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Lastly, I would like to thank TÜBİTAK for supporting me financially with 2210/A

scholarship.



iv

ABSTRACT

3+1 FORMULATION IN NEWTON-CARTAN GRAVITY

In this thesis, we will give a review of torsion-free Newton-Cartan theory. We will

start by doing a large c expansion of general relativity and we will restrict ourselves to a

few leading orders. After obtaining Newton-Cartan theory in this way, we will explore

its symmetries. Through a special set of combined symmetries, we will construct a split

space and time structure. Lastly, we will work out the field equations and equations

of motion for a particle in the 3+1 formulation we have obtained.
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ÖZET

NEWTON-CARTAN KÜTLEÇEKİMİNDE 3+1

FORMÜLASYONU

Bu tezde torsiyonsuz Newton-Cartan teorisini inceleyeceğiz. Genel göreliliğin

büyük c açılımı ile başlayıp kendimizi ilk bir kaç mertebeye kısıtlayacağız. Newton-

Cartan teorisine bu yol ile vardıktan sonra, teorinin simetrilerini inceleyeceğiz. Bir

takım özel simetrilerin birleşimiyle uzay ve zamanın ayrıştığı bir yapı kuracağız. Son

olarak, elde ettiğimiz 3+1 formülasyonunda alan ve parçacık hareket denklemlerimizi

çıkaracağız.
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1. INTRODUCTION

Even though Einstein’s general theory of relativity is a more detailed description

of gravity, Newtonian gravity is still valid and useful for our daily non-relativistic

lives. We all know the phrase “all objects freely fall at the same rate”. It explains the

mass independence of Newton’s equations of motion, which means that formulating

Newtonian gravity in a geometrical framework might be possible. This was first done

by Ellie Joseph Cartan in 1923 [1, 2].

In Chapter 2, we will briefly discuss the history of theories of gravity, Newtonian

gravity and Einstein’s general theory of relativity. The weak equivalence principle

(WEP) implies that Newtonian gravity can be interpreted as a geometric theory.

In Chapter 3, we will introduce the fundamentals of our framework, differential

geometry by following the works of [3–5]. The definiton of tensors will be our starting

point and we will proceed to build our coordinate independent framework. Later, a

discussion about quantifying the curvature of our space will take place and the intro-

duction of Riemann and Ricci tensors will prove useful.

In Chapter 4, we will briefly introduce Einstein’s general theory of relativity and

the trace-reversed forms of the Einstein field equations.

In Chapter 5, we will start expanding our metric and metric-representable objects

such as the Levi-Civita symbol and the Ricci tensor by following [6]. Next, we will

show a simple expansion of trace-reversed Einstein Field Equations. The expansion

of a perfect fluid will be an interesting way to get the Poisson equation of Newtonian

gravity.

In Chapter 6, we will start with a truncated expansion by restricting ourselves

to a few highest-ordered fields. As a result, Newton-Cartan theory will arise. We will

take a look at the particle equations based on the expanded particle action.
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Chapter 7 will be the study of the symmetries of Newton-Cartan theory. The main

three symmetries we will be exploring are U(1), diffeomorphisms and Milne boosts.

In Chapter 8, we will fix the coordinates and the gauge which will provide us a

time-dependent spatial diffeomorphism (TDSD) structure. This will give us the oppor-

tunity to explore how the field equations and the particle equations of motion behave

in the 3+1 formalism. Next, starting with infinitesimal coordinate transformations,

we will see how our fields transform under infinitesimal TDSDs and later try to apply

the same principles to the finite TDSDs. Finally, we will introduce a rather peculiar

notation for our computations.

Chapter 9 will be the apllications of our 3+1 formalism in a few basic situations.

First, we will try to understand how we can describe an expanding space. Then we

will look at a rotating frame of reference.
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2. GRAVITY

Gravity has always been one of the most important phenomena in nature. New-

ton’s law of universal gravitation was the most successful description at its time. It

worked on the surface of the Earth and it worked with celestial objects, well, mostly. It

couldn’t explain all of the phenomena revolving around gravity such as the perihelion

precession of Mercury’s orbit or the gravitational deflection of light.

In his 1915 paper [7], Albert Einstein had worked out the field equations of his

general theory of relativity and presented the world a new description of gravity in the

language of differential geometry. Einstein’s theory was successful in explaining the

aforementioned phenomena and currently is the most successful theory of gravity we

have.

2.1. Mass Equivalence

Fundamentally there can be three different mass properties of an object. First,

we have the mass which determines how strong the gravitational field around the object

is. It is the source of gravity, we will call this the active mass, ma. The second mass

determines how an object is affected by an external gravitational field. We will call it

the passive mass, mp. And finally, the third mass is the inertial mass, mi which is the

resistance to the acceleration caused by a force acting on the body.

All of our understanding of gravitational physics relied on the assumption that

these three masses are equivalent until we had some experimental results of the equiv-

alence. The MICROSCOPE experiment results [8] show that there aren’t any statisti-

cally significant differences between the masses up to 10−15 order, therefore

ma = mp = mi (2.1)

holds for our work.
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2.2. Newton’s Law of Universal Gravitation

Without the equivalence principle, Newton’s Law of Universal Gravitation reads

as

mi~̈x = −mp
~∇φ, (2.2)

∆φ = 4πGNρa, (2.3)

where ~x is the position of the particle, φ is an external gravitational potential that

the particle is exposed to, GN is the gravitational constant and ρa is the active mass

density. When we consider the equivalence principle, the picture changes drastically.

We are left with the equation

~̈x = −~∇φ, (2.4)

which is independent of the properties of the object. In this equation, the motion of the

object is only determined by the gradient of the gravitational potential. There are no

references to any properties of the object itself. With the help of differential geometry,

we can build a geometrical theory for Newtonian gravity.

Another great interpretation, perhaps the greatest interpretation, of Equation

(2.4) is that the effects of gravity can be thought of as an acceleration. This notion is

the basis of Einstein’s theory of general relativity. The equivalence of an accelerating

frame of reference and the presence of gravity in an inertial frame of reference.
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3. DIFFERENTIAL GEOMETRY

Differential geometry is the heart of Einstein’s Theory of General Relativity. It

is a great framework which can be used when working on curved spaces. We have

gathered a short introductory summary based on various sources [3–5]. This is not

an in depth discussion about differential geometry by any means, but a practical one

which will suit our needs.

3.1. Tensors

A (m,n)-tensor T defined on a vector space V and its dual space V ∗ is a multi-

linear map, which can be expressed as

T : V ∗ × · · · × V ∗︸ ︷︷ ︸
m

×V × · · · × V︸ ︷︷ ︸
n

→ R. (3.1)

We can express a tensor by its components. Given the basis {eµ} for V and {fµ} for

V ∗, the components of a tensor can be expressed as

T =
∑

µ1,··· ,νn

T µ1···µmν1···νneµ1 ⊗ · · · ⊗ f νn . (3.2)

If we are working with tensor equations, we can do our calculations on the component

basis which will be useful in some areas but more painful than abstract notation in

some cases. Well, nothing is perfect.

Hence, from here on, when we are talking about tensors, we will strictly use the

components of the tensors when we are referring to them. There are a few useful

notational conventions which we will adapt in this thesis:

� Repeated indices are summed over.

� Greek letters take values 0, 1, . . . , d Latin letters take values 1, . . . , d. In this

work, d = 3 unless it is stated otherwise.

� Tensor product symbol ⊗ is dropped for brevity.
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An example for the notational conventions can be

T = T µ1···µmν1···νneµ1 · · · eµmf ν1 · · · f νn , (3.3)

where we applied all the rules at once.

Now, when we apply this tensor notation to an arbitrary manifoldM we can do

some more. First of all, we can use a coordinate basis. At an arbitrary point p, the

tangent space Vp will have the basis {∂/∂xµ} and its dual, the cotangent space V ∗p will

have the basis {dxµ}. If we apply a coordinate transformation, the components of an

(m,n)-tensor T will transform as

T ′µ
′
1···µ′m

ν′1···ν′n = T µ1···µmν1···νn
∂x′µ1′

∂xµ1
· · · ∂x

νn

∂x′νn′
. (3.4)

3.2. Metric Tensor and Connection

The metric tensor gµν is a (0, 2) symmetric tensor. Generally, it is non-degenerate,

which ensures that its inverse gµν exists. The metric identity equation for a non-

degenerate metric can be expressed as

gµνg
νλ = δλµ. (3.5)

By using the metric, an inner product can be defined as

〈A,B〉 = AµBνgµν . (3.6)

In order to raise and lower indices on other tensors, we can use the metric and its

inverse as follows

Aν = Aµgµν , (3.7)

Bν = Bµg
µν . (3.8)

By definition, the partial derivative operator is coordinate dependent. Therefore, we

should be careful when we are working with the derivatives of tensorial objects espe-

cially when we are trying to construct a coordinate independent formulation. We can

easily show that the partial derivative operator does not transform like a tensor. A
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simple calculation yields

∂A′ν
′

∂x′µ′
=

∂xµ

∂x′µ′

(
∂2x′ν

′

∂xn∂xµ
Aν +

∂x′ν
′

∂xν
∂Aν

∂xµ

)
6= ∂xµ

∂x′µ′
∂x′ν

′

∂xν
∂Aν

∂xµ
. (3.9)

Hence, we need a derivative operator which transforms accordingly which we can use

in all coordinate systems. We can construct such an operator by adding a correction

term to the partial derivative. Of course, this is not a rigorous way to construct

a mathematical structure, but it is a practical way nonetheless. A more rigorous

discussion of this topic can be found in [3, 4].

When acted on an (m,n) tensor T , the covariant derivative can be expressed as

follows

∇λT
µ1···µm

ν1···νn = ∂λT
µ1···µm

ν1···νn + Γ µ1
λρ T

ρ···µm
ν1···νm + · · ·+ Γ µm

λρ T
µ1···ρ

ν1···νn

−Γ ρ
λν1
T µ1···µmρ···νn − · · · − Γ

ρ
λν1
T µ1···µmν1···ρ, (3.10)

which is a metric compatible operator. The compatibiliy condition is

∇λgµν = 0. (3.11)

The symbol Γ is not a tensor. It is called a Christoffel symbol or a Levi-Civita connec-

tion. We can express its components in terms of the metric as

Γ λ
µν =

1

2
gλρ (∂µgρν + ∂νgµρ − ∂ρgµν) , (3.12)

where Γ λ
µν are called connection coefficients.

3.3. Geodesic Equation

Geodesics define the straight lines in a given space. One can derive the geodesic

equation by minimizing the distance between two points a and b, which follows as

L =

∫ b

a

ds =

∫ b

a

√
−gµνdxµdxν =

∫ b

a

√
−gµν ẋµẋνdτ. (3.13)

The minimization of L by the principle of least action will yield us

ẍλ + Γ λ
µν ẋ

µẋν = 0. (3.14)
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As one expects, in a flat space with Cartesian coordinates, the geodesic equation will

reduce to

ẍλ = 0, (3.15)

which defines a straight line.

3.4. Curvature

One can ask, does it matter in which order we take the covariant derivative? Do

they commute? The commutation can be expressed as

[∇µ,∇ν ]A
ρ = Rρ

λµνA
λ, (3.16)

where Rρ
λµν or Rρλµν is called the Riemann curvature tensor, which tells us how curved

our manifold is. We can say that our space is flat if and only if all components of the

Riemann tensor are zero, which also means that covariant derivatives commute.

Some properties of the Riemann tensor are:

� Skew symmetry on first two and last two indices: Rµνλρ = −Rµνρλ = −Rνµλρ,

� Pairwise interchange symmetry: Rµνλρ = Rλρµν .

We can contract two indices of the Riemann curvature tensor as follows

gλρRλµρν = Rρ
µρν = Rµν , (3.17)

where Rµν is called the Ricci tensor. If we take one step further and contract the Ricci

tensor by the metric tensor as follows

R = gµνRµν , (3.18)

we get the Ricci scalar.
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4. GENERAL RELATIVITY

As we have discussed in Chapter 2, general relativity is a description of gravity.

The main notion of the theory is that the matter changes the structure of spacetime

around it and free objects follow the geodesics in the spacetime. Perhaps the most

intriguing part of the theory is that time is not an absolute parameter, since it is

another dimension in the manifold it can also bend for different observers.

4.1. Einstein Field Equations

The main idea of general relativity is to relate the curvature of spacetime to the

matter density. But we know that the Ricci tensor is not conserved even though the

stress-energy tensor is. The conservation relation can be expressed as

∇µRµν 6= 0, (4.1)

∇µTµν = 0. (4.2)

So, there has to be a better candidate than the Ricci tensor. We have an object that

is conserved which is closely related to the curvature, it can be expressed as

Gµν ≡ Rµν −
1

2
Rgµν , (4.3)

and the conservation equation is

∇µGµν = 0, (4.4)

where Gµν is called the Einstein tensor. The Einstein field equations without the

cosmological constant can be expressed as

Gµν =
8πGN

c−4
Tµν . (4.5)
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which can be derived by varying the Einstein-Hilbert action with respect to the metric.

The action can be written as

S =

∫ [
1

16πGN

R + LM
]√
−g dnx , (4.6)

where LM is the matter Lagrangian. The variation of the matter Lagrangian can be

defined as the stress-energy tensor, which follows as

Tµν =
−2√
−g

δ(
√
−gLM)

δgµν
= −2

δLM
δgµν

+ gµνLM . (4.7)

It will be useful to derive the trace-reversed version of the Einstein field equations

in our context, which can be written as

Rµν =
8πGN

c−4

(
Tµν −

1

2
Tgµν

)
. (4.8)
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5. LARGE c EXPANSION

There have been various attempts of approximating general relativity. The post-

Newtonian expansion and the post-Minkowskian expansion are two examples of this

effort. In this section of the thesis, we will treat the speed of light c as a parameter and

we will expand our fields by the powers of c. At the end, we will study the leading order

(LO) and next-to-leading order (NLO) terms, since they will be the most dominant

terms in the context of large c. [9, 10]

5.1. Metric Expansion

We can start by expanding our metric. In this thesis, we will restrict ourselves

only to the even powers of c, although there is no a priori reason not to include the

odd powers, as we can see in [11]. The general structure of the expansion will be as

follows

gµν =
∞∑

i=−1

(2i)

gµνc
−2i, gµν =

∞∑
i=0

(2i)

g µνc−2i. (5.1)

We can gain some insight about how the ordered terms are constrained by using the

metric identity. For instance, the LO term will be in the order of c−2, which implies

(0)

g µλ
(−2)

gµν = 0. (5.2)

Now we can start naming our fields. The LO terms can be decomposed into a one-form

and a (2, 0) symmetric tensor as follows

(−2)

gµν = − τµτν , (5.3)

(0)

g µν = hµν . (5.4)
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If we continue in the same fashion, the metric expansion in terms of the first few fields

becomes

gµν = − c2τµτν + hµν + 2τ(µCν) + c−2(2B(µτν) − CµCν − hµρhνσβρσ) +O(c−4), (5.5)

gµν = hµν + c−2(−τµτ ν + 2τ (µhν)λCλ + βρσ) +O(c−4). (5.6)

Of course, using Equation (3.5), we get

hµντµ = 0, (5.7)

τµτ
ν + hµρh

ρν = δνµ, (5.8)

τµτ νhµν = 0, (5.9)

τµβ
µν = 0. (5.10)

In our discussion, we won’t be seeing much of Bµ and βµν terms since they appear at

higher orders only.

We now have a powerful tool in our hands, we can expand all of our metric-

representable objects by our fields such as the covariant derivative, Riemann and Ricci

tensors. We will make an assumption here, and take τµ as closed, which can be ex-

pressed as

dτ = 0. (5.11)

This will yield us a torsionless theory. This assumption will set most of our terms to

zero. The LO term of the Levi-Civita connection will be

(−2)

Γ λ
µν =

1

4
hλρ
[
τµ∂[ντρ] + τν∂[µτρ]

]
= 0. (5.12)

The highest order non-zero term will be

(0)

Γ λ
µν = Γ̂ λ

µν = τλ∂µτν +
1

2
hλρ(∂µhνρ + ∂νhµρ − ∂ρhµν)− hλρKρ(µτν), (5.13)
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where we defined Kµν as

Kµν = ∂µCν − ∂νCµ. (5.14)

Γ̂ λ
µν will be our Newton-Cartan connection. We can define a covariant derivative and a

curvature tensor with this connection and build our theory from here. Which we will

do in Chapter 6. Newton-Cartan covariant derivative can be expressed as

∇̂λT
µ1···µm

ν1···νn = ∂λT
µ1···µm

ν1···νn + Γ̂ µ1
λρ T

ρ···µm
ν1···νm + · · ·+ Γ̂ µm

λρ T
µ1···ρ

ν1···νn

−Γ̂ ρ
λν1
T µ1···µmρ···νn − · · · − Γ̂

ρ
λν1
T µ1···µmν1···ρ. (5.15)

One can also observe that due to
(−2)

Γ λ
µν = 0, LO and NLO terms of the Ricci

tensor will vanish. To see that, we can use the definition of Ricci tensor in terms of

the connection coefficients which can be written as

Rµν = ∂ρΓ
ρ
νµ − ∂νΓ ρ

ρµ + Γ ρ
ρλΓ

λ
νµ − Γ

ρ
νλΓ

λ
ρµ. (5.16)

Then, the expansion will follow as

(−4)

R µν =
(−2)

Γ ρ
ρλ

(−2)

Γ λ
νµ −

(−2)

Γ ρ
νλ

(−2)

Γ λ
ρµ = 0, (5.17)

(−2)

R µν = ∂ρ
(−2)

Γ ρ
νµ − ∂ν

(−2)

Γ ρ
ρµ +

(−2)

Γ ρ
ρλ

(0)

Γ λ
νµ −

(−2)

Γ ρ
νλ

(0)

Γ λ
ρµ +

(0)

Γ ρ
ρλ

(−2)

Γ λ
νµ −

(0)

Γ ρ
νλ

(−2)

Γ λ
ρµ = 0. (5.18)

Hence, the highest order non-zero term of the Ricci tensor will be

(0)

Rµν = ∂ρ
(0)

Γ ρ
νµ − ∂ν

(0)

Γ ρ
ρµ +

(0)

Γ ρ
ρλ

(0)

Γ λ
νµ −

(0)

Γ ρ
νλ

(0)

Γ λ
ρµ, (5.19)

which can be written as

R̂µν = ∂ρΓ̂
ρ
νµ − ∂νΓ̂ ρ

ρµ + Γ̂ ρ
ρλΓ̂

λ
νµ − Γ̂

ρ
νλΓ̂

λ
ρµ. (5.20)

R̂µν will be our Newton-Cartan Ricci tensor.
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5.2. Equations of Motion

We can use the trace reversed form of the Einstein field equations as follows

Rµν =
8πGN

c−4

(
Tµν −

1

2
Tgµν

)
, (5.21)

and define the trace-reversed stress-energy tensor as

Tµν = c−4
(
Tµν −

1

2
Tgµν

)
. (5.22)

Finally, we can expand our Ricci tensor and trace-reversed stress-energy tensor in order

to obtain our equations of motion. It follows as

(n)

Rµν = 8πGN

(n)

T µν , (5.23)

where n = −4,−2, 0, 2, . . . . As it is discussed in [9], LO term of the stress-energy tensor
(−4)

T assumed to be zero. And when NLO term
(−2)

T is zero, we will have a torsionless

theory. As we will see in Section 5.3, the large c expansion of a perfect fluid can give

us a good description of a torsion free theory. Eventually, we will recover the Newton-

Cartan theory in full detail when we restrict ourselves only to the highest non-zero

order.

5.3. Perfect Fluid Expansion

In [12], it is proposed that the Poisson equation for Newtonian gravity can be

achieved by the large c expansion of perfect fluid. The stress-energy tensor of a perfect

fluid can be written as

T µν =
(
ρ+

p

c2

)
UµUν + pgµν , (5.24)

where ρ is the rest frame mass density, p is pressure and Uµ is the 4-velocity field of

the fluid. Then, the contracted stress-energy tensor becomes

T =
[(
ρ+

p

c2

)
UλUκ + pgλκ

]
gλκ, (5.25)

=
(
ρ+

p

c2

)
(−c2) + 4p, (5.26)

= 3p− c2ρ. (5.27)
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Finally, the trace reversed stress-energy tensor for the perfect fluid can be expressed as

Tµν −
1

2
Tgµν =

(
ρ+

p

c2

)
UµUν + pgµν −

1

2
(3p− c2ρ)gµν , (5.28)

=
(
ρ+

p

c2

)
UµUν −

1

2
(p− c2ρ)gµν . (5.29)

We can also expand the 4-velocity field as follows

Uµ =
(0)

uµ +
1

c2
(2)

uµ +O(c−4). (5.30)

The normalization condition for our velocity field will yield us some useful information

regarding the ordered terms. It follows as

UµUνgµν = −c2 (5.31)

=

(
(0)

uµ +
1

c2
(2)

uµ
)(

(0)

u ν +
1

c2
(2)

u ν
)(
−c2τµτν + ĥµν + c−2b̂µν

)
, (5.32)

where the fields are truncated after O(c−4). LO and NLO equations will yield us

(0)

uµτµ = 1, (5.33)

1

2
ĥµν

(0)

uµ
(0)

u ν = τµ
(2)

uµ, (5.34)

and the highest nonzero term of T will be

(0)

T µν =
1

2
ρτµτν . (5.35)

As we have discussed in Section 5.2 this distribution satisfies the torsionlessness con-

ditions, which are

(−4)

T µν =
(−2)

T µν = 0. (5.36)

When we restrict ourselves only to the highest non-zero equations as follows

R̂µν = 4πGNρτµτν , (5.37)

what we have is the Poisson equation for Newton-Cartan gravity.
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6. NEWTON-CARTAN THEORY

Now, it is time to put the pieces in place and construct the Newtonian gravity in

a geometrical perspective. This was first done by Élie Joseph Cartan in 1923. [1, 2]

6.1. Fundamental Fields

The fundamental fields of NC theory are the symmetric 2-tensor hµν , the one-

form τµ and the gauge field Cµ. τµ is the only zero-eigenvector of the hµν tensor, which

can be expressed as

hµντµ = 0. (6.1)

τµ also defines a direction of time. As we have mentioned previously, in our discussion

we will consider τ to be closed, which will yield a torsion-free theory as opposed to

torsional Newton-Cartan theories [9, 10]. It can be expressed as

dτ = 0, (6.2)

alternatively, in index notation it becomes

∂[µτν] = 0. (6.3)

Defining a field strength of the gauge field will also be useful, as we have seen in

Equation (5.13). It can be expressed as

K = dC, (6.4)

again, in index notation it becomes

Kµν = ∂µCν − ∂νCµ. (6.5)

6.2. Derived Fields

Instead of using the connection in Equation (5.13) directly to define a covariant

derivative in our manifold, we can try another perspective and construct it with a few
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conditions. The covariant derivative will be compatible in the NC structure, which can

be expressed as

∇̂µτν = 0, ∇̂µh
νρ = 0. (6.6)

Using Equations (6.2) and (6.6), we can see that the connection coefficients will be

symmetric. It follows as

∂µτν − Γ̂ ρ
µντρ = ∂ντµ − Γ̂ ρ

νµτρ, (6.7)

Γ̂ ρ
µν = Γ̂ ρ

νµ. (6.8)

Note that the connection coefficients are not uniquely determined by the compatibility

conditions. We can introduce an arbitrary two-form Kµν , and under a shift, the new

connection coefficients will also satisfy Equation (6.6). [13] It can be expressed as

Γ̂ λ
µν → Γ̂ λ

µν − hλρKρ(µτν). (6.9)

Now, in order to write our connection coefficients in terms of our fields, we can introduce

two new fields τµ and hµν which will be the solutions to

τµτν + hµρhρν = δµν , (6.10)

τ ντµhµν = 0, (6.11)

and after using our identity, Equation (6.1), we get

τµτµ = 1, (6.12)

τµhµν = 0. (6.13)

We can see that these new derived fields are not uniquely determined. With the

introduction of an arbitrary one-form χν , we can define
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τ̃µ = τµ − hµνχν , (6.14)

h̃µν = hµν + 2τ(µχν), (6.15)

which will also satisfy Equation (6.10) given that

τµχµ = 0. (6.16)

χµ is considered infinitesimally small. Now, we can define our connection coefficients

by utilizing these new derived fields, it follows as

Γ̂ λ
µν = τλ∂(µτν) +

1

2
hλρ(∂µhνρ + ∂νhµρ − ∂ρhµν), (6.17)

which satisfies Equation (6.6). Given the non-uniqueness of the derived fields, we can

explore how it affects our connection. After a χµ boost, we get

˜̂
Γ λ
µν = τ̃λ∂(µτν) +

1

2
hλρ(∂µh̃νρ + ∂ν h̃µρ − ∂ρh̃µν),

= Γ̂ λ
µν +

1

2
hλρ [(−∂ρχµ + ∂µχρ)τν + (−∂ρχν + ∂νχρ)τµ] . (6.18)

One can observe that if we define the shift in our gauge field Cµ as follows

C̃µ = Cµ − χµ, (6.19)

then the Equation (6.18) will read as

˜̂
Γ λ
µν = Γ̂ λ

µν + hλρδKρ(µτν), (6.20)

where Kµν is the field strength of Cµ.

As we can see, we get the same transformation rule as we predicted in Equation

(6.9). Hence, we can define a new connection as follows

Γ̂ λ
µν = τλ∂(µτν) +

1

2
hλρ(∂µhνρ + ∂νhµρ − ∂ρhµν)− hλρKρ(µτν), (6.21)

which will be invariant under the arbitrary χµ transformations and will be consistent

with Equation (5.13) which we have derived from the large c expansion.

Lastly, we can define the Newtonian potential as follows

φ = −τµCµ. (6.22)
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6.3. Boost Invariant Objects

By using our gaugefield, we can define some objects which are invariant under

Milne boost as follows

τ̂µ = τµ − hµνCν , (6.23)

ĥµν = hµν + 2C(µτν). (6.24)

We can also express our NC connection in terms of these boost invariant fields as

follows

Γ̂ λ
µν = τ̂λ∂(µτν) +

1

2
hλρ(∂µĥνρ + ∂ν ĥµρ − ∂ρĥµν). (6.25)

The boost invariant Newtonian potential can be defined as

Φ = φ+
1

2
hµνCµCν . (6.26)

Finally, we can combine our newly defined boost invariant objects to get

τ̂µĥµν = −2Φτν , (6.27)

which is a boost invariant relation.

6.4. Particle Motion

The action principle for a point particle can be expressed as

S =
m

2

∫
ĥµν ẋ

µẋν

τµẋµ
ds, ẋµ =

dxµ

ds
, (6.28)

which is a parametrization invariant action. A simple calculation about this can be

found in Appendix A.2. By varying this action, we get

ẍγ + Γ̂ γ
µν ẋ

µẋν = ẋγ
Ṅ

N
, (6.29)

where

N = ẋµτµ. (6.30)
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The detailed computation of the variation can be found in Appendix A.3.

6.5. Gravity

We can use our connection to define the NC Ricci tensor as follows

R̂µν = ∂ρΓ̂
ρ
νµ − ∂νΓ̂ ρ

ρµ + Γ̂ ρ
ρλΓ̂

λ
νµ − Γ̂

ρ
νλΓ̂

λ
ρµ. (6.31)

As we have discussed in Section 5.3, the Poisson equation in NC theory can be written

as

R̂µν = 4πGNρτµτν . (6.32)

Finally with the Poisson equation, we have a fully covariant description of the Newto-

nian gravity.

6.6. Newtonian Conditions

Since we have a gauge freedom in our theory, we can always go back to our

Newtonian theory simply by choosing a gauge and a coordinate system. This is a good

exercise to test if our theory is consistent with the Newtonian theory. Our gauge and

coordinate choices are

τµ = δ0µ, (6.33)

τ̂µ = δµ0 , (6.34)

hij = δij, (6.35)

which will yield us

hµ0 = 0, (6.36)

ĥ00 = −2Φ, (6.37)

ĥi0 = 0. (6.38)
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Hence, our h fields in their spatial components will be inverses of each other, which

can be expressed as

hijĥjk = δik. (6.39)

With the information on hand, we can easily see that the non-zero terms of our con-

nection coefficients (6.25) can come only from µ = ν = 0, since the only non-zero

derivative of ĥµν is from ĥ00. It follows as

Γ̂ ρ
00 = τ̂ ρ∂0τ0 +

1

2
hρσ(∂0ĥ0σ + ∂0ĥ0σ − ∂σĥ00),

= hρσ∂0ĥ0σ −
1

2
hρσ∂σĥ00,

= hρ0∂0ĥ00 −
1

2
hρσ∂σĥ00,

= − 2hρ0∂0Φ+ hρσ∂σΦ. (6.40)

The only non-zero terms for Newtonian conditions are

Γ̂ ρ
00 =

0 ρ = 0,

δij∂jΦ ρ = i.

(6.41)

Finally, under these conditions the particle equations of motion, Equation (6.29), will

simplify to

ẍi + Γ̂ i
00 = 0, (6.42)

ẍi = −δij∂jΦ, (6.43)

which is Newton’s second law for a particle under gravitational force. The Poisson

equation (6.32) will simplify to

R̂00 = 4πGNρ, (6.44)

which yields the standard Newtonian gravity,

∆Φ = 4πGNρ. (6.45)
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So far, we have not put any restrictions on our C field. If we adopt strong Newtonian

conditions, Ci = 0, the Poisson equation equation becomes

∆φ = 4πGNρ. (6.46)
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7. SYMMETRIES

We can study the symmetries of the Newton-Cartan theory in three different

parts. First, since our theory is a covariant theory, we have a d-dimensional diffeomor-

phism invariance in our hands. Second, we have the Milne boost invariance. Lastly, we

have U(1) symmetry. We can combine these two different approaches to have a unique

set of transformations which will leave our theory invariant.

7.1. Diffeomorphisms

Under an arbitrary coordinate transformation, all of our fields will transform as

tensors and our equations will stay invariant. We have shown the general tensor trans-

formation in Equation (3.4). We can also explore the infinitesimal diffeomorphisms in

our theory. Let us take an arbitrary coordinate transformation in the form of

x̃µ(x) = xµ − ξµ(x) +O(ξ2). (7.1)

Under this, our fundamental fields will transform as follows

δξτµ = Lξτµ, δξh
µν = Lξhµν , δξCµ = LξCµ, (7.2)

where Lξ is Lie derivative along ξµ. Of course, this is equivalent to being carried along

ξµ field. If ξµ leaves our fundamental fields invariant, it is a Newton-Cartan Killing

vector.

7.2. Milne Boosts

As we have discussed in Section 6.2, our theory is invariant under a boost gener-

ated by χµ. These infinitesimal boosts have a great importance in our theory and they

can be expressed as
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τ̃µ = τµ − hµνχν , (7.3)

h̃µν = hµν + 2τ(µχν), (7.4)

C̃µ = Cµ − χµ, (7.5)

which are also called Milne boost. The finite form of the boosts can be expressed as

τ̃µ = τµ − hµνχν , (7.6)

h̃µν = hµν + 2τ(µχν) + hλσχλχστµτν , (7.7)

C̃µ = Cµ − χµ −
1

2
hλσχλχστµ. (7.8)

A detailed calculation about them can be found in A.1.

7.3. U(1)

One can easily show that, Kµν has a local U(1) symmetry parametrized by λ(xµ)

as follows

C ′µ = Cµ + ∂µλ, (7.9)

Kµν = ∂µCν
′ − ∂νCµ′,

= ∂µCν − ∂µCν . (7.10)

Since we have only Kµν appearing in our equations of motion, we can say that our

theory has U(1) symmetry. Hence, we can call Cµ our gauge field.
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8. 3+1 FORMULATION

The absence of torsion enables us to choose a frame where time is absolute. [14]

We can use this frame to fix our gauge. If we combine coordinate transformations and

Milne boosts, our diffeomorphism invariance breaks down into time dependent spatial

diffeomorphism invariance. Following the work done in [6] we will build the TDSD

structure. Let us fix our theory to the the gauge and coordinate choice of

τµ = δµ0 , (8.1)

τµ = δ0µ. (8.2)

The identities in Equation (6.10) will yield

h0µ = 0, (8.3)

h0µ = 0, (8.4)

hijhjk = δik. (8.5)

Here, we can easily see that hij and hij are reduced to 3 dimensional metrics which

we can use to define a connection. Also, since we have an absolute direction of time

due to τ and our transformations leave time invariant up to a constant, we can try to

separate the temporal component of all the fields from our notation. This will prove

useful when we combine them with our new spatial metric. As for the temporal parts

of the fields, we will just rename them.

This reasoning allows us to separate the time derivative too. We will use the

conventional dot notation for the time derivatives. It can be expressed as

∂0Aij ≡ Ȧij. (8.6)

One should be careful when it comes to the raising and lowering indices of the dotted
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terms because of the ambiguity of

Ȧij
?
= hikhjlȦkl, (8.7)

Ȧij
?
= ∂0(h

ikhjlAkl). (8.8)

We will follow the first of these notations,

Ȧij = hikhjlȦkl. (8.9)

Although, there is an exception to this notation. One can easily observe

∂0
(
hijhjk

)
= ḣijhjk + hijḣjk = 0, ḣij = −hikhjlḣkl, (8.10)

which is a physical equation rather than a notational convention.

Let us take a look at the field equations (6.32) in this gauge and coordinate choice.

We can separate them into three parts as follows

R̂00 = 4πGNρ, (8.11)

R̂i0 = 0, (8.12)

R̂ij = 0. (8.13)

The explicit calculations for the connection coefficients and components for the Ricci

tensor can be found in Appendix A.4. The field equations can be expressed as follows

−∇iG
i =

1

2
hikḧik +

1

4
ḣikḣik −

1

4
KikKik + 4πGNρ, (8.14a)

−∇jKji = 2hkl∇[iḣk]l, (8.14b)

Rij = 0, (8.14c)

where we defined

Gi ≡ Ki0, Gi = hijKi0. (8.15)

Next, we can explore the particle equations of motion we derived in Equation (6.29).
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The right hand side of the equation had an interesting term,

N = τµẋ
µ = 1 =⇒ ẋ0 = 1, ẋµ =

dxµ

ds
, (8.16)

which means that we can use the reparametrization invariance and choose our param-

eter as the time coordinate. It follows as

s = x0 = t, ẋi =
dxi

dt
, (8.17)

which will yield us

ẍi + Γ i
jkẋ

jẋk = − Γ i
00 − 2Γ i

0jẋ
j, (8.18)

ẍi + Γ i
jkẋ

jẋk = hijKj0 − hik(ḣkj −Kkj)ẋ
j. (8.19)

We can use the definiton of Gi here. It follows as

Kj0 = −∂jφ− Ċj = Gj. (8.20)

Hence, the particle equations of motion becomes

ẍi + Γ i
jkẋ

jẋk = − ∂iφ− hijĊj − hikḣkjẋj + hikKkjẋ
j, (8.21)

= Gi − hikḣkjẋj + hikKkjẋ
j. (8.22)

In the following sections, we will take a look at how the fields change under certain

transformations. First, we will investigate the infinitesimal coordinate transformation

case, then we will work out the finite coordinate transformation case.

8.1. Infinitesimal Coordinate Transformations

Let us do an infinitesimal coordinate transformation in the form of Equation

(7.1). The course we will follow is simple. In order for τ fields to be invariant under

combined transformations, we will try to find the Milne boost which will cancel out

the coordinate transformation.
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We can gather some information about the temporal component of the coordinate

transformations when we examine τµ,

τ̃µ = τµ + δξτµ = δ0µ, (8.23)

δξτµ = Lξτµ = 0, (8.24)

ξρ∂ρτµ + τρ∂µξ
ρ = ∂µξ

0 = 0. (8.25)

Which means that the coordinate transformations can only translate the time coordi-

nate by a constant, hence, we have spatial diffeomorphism structure. So far we don’t

have any restrictions on the spatial components of the transformations.

Next, we can examine hµν even though we do not require it to be invariant.

The crucial point here is that when we fix τ , Equations (8.3) are satisfied. Hence, all

temporal components of h fields will vanish, no matter the transformations we have.

So, we can take a look at the transformation of h0i which follows as

h̃0i = h0i + δξh0i + δχh0i = h0i = 0. (8.26)

Infinitesimal coordinate transformations will yield us

Lξhµν = δξhµν = ξλ∂λhµν + hλν∂µξ
λ + hµλ∂νξ

λ, (8.27)

δξh0i = ξλ∂λh0i + hλi∂0ξ
λ + h0λ∂iξ

λ, (8.28)

= hjiξ̇
j, (8.29)

and the Milne boost will yield us

δχhµν = τµχν + τνχµ, (8.30)

δχh0ν = χν + δ0νχ0, (8.31)

δχh0i = χi. (8.32)

Finally, the combined transformations become

h̃0i = h0i + δχh0i + δξh0i = χi + hij ξ̇
j = 0, (8.33)



29

which gives us

χi = −hij ξ̇j. (8.34)

This is a great result. For every infinitesimal coordinate transformation, we can find the

proper Milne boosts that will leave our theory invariant. The last piece of information

we need is the temporal part of the Milne boost, which we can obtain from

τµχµ = 0, χ0 = 0. (8.35)

If we want to draw a general picture including all the fields, it follows as

τµ = δµ0 , τµ = δ0µ, hµ0 = 0, hµ0 = 0, (8.36)

and the transformations, not including the U(1) symmetry, can be written as

δhij = Lξhij, (8.37)

δhij = Lξhij, (8.38)

δCi = LξCi + hij ξ̇
j, (8.39)

δC0 = LξC0 − Ciξ̇i. (8.40)

Since we have

φ = −τµCµ = −C0, (8.41)

Equation (8.40) can be written as

δφ = Lξφ+ Ciξ̇
i. (8.42)

8.2. Finite Coordinate Transformations

Infinitesimal coordinate transformations are useful, but they are restrictive in the

sense that, well, they are infinitesimal. For a broader picture, we can try to apply our

gauge and coordinate choice to the finite case. Tensor components transform under an
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arbitrary transformation as follows

τ̃µ(x̃) = Λµντ
ν(x) =

∂x̃µ

∂xν
τ ν = ∂ν x̃

µτ ν . (8.43)

For brevity we will be using the following notation for the inverse transformations,

ΛµνΛ̌
ν
λ = δµλ , ∂ν x̃

µ∂̃λx
ν = δµλ . (8.44)

Again, the procedure will be similar; first, we will do an infinitesimal boost, then a

finite coordinate transformation in such a way that τ̃µ = τµ = δµ0 stays invariant. The

boost can be expressed as

τµ1 = τµ − hµνχν , (8.45)

and the coordinate transformation will yield us

τ̃µ = Λµντ
ν
1 = Λµν(τ

ν − hνλχλ) = δµ0 , (8.46)

δµ0 = Λµντ
ν
0 − Λµνhνλχλ, (8.47)

Λ̌αµδ
µ
0 = δαν δ

ν
0 − δαν hνλχλ, (8.48)

Λ̌α0 = δα0 − hαλχλ. (8.49)

What if we do this in reverse order? Let’s look at the coordinate transformation first,

it follows as

τµ1 = Λµντ
ν , hµν1 = ΛµσΛ

ν
ρh

σρ, χ1
µ = Λ̌νµχν , (8.50)

and now when we apply the boost, we get

τµ2 = τµ1 − h
µν
1 χ

1
ν = Λµντ

ν
0 − ΛµσΛνρhσρΛ̌λνχλ, (8.51)

δµ0 = Λµντ
ν
0 − Λµσhσλχλ, (8.52)

Λ̌αµδ
µ
0 = δαν δ

ν
0 − δασhσλχλ, (8.53)

Λ̌α0 = δα0 − hαλχλ. (8.54)
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We get the same equation as expected, so the order in which we apply the transforma-

tions does not matter.

Now we can investigate how fundamental fields transform to get more information.

We want τµ to stay invariant under coordinate transformation since it is already boost

invariant. It follows as

τ̃µ = ∂µx̃
ντν = ∂µt̃ = δ0µ, (8.55)

which means

∂t̃

∂t
= 1,

∂t̃

∂xi
= 0. (8.56)

Hence, time stays the same up to a constant under these transformations. This is the

same result as the infinitesimal case, which is of course expected. We should be able to

go to the infinitesimal case from the finite case. Now we can take a look at τµ again.

We start with

δµ0 = Λµ0 − Λµjhjkχk, (8.57)

for µ = 0 we get

Λ0
0 = 1 + Λ0

jh
jkχk = 1 +

∂t̃

∂xj
hjkχk = 1. (8.58)

This doesn’t give us any new information, we already knew that new time coordinate

does not depend on the spatial coordinates. For µ 6= 0 we get

Λi0 = Λijh
jkχk, (8.59)

using the explicit form of Λ we get

∂0x̃
i = ∂jx̃

ihjkχk. (8.60)

Here, in order to solve for χk we can use the inverse of the spatial transformations. To
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obtain this, we can explicitly solve

ΛΛ̌ =

1 0

~v M

1 ~wT

~u N

 =

 1 ~wT

~v +M~u ~v ~wT +MN

 =

1 0

0 I3

 , (8.61)

which yields

~w = 0, (8.62)

N = M−1, (8.63)

~u = −M−1~v, (8.64)

we can express these in their component forms as

Λ̌0
i = 0, (8.65)

Λ̌ij = Λ−1ij, (8.66)

Λ̌i0 = − Λ̌ijΛj0. (8.67)

The middle equation tells us that the spatial coordinate transformations are the inverses

of each other, as we have expected. Finally, for the combined boost relation, we have

χi = hijΛ̌
j
k∂tx̃

k. (8.68)

Again, this is an amazing result. If we are given an arbitrary time-dependent spatial

transformation, we can find the boosts that will leave our theory invariant.

Now, we can try to see how the fields transform under this combined transforma-

tions. h fields are pretty straightforward,

h̃ij = ΛikΛ
j
lh
kl, (8.69)

h̃ij = Λ̌µiΛ̌
ν
j(hµν + τµχν + τνχµ),

= Λ̌kiΛ̌
l
jhkl. (8.70)
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For Ci, we have

C̃i = Λ̌µi(Cµ − χµ) = Λ̌j i(Cj − χj),

= Λ̌j iCj − Λ̌j ihjkΛ̌kl∂tx̃l,

= Λ̌j iCj − h̃ij∂tx̃j. (8.71)

For C0, we have

C̃0 = Λ̌µ0(Cµ − χµ −
1

2
hijχiχjτµ),

= C0 −
1

2
hijχiχj + Λ̌i0(Ci − χi),

= C0 −
1

2
hijχiχj − Λ̌ikΛk0(Ci − χi),

= C0 −
1

2
h̃ij∂tx̃

i∂tx̃
j − Λ̌ikΛk0(Ci − hijΛ̌j l∂tx̃l),

= C0 −
1

2
h̃ij∂tx̃

i∂tx̃
j − C̃k∂tx̃k + h̃kl∂tx̃

k∂tx̃
l,

= C0 − C̃k∂tx̃k +
1

2
h̃ij∂tx̃

i∂tx̃
j. (8.72)

Again, we know C0 = −φ, therefore we can write

φ̃ = φ+ C̃k∂tx̃
k − 1

2
h̃ij∂tx̃

i∂tx̃
j. (8.73)

8.3. Bar Notation

For the finite transformation case, we can try to simplify our calculations by

expressing our fields as tensor transformations such as

h̃ij = ∂̃ix
k∂̃jx

lh̄kl, (8.74)

h̃ij = ∂kx̃
i∂lx̃

jh̄kl, (8.75)

C̃i = ∂̃ix
jC̄j. (8.76)

If we can find the bar form of all the fields, the transformations will simply be applying

coordinate transformation to a few fields. Luckily for us, they are not so hard to work
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out. If we define a frame shift vector as follows

vi = − χi = −∂̃jxi∂tx̃j, (8.77)

ṽi = − ∂tx̃i, (8.78)

then the bar forms of our fields become

h̄ij = hij, (8.79)

h̄ij = hij, (8.80)

C̄i = Ci + vi, (8.81)

φ̄ = φ− Civi −
1

2
viv

i. (8.82)

We can also obtain the bar form of Kij and Gi by using the bar forms of other fields.

They can be expressed as

K̄ij = Kij + ∂ivj − ∂jvi, (8.83)

Ḡi = Gi +Kijv
j − ∂tvi − vj∇jvi. (8.84)

One can expand upon this notion to explore the theory through bar forms. For in-

stance, one can check whether or not the field equations and the particle equations

of motion stay same in the bar form. But in this thesis we will solely focus on the

computational advantage of the bar forms while doing coordinate transformations in

the 3+1 formulation.
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9. DISCUSSION

Now that we have a tangible framework in our hands, we can apply it to a few

cases where we observe how the particle motion.

9.1. Expansion of Space

We can start with an interesting application; an expanding space. We can choose

Cartesian coordinates with an arbitrary gravitational potential, which can be expressed

as

hij = δij, Ci = 0, Kij = 0, Gi 6= 0, (9.1)

and expand our coordinates by an arbitrary factor as follows

x̃i = α(t)xi. (9.2)

The frame shift vector becomes

vi = − α̇
α
xi, (9.3)

and the bar forms of our fields become

C̄i = − α̇

α
δijx

j, (9.4)

K̄ij = 0, (9.5)

Ḡi = hijḠj = Gi +

[
α̈

α
− 2

(
α̇

α

)2
]
xi. (9.6)

In the new frame, we can express the metric as follows

h̃ij = α−2δij, h̃ij = α2δij. (9.7)
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Particle equation in the new frame can be expressed as

¨̃xi = G̃i − h̃ik ˙̃hkj ˙̃xj = αGi +

[
α̈

α
− 2

(
α̇

α

)2
]
x̃i + 2

α̇

α
˙̃xi. (9.8)

For α = eλt, this reduces to

¨̃xi = eλtGi − λ2x̃i + 2λ ˙̃xi. (9.9)

9.2. Rotating Frame

In [15] there is a simple yet effective description of the vectorial description of a

rotating frame and the Coriolis field. We can easily demonstrate the same effect in our

framework.

We will start with strong Newtonian conditions and apply a coordinate transfor-

mation. Our x coordinates will represent stationary frame S, and r coordinates will

represent the rotating frame S ′.

Particle equation of motion in the stationary frame is

ẍi = gi, Gi = gi, (9.10)

where gi is an arbitrary gravitational field. And the coordinate transformation can be

expressed as

xi = Ri
j(t)r

j + xi0(t), (9.11)

ri = RT i
j(x

j − xj0). (9.12)

where xi0 is the origin of the rotating frame in the stationary frame. Now, we can start

exploring the gravity in the rotating frame. Let us start with the computation of ṽi.

It follows as

ṽi = −∂tri = −∂tRTi
j(x

j − xj0) +RT i
j∂tx

j
0. (9.13)
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In the stationary frame, vi will be

vi = ∂̃jx
iṽj = Ri

j(−∂tRTj
k(x

k − xk0) +RTj
k∂tx

k
0). (9.14)

Here, we can define a rotation vector as follows

∂tR
i
jR

Tj
k = εijkΩ

j, (9.15)

and our frame shift vector becomes

vi = εijkΩ
j(xk − xk0) + ∂tx

i
0. (9.16)

Now we can find how G and K fields transform. It follows as

Ḡi = Gi − ∂tvi − vj∂jvi, (9.17)

= gi − εijk∂tΩj(xk − xk0) + εijkΩ
j∂tx

k
0 − ∂2t xi0

−
[
εjmnΩ

m(xn − xn0 ) + ∂tx
j
0

]
∂j(ε

i
klΩ

kxl), (9.18)

= gi − ∂2t xi0 − εijk∂tΩj(xk − xk0)− εikjΩkεjmnΩ
m(xn − xn0 ). (9.19)

Similarly, for K we have

K̄ij = ∂ivj − ∂jvi = εjklΩ
kδli − εiklΩkδlj = 2εijkΩ

k. (9.20)

From now on, we should express everything in terms of r coordinates by using

Ri
jr
j = xi − xi0. (9.21)

We can observe that our definition of Ω is not unique, therefore at first it seems

inconsistent with the source material. In their work, they define their Ω as,

RT Ṙ = Ã, Ãij = εikjΩ̃
k, (9.22)

whereas we have defined ours as

ṘRT = A, Aij = εikjΩ
k. (9.23)

By a simple calculation we can get

~Ω = R ~̃Ω. (9.24)

Finally, our particle equation reads as

r̈i = G̃i + K̃i
j ṙ
j, (9.25)
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in vector form it becomes

~̈r = RT (~g − ~̈x0)−RT ( ~Ω × (R~r))−RT ( ~Ω × ( ~Ω × (R~r))) + 2RT [(R~̇r)× ~Ω]. (9.26)

Using the rotational invariance of cross product, we will have

~̈r = RT (~g − ~̈x0)− ( ~̃Ω ×~r)− ~̃Ω × ( ~̃Ω ×~r) + 2~̇r× ~̃Ω, (9.27)

which is consistent with the paper.

This shows the flexibility of our framework. We can have an arbitrary coordinate

transformation and explore gravity in the new frame simply by calculating the frame

shift vector and the fields.
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10. CONCLUSION

We have started with the weak equivalence principle to show that the Newtonian

gravity can be geometrically formulated. We have developed the necessary tools and

started with an expansion of GR. By restricting ourselves to the leading order fields,

we have ended up with a covariant theory, Newton-Cartan gravity.

After exploring the symmetries of NC gravity, we have adopted a set of transfor-

mations that combines diffeomorphisms with Milne boosts. The combined transforma-

tions enabled us to separate time coordinate from the space coordinates and provided

us a time-dependent spatial diffeomorphism invariant theory. 3+1 formulation is a

powerful tool in the sense that we can explore the gravity in all frames of reference,

inertial or non-inertial. Of course, we have to stay in the non-relativistic regimes for

NC theory to hold.

In our work, we have emphasized that we are adopting a torsion free version of

the Newton-Cartan theory. And our main assumption was dτ = 0. But this does not

have to be the case for a more general picture, work done in [9, 10] does include the

torsional approach.

I can think of a few further research topics regarding the 3+1 formulation, or

more generally a d+1 formulation. For the torsional Newton-Cartan theories, it would

be interesting to apply a foliation approach, similar to ADM formalism [16] in the

GR, and expand the foliated space-time structure. This might yield a fully covariant,

torsional, non-relativistic and strong gravity solutions in the first few leading orders.

Another topic might be trying to find solutions to the field equations (8.14). At first

glance, it seems like an intimidating task for sure. But one can make some simplifying

assumptions using U(1) symmetry and TDSD structure.
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APPENDIX A: EXTRA CALCULATIONS

Here we have included some extra explicit calculations that we have used through-

out the thesis.

A.1. Finite Milne Boosts

Let us start with a finite boost χµ. It follows as

τ̃µ = τµ − hµνχν , (A.1)

h̃µν = hµν + 2τ(µχν) + hλσχλχστµτν , (A.2)

where χµ is an arbitrary one form satisfying τµχµ = 1. We can define a scalar that can

help us with the computations as follows

X = hλσχλχσ. (A.3)

We will see if the identity equation holds, which can be expressed as

τµτ̃
ν + h̃µρh

ρν ?
= δνµ. (A.4)

We can plug our fields in. It follows as

τµτ̃
ν + h̃µρh

ρν = τµ(τ ν − hνρχρ) + (hµρ + χµτρ + χρτµ +Xτµτρ)h
ρν ,

= τµτ
ν + hµρh

ρν − hνρτµχρ + hνρτµχρ + hρντρχµ

+ hρντρτµX. (A.5)

Using hµντµ = 0 we can see that the last two terms vanish. Finally we get

τµτ̃
ν + h̃µρh

ρν = τµτ
ν + hµρh

ρν = δνµ, (A.6)

which shows that the identitiy equation holds. Next, we can check whether or not

τ̃µτ̃ ν h̃µν
?
= 0 (A.7)



43

is satisfied. It follows as

τ̃µτ̃ ν h̃µν = (τµ − hµρχρ)(τ ν − hνσχσ)(hµν + χµτν + χντµ +Xτµτν), (A.8)

= τµτ νhµν + hµν(h
µρhνσχρχσ − τµhνσχσ − τ νhµρχρ)

+ (τµτ ν + hµρhνσχρχσ − τµhνσχσ − τ νhµρχρ)(χµτν

+ χντµ +Xτµτν). (A.9)

Using the non-boosted versions of the identity equations we get

τ̃µτ̃ ν h̃µν = hµνh
µρhνσχρχσ + τµτ νXτµτν − τµXτµ − τ νXτν . (A.10)

We can also use τµτ
µ = 1 to simplify the equation further as follows

τ̃µτ̃ ν h̃µν = hµνh
µρhνσχρχσ −X,

= (δρν − τντ ρ)hνσχρχσ −X,

= hνσχνχσ −X = 0. (A.11)

Now we can explore how Cµ must transform for Γ̂ λ
µν to be invariant. It can be expressed

as

˜̂
Γ λ
µν = τλ∂µτν +

1

2
hλρ(∂µhνρ + ∂νhµρ − ∂ρhµν)−

1

2
hλρ(Kρµτν +Kρντµ), (A.12)

which explicitly looks like

˜̂
Γ λ
µν = (τλ − hλσχσ)∂µτν +

1

2
hλρ
[
∂µ(hνρ + χντρ + χρτν +Xτντρ)

+ ∂ν(hµρ + χµτρ + χρτµ +Xτµτρ)− ∂ρ(hµν + χµτν + χντµ +Xτµτν)
]

− 1

2
hλρ
[
(Kρµ + δKρµ)τν + (K0

ρν + δKρν)τµ

]
. (A.13)

We can simplify this by using the identities. We get

˜̂
Γ λ
µν = Γ̂ λ

µν − hλσχσ∂µτν +
1

2
hλρ
[
χν∂µτρ + ∂µ(χρτν) +Xτν∂µτρ

+ χµ∂ντρ + ∂ν(χρτµ) +Xτµ∂ντρ − ∂ρ(χµτν + χντµ +Xτµτν)
]

− 1

2
hλρ
[
δKρµτν + δKρντµ

]
. (A.14)
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We can use ∂[µτν] = 0 to see that ∂µτν = ∂(µτν) and simplify the equation further. We

get

˜̂
Γ λ
µν = Γ̂ λ

µν +
1

2
hλρ
[
χν∂µτρ + ∂µχρτν +Xτν∂µτρ + χµ∂ντρ + ∂νχρτµ +Xτµ∂ντρ

− ∂ρχµτν − χµ∂ρτν − ∂ρχντµ − χν∂ρτµ − ∂ρ(Xτµτν)
]

− 1

2
hλρ
[
δKρµτν + δKρντµ

]
. (A.15)

Again, by using ∂[µτν] = 0 we can see that most of these terms vanish. We are left with

˜̂
Γ λ
µν = Γ̂ λ

µν +
1

2
hλρ
[
∂µχρτν + ∂νχρτµ − ∂ρχµτν − ∂ρχντµ − ∂ρXτµτν

]
− 1

2
hλρ
[
δKρµτν + δKρντµ

]
. (A.16)

Using the definition of K we get

δKρµ = ∂ρδCµ − ∂µδCρ. (A.17)

Let us use this in

˜̂
Γ λ
µν = Γ̂ λ

µν +
1

2
hλρ
[
∂µχρτν + ∂νχρτµ − ∂ρχµτν − ∂ρχντµ − ∂ρXτµτν

−(∂ρδCµ − ∂µδCρ)τν − (∂ρδCν − ∂νδCρ)τµ
]
, (A.18)

and try to gather everything under the derivatives as follows

˜̂
Γ λ
µν = Γ̂ λ

µν +
1

2
hλρ
[
∂µ(χρ + δCρ)τν + ∂ν(χρ + δCρ)τµ

−∂ρ(χµ + δCµ)τν − ∂ρ(χν + δCν)τµ − ∂ρXτµτν
]
. (A.19)

One possible candidate is

δCµ = −χµ −mXτµ, m ∈ R. (A.20)

Let us see if it satisfies the invariance. We get
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˜̂
Γ λ
µν = Γ̂ λ

µν +
1

2
hλρ
[
∂µ(−mXτρ)τν + ∂ν(−mXτρ)τµ

−∂ρ(−mXτµ)τν − ∂ρ(−mXτν)τµ − ∂ρXτµτν
]
. (A.21)

Using hλρτρ = 0 we can see that two terms vanish and we are left with

˜̂
Γ λ
µν = Γ̂ λ

µν +
m

2
hλρ
[
−X∂µτρτν −X∂ντρτµ +X∂ρτµτν +X∂ρτντµ

+ 2∂ρXτµτν −
1

m
∂ρXτµτν

]
. (A.22)

Using closedness, we get

˜̂
Γ λ
µν = Γ̂ λ

µν +
m

2
hλρ
[
2∂ρXτµτν −

1

m
∂ρXτµτν

]
. (A.23)

We can easily see that

˜̂
Γ λ
µν = Γ̂ λ

µν for m =
1

2
, (A.24)

satisfies the invariance. Hence, the combined finite boosts that leave Γ̂ invariant are

C̃µ = Cµ − χµ −
1

2
hρσχρχστµ, (A.25)

τ̃µ = τµ − hµνχν , (A.26)

h̃µν = hµν + χµτν + χντµ + hρσχρχστµτν . (A.27)

We can see that when χ is an infinitesimal quantity, quadratic terms will vanish and

we will get our infinitesimal Milne boosts.

A.2. Parametrization Invariance of the Point Particle Action

The action for the point particle can be expressed as

S =
m

2

∫
ds
ĥµν ẋ

µẋν

τµẋµ
. (A.28)

We will apply a parameter change. The chain rule follows as

ds =
∂s

∂s̃
ds̃, (A.29)
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when we appy this to the action, we get

S =
m

2

∫
ds̃
∂s

∂s̃

∂s̃

∂s

ĥµν x̊
µx̊ν

τµx̊µ
=
m

2

∫
ds̃
ĥµν x̊

µx̊ν

τµx̊µ
, (A.30)

where

x̊µ =
dxµ

ds̃
. (A.31)

A.3. Variation of the Point Particle Action

The Lagrangian for the point particle can be expressed as

L =
ĥµν ẋ

µẋν

τµẋµ
=
ĥµν ẋ

µẋν

N
. (A.32)

We will derive the equations of motion by varying this Lagrangian. We can start with

∂αL =
∂αĥµν ẋ

µẋν

N
− ĥµν ẋ

µẋν∂αN

N2
. (A.33)

We will use the following shorthand notation

∂

∂ẋα
≡ ∂̇α (A.34)

in order to avoid some fractions. We have

∂̇αN = ∂̇α(τµẋ
µ) = τα. (A.35)

Next, the computation follows as

∂̇αL =
ĥµν ∂̇α(ẋµẋν)

N
− ĥµν ẋ

µẋν ∂̇αN

N2
=
ĥµν ∂̇α(ẋµẋν)

N
− ĥµν ẋ

µẋντα
N2

,

=
2ĥµαẋ

µ

N
− ĥµν ẋ

µẋντα
N2

. (A.36)

The derivative of this will yield

d

ds
∂̇αL =

2 d
ds

(ĥµαẋ
µ)

N
− 2ĥµαẋ

µṄ

N2
−

d
ds

(ĥµν ẋ
µẋντα)

N2
+ 3

ĥµν ẋ
µẋνταṄ

N3
. (A.37)

We can plug in both terms into Euler-Lagrange equation to get the equations of motion.

Euler-Lagrange equation can be expressed as

∂αL =
d

ds
∂̇αL. (A.38)
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After plugging in the terms, we get

∂αĥµν ẋ
µẋν

N
− ĥµν ẋ

µẋν∂αN

N2
=

2 d
ds

(ĥµαẋ
µ)

N
− 2ĥµαẋ

µṄ

N2
−

d
ds

(ĥµν ẋ
µẋντα)

N2

+ 3
ĥµν ẋ

µẋνταṄ

N3
. (A.39)

We can contract both sides with hγα and use hγατα = 0 to simplify the equation. Also,

let’s multiply both sides by N to simplify it further. It follows as

hγα∂αĥµν ẋ
µẋν − hγαĥµν ẋ

µẋν∂αN

N
= 2hγα∂ν ĥµαẋ

µẋν + 2hγαĥµαẍ
µ

− 2hγαĥµαẋ
µṄ

N
− hγαĥµν ẋ

µẋν τ̇α
N

. (A.40)

We can use the symmetry of h and ĥ to split the first term on the right hand side

with some re-indexing and we can gather some terms to the same side. After applying

these, we get

2hγαĥαµẍ
µ + hγα(∂ν ĥµα + ∂µĥνα − ∂αĥµν)ẋµẋν +

hγαĥµν ẋ
µẋν(∂αN − dτα

ds
)

N

=
2hγαĥαµẋ

µṄ

N
. (A.41)

We can easily show

∂αN −
dτα
ds

= ẋβ∂ατβ − ẋβ∂βτα = 2ẋβ∂[ατβ] = 0, (A.42)

holds. Therefore, we are left with

2hγαĥαµẍ
µ + hγα(∂ν ĥµα + ∂µĥνα − ∂αĥµν)ẋµẋν =

2hγαĥαµẋ
µṄ

N
. (A.43)

Using the identity, τ̂ γτµ + hγαĥαµ = δγµ, we get

2ẍγ + hγα(∂ν ĥµα + ∂µĥνα − ∂αĥµν)ẋµẋν − 2τ̂ γτµẍ
µ =

2ẋγṄ

N
− 2τ̂ γτµẋ

µṄ

N
. (A.44)

By using the following relation

τµẍ
µ =

d

ds
(τµẋ

µ)− τ̇µẋµ, (A.45)
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we can focus on the rightmost term on both sides. It follows as

· · · − 2τ̂ γ(Ṅ − τ̇µẋµ) = · · · − 2τ̂ γτµẋ
µṄ

N
, (A.46)

· · · − 2τ̂ γ(Ṅ − τ̇µẋµ) = · · · − 2τ̂ γṄ . (A.47)

Then, we get

2ẍγ + hγα(∂ν ĥµα + ∂µĥνα − ∂αĥµν)ẋµẋν + 2τ̂ γ τ̇µẋ
µ =

2ẋγṄ

N
. (A.48)

Rearranging the terms yields

ẍγ + τ̂ γ∂ντµẋ
µẋν +

1

2
hγα(∂ν ĥµα + ∂µĥνα − ∂αĥµν)ẋµẋν =

ẋγṄ

N
. (A.49)

Finally, after using the definition of Γ̂ we get

ẍγ + Γ̂ γ
µν ẋ

µẋν = ẋγ
Ṅ

N
. (A.50)

A.4. Field Equations in 3+1 Formulation

In this section, we will explicitly calculate the field equations for the 3+1 formu-

lation. We will start by separating (6.32) into three parts.

R̂00 = 4πGNρ, (A.51)

R̂i0 = 0, (A.52)

R̂ij = 0, (A.53)

Let us start with Equation (A.51). It can explicitly be expressed as

R̂00 = ∂ρΓ̂
ρ
00 − ∂0Γ̂

ρ
ρ0 + Γ̂ ρ

ρλΓ̂
λ
00 − Γ̂

ρ
0λΓ̂

λ
ρ0 = 4πGNρ. (A.54)

First, we should calculate the components of Γ̂ in this gauge. It follows as

Γ̂ ρ
00 = τ ρ∂0τ0 +

1

2
hρλ(∂0h0λ + ∂0h0λ − ∂λh00)− hρλKλ(0τ0). (A.55)

Using Equations (8.1) and (8.3) we get

Γ̂ ρ
00 = −hρλKλ0. (A.56)
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We can further decompose this into

Γ̂ i
00 = −hijKj0, (A.57)

Γ̂ 0
00 = 0. (A.58)

Now let’s look at other components, we have

Γ̂ 0
µν = τ 0∂µτν +

1

2
h0λ(∂µhνλ + ∂νhµλ − ∂λhµν)− h0λKλ(µτν). (A.59)

Again, using Equations (8.1) and (8.3) we get,

Γ̂ 0
µν = 0. (A.60)

Next, we have

Γ̂ µ
0ν = τµ∂0τν +

1

2
hµλ(∂0hνλ + ∂νh0λ − ∂λh0µ)− hµλKλ(0τν). (A.61)

By substituting our fields in, we get

Γ̂ µ
0ν =

1

2
hµλḣνλ − hµλKλ(0τν), (A.62)

Γ̂ µ
0ν =

1

2
hµλ(ḣνλ −Kλ0τν −Kλν). (A.63)

From (A.60), we know that for µ = 0, this becomes zero, and for ν = 0 it reduces to

(A.57). Therefore the only new information we get from this is

Γ̂ i
0j =

1

2
hik(ḣkj −Kkj). (A.64)

The remaining components are

Γ̂ k
ij = τ k∂iτj +

1

2
hkl(∂ihjl + ∂jhil − ∂lhij)− hklKl(iτj), (A.65)

Γ̂ k
ij = Γ k

ij =
1

2
hkl(∂ihjl + ∂jhil − ∂lhij), (A.66)

which are just a 3 dimensional Christoffel symbols. After using these in Equation

(A.51), we get
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R̂00 = ∂i(−hijKj0)− ∂0(
1

2
hik(ḣki −Kki))− Γ i

ijh
jkKk0

− 1

4
hik(ḣkj −Kkj)h

jl(ḣli −Kli). (A.67)

As we have discussed in Chapter 8, we can use h to raise or lower indices, which follows

as

R̂00 = −∇iK
i
0 −

1

2
ḣik(ḣki −Kki)−

1

2
hik(ḧki − K̇ki)

− 1

4
(−ḣliḣli − 2ḣliKli +KilKli). (A.68)

Finally, plugging R̂00 back into Equation (A.51) will yield us

−∇iK
i
0 =

1

2
hikḧik +

1

4
ḣikḣik −

1

4
KikKik + 4πGNρ. (A.69)

Now let us look at R̂i0 = 0, it can explicitly be expressed as

R̂i0 = ∂ρΓ̂
ρ
i0 − ∂0Γ̂

ρ
ρi + Γ̂ ρ

ρλΓ̂
λ
i0 − Γ̂

ρ
0λΓ̂

λ
ρi. (A.70)

Plugging in the connection coefficients, we get

R̂i0 = ∂k

[
1

2
hkj(ḣji −Kji)

]
− ∂0Γ k

ki + Γ k
kl

[
1

2
hlj(ḣji −Kji)

]
− Γ l

ki

[
1

2
hkj(ḣjl −Kjl)

]
. (A.71)

By combining all the connection coefficients we can get a covariant derivative as follows

R̂i0 =
1

2
hkj∇k

(
ḣji −Kji

)
− ∂0Γ̂ k

ki = 0. (A.72)
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Further calculation will yield us

∇j(ḣji −Kji) = 2∂0Γ
k
ki, (A.73)

= ∂0(h
kl∂ihkl), (A.74)

= ḣkl∂ihkl + hkl∂iḣkl, (A.75)

= ḣkl∇ihkl + ḣkl(Γ j
ikhjl + Γ j

ilhkj)

+ hkl∇iḣkl + hkl(Γ j
ikḣjl + Γ j

ilḣkj), (A.76)

= ḣkl(Γ j
ikhjl + Γ j

ilhkj) + hkl∇iḣkl + hkl(Γ j
ikḣjl + Γ j

ilḣkj). (A.77)

We can combine the connection coefficients to simplify the equation as follows

∇j(ḣji −Kji) = hkl∇iḣkl + Γ j
ik∂0(h

klhjl) + Γ j
il∂0(h

klhkj), (A.78)

which can be expressed as

−∇jKji = hkl∇iḣkl − hjk∇kḣji. (A.79)

Relabeling some dummy indices will yield us

−∇jKji = hkl∇iḣkl − hkl∇kḣil. (A.80)

Finally gathering the terms by using the anti-symmetry, we get

−∇jKji = 2hkl∇[iḣk]l, (A.81)

which is our second equation.

Lastly, we can easily show that the NC Ricci tensor will just be a 3 dimensional

Ricci tensor of the h metric as follows

R̂ij = ∂ρΓ̂
ρ
ji − ∂jΓ̂

ρ
ρi + Γ̂ ρ

ρλΓ̂
λ
ji − Γ̂

ρ
jλΓ̂

λ
ρi, (A.82)

= ∂kΓ
k
ji − ∂jΓ k

ki + Γ k
klΓ

l
ji − Γ k

jlΓ
l
ki, (A.83)

= Rij. (A.84)

For notational convenience, we can define

Ki
0 = Gi (A.85)
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and our field equations can be expressed as

Rij = 0, (A.86)

−∇iG
i =

1

2
hikḧik +

1

4
ḣikḣik −

1

4
KikKik + 4πGNρ, (A.87)

−∇jKji = 2hkl∇[iḣk]l. (A.88)
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APPENDIX B: LARGE c EXPANSION WITH VIELBEIN

APPROACH

There is a great approach to large c expansion that is adopted in [10]. Instead

of expanding the metric directly, they have used the vielbein formalism and expanded

the vielbein to get a detailed and a systematic expansion of GR.

They start their work with an orthonormal vielbein choice as follows

Eµ
AE

A
ν = δµν , (B.1)

Eµ
AE

B
µ = δAB, (B.2)

and define 8 fields, Tµ, T µ, Eaµ, and Eµa , as

EA
µ = cTµδ

A
0 + EaµδAa , (B.3)

Eµ
A = −1

c
T µδ0A + Eµa δaA. (B.4)

Using the orthonormality, we can get some identities related to the fields as follows

TµEµa = 0, (B.5)

T µEaµ = 0, (B.6)

TµT
µ = −1, (B.7)

Eµa Ebµ = δab , (B.8)

Eµa Eaν = δµν + T µTν . (B.9)

Then, we can express the metric in terms of the fields as

gµν = ηABE
A
µE

B
ν = −c2TµTν + δabEaµEbν , (B.10)

gµν = ηABEµ
AE

ν
B = − 1

c2
T µT ν + δabEµa Eνb , (B.11)
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and we can define new fields to simplify some calculations as

Πµν = δabEaµEbν , Πµν = δabEµa Eνb . (B.12)

Finally, the metric decomposition becomes

gµν = −c2TµTν +Πµν , (B.13)

gµν = − 1

c2
T µT ν +Πµν . (B.14)

So far, we haven’t done anything but reformulating the metric in terms of new arbitrary

(but not independent) fields. At this point, we can define some connections and express

everything in terms of the fundamental fields and reformulate GR. We don’t need those

for our work but the original paper is very extensive and detailed in every step. A

connection to define the Ricci tensor should be enough for now. We can take the

c-independent part of the Levi-Civita connection. Of course, our fields can depend

on c themselves, but this connection does not have explicit c dependence. It can be

expressed as

Cρ
µν = −T ρ∂µTν +

1

2
Πρσ(∂µΠνσ + ∂νΠµσ − ∂σΠµν). (B.15)

One must be careful here. This connection is not torsion free due to the first term. We

do not require Tµ to be closed like we did in our expansion.

We can define a covariant derivative with the connection,
(C)

∇µ, and the associated

Riemann tensor as

[
(C)

∇µ,
(C)

∇ν ]X
λ =

(C)

Rµνσ
λXσ. (B.16)

Lastly, Ricci scalar can be expressed in terms of these new objects as

R =
c2

4
ΠµνΠρσTµρTνσ +Πµν

(C)

Rµν −
1

c2
T µT ν

(C)

Rµν , (B.17)
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where we used

Tµρ = ∂µTρ − ∂ρTµ. (B.18)

From now on, we will focus on the expansion of the vielbein. Of course, our vielbein

are T and E . The expansion of Π is derived from the expansion of E . It follows as

Tµ = τµ + c−2mµ + c−4Bµ +O(c−6), (B.19)

Πµν = hµν + c−2Φµν +O(c−4), (B.20)

and the inverses are

T µ = vµ + c−2(vµvρmρ − eµb v
ρπbρ) +O(c−4), (B.21)

Πµν = hµν + c−2(2hρ(µvν)mρ − hµρhνσΦρσ) +O(c−4). (B.22)

Applying the vielbein expansion to the metric, we get

gµν = − c2τµτν + hµν − 2τ(µmν) + c−2(Φµν −mµmν − 2B(µτν)) +O(c−4), (B.23)

gµν = hµν + c−2(vµvν + 2hρ(µvν)mρ − hµρhνσΦρσ) +O(c−4). (B.24)

From this point on, the work is almost identical to Chapter 5, except for a few differ-

ences in field definitions.
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