
PHYSICAL MODELING OF DRUG DELIVERY IN SOLID TUMORS

by

Deniz Öztürk

B.S., Civil Engineering, Bo§aziçi University, 2010

Submitted to the Institute for Graduate Studies in

Science and Engineering in partial ful�llment of

the requirements for the degree of

Master of Science

Graduate Program in Physics

Bo§aziçi University

2013



iii

To my loving mother.



iv

ACKNOWLEDGEMENTS

I would like to thank my thesis supervisor, Burcin Ünlü. His vision, generosity

and kindness have created the most productive and enjoyable research environment

one could �nd. I also thank my professors, Osman Borekçi and Teoman Turgut, for

the valuable, enjoyable discussions.

Thanks to my friends, Sirin Yonucu and Nehir Banaz, for their warm friendship

and for the very inspiring discussions.

This research is supported in part by Marie Curie Reintegration Grant 268287,

Bo§aziçi University Research funding BAP 6033, BAP 7126 and TUBITAK Grant

112T253.



v

ABSTRACT

PHYSICAL MODELING OF DRUG DELIVERY IN SOLID

TUMORS

E�ective delivery of drugs is a major concern in cancer treatment. For a good

treatment response, systemically administrated drugs must reach cancer cells in su�-

cient amounts, and not induce intolerable toxicity in healthy tissues. Toxic side-e�ects

are the major dose-limiting factors in cancer treatment, and they often lead to the

suspension of the treatment. Anti-cancer drugs that are e�ective in the laboratory

models may lose potency when systemically administrated in humans. The reason is

that, drug particles have to overcome several barriers during their journey to reach

cancer cells. Impaired and heterogeneous blood supply, elevated interstitial pressure,

and di�usional barriers in tumors, all limit the amount of drug that reaches the cancer

cells. A good understanding of drug transport in tumors is necessary to improve the

e�ciency of drugs and design tumor-targeted delivery strategies. In this thesis, we

study this problem through biophysically-founded mathematical models of drug deliv-

ery. We focus on blood �ow and interstitial �uid �ow in tumors, and study how they

in�uence the delivery of drug particles. Interestingly, the hyper-permeability of tumor

vessels, inhibits the delivery of drug particles. We study this seemingly paradoxical

phenomenon, and also evaluate the potential bene�ts of the �vascular normalization�

treatment, which aims to improve drug delivery by normalizing the tumor vessels. We

also study how blood �ow patterns are impaired in tumors, and how this in�uences the

distribution of drug particles. In our simulations, instead of the conventional cytotoxic

drugs, we focus on the delivery of nanoparticles as they form the basis of �intelligent�

treatments in cancer.
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ÖZET

TÜMÖRLERE �LAÇ �LET�M�N�N F�Z�KSEL

MODELLENMES�

�laç iletiminin verimlili§i kanser tedavisinde büyük önem ta³�maktad�r. Sistemik

tedavilerde, hastan�n tedaviye iyi cevap vermesi ilaçlar�n kanserli hücrelere yeterli kon-

santrasyonlarda ula³mas�na ve sa§l�kl� dokulardaki toksisitenin tolere edilebilir düzeyde

kalmas�na ba§l�d�r. Kanser tedavisinde ba³ta gelen doz k�s�tlay�c� faktörler toksik yan

etkilerdir, ve ço§unlukla tedavinin kesilmesine sebep olmaktad�r. Laboratuvar model-

lerinde etkili olan kanser ilaçlar�, sistemik olarak uyguland�§�nda etkileri kaybolabilmek-

tedir. Bunun sebebi, ilaç parçac�klar�n�n, kanserli hücrelere ula³ana kadar baz� iletim

bariyerlerine maruz kalmalar�ndand�r. Kanser hücrelerine ula³an ilaç miktar�, tümör-

lerde genellikle gözlenen düzensiz ve k�s�tlanm�³ kan ak�³�, yüksek dokulararas� s�v�

bas�nc�, ve difüzyon engelleri gibi olgular taraf�ndan k�s�tlan�r. Tümörlerde ilaç iletim

süreçlerinin anla³�lmas� ilaç verimlili§ini geli³tirmek ve tümör-hede�i iletim stratejileri

geli³tirmek için gereklidir. Bu tezde, biyo�ziksel esaslara dayanan matematiksel mod-

eller geli³tirerek bu problemi ele almaktay�z. Tümörlerde kan ak�³� ve dokulararas� s�v�

ak�³�na odaklanaca§�z, ve bunlar�n ilaç iletimini nas�l etkiledi§ini inceleyece§iz. �lginç

bir ³ekilde, tümör damarlar�n�n s�zd�rgan olu³u (damar duvar�n�n a³�r� geçirgenli§i) ilaç

iletimini kötü etkilemektedir. Tezde, bu paradokssal olguyu yak�ndan inceleyece§iz ve

�damar normalle³tirme� tedavisinin ilaç iletimini nas�l geli³tirebilece§ini teorik bir yak-

la³�mla gösterece§iz. Ayr�ca tümörlerdeki kan ak�³� da§�l�m�n�n nas� bozuldu§unu, ve

bu bozuklu§un ilaç da§�l�m�n� nas�l etkiledi§ini inceleyece§iz. Yapaca§�m�z simülasyon-

larda geleneksel sitotoksik ilaçlardansa, �ak�ll�� kanser tedavilerinin temelini olu³turan

nanoparçac�klar� ele alaca§�z.



vii

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ÖZET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

LIST OF SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiv

LIST OF ACRONYMS/ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . xvii

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1. Overview of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2. Drug Delivery in Solid Tumors . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1. The Barrier of Elevated Interstitial Fluid Pressure . . . . . . . . 3

1.2.2. Nanoparticles in Cancer Treatment and the EPR E�ect . . . . . 6

2. BIOPHYSICS OF DRUG DELIVERY . . . . . . . . . . . . . . . . . . . . . 9

2.1. Vascular Network Structure and Tumor Angiogenesis . . . . . . . . . . 9

2.1.1. Tumor Angiogenesis . . . . . . . . . . . . . . . . . . . . . . . . 11

2.1.2. The Architecture of Tumor Vascular Networks . . . . . . . . . . 14

2.2. Blood Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3. Transvascular Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4. Interstitial Fluid Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.5. Extravasation of Drugs . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5.1. Convective Transport Across the Vessel Wall . . . . . . . . . . . 25

2.5.2. Di�usive Transport Across the Vessel Wall . . . . . . . . . . . . 28

2.5.3. The Global Convection-Di�usion Equation . . . . . . . . . . . . 30

2.6. Transport of Drugs in the Interstitial Space . . . . . . . . . . . . . . . 33

2.6.1. Di�usive Transport in the Interstitial Space . . . . . . . . . . . 34

2.6.2. Convective Transport in the Interstitial Space . . . . . . . . . . 35

2.7. Lymphatic Clearance of Interstitial Fluid and Drug Particles . . . . . . 36

3. A CONTINUUM MODEL OF DRUG DELIVERY . . . . . . . . . . . . . . 39

3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39



viii

3.2. Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.1. Transport of Interstitial Fluid . . . . . . . . . . . . . . . . . . . 40

3.2.2. Transport of Drug Molecules . . . . . . . . . . . . . . . . . . . . 42

3.2.3. Vascular Normalization . . . . . . . . . . . . . . . . . . . . . . . 45

3.2.4. Problem Domain and Boundary Conditions . . . . . . . . . . . 45

3.3. Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4. A DISCRETE MODEL OF DRUG DELIVERY . . . . . . . . . . . . . . . . 50

4.1. Coupling Blood Flow and Interstitial Flow . . . . . . . . . . . . . . . . 50

4.2. The Finite Di�erence Discretization . . . . . . . . . . . . . . . . . . . . 52

4.2.1. Discretization of the Equations for Interstitial Flow . . . . . . . 53

4.2.2. Discretization of the Equations for Blood Flow . . . . . . . . . . 57

4.2.3. Obtaining a Numerical Solution . . . . . . . . . . . . . . . . . . 58

4.2.4. Accuracy of the Rectangle Approximation for the Integral of f . 62

4.3. Modeling of Drug Transport . . . . . . . . . . . . . . . . . . . . . . . . 64

4.3.1. Vascular Transport . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.3.2. Extravasation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3.3. Interstitial Transport . . . . . . . . . . . . . . . . . . . . . . . . 67

4.3.4. Lymphatic Clearance and Biological Decay of Nanoparticles . . 68

5. RESULTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.1. Computational Domain . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2. Drug Distribution in Tumors vs. Normal Tissues . . . . . . . . . . . . 72

5.3. Blood Flow in Tumors vs. Normal Tissues . . . . . . . . . . . . . . . . 73

5.4. E�ect of Transvascular Coupling on Blood Flow and Drug Distribution

in Tumors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.5. Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80



ix

LIST OF FIGURES

Figure 1.1. Interstitial �ow is driven by the pressure di�erence between blood

and lymph vessels (Pblood − Plymphatic), and controlled by the hy-

draulic conductivity of the interstitium (K). Reprinted from Rutkowski

and Swartz [1]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Figure 1.2. Interstitial �uid pressure (IFP) is elevated in solid tumors. A: IFP

measurements by Boucher et al. [2] in a carcinoma. B: IFP (P) in

a tumor of 2 mm radius, calculated using a continuum model of

interstitial �uid �ow (See Chapter 3). . . . . . . . . . . . . . . . . 5

Figure 1.3. Nanoparticle platforms for drug delivery. Reprinted from Alexis et

al. [3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Figure 2.1. The organization of the circulatory system (A) and the microcircu-

latory network. (B): arterioles, capillaries, and post-capillary venules. 13

Figure 2.2. Wall structure of (A) continuous, (B) fenestrated and (C) sinusoidal

capillaries. Reproduced from Martini et al. [4]. . . . . . . . . . . . 15

Figure 2.3. SEMs of corrosion casts of the vascular networks in normal and

tumor tissues. Right: high-power images. Bars: 1 mm (A, C),

500 µm (E), 100 µm (B, D, F). Images A to D: Konerding et al.,

2001 [5]. Images E, F: Konerding et al., 1999 [6]. . . . . . . . . . . 17

Figure 2.4. Blood �ow velocity as a function of vessel diameter in normal tissues

(left) and tumors (right). RBC: red blood cell. Reprinted from

Yuan et al. [7] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18



x

Figure 2.5. Illustration of an intercellular cleft and tight junctions between ad-

jacent endothelial cells. Reprinted from [8]. . . . . . . . . . . . . . 20

Figure 2.6. Steric hindrance of the solutes due to size exclusion on the pore

wall. A: longitudinal cross section of a pore. B: front view of a

pore. Dashed lines: boundary of the pore space available to the

solutes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

Figure 2.7. Di�usion of solutes along a vascular pore. A: vascular and inter-

stitial concentrations. B: dependence of the concentration pro�le

on the �uid �ux. Solid line: pure-di�usion, Pe = 0. Dashed line:

convection-dominated transport, Pe� 1. . . . . . . . . . . . . . . 31

Figure 2.8. Dependence of convective (W) and di�usive (H) hindrance factors

on the ratio of solute size to pore size. Reprinted from [9]. . . . . . 32

Figure 2.9. Di�usion coe�cients for various hydrodynamic radii in PBS and

in various tumors (left, from Jain and Stylianopoulos [10]). De-

pendence of dextran di�usion coe�cients on molecular weight and

tissue type (right, from Nugent and Jain [11]). . . . . . . . . . . . 36

Figure 2.10. Functional lymph vessels of a normal (A) and tumor-implanted (B)

mouse tail. Green: �uorescent stained lymph vessels. Large arrows:

attenuated vessels possibly inside tumor. Bar: 400 µm. Reprinted

from Leu et al., 2000 [12]. . . . . . . . . . . . . . . . . . . . . . . . 38

Figure 3.1. Comparison of IFP (a), convective extravasation rate (b), and drug

concentration (c) for tumors of various sizes with normalized (dashed

lines) and untreated (solid lines) vasculature. Fields plotted at

t = 24 hours after injection. . . . . . . . . . . . . . . . . . . . . . 48



xi

Figure 3.2. In�uence of vascular normalization therapy on (a) total tumor drug

exposure, Φe and (b) spatial heterogeneity of drug distribution, Φh,

in various sizes of tumors. . . . . . . . . . . . . . . . . . . . . . . 49

Figure 4.1. Mathematical representation of the vascular space and blood �ow. 51

Figure 4.2. Discretization of ΓF
i involves an integral on the vessels contained

within the cubic space Ωi of dimensions h× h× h. . . . . . . . . . 56

Figure 4.3. Calculation of the rate of convective extravasation: the nanoparti-

cle may extravasate along with the leaking �uid. . . . . . . . . . . 66

Figure 5.1. Layout of the problem domain. Red shading: vascular network.

Greyscale shading: interstitial �uid pressure. Green dots: drug

particles within the vessels. Blue dots: drug particles within the

tissue. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

Figure 5.2. Interstitial �uid pressure was elevated in tumors (right), while it

was near-zero in normal tissues (left). Bottom panels: plots over

tissue cross sections. Solid line: IFP. Red dots: capillary blood

pressures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

Figure 5.3. Distributions of transvascular pressure di�erences (Pv − PIF) and

convection rates (f) on the individual vessels of a normal (blue)

and a tumor tissue (red). Mean extravasation rate is signi�cantly

lower in tumors (0.10 vs 0.45 µm2/s). . . . . . . . . . . . . . . . . 73

Figure 5.4. Distribution of drug particles in normal and tumor tissues 10 min-

utes after an IV injection of 1000 units. Red dashed line: inner

region of the tumor. Blue dots: extravasated drug particles. . . . . 74



xii

Figure 5.5. Magnetic resonance imaging of IFP and an intravenously-injected

contrast agent in a human lung tumor. Reprinted from Hassid et

al. [13] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Figure 5.6. Comparison of the blood �ow pattern in a tumor and a normal tissue. 76

Figure 5.7. Comparison of blood �ow patterns and distribution of drug parti-

cles in tumors with varying levels of vascular leakiness. . . . . . . 77



xiii

LIST OF TABLES

Table 1.1. IFP values in tumors, before and after anti-angiogenic treatment.

Data taken from Jain et al., 2007 [14]. . . . . . . . . . . . . . . . . 6

Table 1.2. Measured values of IFP in healthy tissues and in the centers of

various tumors. Reproduced from Jain et al., 2007 [14]. . . . . . . 7

Table 2.1. Comparison of capillary densities in several tissues. . . . . . . . . . 10

Table 2.2. Quantitative information on the topology of vasculatures in several

tissues. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Table 2.3. Hydraulic conductivities of vessels found in di�erent types of tissues. 22

Table 2.4. Hydraulic conductivities of di�erent types of tissues. . . . . . . . . 24

Table 2.5. Vascular permeabilities (Lp) for Albumin and 90 nm Liposomes in

di�erent types of tissues. . . . . . . . . . . . . . . . . . . . . . . . 29

Table 2.6. Di�usion coe�cients of several macromolecules in tissue and water. 35

Table 3.1. Interstitial �uid transport parameters. . . . . . . . . . . . . . . . . 42

Table 3.2. Parameters related to transport of 100 nm liposomes . . . . . . . . 44

Table 5.1. Parameters used in the computer simulations. . . . . . . . . . . . . 70



xiv

LIST OF SYMBOLS

A Matrix of �nite di�erence coe�cients for the blood-interstitial

�uid transport problem

c Solute concentration (mg/ml)

ci Drug concentration in the interstitium (mg/ml)

cp Drug concentration in the blood plasma (mg/ml)

C Vessel wall circumference (mm)

dv Vessel inner diameter (µm)

dart Arteriole diameter (µm)

dcap Capillary diameter (µm)

dmet Metarteriole diameter (µm)

dven Venule diameter (µm)

f Rate of �uid loss from the vessel to the interstitial space,

measured per length of vessel (ml/mm·s)
Js Total solute �ux across the vessel wall (mg/s)

js Solute �ux in tissue (mg/mm2·s)

Jv Total �uid �ux across the vessel wall (ml/s)

K, KIF Hydraulic conductivity of the tissue (cm2/mmHg·s)

KIF
i Hydraulic conductivity of the tissue on a mesh point

(cm2/mmHg·s)
Kv Blood �ow conductivity of the vessel (mm4/mmHg·s)

Kv
s Blood �ow conductivity of the vessel on a mesh point

(mm4/mmHg·s)
L Length density of intercellular clefts on the vessel wall

(mm/mm2)

Lmet Arteriolar-venular path length, i.e., metarteriole length.

Ltumor Tumor dimension (mm)

Lp Hydraulic conductivity of the blood vessel wall (cm/mmHg·s)

Lp,art Hydraulic conductivity of the arteriole wall (cm/mmHg·s)

Lp,cap Hydraulic conductivity of the capillary wall (cm/mmHg·s)



xv

Lp,ven Hydraulic conductivity of the venule wall (cm/mmHg·s)

Lp,l Hydraulic conductivity of the lymph vessel wall (cm/mmHg·s)

Mr Molecular weight (kDa)

Pd Di�usional permeability of the vessel wall for a particular so-

lute (cm/s)

P, PIF Interstitial �uid pressure (mmHg)

PIF
i Interstitial �uid pressure on a mesh point (mmHg)

Pl Lymphatic pressure (mmHg)

Pv Vascular �uid pressure (mmHg)

Pv
s Vascular �uid pressure on a mesh point (mmHg)

∆P Transvascular pressure di�erence, Pv − PIF.

P+
art Upstream arterial blood pressure used in the discrete model

(mmHg)

P−
art Downstream arterial blood pressure used in the discrete model

(mmHg)

P+
ven Upstream venous blood pressure used in the discrete model

(mmHg)

P−
ven Downstream venous blood pressure used in the discrete model

(mmHg)

qIF Interstitial �uid �ow (mm/s)

qv Blood �ow rate (mm3/s)

rf Retardation factor, i.e., ratio of solute velocity to interstitial

�uid velocity

rH Solute hydrodynamic radius

rs Solute radius

rp Pore radius

rv Vessel inner radius (µm)

S Vessel surface area (mm2)

W Hindrance factor for transvascular convection

W Intercellular cleft width (nm)

V Tissue volume (mm3)

Z geometric resistance of the vascular network



xvi

ΓFb Rate of �uid extravasation from blood vessels to interstitial

space (ml/ml·s)
ΓFl Rate of �uid drainage to the lymphatics (ml/ml·s)

θB Mean vessel branching angle

λc Tissue clearance rate of drug molecules

λd Vascular di�usion rate of drug molecules

λr Biological decay rate of drug molecules (1/s)

λFb Blood capillary �ltration coe�cient (cm/mmHg·s)

λFl Lymphatic �ltration coe�cient (cm/mmHg·s)

µ Fluid viscosity

πi Oncotic pressure in the interstitial space

πp Oncotic pressure in the blood plasma

∆π Oncotic pressure di�erence between the blood and the inter-

stitium, πp − πi.

σf Solvent drag re�ection coe�cient

σ, σd Osmotic re�ection coe�cient

φ Partition coe�cient of the solute

φF Volume fraction of the interstitial space



xvii

LIST OF ACRONYMS/ABBREVIATIONS

CD Capillary density

CSA Capillary surface area density

CW Cranial window tumor model

DC Dorsal chamber tumor model

ECM Extracellular matrix

EPR Enhanced permeability and retention

HA Hyaluronic acid

IBD Interbranch distance

ICD Intercapillary distance

IFF Interstitial �uid �ow

IFP Interstitial �uid pressure

IV Intravenous

Mu89 A human melanoma cell line

MVD Microvascular density

PBS Phosphate bu�ered saline solution

RBC Red blood cell

SEM Scanning electron micrograph

U87 A human glioblastoma cell line



1

1. INTRODUCTION

1.1. Overview of the Thesis

In Chapter 1, we will review the problems encountered in delivery of drugs into

solid tumors. We will focus on a particular problem among these, the barrier of el-

evated interstitial �uid pressure, for several reasons. First, the fact that the hyper-

permeability of tumor vessels results in poor drug delivery is counter-intuitive, and

we desired to study the mechanisms beyond this via mathematical modeling. Second,

overcoming the barrier of elevated interstitial �uid pressure could dramatically increase

the e�ciency of novel cancer therapies based on nanoparticles, such as drug carrying li-

posomes, thermal nanospheres and active tumor targeting complexes. Third, handling

this problem involves the calculation of blood �ow inside the vessel network, coupled

to the interstitial �ow within the 3-dimensional tissue, which is by itself an interesting

problem in terms of computational modeling.

In Chapter 2, we discuss the biophysical laws that govern the transport of �uid

and drugs within the body. Following a brief discussion of the blood circulation within

the body; the biophysics of blood �ow, transvascular �ow, interstitial �ow and lym-

phatic drainage is described. In the second half of this chapter, we discuss in detail

the biophysics of drug transport across the vessel walls and within the tissue. The

drug delivery models presented in the chapters following are based on the biophysical

principles laid out in this chapter.

Chapter 3 consists of a recent article from our research group. Here, we present a

continuum model of drug delivery, and study how interstitial �uid �ow and �uid pres-

sure in�uence the tumor exposure and spatial distribution of blood-injected nanopar-

ticles. In addition, we evaluate the in�uence of vascular normalization treatment on

the delivery of nanoparticles.

Chapter 4 presents a discrete model of drug delivery, which is an improvement
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on the continuum model presented in the Chapter 3. Here, in order to obtain a more

accurate picture of drug delivery, blood �ow within individual vessels is calculated in

coupling with the 3-dimensional interstitial �ow problem. Once the �ow �elds are

calculated; we determine the tissue distribution of blood-borne nanoparticles by sim-

ulating their vascular, transvascular and interstitial transport, as well as lymphatic

clearance and biological decay.

Chapter 5 presents some analyses conducted using the discrete model. Here we

compare the transvascular convection rates on the individual capillaries in tumors and

normal tissues. We �nally study the blood �ow patterns in tumors, and examine how

these patterns in�uence the spatial distribution of drug particles. We conclude the

thesis with some remarks.

1.2. Drug Delivery in Solid Tumors

E�ective delivery of anti-cancer drugs in solid tumors is one of the major concerns

in cancer treatment. Systemically-administrated cytotoxic1 drugs a�ect healthy tissues

as well as tumors, and therefore result in termination of the treatment, side-e�ects that

decrease the quality of life, and sometimes death of the patient. Improving the e�ciency

of drug delivery, has been a major focus of cancer research besides development of new

cancer drugs.

Following an intravenous bolus injection2 (IV), drugs are distributed within the

entire body via the circulatory system. They reach the tissues through capillaries, then

cross the vessel wall (extravasation) and enter the intercellular space. The intercellu-

lar space, or �interstitium�, is the space between the cells. The intercellular space is

saturated with interstitial �uid and contains polysaccharides and �brous proteins that

form a matrix structure called the extracellular matrix (ECM). After extravasation,

drug molecules travel through this biochemically active, heterogeneous and geometri-

cally tortuous medium. In this stage, they either bind to the matrix proteins, become

1a substance that is toxic to cells, e.g., chemotherapy drugs such as doxurubicin, cisplatin, pacli-
taxel, etc.

2injection of a drug into a vein in a short period of time
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biologically metabolized, drain into the lymph vessels to be removed from the tissue,

or bind to or penetrate a cell surface to start its mechanism of action. The objective

in drug delivery is increasing the amount of drug that reaches the cancer cells, and

reducing the the amount that reaches the healthy tissues.

Several physiological barriers in the above process have been identi�ed to result

in ine�ective drug delivery. Due to abnormal structure of tumor vessels, blood �ow in

tumors is impaired and heterogeneous [15], resulting in low-concentration and uneven

drug distribution in the well vascularized regions. In addition, tumors have large

avascular regions [6, 16, 17]. Compression of proliferating tumor cells might collapse

blood vessels and further impair the blood supply into the central regions of tumors

[15, 18]. In these cases, drug particles have to travel large distances by di�usion to

reach the cells in poorly perfused regions (di�usion length barrier). This may be

major problem for delivery of large molecular weight therapeutics because of their slow

di�usion rates. Speci�cally, particles larger than 60 nm in diameter can not penetrate

the ECM in many tumors [10]. Non-speci�c binding of drugs to interstitial matrix

proteins further reduces their e�ective di�usion coe�cient and the distance they could

penetrate into the tissue beyond the vessel wall [15] (binding site barrier). Transport

of drug particles in tumor interstitium will be discussed in more detail in Section 2.6.

1.2.1. The Barrier of Elevated Interstitial Fluid Pressure

In normal tissues, �uid continually leaks from blood vessels into the interstitium,

and then drains into lymph vessels. This interstitial �uid �ow (IFF) is driven by

the pressure di�erence between the blood and lymph vessels, and controlled by the

hydraulic resistance of the interstitium and the vessel walls, and osmotic pressure

di�erences between the vessel, tissue and lymph compartments (See Figure 1.1 for an

illustration, and Sections 2.3, 2.4 and 2.7 for an extensive discussion of IFF).

Due to the hyper-permeability (leakiness) of tumor vessels and the lack of func-

tional lymphatics in tumors, interstitial �uid pressure (IFP) is elevated [2]. Typical

values of IFP at the centers of various tumors are given in Table 1.2. Elevated IFP is
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Figure 1.1. Interstitial �ow is driven by the pressure di�erence between blood and
lymph vessels (Pblood − Plymphatic), and controlled by the hydraulic conductivity of the

interstitium (K). Reprinted from Rutkowski and Swartz [1].

accompanied by the reduction of the hydrostatic pressure gradients across the vessel

walls (transvascular pressure di�erence). This impairs the convective extravasation3

of blood-borne drugs. Because IFP is uniformly elevated inside tumors, convective

transport within the interstitial space is also reduced [2,19]. As their transport is dom-

inated by convection, the large molecular weight agents (e.g., drug carrier liposomes,

macromolecule-bound drugs, gold nanospheres, quantum dots) are especially prone to

the barrier of elevated IFP. In addition, due to lack of functional lymphatics, the excess

interstitial �uid exits the tumor through its boundary, to be drained by the surround-

ing functional lymph vessels [14]. This outward �uid �ow (0.1�4.0 µm/s) may sweep

the drug molecules towards the surrounding healthy tissue [13,20], and resists the dif-

fusional transport of drugs from the outer vascular parts towards the central, avascular

parts of tumors. In relation to the outward �uid �ow, IFP sharply decreases to its

normal tissue level (near zero) towards the tumor boundary (See Figure 1.2). There-

fore transvascular pressure di�erence is not lacking near the tumor boundary, leading

to rapid extravasation of interstitial �uid and drug molecules in this region [13, 14].

In conclusion, elevated interstitial �uid pressure results in heterogeneous delivery of

blood-borne agents in solid tumors [21]. In Chapter 3, using a continuum model of

drug delivery, we are going to investigate the in�uence of elevated IFP and IFF on the

spatial distribution and tumor exposure of nanoparticles.

3extravasation: escaping from the vessel to the surrounding tissue
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Figure 1.2. Interstitial �uid pressure (IFP) is elevated in solid tumors. A: IFP
measurements by Boucher et al. [2] in a carcinoma. B: IFP (P) in a tumor of 2 mm
radius, calculated using a continuum model of interstitial �uid �ow (See Chapter 3).

In the recent years, treatment of tumors with several anti-angiogenic agents4 was

shown to reduce vascular permeability and IFP, and therefore restore transvascular

pressure gradients, in a transient manner after administration [22�24]. See Table 1.1

for comparison of tumor central IFPs in various tumors before and after treatment with

anti-angiogenic agents. In addition to these e�ects, vascular normalization treatment

decreased vessel diameters and lengths, and increased blood �ow and oxygenation in

tumors [24�26]. Normalization therapy have been shown to improve the delivery of low

molecular weight drugs, such as doxorubicin and cisplatin, in some types of cancer [22].

In a study by Tong et al., vascular normalization decreased vascular permeability,

restored transvascular gradients and convection, and increased the tumor penetration

of albumin5 [23]. In xenograft models, Dickson et al. have shown that treatment with

bevacizumab decreases tumor microvessel density, tumor vascular permeability and

IFP, whereas improves drug delivery, resulting in signi�cantly greater tumor growth

inhibition [24]. Using anti-angiogenic treatments in combination with chemotherapy

have been approved for several types of cancers [22]. However, very few studies have

been made on the e�ects of vascular normalization on delivery of large molecular weight

agents, such as nanoparticles. In experiments by Chauhan et al., transvascular �ux of

4a substance that inhibits the growth of new blood vessels
5Albumin is a protein with a molecular weight of 68 kDa and a hydrodynamic radius of 3.5 nm.
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Table 1.1. IFP values in tumors, before and after anti-angiogenic treatment. Data
taken from Jain et al., 2007 [14].

Tumor type, model, anti-angiogenic factor IFP

(mmHg)
IFP

after

treatment

(mmHg)
rectal carcinoma, human, 5 mg/kg bevacizumab 15 4
rectal carcinoma, human, 10 mg/kg bevacizumab 16 5.4
spontaneous tumor, C3H mice, DC101 11.4 4.63
murine mammary carcinoma, DC101 6.13 3.10
human small cell lung carcinoma, xenograft, DC101 12.03 6.2
human glioblastoma, xenograft, DC101 11.52 5.95
human colon adenocarcinoma, xenograft, bevacizumab 13.5 3.5
human glioblastoma, xenograft, bevacizumab 12.0 3.0

12 nm nanoparticles were increased for several days after treatment with DC101 [9].

It is non-intuitive that decreasing vascular permeability improves drug delivery.

Using mathematical models in Chapters 3 and 4, we will try to shed light on this

apparent contradiction, and also try to answer whether and in what conditions vascular

normalization could improve the delivery of nanoparticles. The advantages of using

nanoparticles in cancer therapy will be discussed in the next section.

1.2.2. Nanoparticles in Cancer Treatment and the EPR E�ect

The signi�cantly higher permeability of the tumor vasculature could be taken

advantage of, in targeting of tumors. Most of the organs feature capillaries that have

pore cut-o� sizes between 6-12 nm [27], which restrain the passage of larger molecules

to healthy tissues. As tumor vessels have much larger pore cut-o� sizes (100�780

nm), therapeutical agents that are larger than 12 nm extravasate selectively in tumors,

causing lower toxicities and side e�ects. In addition, due to absence of functional

lymphatics in tumors, they remain in the tissue for longer periods. Such selective

accumulation of macromolecules in tumors is called the Enhanced Permeability and

Retention (EPR) e�ect.

Traditional cytotoxic drugs such as doxorubicin, paclitaxel and cisplatin, being
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Table 1.2. Measured values of IFP in healthy tissues and in the centers of various
tumors. Reproduced from Jain et al., 2007 [14].

Study, tissue N IFP

(mmHg)
Range

(mmHg)
Normal skin 5 0.4 -1.0 to 3.0
Normal breast 8 0.0 -0.5 to 3.0
Head and neck carcinomas 27 19.0 1.5 to 79.0
Cervical carcinomas 127 20.5 -2.8 to

94.0
Lung carcinomas 26 9.5 1.0 to 27.0
Metastatic melanomas 26 18.0 0.0 to 60.0
Breast carcinomas 21 23.7 4.0 to 53.0
Brain tumors 28 4.6 -0.5 to

15.0
Rectal carcinoma 8 15.3 12.1 to

15.8
Colorectal liver metastasis 8 21.0 6.0 to 45.0
Lymphomas 7 4.5 1.0 to 12.5
Renal cell carcinoma 1 38.0 -

small molecules (Mr: 0.3�0.5 kDa, rH < 1 nm) are distributed in the healthy as well

as tumor tissues. In contrast, novel cancer therapies based on nanoparticles could

take advantage of the EPR e�ect. Some examples to these agents are drug carrying

liposomes, protein drug carriers, gold nanospheres and ultra-small quantum dots. In

addition to passive tumor targeting via the EPR e�ect, nanoparticles could achieve

active tumor targeting via the target-speci�c binding ligands attached to their surfaces

(See Figure 1.3).

In relation to tumor vascular permeability, lymphatic clearance and blood cir-

culation half-life, optimal nanoparticle sizes for maximal tumor accumulation are in

the range of 10-100 nm [28, 29]. However, transport of particles in this size range

is dominated by convection, and therefore elevated IFP is an important barrier for

their delivery. Overcoming the elevated IFP might signi�cantly improve the e�ciency

of these therapeuticals, which currently have limited potency. In Chapters 3 and 4,

by developing models of drug delivery, we will study how blood �ow, IFP and IFF

in�uence the delivery of nanoparticles in solid tumors.
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Figure 1.3. Nanoparticle platforms for drug delivery. Reprinted from Alexis et al. [3]

It must be noted that besides elevated IFP, heterogeneous vascularization (Sec-

tion 2.1), heterogeneous tumor vascular permeability and pore size [10], and reduced

interstitial di�usion rates due to particle size (See Section 2.6) lead to heterogeneous

distribution of nanoparticles [10,28,30].
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2. BIOPHYSICS OF DRUG DELIVERY

2.1. Vascular Network Structure and Tumor Angiogenesis

Circulatory system has evolved into an organized network of branching vessels

that e�ciently delivers oxygen, nutrients and removes wastes and CO2 to and from the

tissues in whole body. Within this network, vessels are classi�ed as arteries, arterioles,

capillaries, post-capillary venules, venules and veins, respectively, in the direction of

blood �ow. Capillaries are the tiniest of these vessels, and they are responsible for

mass exchange between blood and tissues. 10 to 40 billion capillaries penetrate and

populate the tissues, with an estimated total exchange surface area of 600 m2 [31].

Figure 2.1 displays the organization of the circulatory system. Vessels possess di�erent

mechanical, hydraulic and permeability properties according to their function within

the speci�c tissue, or within the circulatory system. For instance, arteries are covered

with elastic muscle cells. During systole1, they expand in response to the increasing

blood pressure and dissipate the pulse, providing a non-pulsating, steady blood �ow to

capillaries. Capillaries of the intestines, renal glomerulus and endocrine glands, for in-

stance, have highly-permeable, fenestrated walls that allow easy exchange of nutrients,

hormones and water, which are necessary for the functions of these tissues.

Structure of the capillary wall regulates the rate of water and solute exchange,

as will be discussed in detail in Sections 2.3 and 2.5. The capillary wall consists of a

layer of endothelial cells, covered with the basement membrane on the outer side, and

the glycocalyx2 on the luminal side, which acts as a molecular sieve in transvascular

transport and limits the passage of large molecules. There are three types of capil-

laries: continuous, fenestrated, and sinusoidal (See Figure 2.2). Endothelial cells of

the continuous capillaries are tightly connected to each other via the tight junctions,

with a 1-20 nm gap width [27,43], forming an uninterrupted vascular wall. Endothelial

cells of fenestrated capillaries have fenestrations (i.e., pores that are 60-80 nm in diam-

1contraction of the left ventricle that drives the blood circulation
2a layer of heparan sulfate proteoglycans and hyaluronan secreted by and coating endothelial

cells [1].
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Table 2.1. Comparison of capillary densities in several tissues.

Tissue, study CD

(mm/mm3)

CSA or

MVD

(cm2/cm3)

ICD

(µm)

Vessel

diameter

(µm)
rat cerebral cortex

healthy tissue [32] 160�810
healthy tissue [33] 294�308 34�24 5
glioma [33] 225�250 15�20
Konerding et al . [6]
HEC-1Ba 76 17
CaXb 112 24
SASc 181 24
CaNTb 214 32
estimated from [34]
mammary carcinoma 120-260
mammary adenocarcinoma 150-570
hepatoma 50-200
human healthy tissues

skeletal muscle [35] 459�1468
skeletal muscle [36] 161�426
gut, muscle [6] 63, 35 8, 9
human tumors

various types [14,37,38] 50�250
mammary
adenocarcinoma [17]

49.4±9.8 10.3±1.4

lung carcinoma [39] 202d,
49e

72d,
155e

melanoma [40] 32�80 16�38
mammary
adenocarcinoma [41]

190�1340 140�460

cervix uteri carcinoma [42] 304±9.8

ahuman endometrial adenocarcinoma
bmurine carcinoma
cslow growing murine carcinoma
dtumor periphery
etumor center
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eter and covered with the glycocalyx) on them that serve as transvascular transport

channels. The endothelial cell lining and the basement membrane cover of sinusoidal

capillaries are discontinuous. Gaps between the endothelial cells of sinusoidal cap-

illaries are 100-1000 nm, which is permeable to water, large molecules, and even to

some cells [44]. In tumor vessels, the structure of capillary walls is altered towards

fenestrated or sinusoidal phenotypes.

The vessel network penetrates and distributes within tissues at the microcircula-

tory level, i.e., via arterioles, capillaries, post-venules and venules. Arterioles are small

arteries with a diameter between 10 µm and 0.3 mm. Capillaries are the main exchange

vessels, with a diameter of 5-10 µm, and they form networks between arterioles and

post-capillary venules (See Figure 2.1). Within the capillary network there are vessels

of 10�20 µm diameter that directly link arterioles and venules, called metarterioles.

Acting as �preference channels�, metarterioles can contract and expand to regulate the

blood �ow into the capillaries [45]. Exchange of water, nutrients, drugs and cellular

waste products between the blood and tissue predominantly occur through the capil-

laries, and at a lower rate, through the post-capillary venules. Level of vascularization

of a tissue could be characterized by quantities such as capillary density (CD), cap-

illary surface area density (CSA), microvascular density (MVD)3, and intercapillary

distance (ICD). See Table 2.1 for measured values of CD, CSA or MVD , ICD and

vessel diameter in several types of tissues.

2.1.1. Tumor Angiogenesis

Angiogenesis is the formation of new blood vessels from existing vasculature.

Angiogenesis is triggered and governed predominantly by the members of the vascular

endothelial growth factor (VEGF) and angiopoietin (Ang) family, which are produced

by the cells in the avascular region. Angiogenic factors di�use within the tissue and

initiate the growth of new vessels from the neighboring vasculature. Directionality of

vessel growth is controlled by the angiogenic factor gradients. In healthy tissues, ves-

3vessel surface area density (mm2/mm3) measured over all microvessels, i.e. arterioles, capillaries,
venules.
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Table 2.2. Quantitative information on the topology of vasculatures in several tissues.

Study, tissue type Inter-

vessel

distance

(µm)

Inter-

branch

distance

(µm)

Branch-

ing

angle

(◦)

Vessel

diame-

ter

(µm)

Tortuos-

ity

(rad/µm)a

Lang et al. [46]
healthy tissue 50 20 116±29 8.0 0.18
murine colon
carcinoma

53 17 117±28 3.9 0.24

Konerding et al. [6]
HEC-1Bb 76±12 82±13 80±12 18±4.9
CaXc 112±14 70±12 68±10 24±6.7
SASd 181±19 125±16 67±11 24±6.4
CaNTc 214±19 148±16 68±10 32±7.4
Folarin et al. [47]e

healthy colon
epithelium

98±1.3 45±1.7 87±9.5 13±1.7 0.28

colon
adenocarcinoma
(tumor periphery)

46±1.7 43±1.7 72±2.7 18±1.4 0.44f

colon
adenocarcinoma
(tumor center)

135±2 100±2 76±4.3 23±2.2 0.44f

Ackermann et al. [48]
Ewing's sarcoma 92±30 94±27 40±12
Less et al. [17]
mammary
adenocarcinoma

45±9.8 1125±200,
80,

67±34,
180,

1020±780g

150±30,
20,

10±1.4,
33,

400±100g

aIn SOAM metric: integral of vessel path curvature divided by vessel length
bhuman endometrial adenocarcinoma
cmurine carcinoma
dslow growing murine carcinoma
esurgically removed human tissue
fwhole tumor average (periphery and center)
gmeasurements for: arterioles, higher order arterioles, capillaries, post-capillary venules, venules
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Figure 2.1. The organization of the circulatory system (A) and the microcirculatory
network. (B): arterioles, capillaries, and post-capillary venules.

sel growth is toward the angiogenic source in an organized manner. Angiogenesis is

predominantly observed in healthy physiological processes such as wound healing and

embryogenesis. Angiogenesis in health tissues occurs in an orchestrated and tightly-

controlled manner, unlike in tumors.

Until a tumor spheroid reaches a size of 1-2 mm (105�106cells), it depends on

the supply of oxygen and nutrients from the preexisting capillaries of the host tissue

[49]. Beyond this size, due to metabolic stress (i.e., low oxygen concentration, low

glucose concentration, increased acidity) tumor cells initiate angiogenesis. The newly

formed tumor vasculature (tumor neovasculature) promotes further tumor growth and

cancer cell metastasis to distant organs, but it is not e�ective in meeting the metabolic

demand of the tumor, as discussed below. Furthermore, compression of the tumor

cells collapses some portions of the vasculature, modifying or regionally shutting down

the tumor blood supply. In consequence, triggers of angiogenesis remain and VEGF

concentration is chronically elevated in tumors [50]. VEGF gradients are random or
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lacking in tumors, resulting in loss of directionality and organization in vessel growth

[51]. Besides inducing angiogenesis, VEGF increases capillary wall permeability by

several factors [52] by enlarging the pores on, and loosening the junctions between the

endothelial cells that line the capillary wall [53�55].

Tumor neovasculature signi�cantly di�ers from healthy vasculature in function

and structure. Tumor vessels are tortuous, dilated and saccular [40]. Due to increased

vessel tortuosity and vessel length, geometric resistance of the vasculature could be 1-2

orders of magnitude higher [56], and blood �ow velocity an order of magnitude smaller

than in normal tissues [7]. Microvessel diameters are variable within a tumor, and

they are signi�cantly larger than those of the host tissue capillaries (7�30 µm [6,7,33]

vs. 5�10 µm). The vessel network may also have dead-ends (sprouts) and loops,

which are ine�cient structures for blood circulation. Intercapillary distances in tumors

is generally larger than in normal tissues [40], and microvessel density is higher in

some regions of the tumor, and lower in others [50]. See Figure 2.3 for variations in

tumor microvessel density, avascular regions (star), dead-ends (circles), and changes

in vessel diameter (arrows) in tumor vasculatures. Tumor vessels are leaky due to

their abnormal capillary wall structure. Tumor capillaries have 40-60 nm fenestrations

[10, 57] and compared to normal capillaries they have loose interendothelial junctions.

Interendothelial gaps in tumor vessels could be 100-780 nm [10, 58] and up to a few

micrometers [59] in contrast to 1-20 nm [27, 43] in normal continuous and fenestrated

capillaries and 150 nm in normal sinusoidal capillaries [60]. As discussed in Section 1.2,

a direct consequence of hyper-permeable tumor vasculature is elevated interstitial �uid

pressure. Altogether, abnormal properties of the tumor vasculature results in hindered

and heterogeneous blood �ow, large hypoxic regions and ine�cient drug delivery � all

of which are undesired conditions for treatment of tumors [18,50].

2.1.2. The Architecture of Tumor Vascular Networks

Understanding the topology of tumor vessel networks is important in developing

drug delivery strategies, since it determines the spatial distribution of blood �ow, and

in turn, of nutrient and drug supply. Tumor vascular networks exhibit disorganized
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Figure 2.2. Wall structure of (A) continuous, (B) fenestrated and (C) sinusoidal
capillaries. Reproduced from Martini et al. [4].

branching patterns and they lack the hierarchy found in healthy vascular networks (e.g.,

decreasing vessel diameter with increasing vessel order). One consequence of this is the

loss of the correlation between vessel diameter and blood �ow velocity in tumor vessels

(See Figure 2.4). Because angiogenic factor gradients in tumors are random or lacking,

in some regions within tumors, vessels grow disorderly in random directions [51] (See

Figure 2.3d). Vascular casts of several tumors examined by Less et al. [17] displayed

centrally oriented arterioles peripherally branching into surrounding smaller arterioles

and capillaries, and a network large draining venules (200-300 µm) mainly on the

periphery of the tumor. However, vascular architecture and organization greatly varies

between individual tumors, as well as within each tumor. Generally, organization and

density of the vascular network of the tumor periphery signi�cantly di�ers from that

of the center [5, 6, 51]. The peripheral region of the tumor vasculature is termed the

�vascular envelope� and often has a higher vessel density.

Quantitative data on the vascular network topology, such as vessel diameter, di-

ameter variability, tortuosity, branching angle and interbraching distance (i.e., vessel

segment length), have been of interest, and were shown to be tumor type-speci�c by

Konerding et al. for several tumors [5, 6]. One method for obtaining these parameters

is by infusing a casting polymer into the tumor vasculature, eroding the biological tis-

sue to reveal the polymerized casting, and scanning the cast microstructure via optical

microscopy [17], electron microscopy (SEM) [5, 6, 48] or micro-computed tomography

(µCT) [46,47]. Using µCT data three-dimensional images and vector-based representa-

tions of the vascular network could be constructed. Quantitative information obtained

using this technique on several healthy and tumor tissues are listed in Table 2.2. Such
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quantitative information could be used in generation virtual tumor vasculature in com-

puter models (i.e., discrete models of angiogenesis).

2.2. Blood Flow

As the heart contracts to drive blood �ow, blood pressure in the left ventricule

and aorta increases to 120 mmHg. During contraction, blood pressure is maximum in

this region, and decreases within the circulatory system in the direction of blood �ow

and towards veins and the right ventricule, where it maintains a value between 10-20

mmHg. Blood circulation is driven by this pressure di�erence between the arterial

and venal ends, against the viscous drag on the vascular walls. Near the arterial end

of the circulation, blood pressure pulsates due to contractions of the heart with an

amplitude of 30-40 mmHg. However, these pulses are damped by volumetric expansion

of the elastic arteries, and do not reach the microcirculatory level. As a result, blood

pressure in capillaries is non-pulsating and blood �ow is almost steady [61]. Assuming

that blood �ow is laminar, Poiseuille's Law could be used to relate blood �ow rate, qv

(ml/s), and pressure gradient along the vessel, ∇P:

qv = − πd4v
128µ

∇Pv, (2.1)

where dv is the vessel diameter, µ is the viscosity, and Pv is the blood pressure. A

homologous relation can be written for a network of blood vessels:

qv =
∆Pv

µZ
, (2.2)

where ∆Pv is the pressure di�erence between the arterial and venous ends of the net-

work, and Z is the geometric resistance of the vascular network which is a function

of both its global topology and the local variations in vessel diameters. Z could be

directly measured in tissue-isolated tumors by perfusing the vasculature at constant
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Figure 2.3. SEMs of corrosion casts of the vascular networks in normal and tumor
tissues. Right: high-power images. Bars: 1 mm (A, C), 500 µm (E), 100 µm (B, D,
F). Images A to D: Konerding et al., 2001 [5]. Images E, F: Konerding et al., 1999 [6].
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Figure 2.4. Blood �ow velocity as a function of vessel diameter in normal tissues
(left) and tumors (right). RBC: red blood cell. Reprinted from Yuan et al. [7]

arterio-venous pressure di�erence and measuring the �ow rate [56]. In tumor vascu-

lature, geometric resistance could be higher [56], and the mean blood �ow velocity

lower [7] by 1-2 orders of magnitude compared to normal vasculature (See Figure 2.4).

Having enlarged diameters compared to normal capillaries, tumor capillaries must

have a lower local �ow resistance according to Equation 2.1. Therefore, global topology

of the tumor vascular network must account for the increased geometric resistance

(Z). For instance, tumor vessels are tortuous compared to normal vessels (Table 2.2),

therefore on average blood �ow path lengths should be larger, resulting in greater �ow

resistance. In a study by Gessner et al. [62], the average distance metric (DM)4 of

vessels was 25% higher in tumors than in normal tissues. Second, presence of avascular

regions implies that e�ective number of parallel pathways is smaller in tumors. Finally,

diameter �uctuations along individual vessels [6] and between adjoining vessel segments

[17,47], should cause head losses due to rapid streamline contraction/expansion, further

contributing to the geometric resistance of tumor vasculatures.

It has been observed that besides decreasing IFP, vascular normalization treat-

ment using anti-angiogenic factors decreases vessel diameter, length and tortuosity,

and increases blood �ow, oxygenation, and extravasation rate of macromolecules in

tumors [22�24].

4the ratio of the actual path length to the linear distance between the end points of a vessel
segment
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2.3. Transvascular Fluid Flow

Transport of �uid across the vessel wall may occur through intercellular clefts (the

slit-like channels between the endothelial cells) and fenestrations (cylindrical openings

within endothelial cells). See Figures 2.2 and 2.5 for illustrations of these vascular

structures. The inner surface of the endothelial cell lining is covered with a protein

matrix called glycocalyx, which further resists �uid extravasation at the cleft entrance

[63], and acts as a molecular �lter [64]. Transvascular transport of �uids is mainly

passive, and it is driven by the pressure di�erence across the vessel wall [65]. To relate

the transvascular pressure gradient to �uid �ux, a coe�cient of hydraulic conductivity

(Lp) could be assigned to the vessel wall which is a function of the distribution and

shapes of the �uid channels. Then, transvascular �ow is described using Jv = LpS∆P,

where S is the vessel exchange surface area. Lp has been measured for the capillaries of

di�erent tissues. Measurements of capillary �ltration coe�cients (Lp
S
V
, ml/mmHg/100

gr/s) may provide estimates for Lp if vessel surface density ( SV) is known. Table 2.3 lists

some measured and estimated values of hydraulic conductivity for vessels that belong

to di�erent types of tissues. According to their permeability properties, capillaries

are classi�ed as continuous, fenestrated and sinusoid (See Figure 2.2). Continuous

capillaries have uninterrupted endothelia, and transvascular transport is con�ned to

the tight intercellular clefts. Widths of these intercellular clefts (gaps between the

endothelial cell) is typically 1-3 nm, and transport pathway of �uid within clefts is

restricted by the tight functional strands that connect the adjacent endothelial cells [43]

(See Figure 2.5). In contrast, fenestrated and sinusoid capillaries are characterized with

a high hydraulic conductivity (Lp > 10−6 cm/mmHg/s). In fenestrated capillaries,

transport of water and solutes is mainly through the endothelial fenestrations [65],

and they are permeable only to small molecules such as water and ions. Sinusoidal

capillaries have large gaps between the endothelial cells (100-1000 nm), which are

permeable to water, large molecules, and even to some cells [44].

Tumor vessels have dilated fenestrations and loose interendothelial junctions

[10, 66]. As a result, they have a higher hydraulic conductivity and molecular per-

meability, compared to normal vessels. For instance, on tissue isolated tumors, Sevick
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Figure 2.5. Illustration of an intercellular cleft and tight junctions between adjacent
endothelial cells. Reprinted from [8].

and Jain [67] have measured capillary �ltration coe�cients (Lp
S
V
) to be 10 to 1000 times

higher than normal tissues. As discussed in Section 2.1.1, this leakiness of the tumor

vasculature, as well as its other structural abnormalities, is attributed to the overex-

pression of angiogenic factors [22]. In experiments by Bates and Curry [52], exposure

to VEGF increased the hydraulic conductivity of the vessel wall by 8-fold. It is well

accepted that VEGF increases vascular di�usional permeability and hydraulic conduc-

tivity by loosening the interendothelial junctions and inducing formation of endothelial

fenestrations [27,53�55].

Transport properties of the vessel wall could be accounted for by modeling the

fenestrations as cylindrical pores and the intercellular clefts as rectangular slits [65].

Assuming that �uid �ow through these �ow channels is laminar, one could calculate

Lp from Poiseuille's law. The contribution to Lp by cylindrical pores of a certain size

is:

Lp,i =
niπr

4
i

8µ∆x
, (2.3)

where ni is the population density (number per area) of fenestrations which have the

radius ri, µ is the �uid viscosity, and ∆x is the pore length. Hydraulic conductivity
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due to rectangular slits that represent intercellular clefts, is:

Lp,i =
LifiW

3
i

12µ∆x
, (2.4)

where Li is the length density (cm/cm2) of the intercellular clefts with width Wi, ∆x

is the intercellular cleft depth, and fi is the fraction of the cleft length that is open for

�uid transport (i.e. fraction of discontinuities on the tight junctions, see Figure 2.5).

Total Lp of the vessel wall is calculated by summing the contributions of individual

pathways Lp,i (i.e. contributions from intercellular clefts and fenestrations of di�erent

sizes) weighted by the area of the pathway [65]. It must be noted that the relation (2.4)

do not take into account the two dimensional expansion of the �uid pathway in the cleft

space, as the �uid passes between the consecutive discontinuities on tight junctions.

Therefore Equation 2.4 overestimates the total viscous drag (and underestimates Lp).

By solving a model of 2-dimensional �ow within the cleft obstructed a discontinuous

junction, Philips et al. [68] calculated the correction factor due to spreading of the �uid

to be 2.7 for a typical intercellular cleft.

Another essential regulator of transvascular �ow is the oncotic pressure of the

blood plasma. High protein content of the plasma creates an osmotic back-�ow ac-

cording to Starling's law [77]:

Jv = LpS (∆P− σd∆π) , (2.5)

where σd is the osmotic re�ection coe�cient, and ∆π is the osmotic pressure di�erence

between the blood serum and interstitium. The osmotic pressure of a solute, π, is

related to its concentration, and de�ned as the hydrostatic pressure di�erence needed

to be applied in order to stop the �uid �ow across a semi-permeable membrane. σd de-

pends on the relative sizes of solutes and membrane pores, and measures how e�ectively

the membrane maintains the solute concentration di�erence. σd = 0 and 1 represents
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Table 2.3. Hydraulic conductivities of vessels found in di�erent types of tissues.

Vessel location and type Hydraulic

conductivity, Lp

(×10−8 cm/mmHg-s)

Ref.

mammary adenocarcinoma 60-230a [67]
mammary adenocarcinoma 186 [14]
frog mesenteric capillaries(treated with VEGF) 265 [52]
frog mesenteric capillaries 34 [52]
rat skeletal muscle capillaries 3.6 [69]
frog muscle capillaries 9.8 [70]
frog mesenteric capillaries 34 [71]
cat hindlimb capillaries 1.3 [72]
dog lung capillaries 2.6 [72]
dog small intestine capillaries 153 [72]
rat mesentary post-capillary venules 10.7 [73]
rat mesentary venules 32.6 [74]
dog lung venules 39.4 [75]
rat brain cortex arterioles 1.7 ± 0.57 [76]

aestimated from the measurements of Lp
S
V
(0.8�2.8 cm3/mmHg/100gr/min) by assuming S

V
= 200

cm−1.

a membrane completely permeable, and impermeable to solutes, respectively.

In healthy tissues, the oncotic pressure contribution (σd∆π) is typically 10-28

mmHg [14]. Albumin (Mr = 65 kDa, rH = 3.5 nm), being the most abundant protein

in the plasma, constitutes approximately 80% of the oncotic pressure contribution.

Therefore the impermeability of the capillary wall to albumin is essential in maintaining

the osmotic back-�ow. Osmotic re�ection coe�cient for albumin is between 0.8 and 1 in

most tissues. In tumors, capillary pore sizes may be as large as a few micrometers [59].

This results in σd ≈ 0 and the osmotic back-�ow is lost.

Starling's law could be generalized to account for the �ow of multiple-solute

solutions across heteroporous membranes [77], as:

Jv =
m∑
i=1

Jv,i =
m∑
i=1

Lp,iS

(
∆P−

n∑
j=1

σi,j∆πj

)
, (2.6)
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where m denotes the number of di�erent pore types, Jv,i is the total �ux across the

pores of type i, Lp,i is the fractional contribution to the hydraulic conductivity by the

water channels of type i (either pores, or slits of di�erent size), n is the number of

solutes, ∆πj is the oncotic pressure di�erence of the solute j, and σi,j is the oncotic

re�ection coe�cient associated with the solute j and the channel size i.

2.4. Interstitial Fluid Flow

To estimate the velocity of interstitial �uid within the tissue, Darcy's law could

be used:

qIF = −K∇P. (2.7)

Here, K is the Darcy coe�cient, or the tissue hydraulic conductivity, and qIF is the

interstitial �uid �ux (IFF, mm3/mm2·s). The actual velocity of the �uid, (i.e., velocity

of the �uid seeping through the solid phase) is related to the IFF via vIF = qIF/φF,

where φF is the volume fraction of the interstitial �uid. Darcy's law is valid for viscous

�ow (Re � 1) through porous media in general, and it has been used to describe

groundwater �ow (through gravel, sand and soils) for many decades.

Hydraulic conductivity varies greatly in di�erent types of tissues. For instance,

lung tissue is a several orders of magnitude more conductive than cartilage (5000 vs.

0.1 µm2/mmHg·s) [14]. K also depends on the patophysiology of the tissue: tumors

are generally more permeable to �uids, compared to normal tissues of same type [78].

For instance, in in vitro experiments by Swabb et al., K was measured as �ve times

higher in rat hepatoma than in normal subcutaneous tissue [79]. Table 2.4 lists some

measured values of K for di�erent types of tissues.

K is measured in vitro in perfusion chambers [79,80] or by con�ned compression

tests [81], and in vivo via infusion through a needle [79,82,83]. Experimental techniques

for in vivo, non-invasive, imaging-based measurements of hydraulic conductivity are
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Table 2.4. Hydraulic conductivities of di�erent types of tissues.

Tissue Hydraulic

conductivity,
K (µm2/mmHg-s)

Ref.

subcutaneous tissue 0.85 [79]a

rat hepatoma 5123 4.13 [79]a

subcutaneous tissue 0.59 [79]b

hepatoma 0.75 [79]b

colon adenocarcinoma 17�23 [86]b

cartilage 1�0.1 [87]a

mesentery, skin 1000�100 [14]a

lung 5000 [14]a

MCaIV 248 [78]c

LS174T 45 [78]c

U87 65 [78]c

HSTS 26T 9.2 [78]c

aperfusion chamber, in vitro
bintratumoral infusion, in vivo
ccon�ned compression test, in vitro

still being established. Examples for such advances are works of Périé et al. [84] that

used quantitative MRI data, and of Rutkowski and Swartz [85] that involves infusion

of tracer molecules. Calibrating tissue- and patient-speci�c model parameters through

in-vivo, non-invasive measurements is especially desired in computational medicine to

design and guide individualized treatments.

Hydraulic conductivity depends on the viscosity of the interstitial �uid, and chem-

ical and geometric structure of the tissue. K is inversely proportional to �uid viscosity,

µ, and could be written as K = k
µ
, where the coe�cient k depends solely on the geo-

metric structure of the tissue. Deforming e�ects such as compression, expansion, and

excessive perfusion/hydration is known to in�uence k, by modifying the geometry of

water channels within the tissue. In an ideally homogeneous and isotropic medium,

tissue hydraulic conductivity and porosity (ε) is related by an exponential law as:

k = k0 exp (ε− ε0) [78], where the subscript 0 denotes initial values.

Chemical structure of the ECM also in�uences the hydraulic conductivity of the

tissue. The ECM consists of a network of collagen and elastin protein �bers, and a
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high-surface-area, negatively charged polysaccharide network of hyaluronic acid (HA)

and glycosaminoglycans (GAG). The collagen matrix gives structural support to the

ECM, while the GAGs attached to it, govern the tissue permeability for �uid and

macromolecules by a�ecting the �uid pathways and by their surface electric charge. It

is well accepted that a denser collagen matrix, as long as it has stable networks of HAs

and GAGs attached, has lower water permeability [78, 88, 89]. In accordance, treating

the ECM with matrix-degrading enzymes e�ectively reduces the tissue hydraulic per-

meability [78]. In addition to controlling �uid permeability, structure of the ECM also

in�uences penetration of solutes (See Section 2.6).

2.5. Extravasation of Drugs

Once drug molecules reach the capillaries, they may cross the capillary wall

mainly via di�usion and convection, and at a much slower rate, by transcytosis. In this

section, we discuss the mathematical relations that describe the transvascular transport

of drugs via di�usion and convection.

2.5.1. Convective Transport Across the Vessel Wall

Rate of convective transport of drug molecules across the vessel wall is propor-

tional to the local drug concentration (c), and �uid extravasation rate (Jv). Fluid

extravasation rate, as discussed in Section 2.3, is proportional to vessel surface area,

and the di�erence between the microvascular and interstitial pressures. Convective

extravasation rate of solutes, Js (mg/s), is hindered due to size-exclusion on the pore

wall and frictional interactions with water:

Js = cJv (1− σf) , (2.8)

where Jv is the �uid �ux across the vessel wall (ml/sec), and σf the solvent drag

re�ection coe�cient, which is a function of the size of the solute relative to the pore
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Figure 2.6. Steric hindrance of the solutes due to size exclusion on the pore wall. A:
longitudinal cross section of a pore. B: front view of a pore. Dashed lines: boundary

of the pore space available to the solutes.

size. An alternative notation seen in the literature uses the convective hindrance factor,

W = 1−σf. IfW = 0, the vessel wall is completely impermeable to the solutes, although

�uid may seep through. When W = 1, solutes are transported along with the �uid

without obstruction.

To calculate σf, we �rst introduce the partition coe�cient of the solute, φ, which

is the ratio of the area available to the solute to the actual pore area [65] (See Figure

(2.6)). For cylindrical pores,

φpore =
π (rp − rs)

2

πr2p
=

(
1− rs

rp

)2

, (2.9)

where rs is the solute radius and rp is the pore radius. For slit-shaped openings,

φslit =
L (W− 2rs)

LW
= 1− 2rs

W
, (2.10)

where L is the length and W is the width of the slit. If the �ow is laminar, �uid velocity

within the pore, v(ρ), will follow a parabolic pro�le:

v(ρ) = vmax

[
1− ρ2

r2p

]
, (2.11)
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where ρ is the radial distance, vmax is the �uid velocity at the center line of the pore.

Assuming that solutes travel with the local velocity of the �uid, and integrating over

the pore area available to solutes, we obtain the convective �ux of solutes:

Js =

rp−rsˆ

0

dρ c2πρvmax

[
1− ρ2

r2p

]
(2.12)

=
1

2
πvmaxcr

2
p

[
2φpore − φ2

pore

]
. (2.13)

Dividing the result by Jv =
´ rp
0

dρ 2πρv(ρ) = 1
2
πr2pvmax, and following Equation 2.8,

one retrieves σf:

σf = (1− φpore)
2 . (2.14)

Similar calculation for rectangular slits produces:

σf = 1− 3

2
φslit +

1

4
φ3
slit. (2.15)

See Figure 2.8 for a plot of convective hindrance factor, W = 1 − σf, with respect to

rs
rp

for cylindrical pores.

Corrections to σf have been proposed due to frictional interactions of solutes

with water molecules. However, Equation 2.14 is a su�cient approximation for the

purpose of this thesis. In a study with homophore membranes by Schultz et al. [90], σf

was measured for solutes and pores of varying sizes, and compared against Equation

2.14. The study concludes that a non-circular and �exible molecules have a lower

re�ection coe�cient than predicted by Equation 2.14. For modeling the delivery of

spherical nanoparticles, Equation 2.14 is expected to yield accurate values as they are

su�ciently rigid structures.
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It must be noted that in general, solvent drag re�ection coe�cient (σf) is distinct

from osmotic re�ection coe�cient (σd). When solute-solute interactions are negligible

(i.e., in dilute solutions), σf ∼= σd [37]. This assumption is sometimes tacitly made in

the literature and a single quantity, the re�ection coe�cient (σ) is used interchangeably

for both concepts.

2.5.2. Di�usive Transport Across the Vessel Wall

In absence of convective �uid �ux, transmembrane di�usion rate of drug molecules

is proportional to vascular permeability (Pd), exchange surface area of the capillary wall

(S), and the di�erence between the plasma and interstitial concentrations, ∆c = cp−ci
[15]. Coe�cient of vascular permeability depends on the di�usion coe�cient of the

solute in interstitial �uid (D0), and the geometry and distribution of openings in the

vessel wall. An analysis of these dependencies are given in this section.

We �rst derive the the equation of di�usion through a porous membrane. In

an in�nitesimally small exchange area, the problem of membrane di�usion has planar

symmetry. In the case of free planar di�usion (without a membrane), Fick's law is:

j0 = −D0
dc

dx
, (2.16)

where j0 is the free di�usion �ux of solutes (mg/mm2·s), D0 is the free di�usion coe�-

cient, and c is the solute concentration (mg/mm3). If we now place a planar, ∆x-thick,

porous membrane across the concentration gradient, di�usive �ux is restricted to the

total available cross sections of the pores:

Js = D0
∆c

∆x
S
∑
i

niφiAi, (2.17)

where Js is the total di�usional �ux of solutes across the porous membrane (mg/s), S is
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Table 2.5. Vascular permeabilities (Lp) for Albumin and 90 nm Liposomes in
di�erent types of tissues.

Agent and tissue Vascular

Permeability

(×10−8 cm/s)

Ref.

90 nm Liposomes

colon adenocarcinoma, LS174T 2 [91]
colon adenocarcinoma, LS174T 17�34 [30]
normal tissue 8�9 [30]
Albumin

Fischer rat, R3230AC 17 [7]
C3H mouse, MCaIV 29 [7]
SCID mouse, MCaIV 19 [7]
SCID mouse, U87 38 [7]
SCID, HGL21 1.1 [7]
normal tissue,
carcinoma

7.3,
57.2

[92]

the membrane total cross section area (mm2), ∆c is the concentration di�erence across

the membrane, ni is the population density (number per area) of vascular openings

(either cylindrical pores or slits) which have the area Ai, and φi is the partition coe�-

cient of the solute within these pores. φ introduces the size exclusion e�ect (i.e., steric

hindrance), as discussed in Section 2.5.1. Di�usion of solutes within the pore is further

slowed down by the viscous drag on the pore wall, which is called the hydrodynamic

hindrance. The fractional reduction in di�usion due to hydrodynamic hindrance (ψ) is

calculated by Renkin [93] for di�usion of hard spheres through cylindrical pores, as:

ψpore = 1− 2.104α + 2.089α3 − 0.095α5 − 1.372α6, (2.18)

and through rectangular slits as:

ψslit = 1− 1.004α′ + 0.418 (α′)
3
+ 0.210 (α′)

4 − 0.170 (α′)
5
, (2.19)

where α is the ratio of solute radius to pore radius, α = rs
rp
, and α′ is the ratio of solute
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radius to slit half-width, α′ = 2rs
W
. Including both steric (φ) and hydrodynamic (ψ)

e�ects, we obtain the equation of di�usional �ux through a heteroporous membrane:

Js = D0
∆c

∆x
S
∑
i

ψiφiniAi. (2.20)

Following the membrane di�usion equation,

Js = PdS∆c, (2.21)

one obtains the coe�cient of permeability Pd (mm/s) for the heteroporous membrane:

Pd =
D0

∆x

∑
i

ψiφiniAi. (2.22)

Steric (φ) and hydrodynamic (ψ) hindrance e�ects are combined in a single parameter

called the di�usive hindrance factor (H = φψ), which is a function of only the relative

size of the solute with respect to pores. See Figure 2.8 for plots of H and W with

respect to rs
rp
. Equation 2.22 could be used to estimate the di�usional permeability of

tumor vessels for speci�c pore size distributions.

2.5.3. The Global Convection-Di�usion Equation

We now want to calculate the total solute �ux that results from combination of

convective and di�usive transport. We assume that solute concentration along the pore,

c(x), varies smoothly from the plasma value (cp) to the interstitial value (ci). Note that

the concentration pro�le is not necessarily linear, but it would depend on the �uid �ux,

Jv. Only in pure-di�usion, c(x) would obtain a linearly decreasing pro�le, whereas for

larger Jv, the concentration within the pore in overall would shift towards cp (See Figure

2.7). With these in mind, one must sum the local rates of di�usional and convective
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Figure 2.7. Di�usion of solutes along a vascular pore. A: vascular and interstitial
concentrations. B: dependence of the concentration pro�le on the �uid �ux. Solid
line: pure-di�usion, Pe = 0. Dashed line: convection-dominated transport, Pe� 1.

�ux, and integrate across the membrane to derive a correct global convection-di�usion

equation [77]. By the Fick's law, local di�usion �ux within the pores is:

Js,d(x) = −P ′

dS
dc(x)
dx

, (2.23)

where P
′

d is the local coe�cient of permeability, P
′

d = Pd∆x, where Pd is given by

Equation 2.22. The local rate of convective �ux is:

Js,c(x) = c(x) Jv (1− σf) . (2.24)

Local transport �ux is the sum of the local rates of di�usive and convective �ux:

Js(x) = −P ′

dS
dc(x)
dx

+ c(x) Jv (1− σf) . (2.25)
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Figure 2.8. Dependence of convective (W) and di�usive (H) hindrance factors on the
ratio of solute size to pore size. Reprinted from [9].

We now assume a quasi-steady pro�le for the solute concentration c(x) along the pore.

Then, by ċ = 0 and ċ+∇Js = 0, we have Js(x) = Js = const. Note that this assumption

is valid only if concentrations at either side of the membrane changes very slowly. By

multiplying Equation 2.25 with the integration factor µ(x) = e
−Jv(1−σ)

PlS
x and integrating

across the membrane {0,∆x}, we obtain:

− Js
Jv (1− σf)

exp

[
−Jv (1− σf)

P
′
dS

x

]∣∣∣∣∣
x=∆x

x=0

= c(x) exp

[
−Jv (1− σf)

P
′
dS

x

]∣∣∣∣∣
x=∆x

x=0

.(2.26)

Using the boundary conditions c(0) = cp and c(∆x) = ci for either end of the pore,

we obtain the nonlinear global rate of solute �ux, which is also known as the Patlak

equation:

Js = Jv (1− σf)
cpe

Pe − ci
ePe − 1

, (2.27)

where Pe is a modi�ed Peclet number, Pe = Jv (1− σf) /PdS. Solute �ux could be

separated into contributions from convection and di�usion;

Js = cpJv (1− σf) + PdS (cp − ci)
Pe

ePe − 1
. (2.28)
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Equation 2.28 is called the nonlinear global convection-di�usion equation [77]. Note

that for convection-dominated transport (Pe � 1), the correction term on the second

term at right becomes signi�cantly small, to re�ect the changing concentration pro�le

along the pore. Therefore the linear convection-di�usion equation for transmembrane

transport,

Js = cpJv (1− σf) + PdS (cp − ci) , (2.29)

should not be used in convection dominated transport (such as in nanoparticle deliv-

ery), as it may overestimate the solute �ux.

2.6. Transport of Drugs in the Interstitial Space

Following extravasation, drugs enter the intercellular space. Interstitial space

is �lled with the interstitial �uid, and includes the extracellular matrix, which is a

complex gel of polysaccharides and �brous proteins (See Figure 1.1). Within this

biochemically active, heterogeneous and geometrically tortuous medium, drugs are

transported by di�usion and convection. As drugs di�use through the tissue, they

may bind to the components of the ECM, become biologically metabolized, leave the

interstitium via lymphatic drainage, or penetrate a host or tumor cell. Due to this

continuous removal of free drug molecules, its penetration length beyond the capillary

wall is reduced. Assuming a �xed drug concentration in blood, the characteristic length

of drug penetration at steady state is Lc =
√
2c0/λc, where λc is the consumption rate

due to the above processes. In accordance, non-speci�c binding of drug molecules to

the ECM and cellular membrane proteins inhibits drug penetration, and higher blood

concentrations does not e�ectively increase the penetration length.
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2.6.1. Di�usive Transport in the Interstitial Space

Di�usibility of particles within interstitium decreases with increasing particle size,

both due to the reduced free di�usion coe�cient (according to the relation D0 =
kBT
6πµr

),

and to increased steric hindrance by the ECM. Especially, particles larger than 25-60

nm are not able to e�ectively penetrate the interstitial space, and they remain local-

ized near blood vessels after extravasation [28,91,94]. In this respect, delivery of large

therapeutic agents, such as liposomes, nanospheres and quantum dots is problematic.

Permeability also depends on the content and organization of the interstitial space. For

instance, permeability is reduced, in tumors with high collagen content. A denser colla-

gen network, by stabilizing GAG and HA strains, increases tissue resistance to macro-

molecule transport [78]. Di�usion rate of charged particles is lower due to electrostatic

interaction with the charged regions of the ECM, such as the negatively-charged GAG

chains [10].

Due to physical obstacles, pore connectivity and frictional drag in the intersti-

tium, e�ective measured di�usion in tissues is slower than free di�usion in water. The

e�ective di�usion coe�cient in the tissue (De�) and the free di�usion coe�cient in

water (D0) are related as De� = 1
τ2
D0, where the factor τ , is called the tortuosity of

the medium. τ is separated into the geometric contribution (i.e., physical obstructions

of the cells) τg and the viscous contribution (i.e., frictional drag due to the ECM) τv,

as τ = τgτv. For smaller particles, viscous drag is negligibly small, and interstitial

space geometry imposed by the organization of the cells govern the di�usion rate i.e.,

τ w τg. For instance, in human glioblastoma grown in dorsal chamber in mice, ge-

ometric tortuosity, τg, was determined as 1.19. High tumor cell density is known to

hinder the penetration of cytotoxic drugs [51,95,96], presumably due to the increased

geometric tortuosity. For particles having sizes comparable to interstitial �ow chan-

nels (e.g., collagen �ber spacing: 75-130 nm), di�usion rate is signi�cantly reduced

by the frictional drag on the ECM [94]. For reference, Table 2.6 and Figure 2.9 give

the di�usion coe�cients of macromolecules and nanoparticles in various sizes and in

several types of tissues. Di�usion coe�cients of macromolecules in tumors is generally

higher than in normal tissues. This may due to the greater fraction of the interstitial
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Table 2.6. Di�usion coe�cients of several macromolecules in tissue and water.

Agent Mr

(kDa)
rH
(nm)

Medium Di�usion

coe�cient

(×10−7 cm2/s)

Ref.

90 nm liposomes - 90 water
glioma

0.6
0.04

[94]

2M dextran 2000 20 water
glioma

melanoma

1.5
0.1
0.01

[94]

150k dextran 150 - normal
tumor

0.0067
0.22

[92]

IgG protein 150 4.7 various tumors 0.96�1.97 [78]
BSA 68 3.5 various tumors 3.5 [78]

doxorubicin 0.54 1 normal
tumor

15.8
34.0

[11,79]

cisplatina 0.30 0.5 normal,
tumor

22
64

[11]

glucose 0.18 - various tissues 2.3�6.7 [88,98]
oxygen 0.032 - various tissues 100 [11]

avalues are of sodium �uoride (NaF, Mr = 376, rH = 0.48 nm), as representative of Cisplatin

space in tumors (0.2�0.6) compared to that in normal tissues [11]. Also, it has been

shown that lower tumor cell density results in better drug penetration, presumably

due to increased fraction of interstitial space and/or reduced tortuosity (i.e., decreased

τg) [95,97].

2.6.2. Convective Transport in the Interstitial Space

Convective transport of drugs occurs via the interstitial �uid �ow, and it may

signi�cantly alter the spatial distribution of drugs. For instance, an outward interstitial

�uid velocity (0.1�4 µm/s) is generally observed at the boundaries of solid tumors,

which sweeps the drug molecules towards the surrounding healthy tissue [2,13,14,99].

Convective �ux of solutes in tissue, js (mg/mm2·s), is described by:

js = qIFrfc, (2.30)
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Figure 2.9. Di�usion coe�cients for various hydrodynamic radii in PBS and in various
tumors (left, from Jain and Stylianopoulos [10]). Dependence of dextran di�usion
coe�cients on molecular weight and tissue type (right, from Nugent and Jain [11]).

where qIF is the interstitial �uid �ux (mm/s), rf is the retardation factor (or interstitial

convective hindrance), c is the solute concentration (mg/ml). The retardation factor,

rf, is the ratio of solute convective �ow velocity to interstitial �uid velocity. It is a

measure of solute convective drag that occurs due to mechanical hindrance and charge

interactions with the ECM, therefore, is a function of the particle size and structure and

content of the ECM [79,100]. Reddy et al. have measured rf in mouse tail, for 3, 40, 71,

2000 kDa dextrans and 40 nm nanospheres [100] as 1.9, 2.5, 7, 1.9, 0.7, respectively.

Interestingly, due to a size exclusion e�ect, rf could be larger than 1. Particles are

excluded from narrow �uid channels (where water velocity is slower), and they are

preferentially convected through wider ones (where water velocity is larger), resulting

in a larger particle velocity than the average �uid velocity. This e�ect increases with

particle size, but after a certain size, hindrance e�ects dominate and rf decreases. rf

also decreases with increasing GAG and HA content of the tissue [79].

2.7. Lymphatic Clearance of Interstitial Fluid and Drug Particles

In healthy tissues, lymph vessels drain excess interstitial �uid to maintain the

interstitial �uid balance [10]. Fluid drained at the blind-ended lymph capillaries is

drawn through the lymph channels, and reenters the systemic circulation at the sub-

clavan veins. The lymphatic system lacks an active pressure head such as in the blood
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circulation. Fluid �ow into the initial lymph capillaries is mainly driven by IFP, while

the transport in the collecting lymph channels relies on rhythmic contractions of the

channels that push the �uid through series of one-way valves [101]. Hydrostatic �uid

pressure inside lymph capillaries (Pl) is around 5 mmHg [102, 103]. Because lymph

protein concentration is higher than interstitial protein concentration [104], the on-

cotic pressure contribution and supports �uid drainage, and also results in an e�ective

lymphatic pressure of close to zero, Pl,e� = Pl − σl∆πl ≈ 0. We therefore assume that

the rate to �uid �ow into lymphatics is proportional to IFP. Lymph vessels, form-

ing a dense regular network in normal tissues with intervascular distance of 200-300

µm [12, 105], could be considered as a continuous sink in modeling of interstitial �uid

�ow. Then, by Starling's law, the macroscopic rate of �uid loss to lymph vessels (ΓFl)

is:

ΓFl = −λFlP, (2.31)

where λFl is the lymphatic �ltration coe�cient, related to lymph vessel surface density

(Sl
V
) and lymph vessel wall hydraulic conductivity (Lpl) by λFl =

Sl
V
Lpl. Due to com-

pression of the cancer cells, lymph vessels within the tumor collapse and functional

lymphatics are only observed outside of the tumor [12, 106] (See Figure 2.10). There-

fore we take λFl = 0 inside the tumor. In the host tissue, λFl is in the order of 10-6 �

10-4 mmHg-1·s-1 [83,107]. Note that in normal tissues, the range of λFl is 1-2 orders of

magnitude higher than that of λFb (See Table 3.1). This di�erence, along with the high

osmotic pressure contribution across the blood and lymph capillaries, helps maintain

an IFP (P) of close to zero in healthy tissues.

Both through re-absorption by the venules and by lymphatic drainage, drug

molecules are removed from the interstitium. Smaller molecules (rH : 3�5 nm) are

rapidly cleared from the tissue by these routes, while larger particles (rH>10 nm)

could be retained within the interstitial space for several days [28]. Fluid is drained

into the lymph capillaries through the loose interendothelial gaps on the capillary wall.
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Figure 2.10. Functional lymph vessels of a normal (A) and tumor-implanted (B)
mouse tail. Green: �uorescent stained lymph vessels. Large arrows: attenuated
vessels possibly inside tumor. Bar: 400 µm. Reprinted from Leu et al., 2000 [12].

It can be assumed that while drug particles cross the lymph capillary wall via convec-

tion, they do not undergo hindrance (i.e., σd ≈ 0). Then, by Equation 2.8, clearance

rate of drugs near a lymph capillary, Js (mg/s), is:

Js = −LplSlPc, (2.32)

where Lpl is the hydraulic conductivity and Sl is surface area of the capillary wall; P

is the interstitial �uid pressure and c is the drug concentration near the capillary.
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3. A CONTINUUM MODEL OF DRUG DELIVERY

3.1. Introduction

Delivery of drugs to solid tumors is impaired by the physical and physiological

properties of the tumor environment. Structural irregularities in tumor vasculature

lead to heterogeneous blood perfusion and drug distribution [10, 18, 22, 28, 91]. In

addition, leakiness of tumor vessels and absence of functional lymphatics result in

elevated levels of interstitial �uid pressure (IFP) within tumors [2]. Elevated IFP poses

a barrier to drug delivery by means of reduced convective transvascular transport of

drug molecules [13,15]. Convective transport of drug molecules within interstitial space

is also impaired, because typically, IFP is elevated uniformly within tumors [2, 19].

Elevated IFP is accompanied by an outward �ux of interstitial �uid at the tumor

boundary, which might wash out the drug molecules towards health tissue [13, 14]. It

has been argued that drug delivery could bene�t from restoring the hydrostatic pressure

gradients within tumors.

In the recent years, treatment of tumors with several anti-angiogenic agents was

shown to decrease vessel diameter, increase blood �ow and oxygenation, reduce vascu-

lar permeability, reduce IFP and restore transvascular pressure gradients, in a transient

manner after administration [22,23,108]. The rationale is to provide the tumor vascu-

lature with structure and function of normal vessels (normalization) by restoring the

balance between pro- and anti-angiogenic factors in the tumor environment [18]. In

several studies with mouse models normalization therapy improved the delivery and ef-

�cacy of chemotherapeutic agents [24,108�113]. Also, in a study by [23], normalization

using a VEGF-receptor-2 antibody signi�cantly improved the penetration of bovine

serum albumin into tumor tissue. In recent clinical trials, anti-angiogenic therapy in

combination with standard chemotherapy improved the outcome of patients with gas-

trointestinal cancer [114�116], non-small cell lung cancer [117,118], ovarian cancer [119]

and breast cancer [120�122].
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There is growing evidence that normalization therapy could also improve the

delivery of large-molecule therapeutics, such as nanospheres and liposomes [9, 23, 123,

124]. Using nanoparticles for treatment and detection of solid tumors is especially

desirable because of the enhanced permeability and retention (EPR) e�ect. Tumor

vessels, having larger pores (100-780 nm, [58]) compared with normal vessels (2-6 nm),

allow for targeted delivery of nanoparticles larger than 10 nm. Since transport of such

large particles depends heavily on convection, removing the interstitial pressure barrier

might improve the selective delivery of nanoparticles into solid tumors [10].

It is not clear whether, and in what conditions, changes induced by vascular

normalization therapy might improve delivery of nanoparticles. In this study, we use a

mathematical model to investigate how normalization therapy in�uences the transport

of interstitial �uid and 100-nm liposomes. We determine the changes in the total tumor

exposure and homogeneity of spatial distribution, which are major determinants for

e�ciency of anti-tumor drugs.

3.2. Mathematical Model

Previous mathematical models [14, 21] and experimental measurements [2] have

shown that IFP is elevated in solid tumors. In this study, we model the transvascular

and interstitial transport, and lymphatic drainage of the interstitial �uid.

3.2.1. Transport of Interstitial Fluid

Considering that the typical value for inter-capillary distance in tumors is 300

µm [42], considerably smaller than the tumors modeled in this study (> 1 mm), we

assume that blood and lymph vessels are uniformly distributed sources and sinks of

�uid. The interstitial space is saturated by the interstitial �uid, and we denote its

volume fraction by φF . The mass balance equation for interstitial �uid is:

∇ · (φFvIF) = ΓFb − ΓFl (3.1)
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where ΓFb (1/s) represents the supply of �uid from blood vessels to the interstitial

space, and ΓFl (1/s) represents the drainage of �uid from interstitial space into lymph

vessels. We use Starling's law to determine these quantities:

ΓFb = λFb [Pv − P− σ(πc − πi)] (3.2)

ΓFl = λFlP (3.3)

where λFb and λFl are hydraulic conductivities of blood and lymph vessel networks

(1/mmHg·s), Pv is the vascular �uid pressure (mmHg), P is the interstitial �uid pres-

sure (IFP, mmHg), σ is the osmotic re�ection coe�cient, and πc and πi are the capil-

lary and interstitial oncotic pressures (mmHg), respectively. Hydraulic conductivities

of blood and lymph vessel networks, are related to their vessel wall hydraulic conduc-

tivities (Lp) and vessel surface densities ( S
V
) by λFb,Fl = Lp

S
V
. Because lymph vessels

are highly permeable, we neglected the osmotic pressure contribution in the relation for

lymphatic drainage (3.3). We also assumed that lymph vessel pressure is 0 mmHg [125].

We use Darcy's law to describe the �ow of interstitial �uid within the tissue:

qIF = −K∇P, (3.4)

where qIF is the interstitial �uid �ux (IFF, mm/s) and K is the hydraulic conductivity

of the tissue (cm2/s·mmHg). IFF is related to velocity of the interstitial �uid (vF ) by

qIF = φFvIF. Substituting Equations 3.2, 3.3 and 3.4 into the mass balance equation

(Equation 3.1), we obtain:

∇ · (−K∇P) = λFb [Pv − P− σ∆π]− λFlP. (3.5)
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Table 3.1. Interstitial �uid transport parameters.

Parameter Value

in tumor

Value in

normal tissue

Unit

Lp 1.86×10-6a 3.6×10−8a cm/mmHg-s
S
V

200b 70b cm2/cm3

λF 3.72×10-4c 2.52×10−6c 1/mmHg-s
λFl 0d 6.66×10-4e 1/mmHg-s
Pv 15a mmHg
σ∆π 2.2×10-4a 9.1a mmHg
Pe�

f 15 5.9 mmHg
K 2.5×10-7a 2.5×10-7a cm2/mmHg-s

a [14]
b [37]
ccalculated from LP

S
V , assuming vessels as continuously distributed sources

d [12,106]
e [107]
fPeff = Pv − σ∆π, e�ective vascular pressure

3.2.2. Transport of Drug Molecules

Drug molecules reach the tumor tissue through blood and extravasate from blood

vessels by di�usion and by convection within interstitial �uid. After this stage, they

have to travel within the interstitial space in order to reach tumor cells. Molecules are

then removed from the interstitial space, either by biological decay or by being drained

to lymph vessels with the interstitial �uid. We model the transport of liposomes using

a reaction-di�usion-advection equation:

∂c

∂t
+∇ · (−D∇c)+∇ · (qFrfc) = ΓFb(1−σ)cp+λd (cp − c)

Pe

ePe − 1
−ΓFlc−λrc , (3.6)

where c and cp are the tissue and plasma drug concentrations (1/mm3), D is the

di�usion coe�cient in the tissue (cm2/s), rf is the retardation coe�cient for interstitial

convection, σ is the solvent drag re�ection coe�cient for transvascular convection,

λd is the transvascular di�usion coe�cient (1/s), Pe is the Peclet number, equal to

ΓFb (1− σf) /λd, and λr is the decay rate of drug molecules (1/s). The terms on the

right hand side of Equation 3.6, describe extravasation of drug molecules by convection

and by di�usion, clearance by the lymphatic network, and biological decay, respectively.
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Transvascular di�usion coe�cient, λd, is calculated using Pd
S
V
, where Pd is the vascular

permeability for liposomes. Experimentally measured values of Pd are �e�ective� values

that represent both convective and di�usive transport. Since convection dominates the

liposome transport, we assumed that actual di�usional permeability for liposomes is

5% of the e�ective permeability measured in [30]. Table 3.2 lists the values used in

this model for the parameters relevant to transport of liposomes.

We assume that the vascular network is continuously distributed and intercapil-

lary drug concentration is not in�uenced by the extravasation of drug molecules. We

introduce a bolus drug injection through a single exponential decay function for time-

dependent plasma drug concentration:

cp(t) = c0e
− ln(2)t/t1/2 t > 0 , (3.7)

where c0 is the peak plasma concentration of the drug after injection and t1/2 is the

plasma half-life of the drug.

In many clinical and experimental studies, it was observed that drugs are hetero-

geneously distributed within solid tumors [126]. As a result of this, some of the tumor

cells are not exposed to drugs in su�cient amounts and they may survive the treatment

and continue proliferating afterwards. Uniformity of drug distribution is therefore a

determinant for the e�ciency of an anti-tumor treatment, as well as the total dose that

reaches cancer cells. Accordingly, we de�ne dimensionless quantities that measure total

tumor exposure (Φe) and heterogeneity of drug distribution (Φh), in order to compare

the e�ciency of drug delivery with and without vascular normalization:

Φe =
1

tT c0

tTˆ

0

dt 〈c〉ΩT
, (3.8)
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Table 3.2. Parameters related to transport of 100 nm liposomes

Parameter Value in

tumor

Value in

normal tissue

Unit

D 2.5×10-9a cm2/s
kE 0.35b -

1− σ 0.87 c 0 -
Pd 5%×3.42×10-7d 5%×0.88×10-7d cm/s
λd 4×10-6e 1.4×10-7e 1/s
λr 1/135f 1/hours
t1/2 45.2g hours

a [94]
bestimated from [100]

cestimated using σ =
(
1− (1− α)

2
)2

with ratio of drug to pore radius, α =

100 nm/500 nm. [127]
ddi�usional permeabilities taken to be %5 of the e�ective permeabilities measured

in [30]
ecalculated using Pd

S
V .

f [128]
g [129]

and

Φh =
1

tT c0

tTˆ

0

dt
〈(
c− 〈c〉ΩT

)2〉1/2
ΩT

, (3.9)

where 〈 · 〉ΩT
= 1

VT

´
ΩT

d3r ( · ) denotes averaging over the tumor domain, VT is the

tumor volume and tT is the time interval for which the e�ciency of the therapy is

evaluated. Typical administration interval of liposome-based anti-cancer drugs is 2-4

weeks, also in our simulations over 99% of the drug was cleared from the interstitial

space after 2 weeks; therefore, we set tT = 2 weeks. Total tumor exposure (Φe) is

the dimensionless concentration averaged over tumor tissue and therapy interval. Φh

is the time-averaged sum of deviation of concentration from its mean tissue level,

therefore measures the spatial heterogeneity of the drug distribution. According to

these measures, higher values of Φe and lower values of Φh represent a more e�ective

drug delivery.
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3.2.3. Vascular Normalization

We model the e�ects of vascular normalization therapy by introducing a 50% per-

cent decrease in the tumor vessel surface density ( S
V
; [130,131]), 80% percent decrease

in tumor vessel hydraulic conductivity (Lp; [14]), 60% percent decrease in tumor vascu-

lar network permeability (Pd
S
V
; [132]) as the cited studies suggest. Osmotic re�ection

factor (σ) for homophore membranes could be approximated using σ =
(
1− (1− α)2

)2
, where α is the ratio of solute radius to pore radius [127]. Assuming an e�ective pore

size of 5 nm for normal and 450 nm for tumor vessels, we calculate the value of σ as 1

and 0.13, respectively, for 100 nm liposomes. We assumed that vessels in normal tissue

was not a�ected by normalization.

3.2.4. Problem Domain and Boundary Conditions

In this study, we consider a spherically symmetric tumor embedded in normal tis-

sue. Problem parameters assume uniform but separate values within the sub-domains

of tumor (ΩT ) and normal (ΩN) tissue. We denote the tumor radius with R0. At the

boundary between the tumor and normal tissue, we have the mass continuity relations

for the interstitial �uid:

[
−K∂P

∂r

]
r=R0

= 0, (3.10)[
−D∂c

∂r
−K

∂P

∂r
(1− σ) c

]
r=R0

= 0. (3.11)

Symmetry boundary conditions are applied at the tumor center and far �eld:

∂P

∂r

∣∣∣∣
r=R0,R∞

= 0, (3.12)

∂c

∂r

∣∣∣∣
r=R0,R∞

= 0. (3.13)
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3.3. Results and Discussion

We solved the model equations numerically and analyzed the in�uence of vas-

cular normalization (as described in section (3.2.3)) on the tumor exposure (Φe) and

heterogeneity of distribution (Φh) of the drug. Simulations showed that depending on

the size of the tumor, vascular normalization may increase the total tumor exposure of

the drug and homogenize its distribution within the tumor. We categorized the tumor

spheroids modeled in the study according to their sizes as small (R0 = 1 mm), medium-

sized (2 mm ≥ R0 ≥ 10 mm), and large (R0 ≥ 11 mm). In small tumors, neither of Φe

and Φh varied signi�cantly between normalized vasculature and untreated vasculature.

In medium-sized tumors with normalized vasculature, Φe was signi�cantly higher, and

Φh signi�cantly lower in comparison to medium-sized tumors with untreated vascula-

ture.

In our simulations, vascular normalization e�ectively decreased IFP in small tu-

mors (by 9 mmHg, in tumor center), and signi�cantly recovered transvascular pressure

gradients (See Figure3.1a, R0 = 1 mm). However, suppressed hydraulic conductivity

of the normalized vasculature precluded the bene�ts of enhancing the transvascular

pressure gradients. In consequence, extravasation rate of interstitial �uid and drugs

were in fact lower, in comparison to untreated vasculature (See Figure 3.1b, R0 = 1

mm). Outward convective �ux near tumor boundary was considerably lower for nor-

malized vasculature, due to decreased IFP. The overall e�ect was that total tumor

exposure was not signi�cantly in�uenced by normalization therapy (See Figures 3.2a

and 3.1c, R0 = 1 mm). These results suggest that bene�cial e�ects of normalization on

nanoparticle delivery in small tumors, if any, would rely on factors other than reduction

of IFP, such as improvement of blood perfusion, and decrease of hypoxia, as suggested

by [10,18,28,91].

In medium-sized and large tumors with untreated vasculature, IFP was elevated

to vascular pressure levels throughout the inner regions of tumors (See Figure 3.1a,

R0 = 2�15 mm, untreated vasculature). In these regions, convective extravasation of

drugs was nearly completely inhibited (See Figures 3.1b, R0 = 2�15 mm, untreated vas-
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culature) and transvascular transport solely depended on di�usion, which is typically

slow for nanoparticles. In addition, rapid convective extravasation occurred near tumor

boundary, resulting in spatially heterogeneous drug distribution (Φh as high as 0.33,

See Figure 3.2b, R0 = 2�15 mm, untreated vasculature). In contrast, in medium-sized

tumors with normalized vasculature, convective extravasation occurred throughout the

tumor, and total exposure was up to 33% higher, and spatial heterogeneity was nearly

3 fold lower, compared to tumors with untreated vasculature (See Figure 3.2, R0 = 2�

8 mm). In terms of increasing Φe and decreasing Φh, normalization treatment was

bene�cial only in medium-sized tumors (2 mm ≤ R0 ≤ 8 mm).

Normalization in large tumors decreased IFP and improved convective extrava-

sation only on the outer regions of tumors (See Figure 3.1b, R0 = 15 mm). Therefore,

although total exposure was slightly higher, spatial heterogeneity of distribution was

not reduced. (See Figure 3.2, R0 = 15 mm).

At the tumor boundary, IFP sharply decreases to its near-zero level resulting

in outward interstitial �uid �ow [13, 14]. This �ow sweeps drug particles towards

surrounding tissue. In a study by [13], �uorescent tracing molecules are concentrated

at tumor boundary while they are absent in the inner parts of the tumors 24 hrs after

IV administration. In addition, outward interstitial �uid �ux was observed at the

tumor boundary. Simulations suggest that via normalization, such convective washout

of drug particles could be decreased by almost 50%.

This model investigates how interstitial �uid transport in�uences the spatial dis-

tribution of drugs in the macroscopic scale. However, besides elevated IFP, hetero-

geneous blood �ow and presence of high-permeability regions in the vasculature also

contribute to heterogeneous distribution of nanoparticles and macromolecules in tu-

mors [30, 91]. In addition, due to their size, nanoparticles and macromolecules might

not be able to penetrate the tumor tissue, and remain close to blood vessels after ex-

travasation [28, 91]. Assuming a continuous vessel distribution, this model does not

account for such e�ects at the microscopic scale. Tissue penetration length of individ-

ual drug particles could be investigated using the discrete model that we will present
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Figure 3.1. Comparison of IFP (a), convective extravasation rate (b), and drug
concentration (c) for tumors of various sizes with normalized (dashed lines) and
untreated (solid lines) vasculature. Fields plotted at t = 24 hours after injection.

in Chapter 4.

Several clinical trials [114�122] and laboratory experiments [23,24,108�113] have

shown that vascular normalization treatment may improve drug delivery in some types

of cancers. However, mechanisms behind such improvement are not yet fully under-

stood. It is known that some improvement is via increased blood �ow and reduced

hypoxia [24�26] Our results suggest that two well known e�ects of vascular normal-

ization, reduced vascular hydraulic conductivity and reduced surface density of tumor

vessels, may improve the delivery of slow-di�using therapeutic agents, such as lipo-

somes. For the values of transport parameters used in this study (Tables 3.1 and 3.2)

this range was calculated to be 2 mm ≤ R0 ≤ 8 mm. We note that for tumors of

di�erent types and at di�erent vascularization stages, this range should vary.
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Figure 3.2. In�uence of vascular normalization therapy on (a) total tumor drug
exposure, Φe and (b) spatial heterogeneity of drug distribution, Φh, in various sizes of

tumors.
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4. A DISCRETE MODEL OF DRUG DELIVERY

Representative value of the drug delivery model introduced in Chapter 3, is lim-

ited by the assumptions that (i) vascular network acts as a continuously distributed

source of interstitial �uid and drugs, (ii) tumor blood supply is homogeneous and (iii)

extravasation of drug molecules does not reduce the drug concentration in the blood.

As discussed in Section 2.7, the �rst assumption does not hold in tumors whose di-

mensions are comparable to intercapillary distances (~300 µm). In addition, as large

molecular weight drugs remain localized in the vicinity of blood vessels after extravasa-

tion [28,30,91], the continuum model may underestimate the local drug concentration

near vessel walls, and overestimate the concentration in the interstitium. The second

assumption is not generally correct for tumors: tumor blood supply is often heteroge-

neous and this a�ects drug delivery [15]. The third assumption may not hold for drugs

with very high microvascular permeability or within the capillaries in which the blood

�ow is stagnant. In such cases, as viewed from the material frame of the blood, a large

portion of the drug particles would have enough time to extravasate, and plasma drug

concentration would decrease considerably.

To overcome the above problems and obtain a more accurate picture of drug

delivery, we have developed a discrete model that calculates the blood �ow in individual

vessel segments in coupling with the interstitial �uid �ow.

4.1. Coupling Blood Flow and Interstitial Flow

In tumors, blood �ow is strongly coupled to the interstitial �ow via exchange of

�uid across the vessels. We model the blood �ow within vessels as laminar pipe �ow.

According to Poiseuille's law, the local rate of blood �ow (qv) is related to the pressure

gradient along the vessel wall. We write Equation 4.1 as,

qv(s) = −Kv

∂Pv

∂s
ŝ, (4.1)
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Figure 4.1. Mathematical representation of the vascular space and blood �ow.

where Kv is the local �ow conductivity, equal to

Kv =
πd4v
128µ

. (4.2)

Here, dv is the vessel diameter (mm), and µ is the blood viscosity (mmHg·s). Here, the

s is the curvilinear coordinate of the 1-dimensional vascular space. Fluid is lost from

the vascular space by extravasation (See Section 2.3). The mass balance equation for

the �uid in the vessels is:

−∇ · qv(s) = f(s) , (4.3)

where f(s) is the rate of �uid loss to the interstitial space through the vessel walls,

measured per length of vessel (mm3/mm·s). See Figure 4.1 for a visual description of

the variables s, qv(s) and f(s). By Starling's law, we can estimate f(s) as:

f(s) = LpC (Pv − PIF) , (4.4)

where Lp is the vessel hydraulic conductivity, C is the vessel wall circumference, and

Pv and PIF are the e�ective vascular and interstitial �uid pressures. Mass balance
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equation for IF is, again,

∇ · (−KIF∇PIF) = ΓF − ΓFl. (4.5)

However, the source term for the seeping blood serum (ΓF ) must be modi�ed to account

for the vessels being 1-dimensional (line) sources:

ΓF (x) =
∑
vi

ˆ

Ωvi

ds δ(s− x) f
i
(s) . (4.6)

Here, δ is the Dirac delta function, and s ∈ Ωvi is a position vector within the 1-

dimensional vascular space of the ith vessel segment. Here, we de�ne a �vessel segment�

as a non-interrupted piece of vessel that links two consecutive branching points. We

will use vi to denote such vessel segments. Substituting Equation 4.6 into the mass

balance equation for IF, we obtain the mass balance equation for the interstitial �uid,

fed by a network of vessels:

∇ · (−KIF∇PIF) =
∑
vi

ˆ
Ωvi

ds δ(s− x)LpC (Pv − PIF)− λFlPIF. (4.7)

4.2. The Finite Di�erence Discretization

The 3D domain of the problem is partitioned using a uniform mesh as xi ∈ Ω.

Step size for the spatial mesh, i.e., the distance between adjacent mesh points, is

chosen as h = 20 µm for all directions. This step size was chosen in order to resolve

the intercapillary distance (100�300 µm). This allows us to calculate local outward

�ux of interstitial �uid around the vessel walls, which may help the extravasated drug

particles to leave the vicinity of the vessels and penetrate the tissue. The vascular

space is discretized on the same spatial mesh. We will call the mesh points that vessels
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pass through as �vessel nodes�, and denote them with xs ∈ Ωv. Lying on this mesh

structure, vessels are allowed to make only 90◦ turns, form branches, and may terminate

at nodes, forming �sprout tips�. Branching of the vessels are only allowed to occur at

mesh points, and we will call these points, �branching nodes�. The remainder of the

vessel nodes will be called �segment nodes�.

The discretized versions of variables and parameters will be denoted with sub-

scripts. Integer subscripts are the indices of the mesh points at which the variables

are evaluated. For instance, PIF
i = PIF(xi) denotes the IFP at the ith mesh point of

the 3-dimensional interstitial space. Subscripts such as i→ j signify that the variable

refers to the interval between the subsequent mesh points xi and xj. For instance,

Kves
s→r is �ow conductivity of the vessel that lies between the adjacent vessel nodes xs

and xr. Finally, �i denotes the set of mesh points that are adjacent to the point xi,

either within the interstitial space or the vascular space.

4.2.1. Discretization of the Equations for Interstitial Flow

Using the discretized form of the Darcy law,

qIFi→j = −KIF
i→j

PIF
j − PIF

i

h
, (4.8)

we write the centered �nite di�erence approximation for the mass balance equation of

the interstitial �uid, Equation 4.5:

1

h2

[
−
∑
j�i

KIF
i→jP

IF
j +

∑
j�i

KIF
i→jP

IF
i

]
= ΓF

i − ΓFl
i , (4.9)
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which is accurate to O(h2). If we assume that interstitial space is homogeneous and

isotropic (KIF
i→j = KIF), we obtain:

1

h2

[
−KIF

∑
j�i

PIF
j + 6KIFPIF

i

]
= ΓF

i − ΓFl
i . (4.10)

Since we assume lymph vessels as continuously distributed sinks, the form of ΓFl
i is

simply:

ΓFl
i = λFli P

IF
i , (4.11)

such that λFli will be set to zero inside the tumor, xi ∈ ΩT , to account for the absence

of functional lymph vessels, as discussed in Section 2.7.

To discretize ΓF, we �rst write its Taylor expansion near the mesh point xi:

ΓF(xi +∆x) = ΓF(xi) + ∇ΓF|xi
·∆x+O

(
∆x2

)
. (4.12)

Then, we calculate the integral of ΓF over the cubic space of dimensions h×h×h, that

contains the mesh point xi at center:

ˆ

Ωi

d3x ΓF (x) = ΓF(xi) h
3 +O

(
h5
)
. (4.13)

We denote this space by Ωi (See Figure 4.2). Dividing by h3, we obtain an approxima-
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tion for the average of ΓF (x) on Ωi;

1

h3

ˆ

Ωi

d3x ΓF (x) = ΓF
i +O

(
h2
)
. (4.14)

Here, substituting Equation 4.6 for ΓF (x), we get:

1

h3

∑
vj

ˆ

Ωvj

ds fvj(s)

ˆ

Ωi

d3x δ(s− x) = ΓF
i +O

(
h2
)
, (4.15)

1

h3

∑
vj

ˆ

Ωvj

ds fvj(s)1s∈Ωi
= ΓF

i +O
(
h2
)
, (4.16)

where 1s∈Ωi
is 1 if s ∈ Ωi, and 0 otherwise. Rearranging, we have;

ΓF
i =

1

h3

∑
vj

ˆ

Ωvj∩Ωi

ds fvj(s) +O
(
h2
)
. (4.17)

Note that the integral at the right, is a line integral on vessels that are contained

within the cubic space, Ωi. Since the vessels are restricted to lie on mesh points, the

portions of individual vessels contained within Ωi could only be of length h/2 (See

Figure 4.2). We use Ni to denote the number of vessels meeting at the node i and

consider three di�erent vascular con�gurations around the vessel node xi. Case (i),

there is no branching: a single vessel passes through xi, with a total length equal to

h (Ni = 2). Case (ii): the number of vessels meeting at xi is greater than two (for

instance, the number is three in Figure 4.2), so xi is a �branching node� (Ni > 2). Case

(iii): a single vessel terminates at xi, forming a �sprout tip� (Ni = 1). For the time

being, we will assume that second order variations inf within Ωi is small, and use a
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Figure 4.2. Discretization of ΓF
i involves an integral on the vessels contained within

the cubic space Ωi of dimensions h× h× h.

zeroth order (rectangle) approximation for the integral in Equation 4.17:

∑
vj

ˆ

Ωvj∩Ωi

ds fvj(s)
∼= Ni

h

2
fi. (4.18)

In Section 4.2.4, we will assess the error introduced in this step for the simulations of

physiologically realistic cases, and provide higher order approximations to the integral.

With this approximation, the interstitial �uid source term becomes:

ΓF
i = Ni

1

2h2
fi. (4.19)

Fluid extravasation rates, fi, are discretized as:

fi = Lp,iCi

(
Pv
i − PIF

i

)
, (4.20)

where Lp,i and Ci are the hydraulic conductivity and circumference of the vessel piece(s)

at node i. Substituting the above relations to Equation 4.10, we obtain a �nite di�er-
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ence approximation to the interstitial �uid mass balance equation:

1

h2

[
−KIF

∑
j�i

PIF
j + 6KIFPIF

i

]
=

Ni

2h2
LiCi

(
Pv
i − PIF

i

)
− λFl

i PIF
i . (4.21)

4.2.2. Discretization of the Equations for Blood Flow

The net amount of blood that �ows into a vascular network must balance with

total �uid loss through the vessel walls. We need a mass balance for blood �ow in terms

of the nodal vascular pressures Pv
s and the corresponding nodal interstitial pressures

PIF
s . First we integrate the di�erential mass balance equation (Equation 4.3) over the

vascular space Ωv within the cubic space Ωs of the node xs:

−
ˆ

Ωv∩Ωs

ds∇ · qv(s) =

ˆ

Ωv∩Ωs

ds f(s) , (4.22)

−
∑
r�s

qs→r =
∑
vr

ˆ

Ωvr∩Ωs

ds fvr(s) , (4.23)

∑
r�s

qr→s =
∑
vr

ˆ

Ωvr∩Ωs

ds fvr(s) , (4.24)

where qr→s is the rate of blood �ow from the neighboring vessel node r, to the central

node s, calculated at the boundary of the cubic space, Ωs (See Figure (4.2)). We

discretize Equation 4.1 to approximate q:

qr→s = −Kv
r→s

Pv
s − Pv

r

h
. (4.25)
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Since boundary of Ωs is at the midway between the nodes s and r, this is a centered

approximation, and accurate to O(h2). Using the 0th order approximation1 for the

integral on vascular space, and substituting the above approximation for qr→s, we

obtain the mass balance equation for blood serum:

∑
r�s

Kv
r→s

Pv
r − Pv

s

h
= Ns

h

2
Lp,sCs

(
Pv
s − PIF

s

)
, (4.26)

where r � s indicates the set of the vessel nodes that is connected to the central node

s, and Ns is the number of vessels meeting at the node s. For instance, applying the

above equation to a non-branching vessel node by letting �s = {s − 1, s + 1} and

assuming constant �ow conductivity we have:

Kv

h

[
Pv
s−1 − 2Pv

s + Pv
s+1

]
= hLp,sCs

(
Pv
s − PIF

s

)
. (4.27)

For the sprout tips, we have:

Kv

h

[
Pv
s−1 − Pv

s

]
=
h

2
Lp,sCs

(
Pv
s − PIF

s

)
. (4.28)

4.2.3. Obtaining a Numerical Solution

The �nite di�erence form of the problem consists of mass balance equations for

interstitial �ow. To solve for the unknown variables PIF
i and Pv

s , we cast the problem

1Given in Equation 4.18. Inspecting the Taylor expansion of f(s) one notices that it is correct to
O
(
h3
)
.
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into a linear matrix equation:

A · xu = b. (4.29)

Here, xu is the vector of unknowns:

xu =



PIF
0

...

PIF
i

...

PIF
n−1

Pv
0

...

Pv
s

...

Pv
m−1



, (4.30)

where, n is the number of nodes in the interstitial space, and m is the number of vessel

nodes. The matrix A contains the coe�cients of the unknown variables, arranged such

that the product A·xu produces the equations for interstitial pressures (Equation 4.10)

in the top n rows, and for the vascular pressures (Equation 4.26) in the remaining m
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rows. To satisfy this structure, A should have the form:

A =



CIF
0,0 · · · .

. . . .

. . . CIF
i,i CIF

i,j . . . CIF
i,s

. . . . .

· · · CIF
n−1,n−1

. Cv
0,0 · · ·

.
. . .

Cv
s,i . · · · Cv

s,s Cv
s,r · · ·
. . .

. · · · Cv
m−1,m−1



, (4.31)

where CIF
i,j 's denote the coe�cients of PIF

j 's in the equation for PIF
i , such that j ∈ �i.

Similarly, Cv
s,r's denote the coe�cients of Pv

r 's in the equation for Pv
s , such that r ∈ �s.

By inspectingA, we see that interstitial �ow and vascular �ow problems are represented

by the top-left n × n, and bottom-right m × m portions of A, and the coe�cients

Cv
s,i's and C

IF
i,s's couple these two problems. These coupling coe�cients depend on the

hydraulic conductivities of vessel walls. The coe�cients in the equations for interstitial

pressures (Equation 4.21) are:

CIF
i,i =

6KIF

h2
+
Ns

2h2
Lp,sCs + λFl

i (4.32)

CIF
i,j = −K

IF

h2
(4.33)

CIF
i,s = − Ns

2h2
Lp,sCs (4.34)
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where j ∈ �i and s is the vessel node that lies on the interstitial node i. From Equation

4.26, we read o� the coe�cients for vascular pressures:

Cv
s,s =

∑
r�s

Kv
r→s

h2
+
Ns

2
Lp,sCs (4.35)

Cv
s,r = −K

v
r→s

h2
(4.36)

Cv
s,i = −Ns

2
Lp,sCs (4.37)

where r ∈ �s and i is the interstitial node that is coincident with the vessel node i.

Dirichlet boundary conditions are imposed at the arterial and venal ends of the

vasculature and on the boundaries of the interstitial space. Pressure variables at the

boundaries, therefore, are not included in the vector of unknowns xu. Equation terms

that contain the imposed (known) pressures, are passed to the right hand side of the

equations and they make up the vector, b. For instance, let's consider a interstitial

space node, i, that is adjacent to the interstitial boundary node, b. On the boundary,

the Diricihlet boundary condition, PIF
b = 0, is imposed2. The equation for pressure at

this node, PIF
i is:

CIF
i,iP

IF
i +

∑
j�i

CIF
i,jP

IF
j + CIF

i,sP
v
s = 0. (4.38)

We pass the term CIF
i,bP

IF
b to the right hand side:

CIF
i,iP

IF
i +

∑
j�i 6=b

CIF
i,jP

IF
j + CIF

i,sP
v
si
= −CIF

i,bP
IF
b , (4.39)

so that it belongs to the row i of the vector b, i.e., bi = −CIF
i,bP

IF
b .

2in accordance with the measurements of IFP in normal tissues. See Table (1.2).
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Similarly, at the arterial and venous ends of the vessel network, we impose Pv
b =

Part or Pv
b = Pven. Then, the equation for vascular pressure at the vessel node s, that

is adjacent to the boundary vessel node b is:

Cv
s,sP

v
s +

∑
r�s 6=b

Cv
s,rP

v
r + Cv

s,i = −Cv
s,bP

v
b . (4.40)

Finite di�erence formulation of the problem is thus complete. Pressure �eld

within the interstitial space and vessel network is obtained by solving for the vector of

unknowns:

xu = A−1 · b. (4.41)

Blood �ow (qv) and interstitial �uid �ow (qIF) could then be calculated using Equations

4.25 and (4.8), respectively.

In this study, size of the problem domain was chosen as 5 mm × 5 mm × 0.25

mm to contain a slice of a vascularized tumor spheroid. Using a mesh resolution h = 25

µm, the number of degrees of freedom (DOF) is ≈400000 and the number of elements

in the matrix A is ≈ 16 × 1010. Inspecting Equations 4.10 and 4.26, one notices that

at most 8 coe�cients in each row of A are non-zero. Therefore, we handle A as a

sparse-matrix to save computer memory, and signi�cantly speed up the matrix inverse

operation.

4.2.4. Accuracy of the Rectangle Approximation for the Integral of f

On the vascular regions where there is excessive branching or excessive �uid

extravasation, we would expect the 2nd derivative of f to be large. In that case, using

the rectangle approximation (Equation 4.18) for the integral of f by may lead to large
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errors, and higher order approximations for this integral may be more suitable.

For the case of a non-branching, continuous vessel passing through the node xi

(case i), a centered parabolic approximation can be used:

s=h/2ˆ

s=−h/2

ds f(s) =
h

24
(fi−1 + 22fi + fi+1) +O

(
h5
)
, (4.42)

where fi, fi−1 and fi+1 are the values on the central, and the neighboring vessel nodes.

For the case of a branching node (case ii), contributions from individual vessel portions

are summed up. The integrals along these h
2
-long vessel portions can be calculated

using one-sided trapezoidal or parabolic approximations:

s=h/2ˆ

s=0

ds f(s) =
h

8
(3fi + fi+1) +O

(
h3
)
, (4.43)

s=h/2ˆ

s=0

ds f(s) =
h

24
(8fi + 5fi+1 − fi+2) +O

(
h4
)
, (4.44)

where fi, fi+1 and fi+2 refer to the values on the central node, and the subsequent

vessel nodes along a branch (at s = h and s = 2h). These two approximations should

be used also for the sprout tips (case iii), such that i is the node at the sprout tip, and

i+ 1 and i+ 2 are the nodes before it.

As presented in the following sections, we ran drug delivery simulations using

physiologically realistic parameters. Analyzing all of the numerical solutions obtained,

we have calculated that rectangle approximations di�ered from parabolic approxima-

tions by less than 1.3%. Largest errors occurred on the vessels near the tumor boundary,

and in larger tumors rather than small ones.
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4.3. Modeling of Drug Transport

Having obtained the the blood �ow, qv(s), and interstitial �ow, qIF(x) , the next

step is to calculate the distribution of drug particles. For this purpose, in Chapter 3,

we set up a reaction-di�usion-advection equation for the drug concentration. Here, we

will follow a discrete approach and calculate the positions of individual drug particles

in the blood stream and in the tissue. This will enable us to observe and compare the

tissue penetration depth of the nanoparticles beyond the vessel wall, which is often

limited in tumors [28, 91]. In addition, by opting for the discrete approach, we avoid

the numerical instabilities that would arise from a high-Reynolds-number convection

equation for the drug transport in the blood stream. The method we present here is

general, although we will use it to model the transport of nanoparticles.

4.3.1. Vascular Transport

The local blood velocity within vessels has a parabolic pro�le:

vb(r) = vmax

(
1− r2

r2v

)
, (4.45)

where r is the radial distance to the center line of the blood vessel, rv is the vessel

inner radius. Assuming that the solute moves with the local blood velocity and that

its lateral position in time is uniformly distributed along the channel cross section,

mean velocity of the particle will be equal to the mean �uid velocity:

vn = ṽb =
vmax

2
=

qv
πr2v

. (4.46)

Since the dimensions of nanoparticles (0.01�0.1 µm) are much smaller than capillary

diameters (~10 µm), we neglect the size exclusion e�ect (φ ≈ 1). At each computation
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time step, nanoparticles will be translated by a distance of:

∆s =
qv
πr2v

∆T, (4.47)

along the vessel. Flow rate within the vessel, qv, is calculated using Equation 4.25.

In the case that the nanoparticle encounters a branching point (s), the probability

that it will enter any of the connected branches, P (s→ vi), is proportional to the

fraction of the �uid �owing into that branch:

P (s→ vi) =
|qvs→i|

+∑
j�s

∣∣qvs→j

∣∣+ , (4.48)

where |x |+ gives x, if x > 0, and zero, otherwise. This ensures that the drug particle

properly enters into an outward �ow channel.

4.3.2. Extravasation

At the end of each computational time step, the algorithm sweeps over each

nanoparticle within the vascular network to determine if it has extravasated. This is

done according to a probability assigned to each nanoparticle, P ex(∆T), which is �the

probability that the nanoparticle has extravasated in the past ∆T period of time�. We

assume that the lateral position of the particle within the vessel cross section changes

in a chaotic manner, and therefore the process of extravasation is without memory,

i.e., it is a Poisson process. Considering this, P ex(∆T) can be calculated in relation to

Poisson rates of convective (λcn) and di�usive (λdn) extravasation, as;

P ex(∆T) = 1− e−
(
λcn+λdn

)
∆T. (4.49)
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Figure 4.3. Calculation of the rate of convective extravasation: the nanoparticle may
extravasate along with the leaking �uid.

To calculate the rate of convective extravasation, λcn, let's consider a cylindrical

block of vascular space through which the particle travels within an in�nitesimal time,

dt. Within this period of time, some portion of the �uid inside the cylinder will

extravasate (∆Vex, see Figure 4.3). The in�nitesimal probability that the particle

would be within the extravasated volume is equal to the ratio of the extravasated

volume (f∆Ldt) to the total �uid volume in the cylinder (πr2v∆L). To take into

account the exclusion/sieving e�ects due the pore walls, we multiply this probability

with convective hindrance coe�cient W . We now obtain the in�nitesimal probability

density of convective extravasation:

dP ex

dt
= W

f∆L
πr2v∆L

, (4.50)

which is equivalent to the Poisson rate of convective extravasation for the particle, λcn.

Using the relation for f (Equation 4.4), we have;

λcn = W
2Lp∆P

rv
, (4.51)
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where ∆P is the e�ective pressure di�erence between the blood and the interstitial

space. Note that λcn properly has the units of [ 1
T
].

To calculate the rate of di�usive extravasation, λdn, we again consider an in�nites-

imal cylinder of vascular space in which the nanoparticle resides. Using c = 1
πr2v∆L

for

the concentration of the nanoparticle in the membrane di�usion equation (Equation

2.21), we obtain the rate at which the particle will di�use from the vessel wall:

λdn =
1

πr2v∆L
Pd2πrv∆L. (4.52)

Rearranging, we have:

λdn =
2Pd

rv
. (4.53)

Substituting the convection and di�usion rates, we obtain the probability of extrava-

sation within one computational time step as:

P ex(∆T) = 1− e−
2
rv

(WLp∆P+Pd)∆T. (4.54)

4.3.3. Interstitial Transport

In each computation time step, nanoparticles in the interstitial space will undergo

(i) a stochastic translation due to di�usion (∆xd), and (ii) a deterministic translation

due to convective transport (∆xc). Translation for convective transport is straightfor-

ward:

∆xc = −K

φF
∇P rf∆T. (4.55)
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Where rf is the retardation coe�cient for interstitial convection (See Section (2.6.2)).

The probability distribution of the di�usive displacement vector is equivalent to the

fundamental solution for the di�usion equation in 3-dimensions:

f (xd) = (4πD∆T)−3/2 e−
x2d

4D∆T , (4.56)

where D is the e�ective di�usion coe�cient in tissue (See Section (2.6)). Note that

∆xd has a normal distribution with a standard deviation proportional to the di�usion

length of the particle,
√
D∆T.

The total displacement of the nanoparticle is the sum of ∆xc and the random

vector ∆xd.

4.3.4. Lymphatic Clearance and Biological Decay of Nanoparticles

The probability of removal at the end of a computation time step is calculated

by assuming that the clearance of the nanoparticle is a Poisson process:

P r = 1− e−λc∆T, (4.57)

where the removal rate of the nanoparticle is:

λc = λFlP+ λr. (4.58)

Here, λFl is the lymph �ltration coe�cient, P is the e�ective interstitial �uid pressure

(See Section 2.7), and λr is the biological decay rate of the nanoparticle.
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5. RESULTS

Using the discrete model presented in Chapter 4, we have studied the blood �ow,

interstitial �ow and drug delivery in a vascularized tumor. A grid-like tumor vas-

cular network, that consists of arterioles, metarterioles, capillaries and venules, was

computationally generated. Actual measurements of vessel diameters, inter-branching

distances, and branching angles (See Section 2.1) were used to generate the tumor

microvasculature. In the �rst set of experiments, we study how blood �ow and inter-

stitial �ow di�er between tumors and normal tissues. In the next set of experiments,

we analyze the in�uence of vascular permeability on drug delivery in di�erent tumors.

Table 5.1 lists the baseline values of the parameters we have used in the simulations.

In our simulations, we distinguished tumors from the normal tissue by the struc-

ture of their vascular network, and the lack of draining lymphatics. Consistent with

the measurements, tumor capillaries have larger diameters and leakier vessel walls.

Interbranching distances are shorter in tumor capillaries than in normal capillaries.

This causes the tumor vascular network to be slightly denser compared to normal tis-

sues, which is usually the case for the peripheral vasculature of tumors, as discussed in

Section 2.1.

5.1. Computational Domain

In this study, the computational domain consists of a tissue slice with dimensions

5 mm × 5 mm × 0.25 mm. We choose a slice, instead of a 3D cube to keep the

computational time reasonable, while keeping the mesh dense enough to resolve the

inter-vessel distances of ~100 µm. A single layer of grid-like vasculature lies in the mid-

dle of the slice. This computer-generated vessel network consists of two arteriole-venule

pairs, each linked with 1.25 mm long metarterioles. Metarteriole lengths are chosen

according to the measurements of arteriolar-venular path lengths (0.5 � 1.5 mm) by

Less et al. [17]. Correct to the actual physiology described in Section 2.1, capillaries

branch o� from the metarterioles, forming the a web that penetrates the tissue. See
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Table 5.1. Parameters used in the computer simulations.

Parameter Value Ref.
P+
art 15 mmHg -

P−
art 10 mmHg -

P+
ven 10 mmHg -

P−
ven 5 mmHg -

σ∆π 5 mmHg [133]
dart 20 µm [17]
dmet 10�15 µm [45]

dcap (tumor) 10�18 µm See Section 2.1
dcap (healthy) 8�12 µm See Section 2.1

dven 20 µm [17]
Lp,art 1.7×10−10 m/mmHg·s See Table 2.3

Lp,cap (tumor) 265×10−10 m/mmHg·s See Table 2.3
Lp,cap (normal) 9.8�34 ×10−10 m/mmHg·s See Table 2.3

Lp,ven 34×10−10 m/mmHg·s See Table 2.3
IBD (core) 100µm [47]

IBD (periphery) 50-100 µm [47]
IBD (normal) 200 µm See Section 2.1

θB 60◦ [46]
Lmet 1.25 mm [17]
Ltumor 3.75�7.5 mm -

λFl (normal) 1×10−4 1/mmHg·sec [107]
λFl (tumor) 0 See Section 2.7

K 4.13×10−12 m2/mmHg·sec [79]
µ 3×10-5 mmHg·s [40]
λr 1/week [91]
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Figure 5.1. Layout of the problem domain. Red shading: vascular network. Greyscale
shading: interstitial �uid pressure. Green dots: drug particles within the vessels.

Blue dots: drug particles within the tissue.

Figure 5.1 for the layout of the problem domain. On the lateral boundaries, we impose

the Dirichlet boundary condition, PIF = 0, consistent with measurements in healthy

tissues. On the bottom and top boundaries of the domain, we impose the following

boundary conditions:

∂

∂z
PIF(x, y, z)

∣∣∣∣
ztop

= − ∂

∂z
PIF(Lx − x, Ly − y, ztop)

∣∣∣∣
ztop

, (5.1)

∂

∂z
PIF(x, y, z)

∣∣∣∣
zbot

= − ∂

∂z
PIF(Lx − x, Ly − y, ztop)

∣∣∣∣
zbot

, (5.2)

where Lx and Ly are the dimensions of the domain. With these boundary conditions,

the physical system becomes an in�nite number of grid-like vessel networks stacked over

each other, such that geometry of each network is a point re�ection of the one beneath.

These re�ections avoid the asymmetry that would be caused by the vascular and ar-

teriolar blood �ows. When modeling tumor tissues, tumor parameters are assigned to
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Figure 5.2. Interstitial �uid pressure was elevated in tumors (right), while it was
near-zero in normal tissues (left). Bottom panels: plots over tissue cross sections.

Solid line: IFP. Red dots: capillary blood pressures.

the central circular region of diameter 3.5 mm. However, because of the Neumann-like

boundary conditions, this simulates the properties of a cylindrical tumor, instead of a

spherical one.

5.2. Drug Distribution in Tumors vs. Normal Tissues

In agreement with the continuum model in Chapter 3, other theoretical models

[21, 133], and clinical and laboratory experiments [2, 14]; our discrete model showed

that interstitial �uid pressure was elevated within tumors (See Figures 1.2 and 5.2).

As a result of elevated IFP, �uid convection across the tumor vessel walls were

signi�cantly reduced. Figure 5.3 compares the distributions of transvascular pressure

di�erences (Pv − PIF) and transvascular convection rates (f) on the individual vessels

of a normal tissue and a tumor. In this experiment, the mean values of transvascular

convection rates on normal and tumor capillaries were 0.45µm2/sec and 0.10µm2/sec,

respectively. Using the method introduced in Section 4.3, we simulated the IV injection

of 1000 units of convection-driven drug particles (See Figure 5.4). Due to elevated IFP,
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Figure 5.3. Distributions of transvascular pressure di�erences (Pv − PIF) and
convection rates (f) on the individual vessels of a normal (blue) and a tumor tissue
(red). Mean extravasation rate is signi�cantly lower in tumors (0.10 vs 0.45 µm2/s).

number of particles found within the inner region of the tumor was signi�cantly smaller

than the corresponding region in healthy tissue (n=21 vs. n=62, 66% decrease). The

total number of extravasated drug particles was also smaller in the tumor tissue than

in the normal tissue (n=135 vs. n=166, 19% decrease). These results are in agreement

with the clinical and laboratory observations that elevated IFP inhibits drug delivery

in tumors [10, 134]. In particular, by using a non-invasive, in-vivo MRI technique,

Hassid et al. [13] have simultaneously measured the IFP and the concentration pro�le

of an IV-injected contrast agent in tumors. Our results match their observations of an

elevated tumor IFP and reduced intra-tumor concentrations of blood-borne agents (See

Figure 5.5). Our discrete model of drug delivery clearly demonstrates a functional link

between tumor vessel leakiness, decreased transvascular convection rates and impaired

drug delivery.

5.3. Blood Flow in Tumors vs. Normal Tissues

Due to the hyper-permeability of the tumor vessels, interstitial �ow and blood

�ow is strongly coupled to each other. Baish et al. [135], have previously studied this

phenomenon using a mathematical model of a pair of counter-current vessels embedded

in the interstitium. They have proposed a dimensionless parameter, β, equal to the
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Figure 5.4. Distribution of drug particles in normal and tumor tissues 10 minutes
after an IV injection of 1000 units. Red dashed line: inner region of the tumor. Blue

dots: extravasated drug particles.

Figure 5.5. Magnetic resonance imaging of IFP and an intravenously-injected
contrast agent in a human lung tumor. Reprinted from Hassid et al. [13]
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ratio of vascular and transvascular �ow resistances,

β =
16µLpL

2

r3v
, (5.3)

which measures how strongly the coupling in�uences the vascular pressure pro�le. Here,

L is the blood �ow path length, which can be interpreted as the tumor diameter. They

have shown that for large β, vascular pressure pro�le diverts from its normal linear

shape, and shifts towards the interstitial �uid pressure pro�le, which is uniform over

the tumor. They suggested that such coupling would increase with tumor size and with

vessel wall hydraulic conductivity. By using a grid-like vessel network, we studied the

blood �ow in tissues that have spatial extent, and thus expanded the analysis of Baish

et al.

We studied the in�uence of transvascular coupling on the blood �ow pattern of

a normal tissue and a 7 mm tumor. The corresponding β values for the normal and

tumor tissues were 0.13 and 7.09, respectively. We observed that in the central parts

of the tumor vasculature, capillary blood pressures had a �atter pro�le (blood pressure

gradients along the vessels were lost) compared to the corresponding capillaries in the

normal tissue (See Figure 5.6, top panel). Accordingly, tumor blood �ow was reduced

in these regions, resulting in a heterogeneous pattern of blood supply throughout the

tumor (Observe blank regions in Figure 5.6, bottom-right panel). Such heterogeneity

in tumor blood �ow was not as pronounced in tumors smaller than 7 mm diameter

(data not shown). Transvascular coupling e�ect is expected to be much weaker in

small tumors, considering the functional dependence of β on blood �ow path length, L.

Our results suggest that tumor vascular hyper-permeability may be one of the reasons

behind the limited and heterogeneous blood perfusion of tumors.
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Figure 5.6. Comparison of the blood �ow pattern in a tumor and a normal tissue.

5.4. E�ect of Transvascular Coupling on Blood Flow and Drug

Distribution in Tumors

Finally, we studied how transvascular coupling in�uences the tumor blood �ow

pattern and the spatial distribution of drug particles. We modeled the injection of

1000 units of nanoparticles in 7 mm tumors with varying levels of vascular leakiness:

Lp =530, 133, 33×10−8 cm/mmHg-s. The corresponding β values were 7.09, 1.78,

0.44, respectively, i.e., transvascular coupling was successively decreased. In the case

of hyper-permeable vasculature (Lp =530 cm/mmHg-s), drug particles extravasated

predominantly near the arterioles, and did not penetrate the capillary networks where

blood �ow was limited (See Figure 5.7, left column). Our simulations suggest that

decreasing the hydraulic conductivity of tumor vessels (Lp) suppresses the transvas-

cular coupling, restores the abnormal tumor blood �ow and provides a more uniform

drug distribution (Figure 5.7, middle and right columns). In agreement with our re-

sults, laboratory experiments have shown that vascular normalization treatment via

anti-angiogenic factors improves blood �ow in tumors [24, 25]. We suggest that im-

provement of the blood supply and drug distribution within the tumor may account

for the success of vascular normalization on patient outcomes.
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Figure 5.7. Comparison of blood �ow patterns and distribution of drug particles in
tumors with varying levels of vascular leakiness.

If the drug distribution within the tumor is spatially heterogeneous, during the

time interval between consecutive drug injections, tumor cells that were not exposed to

the drug, proliferate and replace the dead cells in the drug-exposed areas. Therefore,

for an e�ective treatment, it is crucial that all cancer cells within the tumor are exposed

to the drug. As seen in Figure 5.7, the total number of extravasated nanoparticles have

decreased (from 186 to 145) with decreasing vascular leakiness. However, since the drug

particles are more uniformly distributed throughout the tumor, such decrease in the

total drug exposure might not be detrimental to the treatment.

5.5. Concluding Remarks

Beside its genetic properties, progression of a tumor depends also on its physical

and biochemical interactions with the host tissue. The biophysical and biochemical

properties of the host tissue vary among di�erent patients and also within the same



78

patient, and this is one of the reasons why an established cancer treatment may be

e�ective in one patient, and may not in another. In the past decade, mathemati-

cal models of tumor growth and tumor drug delivery have been increasingly used to

study how the physical and biochemical environment of the host tissue in�uences the

progression and treatment of cancer.

In this thesis we have used mathematical modeling to study the problem of drug

delivery in solid tumors. It is well known that the leakiness of tumor blood vessels

results in elevated interstitial �uid pressure and poses a barrier to drug delivery. We

have studied this seemingly paradoxical phenomenon by inspecting the transvascular

pressure gradients and extravasation rates in tumor vessels. Interestingly, extravasation

rates in tumors are 4-5 times smaller than in normal tissues, although tumor vessels

are hyper-permeable.

Several clinical trials [114�122] and laboratory experiments [23,24,108�113] have

shown that vascular normalization treatment may improve drug delivery in some types

of cancers. However, mechanisms behind such improvement are not yet fully under-

stood. In Chapter 3, we have studied how vascular normalization treament may im-

prove drug delivery by modifying the interstitial �uid pressure and interstitial �uid

�ow. Interestingly, decreasing the vascular hydraulic conductivity or vessel density of

tumors (two well known e�ects of anti-angiogenic factors) may increase the convective

extravasation of drugs in the tumor tissue, and also provides a more uniform drug

distribution. We have shown that such improvement in drug delivery may depend on

tumor size.

It is well known that blood supply is impaired in tumors, and this leads to hetero-

geneous drug delivery and hypoxia � both undesired conditions for cancer treatment.

There are several reasons behind the impaired blood �ow of tumors, such as increased

geometric resistance and heterogeneous vascularization. By studying the transvascular

coupling of blood �ow and interstitial �uid �ow, we have observed that leakiness of tu-

mor vessels may lead to impaired blood �ow and heterogeneous drug delivery in tumors.

We have observed that decreasing the hydraulic conductivity of tumor vessels, increased
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the blood �ow in tumor capillary networks, and provided a more uniform drug distri-

bution. Pre-treatment of patients with anti-angiogenic agents (vascular normalization

treatment) is known to decrease hydraulic conductivities of tumor vessels. We suggest

that improving the tumor blood �ow by supressing the transvascular coupling may be

one of the mechanisms behind the success of vascular normalization pre-treatment in

chemotherapy patients.
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