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ABSTRACT

DETECTION WITH PARTIAL INFORMATION FOR THE

GAUSSIAN SETUP IN THE POTENTIAL PRESENCE OF

A JAMMER

We introduce the problem of communication with partial information, where

there is an asymmetry between the transmitter and the receiver codebooks. We study

this setup in a binary detection theoretic context for the additive colored Gaussian

noise channel in the potential presence of a jammer. In our proposed setup, the par-

tial information available at the detector consists of dimensionality-reduced versions

of the transmitter codewords, where the dimensionality reduction is achieved via a

linear transform. In the first part of the thesis, we focus on the “no-jammer” case and

accordingly find the MAP-optimal detection rule and the corresponding conditional

probability of error (conditioned on the partial information the detector possesses).

Then, we constructively quantify two optimal classes of linear transforms: For the first

class, the cost function is the expected Chernoff bound on the conditional probabil-

ity of error of the MAP-optimal detector; for the second class, the cost function is

a certain upper bound on the failure probability, which is defined as the probability

of the aforementioned conditional error probability being greater than a given con-

stant. In the second part of the thesis, we study the case where an active jammer is

present (subject to a peak power constraint) together with additive colored Gaussian

noise. In this case, we first derive the conditional probability of error of a minimum

Euclidean distance detector as a function of the receiver partial information and the

jammer signal. Then, we quantify the worst-case jammer strategy, which maximizes

the aforementioned conditional probability of error. As a result, we propose a criterion

for choosing the dimensionality-reducing linear transforms in the sense of worst-case

failure probability.
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ÖZET

POTANSİYEL BİR KARIŞTIRICININ VARLIĞINDA

GAUSS KURGUSU İÇİN KISMİ BİLGİYLE SEZİM

Tezimizde verici ve alıcı kod çizelgeleri arasında bir bakışımsızlığın bulunduğu

“kısmi bilgiyle iletişim” problemini sunuyoruz. Bu yapıyı potansiyel bir karıştırıcının

varlığında Gauss dağılımına sahip gürültü kanalı için sezim-teoriksel bir içerikte inceliy-

oruz. Öngörulen yapıda, alıcı tarafında mevcut olan kısmi bilgi, verici kod çizelgesinin

boyutlarının azaltılarak doğrusal bir dönüştürücü aracılığıyla gerçekleştirilen bir uyarla-

masından oluşmaktadır. Tezin ilk kısmında, karıştırıcının var olmadığı duruma odak-

lanarak maksimum-sonsal-olasılık açısından en iyilenmiş sezim kuralı ve bu kurala

dayanan koşullu (kısmi bilgiye koşullanmış) hata olasılığını türetiyoruz. Sonrasında,

yapıcı bir şekilde iki tür en iyilenmiş doğrusal dönüşüm sınıfını niceliyoruz: Birinci

sınıfta zarar fonksiyonu, maksimum-sonsal-olasılık açısından en iyilenmiş sezicinin koşullu

hata olasılığı üzerindeki Chernoff sınırının beklenen değerinden; ikinci sınıfta ise, önceden

belirttiğimiz koşullu hata olasılığının verili bir değerden daha büyük olma olasılığı

olarak tanımladığımız, “başarısızlık olasılığı” üzerinde bilinen bir sınırdan oluşmaktadır.

Tezin sonraki kısmında, karıştırıcının eklenen Gauss gürültüsüyle birlikte mevcut bu-

lunduğu (en fazla güç sınırlamasıyla) durumu incelemekteyiz. Bu durumda, öncelikle

en-küçük-Öklit-uzaklığı sezicisinin koşullu hata olasılığını, kısmi bilginin ve karıştırıcının

işaretinin bir fonksiyonu olarak türetiyoruz. Daha sonra, belirtilen koşullu hata olasılığını

en çok arttıran, “en-kötü durum” karıştırıcı yaklaşımını niceliyoruz. Sonuç olarak, en

kötü durum başarısızlık olasılığı açısından doğrusal dönüştürücülerin seçimi için bir

ölçüt öneriyoruz.
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1. INTRODUCTION

In this thesis, we introduce a communication-theoretic paradigm, which we name

as “communication with partial information”, and subsequently study it within a

detection-theoretic context (therefore the term “detection with partial information”)

in the particular case of Gaussian setup, where the presence of a potential jammer

is also incorporated. In the proposed paradigm, there is an inherent asymmetry be-

tween the information the transmitter and the receiver possess in terms of the utilized

codebooks. In particular, in the “detection with partial information” setup, the code-

book of the receiver is formed via applying a non-invertible process on the codebook of

the transmitter; hence the codebooks are different. Thus, the information available at

the transmitter forms a “superset” of the information available at the receiver. Note

that, a reminiscent asymmetric structure between the transmitter and the receiver

also exists in the well-known family of problems, termed as “communication with side

information” [1, 2, 3, 4]. However, in the paradigm of “communication with side infor-

mation” (unlike the proposed “communication with partial information” setup), the

utilized codebooks at the receiver and the transmitter are the same; in addition, either

the transmitter or the receiver is “favored” with the presence of “extra” information

(which amounts to the “side information”).

It appears that, there are at least two significant applications that motivate the

formulation of the “communication with partial information” approach:

• The first application can be viewed to fall within the category of “robust signal

hashing” in the signal processing & multimedia security literature [5, 6, 7, 8].

In robust signal hashing, a content owner provides “robust hash value”s of the

protected content (that is some dimensionality-reduced versions of the protected

content) to a third party, which searches the content using its robust hash values

as the partial information at the receiver end. These robust hash values represent

“the content’s significant features” and are ideally approximately-invariant under

acceptable modifications to the content . In practical applications, the third



2

party that performs the hash-based search is usually not trusted; hence, there is

a significant issue of privacy. In particular, given a robust hash value, it should

ideally be impossible to retrieve the original protected content from a privacy

viewpoint. The setup proposed in this thesis can be used as a detection-theoretic

model to analyze the hash-based detection problem: the protected content is

represented by the transmitted signal; the robust hash values used in the search

are represented by the partial information available at the receiver; a perceptually-

acceptable modification to the protected content is represented by the channel

noise.

• The second application includes all instances of point-to-point communications,

where there is an inherent asymmetry between the transmitter and the receiver in

terms of their storage capabilities and computational resources. In particular, the

cases, when the receiver is unable to store the codebook used by the encoder (due

to a limit on the memory) or utilize the codebook used by the encoder (due to

a limit on the computational resources), can be studied within the framework of

“communication with partial information”. In such cases, one potential remedy

is the receiver’s using a “simplified” (i.e., dimensionality-reduced) version of the

codebook of the encoder. In practice, such situations may typically arise, for

instance, when there is a bi-directional communication between a sensor and the

base station (the resource-limited receiver representing the sensor) or when there

is a bi-directional communication between a controller and a remote measurement

unit. In such applications, the simplified version of the encoder codebook is

represented by the partial information at the receiver side.

The aforementioned application scenarios may just physically appear in various con-

texts, in which “the worst case performance” is a valid concern. In order to address this

issue, in the most general sense, we formulate the problem such that the presence of an

“all-knowing” intelligent jammer, who acts so as to degrade the receiver performance

as much as possible subject to some power constraint, is incorporated. For studies on

jammers in related (yet different) communication theoretic problems, see, for example,

[9, 10, 11, 12] and the references therein. In our formulation, the jammer possesses

all the required information, in the sense that it has access to both transmitter and
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receiver codebooks and also the transmitted message bit. Then, the jammer introduces

an extra additive distortion to the transmitter output subject to a peak power con-

straint, subsequently followed by an additive (colored) Gaussian channel, which occurs

due to natural circumstances. As such, this setup yields the worst-case performance

of the proposed detection with partial information setup. Furthermore, the presence

of a jammer also addresses the practical scenario of “robust signal hashing” where se-

curity is a significant concern; here the jammer represents an “all-knowing” adversary.

Note that, the special case of imposing a trivially-zero peak power constraint on the

jammer reduces to the additive (colored) Gaussian channel case discussed above. Our

contributions in this thesis can be listed as follows:

• We introduce the paradigm of “communication with partial information” and

study it within the context of binary detection in the Gaussian setup. We believe

the main philosophy behind this formulation (i.e., introducing an asymmetry

between the transmitter and the receiver in the sense of utilized codebooks) can

be used to analyze various problems of interest in communication theory and

signal processing.

• Within the binary hypothesis testing setup, we study the “no-jammer” case,

where the disturbance on the transmitter output consists only of additive colored

Gaussian noise, and the detector partial information is produced via applying a

linear (dimensionality-reducing) transform on the encoder codebook. We derive

several results of interest given below:

– We derive the MAP-optimal detection rule and the corresponding proba-

bility of error, both of which are conditioned on the partial information

available at the detector.

– We construct a class of optimal linear transforms, which minimize the ex-

pected (with respect to the joint distribution of the detector partial informa-

tion) Chernoff bound on the aforementioned probability of detection error.

– We quantify the “failure probability” of the MAP-optimal detector (which

is the probability of the aforementioned conditional error probability being

greater than a given constant), and subsequently construct a class of optimal

linear transforms, which minimize a certain bound on the failure probability.
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• Within the binary hypothesis testing setup, we study the “active jammer” case,

where the disturbance on the transmitter output consists of both additive jammer

signal and additive colored Gaussian noise, and the detector partial information

is produced via applying a linear (dimensionality-reducing) transform on the en-

coder codebook. In this case, we assume that the detector does not have full-

knowledge about the jammer function, and hence applies a suboptimal, however

less parametric, detection method based on “minimum Euclidean distance” in

the range space of the aforementioned linear transform. The results of our study

are provided below:

– We derive the conditional probability of error of the aforementioned detector

as a function of the jammer signal.

– We characterize the class of optimal jammer functions, which maximize the

aforementioned conditional probability of error at the detector.

– In the light of the aforementioned results, we quantify a criterion in the sense

of “worst-case failure probability”, which is the probability of the conditional

error probability being greater than a given constant in case of worst-case

jammer behavior.

In Sec. 2, we provide the notation that is used throughout the thesis and specify the

formal problem statement. In Sec. 3 and Sec. 4, we present our results (mentioned

above) for the additive Gaussian channel case (i.e., no jammer) and the active jammer

case, respectively. We conclude with final discussions of the results in Sec. 5.
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2. NOTATION AND PROBLEM STATEMENT

In this section we provide the notation we use and give the general statement of

the problem.

2.1. Notation

Boldface lowercase and uppercase letters denote vectors and matrices, respec-

tively; the corresponding regular letters with subscripts denote their individual ele-

ments. For instance, given a vector a, ai represents its i-th element; given a matrix

A, Aij denotes its (i, j)-th element. Note that, we do not use a separate notation for

random vectors; we assume that it is clear from the context.

Given a matrix A, AT , r (A) and det(A) denote its transpose, rank and de-

terminant, respectively; further, In denotes the identity matrix of size n × n. Given

the vectors x,y ∈ Rm, 〈x,y〉 indicates the inner product that induces the Euclidean

norm, i.e., 〈x,y〉 =
∑

i xiyi; accordingly the induced Euclidean norm is denoted by

‖x‖ = 〈x,x〉1/2.

We provide a definition that will be used throughout the thesis.

Definition 2.1.1 Given A ∈ Rm×n, such that r (A) = k, Singular Value Decomposi-

tion (SVD) of A is unique (up to ordering) and defined as

A
4
= UΛVT , (2.1)

where U ∈ Rm×k, V ∈ Rn×k, Λ ∈ Rk×k are called the left-singular vector matrix,

the right-singular vector matrix and the singular value matrix of A, respectively. The

matrix Λ is diagonal and these diagonal elements are termed the singular values of A.
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Given the matrix A ∈ Rm×k of rank r ≤ min (m, k), {σi (A)}ri=1 denote its non-

zero singular values, which are assumed to be in non-increasing order without loss of

generality. For a square matrix A of size k × k and of rank r ≤ k, {λi (A)}ri=1 denote

its non-zero eigenvalues; in case A is a symmetric matrix, {λi} are assumed to be in

non-decreasing order. We use N (µ,Σ) to denote a multivariate Gaussian distribution,

with mean vector µ and covariance matrix Σ. Furthermore, Q (·) denotes the standard

Q-function: Q (α)
4
=
∫∞
α

1√
2π
e−x

2/2dx.

2.2. Problem Statement

We analyze a binary communication system, where the encoder selects one of the

two codewords, x0 and x1, representing the message bit i ∈ {0, 1}, where Pr (i = 0) =

Pr (i = 1) = 1/2; the selected codeword, x = xi, is sent through a channel. The encoder

output x is first corrupted by an additive jammer, where u denotes the jamming

signal. This is subsequently followed by the addition of a signal-independent (not

necessarily white) Gaussian noise, denoted by e, thereby yielding the overall channel

output y. Observing y, the receiver acts as a detector and makes a binary decision,

as to the origins of received signal. We pursue a detection-theoretic approach to solve

this problem and assume uniform costs. See Fig. 2.1 for a schematic illustration of

the proposed problem. We assume that x0, x1, u, e, and y are all length-n real-

!"##$%"&'()

i ! {0,1} 
*+,"-++.

{x0,x1}

/01+,"2

zi = Txi,  i=0,1

*+,"-++.
{z0,z1}

3")"1)+2x = xi

4$55"2
u = J(i,x0,x1,T)

6
7+(#"

e ~      (0,"e)

i  ! {0,1} 
8

6

9"1"(:",
;(%0$<
y

Figure 2.1. Block diagram representation of the problem of “binary detection with

partial information”.

valued vectors, where x0 and x1 are independent of each other and x0,x1 ∼ N (0,Σx),

e ∼ N (0,Σe) is independent of both x0 and x1. Here, we also assume that the

covariance matrices of the original signals Σx and the covariance matrix of the noise Σe
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are positive definite (where we already know that they are also symmetric matrices).

Note that, the proposed problem is radically different from the conventional binary

detection scenario due to the mismatch between the codebooks of the encoder and the

detector. In particular, the detector does not know the original codewords {x0,x1},

but only their distributions and their dimensionality-reduced versions, {z0, z1}, where

zi = T · xi, i = 0, 1, and T is a deterministic real matrix of size m × n, m < n,

r (T) = m. Note that, this implies, z0 and z1 are both length-m real-valued vectors.

As a result, our problem can be viewed as “detection with partial information” for the

Gaussian case in the presence of a (potential) jammer.

The “jammer” deserves a separate discussion. First of all, the jammer is assumed

to know everything the encoder knows to realize the worst-case situation; hence, the

jammer function’s arguments are i, x0, x1 and T. Also, for u
4
= J (i,x0,x1,T) to

make sense as a random vector, the jammer function J (·) is assumed to be a Borel-

measurable function of its arguments, i, x0, x1, T. Furthermore, the jammer also needs

to satisfy an peak power constraint, which is imposed by

‖u‖2 ≤ P with probability 1. (2.2)

Note that, our formulation allows J (·) to be a random function of its arguments; how-

ever, we shall soon show that at optimality, jammer chooses J (·) to be a deterministic

function.

We analyze the aforementioned system for two important cases:

• No Jammer: The case of no jammer (i.e., imposing u = 0 with probability 1) is

an important class (since a jammer simply does not exist in a considerable num-

ber of situations of practical interest), which is covered in Sec. 3. An important

consequence of this case is that the receiver fully knows the statistical character-

ization of the whole system, and hence is able to apply the MAP decoding rule.

In particular, in Sec. 3.1, we derive the MAP detection rule, which is given as

a function of the partial information (z0, z1), and the corresponding conditional
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probability of error (conditioned on z0 and z1). Subsequently, in Sec. 3.2 (resp.

in Sec. 3.3), we derive the optimal linear transform, T, in the sense of the ex-

pected Chernoff bound on the conditional probability of error (resp. in the sense

of an upper bound on the cumulative distribution function of the conditional

probability of error) of the MAP detector, where u = 0 with probability 1.

• With Jammer: In this case, the receiver is assumed to be aware of a potential pres-

ence of a jammer (though it is unaware of the capabilities, and so the functional

behavior of the jammer). As a result, the receiver applies the standard method of

minimum Euclidean distance detection within “the partial information subspace”

(i.e., the range space of T). In Sec. 4, we investigate the optimality of the linear

transform T in the worst case scenario in the sense of the resulting detector error

probability. In particular, in Sec. 4.1, we derive the optimal jammer function

J (i,x0,x1,T) in the sense of the probability of error of the minimum Euclidean

distance detector subject to the peak power constraint (2.2). In Sec. 4.2, we

introduce an optimality criterion for the linear transform T in the presence of

the optimal jammer (worst case) in the sense of the cumulative distribution of

the conditional probability of error of the minimum Euclidean distance detector.

Hence, the method pursued in Sec. 4 can be viewed to be analogous to solving

a “minimax problem” where the jammer (resp. the designer) aims to maximize

(resp. minimize) the probability of error of the detector.

Remark 2.2.1 In [13], the authors study a closely-related problem, which can be

viewed as the “deterministic variant” of the setup of Sec. 3. In particular, in [13]

the authors assume that the encoder codewords {xi} are deterministic, unknown and

the subsequent analysis is based on the probability of error induced by the GLRT (gen-

eralized likelihood ratio test) rule. On the other hand, in Sec. 3 we assume that the

encoder codewords {xi} are random (in particular Gaussian) and perform a MAP-based

analysis.

Remark 2.2.2 Although the problem imposed in this thesis is the binary detection

case, the analysis can be extended to apply a “union bound based approach” for the L-
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ary case with little or no difficulty1 . A similar approach and discussion was provided

in [13] for the case of deterministic {xi}.

Remark 2.2.3 In the scenario investigated in Sec. 4, since the jammer is “all-knowing”,

it has the advantage, i.e., the jammer designs the optimal u as a function of T. The

designer, on the other hand, constructs T taking into account the fact that the jammer

would perform the optimal attack for any chosen linear transform. Thus, mathemat-

ically we first study an “inner maximization problem” over u (cf. Sec. 4.1), followed

by an “outer minimization problem” over T where u is optimal (cf. Sec. 4.2).

1In the L-ary case, the message is log L bits long; the encoder and receiver codebooks are {xi}L−1
i=0

and {zi}L−1
i=0 , respectively.
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3. DETECTION IN COLORED GAUSSIAN CHANNEL

In this section, we concentrate on the problem of binary detection with partial

information (cf. Fig. 2.1), where the channel consists only of addition of colored Gaus-

sian noise, i.e., u = 0 almost surely. We begin our developments with deriving the

optimal detection rule (conditioned on the partial information available at the detec-

tor) and find a closed-form expression for the corresponding conditional probability

of error. Then, we proceed with deriving optimal linear transforms in two different

senses, as explained in Sec. 2.2.

3.1. Optimal Detection Conditioned On The Partial Information

At the detector side, we are given {z0, z1}, which yield partial information about

the true codewords {x0,x1}. The binary hypothesis testing approach on the detector

side utilizes the MAP detection rule [14]: It operates on the observed data y (gener-

ated by the process explained in Sec. 2.2), and makes a binary decision regarding the

message bit. As indicated in Sec. 2.2, we assume equal priors and uniform costs on

the hypotheses. Under these assumptions, the MAP detection rule simplifies to the

maximum likelihood detection rule [14]. Then, the MAP-detection rule can be stated

in the following way.

Definition 3.1.1 Considering the binary hypothesis testing problem, given by

H0 : y ∼ p (y|H0) , (3.1)

H1 : y ∼ p (y|H1) (3.2)

where p(.) denotes the probability density function of its argument, the maximum-

likelihood detection rule is defined as

p (y|H0)
H0

≷
H1

p (y|H1) . (3.3)
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Given the partial information {z0, z1}, the full statistical characterization of the code-

words of the encoder {x0,x1} and the additive noise e (provided in Sec. 2.2), Def. 3.1.1

yields the following hypothesis testing for our problem

H0 : y = x0 + e ; given {z0, z1}, (3.4)

H1 : y = x1 + e ; given {z0, z1}. (3.5)

Note that, for all i ∈ {0, 1}, we have

p (y |Hi) = p (y | xi is sent, {z0, z1}) = p (xi + e | {z0, z1})|xi+e=y (3.6)

= p (xi + e | zi)|xi+e=y (3.7)

where the reduction (3.7) requires a clarification. Given any i, j ∈ {0, 1}, i 6= j, we

know that xi is independent of xj and e. Thus, by definition, the original σ-field induced

by xi is independent of the original σ-field induced by {xj, e}. As a result, the sub

σ-field induced by any measurable function of xi is also independent of the sub σ-field

induced by any measurable function of {xj, e}, implying (3.7) since linear functions

are Borel-measurable. Consequently, the maximum-likelihood detection rule (3.3) for

our case reduces to

p (x0 + e|z0)|x0+e=y

H0

≷
H1

p (x1 + e|z1)|x1+e=y . (3.8)

Next, we provide a theorem where we specify the optimal detection rule and the cor-

responding conditional probability of error (conditioned on {z0, z1}).

Theorem 3.1.1 For the case of P = 0 (i.e., u = 0 almost surely), the maximum

likelihood detection rule (3.8) is given by

‖Σ−1/2
y|z

(
y − µy0|z0

)
‖
H1

≷
H0

‖Σ−1/2
y|z

(
y − µy1|z1

)
‖ (3.9)

The corresponding (conditional) probability of error (conditioned on z0 and z1) is given
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by

Pr [error | {z0, z1}] = Q

(
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖

2

)
(3.10)

where

µyi|zi = E (yi | zi)|yi=xi+e = ΣxT
T
(
TΣxT

T
)−1

zi, for i ∈ {0, 1}, (3.11)

Σy|z = Cov (yi | zi)|yi=xi+e, i=0,1 = Σx + Σe −ΣxT
T
(
TΣxT

T
)−1

TΣx (3.12)

and Σy|z is positive definite.

Proof :

See Appendix A.

Remark 3.1.1 Theorem 3.1.1 in particular states that if z0 = z1, conditional prob-

ability of error is 1/2, which is a restatement of the fact that if there is nothing to

discriminate in terms of the codebook of the detector then i = 0 and i = 1 are equiva-

lent for the codebook, converting the detection process to a fair coin tossing experiment.

Remark 3.1.2 The positive definiteness of Σy|z, which is shown in Appendix A, yields

that if z0 6= z1, which is true almost surely, then we get Pr[error | z0, z1] < 1/2. More-

over, the argument of the Q-function is always nonnegative (this will allow us to set a

tight bound on the expected probability of error, and analyze this bound in Sec. 3.2).

With the characterization of the conditional performance of the MAP detector given by

Theorem 3.1.1, we can proceed to discuss the expected, i.e. unconditional, probability

of error of the MAP detector and optimal transform(s) in this sense.
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3.2. Optimal Linear Operators In The Expectation Sense

In this section we study the overall performance of the case P = 0. The sense

of overall performance for this section is expected probability of error, where by ex-

pected probability of error we mean unconditional probability of error. As explained

in Sec. (2.2), we first define our performance criterion and discuss an analytically

tractable revision on it. Then the objective is to find linear partial information ex-

traction scheme(s) that optimizes the system performance in terms of the criterion

discussed.

We first define the expected probability of error for the MAP detector.

Definition 3.2.1 “The expected probability of error of the MAP detector”, denoted by

Pe, for detection with partial information in additive Gaussian channel is

Pe = E{z0,z1} (Pr [error | {z0, z1}]) , (3.13)

where E{z0,z1} (.) denotes expectation with respect to the joint distribution of z0 and z1.

Using this definition with the result of Theorem 3.1.1, the expected probability of error

for the additive gaussian channel, i.e. Pe, is given by

Pe = E{z0,z1}

(
Q

(
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖

2

))
, (3.14)

where µyi|zi and Σy|z are as in Theroem 3.1.1. The expected probability of error given

by (3.14) is not tractable for an analysis carried to characterize the optimal linear

transform T that minimizes it. This stems from the fact that, T is a function of the

statistics of the system, i.e., although it is easy to find a linear transformation minimiz-

ing the conditional probability of error (since Q-function is monotonic in its argument)

this linear transform (which is a function of realizations of x0 and x1) may fail to

minimize conditional probability of error for other realizations, so to characterize the
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expected probability of error minimizing transform (which, then, would be a function

of statistics of the system) we must evaluate the expectation in (3.14). However, the

result of the expectation operation, i.e., the m × m-fold integration in (3.14) is not

given in terms of standard analytical functions. Therefore, we continue our analysis

by characterizing linear operator(s) that minimize a tight upper bound on the expected

probability of error defined by (3.14).

By virtue of the above discussion on the tractability of the analysis of linear

transforms minimizing Pe, we follow the following approach; we first bound the condi-

tional probability of error for any given pair of {z0 , z1} from above and make use of

the fact that expected value of this upper bound is an upper bound on the expected

probability of error (since, by definition, Pr [error | {z0 , z1}] ≥ 0). The use of an up-

per bound clearly makes sense since we aim to minimize our objective function, i.e.,

Pe. The upper bound on Pr [error | {z0 , z1}] that we use is the Chernoff bound on

the Q-function (see Basic Inequality in [16]). This bound is an exponentially decaying

and hence a tight upper bound on Q-function. The expected Chernoff bound, which

replaces the primary objective function Pe in the design of optimal linear transfom T

due to its analytical tractability and sufficient tightness, is derived in the following

proposition.

Proposition 3.2.1 The Chernoff bound on Pr [error | {z0 , z1}] is given by

Pr [error | {z0 , z1}] ≤
1

2
exp

(
−
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖2

8

)
. (3.15)

Also, the corresponding expected Chernoff bound on Pe is

Pe ≤
1

2

{
det

(
Im +

TΣxΣ
−1
y | zΣxT

T
(
TΣxT

T
)−1

2

)}− 1
2

. (3.16)

Proof :
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See Appendix B.

The bound on expected (unconditional) probability of error of the MAP detector,

given by (3.16) is the objective function we aim to minimize for this section. The min-

imization is carried over a class of linear transformations that posses certain properties

imposed by the physical structure of the system analyzed. The obvious one of these

properties is the dimensions of the transformations, and the other one is the constraint

on its rank. The rank constraint is set to ensure that the partial information shared

between the two sides of communication is not below or above a certain level, i.e., the

space where the original signals are projected have a definite structure.

In the light of Proposition 3.2.1 and the discussion above we are ready to define the

optimal linear transformation in the sense of probability of error bound minimization.

Definition 3.2.2 The “probability of error bound minimizing transform T∗” is defined

as

T∗
4
= argmax

T∈Rm×n
r(T)=m

det

(
Im +

TΣxΣ
−1
y | zΣxT

T
(
TΣxT

T
)−1

2

)
(3.17)

This definition of T∗ not only defines the optimal T (in a probability of error bound

sense) but also constructs our main problem in this section. More concretely, given the

statistical structure of xi, i ∈ {0, 1} and e (all having zero mean normal distributions)

we show how to construct T∗ given by Definition 3.2.2.

The problem induced by the construction of the optimal transform T∗ is char-

acterized fully by the covariance matrices Σx and Σe, since the objective function to

be maximized given in (3.17) is a function of T,Σx and Σe. Below, we solve this

problem, i.e., the construction of T∗ for any given pair of matrices Σx and Σe that

are positive definite (as assumed in Sec. 2.2). Also special cases are studied to provide

comprehension. We start with the following reduction of the original problem.
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Proposition 3.2.2 Let ST be the set of m × n rank m matrices and SM be the

set of m × n orthonormal matrices, i.e., ST = {T ∈ Rm×n | r (T) = m} and SM ={
M ∈ Rm×n |MTM = Im

}
. Suppose there exists M∗ ∈ SM that satisfies

M∗ = argmax
M∈SM

m∏
i=1

1 +
1

λi

(
MT Λ̂PM

) , (3.18)

where Λ̂P = In − Λ−1
P ; ΛP denoting the diagonal matrix of eigenvalues of P =

Λ−1FT (Σx + Σe) FΛ−1 for which F and Λ denote matrix of eigenvectors and diag-

onal matrix of eigenvalues of Σx, respectively. Then, there also exist T ∈ ST satisfy-

ing (3.17), where cardinality of {T ∈ ST|T = T∗} is that of the continuum.

Proof :

See Appendix C.

Proposition 3.2.2 allows us to deduce the existence of T∗ with the sufficiency of

the existence of M∗. Then, in order to construct an optimal linear transformation to

extract partial information, which is the main goal of this section, we first need to show

the existence of M∗ and then construct T∗ from the construction of M∗ that is the

solution for the reduced problem (3.18). In the following proposition we handle the

first one of these tasks, i.e., the constructive solution to the existence of M∗.

Proposition 3.2.3 A set of solutions for (3.18) is given by

M =

M ∈ SM

∣∣∣∣∣ M =

 Γm

0(n−m)×m

 , Γm ∈ Rm×m is a unitary matrix

 (3.19)

Moreover,

max
M∈SM

m∏
i=1

1 +
1

λi

(
MT Λ̂PM

) =
m∏
i=1

1 +
1

λi

(
Λ̂P

) . (3.20)
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Proof :

See Appendix D

Having shown the existence of optimal linear transform T∗ we are now ready to

construct the optimal transform following the construction of the setM of M∗ provided

in Proposition 3.2.3 and the construction of the set of T∗ for a given element of M

(which was provided in Appendix C). The following theorem, which is a combination

of the results in Proposition 3.2.2 and those in Proposition 3.2.3, constructs set of

optimal linear transforms in the sense of minimum Chernoff bound on the expected

probability of error, in a self-contained way.

Theorem 3.2.1 A set of optimal linear transforms, in the sense of expected Chernoff

bound on the probability of error Pe, for communication with partial information in

Gaussian setup is given by

T =
{
T ∈ ST | T = UKΛKMTUT

PΛ−1FT ; UK is unitary, ΛK is diagonal, M ∈M
}
,

(3.21)

where ST = {T ∈ Rm×n | r (T) = m}, M is given by Proposition 3.2.3 and F, Λ and

UP denote matrix of eigenvectors and diagonal matrix of eigenvalues of Σx and the

matrix of eigenvectors of P = Λ−1FT (Σx + Σe) FΛ−1, respectively. Moreover, the

cardinality of T is equal to that of the continuum.

Proof :

By Proposition 3.2.2 we know that T 6= ∅, also by Lemma C.0.2 in Appendix C, we

know for given M∗, i.e. M satisfying (3.18), T = UKΛKM∗TUT
PΛ−1FT satisfies (3.17),

i.e., T = T∗. Moreover, a set of M satisfying (3.18), namely M, is given by Propo-

sition 3.2.3. This clearly implies that T , induced by M, is a set of optimal linear

transforms, in the sense of expected Chernoff bound on the probability of error Pe, for

communication with partial information in Gaussian setup. Finally, since by Proposi-

tion 3.2.2 we know thatM 6= ∅ implies that cardinality of T is that of the continuum,

we are done by Proposition 3.2.3.
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Theorem 3.2.1 gives us a complete characterization for a (large) set of optimal

solutions for the problem given by Definition 3.2.2. In the following remark, we study

the behavior of optimal transforms given by this solution compared to arbitrary trans-

forms, which are elements of ST. Also we study the behavior with respect to changing

system parameters and provide further analytical results for a special case.

Remark 3.2.1 The provable optimality of linear transforms is analyzed in this remark.

We first illustrate this optimality.

• Optimality of T ∗: Theorem 3.2.1 gives a set of optimal linear transforms, however

does not address the “denseness” of T in ST, i.e. the question of “is it easy to

find an optimal transform in ST randomly, and how much is the performance of

transforms in ST\T separated from that of optimal transforms?”. The computa-

tional results in Figure 3.1 give us a basis to discuss this issue. In Figure 3.1 the
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Figure 3.1. Performance of T∗ compared to arbitrary T ∈ ST, Pe indicates Chernoff

bound on expected probability of error here.

simulations are performed with Σx and Σe having uniformly distributed eigenval-
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ues, and the result is given using the reciprocal of the Chernoff bound on Pe to

improve visibility. This figure shows two simple results. One result is that it is

not “easy” to guess an element of T randomly (we actually simulated over much

larger number of trials, however give here the result for a set of 1000 trials for il-

lustrative purposes). This is clear by observing that none of the transforms chosen

randomly from ST achieves the optimal value calculated from (3.20) in Proposi-

tion 3.2.3, except T∗ constructed by (3.21) and indicated as the transform in the

middle of set of transforms, i.e. T500. Also, the minimum value of the bound on

Pe achieved by arbitrary choices is not even close to that achieved by T∗, it is

around 4 times larger than the minimum bound on Pe (moreover, the difference

in performances is much larger for other choices of n,m and E (‖x‖2) /E (‖e‖2),

but again we hold this difference in a visible range). By these two results, it is

possible to claim that T is not “dense” in ST, i.e. construction for optimality

gives a distinguished performance in the sense of Chernoff bound on Pe.

• Pe vs. E (‖x‖2) /E (‖e‖2): In this part we observe the effect of SNR defined by

SNR = E (‖x‖2) /E (‖e‖2) on the optimality of T∗. Figure 3.2 is given to discuss

this effect. Similar to Figure 3.1, the simulations in Figure 3.2 are performed

with Σx and Σe having uniformly distributed eigenvalues, where the effect of

SNR = tr(Σx)/tr(Σe), for tr(.) representing the trace operator, is taken into

consideration. The result is clear and expected; as SNR increases the performance

at optimality is improved, since for higher SNR it is possible to discriminate z0

from z1 better, which then improves detection if we consider ML detection rule

given by (3.9) and µyi|zi = E (yi | zi)|yi=xi+e = ΣxT
T
(
TΣxT

T
)−1

zi.

• Pe vs. m: In this case, we study the effects of the amount of partial informa-

tion shared by the detector side on the bound on the expected performance of the

detector. In other words, we observe the effect of the information available to

the detector to construct its “codebook” for the binary data. This case is stud-

ied for Σx and Σe having uniformly distributed eigenvalues and SNR = 1. For

n = 50, we construct T∗ for particular values of m and evaluate its performance

in the sense of expected Chernoff bound on Pe. Results are plotted in Figure 3.3.

Again the result is as expected; for increasing amount of partial information the

capability of the detector to make a decision between z0 and z1 increases, so we
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Figure 3.2. Performance of T∗ for changing SNR, Pe indicates Chernoff bound on

expected probability of error here. Also, SNR is in dB.
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Figure 3.3. Performance of T∗ for changing partial information length, Pe indicates

Chernoff bound on expected probability of error here.
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observe a decreasing optimal bound, which is achieved by T∗. An important ob-

servation is that as m increases to n, the performance at optimality converges to

that for m = n, which is the Gaussian bound (the case for T is invertible) given

by 1
2

{
det
(
In + ΣxΣ−1

e

2

)}− 1
2
, derived from (3.16).

• Pe vs. n: In this part we study the effect of changes in signal length on the

performance of T∗. The simulations, which were carried for various Σx and Σe

all having uniformly distributed eigenvalues, are depicted in Figure 3.4. This time,
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Figure 3.4. Performance of T∗ for changing signal length, Pe indicates Chernoff

bound on expected probability of error here.

the results might seem to be counter-intiutive if one forgets the task of the detector,

i.e. binary detection using partial information. The crucial point is that since

m is constant, i.e. the dimension of the space of partial information is constant,

as n increases we get more degrees of freedom to construct the optimal transform

T∗ (i.e. the cardinality of the set of eigenvalues of P increases and hence we get

a possibly higher optimality given by (3.20) that M∗ achieves, hence optimality

of corresponding T∗ is improved). One can conclude that, since we increase the

redundancy in the signal representing binary information, the performance of

decoding is improved, which is similar to an argument for error-correction coding.
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• The i.i.d. Case: Now consider the case where we have Σx = σ2
xIn and Σe = σ2

eIn.

Then, the objective function in (3.17) gives

det (ΣzAB) = det

(
Im +

VT
T

2

((
1 +

σ2
e

σ2
x

)
In −VTVT

T

)−1

VT

)
(3.22)

= det

(
Im +

1

2

σ2
x

σ2
x + σ2

e

VT
T

(
In +

σ2
x

σ2
e

VTVT
T

)
VT

)
(3.23)

=

(
1 +

σ2
x

2σ2
e

)m
(3.24)

where ΣzAB
4
= Im + ΣzATB−1A

2
for which A = ΣxT

T
(
TΣxT

T
)−1

, B = Σy|z,

Σz = TΣxT
T and VT is the orthogonal matrix of right singular vectors of

T. Here, the first equality follows from properties of determinant (and taking

into parentheses of invertible product of unitary matrix of left singular vectors

and diagonal matrix of singular values of T), the second one follows from the

fact that
(
In − aVTVT

T

)−1
= In − a

a−1
VTVT

T (you can verify by direct calcu-

lation) for a 6= 1 and it is simple to derive (3.24) from the second equality.

Also, this direct calculation completely matches with the Gaussian bound equal to

1
2

{
det
(
In + ΣxΣ−1

e

2

)}− 1
2

for the case m = n.

Here, by (3.24) we can conclude that there is nothing to optimize with respect to

T for given m, i.e., T = ST. This is an expected result, since there is nothing

“biased” by the statistical structure. However, there is one important point; as

the size of partial information increases the optimality point is improved. This is

again an expected result, because as m increases the capability of the detector to

discriminate in a higher dimensional space of partial information increases.

Moreover, for a case where the ratio between n and m is kept fixed, i.e., m/n = k,

we have the following bound on the error exponent for our system (by (3.16))

lim
n→∞

− 1

n
logPe ≥ 2k log

(
1 +

σ2
x

2σ2
e

)
. (3.25)

In this section, we have fully characterized the structure of optimal linear transforms

in the sense of expected Chernoff bound on the probability of error and discussed its

behavior for various cases. Now we analyze communication with partial information



23

(with no jammer) under a different criterion for optimality.

3.3. Optimal Linear Operators In The Probabilistic Sense

The criterion induced by the concept of expected (unconditional) probability of

error, which was studied in Sec. 3.2, is not the only or the most important criterion

for the system given by Figure 2.1 for P = 0. For instance, instead of minimizing

the expected probability of error, one may aim to solve the problem of minimizing the

probability of the cases for which the conditional probability of detection error exceeds

a threshold, which, for instance, is more meaningful if we consider the “high” error

cases as undesired and “low” error cases as acceptable. In this section, we analyze

the system described by Figure 2.1 for P = 0 exactly under this criterion, i.e. we

aim to characterize optimal linear transforms which minimize the probability of the

cases for which the conditional probability of detection error is above a pre-determined

threshold value. This criterion is set to design the optimal linear transform in order to

exclude cases of high error completely from the system, therefore it imposes a “harder”

limitation on the performance. Similar to the case with expected probability of error

criterion, we use binary MAP detection for given side information, i.e., the detector

operates in the same way as it does in previous section, however the criterion is different

from that in previous section.

For the criterion introduce above, we first define the “failure probability for the

constant α”.

Definition 3.3.1 “The failure probability for the constant α”, denoted by Pα for de-

tection with partial information in additive Gaussian channel is

Pα = Pr{z0,z1} [Pr [error | {z0, z1}] > α] , (3.26)

where Pr{z0,z1}[.] denotes the probability evaluated with respect to the joint distribution

of z0 and z1 and Pr [error | {z0, z1}] is given by (3.10).
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This expression is clearly trivial for α ≥ 1/2 with Pα = 0. So we assume α ≤ 1/2.

Now, if we consider Pr [error | {z0, z1}] as a function of {z0, z1}, which then becomes a

random variable, and denote the cumulative distribution function of Pr [error | {z0, z1}]

evaluted at α by FP (z0,z1) (α) the expression for Pα given by (3.26) satisfies Pα =

1 − FP (z0,z1) (α) (assuming α is a continuity point of FP (z0,z1)), this is why we use the

phrase “the cumulative distribution function of the conditional probability of error” in

Sec. 2.2 to identify the problem studied in this section.

Here, if we consider Definition 3.3.1 together with (3.10), we get

Pα = 1− Pr{z0,z1}

[
Q

(
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖

2

)
≤ α

]
. (3.27)

So, in order to minimize the probability of exceeding the conditional probability of

error threshold α, i.e. Pα, we aim to maximize the cumulative distribution function

of Pr [error | {z0, z1}] evaluted at α, i.e. FP (z0,z1) (α). Now, we can further simplify

FP (z0,z1) (α) in the following way

FP (z0,z1) (α) = Pr{z0,z1}

[
Q

(
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖

2

)
≤ α

]
(3.28)

= Pr{z0,z1}

[
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖2 ≥ 4

[
Q−1 (α)

]2]
(3.29)

= Prγ
[
γTGγ ≥ δ

]
(3.30)

where γ
4
= z0 − z1, G

4
= ATB−1A for A

4
= ΣxT

T (TΣxT
T )−1 and B

4
= Σy | z and δ =

4
[
Q−1 (α)

]2
. Here, (3.28) is equal to (3.29) since Q(.) is an invertible decreasing

function of its argument and (3.29) is equal to (3.30) by Theorem 3.1.1. So, our

objective function boils down to one minus the cumulative distribution of the sum of

squares of (possibly) correlated normal random variables. We discuss the analytical

tractability of the cumulative function of this random variable, which is a function of

γ, in Remark 3.3.1.

Remark 3.3.1 First of all, since G is symmetric, by spectral decomposition (see [15])
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we have G = UGΛ2
GUT

G, where UG,ΛG ∈ Rm×m are unitary and invertible diagonal

(since G > 0, see Appendix B). Now let β
4
= ΛGUT

Gγ. So we have Prγ
[
γTGγ ≥ δ

]
=

Prβ
[
βTβ ≥ δ

]
, yielding by (3.30)

FP (z0,z1) (α) = 1− Prβ
[
βTβ < δ

]
. (3.31)

So our aim becomes minimizing the objective function Prβ
[
βTβ < δ

]
. Here, by the

definition of β, we know β ∼ N (0,Σβ), where Σβ = ΛGUGΣγU
T
GΛG (see [17]),

which is clearly a symmetric covariance matrix. Then, by spectral decomposition if we

let Σβ = UβΛβU
T
β , we get

Prβ
[
βTβ < δ

]
= Prβ

[
tr
(
ββT

)
< δ
]

(3.32)

= Prβ
[
tr
(
UT
βββ

TUβ

)
< δ
]

(3.33)

= Prβ
[
‖ρ‖2 < δ

]
, (3.34)

where (3.33) follows from the properties of trace operator and ρ
4
= UT

ββ is a zero mean

normal random vector with a covariance of Σρ = Λβ (see [17]), i.e. it is a vector

composed of uncorrelated (hence independent, by normallity) but not identically dis-

tributed normal random variables. Then, our objective function reduces to the cumu-

lative distribution function of the sum of m independent (since measurable functions

of independent random variables are independent and polynomials are measurable) chi-

squared random variables with non-identical densities. Since they are non-identically

distributed,
∑m

i=1 ρ
2
i is not a chi-squared random variable with m degrees of freedom.

To see if we can derive the cumulative distribution for ‖ρ‖2, we consider its

characteristic function (since there is a one-to-one correspondence between character-

istic functions and corresponding distribution functions, see [16]), which is given by the

multiplication of the characteristic functions of independent components of ρ (see [16]).
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Then we can derive (see [17] for characteristic function of one component)

φP
ρ2i

=

(
m∏
k=1

∆
1/2
k

)
exp

(√
−1

2

m∑
k=1

arccos (∆k)

)
where ∆k =

(
1 + 4Λ2

β;k,kt
2
)−1/2

,

(3.35)

where Λβ;k,k indicates the kth diagonal entry of Λβ. The inverse Fourier transform of

φP
ρ2i

corresponds to distribution function of ‖ρ‖2, for continuity points of the distribu-

tion function (see [16]), which is supposed to yield our objective function for α taken as

a continuity point. This inversion seems impossible to tract in terms of known analyti-

cal functions, since Λβ;k,k may change for various k, ttherefore we follow the approach

of constructing a bound for Pα and analyzing this bound.

Because of the difficulty of the analytical tractability of Pα, and equivalently that

of Prβ
[
βTβ < δ

]
for constructing optimal linear transforms, we set an upper bound

on Prβ
[
βTβ < δ

]
that is derived in terms of the eigenvalues of Σβ and analyze opti-

mal transforms achieving the optimal value of this bound. Since we aim to minimize

Prβ
[
βTβ < δ

]
, which is equivalent to minimizing Pα, we set an upper bound to be min-

imized, as in Sec. 3.2. The following proposition gives this bound on Prβ
[
βTβ < δ

]
.

Proposition 3.3.1 The bound on Pα is given by

Pα ≤ P

m
2
,

δ

4λmin

(
TΣxΣ

−1
y | zΣxTT (TΣxTT )−1

)
 , (3.36)

where P (., .) is the regularized gamma function.

Proof :

See Appendix E

The above proposition allows us to consider a cost function that is analytically

tractable in terms of T, which is the only parameter of system we have control on. We

aim to minimize the cost given by right hand side of (3.36) over the set of full-rank
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m×n real matrices, where again as in previous case we, we want to restrict the partial

information shared between the two sides of communication and hence require m < n.

On the other hand, we want that the partial information provided to the detector side

is efficient, which then imposes the full-rank property for the linear transformation

used to extract this information from the original signal.

Since we have the (tractable) cost function given by (3.36), we can define the

optimal transform, using that the regularized gamma function is strictly monotonic

in both of its arguments. Hence we have the following definition for the problem of

concern.

Definition 3.3.2 The “linear transform minimizing the bound on the cumulative dis-

tribution function of conditional probability of error” is defined as

T∗
4
= argmax

T∈Rm×n
r(T)=m

λmin

(
TΣxΣ

−1
y | zΣxT

T
(
TΣxT

T
)−1
)
. (3.37)

By Definition 3.3.2 we also provide the main problem of this section, i.e. characterizing

the optimal linear transform given by (3.37). Similar to the previous on optimal linear

transforms in expected sense, we follow a constructive approach to this problem. The

construction of a set of optimal linear transforms is accomplished by first providing a

reduction of the original problem, for which we have a corresponding set of optimal

transforms in the sense of (3.37), and then show how we can construct the optimality

“points” for this reduced problem. The results of this approach, which is similar to

that in the previous section, are given in Theorem 3.3.1, where the above described

steps are followed in its proof in Appendix F.

Theorem 3.3.1 A set of optimal linear transforms, in the sense of the bound on the

cumulative distribution function of the conditional probability of error in (3.37), is

given by T in (3.21), i.e., if T is optimal in the sense of Definition 3.2.2 then it is

also optimal in the sense of Definition 3.3.2, achieving the maximum value given by
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P
(
m/2, δ/4

(
1

λm(Λ̂P)
− 1

))
, where λm

(
Λ̂P

)
indicates the mth smallest eigenvalue of

Λ̂P given in Proposition 3.2.2.

Proof :

See Appendix F.

Remark 3.3.2 The minimum value of λmax

(
ÂT Â

)
can be achieved also by a linear

transform with less number of rows, i.e. for smaller m. So a question arises: “Is it

enough to use only 1 dimensional partial information to achieve bound minimizing opti-

mality for the criterion of minimizing the bound on the cumulative distribution function

of conditional probability of error?”. The answer is “No”, because if we have 1 di-

mensional partial information we achieve the bound P
(

1/2,max
{
λmax

(
ÂT Â

)}
δ/2
)

where P
(

1/2,max
{
λmax

(
ÂT Â

)}
δ/2
)
> P

(
m/2,max

{
λmax

(
ÂT Â

)}
δ/2
)

, and

P
(
m/2,max

{
λmax

(
ÂT Â

)}
δ/2
)

indicates the bound achieved by T∗ (for m > 1).

Therefore, although we achieve the same cost function given by (3.37) for given m, the

bound achieved on Pα decreases as m increases, i.e. providing more partial information

decreases the bound on Pα, which is expected.

As in the case of previous section, Theorem 3.3.1 gives us a complete characterization

for a (large) set of optimal solutions for the problem given by Definition 3.3.2. In

Remark 3.3.3, we study the optimal transforms in terms of the effects of the system

parameters on performance and we also qualitatively observe the superiority of optimal

transforms to arbitrary transforms in ST.

Remark 3.3.3 This remark studies the overall behavior of optimal transforms defined

by (3.3.2).

• Optimality of T ∗: Similar to Theorem 3.2.1, Theorem 3.3.1 does not address the

issue of the superiority of T∗ to other full-rank linear transforms of size m × n.

Figure 3.5 addresses this issue qualitatively. Again, to improve visibility of the
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Figure 3.5. Performance of T∗ compared to arbitrary T ∈ ST, Pα indicates eigenvalue

bound on Pα.

difference, we give the results in terms of their reciprocals. The superiority of T∗

is clear from the figure, where the optimal bound achieved by T∗ is more than

3 times smaller than that for other randomly chosen transforms in ST. Also,

as in the previous section, the performance of none of the random transforms is

“close” to that of T∗, allowing us to claim about the distinguished performance

of T∗ compared to randomly chosen transforms. Here, simulations are performed

for Σx and Σe having uniformly distributed eigenvalues.

• Pα vs. α: In this part of the remark, we study the behavior of Pα with respect to α.

This relation between Pα and α is easy to discuss about, since Pr [error | {z0, z1}]

has a strictly increasing cumulative function between 0 and 1, which yields that

the bound on 1−Pr{z0,z1} [Pr [error | {z0, z1}] < α] is strictly decreasing between 1

and 0 (if it is tight enough). Figure 3.6 illustrates the above inferences, where the

simulations are performed for Σx and Σe with uniformly distributed eigenvalues.

• Pα vs. SNR: The effect of changing SNR is given by Figure 3.7, where, again,

simulations are performed for Σx and Σe having uniformly distributed eigenval-
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ues. The results are, simply, as expected; as SNR increases the conditional prob-
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Figure 3.7. Performance of T∗ for changing SNR, Pα indicates eigenvalue bound on

Pα.
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ability of error decreases and hence its cumulative distribution function increases

for all α. This yields the expected inverse relationship between the bound on Pα,

which is 1− Pr{z0,z1} [Pr [error | {z0, z1}] < α], and SNR.

• Pα vs. m: Here, we study the effect of partial information size m on the per-

formance of T∗. As in the expected error case, the increasing amount of partial

information shared by the detector improves the performance at optimality since

the capability of the detector to make a correct decision conditioned on partial

information increases. The results are given in Figure 3.8. Also, as the partial

information shared approaches “complete” information, i.e. m → n, the perfor-

mance approaches to that of the case where T∗ is invertible. Hence, the bound

approaches to P (n/2, δ/4 (λmin (ΣxΣ
−1
e ))), which is derived by assuming invert-

ibility of T∗ in (3.37).
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Figure 3.8. Performance of T∗ for changing partial information size, Pα indicates

eigenvalue bound on Pα.

• Pe vs. n: As the last parameter of the system, we investigate the effect of trans-

mitted signal size in this part. Similar to expected error case, we should not forget

that the detector aims to make a decision regarding its index, i.e., aims to make

a “binary decision”. So, as the size of the originally transmitted signal increases
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the capability of the detector to distinguish between the corresponding partial in-

formation increases, and that is why the bound on the probability of the “failure”

of the detector decreases. More concretely, as the size of the space character-

ized by transmitted signals increases, the possibility to find smaller eigenvalues

for TΣxΣ
−1
y | zΣxT

T
(
TΣxT

T
)−1

increases, which in turn implies that the bound

on the failure probability decreases. The results of simulations are given in Fig-

ure 3.9.
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Figure 3.9. Performance of T∗ for changing signal size, Pα indicates eigenvalue bound

on Pα.

The above discussion in Remark 3.3.3 completes our study of optimal transforms in

the sense of (3.37). Consequently, we have completed our study of the case with no

jammer, i.e., the case for which P = 0, almost surely. Now, we proceed to formulate

and analyze communication with partial information in the presence of an intelligent

jammer, which has constraint capabilities.
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4. DETECTION IN THE PRESENCE OF A JAMMER

In this section, the system in Figure 2.1 for ‖u‖2 ≤ P a.s., where P > 0, is

studied. In other words, we study communication with partial information in the

presence of a jammer, where the jammer function is not necessarily 0 for a set of

probability measure one, however is subject to the peak power constraint given by

‖u‖2 ≤ P a.s.. As described in Sec. 2.2, jammer is assumed to be all-knowing, i.e.,

jammer is assumed to know the binary information i, the codewords of transmitter

x0 and x1 and the linear transform T. The only information jammer lacks is the

realizations of noise e, moreover we assume that u
4
= J (i,x0,x1,T) is independent of

e. One should note that, this characterization of u allows it to be a random function

of its arguments, where we require u be a Borel measurable function of its arguments

to make sense as a random variable.

If we consider the detector structure for this section, we should first note that it is

not an MAP detector, which was the case for the additive Gaussian channel studied in

previous sections. For the case including a jammer, the detector is assumed to be aware

of the “existence” of the jammer, however it has no information on the “capabilities”

of the jammer. This implies that (although the detector can solve for the optimal

jammer behavior if it has “complete” characterization of the jammer) the detector is

unaware of the statistics of the jammer, and hence cannot apply optimal MAP rule for

binary detection. Instead, it applies a sub-optimal, however less parametric and hence

less sensitive to unknown system parameters, method of minimum Euclidean distance

detection in the subspace induced by the linear transform T, i.e. in range space of

T. Then, the jammer aim is to worsen the performance of this detector by designing,

potentially random, u for each realization of transmission in terms of the probability

of binary detection. On the other hand, the linear transform designer aims to improve

the performance of detection by designing the linear transform once for all realizations

of transmission in terms of the probability of failure, as in Sec. 3.3.
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After the qualitative characterization of our problem for this section given above,

we start to formally state our problem by defining the detector operation.

Definition 4.0.3 The detection rule for minimum Euclidean distance detection in the

range space of T for equal priors on i = 0 and i = 1 is given by

‖Ty − z0‖2
H1

≷
H0

‖Ty − z1‖2, (4.1)

where y is the observation at the output of the channel, and Hi is the hypothesis of

that xi is transmitted and {z0, z1} are given.

The above definition of the detector operation, by which the “error event” makes sense,

allows us to define our main objective function for this section, namely “the worst-case

failure probability”.

Definition 4.0.4 “The worst-case failure probability”, denoted by Pα,J∗, is given by

Pα,J∗ = Pr{z0,z1}

[
Pr [error|{z0, z1}]

∣∣∣∣
u=u∗

> α

]
(4.2)

where the “worst-case jammer function”, u∗, which is required to be a Borel measurable

function of i,x0,x1,T is defined by

u∗
4
= argmax
‖u‖2≤P , a.s.

Pr [error|{z0, z1}] . (4.3)

We now proceed with the analysis of the worst-case jammer function in Gaussian setup.

4.1. Optimal Jammer Behavior Conditioned On The Partial Information

In this part, the optimal behavior in terms of the jammer, i.e. the worst-case

jammer behavior defined by (4.3), is derived for the Gaussian setup with the statistical
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characterization given in Sec. 2.2. Recall that we assume the jammer function is

a potentially random function of i,x0,x1 and T, i.e. u = J (i,x0,x1,T) does not

necessarily have a degenerate probability distribution. Theorem 4.1.1 gives us the

construction of this optimal jammer function.

Theorem 4.1.1 Worst-case jammer function criterion for communication with partial

information in Gaussian setup with power constraint P given in (4.3) is satisfied by

the deterministic function

u∗ =

−
√
P

TT (zi−zj)

‖TT (zi−zj)‖ if zi 6= zj

0 if zi = zj

(4.4)

where j, i ∈ {0, 1}, j 6= i. Moreover, u satisfies (4.3) if and only if it satisfies (4.4)

almost surely for z0 6= z1 and ‖u‖2 ≤ P for z0 = z1. Also, the worst-case conditional

probability of error is given by

Pr [error|{z0, z1}]
∣∣∣∣
u=u∗

=


Q
(
−
√
P‖TT (z0−z1)‖+‖z0−z1‖2/2
‖Σ1/2

e TT (z0−z1)‖

)
if z0 6= z1

1
2

if z0 = z1

(4.5)

Proof :

See Appendix G.

The above theorem establishes the worst-case jammer behavior in Gaussian setup

for each realization of transmission. Now we proceed to characterize optimal linear

transforms under the worst-case jammer behavior in terms of the statistical structure

of the system.
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4.2. Worst-Case Linear Operators In The Probabilistic Sense

In this part, we study the characteristics and design of linear transformations that

improve the worst-case failure probability of the binary minimum Euclidean distance

detector. We first analyze the worst-case failure probability, defined by (4.2), in terms

of its analytical tractability for designing optimal transforms that minimize it. Then we

introduce a criterion relating the improved worst-case failure probability to the design

of linear transforms constructed, with respect to the statistical structure imposed by

the system, in order extract partial information from the transmitter codebook.

In the following remark we study the tractability of Pα,J∗ .

Remark 4.2.1 Consider the definition of Pα,J∗ given by (4.2). If we substitute the

second result of Theorem 4.1.1 given by (4.5), we get

Pα,J∗ = Pr

[
Q (s (z0, z1)) > α

∣∣∣∣ z0 6= z1

]
Pr[z0 6= z1] + Pr

[
1

2
> α

]
Pr[z0 = z1]

= Pr

[
s (z0, z1) < Q−1 (α)

∣∣∣∣ z0 6= z1

]
(4.6)

= Prγ

[
−
√
P‖TTγ‖+ ‖γ‖2/2
‖Σ1/2

e TTγ‖
< Q−1 (α)

∣∣∣∣ γ 6= 0

]
(4.7)

where s (z0, z1) = −
√
P‖TT (z0−z1)‖+‖z0−z1‖2/2
‖Σ1/2

e TT (z0−z1)‖
and γ = z0 − z1. Here, (4.6) follows from

the fact that Pr[z0 = z1] = 0 and (4.7) is just a restatement. This yields that in order

to analyze the above quantity, we need to find the cumulative distribution function of

the random variable −
√
P‖TT γ‖+‖γ‖2/2
‖Σ1/2

e TT γ‖
where γ ∼ N

(
0, 2TΣxT

T
)
. However, if we recall

(3.35) in Remark 3.3.1, we can clearly say that the above given quantity is impossible

to tract in terms of the design of the linear transform to be constructed to minimize

Pα,J∗.

Remark 4.2.1 pushes us to set upper bounds on Pα,J∗ and analyze these instead of the

original cost function Pα,J∗ . Proposition 4.2.1 gives us such a revised cost function.
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Proposition 4.2.1 A bound, which is analytically tractable in terms of T, is given by

Pα,J∗ ≤ P

(
m

2
,
β2λmax

(
TΣeT

T
)

4λmin (TΣxTT )

)
, (4.8)

where P (., .) is the regularized gamma function and β = 2
[
Q−1 (α) +

√
P

λmin(Σe)

]
.

Proof :

See Appendix H.

Proposition 4.2.1 allows us to introduce a design criterion for T which aims to

minimize the bound on worst-case failure probability Pα,J∗ . This criterion, which uses

the strictly increasing character of regularized gamma function in its second argument,

is given below as the last result of the thesis.

Definition 4.2.1 The design criterion for the optimal T minimizing the bound on

Pα,J∗ in (4.8) is given by

T∗
4
= argmin

T∈Rm×n
r(T)=m

λmax
(
TΣeT

T
)

λmin (TΣxTT )
(4.9)

We finish the thesis by indicating that this design criterion makes sense since it is

set to maximize the “worst-performance” (we mean the smallest eigenvalue) of the

information shared between the two sides while minimizing the “best performance”

(we mean the largest eigenvalue) of the distortion on it. Here the effect of the jammer

is confined to the parameter β that determines the value of optimality by (4.8).
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5. CONCLUSIONS

In this thesis, we introduce the concept of communication with partial informa-

tion. The main idea is that the codebooks used by the transmitter and the receiver

are different. This concept is different from the concept of communication with side

information, where the utilized codebooks are the same but there is extra information

available to one of the communicating parties.

Within the context of communication with partial information, we particularly

concentrate on a binary detection theoretic scenario. As such, the receiver acts as a

detector, using dimensionality reduced versions of the encoder codewords, where the

dimensionality reduction is achieved via a linear transform. In the most general case,

we take into account the potential presence of a jammer, who introduces a disturbance

(jammer signal) to the transmitter output subject to a peak power constraint, prior to

an additive colored Gaussian noise channel.

In the first case of interest, we assume that the peak power constraint on the jam-

mer is the zero-triviality, which amounts to the no-jammer case. In that case, we find

the optimal (in the sense of probability of error) detection rule and subsequently derive

optimal classes of linear transforms in two senses: The first criterion is the expected

value of the Chernoff bound on the conditional probability of error of the detector;

the second criterion is a certain upper bound on the probability of the conditional er-

ror probability (conditioned on the partial information) of the detector’s being greater

than a constant. In the second case of interest, we assume that there is an active

jammer. In that scenario, we first derive the optimal (worst case) jammer signal where

the detector is confined to perform minimum-distance detection within the subspace

of the partial information. This result accordingly yields a criterion on the choice of

the dimensionality-reducing linear transform in the worst case.

Although the scenario of focus here is binary detection, we believe that the pro-

posed “communication with partial information” covers several setups of interest, espe-
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cially the cases where there is an inherent asymmetry between the transmitter and the

receiver due to the unbalanced limitations on the physical resources, such as memory

and computational power. In our future research, we plan to explore various commu-

nication theoretic setups where asymmetry is the crucial feature.
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APPENDIX A: PROOF OF THEOREM 3.1.1

Throughout the proof, we use the definitions of yi
4
= xi + e for i ∈ {0, 1}. Ac-

cordingly, we use µyi|zi = E (yi|zi) and Σyi|zi = Cov (yi|zi). We start with the following

lemma.

Lemma A.0.1 For i ∈ {0, 1}, conditioned on zi, yi is a normal random vector. Fur-

thermore

Σy|z = Σyi|zi = Σx + Σe −ΣxT
T (TΣxT

T )−1TΣx, (A.1)

is independent of i and positive definite.

Proof :

The crucial point is to show that, for i ∈ {0, 1}, yi and zi are jointly normal with

a positive definite covariance matrix. First, consider

 xi

e

 ∈ R2n. Since xi and

e are both normal and are independent, they are also jointly normal (see [17]) with

zero mean and the covariance matrix of H
4
=

 Σx 0

0 Σe

 ∈ R2n×2n. Note that, H is

clearly positive definite, since for any v =

 v1

v2

 ∈ R2n where v1,v2 ∈ Rn, vTHv =

vT1 Σxv1+vT2 Σev2 ≥ 0 by the positive definiteness of Σx and Σe (that we assumed). By

the same token,
[
vT1 Σxv1 + vT2 Σev2 = 0

]
⇐⇒ [v1 = v2 = 0] ⇐⇒ [v = 0], yielding

the positive definiteness of H.

Now, consider the linear transformation from the normal random vector

 xi

e

 ∈ R2n

to the vector

 yi

zi

 ∈ Rn+m represented by F =

 In In

T 0m×n

 ∈ R(n+m)×2n, where

0m×n denotes the m × n zero matrix. This linear transform establishes the normality
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of

 yi

zi

 ∈ Rn+m (by the properties of jointly normal random vectors, see [17]) with

zero mean and the covariance matrix of FHFT =

 Σx + Σe ΣxT
T

TΣx TΣxT
T

. To deduce

the positive definiteness of this covariance matrix, i.e., FHFT , it is sufficient to show

that F is full rank. This stems from the fact that if F is full rank (i.e., if r (F) = m+n

since m < n), for any nonzero vector s ∈ Rm+n we have FT s = w 6= 0 ∈ R2n since FT

has a trivial null-space, so we end-up with sTFHFT s = wTHw > 0 by the positive

definiteness of H.

To establish the full-rank property of F (equivalent to having “FT has a trivial

null-space”), consider a =

 a1

a2

 ∈ Rm+n where a1 ∈ Rn and a2 ∈ Rm. In this case,

FTa =

 a1 + TTa2

a1

. Suppose there exists some a 6= 0 such that FTa = 0. This

implies, a1 = 0 and TTa2 = 0. However, since r(T) = m,
[
TTa2 = 0

]
⇐⇒ [a2 = 0].

Therefore,
[
FTa = 0

]
⇐⇒ [a = 0] and hence contradiction. Thus, F is necessarily

full-rank implying positive-definiteness of the covariance matrix of

 yi

zi

, i.e., FHFT .

The remaining part is easy: normality of [yi | zi] follows from the properties

of normal distributed random variables (see [17]). The positive definiteness of the

corresponding covariance matrix Σyi|zi = Σx+Σe−ΣxT
T (TΣxT

T )−1TΣx follows from

the fact that it is the inverse of a principal submatrix of the inverse of FHFT , which

is positive definite (see (7.1.2) and (7.7.5) in [15]). Also, Σyi|zi is clearly independent

of i ∈ {0, 1}.

Corollary A.0.1 Per Lemma A.0.1, since Σy|z is positive definite, it is also invertible.

Further, it has an invertible square root.
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Remark A.0.2 From properties of normal random vectors, we have

µyi|zi = E (yi | zi) = ΣxT
T (TΣxT

T )−1zi. (A.2)

Using Lemma A.0.1 and Remark A.0.2, given y is observed we have

p (yi|zi)
∣∣∣
yi=y

=
1

(2π)n/2 det(Σy|z)1/2
exp

[
−

(y − µyi|zi)TΣ−1
y|z(y − µyi|zi)

2

]
, (A.3)

where Σy|z and µyi|zi are given in (A.1) and (A.2), respectively. Then, using the above

distribution of [yi | zi] and that Σy|z is constant in i (and also that det
(
Σy|z

)
6= 0) the

maximum likelihood detection rule (3.8) can be written as

exp

[
−

(y − µy0|z0)TΣ−1
y|z(y − µy0|z0)

2

]
H0

≷
H1

exp

[
−

(y − µy1|z1)TΣ−1
y|z(y − µy1|z1)

2

]
(A.4)

which is equivalent to stating

‖Σ−1/2
y|z

(
y − µy0|z0

)
‖
H1

≷
H0

‖Σ−1/2
y|z

(
y − µy1|z1

)
‖ (A.5)

since exp(.) is a strictly increasing function of its argument. So, the maximum like-

lihood detection rule for P = 0 is given by (A.5), which is the first result of Theo-

rem 3.1.1.

Now, if we suppose that H0 is the true hypothesis, by (A.5) we have

Pr
[
error

∣∣H0

]
= Pr

[
‖Σ−1/2

y|z
(
y − µy0|z0

)
‖2

‖Σ−1/2
y|z

(
y − µy1|z1

)
‖2

> 1
∣∣∣ y ∼ N

(
µy0|z0 ,Σy|z

)]
(A.6)
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After some straightforward algebra, from (A.6) we get

Pr
[
error

∣∣H0

]
= Pr

[(
µy0|z0 − µy1|z1

)T
Σ−1
y|zy <

c

2

∣∣∣ y ∼ N (µy0|z0 ,Σy|z)
]
, (A.7)

where we let c = ‖Σ−1/2
y|z µy0|z0‖2−‖Σ

−1/2
y|z µy1|z1‖2. Here, the random variable θ ∈ R de-

fined by θ
4
=
(
µy0|z0 − µy1|z1

)T
Σ−1
y|zy is normally-distributed (since

(
µy0|z0 − µy1|z1

)T
Σ−1
y|z

is a linear transformation from Rn to R) with mean and variance (conditioned on H0)

given respectively by

µθ =
(
µy0|z0 − µy1|z1

)T
Σ−1
y|zµy0|z0 , (A.8)

σ2
θ =

(
µy0|z0 − µy1|z1

)T
Σ−1
y|z
(
µy0|z0 − µy1|z1

)
. (A.9)

Then, Pr [error |H0] is given in terms of the standard Q-function. As a result, we have

Pr [error |H0] = Q


[(
µy0|z0 − µy1|z1

)T
Σ−1
y|z
(
µy0|z0 − µy1|z1

)] 1
2

2

 , (A.10)

= Q

(
‖Σ−1/2

y|z
(
µy0|z0 − µy1|z1

)
‖

2

)
. (A.11)

Furthermore, from symmetry with respect to hypotheses and equal priors, we have

Pr [error | {z0, z1}] = Pr [error |H0]; hence the proof.



44

APPENDIX B: PROOF OF PROPOSITION 3.2.1

We first show the first result, i.e., the Chernoff bound on Pr [error | {z0, z1}]. The

crucial point is to see that the argument of the Q-function in (3.10) is nonnegative (by

the positive definiteness of Σy | z). The result is, then, obvious by stating the Chernoff

bound in [16], i.e., Q (x) ≤ 1
2

exp
(
−x2

2

)
for x ≥ 0 and second result of Theorem 3.1.1.

To show the second part, we first restate the first result in a more suitable way:

Pr [error | {z0, z1}] ≤
1

2
exp

(
− [Aγ]T B−1 [Aγ]

8

)
(B.1)

where we use the result of Remark A.0.2 and define A
4
= ΣxT

T (TΣxT
T )−1, B

4
= Σy | z

and γ
4
= z0 − z1. This restatement allows us to state the Chernoff bound as a function

of the random vector γ ∈ Rm, hence the m×m-fold integration (integration on Rm×m)

to evaluate the expected bound reduces to an m-fold integration (integration on Rm).

Here, it is clear that γ ∼ N (0, 2Σz), where, by properties of normal random vectors,

Σz = Cov (z0) = Cov (z1) = TΣxT
T (see [17]).

Now, let g(T, z0, z1)
4
= 1

2
exp

(
− [Aγ]TB−1[Aγ]

8

)
. Then, by the above notation, we

get g(T, z0, z1) = g(T, γ), yielding

E{z0,z1} (g(T, z0, z1)) = Eγ (g(T, γ)) (B.2)

=

∫
Rm

g(T, γ)pγ (γ) dγ , (B.3)

whenever it exists (pγ (γ) denotes the probability density function of γ). To show

the existence of this expectation, and its equivalence to the second result of Proposi-
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tion 3.2.1, we simply evaluate it. By the above statement, we have

Eγ (g(T, γ)) =

∫
Rm

1/2

(2π)
m
2 det (2Σz)

1
2

exp

(
−1

2
γT Σ̂γγ

)
dγ (B.4)

=
1

2

det

([
(2Σz)

−1 + ATB−1A
4

]−1
)

det (2Σz)


1
2

(B.5)

=
1

2

{
det

(
Im +

ΣzA
TB−1A

2

)}− 1
2

, (B.6)

where Σ̂γ = (2Σz)
−1 + ATB−1A

4
and (B.5) result from the fact that the remaining

term is the integration of the probability distribution function of a normal random

vector with zero mean and the covariance matrix of
[
(2Σz)

−1 + ATB−1A
4

]−1

on Rm.

The convergence of this integral is guaranteed by the positive definiteness of the co-

variance matrix
[
(2Σz)

−1 + ATB−1A
4

]−1

, which can be shown in the following way:

First, by assumption we have that Σx is positive definite and T is full-rank. This

yields (see the proof of the positive definiteness of FHFT in the proof of Lemma A.0.1)[
the positive definiteness of Σz = TΣxT

T
]
⇐⇒ [the positive definiteness of 2Σz] ⇐⇒[

the positive definiteness of (2Σz)
−1] (see [15]). Similarly, since by Lemma A.0.1 B is

positive definite (and it is easy to show that, A ∈ Rn×m is full rank, so we skip

this here), we have [B−1 is positive definite] =⇒
[
ATB−1A is positive definite

]
⇐⇒[

ATB−1A/4 is positive definite
]
. In short, we get

[
(2Σz)

−1 + ATB−1A
4

]−1

is positive

definite since it is the inverse of the sum of two positive definite matrices, which is

itself positive definite. This result allows to make sense of the inverse of this covari-

ance matrix, i.e., (2Σz)
−1 + ATB−1A

4
and conclude that the integral of the probability

density function of the normal random vector with covariance
[
(2Σz)

−1 + ATB−1A
4

]−1

converges to 1. Also (B.6) follows from the properties of determinant (see [15]). Hence

the second result of theorem follows by substituting Σz,A and B using their definitions.
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APPENDIX C: PROOF OF PROPOSITION 3.2.2

We first define J (T)
4
= det

(
Im + 1

2
TΣxΣ

−1
y | zΣxT

T
(
TΣxT

T
)−1
)

to denote the

objective function in (3.17). Then by Theorem 3.1.1, we have

J (T) = det

(
Im +

1

2
TΣx

(
Σ−ΣxT

T
(
TΣxT

T
)−1

TΣx

)−1

ΣxT
T
(
TΣxT

T
)−1
)
,

(C.1)

where we let Σ
4
= Σx + Σe.

Now, since Σx is symmetric, by spectral decomposition of Σx (see [15]) we let

Σx = FΛΣxF
T = FΛ2FT , where F is unitary and Λ is diagonal with positive entries.

Here, the second equality follows from the fact that ΛΣx is diagonal with positive

entries, since Σx is positive definite by assumption, and hence it is also positive definite

with a diagonal square root with positive entries, which we denote here by Λ. Now, if

we let K
4
= TFΛ, we can write J (T) as

J (T) = det

(
Im +

1

2
KΛFT

(
Σ− FΛ

(
KT

(
KKT

)−1
K
)

ΛFT
)−1

FΛKT
(
KKT

)−1
)
.

(C.2)

Then, for K ∈ Rm×n if we use SVD given by (2.1) we have K = UKΛKVT
K,

where UK ∈ Rm×m is unitary and VK ∈ Rm×n is orthonormal, since r (K) = n −

dim ({x ∈ Rn |Kx = 0}) = n − dim ({x ∈ Rn |Tx = 0}) = r (T) = m. So we get,

KT
(
KKT

)−1
K = VKVT

K and KT
(
KKT

)−1
= VKΛ−1

K UT
K. Then J (T) becomes

J (T) = det

(
Im +

1

2
UKΛKVT

K

(
Λ−1FTΣFΛ−1 −VKVT

K

)−1
VKΛ−1

K UT
K

)
, (C.3)
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where we make use of invertibility of F,Λ and FT . Let P
4
= Λ−1FTΣFΛ−1, then taking

into parentheses from both sides we get

J (T) = det (UKΛK) det

(
Im +

1

2
VT

K

(
P−VKVT

K

)−1
VK

)
det
(
Λ−1

K UT
K

)
(C.4)

= det

(
Im +

1

2
VT

K

(
P−VKVT

K

)−1
VK

)
, (C.5)

by the properties of det(.) and that det (UKΛK) =
[
det
(
Λ−1

K UT
K

)]−1
. Moreover, using

matrix inversion lemma (see [15]) yields

Im + VT
K

(
P−VKVT

K

)−1
VK =

(
Im −VT

KP−1VK

)−1
(C.6)

=⇒ J (T) =

(
1

2

)m
det
(
Im +

(
Im −VT

KP−1VK

)−1
)
.(C.7)

Remark C.0.3 For (C.6) to hold, both of the inverses must necessarily exist. Here,(
P−VKVT

K

)−1
exists because

(
P−VKVT

K

)
> 0. To see this, we write P−VKVT

K =(
In −VKVT

K

)
+ Λ−1FTΣeFΛ−1 by the definition of P. Then, since Σe > 0 and

Λ−1FT is invertible Λ−1FTΣe

(
Λ−1FT

)T
> 0, clearly. Also, In − VKVT

K ≥ 0 since

λi
(
In −VKVT

K

)
= 1−λi

(
VKVT

K

)
for all i ∈ {1, 2, ..., n}. This is because VKVT

Kx =

λx implies (by multiplying both sides with VT
K) VT

Kx = λVT
Kx yielding λ = 1 or

λ = 0. So
(
P−VKVT

K

)
, which is the sum of a positive definite and a nonnegative

definite matrix , is positive definite. Moreover,
(
Im −VT

KP−1VK

)−1
exists because

Im−VT
KPVK > 0. To deduce this fact, consider Im−VT

KP−1VK = VT
K (In −P−1) VK

since VK is orthonormal. Here, In − P−1 is positive definite because, for all x ∈

Rn\{0},

xT
(
In −P−1

)
x ≥ ‖x‖2

(
1− λmax

(
P−1

))
(C.8)

= ‖x‖2 (1− 1/λmin (P)) (C.9)

= ‖x‖2
(
1− 1/λmin

(
In + Λ−1FTΣeFΛ−1

))
(C.10)

= ‖x‖2
(
1− 1/

(
1 + λmin

(
Λ−1FTΣeFΛ−1

)))
(C.11)

> 0 (C.12)
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since Λ−1FTΣeFΛ−1 > 0. So, Im − VT
KP−1VK = VT

K (In −P−1) VK > 0 since

r (VK) = r (K) = m, i.e., VK is full rank.

Remark C.0.4 (C.7) gives the first reduction in the problem of constructing optimal

transform T∗, i.e., the original problem reduces to characterizing the orthonormal VK

that maximizes J (T) in (C.7).

Now, if we let P = UPΛPUT
P, by spectral decomposition, Λ̂P

4
= In−ΛP and M

4
= UT

PVK,

which is orthonormal since UP is unitary and VK is orthonormal, we can rewrite J (T)

as

J (T) =

(
1

2

)m
det
(
Im +

(
MT

(
In −Λ−1

P

)
M
)−1
)

(C.13)

=

(
1

2

)m m∏
i=1

1 +
1

λi

(
MT Λ̂PM

) (C.14)

Then, if we suppose that there exists M∗ ∈ SM maximizing J (T) in (C.14)

then we can find a T ∈ ST given by T = UKΛKM∗TUPΛ−1FT (by the definitions

of M and K and by the SVD of K and P). Now, is this T optimal in the sense of

Definition 3.2.2? We show that M∗ corresponds to T∗ by the following Lemma.

Lemma C.0.2 Let M∗ be given by (3.18). Then T = UKΛKM∗TUT
PΛ−1FT satis-

fies (3.17), i.e., T = T∗.

Proof :

First of all, let G (M)
4
=
(

1
2

)m∏m
i=1 1 + 1

λi(MT Λ̂PM)
. Then by (C.14), G (M) = J (T),

where we find M from T by first taking the SVD of K = TFΛ and then multiplying the

matrix of right singular vectors of K by UP, which is given. Then we define the mapping

that corresponds to the relation between M and T. Let f : ST → SM, f (T) = M =

UT
PΛFTTTUKΛ−1

K . This definition is equivalent to T = UKΛKM∗TUT
PΛ−1FT , by
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the invertibility of UK,ΛK,UP,Λ
−1 and FT (if UK,ΛK are given). This mapping has

several properties. One of these properties is that for any T ∈ ST there exists unique

M = f (T) ∈ SM, since UP,F and Λ are invertible (and given) and SVD of K is unique

(see Remark C.0.5). Also, for each M ∈ SM there exists T ∈ f−1 (M), i.e. in the pre-

image of f , given by T = UKΛKM∗TUT
PΛ−1FT , however for given UP,F and Λ and

M, T ∈ f−1 (M) is not unique, since we can choose any unitary UK ∈ Rm×m and

any non-singular diagonal ΛK ∈ Rm×m to satisfy f (T) = M. Therefore, we have

characterized f as an onto function from ST to SM.

Now suppose T∗, given by (3.17), satisfies T∗ /∈ f−1 (M∗) , where M∗ is given

by (3.18). Here, since f is onto, f−1 (M∗) 6= ∅. Also, since f is a function we have

J (T∗) = G (f (T∗))
4
= G (M∗∗), where, given T∗, M∗∗ is a unique value satisfying

M∗∗ = UT
PΛFTT∗

T
UKΛ−1

K 6= M∗, by assumption. Also, again since f is a function

there exists no T ∈ f−1 (M∗) satisfying f (T) = M∗∗. Consequently we have

[
J (T∗) > J (T) ∀T ∈ f−1 (M∗)

]
=⇒ [G (M∗∗) > G (M∗)] , (C.15)

where the left side of (C.15) follows from definition of T∗. So we are done by contra-

diction and observing

f−1 (M∗) = {T ∈ ST|T = UKΛKM∗TUT
PΛ−1FT for unitary UK, diagonal ΛK}.

(C.16)

Remark C.0.5 In the above proof of Lemma C.0.2, if we do not assume exact unique-

ness but uniqueness up-to ordering for SVD, proof still remains valid. This is because

of the fact that this only results in the failure for f to have a unique value for given

T. However, this may result in only the existence of some T ∈ f−1 (M∗) satisfying

{M∗,M∗∗} ∈ f (T), may not result in M∗ ∈ f (T∗) (since T∗ /∈ f−1 (M∗)). But,

if M∗∗ ∈ f (T) for some T ∈ f−1 (M∗), then M∗ and M∗∗ are permutated versions

of each other, hence UK used to construct T∗ from M∗∗ can be permutated to yield
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another unitary matrix ÛK to construct T∗ from M∗, which yields a contradiction.

More important than this is that, if the value for f (T) is not unique, it yields a set of

permutations of an orthogonal matrix M that we take as the value of f (T) for non-

decreasing singular values case. However, by Proposition 3.2.3 we show that the cost

function G (M) is invariant under permutations, therefore we still have J (T) = G (M)

without any ambiguity. So we suppose f to be an onto function for the simplicity of

the proof of Lemma C.0.2.

Lemma C.0.2 gives the existence of T∗, with the sufficiency of the existence of M∗, and

also provides its form depending on M∗. In this form, the matrices UK ∈ Rm×m and

ΛK ∈ Rm×m, which are respectively unitary and non-singular diagonal, can be chosen

arbitrarily to form T∗ from M∗. So, as a final result, we get the cardinality of the set of

optimal transforms T equal to that of Rm×m×Rm×m×{M ∈ SM|M = M∗}. Supposing

the existence of M∗, i.e. {M ∈ SM|M = M∗} 6= ∅, this cardinality is at least equal to

that of Rm×m × Rm×m, and is at most equal to that of Rm×m × Rm×m × Rm×n, i.e. is

equal to that of the continuum (see [18]).
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APPENDIX D: PROOF OF PROPOSITION 3.2.3

First, consider the expression in (3.18). This expression is simply the prod-

uct of positive real numbers, since λi

(
MT Λ̂PM

)
> 0 for all i ∈ {1, ...,m} by the

positive definiteness of MT Λ̂PM (because orthonormal M is full-rank and Λ̂P > 0,

see Remark C.0.3). So, we follow the strategy of maximizing each positive factor

of
∏m

i=1 1 + 1

λi(MT Λ̂PM)
over SM in order to maximize the resulting product G (M)

(SM and G (M) are defined in Proposition 3.2.2 and in Appendix C, respectively).

This, clearly, corresponds to minimizing λi

(
MT Λ̂PM

)
for all i ∈ {1, ...,m} over SM.

Here the following theorem, known as the Poincaré seperation theorem that is a result

of the inclusion principle, is used to construct M minimizing λi

(
MT Λ̂PM

)
for all

i ∈ {1, ...,m}.

Theorem D.0.1 Let A ∈ Rn×n be symmetric, and let m be a given integer with

1 ≤ m ≤ n, and Bm = UTAU, where U ∈ Rn×m is orthonormal. If eigenvalues of A

and Bm are arranged in non-decreasing order, we have

λi (A) ≤ λi (Bm) ≤ λi+n−m (A) i = 1, 2, ...,m (D.1)

Proof :

See pp. 190− 191 of [15].

Then by (D.1) we have λi

(
Λ̂P

)
≤ λi

(
MT Λ̂PM

)
for all i ∈ {1, 2, ...,m} and

for all M ∈ SM, where λi

(
Λ̂P

)
is a given quantity, i.e. constant in M for all i.

Now consider M =

 Im

0(n−m)×m

 ∈ SM. Since Λ̂P is diagonal with positive entries

in the diagonal, we clearly have λi

(
MT Λ̂PM

)
= λi

(
Λ̂P

)
for all i ∈ {1, 2, ...,m},

i.e. M =

 Im

0(n−m)×m

 ∈ SM achieves the lower bound in (D.1) and hence we

conclude M ∈ {M ∈ SM |M = M∗}. On the other hand, we know that eigenvalues are
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invariant to multiplications with tranposes of unitary matrices from left and unitary

matrices from right (see [15]), i.e. for any Γm ∈ Rm×m that is unitary and for any i ∈

{1, 2, ...,m}, λi
(
ΓT
mMT Λ̂PMΓm

)
= λi

(
MT Λ̂PM

)
. Then, if M =

 Im

0(n−m)×m

 ∈
SM, which satisfies M ∈ {M ∈ SM |M = M∗}, i.e. is optimal, we also have that

MΓm =

 Γm

0(n−m)×m

 ∈ {M ∈ SM |M = M∗}, i.e.

 Γm

0(n−m)×m

 is optimal. Then,

since for MΓm we have that G (MΓm) =
∏m

i=1 1 + 1

λi(Λ̂P)
, the proof is complete.
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APPENDIX E: PROOF OF PROPOSITION 3.3.1

First of all, we should reemphasize that the reason for setting a bound on the

cumulative distribution function of ‖β‖2 is that this distribution function has a non-

tractable characteristic because the random vector β has potentially non-identically

and correlated distributed components. Then, our aim is to set a bound related to a

function of β having i.i.d. components.

Now, consider

‖Âβ‖2

‖β‖2
≤
∣∣∣∣λmax (ÂT Â

) ∣∣∣∣, (E.1)

which is true for all Â ∈ Rm×m (see [15]). Here, since Σβ = ΛGUT
GUγΛ

2
γU

T
γUGΛG

by the construction of β (see Remark 3.3.1), if we let Â = Λ−1
γ UT

γUGΛ−1
G (that

allows us to conclude that ÂT Â > 0 since Â is invertible, implying |λmax
(
ÂT Â

)
| =

λmax

(
ÂT Â

)
> 0), we get Cov

(
Âβ
)

= Im. So, Âβ is a zero mean normal variable

with the covariance matrix Im (see [17]). Then by (E.1) we have

Prβ
[
βTβ < δ

]
≤ Prβ

[
‖βÂ‖2 < λmax

(
ÂT Â

)
δ
]

(E.2)

= P

m
2
,
λmax

(
ÂT Â

)
δ

2

 , (E.3)

where (E.3) follow from the fact that the chi-squraed random variable ‖Âβ‖2, where

Âβ ∼ N (0, Im), has the cumulative distribution function F‖Âβ‖2 (x) = P
(
m
2
, x

2

)
(see [17]). Now, we can further simplify (E.3) to see the dependence of the cost on T

in the following way,

λmax

(
ÂT Â

)
= λmax

((
ΛGUT

G

)−1
ÂT Â

(
ΛGUT

G

))
(E.4)

= λmax
(
(ΣγG)−1)

=
(

2λmin

(
TΣxΣ

−1
y | zΣxT

T
(
TΣxT

T
)−1
))−1

, (E.5)
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where (E.4) follows from the properties of eigenvalues (since ΛGUG is invertible be-

cause ATB−1A in Remark 3.3.1 is shown to be positive definite in Appendix 3.2.1)

and (E.5) follows from the positive definiteness of ÂT Â (because ΛG,Λγ,UG,Uγ are

all non-singular) and from Σγ = 2TΣxT
T (by the properties of eigenvalues of positive

definite matrices, see [15]). Then, since by (3.27) and (3.31) Pα = Prβ
[
βTβ < δ

]
, the

proof is complete.
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APPENDIX F: PROOF OF THEOREM 3.3.1

We first letH (T) = λmin

(
TΣxΣ

−1
y | zΣxT

T
(
TΣxT

T
)−1
)

. Then by Theorem 3.1.1,

we have

H (T) = λmin

(
TΣx

(
Σx + Σe −ΣxT

T
(
TΣxT

T
)−1

TΣx

)−1

ΣxT
T
(
TΣxT

T
)−1
)
.

(F.1)

Similar to the analysis in Appendix C, let Σx = FΛ2FT , where F is unitary and

Λ is invertible diagonal (since Σx > 0), and K
4
= TFΛ. This yields

H (T) = λmin

(
KΛFT

(
Σx + Σe − FΛ

(
KT

[
KKT

]−1
K
)

ΛFT
)−1

FΛKT
[
KKT

]−1
)

(F.2)

If by SVD of K we write (where K is full-rank, and hence UK is unitary and ΛK is

invertible diagonal) K = UKΛKVT
K, H (T) reduces to

H (T) = λmin

(
UKΛKVT

K

(
P−VKVT

K

)−1
VKΛ−1

K UT
K

)
(F.3)

= λmin

(
VT

K

(
P−VKVT

K

)−1
VK

)
, (F.4)

= λmin

((
Im −VT

KP−1VK

)−1 − Im

)
, (F.5)

=
1

λmax (Im −VT
KP−1VK)

− 1 (F.6)

where P = Λ−1FT (Σx + Σe) FΛ−1 , (F.4) follows from the properties of eigenval-

ues, (F.5) follows from (C.6) and (F.6) follows from the properties of eigenvalues and

from the fact that Im − VT
KP−1VK > 0 with all eigenvalues satisfying 0 < λi < 1,

by Remark C.0.3. Here if we let P = UPΛPUT
P, since P is symmetric, and define

M
4
= UT

PVK, we get

H (T) =
1

λmax
(
MT

(
In −Λ−1

P

)
M
) − 1 (F.7)
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Now, if we suppose that there exists M∗ maximizing H (T) in (F.7), then since

the construction of M for Proposition 3.2.2 and construction of M here are the same, by

Proposition 3.2.2 we get the existence of T∗ with the same construction in Appendix C

(see that Remark C.0.5 still remains valid because we again have a cost function that

is invariant to permutations, see [15]).

Moreover, the construction for a set of optimal Ms, i.e., construction of M, in

Proposition 3.2.3 is shown to satisfy that every M ∈Mminimizes λi
(
MT

(
In −Λ−1

P

)
M
)

for all i ∈ {1, 2, ...,m} by Poincaré seperation theorem, yielding that it particularly

minimizes λmax
(
MT

(
In −Λ−1

P

)
M
)

and hence maximizes H (T). Moreover, the mini-

mum value is given by λm
(
MT

(
In −Λ−1

P

)
M
)

= λm

(
Λ̂P

)
, where λm

(
Λ̂P

)
indicates

the mth smallest eigenvalue of Λ̂P given in Proposition 3.2.2. This yields the mini-

mum value P
(
m/2, δ/4

(
1

λm(Λ̂P)
− 1

))
for the cost function. Consequently, the set

of transforms corresponding to this optimal set of Ms, i.e. the set T , is a set of lin-

ear transforms in ST that are optimal in the sense of the bound on the cumulative

distribution function of the conditional probability of error in (3.37). So we are done.
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APPENDIX G: PROOF OF THEOREM 4.1.1

We first derive the probability of the error event of the detector with respect to

the detection rule given by (4.1) as a function of u = J (i,x0,x1,T). First of all, if

z0 = z1 then the probability of error, is exactly 1/2 since there is nothing to separate

i = 0 and i = 1 in terms of (4.1), regardless of u. Hence for z0 = z1 there is nothing

to optimize for u, and any u ≤ P a.s. satisfies (4.3), so let u = 0 if z0 = z1. Now

suppose z0 6= z1 and that H0 is the true hypothesis, i.e., x0 is transmitted and {z0, z1}

are given. Then by (4.1) we have

Pr
[
error

∣∣H0

]
= Pr

[
‖T (x0 + u + e)− z0‖2 > ‖T (x0 + u + e)− z1‖2

∣∣ {z0, z1}
]

= Pr

[
(z0 − z1)

T T (u + e) < −‖z0 − z1‖2

2

∣∣∣∣ {z0, z1}
]

(G.1)

= Pr
[
a+ b < c

∣∣ {z0, z1}
]
, (G.2)

where a, b, c ∈ R satisfy a = (z0 − z1)
T Tu, b = (z0 − z1)

T Te and c = −‖z0−z1‖2
2

.

Here since {z0, z1} are given, by the properties of normal random variables (see [17])

and by Sec. 2.2, b is a zero mean normal random variable with a variance given by

(z0 − z1)
T TΣeT

T (z0 − z1), which is nonzero since z0 6= z1 and TΣeT
T > 0 since T

is full-rank and Σe > 0 by assumption. Also c ∈ R is a constant and a ∈ R has a

distribution induced by u (since u is potentially random). Then we have

Pr
[
error

∣∣H0

]
= E{a,b}

(
XA(a,b)

)
(G.3)

= Ea

(
Eb|a

(
XA(a,b)

))
(G.4)

= Ea

(
Q

(
a− c

‖Σ1/2
e TT (z0 − z1) ‖

))
(G.5)

where XA(a,b) is the characteristic function of the set A (a, b) = {a+b ∈ R|a+b < c} and

(G.5) follows from the fact that a and b are independent (since u and e are independent

by assumption and linear functions are measurable) and Pr [b < c− a | a, {z0, z1}] =

Q
(

a−c
‖Σ1/2

e TT (z0−z1)‖

)
.
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Then, since a ≥ −‖u‖‖TT (z0 − z1) ‖ ≥ −
√
P‖TT (z0 − z1) ‖ a.s. (by Cauchy-

Schwarz inequality and peak power constraint) and Q-function is a strictly decreasing

function of its argument, we get

Pr
[
error

∣∣H0

]
≤ Q

(
−
√
P‖TT (z0 − z1) ‖ − c
‖Σ1/2

e TT (z0 − z1) ‖

)
. (G.6)

The upper bound given by (G.6) is achieved if and only if u = −
√
P TT (z0−z1)
‖TT (z0−z1)‖

a.s. (since both Cauchy-Schwarz and peak power inequalities are satisfied with equal-

ity if and only if u = −
√
P TT (z0−z1)
‖TT (z0−z1)‖ a.s.). Moreover the case where H1 is true

is similar, yielding u∗ = −
√
P TT (z1−z0)
‖TT (z1−z0)‖ a.s. Then, since Pr

[
error

∣∣ {z0, z1}
]

=

1/2 Pr
[
error

∣∣H0

]
+1/2 Pr

[
error

∣∣H1

]
where by (G.6) Pr

[
error

∣∣H0

]
= Pr

[
error

∣∣H1

]
,

we get

u∗ =

−
√
P

TT (zi−zj)

‖TT (zi−zj)‖ a.s. if zi 6= zj

0 a.s. if zi = zj

(G.7)

where u∗ is defined by (4.3). (G.7) clearly implies that any u that satisfies (4.4) also

satisfies (4.3) (with restriction to equality everywhere, not only almost surely). Hence

the proof is complete.
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APPENDIX H: PROOF OF PROPOSITION 4.2.1

We should not forget that, the cumulative distribution function of the Euclidean

norm of a “correlated Gaussian” vector is not given in terms of known tractable func-

tions. From this assertion, it is clear that the cumulative distribution function of the

ratio of the Euclidean norms of such random vectors are not tractable. Then we follow

the result in Remark 4.2.1 and step by step set upper bounds on Pα,J∗ , which, as a

result, yield a tractable form for the design of optimal T. So we have

Pα,J∗ = Prγ

[
−
√
P‖TTγ‖

‖Σ1/2
e TTγ‖

+
‖γ‖2

2‖Σ1/2
e TTγ‖

< Q−1 (α)

∣∣∣∣ γ 6= 0

]
(H.1)

≤ Prγ

[
‖γ‖2

‖Σ1/2
e TTγ‖

< 2

[
Q−1 (α) +

√
P

λmin (Σe)

]]
(H.2)

≤ Prγ
[
‖γ‖2 < β2λmax

(
TΣeT

T
)]

(H.3)

≤ Prη

[
‖η‖2 <

β2λmax
(
TΣeT

T
)

2λmin (TΣxTT )

]
(H.4)

= P

(
m

2
,
β2λmax

(
TΣeT

T
)

4λmin (TΣxTT )

)
, (H.5)

where β = 2
[
Q−1 (α) +

√
P

λmin(Σe)

]
and η ∼ N (0, Im). Here, (H.2) follows from the

fact that ‖Σ
1/2
e TT γ‖
‖TT γ‖ ≥

√
λmin (Σe), (H.3) follows from ‖Σ1/2

e TT γ‖2
‖γ‖2 ≤ λmax

(
TΣeT

T
)

and

(H.4) follows from
‖Σ−1/2

γ γ‖2
‖γ‖2 ≤ λmin (Σγ), Σγ = 2TΣxT

T and η = Σ
−1/2
γ γ ∼ N (0, Im).

For the last equality, see [17].
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