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ABSTRACT

FEATURE SELECTION AND TRANSFER LEARNING
ALGORITHMS WITH APPLICATIONS ON CREDIT RISK
ANALYSIS

Many financial organizations such as banks and retailers use computational credit
risk analysis (CRA) tools heavily due to recent financial crises and more strict regu-
lations. This strategy enables them to manage their financial and operational risks
within the pool of financial institutes. Machine learning algorithms especially binary
classifiers are very popular for that purpose. In real-life applications such as CRA,
feature selection algorithms are used to decrease data acquisition cost and to increase
interpretability of the decision process. Using feature selection methods directly on
CRA data sets may not help due to categorical variables such as marital status. Such
variables are usually are converted into binary features using 1-of-k encoding and elim-
inating a subset of features from a group does not help in terms of data collection
cost or interpretability. In this thesis, we propose to use the probit classifier with a
proper prior structure and multiple kernel learning with a proper kernel construction
procedure to perform group-wise feature selection. Experiments on two standard CRA
data sets show the validity and effectiveness of the proposed binary classification al-
gorithm variants. Robustness against dynamic conditions such as currency changes is
another important property for CRA systems. They should perform reasonably good
with limited data after such changes and the best strategy is to exploit existing data
using transfer learning. We also extend the probit classifier towards transfer learning
by mapping different data sets into a unified subspace and learning a common classifier.
Experiments on two standard CRA data sets show the usefulness of transfer learning

for such cases.



OZET

OZNITELIK SECME VE TRANSFER OGRENME
ALGORITMALARI VE KREDI RISK ANALIiZi UZERINE
UYGULAMALARI

Bankalar ve perakendeciler gibi bir¢ok finansal kurum son zamanlardaki finansal
krizler ve daha kati diizenlemeler nedeniyle agirlikla hesaplamali kredi risk analiz
(KRA) araclarmi kullanmaktadir. Bu strateji onlarin finansal kurumlar havuzundaki
finansal ve operasyonel risklerini yonetebilmelerini saglar. Yapay 6grenme algoritmalar
ozellikle ikili simiflandiricilar bu amag icin ¢ok uygundur. Oznitelik se¢me algoritmalari
KRA benzeri uygulamalarda veri toplama maliyetini diigtirmek ve karar mekanizmasi-
nin yorumlanabilirligini artirmak icin kullanilir. Oznitelik se¢cme yontemlerinin KRA
veri kiimelerine dogrudan uygulanmasi medeni durum gibi kategorik degiskenler nede-
niyle bagarili olmayabilir. Buna benzer degiskenler genellikle ikili 6zniteliklere cevrilir
ve Ozniteliklerin belli bir kismini elemek veri toplama maliyeti ya da yorumlanabilirlik
acisindan yardimer olmaz. Bu tezde ¢oklu 6znitelik se¢imi igin 6zel bir 6nciil dagihim
kullanan probit simiflandirict ve 6zel bir gekirdek hesaplama yontemi kullanan ¢oklu
¢ekirdek ogrenimi yontemleri geligtirdik. Iki standart KRA veri kiimesi tizerindeki
deneyler onerilen ikili simiflandirma algoritmalarinin gecerliligini ve etkinligini gosterdi.
KRA sistemleri i¢in bagka 6nemli bir 6zellik ise para birimi degigiklikleri gibi dimanik
kosullara dayanikliktir. Buna benzer degisikliklerden sonra siirli miktarda veri ile
makul bir gekilde caligmalar1 beklenmektedir ve transfer 6grenimi ile mevcut veriden
faydalanilmas1 bunun icin en iyi stratejidir. Degisik veri kiimelerini ortak bir altuzaya
tagiyarak ve burada ortak bir smiflandirici 6grenerek probit simiflandiriciyr transfer
ogrenimine uyarladik. Iki standart KRA veri kiimesi tizerindeki deneyler transfer

ogreniminin benzer durumlardaki faydasini gosterdi.
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1. INTRODUCTION

Credit risk is the loss of capital in case of the credit borrower’s failure for refunding
the total amount of debt to recover the liability. Credit risk analysis (CRA) is an
important topic in the financial management field used by many financial organizations
such as banks and retailers. Due to recent financial crises and more strict regulations,
CRA becomes the major focus point of financial and banking industry since accurate
estimation of credit risks enables a more efficient funding for world economy (Basel

I, 1988).

Banks are required to manage financial and operational risks for providing a safer
environment for them within the pool of all international banks (Basel I, 2004). A safer
financial environment facilitates the transmission of money for convenient use in the
economy. If a bank or financial organization wants to accomplish long term success, it
should follow an exhaustive and powerful strategy for CRA (Basel 111, 2011). Measuring
the credit risk accurately also allows banks to organize upcoming lending transactions
to achieve targeted return/risk characteristics. Nowadays, financial organizations are
building their own software solutions to analyze their gathered data. Another benefit
of CRA is for accounting companies. If an accounting company monitors a potentially
troubled company and forgets to notify the credit borrower with a warning signal, then
the company can face a costly lawsuit. Therefore, as the credit industry expands, CRA

methods become used comprehensively to evaluate the credit applications (Thomas,

2000).

Up to now, many computational methods are proposed for CRA (Atiya, 2001).
CRA methods generally aim to classify credit applicants into two groups, namely,
approved and disapproved, according to properties of the applicants such as income,
profession, possession, marital status, the number of people liable to look after, previous
credit history, and age. Credit suppliers want to increase the volume of credit supply
without increasing the failure ratio extremely (Huang et al., 2007) and developing

reliable computational models is the key to successful credit operations. CRA methods



also ensure better examination of existing accounts, faster results in decision processing,

and better precedence assignments for credit collections (Brill, 1998).

The main motivation of computational CRA methods is to have a robust binary
classification algorithm for classifying credit applicants or a robust clustering algorithm
for assigning them into predefined applicant categories. Most of the existing solutions
in the literature formulate the problem as a binary classification problem and apply the
standard classification algorithms such as decision trees (DTs), neural networks (NNs),
and support vector machines (SVMs). The complexity of such learning algorithms
mostly depends on the number of input features. Feature selection algorithms are
proposed to reduce the number of features used for prediction. It is not necessary
to use all of the input features since redundant features do not provide any useful
information for classification. When we are able to explain the data with fewer features,
we acquire better knowledge about the process that generates this data (Alpaydin,
2010). In this thesis, we also follow these lines of research using probabilistic and
discriminative classification algorithms, namely, the probit classifier and multiple kernel
learning (MKL), coupled with feature selection capability for lower data acquisition

cost, better interpretability of the decision process, and lower test time complexity.

CRA problems usually contain categorical variables (e.g., marital status) and
these variables are converted into binary features using 1-of-k encoding. When we have
grouped features such as these, performing feature selection at the feature level does not
produce sparse results because not eliminating a single feature from a group requires
to collect data about the corresponding variable for test data points (i.e., new credit
applicants in our case). We propose to use the probit classifier with a proper prior
structure and MKL with a proper kernel construction procedure to perform feature
selection in a group-wise manner. By doing these, we can decide whether we need to

include a categorical variable into the final decision function or not.

Transfer learning algorithms are proposed to exploit different data sets from re-
lated tasks and to learn better predictors for them. These methods are especially useful

when some of the data sets do not have enough training data to learn reasonable mod-



els. In real-life scenarios, CRA models have to be robust against dynamic conditions
such as currency changes, new economic regulations, and updated data collection pro-
cedures. Existing data sets are considered as obsolete and usually discarded after such
changes. Instead of discarding, we can make use of existing data sets with a transfer
learning algorithm. This strategy allows us to obtain better predictors because there

is not enough training data just after a major change.

We also extend the probit classifier towards transfer learning by mapping differ-
ent data sets into a unified subspace and learning a shared classifier in that common
subspace. Our proposed method can transfer information between different data sets

to learn a better predictor for each of them.

1.1. Outline of the Thesis

In Chapter 2, we give an overview of the related work by considering existing
machine learning solutions for CRA. Chapter 3 introduces the probit classifier and
its inference mechanism with a deterministic variational approximation, and explains
the details of our proposed extension towards group-wise feature selection. Chapter 4
introduces MKL and shows how we can perform group-wise feature selection with suit-
able kernel calculations and sparsity on the kernel-level. Chapter 5 extends the probit
classifier towards transfer learning and gives the details of its inference mechanism with
a deterministic variational approximation. In Chapter 6, we evaluate the performances
of our proposed group-wise feature selection and transfer learning methods on two well-
known CRA data sets. In Chapter 7, we summarize our contributions and conclude

the thesis.



2. RELATED WORK

There are two main categories for CRA methods: (i) structural approaches and
(ii) statistical approaches. Structural approaches directly depend on some financial
measures of the credit applicant such as total assets, yearly profit/loss rate, and growth
rate. The credit interest rate is decided by looking at these measures (Kotsiantis
et al., 2005). The most obvious problem of such approaches is the lack of proper
mathematical or statistical tools. Statistical approaches depend on empirical tools that
use the credit history to build a predictor used for new credit applicants. Different
machine learning algorithms such as NNs and SVMs are applied to CRA problems.
In this thesis, we are focusing on the second approach by considering two different
classification schemes for CRA. We first give a structured review of the recent machine

learning studies by considering commonly used methods.

NNs are frequently used for credit risk estimation due to the fact that most of
the existing statistical softwares include them as standard computational tools (Atiya,
2001). For example, Angelini et al. (2008) give a successful application scenario for
Italian small businesses using two different NN strategies. Abdou et al. (2008) compare
NNs with other standard methods for CRA of Egyptian banks and obtain the best
results using NNs. Yao et al. (2009) propose a CRA method using fuzzy NNs for
Chinese commercial banks. Khashman (2010) compare different learning algorithms
for supervised NNs on German credit data set. Derelioglu and Giirgen (2011) propose a
rule extraction system using a NN-based approach for CRA of small medium enterprises

in Turkey.

SVMs are also excessively used for CRA applications due to their good empirical
performance. Huang et al. (2004) show that SVMs slightly outperform NNs for CRA on
two data sets from Taiwanese financial institutes and USA commercial banks. Chen and
Shih (2006) also report a very similar result on a Taiwan banking data set. Yonggiao
et al. (2005) propose a new fuzzy SVM algorithm for classifying credit applicants.
Van Gestel et al. (2006) develop a Bayesian least squares SVM classifier and test the



classifier on a commercial credit data set based on Belgian and Dutch firms. Li et al.
(2006) formulates a least squares SVM classifier for joint classification and feature
selection to provide interpretability using MKL framework. Huang et al. (2007) show
that SVMs outperform NNs and DT's on two standard credit risk data sets and propose
a hybrid method that performs feature selection for SVMs using genetic algorithms
(GAs). Yoon and Kwon (2010) propose a CRA method built on credit card sales
information using SVMs to solve the missing financial data problem. Kim and Sohn
(2010) build a credit risk estimation method for Korean small-and-medium enterprises

using SVMs.

Inspired from SVMs, multiple criteria programming framework is proposed for
classification and applied to CRA problems (Shi, 2010). Peng et al. (2008) introduce
a multiple criteria convex quadratic programming model that tries to maximize the
intra-class distance between classes and to minimize the within-class distance, and test
the proposed algorithm on four different CRA data sets. Li et al. (2011) extend the
same idea with a combination of GAs and MKL towards coupled classification and

feature selection.

No single classification algorithm can produce the best results for all classification
problems. There are two standard approaches to solve this issue: (i) classifier selection
and (ii) classifier combination. In classifier selection, different classifiers are trained
and evaluated using a cross-validation approach. At the end, the best performing
classifier is used for testing the system. Instead of relying on a single classifier, we
can construct a meta-classifier that combines the predictions of multiple classifiers,
known as classifier combination or classifier ensemble. This combination strategy is
also applied to CRA extensively. Lai et al. (2006a) propose to use an NN ensemble
by training a diverse set of networks and combining uncorrelated ones to obtain a
reliable prediction scheme. Lai et al. (2006b) also formulate an NN ensemble method by
training different NNs on different subsets of the training data (known as bagging) and
combining the predictions of these networks with another NN to get the final prediction.
Huang et al. (2006) examine various classification algorithms and construct classifier

ensembles using random committee and voted perceptron techniques to evaluate the



customers of a Chinese bank. Hsieh and Hung (2010) present a CRA method that
uses NNs, SVMs, and Bayesian networks as the base classifiers of the ensemble. Zhou
et al. (2010) offer an ensemble method that uses least squares SVMs with different
kernels for the combination. Twala (2010) compares different ensemble strategies and
shows that using a classifier ensemble outperforms single classifiers on four different
CRA data sets. Peng et al. (2011) propose three different methods to compare and to

combine base classifiers using their predictions as inputs.

In addition to such machine learning methods, there are also evolutionary algo-
rithms such as GAs proposed for CRA. Finlay (2009) applies a GA approach to optimize
business measures instead of a statistical model objective as in machine learning algo-
rithms. Min and Jeong (2009) propose a binary classifier using a GA-based formulation

and obtain comparable results to statistical approaches.



3. GROUP-WISE FEATURE SELECTION USING
PROBIT CLASSIFIER

We use the probit classifier, which is a generalized linear model, as our probabilis-
tic classification method (Albert and Chib, 1993). We use a fully Bayesian formulation
to give the classifier feature selection capability using suitable hyper-parameters for the
prior distributions. We first describe the details of our probabilistic model and then

explain how this model can be used for coupled feature selection and classification.

Figure 3.1 illustrates the probit classifier with a graphical model and its distri-
butional assumptions. First, the data matrix X is used to calculate the classification
scores for training data points using the classification parameters {b, w}. Finally, the

given label vector y is generated from the classification score vector t.

A~ g()\; Oé,\,ﬁ,\)
b|>\ NN(b;O,)\_l)

a by~ Gy o, By) vf
wily ~ N (wg; 0,97 vf

a a yilti ~ 0(tiy; > 0) Vi

Figure 3.1. Graphical model and distributional assumptions of the probit classifier.

The notation we use for the probit classifier is as follows: N is the number of
training instances. D shows the dimensionality of the input space. The D x N data
matrix is denoted by X, where the D x 1-dimensional columns of X by ;. The D x 1
vector of weight parameters wy is denoted by w. The D x1 vector of priors 1 is denoted
by 1. The bias parameter is denoted by b and its prior is denoted by A\. The N x 1

vector of auxiliary variables t; is represented as t. The N x 1 vector of associated target



values is represented as y, where each element y; € {—1,+1}. As short-hand notations,
all priors in the model are denoted by 2 = {\, 1}, where the remaining variables by
© = {b,t,w} and the hyper-parameters by ¢ = {ay, Ox, @y, By}. Dependence on ¢
is omitted for clarity throughout the rest. A (; u, X) denotes the normal distribution
with the mean vector g and the covariance matrix ¥. G(-;a, ) denotes the gamma
distribution with the shape parameter o and the scale parameter 5. d(-) denotes the

Kronecker delta function that returns 1 if its argument is true and 0 otherwise.

The auxiliary variables between the class labels and the training instances are
introduced to make the inference procedures efficient (Albert and Chib, 1993). Exact
inference for this probabilistic model is intractable and using a Gibbs sampling ap-
proach is computationally expensive (Gelfand and Smith, 1990). We instead formulate

a deterministic variational approximation procedure for efficient inference.

The variational methods use a lower bound on the marginal likelihood using an
ensemble of factored posteriors to find the joint parameter distribution (Beal, 2003).
Assuming independence between the approximate posteriors in the factorable ensemble
can be justified because there is not a strong coupling between the model parameters.

We can write the factorable ensemble approximation of the required posterior as

p(©,E|X,y) = ¢(0,E) = q(N)q(v)q(b, w)q(t)

and define each factor in the ensemble just like its full conditional distribution:

N( ). 500

||
—=

TN(t; %(t:), p(ti))

.
I
A



where a(-), B(+), 1(-), and X(-) denote shape parameter, scale parameter, mean vector,
and covariance matrix for their arguments, respectively. TN (+; u, X, p(+)) denotes the
truncated normal distribution with the mean vector u, the covariance matrix 3, and
the truncation rule p(-) such that TN (;; u, %, p(+)) < N (-, X) if p(-) is true and
TN, 2, p(+)) = 0 otherwise.

We can bound the marginal likelihood using Jensen’s inequality:

log p(y|X) > Ege = logp(y, ©,E|X)] — Eye,z)logq(©,F)] (3.1)

and optimize this bound by maximizing with respect to each factor separately until

convergence. The approximate posterior distribution of a specific factor 7 is

q(1) < exp (Eqo.zpm log p(y, ©, EX)]) .

For the probit classifier, thanks to the conjugacy, the resulting approximate posterior

distribution of each factor follows the same distribution as the corresponding factor.

3.1. Inference Details

The approximate posterior distributions of the priors on the bias and the weight

vector can be found in terms of gamma distributions:

~\ -1

gqAN) =G [ Nay+ %, <é + %) (3.2)
D =N\ !

g(p) =[] G | tricw+ %, (ﬁi + %) (3.3)
J=1 v

where the tilde notation denotes the posterior expectations as usual, i.e., hf(\;) =

Eqr[h(T)]. The approximate posterior distribution of the classification parameters
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is a product of multivariate normal distributions:

. - -1
b 17t (A +N 1TXT
q(b,w) =N 5, w) -

| (3.4)
w Xt X1 diag(y) + XXT

The approximate posterior distribution of the auxiliary variables is a product of trun-

cated normal distributions:

N
q(t) = [[ TN (t;w Tz + b, 1, ty; > 0) (3.5)

i=1
where we need to find the posterior expectations in order to update the approximate
posterior distributions of the projected instances and the classification parameters.
Fortunately, the truncated normal distribution has a closed-form formula for its expec-

tation.

The complete inference algorithm is listed in Figure 3.2. The inference mechanism
sequentially updates the approximate posterior distributions of the model parameters
and the latent variables until convergence, which can be checked by monitoring the
lower bound in Equation 3.1. The first term of the lower bound corresponds to the
sum of exponential form expectations of the distributions in the joint likelihood. The
second term is the sum of negative entropies of the approximate posteriors in the en-
semble. The only nonstandard distribution in the second term is the truncated normal
distributions of the auxiliary variables; nevertheless, the truncated normal distribution

has a closed-form formula also for its entropy.
The variational lower bound of probit classification model can be written as
L = Eqeo.zlogp(y, ©,E[X)] - Eye =) (log¢(O, E)]
where the joint likelihood is defined as

p(y, ©, E[X) = p(A\)p((b|\)p(v)p(w|)p(t]b, w, X)p(y|t).
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Require: X, y, ay, By, oy, and By
1: Initialize ¢(b, w) and ¢(t) randomly
2: repeat
3:  Update ¢(\) using Equation 3.2
4:  Update ¢(7) using Equation 3.3
5. Update ¢(b, w) using Equation 3.4
6:  Update ¢(t) using Equation 3.5
7: until convergence

8: return ¢(b, w)

Figure 3.2. Inference algorithm of the probit classifier.

Using these definitions, the variational lower bound becomes

L = Eq [log p(N)] + Eq(x)q0.) 108 p(0IN)] + Eqy) [log p(10)] + Eq(ap)q.) [log p(w|9p)]
*Cl LQ ;Cg £4
+ Eqpw)o [10g p(E]b, w, X)] + Eqe) [log p(y[t)] — Eqon[log ¢(A)] — Eqqys) [log q(3)]

~~

Ls Lo Lr Ls

- Eq(b,w) [lOg Q(b, w)l - Eq(t) [lOg q(t)]

N J/

Lo L1

where the exponential form expectations of the distributions in the joint likelihood can

be calculated as

— )\
Ly = (ay—1)log X — 5— —logI'(ay) — avy log By
A

1~~ 1 1 ~
— —\p2 - = _
Lo 2)\6 5 log 27 + 5 log A
D - {z}v
L4 = E ((aw — Dlog 1y — 6—:; —logI'(avy) — ay log@p)
=1

P

1 ~ 1 1 ~
Ly= D) tr(diag(yp)ww’) — éDlog 2m + 3 log | diag(1p)|
1y 1/ —— 1
= 24 ¢ b T T 79
Ls = Z <_§ti +ti(wlae; +b) — 3 (tr('w'wT:Bi:Bi )+ 2z, wb+ b2) b log 27r)

i=1

Ls=0
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and the negative entropies of the approximate posteriors in the ensemble are given as

Lr = —a(A) —log B(A) —log I'(a(A)) — (1 — a(A))¢ (X))

D

Ls =) (—a(iy) —log Bthy) —logT(a(thy)) — (1 — alwoy))wo(a(wy)))
F=1
Lo —%w +1)(log 27 + 1) — %log 56, w)

N

1
where T'(+) denotes the gamma function and v(+) denotes the digamma function.

The posterior expectations needed in order to update approximate posterior dis-

tributions and to calculate the lower bound can be given as

A=a(V)B)
log A = ¢(a(A)) + log B(A)
vr = () B(iy) vf
log 1y = (a(y)) + log Bluy) vf
B = a8 aW)i) - alén)in)]
b= p(b)

The only nonstandard distribution we need to operate on is the truncated normal

distribution used for the auxiliary variables. From the model definition, the truncation
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points for each auxiliary variable are defined as

(0, +00) otherwise

where [; and u; denote the lower and upper truncation points, respectively. The nor-
malization coefficient, the expectation, and the variance of the auxiliary variables can

be calculated as

Z; = o) — P(ai) Vi
b= wia, by A0 vi
% B (5)2 14 oa‘éb(oéi); 5z¢(5z) - (¢(az) ;;b(ﬁz))z Vi

where ¢(-) is the standardized normal probability density function and {o;, 8;} are

defined as

3.2. Prediction

The predictive distribution of the auxiliary variable t, can also be found by re-

placing p(b, w|X, y) with its approximate posterior distribution ¢(b, w):

1
Ptz X,y) = N o (b, w)T ,1+[1 m] (b, w)
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and the predictive distribution of the class label y, can be formulated using the auxiliary

variable distribution:

p(ys = +l|zy, X, y) = @ (;Ei)))

where ®(+) is the standardized normal cumulative distribution function.
3.3. Group-Wise Feature Selection

We can give the probit classifier feature selection capability using suitable hyper-
parameters for the prior distributions on the weight vector precisions. Hyper-parameter
values are usually selected as (o, By) = (1,1). In this case, there will be no explicit
feature selection mechanism and most of the features will be used in the final deci-
sion function with nonzero weights. In order to perform feature selection, we can use
sparsity-inducing hyper-parameters such as (ay, 8y) = (10719,10719). In this case,
some of the weights are forced to become zero and the corresponding features will be

eliminated leading to feature selection.

Suppose that the features are categorized into P distinct groups and g(f) gives

the group of feature f. The precision priors of the probabilistic model become

U ~ G(Um; oy, By)  Vm

and the corresponding factor in the factorable ensemble approximation is given as

m=1
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The approximate posterior distributions of the priors on the weight vector can again

be found in terms of gamma distributions:

o) = [1 6 | vmiow+ 5 >~ olatf) =) <6—1w F3 D 000(f) = ma;)

f=1

m=1

and the approximate posterior distribution of the classification parameters is a product

of multivariate normal distributions:

b 17Z] [N+ N 17XT
N N(b,w) ||, ' - T
w Xt X1 diag <|:Q/}g(1) L q/;g(D)] ) +XXT

Our Matlab implementation for the probit classifier with group-wise feature se-
lection capability is available in Appendix A. Note that if each feature is considered

as a separate group, our implementation reduces to the standard probit classifier.
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4. GROUP-WISE FEATURE SELECTION USING
MULTIPLE KERNEL LEARNING

SVM is a discriminative classifier proposed for binary classification problems and
is based on the theory of structural risk minimization (Vapnik, 1998). Given a sample
of N independent and identically distributed training instances {(zx;, v;)}Y., where x;
is the D-dimensional input vector and y; € {—1,+1} is its class label, SVM basically
finds the linear discriminant with the maximum margin in the feature space induced

by the mapping function ®: R” — R®. The resulting discriminant function is
f(x) = (w, B(x)) +b.

The classifier can be trained by solving the following quadratic optimization problem:

N
VR TP
minimize 5”“’”2"‘02&

i=1

with respect to w € R, EERf, beR

subject to y;((w, ®(x;)) +b) >1-¢ Vi

where w is the vector of weight coefficients, C' is a predefined positive trade-off param-
eter between model simplicity and classification error, £ is the vector of slack variables,
and b is the bias term. Instead of solving this optimization problem directly, the

Lagrangian dual function enables us to obtain the following dual formulation:

N N N
1
maximize g ai—ég g 0G5 Y 5 <(I)($i)7q)(mj)>
i=1

i=1 j=1
/{;(:cl-, .’,Uj)
with respect to a € Rﬂ\rf
N
subject to Zaiyi =0
i=1
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where k: RP? x RP? — R is named the kernel function and a is the vector of dual
variables corresponding to each separation constraint. Solving this, we get w =

Zi]\il a,;y;®(x;) and the discriminant function can be rewritten as

N
flz) = Z ayik(xi, ) + b.
i—1

There are several kernel functions successfully used in the literature, such as the

linear kernel (krrxy), the polynomial kernel (kpor), and the Gaussian kernel (kgap):

/{ZPOL<IEZ',.’E]') = <<.’Ei,$j> —+ 1)q’ S N

kaav(@i @) = exp (—[lzi — x[3/5°) . s € Ry

There are also kernel functions proposed for particular applications, such as natural

language processing (Lodhi et al., 2002) and bioinformatics (Scholkopf et al., 2004).

Selecting the kernel function k(-, -) and its parameters (e.g., g or s) is an important
issue in training. Generally, a cross-validation procedure is used to choose the best
performing kernel function among a set of kernel functions on a separate validation set
different from the training set. In recent years, MKL methods have been proposed,
where we use multiple kernels instead of selecting one specific kernel function and its

corresponding parameters:

k(i 25) = fiy({kn(®", 27) 1)

where the combination function, fp: R¥ — R, can be a linear or a nonlinear function.

Kernel functions, {k,,: RPm x RP» — R}F_ = take P feature representations (not

necessarily different) of data instances: x; = {x}]_, where " € RP» and D,, is

the dimensionality of the corresponding feature representation. 7 parameterizes the
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combination function and the more common implementation is:

k(s ;) = fn({km (2], 2]} |n)

where the parameters are used to combine a set of predefined kernels (i.e., we know
the kernel functions and corresponding kernel parameters before training). It is also

possible to view this as

k(@i ;) = fy({km (2, 2 |1) o))

where the parameters integrated into the kernel functions are optimized during training.
Most of the existing MKL algorithms fall into the first category and try to combine

predefined kernels in an optimal way.

The reasoning is similar to combining different classifiers: Instead of choosing a
single kernel function, it is better to have a set and let an algorithm do the picking
or combination. There can be two uses of MKL: (i) Different kernels correspond to
different notions of similarity and instead of trying to find which works best, a learning
method does the picking for us, or may use a combination of them. Using a specific
kernel may be a source of bias, and in allowing a learner to choose among a set of
kernels, a better solution can be found. (ii) Different kernels may be using inputs
coming from different representations possibly from different sources or modalities.
Since these are different representations, they have different measures of similarity
corresponding to different kernels. In such a case, combining kernels is one possible way
to combine multiple information sources. Noble (2004) calls this method of combining
kernels intermediate combination and contrasts this with early combination (where
features from different sources are concatenated and fed to a single learner) and late
combination (where different features are fed to different classifiers whose decisions are

then combined by a fixed or trained combiner).
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There are many MKL algorithms proposed in the literature (see Génen and Al-
paydin (2011) for a recent survey). Linear combination methods are the most popular
and have two basic categories: unweighted sum (i.e., using sum or mean of the kernels
as the combined kernel) and weighted sum. In the weighted sum case, we can linearly

parameterize the combination function:

v

k(@i ;) = fr({kn(@], @] ) Yot ) = Y ki (", ') (4.1)

m=1
where 1 denotes the kernel weights. Different versions of this approach differ in the
way they put restrictions on m: the linear sum (i.e., 7 € R), the conic sum (i.e.,

n € RY), or the convex sum (i.e., n € RY and 320 _ 5, = 1).
4.1. Training Details

We pick a specific MKL formulation, which enables us to tune kernel-level spar-
sity and to perform feature selection by choosing a model parameter suitably. Xu et al.
(2010) and Kloft et al. (2011) propose an efficient optimization method for arbitrary
{,-norms with p > 1. Although they approach the problem from different perspectives,
they find the same closed-form solution for updating the kernel weights at each iter-
ation. In order to derive the update equation, Xu et al. (2010) use the equivalence
between group Lasso and MKL, as shown by Bach (2008), whereas Kloft et al. (2011)
use a block coordinate-descent method. Both studies formulate an alternating opti-
mization method that solves an SVM at each iteration and update the kernel weights

as follows:

_2
[wmll5™

P 2p l/p
(z ||wh||5“)
h=1

M, = vm (4.2)

where ||w,, |2 = 72, SN, Zjvzl ;0 yiyikm (2], 7') from the duality conditions. After
convergence, we obtain the optimal support vector coefficients and kernel weights. The

complete training algorithm is listed in Figure 4.1.
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Require: {k,(-,)}_1, {X"},—1, y, and p
1: Initialize 1 randomly
2: repeat
3:  Solve a single-kernel SVM using k7 (-, -) in Equation 4.1
4:  Update n using Equation 4.2

5. until convergence

6: return «,b,n

Figure 4.1. Training algorithm of the ¢,-norm MKL.

4.2. Prediction

Using the optimal support vector coefficients and kernel weights, the discriminant

function for a test data point can be found as

f(x) = Z Q;Yi (Z Db (227" :I:m)> +b.

In addition to sample-level sparsity (i.e., having zero support vector coefficients for some
of the training data points) like in SVMs, MKL can also have kernel-level sparsity by
having zero weights for some of the input kernels. We do not need to evaluate a kernel

function and to collect data for that particular kernel if its weight is zero.
4.3. Group-Wise Feature Selection

We can give MKL feature selection capability by calculating separate kernels for
each feature and using a sparsity-inducing norm on the kernel weights. When p = 2,
there will be no explicit kernel selection mechanism and most of the kernels will be used
in the combined kernel with nonzero weights. In order to perform kernel selection, we
can use a sparsity-inducing norm such as p = 1. In this case, some of the kernel weights
are forced to become zero and the corresponding kernel will be eliminated leading to

feature selection.
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We can also perform group-wise feature selection by defining separate kernels
for each feature group. Like in the previous section, suppose that the features are
categorized into P distinct groups and Z,, gives the feature indices of group m. The
input representation used for kernel m is defined as @™ = x[Z,,,] where [-] indexes the

elements of a vector.

We use Matlab implementation of the ¢,-norm MKL provided by Gonen and

Alpaydin (2011), which is available at www.cmpe.boun.edu.tr/~gonen/mk1.
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5. TRANSFER LEARNING USING PROBIT CLASSIFIER

Transfer learning considers applications with related tasks of different data sets
and aims to exploit these different data sets to obtain better learners than the learners
that can be found from each data set separately. It is especially useful when we do not
have enough training instances in each data set to build a reliable learner. There are
two common approaches for transfer learning: (i) training separate learners for each
data set in a coupled manner by forcing them to have similar model parameters, and
(ii) projecting the data points from each data set into a unified subspace and training

a common learner in this subspace. We focus on the second approach in this thesis.

We propose to combine linear dimensionality reduction and linear classification in
a joint probabilistic model in order to obtain predictive subspaces for transfer learning
problems. The main idea is to map the training instances of different data sets to a
unified subspace using linear projection matrices and to estimate the class labels in
this projected subspace with the probit classifier. We should consider the predictive
performance of the unified subspace while learning the projection matrices to transfer

information between data sets.

Figure 5.1 illustrates the transfer learning probit classifier with a graphical model
and its distributional assumptions. First, we project the data matrices {X,}_; into
a unified low-dimensional space using the projection matrices {Q,}2_,. The low-
dimensional representations of training data points {Z,}._, are used to calculate the
classification scores using the shared set of classification parameters {b, w}. Finally, the

given label vectors {y,}1_, are generated from the classification score vectors {t,}._;.

The notation we use for the transfer learning probit classifier is as follows: T
denotes the number of data sets (i.e., tasks). N, and D, are the number of training
instances and the dimensionality of the input space for the corresponding data set. R
gives the dimensionality of the unified projected subspace. The D, x N, data matrix

of each data set is denoted by X,, where the D, x 1-dimensional columns of X, by &, ;.
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a ol ~G(B] . ag Bs) V(o, f,s)
@l JJé) .~ N(gl ;0,077 (o, f,5)
zs,i‘qo,sv Loi ~ N(’Zg,i; q;r,swom 1) V(O, S, Z)

(&)
@ ZD A~ G an, By)
%

BIA ~ N (b; 0, A1)

to —@ Vs ~ G(Us; oy, By) Vs
w4 ~ N (ws; 0,9;7) Vs

toilb,w, 2o ~ N (tos; szm +b,1)  V(o0,1)

Yo,iltoi ~ 0(toiYoi > 0) V(0,7)

N

Figure 5.1. Graphical model and distributional assumptions of the transfer learning

probit classifier.

The D, x R matrix of projection variables q({s is denoted by Q,, where the D, x 1-
dimensional columns of Q, by g, ,. The D, x R matrix of priors gb{;s is denoted by ®,,
where the D, X 1-dimensional columns of ®, by ¢, .. The R x N, matrix of projected
variables Z5 18 represented as Z,, where the R x 1-dimensional columns of Z, as z,;
and the corresponding N, x 1-dimensional rows as z5. The R x 1 vector of weight
parameters w, is denoted by w. The R x 1 vector of priors 1, is denoted by ). The
bias parameter is denoted by b and its prior is denoted by A. The N, x 1 vector of
auxiliary variables t,; is represented as t,. The N, x 1 vector of associated target values
is represented as y,, where each element y,; € {—1,+1}. As short-hand notations,
all priors in the model are denoted by 2 = {\,{®,}1_,, 9}, where the remaining
variables by © = {b, {Q.}1_,, {t,}._,, w,{Z,}1_,} and the hyper-parameters by ¢ =

{a, B, g, By, ay, By} Dependence on ¢ is again omitted for clarity throughout the

rest.
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Exact inference for this probabilistic model is also intractable. We again formulate
a deterministic variational approximation procedure for efficient inference instead of

using a Gibbs sampling approach as in the probit classifier case.

We can write the factorable ensemble approximation of the required posterior as

P(©,ENXo} oot {¥otou1) = 4(©,E) =
1({®o}o—)a({Qo}omr)a({Zo Y om1)a(N) a(10)a(b, w)a({to} oy )

and define each factor in the ensemble just like its full conditional distribution:

T D, R
g({®,}7)) HHH ¢! salel,), B(el)))

a({Qoi, HH (@053 11(d0s) 2(4,,))

q<{zo}o H H (20,5 (20,): X(Z0,i))
q(A) = G(A (), B(N))
q(¥)

[19(s: (). 5())

s=1

ww>N<b;m@mmw
a({t}y) = T TT TN (o 11(tos), S(tos), pltos).

o=1 1=1

We can bound the marginal likelihood using Jensen’s inequality:

log p({y, Z:1|{Xo}3=1) >
By 108 p({Y,} o1, ©, E{Xo}om1)] — Ego ) [log¢(©,E)] (5.1)
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and optimize this bound by maximizing with respect to each factor separately until

convergence. The approximate posterior distribution of a specific factor 7 is found as

¢() o< exp (Byo.zpnm log p({y,}om1, ©, E{Xo}o1)]) -

Similar to the probit classifier, the resulting approximate posterior distribution of each
factor follows the same distribution as the corresponding factor also for the transfer

learning probit classifier.
5.1. Inference Details

The dimensionality reduction part has two sets of parameters: the projection
matrices that have normally distributed entries and the prior matrices that determine
the precisions for these projection matrices. The approximate posterior distribution of

the priors can be formulated as a product of gamma distributions:

—~—\ -1

. B T Do R . 1 i (q({s)Q
(@) = TTTITI9 | #huas+ 5. | 5+ 5 SRR

o=1 f=1s=1 645

The approximate posterior distribution of the projection matrices is a product of mul-

tivariate normal distributions:

T R

d{Qo) = T[T TN (@0 =(,.) X025, (diag(os) + X X)) (5.3)

o=1s=1

The approximate posterior distribution of the projected instances can be found as a

product of multivariate normal distributions:

T No

d{ZY) = [TTIN o S(20a)(Q) o + oy — bw), T+ wwT) Y. (5.4)

o=1 i=1
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The binary classification part has two sets of parameters: the bias vector and the
weight matrix that have normally distributed entries, and the corresponding priors are
from gamma distribution. The approximate posterior distributions of the priors on the

bias and the weight vector can be found in terms of gamma distributions:

~ —1
2
qg(A) =G | Aax+ % (% + %) (5.5)
d 11w\
s=1

The approximate posterior distribution of the classification parameters is a product of

multivariate normal distributions:

q(b,w) =
T N T T . -1
b yui| [feyw vz
N ;2(b,w) | T N , . Oi izl T (5.7)
v D Zoto| | D Z1 ding(9) + ) ZZ]
o=1 o=1 o=1

where we couple different data sets using the same bias parameter and weight vector
for classification. The projection matrix for each data set tries to embed correspond-
ing data points accordingly. The approximate posterior distribution of the auxiliary

variables is a product of truncated normal distributions:

T N

g({to}i_y) = [T TT TN (tosi w20 + b, 1 to05 > 0) (5.8)
o=1i=1
where we need to find the posterior expectations in order to update the approximate

posterior distributions of the projected instances and the classification parameters.

The complete inference algorithm is listed in Figure 5.2. Similar to the probit
classifier, the inference mechanism sequentially updates the approximate posterior dis-

tributions of the model parameters and the latent variables until convergence, which
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can again be checked by monitoring the lower bound in Equation 5.1. Our Matlab im-

plementation for the transfer learning probit classifier is also available in Appendix A.

Require: {XO}Z:D {yo}ZZD ay, 6)\7 g, 6(;57 Qi Bdn and R
1: Initialize ¢({Qo}3-1), 4({Zo}o-1). a(b, w), and q({to}3_,

2: repeat

3:  Update q({<I>O} 1) using Equation 5.2
4:  Update q({Q,}1_,) using Equation 5.3
5. Update q({Z,}I_,) using Equation 5.4
6:  Update ¢(\) using Equation 5.5

7. Update ¢(7) using Equation 5.6

8:  Update ¢(b, w) using Equation 5.7

9:  Update q({t,}._,) using Equation 5.8

10: until convergence

11: return ¢({Q,}1_,) and ¢(b, w)

) randomly

Figure 5.2. Inference algorithm of the transfer learning probit classifier.

The variational lower bound of transfer learning probit classification model can

be written as

»C — E E [logp({yo}o 1 7E|{Xo}3:1)]

where the joint likelihood is defined as

P{¥otor ©

) E|{XO}Z=1) =

PE®o}omt )P Qo omi | {®otom1)P({Zo}s.

p(N)p0IN)p()p(wlip)p({ts .

Py, o

- Eq(@,E) [lOg Q(Gv E)]

] {Qo}omr {Xo}on)
1 [bw, {Zo},-

S

1)-
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Using these definitions, the variational lower bound becomes

L£=Eyqar )08 p{®o}omt)] + Eyanz_ oz 10g P{Qolomi {®o} o)

J/

L, L,
+ By oz plosp{Zo}om | {Qo}omr, {Xo}omi)] + B [log (V)]
) £3 54
+ Eq()\)q(b,w)EOg p(b|A)] + Eqeep) [hjf; P(¢)l+Fq(w)q(b,w)gfgp(wW)l
Ls L L7
+ Bgw)a(tto}1 a2} 1 1>[10gp({t Vom0, w, {Zo}5-1)]
Ly
+ Eygeyrpllog p(a{yo}o-) {Eo}om1)] = Byayz log a({@o}omy)]
Ly L
— Byanz 108 a{Qo}omt)] = Byqayr ) llog d{Zo} om1)] = Bgy llog ¢(V)]
Elrl 2;2 2;3
— By log ¢(¥)] — Eqp,w) log 4(b, )] — By 37 llog a({t}5-1)]
5‘14 5‘15 ) E‘IG ’

where the exponential form expectations of the distributions in the joint likelihood can

be calculated as

T D, R o (bf

L= Z Z (O% - 1)10g¢ — log T(a¢) — g log 5¢
o=1 f=1 s=1 ¢
T R 1 o 1

£2 = Z Z < 5 (dlag(¢o s)qo sqo s) _D 108; 2 4+ — 10g | dlag( )|>
o=1 s=1
T No 1

‘63 = Z Z <_§z;|— i20,i + wo ZQozoz - (QOQTwO Z:IZM) — —Rlog 27'[')
o=1 1=1

— A
Ly = (ay—1)log— 5_ —logT'(ay) — iy log B
A
1~~ 1 1 ~
= —\b2 - = —

L 2)\b 5 log 2m + 5 log A

R —_ N — //lz}v
Lo = Z <(a¢ — Dlog s — 5_; —logI'(avy) — ay log ﬁ¢>

s=1

—_~—

1 1
L, = -5 tr(diag(¢p)ww ) — —Rlog 2m + 5 log | diag(4))|
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—_~—

(tr(w'szMz )+ 2z wb + b2>

l\DlH

T N, )
Ls = ZZ (—5t31+tm(w zoz+b)

11 2
——log 27
5 108

and the negative entropies of the approximate posteriors in the ensemble are given as

L1 =333 (~a(@h,) ~ log 8(¢L,) — log T(a(@) — (1 - a(éh,)é(a(é]))
o=1 f 1 s=1

Lll —ZZ (_% 10g27r+1)_%10g‘2<QOs)‘>

Lo =30 % (=5 (R + Dlog2r +1) = g 20z, )

Lig = —a(A) = log B(A) —logT(a(V)) = (1 — a(N)d(a(N)

Lig =) (—a(th) —log B(v,) —log T(a(y,)) — (1 — a(thy))ib(a(¥y)))

1 1
L5 = —§(R+ 1)(log2m + 1) — 3 log |2 (b, w)|

T N
1
Lis=)_ Y (—5(1og 27 4 N(t,,)) — log z) .

o=1 =1

The posterior expectations needed in order to update approximate posterior dis-

tributions and to calculate the lower bound can be given as

oo = alél)5(01,) ¥(o, f,5)
log .. = v(a(@f,)) +log B(0L.) v(0, f,5)
Goo = [a(@L)BOL) a(@IBH - a@p@R)] Vo)
() = 1lad )* + Sla) ¥(o, £,5)

@090, = 1(q,.)(d,,) " +2(q,,) ¥(0,5)

Q= [j(a,)) #d2) - pla,n) Vo
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QQ =) (g, (g, +3(g,,) Vo
Zoi = =) p(2) - ()] ¥(o,)
Z=ul) nz) o ()] ¥(0.5)
2l z0r = S (202 + £(25,) v(0,)
ZOJ'Z;F,Z‘ = M(zo,i)u(zo,i)—r + Z(zo,i) V(Oa Z)
Zo= [1(zon) H(zo2) o nlzon)] vo
225 = 3 (b0 lz0)+ Dl500) o
X = a(VBO)
log A = ¢ (a(A)) + log B(A)
% - (X(Q/}s)ﬁ(ws) VS
log ¥, = d(a(1,)) + log B(x) Vs
= [a(w)B) a()Be) - an)B(n)]
b= pu(b)

From the model definition, the truncation points for each auxiliary variable are

defined as

—O0,0 if Yo,i = —1
(lo,iu uo,i) - { ( ) v<07 Z)

(0, +00) otherwise
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where [,; and u,; denote the lower and upper truncation points, respectively. The
normalization coefficient, the expectation, and the variance of the auxiliary variables

can be calculated as

Zo,i = (I)<60,i> - (I)(ao,i> v<07 Z)
@:ﬁz’gﬁgjtw V(0,1
—~ . ) ) ., ) N )2
tg,i _ (to,i>2 — 1+ ao,l¢<ao,l)z 'Bo,qu(ﬁo,z) i (‘b(c‘éo,l) 2¢(ﬁo,z)) V(O, Z)
where {a,;, B,:} are defined as
Qi = l072‘ - ;U\?g;/z —’l; \V/(O, Z)

Bo,i = Up,; — ng‘O“’i —b \V/(O, Z)

5.2. Prediction

After convergence, we have a separate projection matrix for each data set and a
unified set of classification parameters for the projected subspace. For a test data point
from a particular data set, we can perform dimensionality reduction and classification
using the corresponding projection matrix and the shared classification parameters.
P(Qu{X I, {y,}1_,) can be replaced with its approximate posterior distribution

q(Q,) for the prediction step. We obtain the predictive distribution of the projected

instance z,, for a new data point x,, from a particular data set as

R
D(Zowl@ows {XoYomr {YoYort) = [ [N (25,5 1(d00) "o 1+ 2, 5(d,,)0.0).

s=1

The predictive distribution of the auxiliary variable ¢,, can also be found by

replacing p(b, w|{X,}1_,,{y,}1_,) with its approximate posterior distribution ¢(b, w):
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p(tO,*HXo}Z:lv {y, :{:17 Z07*) =
1

1
N o (b, w)T 1+ [1 z} (b, w)
Zox Zox

and the predictive distribution of the class label y,, can be formulated using the

auxiliary variable distribution:

P(or = +L10m (X7, {y,}Ty) = @ (
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6. EXPERIMENTS

We perform both feature selection and transfer learning experiments on two CRA
data sets to test the proposed algorithms. We first explain the data sets and the per-
formance measures used in our experiments. We then report the experimental results
and discuss them from different perspectives including predictive accuracy, sparsity,

and convergence rate.

6.1. Data Sets

We use two widely used benchmark CRA data sets, namely, German Credit and

Australian Credit, to test the algorithms.

6.1.1. Australian Credit Data Set

Australian Credit data set contains 690 data points represented with 14 vari-
ables (6 continuous and 8 categorical). When we encode categorical variables as bi-
nary features using 1-of-k encoding, there are 38 features in total. This data set
is available at http://archive.ics.uci.edu/ml/datasets/Statlog+(Australian+
Credit+Approval). The variable information of Australian Credit data set is sum-

marized in Table 6.1.

6.1.2. German Credit Data Set

German Credit data set contains 1000 data points represented with 20 variables
(7 continuous and 13 categorical). When we encode categorical variables as binary
features using 1-of-k encoding, there are 59 features in total. This data set is available
at http://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data).

The variable information of German Credit data set is summarized in Table 6.2.
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Table 6.1. Variable information of Australian Credit data set.

Variable | Type Value

Al Categorical | 0, 1

A2 Continuous

A3 Continuous

A4 Categorical | 1,2,3

A5 Categorical | 1,2,...,14

A6 Categorical | 1,2,...,9

A7 Continuous

A8 Categorical | 0, 1

A9 Categorical | 0, 1

A10 Continuous

All Categorical | 0, 1

Al2 Categorical | 1,2, 3

Al3 Continuous

Al4 Continuous

6.2. Performance Measures
We report the experimental results in terms of two popular performance measures:
classification accuracy and area under receiver operating characteristic (ROC) curve.
We shortly explain these two measures for binary classification problems such as CRA.

6.2.1. Classification Accuracy

When a binary classification algorithm makes a prediction for a data point, there

are four possible outcomes as shown in Table 6.3.

e True positive (TP): The tested data point is a positive example and the prediction

is also positive.



Table 6.2. Variable information of German Credit data set.
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Variable | Information Type Value
Al Status of existing checking account Categorical | 1,2, 3,4
A2 Duration in month Continuous
A3 Credit history Categorical | 0,1,...,4
A4 Purpose Categorical | 0,1,...,10
A5 Credit amount Continuous
A6 Saving account / bonds Categorical | 0,1,...,5
A7 Present employment since Categorical | 1,2,...,5
A8 Installment rate in percentage of disposable | Continuous

income
A9 Personal status and sex Categorical | 1,2,...,5
A10 Other debtors / guarantors Categorical | 1,2,3
All Present residence since Continuous
Al12 Property Categorical | 1,2, 3,4
A13 Age in years Continuous
Al4 Other installment plans Categorical | 1,2,3
Alb Housing Categorical | 1,2,3
A16 Number of existing credits at this bank Continuous
Al17 Job Categorical | 1,2, 3,4
A18 Number of people being liable to provide | Continuous
maintenance for
A19 Telephone Categorical | 1,2
A20 Foreign worker Categorical | 1,2

e False negative (FN): The tested data point is a positive example and the predic-

tion is negative.

o True negative (TN): The tested data point is a negative example and the predic-

tion is also negative.

e Fualse positive (FP): The tested data point is a negative example and the prediction

is positive.
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Table 6.3. Confusion matrix for binary classification problems.

Predicted Class

Positive Negative

Positive | True positive (TP) | False negative (FN)

True Class
Negative | False positive (FP) | True negative (TN)

Classification accuracy is defined as the ratio between the number of correctly
classified data points and the total number of classified data points. It can be calculated

from the confusion matrix entries as

TP + TN
TP + FP + TN + FN

where the ratio is equal to one for a perfect classifier.

6.2.2. Area Under Curve

An ROC curve illustrates the performance of a binary classifier as the discrim-
ination threshold is varied. It is created by plotting true positive rate (TPR) versus
false positive rate (FPR) at various discrimination thresholds. TPR is defined as the

ratio between TP and the number of positive data points

TP
TP + FN

and FPR is defined as the ratio between FP and the number of negative data points

FP
FP + TN’

Area under curve (AUC) is defined as the area under the ROC curve and it gives
the probability that a classifier will rank a randomly chosen positive data point higher

than a randomly chosen negative data point.
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6.3. Feature Selection Experiments

We test the probit classifier (PROBIT) and the ¢,-norm MKL (¢,-MKL) algorithms
on two different CRA data sets explained above. The experimental procedure used and

the results obtained are given in the following sections.

6.3.1. Experimental Setup

We implement variational approximation method for PROBIT and alternating op-
timization procedure for ¢,-MKL in Matlab. We take 500 iterations for PROBIT and run
¢,-MKL algorithm until the objective function does not improve at least 0.1 per cent

between successive iterations.

For both algorithms, we try four different scenarios: (i) non-sparse, (ii) sparse,
(iii) grouped non-sparse, and (iv) grouped sparse. Table 6.4 summarizes the pa-
rameter values used for these four scenarios. For grouped scenarios, the binary features
that are obtained from the categorial variables using 1-of-k encoding are defined as fea-
ture groups, whereas each continuous variable is used as a separate feature group. We
use the Gaussian kernel on each feature group for £,-MKL algorithm. The kernel width

s is selected as the square root of the number of features used.

Table 6.4. Parameter values for different scenarios of feature selection experiments.

grouped grouped
non-sparse sparse non-sparse sparse
(@ Bx) (1,1) (1,1) (1,1) (1,1)
PROBIT
(o, By) (1,1) (1071, 10+1%) (1,1) (1071, 10°7%)
p 2 1 2 1
¢,-MKL
C {1072,...,10%} | {107%,...,10%} [ {1072,...,10%} | {1072,...,10%}

For both data sets, we take 50 replications, where we randomly select 80 per cent

of the data set as the training set and use the remaining as the test set. After construct-

ing the binary features from the categorical variables, the training set is normalized to
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have zero mean and unit standard deviation, and the test set is then normalized using
the mean and the standard deviation of the training set. We use 5-fold cross-validation
on the training set to pick the regularization parameter C' from the candidate set. We
report generalization performances in terms of mean classification accuracy and mean

AUC over 50 replications.

6.3.2. Results

Table 6.5 gives the classification results of PROBIT and /,-MKL on Australian
Credit data set. PROBIT obtains the same level of performance (/0.855 accuracy and
~0.925 AUC) with different scenarios. We see that enforcing sparsity does not harm the
classification performance at all. However, £,-MKL achieves slightly lower performance
values (~0.850 accuracy and =0.915 AUC). There is again no significant difference

between the scenarios in terms of classification performance.

Table 6.5. Classification results on Australian Credit data set in feature selection

experiments.
PROBIT ¢,-MKL
Accuracy AUC Accuracy AUC
non-sparse 0.855 +0.024 1 0.923 £ 0.017 | 0.848 £ 0.020 | 0.916 £ 0.019
sparse 0.854 +£0.022 | 0.927 £ 0.019 ] 0.852 £ 0.022 | 0.912 £+ 0.021
grouped non-sparse | 0.856 £ 0.025 | 0.925 £ 0.016 | 0.850 = 0.021 | 0.916 £ 0.018
grouped sparse 0.854 +£0.022 |1 0.923 £ 0.020 | 0.851 £ 0.023 ] 0.912 £ 0.019

We report the selected variables by PROBIT for each scenario on Australian
Credit data set in Table 6.6. If we do not enforce feature selection as in non-sparse
and grouped non-sparse scenarios, PROBIT uses 11 variables in its decision function.
However, when we enforce feature selection as in sparse and grouped sparse scenar-
ios, it only uses nine and seven variables, respectively. PROBIT with grouped sparse
scenario achieves the same level of classification performance as other scenarios using
only 50 per cent of the input variables. Figure 6.1 shows the feature weights obtained

by PROBIT for each scenario on Australian Credit data set. PROBIT can eliminate
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some of the input features or feature groups by assigning them zero weights. The effect
of sparsity or group sparsity can clearly be seen from the feature weights of sparse

and grouped sparse scenarios.

Table 6.6. Variables selected by PROBIT on Australian Credit data set in feature

selection experiments.

Variable 11213(4(5]6]7]8]9(10/11]|12|13|14
non-sparse gojojbyygygjgjgjgiojgioig
sparse gojojbybyggygigjgyojgioig
grouped non-sparse| | U\ 000000000000
grouped sparse giojojbyoygygjgjg|gybojoyujg

We report the selected variables by ¢,-MKL for each scenario on Australian
Credit data set in Table 6.7. For non-sparse and grouped non-sparse scenarios,
¢,-MKL uses 12 variables in its decision function. However, it only uses nine variables for
sparse and grouped sparse scenarios. Different from PROBIT, ¢,-MKL can only elimi-
nate three out of 12 variables. Figure 6.2 shows the feature weights obtained by ¢,-MKL
for each scenario on Australian Credit data set. ¢,-MKL can eliminate some of the
input features or feature groups by assigning corresponding kernels zero weights. For
sparse and grouped sparse scenarios, ¢,-MKL eliminates more of the input kernels,

leading to tighter feature and feature group selection.

Table 6.7. Variables selected by ¢,-MKL on Australian Credit data set in feature

selection experiments.

Variable 112(3]415]6|7|8|9(10{11|12]|13(14
non-sparse gioyg|ogio|bygjo|byojo|git
sparse gioyg|ogojbygyo|boyo|o|git
grouped non-sparse| Ll|0 |0 |00 |00 0O|0OOLOO|O
grouped sparse gioyg|ogojbygyo|boyo|o|git

Table 6.8 gives the classification results obtained by PROBIT and ¢,-MKL on German
Credit data set. PROBIT obtains the same level of performance (/0.750 accuracy and

~0.780 AUC) with different scenarios. We again see that enforcing sparsity does not
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Figure 6.1. Feature weights obtained by PROBIT on Australian Credit data set in

feature selection experiments.

harm the classification performance at all. Different from Australian Credit data
set, £,-MKL also achieves the same level of classification performance. There is again no

significant difference between the scenarios in terms of classification performance.

We report the selected variables by PROBIT for each scenario on German Credit
data set in Table 6.9. If we do not enforce feature selection as in non-sparse and
grouped non-sparse scenarios, PROBIT uses 18 variables in its decision function. How-
ever, when we enforce feature selection as in sparse and grouped sparse scenarios,
it only uses 15 and 13 variables, respectively. PROBIT with grouped sparse scenario

achieves the same level of classification performance as other scenarios using only 70 per
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Figure 6.2. Feature weights obtained by ¢,-MKL on Australian Credit data set in

feature selection experiments.

Table 6.8. Classification results on German Credit data set in feature selection

experiments.
PROBIT Ep—MKL
Accuracy AUC Accuracy AUC
non-sparse 0.752 4 0.031 | 0.782 £ 0.030 | 0.752 £ 0.026 | 0.778 4 0.029
sparse 0.746 +0.032 | 0.776 £ 0.033 | 0.750 £ 0.026 | 0.776 4= 0.029
grouped non-sparse | 0.752 £ 0.031 | 0.782 £ 0.030 | 0.754 + 0.026 | 0.780 £ 0.030
grouped sparse 0.750 +0.030 | 0.776 £ 0.035 | 0.752 £ 0.029 | 0.780 4 0.031
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cent of the input variables. Figure 6.3 shows the feature weights obtained by PROBIT
for each scenario on German Credit data set. The effect of sparsity or group sparsity

can clearly be seen from the feature weights of sparse and grouped sparse scenarios.

Table 6.9. Variables selected by PROBIT on German Credit data set in feature

selection experiments.

Variable 112(3]4]5[6|7]|8|9|10{11(12|13]14|15|16|17|18|19|20
non-sparse gggjojoybyoyoygjgyojoyojgyojg|bjoiog
sparse gggjojbybyoyoyojgyojoyojgybojgybjopojg
grouped non-sparse| U |0 |00 0000|0000 OO00000(0(0O
grouped sparse gg|gjojbybyoyoyojgyojgojgyojgybjopojg

We report the selected variables by ¢,-MKL for each scenario on German Credit
data set in Table 6.10. For non-sparse and grouped non-sparse scenarios, ¢,-MKL
uses 18 and 16 variables, respectively, in its decision function. However, it only uses 16
and 13 variables for sparse and grouped sparse scenarios, respectively. Figure 6.4
shows the feature weights obtained by ¢,-MKL for each scenario on German Credit data
set. For sparse and grouped sparse scenarios, £,-MKL eliminates more of the input

kernels, leading to tighter feature and feature group selection.

Table 6.10. Variables selected by ¢,-MKL on German Credit data set in feature

selection experiments.

Variable 112(314]15[6|7]|8|9|10{11(12|13]14|15|16|17|18|19|20
non-sparse giggjojoybyoygygjgyojgyojgyojgo|bjojojg
sparse gggjojbybyoyoyojgyojoyojgybjgybjopojg
grouped non-sparse| U |0 |00 0000000000000 000
grouped sparse oygiojoyg|oygjojojojggyoyojop gy o
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Figure 6.3. Feature weights obtained by PROBIT on German Credit data set in

feature selection experiments.
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Figure 6.4. Feature weights obtained by ¢,-MKL on German Credit data set in feature

selection experiments.
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6.3.3. Convergence Analysis

In order to perform a convergence analysis, we monitor the lower bound of PROBIT
and the number of iterations performed by ¢,-MKL. We report the convergence results

on both CRA data sets.

Figure 6.5 shows the lower bounds of four different scenarios for a single replica-
tion obtained by PROBIT on Australian Credit data set. PROBIT algorithm converges

very quickly (i.e., in tens of iterations) regardless of the parameter setting used.
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Figure 6.5. PROBIT lower bounds on Australian Credit data set in feature selection

experiments.
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Note that the lower bounds of these four scenarios are not directly comparable

due to differences in the number of variables and distributional assumptions.

Figure 6.6 shows the number of iterations required by ¢,-MKL until convergence
for four different scenarios on Australian Credit data set. The results are reported
for 50 replications separately. We see that /,-MKL requires less than 10 iterations on

the average and the behavior is independent of scenario configuration.
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Figure 6.6. £,-MKL iteration counts on Australian Credit data set in feature

selection experiments.
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Figure 6.7 shows the lower bounds of four different scenarios for a single repli-

cation obtained by PROBIT on German Credit data set. Similar to the results on

Australian Credit data set, PROBIT algorithm converges in tens of iterations regard-

less of the parameter setting used.

-550

-600

-650

lower bound

-700

-1600

non-sparse

100

200 300
iteration
sparse

400 500

-1700

—-1800

lower bound

-1900

—-2000

-550

100

200 300
iteration

grouped non-sparse

400 500

-600

-650

lower bound

-700
0

-900

100

200 300
iteration
grouped sparse

400 500

-1000

-1100

lower bound

-1200

100

200 300
iteration

400 500

Figure 6.7. PROBIT lower bounds on German Credit data set in feature selection

experiments.

Figure 6.8 shows the number of iterations required by ¢,-MKL until convergence

for four different scenarios on German Credit data set. Similar to the results on

Australian Credit data set, £,-MKL requires less than 10 iterations on the average.
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Figure 6.8. ¢,-MKL iteration counts on German Credit data set in feature selection

experiments.

6.4. Transfer Learning Experiments

We test our proposed transfer learning probit classifier (TRANSFER-PROBIT) on
two different CRA data sets explained above. The experimental procedure used and

the results obtained are given in the following sections.
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6.4.1. Experimental Setup

We try two different scenarios: (i) German Credit = Australian Credit, and
(ii) Australian Credit = German Credit. The arrow shows the direction of infor-
mation transfer between data sets, where the one on the left is called source data set

and the other one is called target data set.

For the target data set, we use the same train-test splits from the feature selection
experiments in order to have comparable results. However, we use 10 or 20 per cent of
the training set to clearly see the effect of transfer learning. For the source data set, we
use the whole data set to transfer all available information to the target data set. The
training sets are normalized to have zero mean and unit standard deviation, and the
test set is then normalized using the mean and the standard deviation of the training
set. We compare TRANSFER-PROBIT with PROBIT trained only on the target data set.
We take 50 replications and report generalization performances on the target data set

in terms of mean AUC over 50 replications.

We also implement variational approximation method for TRANSFER-PROBIT in
Matlab and take 500 iterations for both PROBIT and TRANSFER-PROBIT. Table 6.11
summarizes the parameter values used in the transfer learning experiments. We use
uninformative priors for precision parameters and experiment with different values for

the subspace dimensionality of TRANSFER-PROBIT.

Table 6.11. Parameter values of transfer learning experiments.

(ax, Br) | (g, By) | (g, By) R
PROBIT (1,1) — (1,1) —

TRANSFER-PROBIT | (1,1) | (1,1) | (1,1) [{1,...,10}

6.4.2. Results

Figure 6.9 compares the classification results of PROBIT and TRANSFER-PROBIT
on Australian Credit data set. We clearly see that TRANSFER-PROBIT significantly
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outperforms PROBIT in terms of mean AUC value. This shows that when we have
a limited amount of training data for the target data set, transfer learning helps us
improve our generalization performance using training data from a different but related
data set. Using German Credit data set as an additional information source improves

the classification results even with one-dimensional unified subspace.

10 % training data from target data set

0.91
0ol H—Wo |
S 0.89F 1
< = PROBIT
=©= TRANSFER-PROBIT
0.88+ 1
0.87

20 % training data from target data set

. 6_6_6__6_;.‘6—.;—'6_6—6
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S 0.89+ |
< = PROBIT
=©=TRANSFER-PROBIT
0.88+ 1
0.87 L L L L L L L L L L

Figure 6.9. Classification results on Australian Credit data set in transfer learning

experiments.

Figure 6.10 compares the classification results of PROBIT and TRANSFER-PROBIT
on German Credit data set. Similar to the results on Australian Credit data set,

TRANSFER-PROBIT significantly outperforms PROBIT in terms of mean AUC value.
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Figure 6.10. Classification results on German Credit data set in transfer learning

experiments.
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7. CONCLUSIONS

In this thesis, we first introduce two different binary classification algorithm vari-
ants with group-wise feature selection capability. These variants are derived from the
probit classifier using a specific prior structure and from multiple kernel learning us-
ing a specific kernel calculation strategy. These two formulations allow us to perform
group-wise selection on feature groups of CRA (i.e., features obtained from categorial

variables using 1-of-k encoding).

Experimental results on two benchmark CRA data sets show the validity and
effectiveness of the proposed binary classification algorithm variants. Our methods
use fewer features compared to non-sparse alternatives without sacrificing classifica-
tion performance in terms of both classification accuracy and AUC. They allow us to
decrease data acquisition cost and testing time in addition to better interpretability of

the results.

We then extend the probit classifier towards transfer learning. Our method maps
data points from different data sets into a unified subspace and learns a shared classi-
fication model in that subspace. The proposed transfer learning algorithm can make
use of several related data sets and transfer useful information between the data sets
to improve the overall generalization performance. This setup is especially useful when
a data set has a limited amount of training data and we can a learn better classifier

for that data set with the help of other data sets.

We also perform transfer learning experiments on two benchmark CRA data sets
to show the performance of our probit classifier variant. We show that the proposed
method is able to transfer information from one CRA data set to the other one suc-
cessfully. Transfer learning setup obtains significantly better results than no-transfer

setup even with one-dimensional unified subspace.
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The methods developed in this thesis are tested only on two benchmark CRA
data sets. An interesting topic for future research is to test them on data sets from
different domains. For example, group-wise feature selection algorithms can be tested
on bioinformatics data sets that have a natural grouping over the features. More-
over, robotics and computer vision applications are natural candidates for our transfer

learning method.
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APPENDIX A: MATLAB SOURCE CODES

In this chapter, we give Matlab source codes for variational approximation pro-

cedures of the probit classifiers with group-wise feature selection and transfer learning

capabilities, respectively. We also provide numerically safer versions of helper functions

they need.

function state =

rand ('state

randn ('state

D = size (X,
N = size(X,
G =

lambda . shape
lambda.scale

tau.shape =

grouped_probit_variational_train(X, y, parameters)

, parameters .seed); J#ok<RAND>

', parameters .seed); J#o0k<RAND>
1);
2);

length (unique (parameters .grouping)) ;

= (parameters .alpha_lambda + 0.5);
= parameters .beta_lambda;

(parameters .alpha_psi + 0.5 * histc(parameters.grouping,

tau.scale = parameters.beta_psi * ones(G, 1);
bw.mean = randn(D + 1, 1);
bw.covariance = eye(D + 1, D + 1);
t.mean = zeros(N, 1);
for i = 1:N
while 1
t.mean(i) = randn();
if t.mean(i) * y(i) > 0
break;
end
end
end
XXT = X * X';
X1 = X * ones(N, 1);
lower = -1e40 * ones (N, 1);
lower(y > 0) = 0;
upper = +1e40 * ones(N, 1);

upper (y < 0)

bounds =

for iter =

if mod(iter,

fprintf (1, '.

end

zeros (parameters .iteration,

= 0;

1)

l:parameters .iteration

10) == 0

")

1:1:G) ") ;
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if mod(iter, 100) == 0
fprintf (1, ' J%5d\n', iter);

end

%%%% update lambda

lambda.scale = 1 / (1 / parameters.beta_lambda + 0.5 * (bw.mean(1) "2 + bw.<«>
covariance (1, 1)));

%%hh%h update tau

for g = 1:G
indices = 1 + find(parameters.grouping == g);
tau.scale(g) = 1 / (1 / parameters.beta_psi + 0.5 * sum(bw.mean(indices)<>

.72 + diag(bw.covariance (indices, indices))));

end

%%%h% update b and w

bw.covariance = [N + lambda.shape * lambda.scale, X1'; X1, XXT + diag(tau.<«
shape (parameters .grouping) .* tau.scale(parameters.grouping))] \ eye(D +<
1, D + 1);

bw.mean = bw.covariance * [ones(1, N); X] * t.mean;

%%hh%h update t

t.mean = [ones (1, N); X]' * bw.mean;

t.mean = t.mean + (safenormpdf (lower - t.mean) - safenormpdf (upper - t.mean)+>
) ./ (safenormcdf (upper - t.mean) - safenormcdf (lower - t.mean));

1b = 0;

%%h%% p(lambda)

1b = 1b + (parameters.alpha_lambda - 1) * (psi(lambda.shape) + safelog(+
lambda.scale)) - lambda.shape * lambda.scale / parameters .beta_lambda - <
gammaln (parameters .alpha_lambda) - parameters.alpha_lambda * safelog(+
parameters .beta_lambda) ;

%%hh%h p(b | lambda)

1b = 1b - 0.5 * bw.mean (1) .72 * lambda.shape * lambda.scale - 0.5 * (safelog+«
(2 * pi) - safelog(lambda.shape * lambda.scale));

%hhth p(tau)

1b = 1b + sum((parameters.alpha_psi - 1) * (psi(tau.shape) + safelog(tau.<+
scale)) - tau.shape .* tau.scale / parameters.beta_psi - gammaln (+
parameters .alpha_psi) - parameters .alpha_psi * safelog(parameters .+«

beta_psi));

%hht pCw | tau)

1b = 1b - 0.5 * bw.mean(2:D + 1)' * diag(tau.shape(parameters.grouping) .* <
tau.scale (parameters .grouping)) * bw.mean(2:D + 1) - 0.5 *x (D * safelog<«
(2 * pi) - sum(safelog(tau.shape(parameters.grouping) .* tau.scale (<«
parameters .grouping))));

%hhh pCt | b, w, X) p(y | t)

wwT .mean = bw.mean(2:D + 1) * bw.mean(2:D + 1)' + bw.covariance (2:D + 1, 2:D<¢«
+ 1)

1b = 1b - 0.5 * (t.mean' * t.mean + N) + sum(bw.mean(1l) * t.mean) + sum(diag<
(X' * bw.mean(2:D + 1, :) * t.mean')) - 0.5 * sum(diag(X' * wwT.mean * X<

)) - 0.5 * N * (bw.mean(1)."2 + bw.covariance (1, 1)) - sum(X' * (bw.mean<



(2:D + 1)
(2 * pi);

%%h%% q(lambda)
1b =

* bw.mean (1) + bw.covariance (2:D + 1,

- lambda.shape) * psi(lambda.shape);

%hhth q(tau)

1)))
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- 0.5 * N * safelog<«>

1b + lambda.shape + safelog(lambda.scale) + gammaln (lambda.shape) + (1

1b = 1b + sum(tau.shape + safelog(tau.scale) + gammaln (tau.shape) + (1 - tau<
.shape) .* psi(tau.shape));

hhhth q(b, w)

1b = 1b + 0.5 * ((D + 1) * (safelog(2 * pi) + 1) + logdet (bw.covariance));

hhhth q(t)

alpha = lower - t.mean;

beta = upper - t.mean;

normalization
1b =
0.5 * sum(

normalizat

= safenormcdf (beta)

(alpha

ion)

./ normalization."2);

bounds (iter) =
end
state.lambda =

state.psi = tau;

state. bw;
state.bounds =

end

function prediction =
rand('state',

randn('state', par

N = size(X, 2);
t.mean = [ones (1,
t.covariance = dia
1;
prediction.p = 1 -

end

function state =

rand('state ',

randn('state', par

L = length(y);
D = zeros(L, 1);
N = zeros(L, 1);

parameters .seed);

parameters .seed) ;

1b;

lambda;

bounds;

grouped_probit_variational_test (X,

ameters .seed) ;

N); X1

g(lones (1, N); XI'

safenormcdf (-t.mean

transfer_probit_variational_train (X,

ameters .seed) ;

.* safenormpdf (alpha) -
- 0.5 * sum((safenormpdf (alpha)

- safenormcdf (alpha) ;

beta

state,

%#ok <RAND >
%#0k <RAND >

* state.bw.mean;

* state.bw.covariance *

./ t.covariance);

Yy

%# ok <RAND >
%#0k <RAND >

.* safenormpdf (beta))

parameters)

[ones (1,

parameters)

N);

1b + 0.5 * N *x (safelog(2 * pi) + 1) + sum(safelog(normalization)) + <

AR

- safenormpdf (beta))."2 <«

X1) + «



for o = 1:L

D(o) = size(X{o}, 1);
N(o) = size(X{o}, 2);
end
R = parameters .dimension;

log2pi = safelog(2 * pi);

Phi = cell(1, L);

cell (1, L);

o
[

Z = cell(1, L);

for o = 1:L
Phi{o}.shape = (parameters.alpha_phi + 0.5) * ones(D(o),
Phi{o}.scale = parameters.beta_phi * ones(D(o), R);
Q{o}.mean = randn(D(o), R);
Q{o}.covariance = repmat(eye(D(o), D(o)), [1, 1, R1);
Z{o}.mean = randn(R, N(o0));
Z{o}.covariance = eye(R, R);

end

lambda.shape = (parameters.alpha_lambda + 0.5);

lambda.scale = parameters.beta_lambda;

tau.shape = (parameters.alpha_psi + 0.5) * ones(R, 1);
tau.scale = parameters.beta_psi * ones(R, 1);

bw.mean = randn(R + 1, 1);

bw.covariance = eye(R + 1, R + 1);

t = cell(l, L);
for o = 1:L
t{o}.mean = zeros(N(o), 1);
end
for o = 1:L
for i = 1:N(o)
while 1
t{o}.mean(i) = randn();
if t{o}.mean(i) * y{o}(i) > 0O
break;
end
end
end

end

XXT = cell(1l, L);
phi_indices = cell(l, L);
for o = 1:L
XXT{o} = X{o} * X{o}';
phi_indices{o} = repmat(logical(eye(D(o), D(o0))), [1, 1,
end
lower = cell(1l, L);

upper = cell(1l, L);

R);

R1);
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for

o8

o= 1:L

lower{o} = -1e40 * omnes(N(o), 1);
lower{o}(y{o} > 0) = 0;

upper{o} = +1e40 * ones(N(o), 1);
upper{o}(y{o} < 0) = 0;

end
bounds = zeros(parameters.iteration, 1);
for iter = 1:parameters.iteration
if mod(iter, 10) == 0
fprintf (1, '.');
end
if mod(iter, 100) == 0
fprintf (1, ' J%5d\n', iter);
end

%%%h% update Phi
for o = 1:L
Phi{o}.scale = 1 ./ (1 / parameters.beta_phi + 0.5 * (Q{o}.mean."2 +
reshape (Q{o}. covariance (phi_indices{o0}), D(o), R)));
end
%%h%h% update Q
for o = 1:L
for s = 1:R
Q{o}.covariance (:, :, s) = (XXT{o} + diag(Phi{o}.shape(:, s) .x Phi{«
o}.scale(:, s))) \ eye(D(o), D(0));

Q{o}.mean(:, s) = Q{o}.covariance(:, :, s) * X{o} * Z{o}.mean(s, :)<«

[
B

end
end
%%h%h% update Z
for o = 1:L
Z{o}.covariance = (eye(R, R) + bw.mean(2:R + 1) * bw.mean(2:R + 1)' + bw¢>
.covariance (2:R + 1, 2:R + 1)) \ eye(R, R);
Z{o}.mean = Z{o}.covariance * (Q{o}.mean' * X{o} + bw.mean(2:end) * t{o«
}.mean' - repmat (bw.mean(2:R + 1) * bw.mean(l) + bw.covariance (2:R +<¢
1, 1), 1, N(o)));
end
%%%h% update lambda
lambda.scale = 1 / (1 / parameters.beta_lambda + 0.5 * (bw.mean(1l) "2 + bw.<«>
covariance (1, 1)));
%%h%h% update tau
tau.scale = 1 ./ (1 / parameters.beta_psi + 0.5 * (bw.mean(2:R + 1).72 + <
diag(bw.covariance (2:R + 1, 2:R + 1))));
%%%h% update b and w
Z1 = zeros(R, 1);
ZZT = zeros (R, R);
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Zt = zeros(R + 1, 1);
for o = 1:L
Z1 = Z1 + Z{o}.mean * ones(N(o), 1);
ZZT = ZZT + Z{o}.mean * Z{o}.mean' + N(o) * Z{o}.covariance;
Zt = Zt + [ones(1, N(o)); Z{o}.mean] * t{o}.mean;
end
bw.covariance = [sum(N) + lambda.shape * lambda.scale, Z1'; Z1, ZZT + diag(+
tau.shape .* tau.scale)] \ eye(R + 1, R + 1);
bw.mean = bw.covariance * Zt;
%%hh% update t
for o = 1:L
t{o}.mean = [ones(1l, N(o)); Z{o}.mean]' * bw.mean;
t{o}.mean = t{o}.mean + (safenormpdf (lower{o} - t{o}.mean) - safenormpdf <
(upper{o} - t{o}.mean)) ./ (safenormcdf (upper{o} - t{o}.mean) - <«
safenormcdf (lower{o} - t{o}.mean));

end

1b = 0;
%%%% p(Phi_o)
for o = 1:L
1b = 1b + sum(sum((parameters.alpha_phi - 1) * (psi(Phi{o}.shape) + <
safelog (Phi{o}.scale)) - Phi{o}.shape .* Phi{o}.scale / parameters.<>
beta_phi - gammaln (parameters.alpha_phi) - parameters.alpha_phi * <
safelog (parameters .beta_phi)));
end
%hhh p(Q_o | Phi_o)
qqT = cell(1l, L);
for o = 1:L
qqT{o}.mean = zeros(D(o), D(o), R);
for s = 1:R
qqT{o}.mean(:, :, s) = Q{o}.mean(:, s) * Q{o}r.mean(:, s)' + Q{o}.«+
covariance (:, :, s);
1b = 1b - 0.5 * sum(diag(diag(Phi{o}.shape(:, s) .* Phi{ol}.scale(:, <«
s)) * qqT{o}.mean(:, :, s))) - 0.5 * (D(o) * log2pi - sum(4>
safelog (Phi{o}.shape(:, s) .*x Phi{ol}.scale(:, s))));
end
end
%hhh p(Z_o | Q_o, X)
ZZT = cell(1l, L);
for o = 1:L
ZZT{o}.mean = Z{o}.mean * Z{o}.mean' + N(o) * Z{o}.covariance;
1b = 1b - 0.5 * sum(diag(ZZT{o}.mean)) + sum(diag((X{o}' * Q{o}.mean) * <
Z{o}.mean)) - 0.5 * sum(diag(sum(qqT{o}.mean, 3) * XXT{o})) - 0.5 * <
N(o) * R * log2pij;
end
%%%% p(lambda)
1b = 1b + (parameters.alpha_lambda - 1) * (psi(lambda.shape) + safelog(+

lambda.scale)) - lambda.shape * lambda.scale / parameters .beta_lambda - <
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gammaln (parameters .alpha_lambda) - parameters.alpha_lambda * safelog(+
parameters .beta_lambda) ;

%%hh%h p(b | lambda)

1b = 1b - 0.5 * bw.mean (1) .72 * lambda.shape * lambda.scale - 0.5 * (log2pi <
- safelog(lambda.shape * lambda.scale));

%hhth p(tau)

1b = 1b + sum((parameters.alpha_psi - 1) * (psi(tau.shape) + safelog(tau.<+
scale)) - tau.shape .* tau.scale / parameters.beta_psi - gammaln (+
parameters .alpha_psi) - parameters.alpha_psi * safelog(parameters.<>

beta_psi));
%hht pCw | tau)
1b = 1b - 0.5 * bw.mean(2:R + 1)' * diag(tau.shape .* tau.scale) * bw.mean<>
(2:R + 1) - 0.5 * (R * log2pi - sum(safelog(tau.shape .* tau.scale)));
%hthth p(t_o | b, w, Z_o) p(y_o | t_o)
wwT .mean = bw.mean(2:R + 1) * bw.mean(2:R + 1)' + bw.covariance (2:R + 1, 2:R«
+ 1)
for o = 1:L
1b = 1b - 0.5 * (t{o}.mean' * t{o}.mean + N(o)) + sum(bw.mean(1l) * t{o}.<+
mean) + sum(diag(Z{o}.mean' * bw.mean(2:R + 1, :) * t{o}.mean')) - «
0.5 * sum(diag(wwT.mean * ZZT{o}.mean)) - 0.5 * N(o) * (bw.mean(l)<«
.2 + bw.covariance (1, 1)) - sum(Z{o}.mean' * (bw.mean(2:R + 1) * bw¢«>
.mean (1) + bw.covariance (2:R + 1, 1))) - 0.5 * N(o) * log2pi;

end

%%h%% q(Phi_o)
for o = 1:L
1b = 1b + sum(sum(Phi{o}.shape + safelog(Phi{o}.scale) + gammaln(Phi{o}.<+
shape) + (1 - Phi{o}.shape) .* psi(Phi{o}.shape)));
end
hhnth q(Q_o)
for o = 1:L
for s = 1:R
1b = 1b + 0.5 *x (D(o) * (log2pi + 1) + logdet(Q{o}.covariance (:, :, ¢«
s)));
end
end
hhhth q(Z_o)
for o = 1:L
1b = 1b + 0.5 * N(o) * (R * (log2pi + 1) + logdet(Z{ol}.covariance));
end
%hh% q(lambda)
1b = 1b + lambda.shape + safelog(lambda.scale) + gammaln (lambda.shape) + (1 <«
- lambda.shape) * psi(lambda.shape);
%hhk q(tau)
1b = 1b + sum(tau.shape + safelog(tau.scale) + gammaln (tau.shape) + (1 - tau<
.shape) .* psi(tau.shape));
%hhh q(b, w)
1b = 1b + 0.5 * ((R + 1) * (log2pi + 1) + logdet(bw.covariance));



end
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Kbkt q(t_o)
for o = 1:L
alpha = lower{o} - t{o}.mean;
beta = upper{o} - t{o}.mean;
normalization = safenormcdf (beta) - safenormcdf (alpha);
1b = 1b + 0.5 * N(o) * (log2pi + 1) + sum(safelog(normalization)) + 0.5 <
* sum((alpha .* safenormpdf (alpha) - beta .* safenormpdf (beta)) ./ <
normalization) - 0.5 * sum((safenormpdf (alpha) - safenormpdf (beta))<
."2 ./ normalization."2);

end

bounds (iter) = 1b;

state.Phi = Phi;

state.Q = Q;

state.lambda = lambda;

state.psi = tau;

state.bw = bw;

state.bounds = bounds;
end
function prediction = transfer_probit_variational_test (X, state, parameters)
rand('state', parameters.seed); %#ok<RAND>
randn('state', parameters.seed); J#o0k<RAND>
L = length(X);
R = size(state.bw.mean, 1) - 1;
N = zeros (L, 1);
for o = 1:L

end

for

end

N(o) = size(X{o}, 2);

o = 1:L
prediction.Z{o}.mean = zeros(R, N(o0));
prediction.Z{o}.covariance = zeros(R, N(o0));

for s = 1:R
prediction.Z{o}.mean(s, :) = state.Q{o}.mean(:, s)' * X{o};
prediction.Z{o}.covariance (s, :) = diag(X{ol}' * state.Q{o}.covariance (:,+
:, s) *x X{o}) + 1;

end

prediction.p = cell(1l, L);

for

o= 1:L
t.mean = [ones (1, N(o)); prediction.Z{o}.mean]' * state.bw.mean;
t.covariance = diag([ones(1l, N(o)); prediction.Z{o}.mean]' * state.bw.+

covariance * [ones (1, N(o)); prediction.Z{o}.mean]) + 1;



prediction .p{o} = 1 - safenormcdf (-t.mean

end

end

function ¢ = safenormpdf (x)
x(x < -40) = -40;

x(x > +40) = +40;
¢ = normpdf (x);

end

function c¢ = safenormcdf (x)
x(x < -40) = -40;
¢ = normcdf (x);

end

function y = safelog(x)
x(x < 1e-323) = 1e-323;
x(x > 1e+308)

1e+308;
y = log(x);

end

function 1d = logdet (Sigma)
U = chol(Sigma);
1d = 2 * sum(log(diag(U)));

end

./ t.covariance);
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