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ABSTRACT

MAXIMALLY SYMMETRIC COSMOLOGIES

In this thesis we will give a review of maximally symmetric spacetimes. There
are only three of these spacetimes namely, Minkowski, de Sitter and anti-de Sitter
spacetimes represented with zero, positive and negative cosmological constant respec-
tively. We will obtain metrics in various forms for each of these manifolds using our
mathematical freedom of choosing different coordinate patches. This will lead us to

different cosmological models for the same manifold.



OZET

MAKSIMAL SIMETRIK KOZMOLOJILER

Bu tezde maksimal simetrik uzay-zamanlari inceleyecegiz. Uc tane olan bu uzay-
zamanlar Minkowski, de Sitter ve anti-de Sitter uzay-zamanlari olup sirasiyla sifir, pozi-
tif kozmolojik sabit ve negatif kozmolojik sabit ile temsil edilirler. Bu uzay-zamanlarin
farkli bolgelerini farklhi koordinat sistemleriyle kaplayarak degisik fiziksel kozmolojik

modeller elde edilir.
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1. INTRODUCTION

Cosmology is one of the most studied branches of physics. Throughout the time
there have been made many models to explain the structure and evolution of the cosmos
we live in. As is true in every branch of physics observations either rule out or support
certain models. For example, Edwin Hubble’s discovery of redshift [1] eliminated the
static models and together with the discovery of the cosmic microwave background
(CMB) [2] favored the Friedmann-Lemaitre-Robertson-Walker (FLRW) model whose
spatial sections are scaled with a time dependent factor and the timelike coordinate
is taken as the cosmological time. The accelerated expansion of the universe from
observations of distance-redshift relation for Type la supernovae [3,4] implies a positive
cosmological constant A and gives rise to the current standard cosmology which is called

Lambda Cold Dark Matter (ACDM) model.

Of course it is not possible to prove a model wrong by observations if it has a
complicated structure. At this point, symmetries as we love them come to our aid. It
is easier to rule out a model with higher number of symmetries. Minkowski spacetime
which has the maximum number of symmetries describes a non-expanding flat universe
and is therefore ruled out. There are two other maximally symmetric spacetimes,
namely de Sitter (dS) and anti-de Sitter (AdS) that are described by a positive and
a negative cosmological constant respectively. None of these three spacetimes fully
support the observations as they correspond to vacuum solutions of Einstein’s field

equations and are classified as A =0, A > 0 and A < 0 models.

The outline of this thesis is as follows: In chapter 2 we set the mathematical
formulation of symmetries in general relativity and give a description of maximally
symmetric spacetimes. We briefly give a group theoretical approach. Then we give a
construction of these spacetimes in two ways: One by guessing the form of a metric and
two by embedding it into a higher dimensional spacetime. Then we describe FLRW

metrics which have maximal symmetry only in spatial sections.



Next we will investigate the three maximally symmetric spacetimes with differ-
ent coordinate patches. For each coordinate system we choose on the manifold we
will obtain different metrics. These metrics consequently give distinct descriptions for
cosmology. Some of these metrics will be identified as cosmological in the sense that
they give a corresponding case of the FLRW models with different scale factors and
spatial sections. Some of other cosmological models will not have the timelike coordi-
nate as the cosmological time, can be static or even anisotropic. We will conclude with

a discussion of these models.



2. SYMMETRIES

In this chapter we will be dealing with the mathematical grounds of maximally
symmetric space(time)s that are used widely as cosmological models. For this we will
start with a Riemannian space equipped with the metric g, (z) and find its symmetry
transformations without any knowledge of the attached coordinate system. To achieve
this we will start with describing symmetries in a covariant way, independent of any

particular coordinate system.
2.1. Killing Vectors

Under a given coordinate transformation z — 2/, the metric tensor g, (z) at a

point z is transformed as

PP Oxf O0x°
) = o o) (2.)

following the covariance of the interval ds?. If we demand the metric to be form-

invariant, i.e. g,, (") = gu (2') we obtain the symmetry transformation

, Oxf O0x°
() = £ S ge(0) (2.2
or equivalently
ox'? 0x'°
G () = @ngo(x/)- (2.3)

The coordinate transformation z — 2’ is a symmetry of the metric called isometry if

it satisfies Equation 2.3.

Consider an infinitesimal coordinate transformation

't =t + e (x) (2.4)



with |e| < 1 under which Equation 2.3 in the first order of £ becomes

g (@) = [0, (27 + e€7(2))] [0y (27 + €§7(2))] gpo (z + £€())
= [00 + 0,87 ()] [67 + 8,7 ()] [gpo (x) + €6 () Orgpur ()] (2.5)
= gm,(m) +¢ [8u§p<x)gpu(x) + 81,§”(x)gw(x) + fA(x)aAgw/(x)] .

This transformation is an isometry of the metric if the vector field £#(x) satisfies the

condition

0 = 0" (@) gpw () + DyE7 (1) gpuo () + & (2)Or g () (2.6)

This equation is known as the Killing equation and £#(x) is known as the Killing vector
field. First rewriting Equation 2.6 with total derivatives we can write this in terms of

the covariant components £, = g,,§":

O = au(fpgpu) - fpaugpu + au(fag;w) - faaug;w + 5)\(.’13')8)\9/“,

= ugu + 3;/5“ - gp(augpu + &/gup - 8pg;w)

(2.7)
= ugu + aué.u - gapgpga)\(aug)\u + augu)\ - @)\gm/)
- ,ugu + 8l/g,u - 2€G'FZI/
where we used the definition of the Christoffel symbols,
o 1 oA
F/u/ = 59 (a,ug)\l/ + augu)\ - a)\g,uu) (28)

which are symmetric in their lower two indices. We can also write Equation 2.7 in a

more compact way in terms of the covariant derivative as

V.V, =8V, —T9,V,. (2.9)



Using the notation V,V, =V,., Equation 2.7 becomes,
0 - §V3H + é—p;y (2]‘0)

So we can identify all infinitesimal isometries of a given metric g,,(z) by finding all

Killing vectors that satisfies Equations 2.6 or 2.10.

Now we consider the commutation of two covariant derivatives,

V0, Vo IVe = Vu(V,Vy) = Vo (V,V,)
= 0u(0Ve = T7,V,) = 17,(0,Vo = T, V,) =T, (8, V;, =TT, V))
— 0(0,Ve = T8, V,) + 17, (0,V, = T4, V,) + T7,(0,V, = T2 V,)  (2.11)
= (01, = 0TV, + T 10V, = T, T0,V,

= —RCV,

ouy

where we used the definition of the Riemann curvature tensor in the last step

Re,, = 8,0, —,I% + T I% —T7 T% (2.12)

vor pry po vy

that satisfies with R;\W = ¢ Rpo

Rpa';w = _Ropw/
pouv — _Rpo'uu (213)
pouy — R,uupo"
If we take the cyclic permutations of the relation given in Equation 2.11
VU;V/J, - VO';/LV = _Rg,u,u‘/l?
Vl/;;w - anw = _Rﬁauvp (2‘14)

Visov = Viwe = —Rj,6V)

nuvo



and sum them up, we have

va’;l/p, - Va’;/,u/ + VV?#U - ‘/;/;CT,M + V#;o—y - v’u;ya— - 0 (215)

where we used the Bianchi identity

R, + R

ouv uro

+ R =0 (2.16)

vou ~

for the left hand side. If V, = &, is a Killing vector satisfying Equation 2.10, which

leads to the relation,

fu;,ua = _g,u;yo-- (217)

Then we can rewrite Equation 2.15 for a Killing vector as

go;u,u - go;m/ - g,u,;ucr =0 (218)

and Equation 2.11 becomes

é.UGVU = Rgz/,ué.p (219)

where we used the antisymmetry property of the Riemann tensor in the last two indices.

We can find the second and higher derivatives from Equation 2.19, once &, and
&,y at some point x, is given. This allows us to expand any particular Killing vector
&,(z) of a given metric as Taylor series in the neighborhood of the point x given &, (o)

and &,,.,(z¢) as

§o(x) = AJ (5 20)85(20) + B (5 20) 803 (20)- (2.20)



The functions A7 and Bj” depend on the metric and on z¢ with BJY = —B}?, and are
the same for all Killing vectors. We see from Equation 2.20 that in N dimensions, there
can be N independent quantities of £,(zo) and N(N — 1)/2 independent quantities of
&po(T0) giving a maximum number of linearly independent Killing vectors &,(z) as

N(N +1)/2.
2.2. Maximally Symmetric Spacetimes

A Riemannian space with a metric g,,(x) is homogeneous if we can carry any
point xy to another point x in its neighborhood with an infinitesimal isometry trans-
formation given in Equation 2.4. This amounts to saying that in /N dimensions a given
metric has N linearly independent translational Killing vectors at the point xy. This

is stated in [5] as choosing a set of N Killing vectors féu)(a:; xo) with

€ (o3 o) = 0% (2.21)

A Riemannian space with a metric g,,(z) is isotropic about a point x, if there
exist infinitesimal isometry transformations given in Equation 2.4 that leave the point
7o fixed. This means that at the point z, all Killing vectors £,(zo) vanish. However
their first derivatives, &,.,(zo) take all possible values respecting the antisymmetry
condition given in Equation 2.10. This is stated in [5] as choosing a set of N(N —1)/2

linearly independent Killing vectors §£“ ¥) (x; x0) with

9 (w5 w0) = =€ (5 ) (2.22)
0 (205 20) = 0 (2.23)
g,ﬁ“g)(wm xy) = [Q,gfgW) (z; xo)} . 086, — ooy (2.24)

A one good non-trivial example to understand these is S? with the metric ds? =

df? + sin? fdp> where the orthonormal basis 1-forms are e! = df, e = sinfd¢ and



orthonormal basis vectors are €5 = Jy and €, = (1/sin#)0, satistying < e, e}, >= 4y

Solving for Equation 2.6 gives three Killing vectors as

{1y = sinf €5
§2) = sin @ €1 + cos ¢ cos f & (2.25)

§(3) = cos ¢ €1 — sin ¢ cos 0 €.

Choosing an easy fixed point at 0 = 7/2, ¢ = 7/2 gives two translations ) = €,
§2) = €1 and {3y = 0. For the isotropy about a point we can choose = 0 and leave ¢
a constant since it has no meaning as a coordinate at the north pole. In this case we
have 1) = 0, {2) = sin¢ &) + cos ¢ &, and {(3) = cos @ €1 — sin @ €, where £(9) and &)

together give a rotation of orthonormal vector basis.

A Riemannian space with a metric g,,(z) is maximally symmetric if in N di-
mensions has N linearly independent 5,&“ ) (x;20) and N(N — 1)/2 linearly independent
f,(;“ V)(x; x) giving the maximum number of N(N + 1)/2 Killing vectors. This means
that a maximally symmetric space is a homogeneous space that is isotropic about some
point xy. We arrive at the same conclusion if a space is isotropic about every point

since it implies homogeneity.

Now we will exploit a very special feature of maximally symmetric spaces: They
are constant curvature spaces. Moreover, for a given constant curvature K and the
signature of a metric there corresponds a unique maximally symmetric space. We will
conclude with given two maximally symmetric spaces with the same K and the signa-
ture there exists a coordinate transformation from one metric to the other. We start
with considering a general expression for the commutation of two covariant derivatives

of a tensor



[V#, vu]Tpa = v#(vapo) - vu(vnTpa)
= Vu(0,Tpo =11y — FZVTWU) — V(0T — L FZMTW)
= 0u(0,Tpe = 1)1y =17, T0) — Fﬁu(aATpa — 36Ty — FZ)\T’YU)
— (0T = T3, T = T3, 1) = g (0,0 = T\ Ty — T, T0)
—(n<v)
= _auFZaTm - FZaauTm - auFZuTva - FZuauTw - szavTx\o

+ 0 T Doy + T3 T3, Toe — U000, T + Tp T Ty + 10,10, T

upt vo Hot vATP pot pvty
—(nv)

= (0,17, — 0,1, + FQUFZA - FﬁaFZA)Tm
+ (0,1, — 0., + T, I, =0 I )T

=R, T,+R), T, (2.26)

where the rest of the terms are vanished under a relabeling of the dummy indices. Let
us define this tensor as 7T,, = {,., which is antisymmetric due to condition given in

Equation 2.10. Making use of Equation 2.19

[vw VV]ngp = VM(RW év) - VV(RA/ 57)

vop pop

= V.R}, & + R, V6 — VR, & — R, V0E, (2.27)
which is true only for a Killing vector. From equating 2.26 and 2.27

Rguyvvgp + RZV;LVO'SW - VHRZUpf’Y + R) vuéw - vVRZapgv - RZavag"/

vop

_ng,uvp£7 + RZV/LVUg'Y = (VHRZUp - VVRZap)g’Y + R} V/ig‘y - Rlapvug'y

vop

(VVRZUp B VNR’V}IO'p)f’Y = (R://apé;); B RZO’péz\ + RZV}L(S;\ o Rzyuaé)vA€7 (228)
which relates &, to &,,» without any information of the metric. As we discussed above
for a homogeneous space &, can take all possible values at a certain point where V,¢,

vanishes. Since there are N linearly independent &, its coefficient satisfies R, ,, =
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RY

Jopyu FOT an isotropic space at a fixed point &, vanishes therefore from Equation 2.10

the term in parenthesis in Equation 2.28 must be symmetric in A and ~,

R0 —R'_S 4+ R, 6>—Rl 0>=R) §1— R\ 57+ R 07 —R & (2.29)

vop©p pop v ovpp pvpo vop®p popv ovpp pvpo

which are both satisfied for a maximally symmetric space. Now we will derive a formula

for the curvature constant. Contracting A and ¢ in Equation 2.29 gives

R}, 0% — R 6%+ R}, 67— NR), =RS & —R% 6+ R2, 6 — R 0]

vop©u pop®v avu®p pvp vopu popv ovp®p prp
(2.30)
T _RY v v T _RC ST _ R S5V
Ry = By + By = NI, + B = R0, — 15,00
where 7, vanishes, R 5 = R,, is the Ricci tensor, and in N dimensions o7 = N.

Using the Bianchi identity we can replace

R +R, =-R) (2.31)

viup 1pv Py
and so we have

~R),, + R}, — NR},, + R, =R,,0 — R,0)

VI Vi prp prp (2.32)
(N — I)R;’W = R,,0) — Rl,péz.

We can lower the indices with the metric as

(N - 1)R3Vu97/\ = Rup0) gy — R,,pélg%

(N = 1) Ry = Ryupgur — Rupgpn-

(2.33)

For the right hand side we use the antisymmetry property of the Riemann tensor in A

and p

Rupgu)\ - Rupg,u)\ = _Ru)\gup + RV)\g,up- (234)



11

Contracting v with A gives us the relation

Rupgz/)\gy)\ - Rupg,u/\gy)\ = _Ru)\gupgw\ + Ru)\g,upgy)\

NR,, — Ry,0 = —R,\0) + Ry, (2.35)
R
R, = Ngup

recalling that ¢"*R,, = R is the Ricci scalar. We can insert this relation into Equation

2.33 and find

R
Rypvp = m@upgm = Gupunr)- (2.36)

Now we will find the coordinate dependence of the Ricci scalar R. For this we will use

the second Bianchi identity
R/\pw;é + R>\p5vm + R/\pud;v =0. (2-37)

Contracting with first ¢* and then with g?* noting that the covariant derivative of the

metric is zero gives

(QMR/\qu);é + (g)\yR/\pév);u + (QAVRAPM);V =0

Rﬂu;5 - RP5§M + RZM;V =0

(9" Rpp)is — (97" Rys )i + (gpuRZM)%” =0

Rs— R}, — RS, =0

1 v v
1 v 1 v
(555}% - N(;(;R) 5 - O

1 1
(5 - N) o =

where we used Equation 2.35. Since R is a scalar, the covariant derivative becomes the

(2.38)

partial derivative that shows R is independent of coordinates. So any maximally sym-

metric space with more than two dimensions, Equations 2.35 and 2.36 hold everywhere
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and has constant B. With this we arrive at our first conclusion that we can define a

curvature constant K such that

R=N(N - 1)K. (2.39)

Then for a maximally symmetric space we can write the Ricci tensor as

Ry =K(N —1)gy, (2.40)

and the Riemann tensor as

R/\pu,u = K(g,upgu)\ - gupgu)\)- (241)

If we take two constant curvature spaces g,,(z) and g, (') with the same K and
the same signature of the metric, then these two maximally symmetric spaces are
equivalent up to a coordinate transformation given in Equation 2.1. This tells us that

to all possible values of K there exists a unique maximally symmetric space.

2.2.1. Coset Space Description of Maximally Symmetric Spaces

If G is a Lie group and H is a subgroup of G the coset space M = G/H is
defined as a manifold on which G acts transitively and H leaves any chosen point
invariant [6]. The most well known example is S? on which G is SO(3) and H is
SO(2), the invariance group of a fixed point usually taken as the north pole. Whereas
G acts non-linearly on the coset space, H acts linearly. If we consider the tangent
spaces G, H, M of the manifolds G, H and M = G/H for G and ‘H we obtain a vector
space structure whereas G and H are Lie algebras because of the fact that G and H
are Lie groups. The projection of the group multiplication to M is more complicated.

We have a direct sum decomposition G = H & M if G is semisimple with

HHCH [HMcCM  [MMCG. (2.42)
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The first commutator just shows that #H is a subalgebra. G/H is called a reductive
homogeneous space if we have the second commutator. All semisimple Lie algebras are
reductive. If the third commutator gives [M, M] C H plus reductivity makes G/H a

symmetric space [7]. All maximally symmetric spaces are symmetric spaces.

2.2.1.1. Calculation of Curvature on G/H. Consider G and choose an orthonormal ba-

sis in G. For dim(H) = dy and dim(M) = dj; this basis are given by 6, where

a=1,...dyg and pu; where i = 1,...,dy,.

Construct elements of M by m = exp(x'u;) where x is a coordinate chart on M.
Consider the Maurer-Cartan 1-form m~'dm, since m(z) € G this belongs to G but can
be separated into parts in % and M such that (m~'dm)y = peida’ [6]. Choosing
e’ = etda’ as the orthonormal basis 1-forms on M one straightforwardly calculates the
connection and curvature in terms of the coordinates z* explicitly by using Cartan’s

equations of structure

0=de' +w)neé
(2.43)
i o3 i k
Q) = dwj + wi, A wj.

This formulation smoothly leads to the components of the curvature in the orthonormal

basis. The commutation relations of G give

[/\a’ /\b] = f(fb)‘c
[/\a7>\i] = gi)\j (2'44)

i Nl = Fida + fEN

and the Riemann tensor is calculated as [§]

7 1 i ra 1 7 m 1 i m A m
TG Jalr — B . 1 (fem 0= Jim jk)‘ (2.45)
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2.2.2. Conservation Laws

We have seen the Killing vectors as the generators of infinitesimal transformations
of a given metric giving isometries. As we learn in our classical mechanical course,
for a system under some set of transformations Noether’s theorem states that there
corresponds a physical conserved quantity for each symmetry of the system. Let us
consider a geodesic x*(7), 7 being the proper time that parameterizes the geodesic
of a given metric and we consider a tangent vector u#(1) = i = % which is the
four-velocity on that geodesic. If £(z) is a Killing vector field of the spacetime than
the quantity &, (x*)u* is conserved along the geodesic [9]. We can prove this by taking

the covariant derivative of this object along the geodesic
u'V, (§uut) = uu'V, €, + € (V). (2.46)

We showed in Equation 2.10 the antisymmetry of V,¢, which means the first term is
zero since u”ut is symmetric under a relabeling of the indices. For the second term we

consider the geodesic equation

d*z™ , dx¥ dx?

ds? v ds ds

= 0. (2.47)

If we use the four-velocity along the geodesic this equation becomes

d e
% + T u’uf = 0. (2.48)

Since u* = u*(xz(s)) then we have

du(z(s))  dz® Jut out
= = u“ 2.4
ds ds 9z " 9z° (249)

which then gives

I
ue (ai + F“ﬂuﬁ) ~0. (2.50)
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The term in the parenthesis is the covariant derivative of u* so that we have
u*Vaut =0 (2.51)
and so §,u" = &, 1" is the conserved charge.
2.3. Constructing Maximally Symmetric Spaces
In this section we will solve for a spatial metric in 3-dimensions. We will assume
that the maximally symmetric space has SO(3) symmetry with r-dependent functions
f(r) and g(r). We will make use of it for the FLRW models in the following section. A
note here is although we take here N = 3 we showed the requirements for maximally
symmetric spaces in the previous section for N dimensions.
The space interval is
ds®> = f2(r)dr® + g*(r)(d6? + sin® §d¢?) (2.52)
with basis 1-forms

et = f(r)dr — dr = %61

1
e? = g(r)dd — df = 562 (2.53)
1
e* = g(r)sinOd¢ — dp = ———¢?
gsin6
and we take the differentials

de* =0
de* = g'dr N df = g—,el A €? (2.54)

fg

! t 0

de® = ¢'sinOdr A do + g cos 0dO N\ do = T tpned 4 2872 p¢8,

fg g
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Using Cartan’s first structure equation
de' +wi nel =0 (2.55)

we can find the connection 1-forms w§ = wﬁe"‘ for each 7,7 component separately

keeping in mind wj = —wj.

0=de' +ws Ae* +wsAé
(2.56)

= w%lel A€+ w%363 Aer+ wélel Aed+ w§262 A el
which gives
1 1 1 1
0=de* +w? Ael +wine
J (2.58)
= f—el A€+ w%262 Aet + w%ge:3 Aet + w§161 Aed+ w§262 A e
g

gives

W%Q = W§2 = W%?) = ng (2.59)

0=de® +wd Ae +wj Ae?

! cot 6
= %el ANed + —e* Ne® + wf262 Aet + wf’3e3 Aet + wg’lel Aer+ w§’363 A €
g g
(2.60)
gives
/
3 g 3 cot § 3 3
Wiz = & Wog = Wip = Woy- (2.61)




Noting the antisymmetry in the first two indices wjj; =

find the non-zero connection one-forms as

wf:% :
/

w:;:%es
cot 0

ws = p

17

k

. i
—wjir and using wj = wje” we

(2.62)

Now we’re moving on to calculating curvature 2-forms from Cartan’s second structure

equation

QO = dw; + wp, A wj.

ledw%~|—w§/\w§

(7)) ()
fg g

( fg+fg f9>61/\62_ g

f?g?
) 1 /\62

el A e?

Q%zdwé—i-w%/\wg

(5] () ()
I g

( f9+f9 f9>e1/\€3_9_(9_€

Jg \[fg

) o

cot 0
1/\63+—62/\63> +
g

(2.63)

(2.64)

g cotf 2

fg?

(2.65)
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t 9 / /
() () ()
g fg fg
- z CO;B _961 Ae? —CSC2 662 Ae? — _cot9 (g—,el Ae’+ cot? 662 A 63) - g/: e’ e’
fg 9 \fg g fg
1 /2
(1) e
(2.66)
We can extract the Riemann curvature tensor using € = %R;klek A el
f/g/ gll
1
Py f
! ! /!
9 g
313~ 3 T fag (2.67)
1 912
2
and we find the Ricci tensor with the contraction Ry, = R},
f/g/ g//
Ry =Ry, + Ry =220 — 27—
121 131 P3g 2g
!/ ! 12
1 3 I'g 9 1 g
o= Rt i = 80~ oo+ 55 (1) (268
f/g/ g// 1 9/2
Rsz = Ryjs + Ripy = = — +=(1-—=].
313 8287 f35 T f24 7 g2 2
For this metric to be maximally symmetric it must satisfy the requirement
y 8y y q
R, = K(N —1)g,.. (2.69)

Since we are in N = 3 and using the metric g,

= 0,, this condition becomes

R, = 2K,

(2.70)
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and help us solve for f(r) and g(r), giving two equations

f/g/ gl/

_ - K
3 2
Fg I (2.71)
g 2

From the second one we have ¢ = f1/1 — Kg? and the derivative with respect to r

gives
9" =f'V1-Kg¢ — \/% (2.72)

Implementing ¢’ and ¢” into the first condition gives

f'V1-Kg* 1 ( Kfg )
v Y (T RE _K
V1= Ky (2.73)

f?g f?g
S

V1 — Kg?

and from this equation ¢'(r) = 1. Then g(r) = r gives
1
(2.74)

==

So the maximally symmetric spatial metric becomes

1
ds* = 1 %z dr® + r*(df? + sin® 0d¢?). (2.75)

At this point it is useful to define the curvature constant in terms of a specified

length L, as K = k/L? so that k only takes values -1, 0 or 1. Then with a rescaling of

the radial coordinate, 7 = r/L

1
(A0 sin® 0d6?) = 12 (1 AR (a6 4 sin 9d¢2>> (2.76)
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so the overall L? can be absorbed into a scale factor. We immediately see that k = 0

case is the Euclidean 3-space.

If £ =1 the metric is

ds® = dr? + r*(df? + sin® 0d¢?) (2.77)

2
-
I=5

We can show that the singularity at r = L is only a coordinate singularity by a re-

parameterization of the radial coordinate as

1

7‘2
-1

dr® = dx? (2.78)

which is satisfied with »r = Lsiny. We see that the final metric becomes that of
3-sphere S3,

ds®> = dx* + L?sin? x(d6” + sin® 0d¢*) = d;. (2.79)

If £ = —1 the metric is

ds* = dr? + r*(df? + sin® 0d¢?). (2.80)

2
-
I+ 7=

Although we don’t have a coordinate singularity in this case it is useful to change the

radial coordinate as

1

1+ 5

dr® = dx* (2.81)

which in this case is satisfied with » = L sinh y and the final metric now becomes the

3-hyperboloid H?,

ds? = dx? + L*sinh® x(d6? + sin? fd¢?) = dQ2. (2.82)
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Note that these results can be generalized to N dimensions and if we put them all

together

ds® = dr® 4+ r2dQ3_, = dx* + L2SE(x)dQ3% (2.83)

2
1— k5

where

(

sin k=+1

Sk(x) = 4 x k=0 (2.84)

sinh y k=—1.

One last thing we can do for this metric is to go to so called isotropic coordi-
nates where we write the metric with an overall conformal factor. We will make a
re-parameterization of the radial coordinate again but this will be different then we

did above. That is we want to solve

[ dr? +r%dQ%_, = ¢*(n) (dn2 + nQdQ?V_I) (2.85)
2

for n and g(n). The above equality gives us

1 (2.86)

and together reduce to

dn (2.87)

dr B
e
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where we take the positive root. The right hand side gives Inn + cst and for the left
hand side with vkr = Lsinu and so Vkdr = L cos udu which gives

/csc udu (2.88)

and if we multiply both the nominator and denominator by v = cscu + cot u noting

dv = —(cot ucscu + csc? u)du

dv

v

=—lnv+ec¢

= —In(cscu + cotu) + c.

Using sinu = vkr/L and so cosu = /1 — k(r2/L2) this becomes

dr r/L
- | (2.89)
/r 1— k% 1+ /1 — k%

where we factored out In vk and absorbed it into the constant and then set to zero to

give n = 0 when r = 0. We can now find ¢(n) from the relation r = g(n)n,

r r2
——pn=m/1—k—
7 n=mnmn 12

r? r r?
LA LA -
Lz L 2L2 (2.90)
L)
2
g(n) = m
replacing n — 1/2 together with g(n) gives
PN
ds? = (1 + an) (dn” + nPdy_y) - (2.91)

This metric actually is the stereographic projection of SV=! for k = +1 and HV~! for

k = —1. Since we have a flat metric with a conformal factor in isotropic coordinates
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we see that maximally symmetric spaces are conformally flat for which the Weyl (or

conformal tensor) is zero [9].

2.3.1. Constructing Maximally Symmetric Spacetimes

Another useful construction is the embedding of a N dimensional hypersurface
(for example S?) into a N + 1 dimensional flat R®% space(time) (for example R?).
This embedding induces a metric on the higher dimensional space(time) preserving
the isometries of a given hypersurface [10]. We could use this construction in the first
part just for spaces as well where embedding space has the Euclidean signature. Here
we use this construction for maximally symmetric spacetimes, namely, de Sitter and

anti-de Sitter spacetimes.

We start with the defining equation of a N dimensional hypersurface, a hyper-

boloid in N + 1 dimensional embedding space, given with
N2’ = s’ + k(xV)? = kL? (2.92)
where the indices a,b run from 0 to N and 1, is the Minkowski metric, R®¥:1 for de

Sitter and RW=12) for anti-de Sitter. Also k is -1 or 1 giving anti-de Sitter or de Sitter

spacetimes respectively. We can rewrite this as

Ve = +/kL? — n, bz (2.93)
noting that the indices p, v run from 0 to N — 1. Taking the differential gives

Nt dx”
kdx™ = a : .
VkdeN = F (I — npaon?) 12 (2.94)
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We can write the N 4+ 1 dimensional flat spacetime respecting the signature of the

defining equation as

d32 = nabdxadxb = ’r]w,dl"udl‘l/ + kdINdZEN

(M2 da™) (e’ dz”)
kL? — nopreah

M Tpo T P70

M Vd ud v
kL% — nopreah o

= N dztdx” +

(2.95)
= N dztdx” +

Hence components of the metric are given by

TyT,
Naproad — kL?

Guv = N (296)

We can find the inverse of the metric starting with

Nou®’ Nav®”
Napr®ah — kL2

— o (1= T o
v NapLor? — kL2

Guv = Nuw —
(2.97)

and so

g

i ( Naprz® — kL — n“”mmx'”nwx”) -

Napgroad — kL2

a A
= v Napr® 2’ — kL — ngpula (2.98)
Napra? — kL?

= (11— naﬁxaxﬂ
kL? ’

From here we can calculate the connections, Ricci tensor, Riemann tensor and Ricci
scalar. We won’t do this explicitly since we have already derived the form of Ricci
tensor, Riemann curvature tensor and the scalar curvature for maximally symmetric

spacetimes.
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Now we consider the vacuum solution of Einstein equation with a cosmological

constant, A.
1
R, — éRg,“, +Agu =0 (2.99)

Contraction with g"” gives the curvature scale in terms of the cosmological constant.

2N
= ——A 2.1
R N3 (2.100)

Comparing this with the maximal symmetry requirement 2.39 in terms of the constant

K as,

2 k
K:(N_l)(N_2)A:ﬁ (2.101)

where we used the previous definition K = kL~2. For N = 4, this gives

3
L? =k— 2.102
| (2102
where we took A > 0 and so for maximally symmetric spacetimes that follow Einstein’s
vacuum equations k = 0,1, —1 gives, respectively, Minkowski, de Sitter and anti-de

Sitter spacetimes and their natural length scales are given with L2.
2.4. FLRW Universe

FLRW model of the universe admits two conditions. First of these follows from
the ‘Cosmological Principle’ which states that at large scales there are no special points
(homogeneity) in the universe. For a N dimensional space(time) this condition gives
us N translational Killing vectors. Another statement is that at large scales, there are
no preferred directions (isotropy) in the universe and so gives N(N — 1)/2 rotational
Killing vectors. The second condition follows from the observation on the expansion

of the universe. This observation tells us that the metric has some time dependence
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and we cannot have a time translational symmetry. Hence in this model there is no
timelike Killing vector therefore we consider a maximally symmetric space and not a
spacetime. The metric we already constructed for a maximally symmetric space in
the previous section will be our spatial slice for each point in time. That is in 3 + 1
dimensions the metric is,

ds* = —dt* + a*(t) ( dr® + r*(d6” + sin® 0d¢2)) (2.103)

1 — K2

where a(t) is an unknown time-dependent function called the cosmic scale factor which

can be determined by the Einstein’s field equations.

For simplicity we will denote f2(r) = 1/(1 — Kr?). Introducing the basis 1-forms

e? = idt — dt = —ie®

1
et =a(t)f(r)dr — dr = —¢'
. af (2.104)
e? = a(t)rdf — df = —é?
ar
1
e* = a(t)rsinfdy — do = e
arsinf
and
de’ =0
det = afdt Adr = —igeo A et
a
] 1
de? = ardt A df + adr A df = —igeo ANe?+ —et Ae? (2.105)
a afr
de® = arsin@dt A dé + asinOdr A do + ar cos 0dO A de
) 1 t 0
=N+ el AP+ T AR,
a afr ar
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We will use Cartan’s first structure equation for each component,

0=de’ +w) Ae! +ws Ae* +wi e
= whe’ A +whe? Ael +wize? Ae' +wle’ Ae? +whe Ae? (2.106)

+ wg3e3 Ae* + wgoeo Ae? + wglel Ae? + w§262 Ae?
which gives

0 _ 0 _ 0 0 _ 0 0 _, 0
wio = 0wy =wpy Wy = Wiy Wy = Wiy (2.107)

where j = 1,2, 3. For the r coordinate

0=de' +wyAe’+wy Ae’+wy Ae?
.
= —i—e’ Aet Fwiiet A +wher A +wise A el + waeel A e? (2.108)
a

+ wy et A e +wge® Ae® +wiee Aed +wgiel Ae? 4+ wye? Ae
which gives
a
1 1 _ 1 1 _ 1 11 11
Wor = Tt War T 0wy =0 wyp=wy; Wy =Wy Wy = W (2.109)

For the 6 coordinate

0=de’ +wiAe® +wine +ws Ae
a 1
= —i—eo/\62+761 Ae® 4+ whet e +whhe® Ae? + wise A e +wipe’ Ae!
a afr

2 2, 1 2 3, .1 2 0 3 2 1 5.3 2 2 5 3
Fwie” Ae +wize” Ae +wzpe Ae” +wziet Ae” +wsge” Ae

(2.110)

that gives
2__'9 2 ]‘ 2_0 2 2 2 2 2 2 2111
Woe = ¢ Wig = W3o = Wop = Wyg Wog = Wgg Wiz = Wag- (2.111)



For the ¢ component

0=de’ +wj Ae® +wi Ne' +wj Ae?

a ajr ar

+ wfoeo Aet +wier Aet + w§3e3 Aet + wg’oeo ANe2+wdet Ne? + wgge?’ A e
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0
e’ N e’ +wiet A e +wihe® Ae’ + wise? A’

(2.112)
which gives
3 a 3 1 3 cot § 3 3 3 3 3 3
Wha = —1— Wis = —— = Wh = w Who = W Wie = Woy. 2.113
03 13 afr 23 ar 01 10 Wo2 20 12 21 ( )
Noting the antisymmetry in the first two indices wgpe = —Wpqee and using wy = wy.e® we
find the non-zero connection 1-forms as
, a
i Y
Wi = —i—e
0 a
1
w% = 762
afr
(2.114)
WS = 1 o3
L7 fr
cot 0
wg’ = e
ar

Now we will find the curvature 2-forms from Cartan’s second structure equation ff =

dwi + wé N\ wy for each index:

Q0 = dw + wd Awd +wd AW

=d (z’gel)
a

a2
a

= -’ Ae
a

aa — a>

a?
eo/\el—l——eo/\e1
a2

1

(2.115)
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QS = dwd + wd Awy + wd AW

=d (iEBQ) + (igel) A (—LGQ)
a a afr

. ) . ) 2.116
aa—a202a202.a12,a12 ( )
=——F—e¢ Ne"+ e Ne" +1 e Ne—1——e Ne
a? a? afr a?fr
= 2" A e?
a
Of = dw) + Wi Awy + ws A w;
a a 1 a cot @
=d (1—63) + (i—el) A (——63) + (i—eQ) A (— 63)
a a afr a ar
. .2 . .
aa — a a a 1 cot 0
= —5—e' N’ +i- (—i—€0A63+—€1A63—|——62/\63> (2.117)
a a a afr ar
. a 4 5 .acotl 5 o
—1 e Ne’ —1 e Ne
afr a?r
i
=—-eOne?
a

Q3 = dwy + wy Awd + ws Aws
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Q3 = dwz +wy Awl + wy Aws

“o () () o) = (o) 2 (55
afr a a afr ar
a

+rf! 1 a 1 cot 6
eO/\63+f fel/\e?’—T(—z—eo/\e3+761/\e3~l— 62/\€3>
afr

a?fr a? f3r? a afr ar
] cot 0
+ 261/\€3+ 5 262/\63
a’fr

(2.119)
Q3 = dw? + wi Awd + wi A wy
cot 0 a a 1 1
=d <— e3> + <—i—62) A (i—e3> + (—€2> A <——e3>
ar a a afr afr
aacoth o, 5 cotd |, o esc?O , o
= —1 2 e Ne +a2fr26 a27“26 Ne
cot @ a f 1 cot 0 a? 1 f
— —i—eP NP+ —e' NP+ ——e2ned | + =P ned - 2 A e
ar a afr ar a? a? f2r?
2
a 1 1 9 . 3
(s (o)) e
2
a K\ 5 4
= (? + E) e“Ne
(2.120)
We extract the Riemann curvature tensor using §2j = %Rgcdec A el as
a
R?Oi =~
a
4 2 K (2.121)
Rﬂj:§+§ i # J.

We find the Ricci tensor with the contraction R, = RS

ach

. 2.122)
2 K (
+2L 4 2—2) 5

a
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and the Ricci scalar

.. -2 K
R=06%R, =6 (g + L —) . (2.123)

a?  a
Now we can move on to the Einstein tensor

1
RH,V - §g,u1/R - GMV (2124)

and so we get the non-zero components in the orthonormal frame

a> K a> K

K a a> K i a> K
—{ ( a2)—3(a+$+§):|5ij:—(2;+¥+?>5ij

which are related to components in the more familiar coordinate frame with G,, =

QIQ

(2.125)

@I@

eZegGab where p,v =0, ...,3. Using the non-zero frame fields,
ey =1 ey = a(t)f(r) e3 = a(t)r es = a(t)rsinf (2.126)

we find the Einstein tensor in coordinate frame as

a? K
Goo =3 <? +§)

2.127
Gij=—\2_+ 5+ )9
where 7,7 = 1,2,3. Next we solve Einstein’s field equations
G + Mg = KT} (2.128)

where the Einstein tensor G, gives the spacetime curvature, A is the cosmological
constant and the energy-momentum tensor 7),, gives the matter content of the universe
with kK = 817G, G being Newton’s gravitational constant. Here we consider non-zero

cosmological constant for a generalization of the solution.
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We will start with the form of the energy-momentum tensor. The above result
for Einstein tensor dictates us the perfect fluid model, since off-diagonal interaction

terms are zero, and the components are as
Too = p(t)  Tij = p(t)dy; (2.129)

where the energy density p and the pressure p of the fluid are functions only of time
because of the homogeneity [11]. This tensor is usually written in the covariant form

as
Ty = (p+ p)uyty + DGy (2.130)

Here w,, is the four-velocity of the fluid in comoving coordinates where the fluid is at
rest, i.e. u, = (1,0,0,0). In the orthonormal frame we can write the energy-momentum
tensor with T, = eteyT,, which gives T, = —(p + p)uqup + pdap. We did not stress
on it but Equation 2.38 shows us that the covariant derivative of the Einstein tensor

is zero. This can be seen by the change 4}, — g7,

1 v 1%
V., <§guR — Ru) =0 (2.131)
therefore it must be compatible with the energy-momentum tensor, using T"# = gt*T¥

vV, T =0
(2.132)

V. ((p+ p)u”u +pg™) =0

from which we obtain four equations for the matter content.

So we could either use the orthonormal frame with the above energy-momentum

tensor or the coordinate frame by putting Equations 2.127 and 2.130 into Einstein
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equation given in Equation 2.128 which gives

.2 K
3<a——|——)—A:/<;p

Do K
—<29+a—+ >+A:/<;p.

a?  a?

(2.133)

These equations are called the Friedmann equations. Putting the first one into the

second gives

(p+ 3p). (2.134)

w| >
| =

If we take the time derivative of the first one
. .. . 2 K
(2-5-2)-% (2135)

and insert Equations 2.133 and 2.134 into this we obtain the equation of continuity of

the matter content.
) a
p+3a(p+p) =0 (2.136)

The total energy of an expanding three dimensional space with volume V = da® where
d is a constant and pressure p is U = pV. Taking the time derivative dU/dt =
(dp/dt)V + p(dV/dt) gives from the above equation dU/dt = —p(dV/dt) so that the
change in the total energy is dU = —pdV which is the adiabatic expansion equation of

thermodynamics [12].
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3. MINKOWSKI SPACETIME

Minkowski spacetime is the simplest of the three maximally symmetric space-
times. It does not contain any matter and corresponds to the A = 0 case. Therefore
the curvature tensor is zero. In 4 dimensions the number of symmetries a 3+1 di-
mensional maximally symmetric spacetime admits is 10 which is the same number as
the isometries of the Minkowski spacetime in 34+1 dimensions, namely Poincare group
consisting of 4 translations 3 spatial rotations and 3 boosts. For the coset picture we
say that Minkowski spacetime is a homogeneous space of Poincare symmetries in which
a fixed point has Lorentz symmetries, or R x SO(3,1)/SO(3,1) where x denotes the

semi-direct product.
We start with the good old flat metric in cartesian coordinates
ds® = —dt* + di* (3.1)
with —oo < t,7 < oo. Translational Killing vectors of this metric are trivial §, = 9,
where © = 0,...,3. From Equation 2.10 where covariant derivative in this case is
replaced by ordinary derivative we write ¢,,,0,£” + 6,,0,£° = 0 from which we obtain

These give 4 translations, 3 boosts and 3 rotations

§u =0y &io = 200 + 200; §ij = 1305 — ;0 (3.3)
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which is the maximum number in N = 4. If we write boosts and rotations in the

compact form as ,, = 1,270, — 1,2’ 0, they satisfy the Poincare algebra

[g;u gu] -
[S2 &) = [Mua® 0y — ﬁuﬁfﬁam 8/)}
Mo [xa> ap] Oy — Nvp [xﬁ’ 8/)] au ) [Qia, 36] = —52

= M€ — Muply
(s Epo) = [Mua®® 0 = 107" Oy 1y @7 O — Nrr™ D)
= Nuallpy (3 0y, 27] 05 + 27 (2, 0,]0,)
— Nualor (% [0y, 27| 0, + 27 [z, 0,]0,)
— uatpy (27 04, 27] 0 + 27[27, 00,
+ gt (2% [0,,27] 0, + 272 9,)0,)

- n,uagup + nypg,uo - nppgucr - nuofup

which can be generalized to N dimensions.

To understand the structure of infinities in Minkowski spacetime we will build
the Penrose diagram described in Appendix A where we essentially bring all infinities
to a finite region and preserve the causal relations [13]. We can start with going to

spherical coordinates where two angles 6 and ¢ are already compact. The metric reads

ds® = —dt* 4 dr® 4 r* (d6* + sin® 0d¢?) (3.5)
with 0 <r < o0, 0 <0 <7mand 0 < ¢ <27 where ¢ = 0 and ¢ = 27 are identified.
Since curvature is already zero r = 0, r — oo and § = 0,7 are only coordinate

singularities. Next we go to a special choice of coordinates, null coordinates with

u=t—r v=t+r (3.6)
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which gives

noting that » > 0 gives v > u. The metric in these coordinates is

2 2 2
ds? — _ (dv—;—du) N (dv;du) N (v;u) 102
(3.8)

2
= —dvdu + (U ; “) 462

with —oo < u,v < 0o. These coordinates provide us a grid of constant u and v rotated
45° from r, t which is followed by light rays making the causal relations apparent. At
each point of the grid of constant u, v sits a sphere of radius (v — u)/2. We can bring
the infinities of null coordinates to a finite region through compactification

p=tan 'v q¢=tan 'u (3.9)

which makes du = sec? gdg and dv = sec? pdp. Then the metric reads

1
ds? = —sec? psec? qdpdq + 1 (tanp — tanq)* d023

sin(p — q) ng> (3.10)

= sec’ psec? q (—dpdq + 1

where —7/2 < p,q < /2 and v > u gives p > q. Now we reverse things and make the

transformation

1 1
T=p+q X=p—q — p:§T+X q:§T—X (3.11)

where p > ¢ translates to X > 0 and ranges are

—rm<T+X<nm
(3.12)

—a<T—-X<nm
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and the metric becomes

1 T+ X T-X
ds2:—se(:2( + )secQ( 5 )(—dTQ—dX2+sin2XdQ%). (3.13)

Now that we have the metric in the form ds? = Q2d3? and all ranges are now
compact, we can draw the Penrose diagram. Considering Equation 3.12 together with
X > 0 we obtain the region as shown in Figure 3.1. In this diagram X = 0 represents
r = 0. Past and future null infinities Z=,Z% are represented as T'— X = —x and
T + X = 7 respectively. Radial geodesics start and end at X = «, T' = 0, so the
spacelike infinity ° is a point which becomes S' if we add the ¢ coordinate, and S?
if we also add the 0 coordinate. Past and future timelike infinities i~ and % are

represented as X =0, T = —mand X =0, T = 7.

i+
K3

(a) (b)
Figure 3.1. (a) Penrose diagram of the Minkowski spacetime. Null geodesics originate
from Z~ traveling straight at 45° from the vertical and end at Z*. Blue curve is a

radial geodesic. (b) When we add the ¢ coordinate. Red curve is a spacelike geodesic.

3.1. Milne Universe

When E. A. Milne published his paper in 1933 [14] on the expanding model he only
considered the kinematic aspects. He used special relativity without gravitation or any
accelerated frames in curved spacetime. By generalizing Maxwell-Boltzmann velocity

distribution of a cluster of particles with varying speeds from 0 to ¢ and considering an
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“extended” version of special relativity (covariance of the distribution function under

Lorentz transformations), he modeled the linearly expanding universe.

Here we refer to the Milne universe as the corresponding case of an FLRW universe
with a linear expansion. It is the case of an empty universe p = p = 0 also with A =0

so that there is no gravitation. From the Friedmann equations,

a’ = —k (3.14)

and we have either £ = 0 corresponding to a Minkowski spacetime with a constant
scale factor or k = —1 that gives a(t) = ¢, starting from the ¢ = 0, a universe linearly
expanding with time or a(t) = t; — ¢, a universe linearly contracting with time ending
with a big-crunch at ¢ = ;. Note that we are using the units with ¢ = 1 and this
means that the universe is expanding with speed of light. In the comoving coordinates

for k = —1 and a(t) = t the metric in Equation 2.82 with L =1 is,

ds® = —dt® + t*(dx* + sinh? xd<23). (3.15)

This is the metric of the well known Milne universe. Although it is an empty uni-
verse with zero cosmological constant, it is an open space that is linearly expanding
with the cosmological time. However this picture is just an illusion since with a re-
parameterization we can show that the Milne universe is equivalent to the Minkowski

spacetime, namely with the transformations,

T = tcosh x p =tsinhx (3.16)

satisfying the hyperboloid constraint, 72 — p? = 2. It follows then

dr = cosh ydt + t sinh ydy (3.17)

dp = sinh ydt + t cosh ydx (3.18)
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and we show the equivalence

—dr? 4 dp* + p*dQ: = —dt* + t*dx* + t* sinh* d03. (3.19)

We can find the constant ¢ surfaces in the stationary (p, 7) coordinate system for
a test particle in the Milne universe. Using the constraint equation and the transforma-
tions given in Equation 3.16 we see that constant ¢ hypersurfaces are hyperboloids in
(p, 7) Minkowski coordinate system which are represented as hyperbolas in Figure 3.2.
For t = 0, we have 7 = £p at x — co. Curves of constant x are represented as straight

lines. So although Milne has a negative spatial curvature, its spacetime curvature is

T

P
Figure 3.2. The constant proper time (simultaneity) and constant comoving distance
(world lines) curves of the expanding (¢, x) Milne frame in the future light cone of the

(1, p) (stationary) Minkowski frame of a test particle.

zero. We showed the equivalence of the Milne and Minkowski metrics however Milne,
expanding linearly in time, allows us to calculate a non-zero cosmological redshift un-
like Minkowski. However we can compare the Doppler redshift due to a moving source
of radiation. So let’s take a test particle at p = 0 that we will call the observer in the
(7, p) inertial frame and a source moving with the Hubble flow in the (¢, x) frame and

is emitting electromagnetic waves. The source is moving with the constant velocity v,,

v, = dp/dT = tanhy (3.20)
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with proper time

dt = /1 — (£>2d7 (3.21)

equal to cosmic time ¢, in the (7, p) frame.

The apparent time dilation or the Doppler redshift is due to an inertial source
moving with velocity v emitting electromagnetic waves [5]. The proper time interval
between two successive wave fronts is dt = At. In the interval between the two wave
fronts emitted, the source also has a displacement of vdr. So the total time period of

two successive wave fronts received by the observer is

~1
AT = dr + vydr = (1 +v,)dr = (1 +v,) (, /1- vg) dt. (3.22)

Then the ratio of the emission frequency to the observed frequency is

v, AT -1 dr
e _ T — a2 — -
= A = (14 (« /1 vp> (L4107 (3.23)

From the time dilation we insert the dt/dr evaluated at the source frame,

-1

. d dp\*
Z—O =(1+ Up)d—; =(1+4wv,) 1- (d—i) = (1 + tanh x) (cosh x) = eX (3.24)
giving us the redshift,
14+2=2 = ex, (3.25)
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Now let us calculate the cosmological redshift in the (¢,y). The emitted wave

front will follow the null geodesic, ds = 0,
ds* = 0 = —dt* + t*dy* (3.26)
where we only consider the radial motion, d2; = 0.

to dt! X
te 0

which gives

x=In (i_o) . (3.28)

Using the cosmological redshift formula [5] with a(t) = ¢, and using the above result,

we find

which is in agreement with the Doppler redshift. We do not wish to do these calcula-
tions for other cosmological models since the method used here is speculative for us to

apply to spacetimes with non-zero curvature tensor. This subject is covered in detailed

in [15].
3.2. Rindler Coordinates
In its original form Rindler considered a uniformly accelerating frame in the
x > |t| region of the Minkowski space in cartesian coordinates giving an analogy with

Kruskal space [16]. Here we consider the four dimensional Minkowski metric in spherical

coordinates

ds® = —dt* + dr* + r*dS2; (3.30)
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and consider the coordinates

t =psinht  r=pcoshr (3.31)

satisfying the hyperbola constraint r? — t? = p? where —co < 7 < oo and since
0 <r<oo,and forr =07r = p, 0 < p < oco. From (r —¢)(r +t) > 0 and
(r —t) = pe”™ > 0 these coordinates cover the region r > |¢t|. The metric in these

coordinates is

d32 = —p2d7'2 —+ dp2 —+ p2 COSh2 TdQ% (332)

where p = 0 is just a coordinate singularity since curvature tensor is zero identically.
This metric can be interpreted as an expanding isotropic but non-homogeneous cosmol-
ogy where 7 is a timelike coordinate which cannot be called a cosmological time. Con-
stant p sections are three dimensional de Sitter spaces which we will see in the following
section. In terms of the null coordinates we constructed above, this metric describes

t

Figure 3.3. Rindler patch outside the light cone. Constant 7 lines are straight lines

and hyperbolas describe the observers with uniform acceleration

the region outside the light cones. Constant 7 lines are straight lines (we suppress 6 and
¢ coordinates) going through the origin. Constant p lines describe the observers with

radial uniform acceleration (same is in x direction for example if we consider carte-
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sian coordinates) as shown in Figure 3.3. The proper time for an observer in its rest
frame is dt, = pdr. The four velocity u* = dz*/dt, = (1/p)dz"/dr gives u® = cosht
and u' = sinh 7 satisfying n,,u’u” = —1. The acceleration a* = (1/p)du/dr gives
a® = (1/p) sinh 7 and a* = (1/p) cosh T that gives 7,,a*a” = p~* which is a constant.
So in Rindler coordinates we see a part of Minkowski space in which p =constant lines

correspond to observers with constant acceleration in the radial direction.

If we contrast with Milne, the proper time is dt, = dt in the rest frame of the

0

observer where , 6 and ¢ are constant. The four velocity u* = dz* /dt gives u” = cosh x

and u' = sinh y satisfying 7,,u"u” = —1 and they are constant as expected.
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4. de SITTER SPACETIME

In this chapter we will review the general structure and some coordinate patches
on de Sitter spacetime. It is known for the exponential expansion factor and is consid-
ered to be the future case of our universe. It is the unique vacuum solution of Einstein’s
equations with a positive cosmological constant A. The curvature scalar is given with

Equation 2.100 which in four dimensions gives R = 4A.

The defining equation of de Sitter spacetime in N dimensions is the hyperboloid

— (29?2 + ()2 + (2V)? = L? (4.1)

where ¢ = 1,..., N — 1. The length scale in terms of the cosmological constant can
be given as L? = (N — 1)(N — 2)/2A which can be seen from Equation 2.101. The
defining equation is invariant under the group SO(N,1). We can realize this space by

embedding it into RY"! as

=

ds* = —(dx")* + - (dz")? + (dz™)? (4.2)

i=1

which is done in section 1. The isometry group of this metric is SO(N,1) and its
dimension is N (N + 1)/2 which is the maximum number of Killing vectors. Therefore
de Sitter spacetime is a maximally symmetric spacetime. For a fixed point SO(N —1,1)
is the symmetry group. This allows us to write the N dimensional de Sitter spacetime

as a coset space, SO(N,1)/SO(N —1,1).

From now on our approach will basically be about choosing appropriate coordi-

N,1)

nates satisfying the defining equation, embedding them into the R( spacetime and

analyze the picture that we have.
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4.1. Global Coordinates

The defining equation for fixed 2 is,
(92 + (™) = L? + (2°)? (4.3)

where the left hand side is a positive constant and so giving rise to the topology

R x SN=D_ The general solution to Equation 4.3 is given with
2% = Lsinh(7/L) r' = Lw' cosh(r/L) (4.4)

providing w? with i = 1,..., N is a unit vector on SV~ satisfying

N

Z(wi)Q =1 Zwidwi =0 > (dw')?=d2y ;. (4.5)

=1

The metric becomes

ds* = —(dz°)* + (da")?* + (dz™)?
N
= — (cosh(r/L)dr)* + Y (w'sinh(r/L)dr + Leosh(r/L)dw’)*  (4.6)
=1
ds* = —dr* + L* cosh?®(7/L)d03, _,

D spheres with radius

where —oo < 7 < 00. So for fixed 7, spatial sections are SN—
L cosh(7/L) which are infinitely large for 7 = —o0, that shrink and reach to a minimum
at 7 = 0 then grow and become infinitely large again as 7 = oo. This metric is also
known as the closed slicing of de Sitter space. The apparent symmetries of this metric is
of SN~! dimensional sphere namely the SO(N) group with N(N —1)/2 Killing vectors.

Time translation is not a symmetry of this metric since it depends on 7. Therefore 0.

is not a Killing vector.
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We can rewrite this metric with a conformal factor as

dr?

ds® = L* cosh®(1/L (——
i cosh(7/L) L2 cosh?(7/L)

+ dQ?m) =g*(n) (—=dn® +dQy_,)  (4.7)

where 7 is the conformal time. This gives us the equation

dr
dn= ———— 4.8
7 L cosh(r/L) (48)
which has the solution
tan(n/2L) = tanh(7/2L) (4.9)
and so the conformal factor is
tan®(n/2L) = tanh®(7/2L)
1 —cos(n/L 2
1+ cos(n/L) 1 + cosh(7/L)
1
—— =—cosh(7/L).
cos(n/ L) cosh(7/L)
The conformal metric is
ds® = _ L (—dn® +d%_y) (4.11)
cos?(n/L) A '

with —7/2 < n/L < 7w/2. Figure 4.1 shows the Penrose diagram for the metric
ds* = cosh®(n/L)/L*ds* in which we suppress S™V=2 spheres of radius sin that exist

at every point in the diagram. So we consider the metric
ds® = —dn® + dip® (4.12)
with 0 < ¢ < 7. Since ranges are of the same size we have a square diagram for de

Sitter space (except the N = 2 case for which we have 0 < 1) < 27 where 0 and 27

are identified since we have circles instead of spheres and 1 is double the size of 1)
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n/L =m/2[~,
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s
ﬁ =
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z &
n/L=—7/2
=0 i, I v=m

(a) (b)
Figure 4.1. (a) Penrose Diagram for the global de Sitter spacetime. (b) Fully

accesible regions.

in which the light travels at 45°. ¢ = 0 and ¥ = 7 are the north and south poles of
the N — 1 dimensional sphere respectively. Future and past timelike infinities (i* and
i”) as well as future and past null infinities (Z*, Z7) are at the spacelike boundaries
n/L = £m/2. This results in the existence of both particle and event horizons in de
Sitter space [13]. If we consider a light signal sent from an observer sitting at the north
pole it takes infinite amount of time until it reaches to south pole where there is ZF.
This creates a region with a particle horizon where this observer cannot send signals
to or cannot influence. Since the same goes for an observer sitting at the south pole
this creates another region with an event horizon where an observer at the north pole
cannot receive any signal from or cannot be influenced. As can be seen from Figure
4.1 the intersection of these regions gives two causally disconnected regions for two
different observers one sitting at the north pole and the other in south pole, that are

fully accessible to them and is called the causal diamond.

4.2. In terms of FLRW

Now consider the Friedmann equations given in Equation 2.133 with 7, =0

(4.13)
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From the first equation we have

> — L %a* = -K (4.14)

where L™ = A/3 for N = 4 and from K = kL2, k takes values as 0, -1 or 1. For

k = —1 we have

@ — L %a®=1L" (4.15)
satisfied with
. t
a(t) = sinh — (4.16)
L
and so for this case of £ = —1 the metric is
2 2 ) dr? 2 12
ds® = —dt* + sinh“(t/L) Tz +7r7dQy_5 | - (4.17)
L2

The spatial part of the metric can be written as the metric of unit H¥~! provided

r = Lsinh y as we did in the Milne universe and becomes
ds® = —dt* + L*sinh®(t/L) (dx* + sinh® xdQ%,_,) = —dt* + L*sinh®(t/L)dQ3_;.
(4.18)
The Hubble constant is
a t
H(t) = — = — coth —. (4.19)

The k = 0 case is satisfied with

a(t) = e/t (4.20)
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and the metric is

N-1

ds® = —dt* + /Py " (da')’ (4.21)

with the spatial part being Minkowski space. The Hubble constant is

1
H(t) = I (4.22)
The k£ = +1 case is satisfied with
t
a(t) = cosh T (4.23)
and the metric is
2 2 2 dr? 2 102
ds® = —dt* + cosh”(t/L) - +r7dQy_s | - (4.24)
12

The spatial part can be written as the metric of unit SV ~! provided r = L sin v similar

to the above case and we obtain the metric
ds* = —dt*+ L? cosh®(t/L) (dy® + sin® Q3 _,) = —dt*+ L? cosh®(t/L)dQ3,_; (4.25)

with the Hubble constant

1 t
H(t) = —tanh —. 4.26
(1) =  tanh (4.26)
Now the question is can we find parameterizations such that the defining equation
given in Equation 4.1 is satisfied? That is can we find what is called slicing of the de
Sitter space for each cases of FLRW? The answer is yes and we already did show one
of them. If we compare Equation 4.4 with the metric given in Equation 4.25, with the

identification L? = 3/A global coordinates give the closed slicing of de Sitter space.

Next we will show the other two and some other parameterizations.
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4.3. Planar Coordinates

These coordinates are called the flat slicing of N dimensional de Sitter space and
they correspond to the flat k = 0 case of the FLRW solutions. To see this we start by

rewriting the defining equation given in Equation 4.1 as

— (292 + (2M)? = L* — (2%)? (4.27)

where the 2 coordinates describe the N — 2 dimensional sphere of radius z'e’/* [17].

This gives

(V)2 + - (V7?2 = (27)%e/E (4.28)

and the left hand side describes the 2-dimensional hyperbola of radius /L2 — (27)2e2!/L.
—(ZEO)2 + (I‘N)2 — L2 _ (zi)262t/L. (429)
These can be separated as

oV 4+ 20 = Let/E

2
:EN - ZEO — Le—t/L . %et/L (430)

7t = Zzet/L

where 2 = SV 1(2%)? and makes it clear from ¥ + 20 > 0 that these coordinates

cover half of the de Sitter space. The coordinate parameterizations can be made as

2
0 — Lsinh(t/L) + — /L
x sm(/)+2Le/
o=zt j=1,...,N—1 (4.31)
2

N _ L
" = Lecosh(t/L) 5T ¢
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and

2

dz® = (cosh(t/L) + T—é/L) dt

212
de’ = et dz + %et/Ldt (4.32)
2
daN = (Sinh(t/L) - met/L) dt.

The embedding gives the metric

ds* = —(d2®)? + - + (da™)?

= — (coshQ(t/L) + T—462t/L + r_2

2
i T
ALA 12 COSh(t/L)et/L) dt* + " (d2')* + ﬁe%/Ldt2

7n2

4
+ (sinh2(t/L) TR 5 sinh(t/L)et/L> dt*

AL} L
ds® = —dt* + /" Nf (d=)?

i=1

(4.33)

and we get Equation 4.21 with ranges —oo < 2%,t < oo. Constant ¢ surfaces are N — 1
dimensional flat planes in which N — 1 translations and (N — 1)(N — 2)/2 rotational
symmetries of RV~! giving a total number N(N — 1)/2 of symmetries are manifest.
Time translation is not a symmetry of the metric by itself. However if we consider
infinitesimal translations in time ¢t — ¢ + ¢ with 2° — 2 — e2’ up to a first order in ¢

this is a symmetry of the metric [18].

We can write the metric given in Equation 4.33 conformally flat if we define

u = —Le /' that gives

72 N-1
ds* = — (—du2 + Z (dzi)2> (4.34)
i=1

with —oo < u < 0, a boundary at v = 0.
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These coordinates are called the open slicing since they cover the N dimensional

de Sitter space with negative curvature spaces and correspond to the & = —1 case of

the FLRW universe. To see this we start by rewriting the defining Equation 4.1 as

—(330)2 4 ($z)2 — L2 o (QZN)Q

(4.35)

where for 2V > L the right hand side is negative and for constant 2" we have hyper-

surfaces HV~1. This equation is satisfied with the parameterizations

2% = Lsinh(7/L) cosh
z™ = Lcosh(r/L)

1" = Lw'sinh(7/L) sinh ¢

where w! follow Equation 4.5 for SN¥=2 as

=

-1 N-1

=1 i=1

We continue

dz’ = cosh(7/L) cosh ydr 4 Lsinh(7/L) sinh ¢d)
da™ = sinh(7/L)dr

(W)?=1 (dw')? = dQ%_,.

(4.36)

(4.37)

dz' = Lsinh(7/L) sinh ¢dw’ + w' cosh(7/L) sinh ¢dr + Lw" sinh(7/L) cosh 1di

(4.38)
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and the metric is then

ds®* = — cosh?(1/L) cosh® ydr® — L*sinh®(7 /L) sinh? 1d)?
— 2L cosh(r/L) sinh(7/L) cosh ¢ sinh ¢d7dip + sinh?(7/L)dr?
+ L?sinh®(7/L) sinh® ¢ (dw")? + cosh?( /L) sinh® td7>
+ L*sinh®(7/L) cosh® ¢dyp* 4 2L sinh(7/ L) cosh(7/ L) sinh ¢ cosh ¢drd)
= —dr® + L*sinh*(7/L) (d¢® + sinh® pdQ3,_,)
ds? = —dr* + L*sinh®(7/L)dQ3%_,
(4.39)

which is the metric given in Equation 4.18. It covers only the part where 2V > L. The
apparent symmetries of this metric is that of H¥~1  that is the group SO(N — 1,1)

with N(N —1)/2 Killing vectors. Time translations are not symmetries of this metric.
4.5. dS-ception

By dS-ception we mean that we can obtain a N dimensional de Sitter spacetime
iteratively by a N —1 dimensional de Sitter spacetime. Here we will write the coordinate
parameterizations which again do not cover de Sitter globally. They cover only the part
left out from the hyperbolic coordinates, the region where 2%V < L and as a result the

sign of the right hand side of Equation 4.35 is positive.

Using the coordinates

2% = Lsinh(7/L) sin 1
2’ = Lw" cosh(r /L) sin 1 i=1,...,N—1 (4.40)

2N = Lcosy
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we have

dz° = cosh(r/L) sindr + Lsinh(r/L) cos di
dz' = L cosh(r/L)sindw" 4 w'sinh(7/L) sin¢dr + Lw" cosh(r/L) cosydy  (4.41)

de™ = —Lsinydi.
The metric reads

ds® = — cosh?(1 /L) sin? dr? — L*sinh®(7/L) cos® ¢dap? + L? cosh?(/L) sin® 1dQ3_,
+ sinh?(7/L) sin? ¢d7? + L? cosh® (/L) cos? 1dip? + L? sin® yde)?
ds® = L*dyp* + sin® o (—d7® + L* cosh?(7/L)dQ2% )
(4.42)

where constant v slices are (N —1) dimensional global de Sitter spaces with the isometry

group SO(N — 1, 1) with N(N — 1)/2 Killing vectors.
4.6. Static Coordinates

Now consider Equation 4.27 again and this time the z* coordinates form the N —1

dimensional sphere of radius r, independent of time
— (") + («™)? = L2 —1? (4.43)

which is satisfied with the coordinates

r2
¥ =Ly\/1— Iz sinh(¢/L)

2= o (4.44)

2
N =Ly\/1 - I cosh(t/L)

where w’ are the same as given in Equation 4.37. The first thing to notice is that

for r? > L? the defining equation flips the sign and corresponds to another region, so
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r = L is not a boundary but a horizon. From (zV)? — (2°)? = (2 — 2°) (2" + 2°) > 0
we also have ¥ > 20 so these coordinates cover quarter of the hyperboloid. Taking

the differentials

r r2\ 2 r2\ 2
de® — 7 (1 _ ﬁ) sinh(¢/L)dr + (1 — ﬁ) cosh(t/L)dt

dr' = w'dr + rdw’ (4.45)

, F2\ ~1/2 72\ /2
deN — Z (1 _ ﬁ) COSh(t/L)dT + <1 — ﬁ) sinh(t/L)dt

and the metric is then

r2 2\ ! r2
ds* = 2 (1 - ﬁ) sinh?(¢t/L)dr* — (1 - ﬁ) cosh?(t/L)dt*
2r
-7 sinh(¢/L) cosh(t/L)drdt + dr* 4+ r*dQ03, _,
r2 P2\ ! r2
+ (1 - ﬁ) cosh?(t/L)dr? + <1 — ﬁ) sinh?(t/L)dt? (4.46)
2
+ fr sinh(t/L) cosh(t/L)drdt
2

2 -1
ds® = — (1 — %) dt* + (1 — %) dr? +r2dQ3%_,.

For an observer sitting at » = 0 which corresponds to one of the poles of the global
metric the static de Sitter has symmetries of S~ =2 the group SO(N — 1) and as the
name implies has the time translation symmetry in the 0 < r < L region. This region
is what we called the causal diamond before. It has an observer dependent horizon
called the cosmological horizon at » = L beyond which the metric changes sign and
time translation symmetry no longer holds. In another words timelike Killing vector

0; is not global and becomes spacelike beyond the horizon.
4.6.1. Beyond the Horizon

Now consider the case where we pass the horizon, i.e. r > L. In this region the

time coordinate ¢ becomes spacelike denoted as R and the radial coordinate r» becomes
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timelike which is denoted as T here. That is

T2 -1 T2
ds* = — (ﬁ — 1) dT? + (ﬁ — 1) dR* + T?dQ%_,. (4.47)
Now let us define
T2 —1/2
dr = (ﬁ — 1) ar (4.48)
which is satisfied by
T = Lcosh(r/L). (4.49)

We introduce the coordinates similar to those in Equation 4.44 as

T2
2% = L4/ 7 1 cosh(R/L) = Lsinh(7/L) cosh )

7' =Tw' = Lcoshy w' (4.50)

T2
N = Ly/ 7 1 sinh(R/L) = Lsinh(7/L) sinh ¢

and so

dx” = cosh(7/L) coshdr + Lsinh(r/L)sinh
de' = Lsinh¢w'dy) + L cosh dw’ (4.51)
dx™ = cosh(r/L)sinhdr + Lsinh(r/L) cosh ydi.

This gives us the metric
ds? = —dr* + L*sinh®(7/L)dy* + L* cosh®(/L)d23, _, (4.52)

where spacelike-timelike exchange beyond the horizon is visible through the isometries
as well. As discussed above there is no time translation symmetry beyond the horizon.

As a FLRW cosmology this is not even isotropic since spacelike sections are either
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St x SN=2 or R! x SV=2 although spacetime has maximal symmetry. The trivially
apparent symmetries are then SO(2) with 1 Killing vector, and SO(N — 1) with (N —
1)(N — 2)/2 Killing vectors. Note that the rest of the Killing vectors which are not
apparent (2(N — 1) of them) do not directly affect any features of the cosmology.
Moreover in N = 4 dimensions at 7 = 0 spacelike sections are 2 dimensional and for
7 > 0 3 dimensional. This metric strikingly demonstrates that the choice of the time

variable in general relativity determines the physics.
4.6.2. Static de Sitter in Isotropic Coordinates

We will follow the same procedure as we did in the FLRW section. That is we
will find the functions f(n) and g(n) satisfying

r? r2\ !
- (1 - _> i + (1 N ﬁ) dr? + r2dQ_y = —fX(n)de* + g (n) (dn® +0?d3,_,) -

12
(4.53)
Again by using g(n) = r/n we solve the integral
1 r2\ 2 dn
21— dr = — 4.54
r ( L2) T 454

which is almost the same as in Equation 2.89 and the answer is with the substitution

k=1,

= =g(n)n (4.55)

we get

2y = L= (4.56)
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This gives the metric as

2
1_ 7
ds®> = — ( - ) Sdt® + ! (dn® + n?dQ3%_,) (4.57)

ERENTD)

where we took n — /2. Note that static de Sitter in isotropic form is horizon-free.
4.6.3. Eddington-Finkelstein Coordinates

These coordinates together with the Kruskal-Szekeres coordinates are used for
Schwarzschild black hole metric [9]. They are adapted to radial null geodesics and
describe for a central mass the outgoing or incoming light rays. Since we have the
same form of the Schwarzschild metric in static de Sitter and we have a horizon at
r = L we can use these coordinates which will allow us together with the Kruskal-
Szekeres coordinates to build the Penrose diagram for the static metric. Starting from

Equation 4.46

2
ds? — (1 — %) (—dt? + drs®) + r2dQ%_, (4.58)

where r* is the tortoise coordinate defined by

r2\
drs = (1 _ ﬁ) dr (4.59)

and is solved by

r = Ltanhz

dr = Lsech? zdx
_ 4.60
drx = L (1 — tanh?® x) 1sech2 rdr = Ldz ( )

L 1 L
r* = Lr = Ltanh™'(r/L) = Eln ] i_ :;L
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Notice for r* the horizon at r = L is at infinity. Now we can introduce the light cone

coordinates
L. 1 L
u=t—rx — wu=t——In +r/
2 1—-r/L (4.61)
t+re — pg Ly LET/L |
= * — — In
! " ! 2 "1 —r/L
which are known as retarded and advanced coordinates. Here the horizon is at © = —oc0
or v = 0o. We obtain the metric for the advanced coordinate v as,
2 r? 2 2 12
ds=|(1-— Iz (—dv + 2dvd'r’*) + r°dQy_o
) (4.62)
r
= — <1 — ﬁ> dv? + 2dvdr + r*dQ3_,
and similarly for the retarded coordinate wu,
2
ds® = — (1 - ﬁ) du® — 2dudr + r*dQ%_,. (4.63)
We can write ¢t and r* coordinates in terms of u and v as
t:“;“ r*:“;“ (4.64)

and insert them into the static metric given in Equation 4.58 gives

ds? = (1= tanb? () ) (=dt? + dr<?) + L? tanh? () %,

B (1 e <%)> (_(dv z du)? | (do . du)Z) It <

ds® = — sech? (%) dvdu + L? tanh? <v2—Lu) dO% .

V—Uu

2L

)

(4.65)
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4.6.4. Kruskal-Szekeres Coordinates

Let us first make some arrangements with the above parameterizations. Using

Equation 4.60 we can write r coordinates in terms of v and v as

r e'r*/L _ e—r*/L 1— €—2T*/L 1 — 6(u—v)/L

L er*/L _{_efr*/L 1 _|_672r*/L 1 +e(u7v)/L

and
2 4 4 —2r*/L
1—r—:sech2<ﬁ>: 5 = ‘ 5
12 L (er*/L + efr*/L) (1 + 6727‘*/L) (4 67)
r2 4e(u—v)/L )
LT T ey

Now we can define new coordinates [19]

U =e/t V= —e/E (4.68)
which brings the horizon from u = —o0o0, v = 00 to U = 0 = V. These coordinates give
us the above relations as

r  14+UV r? —4UV
R 1l — | = ——— 4.69
L 1-U0V ( LJ (1-UV)? (4.69)
and the differentials as
1 aUu
dU = ze"/Ldu — du = Le "t dU = L—
L g, (4.70)
dV = Ze_”/Ldv — dv = Le"/PdV = —LV.
The metric given in Equation 4.65 becomes
L2
ds® = ———= (=4dUdV + (1 + UV)?dQ3, _,) (4.71)

1-UV)
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Figure 4.2. (a) Kruskal-Szekeres coordinates for de Sitter. (b) Penrose diagram

describes a spacetime where U and V' axes are at 45°. We can see from the relation
4.69 that U-axis (V = 0) and V-axis (U = 0) correspond to the horizon at r = L. We
get r = 0 when UV = —1 so they correspond to north and south poles of the global
metric. 7 — oo when UV = 1 corresponds to future and past null infinities Z* and

7Z~. Constant r lines are represented as hyperbolas in the U — V plane.

For the time coordinate using Equations 4.64 and 4.68 we obtain the relation

U
/L 4.72
e v (4.72)

which shows that the past timelike infinity, i~ corresponds to U = 0 and the future
timelike infinity, i* to V' = 0. All these are shown in Figure 4.2 .
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5. ANTI-de SITTER SPACETIME

In this chapter we will investigate the anti-de Sitter spacetime which is the unique
vacuum solution of Einstein’s equations with a negative cosmological constant A whose
curvature scalar is R = 4A with negative A, for N = 4. Although the observation of
positive cosmological constant eliminates this spacetime as a cosmological model, AdS

space has a big importance in theoretical physics thanks to Maldecena’s famous work

on AdS/CFT duality [20].

We start with the defining equation of N dimensional anti-de Sitter spacetime

which is the hyperboloid

—(@%)* + (@")* = (") = L7 (5.1)

where i = 1,..., N — 1 and with two timelike coordinates. The length scale is L? =
(N —1)(N —2)/2A. This equation is invariant under the group SO(N —1,2). We can

realize this hyperboloid by embedding it into RY~%2 respecting the signature as

=

ds* = —(da")* + - (dz")? — (da™)2 (5.2)

=1

The isometry group of this metric is SO(N — 1,2) and its dimension is N(N + 1)/2
which is the number of symmetries that a maximally symmetric space has. For a fixed
point we have symmetries of the subgroup SO(N — 1,1). This allows us to write the
N dimensional anti-de Sitter spacetime as a coset space, SO(N — 1,2)/SO(N —1,1).

We will give some but not all of the coordinates for anti-de Sitter spacetime that
satisfies the defining equation given in Equation 5.1 and find the corresponding metrics

via the embedding given in Equation 5.2.
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5.1. Global Coordinates

The defining equation for fixed ¢ is
(292 + (™) = L* + (27)? (5.3)

which reveals the topology of anti-de Sitter spacetime as S* x RV~ These S' are
the closed timelike curves as a result of two timelike coordinate passing through every

point. The general solution to Equation 5.3 is given with
(%) 4+ (2V)? = L?*cosh®p  (2')* = L?sinh?p (5.4)

and is satisfied with the coordinates

2" = Lcosh pcos(7/L)

' = Lw'sinhp i=1,...,N—1 (5.5)

2™ = Lcosh psin(r/L)

where w’ follow from Equation 4.5. Here two time coordinates forming S are param-

eterized with an angle for which the multiples of 27 L are identified. We continue

dz® = Lsinh pcos(r/L)dp — cosh psin(r/L)dr
dz' = Lsinh pdw' 4+ Lw' cosh pdp (5.6)

dz™ = Lsinh psin(7/L)dp + cosh pcos(r/L)dr.
Then the metric is

ds* = —(da®)* 4 (dz*)? — (dz™)?
= —cosh® pd7? + L* (dp* 4 sinh® pdQ3, _,) (5.7)

ds® = — cosh? pdr? + L*dQ%,_,
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where 0 < p < oo. Spatial surfaces at constant 7 are hyperbolic spaces HY~! with

(N—1,2)

negative curvature. So even though we made the embedding in R we ended up

with only one time coordinate. Since the metric is independent of time, that is static,
global anti-de Sitter has global timelike Killing vector 0, unlike de Sitter. However it
lacks the global spacelike Killing vector 0,,.

Notice that when we look at the global metric given in Equation 5.7 the periodic
nature of time coordinate is not evident. We can open up the timelike coordinate to
extend —oo < 7 < 0o making infinite number of turns around the hyperboloid however
this does not eliminate the identification. Instead we could consider the same metric
but with the topology R x R?, as a new manifold without the periodic time [21]. This

spacetime is known as the universal covering space of anti-de Sitter space.

An alternative parameterization which is similar to static de Sitter coordinates

given in Equation 4.44 can be made if we consider
r = Lsinhp (5.8)

and rewrite the coordinates from Equation 5.5 accordingly

2
2% =L\/1+ %COS(T/L)

=rw' i=1,...,N—1 (5.9)

2
oV = Ly/1+ % sin(r/L)

and so

dx® = (r/L)(1+ r*/L*)""?cos(/L)dr — (1 + r*/L*)"*sin(r /L)dr
dr' = w'dr + rdw’ (5.10)

dz™ = (r/L)(1 +7*/L*) Y2 sin(r/L)dr 4 (1 + r?/L*)"/* cos(r/L)dr.
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These coordinates give the metric
L? L?

2 r’ 2 r2\ 7 2 2 192
ds"=— |14+ = |dr"+ 1+ = | dr°+r°dQy_, (5.11)

with 0 < r < oo and —oo < 7 < oo following the above discussion. This metric is
global, static and unlike de Sitter, horizon-free. We can continue as what we did for

the global de Sitter and obtain the conformal metric from Equation 5.7

d 2
ds®> = cosh? p (—dT2 + LQL2 + L* tanh? de?\,_2> (5.12)
cosh” p
and define
dp
dn = 5.13
g cosh p ( )
which has the solution
tan(n/2) = tanh(p/2). (5.14)
This gives
1
cosh p = (5.15)
cosn
with 0 <n < 7/2
tanh p = sin7. (5.16)

The conformal metric is

(—dr® + L? (dn® + sin® ndQdy_,)) = S (=dm® + L*dQ%,_,) . (5.17)

ds® = 5
cos?n

cos?n
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n=0 n=m/2

Figure 5.1. Penrose diagram of anti-de Sitter spacetime. The region inside the light

Blue curve is a timelike geodesic.

So for fixed 7 hypersurfaces are N —1 dimensional half-spheres with a spatial boundary
at n = m/2 which corresponds to a boundary as p,r — oo with a timelike character.
These half-spheres are topologically equivalent to a cylinder for N > 2 that extends
to infinity in time (in the universal covering space) which has S™~2 spheres of radius

Lsinn at each point.

Figure 5.1 shows the Penrose diagram of this conformal metric ds? = cos?nds?
since it brings the infinity of the radial coordinate to a finite interval 0 < n < 7/2
with a boundary at 7/2. Null geodesics make £45° to vertical. The past and future
null infinities Z~, Z" and the spatial infinity ° are at the timelike boundary n = /2
and denoted as Z. At each point there is half-S™¥~2 with radius Lsinn which are
suppressed. For the time component we will consider an infinite strip for the universal
covering space or we could use the closed timelike curves and identify the constant

lines at 0 and 2.
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5.2. Isotropic Coordinates

We use the same procedure as we did before and start with the metric given in

Equation 5.11 to find the functions f(¢) and g(¢)

2 r’ 2 2\ 7 2 2 192
ds*=—(14+—=)dr"+ 1+ — dr® 4+ rdQy_,

L? L? (5.18)
= —fA(Y)dr* + ¢*(¢) (dp? + 2 _,) -

Comparing this with Equation 2.89 and setting & = —1 which describes the stereo-

graphic projection for HY~! (remember it was k = 1 for de Sitter space) gives

2L 1+ 9?2
o) = o e ) = (519
and so the anti-de Sitter space in isotropic coordinates is
1+ 4?)° AL

ds® = _{1+v) dr? + (dy? + ¢2d2% ) (5.20)

(1 —y2)? (1 —y2)?

where the range of ¥ is 0 < ¢ < 1. This and the previous metrics we showed are all

global where constant 7 gives HV !,
5.3. In terms of FLRW
Let us consider the Friedmann equations given in Equation 2.133 for N = 4 with
T,, = 0 again. Since anti-de Sitter space is with the negative cosmological constant we

set L™2 = —|A|/3 and K = kL. Then from the first Friedmann equation we have

a®+ L7%a* = —kL7? (5.21)
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that gives solutions for each case of k as

k=0 — a(t) =Yt
k=1 — a(t) =isin(t/L) (5.22)

k=-1 — a(t)=sin(t/L)
and the Hubble constant H(t) = a/a as

k=0 — H(t)=1/L
E=1 —  H(t)=1/Lcot(t/L) (5.23)

k=-1 — H(t)=1/Lcot(t/L).

Notice that for k£ = 1 the radial coordinate becomes a timelike coordinate and for k£ = 0
the Hubble constant is imaginary. For k& = —1 then we can write the metric whose

spatial part is given with Equation 2.82 as

ds® = —dt* + L?sin®(t/L) (dx* + sinh® xd©3) . (5.24)

5.4. Hyperbolic Coordinates

Now consider the defining equation given in Equation 5.1 for fixed 2% which can

be written as
—(2")? + (2)? = (2V)? = L2 (5.25)
If |2V| < L this equation describes the hyperboloid. Setting the parameters as

2% = L cosh y sin(t/L)
o' = Lw"sinh x sin(t/L) (5.26)

2N = Lcos(t/L)
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dxz® = Lsinh x sin(t/L)dx + cosh y cos(t/L)dt
dz' = Lsinh xsin(t/L)dw’ + Lw" cosh x sin(t/L)dy + w"sinh y cos(t/L)dt  (5.27)

da™ = —sin(t/L)dt
gives us the metric

ds® = —L*sinh? y sin?(t/L)dx* — cosh® y cos?(t/L)dt* + L?sinh? y sin®(t/L)dQ%, _,
+ L? cosh? x sin?(t/L)dx? + sinh® x cos?(t/L)dt* — sin®(t/L)dt?
= —dt* + L*sin®(t/L) (dx” + sinh?® ydQy _,)
ds? = —dt* + L?sin®(t/L)dQ%_,
(5.28)

which is the FLRW solution. Note that we could choose a(t) = cos(t/L) as well and

the coordinates accordingly [22].
5.5. dS in AdS

We continue from Equation 5.25 for the case |z¥| > L. We can parameterize this

region as
2 = Lsinh ysinh(¢/L)
2" = Lw'sinh y cosh(t/L) (5.29)
™ = L cosh x
with

dz® = L cosh x sinh(t/L)dy + sinh x cosh(t/L)dt
dx' = Lsinh x cosh(t/L)dw’ + Lw' cosh  cosh(t/L)dx + w'sinh y sinh(¢/L)dt (5.30)

dz™ = Lsinh ydy.
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The metric is

ds®* = —L? cosh? y sinh?(t/L)dx?* — sinh? y cosh®(t/L)dt?
+ L*sinh® y cosh®(t/L)d3_, + L* cosh® x cosh®(t/L)dx? (5.31)
5.31
+ sinh? y sinh?(¢/L)dt* — L* sinh? ydx?

= L?dx” + sinh y (—dt* + L? COShz(t/L)dQ?V_Q) :

The metric inside the parenthesis is the N — 1 dimensional global de Sitter space. So

for constant x we have SO(N — 1,1) symmetries.
5.6. Poincare Coordinates

Anti-de Sitter space in Poincare coordinates is very important because for N
dimensional AdS space it gives a N — 1 dimensional Minkowski space at the spatial
boundary (or for any constant radial(like) coordinate). This is the metric used in
AdS/CFT duality [20] because the isometry group of AdSy, SO(N — 1,2) is also the

Poincare group with conformal symmetries.

So we start with considering the coordinates given in [23] satisfying Equation 5.1,

t
20 =L—
w
d=L> i=1,... N—2
v (5.32)
+ 7\ 2 2
= —t
T w((z) ) +w
1
x- = L*—
w

+

where we use the light cone coordinates 2+ = 2 £ 2V~!. Here w is the generally used

radial-like coordinate that divides the hyperboloid into two regions. From z~ we can

N-1

see that w > 0 is the region % > 2V~ and w < 0 is the region %V < z¥~!. In this

case the embedding metric becomes

d82 — —<d$0)2 4 (d.CL'Z)Q 4 (da:Nfl)Z - (d:L‘N)Q — _(da:O)Z 4 (dxz)2 + dx*dafr (533)
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where

1 t
dz’ = L—dt — L—2dw
w w

, 1 . i
dz' = L—dz' — Lz—2dw
w

v ) ; o (5.34)
dzt = <_ﬁ ((z")? —t°) + 1) dw + ——dz" — —dt
_ o 1
di~ = —L"—dw
w
This gives the metric as
1
ds* _—H dﬁ H dw+ﬁﬂ—dm + LP— (d)+Lﬁch2
1 1 -
- 2L2 dzldw L2 ( — ((z')* =) + 1) dw?
w (5.35)

— 2L2 dzldw + 2L2—dtdw

1
ds* = LQE (—dt2 + (d2")? + dw?) .

So the metric in Poincare coordinates is conformally flat and w = 0 is the spatial
boundary that cuts the hyperboloid into two regions and is not included in this pa-

rameterizations. For a fixed w we obtain the NV — 1 dimensional Minkowski metric.
An alternative form can be obtained with the definition w = L?/r, dw = (—w?/L?)dr
gives

2

2
tw:—%ﬁQ d +§M02 (5.36)

w = 0 boundary is r — oo in this metric.

u/L

If we consider w = Le and so dw = ¢“Ldu. The metric becomes

ds® = e F (—dt?* + (dz")?) + du’. (5.37)
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6. CONCLUSION

It is generally believed that the principle of general covariance indicates that
physics is independent of the coordinates. Although this is true for spatial coordinates,
coordinate transformations which involve both space and time need special care. Here
we have indicated that a given spacetime manifold can lead to distinctly physically
different cosmologies. The five distinct cosmological models of de Sitter spacetime
three of them being given by FLRW spacetimes with £ = —1 a = sinh(t/L), k = 0
a = e and k = —1 a = cosh(t/L), the anisotropic model given in Equation 4.52
whose spacelike sections are S* x.SV~2 and the static de Sitter metric which can perhaps
be interpreted as a cosmology are physically distinct. These spacetimes are obtained
by different coordinate systems on the same mathematical manifold SO(N,1)/SO(N —
1,1). Thus the same mathematical manifold is physically fertile and gives rise to five
physically different cosmologies. The same can also be said for RV~'! which is a
flat pseudo-Riemannian N dimensional manifold of metric signature 2. This manifold
gives rise to three different cosmologies described by the Minkowski spacetime, the

Milne spacetime and the Rindler spacetime which have expanding spacelike sections.

If the formulation of general relativity with a cosmological constant is assumed
to be fundamental then all maximally symmetric spacetimes correspond to an empty
universe. If cosmological constant is assumed to be zero then the energy-momentum
tensor of the FLRW de Sitter, anisotropic de Sitter and the static de Sitter spacetimes
satisfy p = —p for positive p. The static and FLRW anti-de Sitter spacetimes corre-
spond to negative energy density and positive pressure. Minkowski, Milne and Rindler

spacetimes are empty.

The fact that the time coordinate must be handled with care in general rela-
tivity is also indicated by the fact that in Minkowski space there are 10 symmetries
of which 3 corresponds to rotations, 3 to Lorentz boosts and 4 to translations. In
physics there are only conserved quantities obtained for a given physical system by

choosing an action and using Noether’s theorem to obtain energy conservation from
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time translation symmetry, momentum conservation from space translation symmetry
and angular momentum conservation from rotational symmetry. There is no conserved
physical quantity corresponding to the Lorentz boosts. For a single free particle the
conserved quantity obtained from invariance under Lorentz boosts maybe considered
to be the initial position of a particle. However this is only for a single particle; for

any interacting system of particles there is no such symmetry.
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APPENDIX A: PENROSE DIAGRAM

Penrose-Carter diagrams, or Penrose diagrams or as Penrose names ”conformal
diagrams” [24] are 2 dimensional pictures that helps us to get information about a
spacetime described by a metric whose coordinates generally extend to infinity. We
cannot obtain such diagrams simply by putting a finite boundary on the coordinates
by hand because then we may not see the structure of geodesics and causal relations
of observers clearly. Best option to avoid this is to write the metric in a way that null

geodesics are straight lines at 45° then compactify the coordinates.

First we usually start with a coordinate transformation to write the spatial part
of the metric in angular coordinates which are compact. From the non-compact time

and radial coordinates our strategy is to form the so called light-cone coordinates as

u=t—r v=t+r (A.1)

known as outgoing and incoming null coordinates which are still non-compact. We
can compactify these coordinates by writing them as a continuous function like tan
of some new coordinates. Then we can introduce some other coordinates where time
and spatial parts separated. There is no unique way of doing this procedure but the

general idea is to be able to write the metric as

G = Q7 %g,, (A.2)

where €) is the conformal factor and g is the metric for the diagram. The key point
is to keep track of the ranges of coordinates and the relation between them. When
drawing the diagram we ignore the conformal factor since it only distorts the shape of
geodesics but does not affect the null ones. On the diagram outgoing light lines reach
to future null infinity Z* and incoming light rays originate from past null infinity Z~.
Time-like geodesics originate from past timelike infinity ¢~ and end at future timelike

infinity ~. Spacelike geodesics start and end at spacelike infinity °.





