .



almost the same with the noiseless case. The only change

is in the control input.f

Besides, although not shown in the figures if the

step value { is increased with the objective to reach the

switching ?lane earlier, the response of the system becomes

faster whereas the control input increases slightly.

b. Multivariable Control

A discrete time system

10,1

0 1
x(k+1) =

0 0

| 1,271,6 0,1 0,6]

0 0
0,1 0

x (k)
1l o0,1

1
with inital conditions x(0) = g;
hyperpalene and control vector 0 are
. 60 47 12 1
... |35 12 1 0
. [0 -35 12 -1
u(k) S | x(k)
' -1.2 41.4 12 0,6

The above control has a step vector ¢ =

- - [ 7
0 0 0
0 0 u 0

+ 1.
0,1 0 u, 0
_0,2_ lJ _%

35
43
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£(k)

~is simulated. The switching
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‘means tthat s(k) = 0 is desired to be achieved in 10

steps.

In the first simulation example shown in Figure
9.4.c no noise is added into the system. In Figure 9.4.d,
the results for the noisy case are shown, In that case

the control vector is

0 - .=35 =12 .=l 0 10 si (k)
u(k) = : | ox(k) - , m
l-1,2 41.4 12 0.6 1 -14f|s, (k)

It is seen that the syéteﬁ behaviour is almost the
same in the two cases.:By the adaptation procedure every
time the cumulative error is eliminated, except in the
interval from k to k+l. This results in a small deviation
in s(k) from zero. This small de&iation doesn't effect the

state behaviour.

Another interesting boint that should be mentioned
is that if it is desired to come to the switching planes
in different steb numbers, it is observed that the response is

different in each case.

_ - .
Although not shown, a noise vector d = [O. 0 1 ]J
is used, and again the simulation shows that the stability

of the system isn't effected.

If it is observed carefully in DVSS, although the

adabtation is inherent, the deviation of s(k) from zero



is much larger than the deviation in Stepwise DVS. This

is because in the stepwise DVS wgﬁchtrol:the'step;size.

9.5. Simulation Results for Model'Following DVSS

(Chapter 7)

The discrete time system

k+1l) = 0 1,0
§p( +1) = ’
“'0,4 0'4

1,0 0,1
x (k+l) = | 0 1
—0,6 "l'l

-1 0
5? = 0 Em = |0
0 ) 0

A switching plane

s(k) = [35 12 ];:Ig(k)

0,1
‘l,i

’

r-0
: k 0
,?-‘p( )+
0,1
. .0
§m(k)§4 0

is selected.. 2t the end of 7 steps, s(k) = 0

u(k)

r(k)

£(k)



is desired to be reached. i;e. ce =5,

The. simulation results where f£(k) = 0 are shown
in Table 9.5. In the case where noise is added into rhe
system, although there is little deterioration as compared
- to the noiseless case, the convergence of the plant states
to the model states is berfect. The suécess of this adapta-
tion is quite‘remérkable considering the particular extreme\
case simulated, wﬁere the additive‘noisé to the system'has

values as large as the state values.

9.6. Simulation Results for the Minimization of the

Switching Hyberblane (Chabtér 8)

The following discrete time plant

1.0 0,1 o 0
x(k+¢1) = [ 0 _ 1 0,1 =x(k) +| 0 | u(k)
| 0.6 =0.1 0.6 lo.2

5 i .

is to be regulated by-a control input minimizing

G . .
J= % (sT(i) s(i) « uTRuﬂ
i=l

where R = 0.25

In the simulation study performed, several switching

ﬁlanes are selected.It is observed that the smaller the



eigenvalues of the new system, . the faster the regulation

time is, verifying our design approach.

In order to check the validity of the design
procedure a switching plane s = [}l2 1 i] k(k) is
' éelected which results in an unstable reduced order
.systém with eigenvalues Xl':!l;l and A, = 1.2. It is
observed that although s = 0 is.reached, the state
value increases as expected and reacheé the value 25.16.
These results suggest that some caie should be given to
avoid condidate switchiﬁg planes which may result in

unstable systems which can not be regulated. In Table .

- x(k)

95

-9.6‘the simulation results are shown where s(k) = [;2 7. i].



> (Sec)
2
: t
2 —®(sec)
2
« " 4 (Sec)
2 an“ L - 2 >
-2 S, —+S,
-4 - -
8.8 A
)
2
0 n A\]A"‘ ;L.; \ — 2 | i(.sec)
S - S,
-2
-6 U

FIGURE 9.1 Simulation results for continuous time VSS

control hierarchy
. (‘



1
v 2
3 & 5
_ 6
7
s & (sac)

9



PO A
i 77

PLANT

LOT0

LRROR

1.070
L6499

yG8E

,oe
- 24
PR

NGISE

-a227

- (i85
£913
- 380
a743
~e 184

. 948

« 926

REFERENCE .

2.000
2alf
z.U0C
2,000

2.0tk

U0 -

24000
2.0
2.U00
Z.0n0
2,000

2+.U0L

C2.U00.

SWITCHING PLART

12, 0G0

AL

TABLE 9.2 Simulation results for model following. VSS



- 015 933 ‘c.anc‘ 626
-;037’, -.123 UL U0L 457
-.GDZ% -.113 S 0.00C « 039
L0061 -L0z8 0.0 - 051
103 S844 (L0 $318
L0046 -a4t3 0.0005 w184
L0046 . 900 g_cou' -, 006
' ,004; -071 T olonu - 162

193 -.235 G000 018



xR
x

40 20- -~ 3o 40 0!

- A
40 O 20_ O &0 O 40
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CONCLUSIONS

The use of variable structure systems theory for the
establishment of a sliding mode in a control system is effective
_in loﬁering the system sensitivity with respect to changes
in the parameters of the system and the external disturbances.
It should be remembered that complete invariance is achieved
only when the system is in a sliding mode. The duration of
the transient up to the hitting of the sliding plane should
therefore be kebt as small as possible. This has been made
possible by the steﬁwise discrete variable structure controller
by which the step number to reach the switching hyperplanes_

is set a priori.

The design technique is straightforward and requires
little comﬁutational effort. Most designs can be carried oﬁt
without any combuter assistance. Besides, the design proceduré
doesn't require ah exact knowledge of the system parameters.
However, the control algorithm requires a precise knowledge
of almost all of the states, because the switching plane
value_which is a funétion,of the.states has to be knowﬁ so

that decisions can be made on the controller parameters in



discrete time variable structure systems and adaptation can

become possible in stepwise DVSS.

Another aspect of the sliding mode is the inevitable
chattering on the sliding plane. In order to minimize this,
the system sensors;should be designed carefully, not to allow
too big deviations of the répresehtative point of the system
from the slidiﬁg plane. This has also been ensured by the

adaptation procedure in stepwise DVS.

At the initial-times before hitting occurs, increasing
the values of the components of the step vector results in
a better response speed and the insensitivity to plant
parameter variations becomes better. As already méntiohed,
this is made possible by the stepwise DVS controller. Siﬁce
no control on the stepsize is involved in DVS controller,
this improvement of the insensitivity can be made possible
by increasing the values of the controller parameters.
‘However, after hitting the switching plané large parameters
result in large deviatibns from the switching plane which in
turn result ih,barameter sensitivity. Therefore, it is
advisable to use stepwise'DVS controller until the state
values decrease to'a ﬁredetermined small number and then

DVS controller is applied.

The simulation studies have shown that in DVSS more



control effort is used as compared—to fhe stepwise DVS
controller. This is because in stepwise DVS, the stepsize

is controlled and adaptation is made according to the
deviation from the switching plane so ﬁhat the control effort

is used optimally.

It is also advisable to use stepwise DVS controller
in multivariable control since the step vector values Can
;easily be adjusted such that the switching planes can be
:reached at the same time or in a hierarchical'order. This
isn't possible by DVS contfoller since in DVS a hierarchy
is imposed and according to this hierarchy, the design

procedure is carried out.

The most favorable aspect of DVSS and stepwise DVSS
controller is that they are on line, real time and adaptive
'procedures and can easily be applied to both regulation and

tracking problems.

If the simulation results of VSS is compared with
optimal control, it is seen that more control effort is
needed in VSS. This shouldn't create any problem since the -

control effort is obtained by using state feedback.

Moreover; the plant parameter and external disturbance

insensitivity fails in optimal linear regulator design.



In such cases, the use of Kalman Estimator is needed which
- is a more sophisticated control .algorithm as compared to

the VSS control algorithm.

In time optimal control‘problems, switching hypersurfaces
are required to be reached.as in VSS system. However, in time
optimal control, an analytical expression showing the behovior
of the phase trajectories for différent control inputs has
bto be known, which is generally_difficult to obtain for
higher order systems (ﬁ | 3). In VSS, a it is sufficient
to select an arbitrary switching hyperplane and adjust the
coefficients of the switching hyperplane such that the
resulting system behaviour is stable. This is madé possible
by simﬁle substitutions without réquiring knowledge about

the behaviour of the éhase trajectories.

Although the adaptation introduced in stepwise DVS
conﬁroller works very nicely, it suffers in the interval
between k and k 1. For further research, it is advisable
to design a controller bredicting the value of the switching
blane for the next interval so that s(k) = 0 is perfectly
achieved. As a matter of fact, the deviation of the switching
élane value from zero is aﬁ information. It is advisable to
study whether it can be possible to make identification by

using this information,



The establishment of discrete variable structure
controller opens up a new horizon to the digital control

field which should be looked into in more detail.
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CALL HMOD(Va4RseHLsHyHy YyK)
UD l% T—T’Iv

XE(T,K+])‘X*(I;K)+(H/6;)+(V1(I)+ FVZ2(1)+2

CONTINUF
DO 16 1=1N
VItI) =0

DO 17 J=L oW

VI(T)=VI(I)+AP(IsJ) NP JsK)
COMTINUE ' '
CONTIMUE

HL_WQ-

00 16 1=1e0 "
V](I)—V’(I)+LP(T)*U(r)~
CONTINUFE :

DO 440 I=14H

VI(T)=vi( 1)+U(1)"G“(m)

CORTINUE

, DO 118 T=14H

118

19

'Y(l)—XP(lyK)+HL*H’Vl(I)

CONTIMNUF

US=U(K) RN ' ’
caLL FUNGA(V’sUS,HL,HstY,K)
Hi= 10_

CALL RUhG‘(V:,US,HL,H,m,Y,Kf

CALL PU“G&(V49US,HL9H9\9Y7K)

DD ]Q I—',t\
'XP(I,K+1)'XP(I,K)+(H/6.)*(VL(I)+Z.*V2(I)+

CONTINUF

CK =K+,

K P

IF(K, LTAISLT) G0 Tu 70
HRITE(69779).

HRL!L(&,??O)(U(I)aI l9ISL

EABMETUITAY STV LY AT 9 /Yy

«BV3(I)+V4(1))

CEVI(1)+VA(T))



779 FOR: LA TLIS X,y -THF EVALUATLD VRLUES OGF VSS CUNTRGL 5'97/)
JK=0-. _ < : .
D3 501 TI=1415ET4+20
JK=JK+1
S{4KY=5(1)
XP{1aJK)=XP(Ls1)
XAi{1ledKI=Xi(141)
ERROR (JK)=ERROR (1)

v REF{JK)=RFF(I)

5031 CONTIMUE

o HRITE(O4LNUINgH

100 FORBATIIO5 X, Y ORDER = ,Téy'INTLGR'an 39/)
WRITE(6410L) :
NQITL(@;l“B)((&P(I,J), =1.9N)9T=14N)
HRITE(64162) 4
-4?1Th(bslﬁd)((A"(TsJ)gJ—_gh)sI 13 N)

RITE(H42N3) '
ﬂRth(é,lnB)(BP(I)sl lsN)
ARITE (b1 N4) ‘
HRITE(bslﬁS)(BR(I)sIﬁlsN)
CHARITE(H9105)

d\lTL(bylﬁo)(C(I),I—;sN)
WRITE(D+100) o
HRITE(69908)(ALF{TI)yI=24HR)
HRITE(b 41 07) .

4 'HRLT[(ésqﬁa)(BE(I)’} 3,NR)

908 FORMLTITFB.2) \

101 FDR%AT(ISXa'SYSIEh \ATPIX =1'./)

D2 FORKMAT(LEX, "#ODFL HATRIX ‘”"3/)

103 FORHAT(15X, "QUTPUT NATKIX. BP=',7/)

104 FORKATULOX, "OUTPUT NaTRIX B88="'y/)

S 105 FOKHAT(L15Xs *SHITCHING PLANE PAP‘”ETF'S ‘s/)

106 FORMAT(IOHX, 'VSS  COHTROL ~ PARARETERS ALF='y/)
107 FORMAT(1I5X,'VSS  CO#TROL  PARAKNETERS 8Ei=',/)
108 FQK!hT(}%x,%E1¢¢4,//) _
RITE(64179)
109 ”k'ﬂT(’cX’ HODEL '3 LEXs "PLANT 5 12Xs "ERROR Y,
*L2Ky ' SHITCHING PLARE! 3 5Xs 'REFERENCE "5 5K, T NOTSE" 5/)
HRITE (b9l le) . -

11y FORH AItwux,7u('*‘),/)

(8]

v

DO 311 I=14JK
HKITE(O;‘]L)KL(1,I)akp(laz)sLHhUh(l)a§(1)9FCF(L),Gf(I)
111 FORMAT(IUXsF7e. 35QXsr7 3913X9F7 BelaXgF7e39¢1NNgF 763,
HINKyFHe 39 /)
311 CONTINUE
COXAX=T
YAX=13
DO 5601 I=L4JK
gAL(I)=T
CONTINUL
WRITE(H95232) : ‘ :
"EUKHAT(15Xs, THFE PLOT OF THE TRROR STATE '47/)
CALL PLOT(X2X9YAX 91D sERRIRBA L9"')
,bTuP
END o ‘ . .
SUBROUTTINE HMUD(TeReHL gHolMAy AY oK)
CDHHUN/ALT/YH(sé‘P M) g AR{ 1091 9BR(10)
DILENSION T(LO) 92 Y(‘t)
Do 2w I=l,”~
T(I)=0,
D0 201 Jd=1,Hi R
TI)=T(I)+AE(TI4J)FAY(J)

<
o
X

-
5
™~

200 COHTINUE

200 CONTINUE

50 202 T=1l¢NA o ‘
TLIY=TCI)Y+BF (L)Y 0 » . . %



2

203

ALY
20U

20z

203

sK)+HL‘H*T(7)

£ NU

SUBRUUT THF FUMG/(Tk,U?,HL9anﬂ,f29K)

CORBUN/AHI/XP (54100 T) ¢ AP( L1} 4BP(] u),GN(l”U"),D(Iﬂ)

DINSWSIM TRO1O)I4AZIED)
DO 209 T=1lsNa
TRETI)=Uua

DO 201 J=1lgaNA

TROII=TR(T)+AP (T 9 ) 242 L)
CONTINUE
CONTLHUE
uo 202 I=1sHA
TR{I)=TRII)+BP(I)*US +J(I)+G!(K)
COthNuF

DD 203 T=1,Ma :
AZ(1)= XP(T,K)+HL%H¥(r(3)
COWTLMUF
RETURHN
£ HD
SUBROUTINE PLOT(XAXsYAXsHPsXsY,00T)
DIKEHSLON X(C
CHARACTFR™L P48, :112)9DUTyHXY(2)
CHARACTER®LD BOTLIN(LS) /
CHARACTER®*5 HLS(2)
CHARACTERF3 HMH(2)

P Y s Y (U INP) s XNUH( T2 15 ) s YNUS (0:120)

DATA SXYAXs SYHAXsXtiSARSYHEAR/1Les450300 904/ :
DATA HXY/Z 'A Vg 'Y "/ oHLS /" LaRGE Y o "SHALLY /g HEM/ " HAX Y s "IN/
DATE P4BUTLIN/S4353 =1 vy 158 —~~—*»—~—+'/
IF{XaXe GT « SXMAX) THEN

THRITE(H 9 M) HXY(l)aﬂLa(l),sxhlx,H'H(L)
XAX =S XriAX
GO TOU 4n
END 1F
1F(/»l\ul|u3n)
X‘X .39 _ :
HRITE (b a9iY) HXY(l)-HL°(7)9X X g HHE(Z)
END 1IF

40 TF{Y&XeGTeSYs AX) tHrP'

o dRITE(Bs9N) HXY(&),HLS(l),:Y11¥9H n(;)
Y’\X SYishl .
CGNTTD 41
EHD OLE -
IF(YLXeLTeled) THEN
YAX=L.Y . ‘
ARITE (0 997) HXY(Z2)sHLS{2) s YAXgHMA(LZ)
END QF '

l‘.J XX""'X;’,T’:;‘:}‘.EC-]_Q:

S XY Y=YaXElu.—1,
XHIN=X{") '
YHIN=Y (")
XBaX=X(")

YHAAX=Y (1)
DN 17 T=isup=1
TF(X(T)Y LT XidIN)
IF(y( )nb?.Xx AX) X"\X'-"((I)
IF(Y(T) e LTe Y IN) YETHN=Y{1)
IF(Y(T)eGTeYindAX) YHAX=Y (D)
117 CONMTILHIUFE ‘ : ‘
I XHD=XX/10+1
IYRO=YY/o+l ‘ :
b(-LL SC“\L{‘(;{XQ vvvvv )(9 ’(V ] 491X3091L971L-95FX)XNU. ,Xf*[‘."? 7F])

P S R Y Y IR Y & T Y “?. T &1

THE i

XinIN=X (1)

- A FL ™ .y ™ a7 AL P I Llis IVEN] At ™ "3 A\



DY 6 T=0yp=—i

X1 Y=X(T) /SFX+F I+ XpiFnRISFX+04 5
Y(l)= Y(I)/.»FY-*F”+Yq.,.‘:</.>FY+"1 5
JXP=YFIX(X(1)) :
I1YP=1FIX(Y(I)])

6 PEIYPsJIXPI=DUT

WRITE(6494)

NPRX=TXNuU¥LN

NPRY=TYHO %5 .
THRITE(6983) (XNUB (1)91"091XN0)
NRITE(D;&’)(POTLIN(I)sI L’IX“u’

K=0

L=6 .
DO 8 1=04NPRY
IF(L+EQ. 7) THEN
L=1

K=K+1

END IF

IF(L.EQa6) THEN
HRITE(H480) YNU’(K);(P(IyJ)aJ dsNPPX)
CELSE
WRITE(638L) (PUI5J)sJ=0sHPRX)
CEND IF :
& L=L+) , K /
RETURN :

94 FORMAT(1H ////lH’) .
90 FORNAT(//71X e " #HARNING JLKLE FLCTOR bIVEN FOR '4il,

& : '5XIS IS TUS s A5/11XsVIT 1S *4F4, 1,'(',535'

& - . ) ASSUREDL') - : :
B FORMAT(2X +£8, 2,'+'5115A1)
8L FORMAT(1uX,'I'511541)
82 FJKUHT(11K9'+',llAlq)
33 FORHAT(7X 92 2E10e2)

EMD
SUBRUUT TNE SCALE(TT,T" ’V,Trlra‘“UsCl,FLsSFTyT CeTHEAT 4 F)
DTHENSIAN THUX(N2127) ’ '
TF(THINSGE Qe ) THEN
SFET=THaX/TT

o E =Y

DD 2 I=nyIlnD

2 THUNB(T)}=C2*1xSFT
RETURN '
»-LS»

SET=(THAX=THIN) /Z(TT~C1)
. FEABRS(ITHIN) /SETCL
S DD 3 T=n,TA0
3 THUB(T)=CR2%I%SFT—F+SFT
I E(THAXeGT ) THEN
D0 4 I=0, INO
CIFCOTHURTL Y e GT e 2e () THEHN
THEAR=THU(I=1) -~ = .
DO 5 K=1g 18N
5 THUM(K) =TRUS(K) =T NE AL
KETURH ‘
. END LF
4 COHTINUE
ENL IF

END , ;
L4159 2 UCLP, Ais PU3 ‘4 T e 35 8RLNS



APPENDIX C

PROGRL: FEORY (AL, VERATAPES=AL,THPEC=VEIR)

01-"\_(‘.!\51’:. XCh420),SuCal0),S5C400,4),E(8),RC4A4)
DIVERSION ACS,50,3T(3,5),(05,5) 004004 ,.4)
DINENSICH UCATL) AT (S,5),8TW(5,5) JATWA(S,5) ,BTH(5,5)

DI'::(NSB.L"“ i HP’()IJ)I..S(.:I))Ir Tv!uo(.olt‘)
KUK =4

DATA 8, AR,1SUT, N, IFINAL/T,0Gu25,31 53,31/
PATAE EY1,0L2/0.9,1a27 . . ’ ’
DATA C1,C2,C3 /=201 ortet

DATA BC1),B8(2),53(3)/CerDarlin/ ,

DATA XU, 1) pX (2 r1) s XC321) /34,00 ,0a/
DATA AC1,1),8C122),AC01,3)710/,Ca1sCa/

CDATA A, D) AAC2,2), 02,3/ 0artarlal/

DATA AC2,s 1) s (3,2)YskC3,3) /0606 r=Ca1s0a6/

DATA QUI,1) 20 C1,2),UC1,3) /100240, ,04/

DATA QCZ2,1)Y,002,2),G(2,3)/0er11asCa/
Dﬁfﬁ'u(5/1)rC(u/Z)/Q(JIS)/O./C.I11 /

S =R ST(ﬁ)*‘(h)

DO -3 I 1/-

1
12

14

13

12

[P NPT R, ¥
o~

19

15

DO 3 =1,
W (I E]/]/J)—J(IIJ)

,CONTII\U:

CONTINUE : A
TRANSPOZ&- OF HATRIX A R
DO 7 I=1,4 '

DG 2 J=1,4

ATCI I)=RC4, 1)

CONTINUE

CCHTINUE

AT*W(+1)

D0 9 I=1,K

Do 10 J=1.n
r'\Thz(llJ):‘_‘-
Do 1Y L=t

ﬁTé(lzJ)—sTn(])J)+hT(I,L)*P(IS:T,L,J)
COI&])\U _
CONTINUE

€ n')HT JHut

(AT AL (s 1) %2
DG 1z 1=1,k
DO 12 4=1,n
YA, d) =0,
h0 14 - L=1 .8
AT‘.'."(\I/,J) P‘Tkr\(I/J)‘ffT\(J.IL)*"(L'J)
CONTINUE

3-CORTINUE

CoNTINUE

ET*U(LT)

20 15 I=1.,1

» 00 1€ J=1,H

“(1l,4)=0
')'3 17 L=1,H

BTUHCl,0)=1 ﬁT\x(I/J)'H‘(L)*V(leT/LIJ)

COMTINUE

CORTINUL

CONTINUE

BTW*xL

Do 1-2 1=1I-'1

aTwis=

Do “9 J =1kl
ATWA=2Two+l Tr(I,J)*‘ﬂ(J)
CONTINLE

CJ”TI!LM.

RE=BTWH+AR

N T =% 7t Y



-
22

21

2. ¢

24

26
25

.29

S0

505

171

30

DU JL IE0 e
Do 21 J=1,m
ATWALI,d)=0a

DO 2¢ L=1,H

BTWA(L, J)‘QTVA(I;J)+cTU(I,L)*A(L,J)
CONTINUE

COHTINUE Lo . ,
ONTIRUE " _ |
ISET=ISET~1 '

5(K)

DO 24 J=1,h

S(ISET,J)==1, *RIN*F:kﬂ(1/J)

COMTINUE

B*x3

DO.25 1=1,K

DO 2€¢ J=14N '
fBS(I,J)—“(l)*S(ISET;J)'

CONTINUE

COHTINUE

ATW=*ES

DC 2& I=1,N

DO 2% J=T,N.

ATHES(I ,J)=0,

Do 3¢ L=1,n _ '
ATWBS(I,0)= ATn(IfL)*ES(L,J) Lo
CONTIHUE

COMNTINUE

CONTINUE
CNEW LK)

D3 31 I1=1,H

DO 3¢ J=1,kK
WCISET,YI ) ATUA(I,J)+nTVBS(T,J)+G(I/J)
CONTINUE

CONTIHUE ,

IFCISETAGTL1) GO TO 70

K=

CUNTRGL UC(ISET)
UK =4,
DO 35 I=1,KN
UI)=UCKI+S (K 1% 4CY ,K)
CONTINUE i ‘
STATE VALUES
DO 3¢ 1=1,K
XL ,k+1)=1,
DO 37 J=1,n

X(L,kt1)= X(IIK+1)+A(11J)*X(JIK)
C("TIP\U‘.
COMTINUE
DO 50 1=1,u :
KCT,k+3)=X(T, K+ 1) +B (1) *xU(K)
COMTINUE v
SwiKd= C1*X(11K)+Cﬁ*X(2/K)+Cz*K(,IK)
K=K+
IF(K.LT. IFIHﬂL)bP 10 71
k!RlTE(OI5JL) AR

REATCISX, "MATRIX RE's/,15%," R(1l1) YL ETL2./0 1)

IF(HLA.LQ 1) GO TO S5
HRITLC(6,500)C1,C2,C3 o o
FORUAFTCIS X, "SUITCHIMNG PLAKE PARAMETERSY,/,15X,

BYCT= s F&a b, 3%, 222 s F8abs 33X, 032" SF8abs /1))

JRITECO,501)E1,E2 ,
FORPBATCIS X, "NEW  SYSTEM® EIGEN VALUES',/,15X,
SYE1 = FChr3X Y EL= S F8ubr /1))

D0 171 I=1,H -

WRITECELT30) (L d A C10)d=1,1)

CONTINUE



13.':.‘ Fl.f‘»;’-?'i‘u'-'f(.';'!.i,"(/ MO EA FaT1,Y)= '/FS.R/S.’(/':5('11‘51'1'1‘11/')'—‘

TV ,FS5.0r32,0 A( 111/ ’ 1711’)—"F5.2//)
Do 172 1I=1/4
WRITE(e,131) (I/JIAT(I/J)IJ 1Ih)
'172 CGITI\UL ; ‘
131 FORMAT (ZQK,'AT( 211,00 1111')='1F5.2/3X/'QT('111,'1
YRS 23X, AT C LI, 0 T )20 5420 1) '
DO 173 I=1,8
7 WEITEC(S,132) (I/JIQ(IIJ)IJ'1:N)
173%- rQ TINUE

132 QRUATC2L X/'Q('1111 FADSS VLD RIS 22 ZI.SXI'G('II1I".II1I.)

3 /FI.ZIQX"Q('IIII FPAYS S VRD E LY SIS N

DC &L I=1,CIFIHAL-1)

WRITECG,1T0) IlU(I)/I/Sh(l)lllX(111)1115(111)
60 CONTINUE :
F?-Zl

100 FC RﬂAT(JXI'U(',IdI IF? 25X, 8WCY 12,7 )=
' 35X,V X1 A /121')"fF7.cl)X;'S('fIcr L) =, 7.21/)
- STOP '
P ERD : e '
16.36.56,UCLP, AL, POL 0.185KLNS,

Y110

)=
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