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ticularly, many thanks to Ömer Deniz Akyıldız for the fruitful discussions we had.

Finally, I would like to thank my family and to Müzeyyen for everything I have
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ABSTRACT

ACCELERATION OF SEQUENTIAL MONTE CARLO

METHODS VIA PARALLELIZATION OF RESAMPLING

ALGORITHMS

Sequential Monte Carlo (SMC) methods, also known as particle filters, are a pop-

ular set of tools in Bayesian inference on non-linear non-Gaussian state space models.

While these algorithms are traditionally developed with serial computation in mind,

recent developments in the field of parallel computation has caught the attention of

SMC community as well and there have been efforts to parallelize particle filters. Ef-

forts on parallelization of particle filters are focused on the parallelization of resampling

algorithms. In this thesis, we investigate the parallelization of resampling algorithms

on massively parallel architectures. We present implementations of classical resam-

pling algorithms on graphical processing units (GPU) and give an asymptotic analysis

of their computation time. We present a recent framework called augmented resam-

pling that can be used to produce resampling algorithms specifically designed to work

on some parallel computing architecture. Within this framework, we implement the

butterfly resampling algorithms, that works under limited degree of communication

between computational units, on GPUs and present asymptotic analysis of their com-

putation time. We present theoretical results on convergence properties of butterfly

resampling algorithms and conduct simulations to verify these theoretical results, to

obtain practical guidelines for their implementation on GPUs and to compare their

performance to classical resampling algorithms. We see that butterfly multinomial

resampling algorithm can provide upto six times speed-up over classical multinomial

resampling algorithm, while keeping the Monte Carlo error at a competitive level.
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ÖZET

YENİDEN ÖRNEKLEME ALGORİTMALARININ

PARALELLEŞTİRİLMESİ YOLUYLA ARDIŞIK MONTE

CARLO YÖNTEMLERİNİN HIZLANDIRILMASI

Parçacık süzgeçleri olarak da bilinen ardışık Monte Carlo (AMC) yöntemleri, li-

neer ve Gaussian olmayan durum uzaylarında Bayesçi kestirim için çokça kullanılan

bir araçlar bütünüdür. Bu yöntemler geleneksel olarak seri hesaplama mimarileri

düşünülerek geliştirilmiş olsa da, paralel hesaplama konusundaki son gelişmeler AMC

camiasının da dikkatini çekmiş ve parçacık süzgeçlerinin paralelleştirilmesine yönelik

çalışmalar olmuştur. Parçacık süzgeçlerinin paralelleştirilmesi yönündeki çabalar yeniden

örnekleme algoritmalarının paralelleştirilmesi üzerine yoğunlaşmıştır. Bu tezde, yeniden

örnekleme algoritmalarının, büyük çapta paralel mimariler üzerinde gerçeklenmesini

inceliyoruz. Klasik yeniden örnekleme algoritmalarının grafik işleme üniteleri (GPU)

üzerinde gerçeklenmelerinin yanı sıra hesaplama zamanı maliyetlerini analiz ediyoruz.

Klasik yeniden örnekleme algoritmalarına ilaveten son zamanlarda öne sürülmüş olan ve

eldeki paralel mimariye özgün yeniden hesaplama algoritmaları tasarlanmasına olanak

sağlayan genişletilmiş yeniden örnekleme çerçevesini sunuyoruz. Bu çerçeve içinde

geliştirilmiş olan ve kısıtlı iletişim koşulları altında çalışabilen kelebek yeniden örnekleme

algoritmasını gerçekleyip hesaplama zamanı analizini sunuyoruz. Kelebek yeniden algo-

ritmasının yakınsaklığına ilişkin teorik sonuçları sunup bu sonuçları doğrulamak, GPU

üzerinde gerçeklenmesine dair rehber ilkeler belirlemek ve klasik yeniden örnekleme

algoritmalarıyla karşılaştırmak için deneyler düzenliyoruz. Bu deneyler sonucunda

görüyoruz ki, kelebek yeniden örnekleme algoritmaları klasik algoritmalardan altı kat

kadar hızlı olabilirken Monte Carlo hatasını rekabetçi bir seviyede tutabilir.
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ÖZET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

LIST OF SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

LIST OF ACRONYMS/ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . xii

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1. Recent Developments in Parallel Computation . . . . . . . . . . . . . . 3

1.2. Particle Filters and Prior Work on Their Parallelization . . . . . . . . . 4

1.3. Generic Resampling Algorithm and Interaction Structure . . . . . . . . 13

1.4. Modern GPU Architectures . . . . . . . . . . . . . . . . . . . . . . . . 16

1.5. Our Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.6. Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . 23

2. PARALLELIZATION OF CLASSICAL RESAMPLING ALGORITHMS . . 26

2.1. Multinomial Resampling . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2. Stratified Resampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.3. Systematic Resampling . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4. Metropolis and Rejection Resampling . . . . . . . . . . . . . . . . . . . 35

3. PARALLEL RESAMPLING UNDER CONSTRAINED INTERACTION . . 38

3.1. Augmented Resampling . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2. Butterfly Resampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3. Adaptive Butterfly Resampling . . . . . . . . . . . . . . . . . . . . . . 52

4. EXPERIMENTS AND RESULTS . . . . . . . . . . . . . . . . . . . . . . . . 55

4.1. Single Step of Butterfly Resampling . . . . . . . . . . . . . . . . . . . . 56

4.1.1. General Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.1.2. Error distribution and MSE as N →∞ . . . . . . . . . . . . . . 59

4.1.3. Error in case of fixed number of particles . . . . . . . . . . . . . 60

4.1.4. Comparison of Butterfly and Multinomial Resampling on GPU . 62



vii

4.2. Experiments with Particle Filters . . . . . . . . . . . . . . . . . . . . . 67

4.2.1. General Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.2.2. Bootstrap Particle Filter . . . . . . . . . . . . . . . . . . . . . . 70

4.2.3. Adaptive Resampling Particle Filter . . . . . . . . . . . . . . . 71

4.3. Comparison of Resampling Algorithms in a Practical Application . . . 73

4.3.1. Experiment Setup . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.3.2. Experiment Results . . . . . . . . . . . . . . . . . . . . . . . . . 76

5. CONCLUSIONS AND FUTURE WORK . . . . . . . . . . . . . . . . . . . . 78

5.1. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.2. Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

APPENDIX A: IMPLEMENTATION DETAILS . . . . . . . . . . . . . . . . . 84

A.1. Implementation Details of Prefix Sum . . . . . . . . . . . . . . . . . . . 84

A.2. Implementation Details of Butterfly Resampling Methods . . . . . . . . 86

A.3. Propagation of Particles in Particle Filter Implementations . . . . . . . 91

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95



viii

LIST OF FIGURES

Figure 1.1. Sequential Importance Sampling. . . . . . . . . . . . . . . . . . . 7

Figure 1.2. Sequential Importance Resampling. . . . . . . . . . . . . . . . . . 8

Figure 1.3. Adaptive Resampling Particle Filter. . . . . . . . . . . . . . . . . 10

Figure 1.4. Generic Particle Filter. . . . . . . . . . . . . . . . . . . . . . . . . 11

Figure 1.5. An example of a constrained interaction structure. . . . . . . . . . 15

Figure 1.6. CPU architecture vs GPU architecture1. . . . . . . . . . . . . . . 17

Figure 1.7. Floating point operations performance and memory bandwidth com-

parisons of CPUs vs GPUs2. . . . . . . . . . . . . . . . . . . . . . 18

Figure 1.8. Organization of threads and memory in GPU. . . . . . . . . . . . 19

Figure 2.1. Full interaction structure of standard multinomial resampling. . . 27

Figure 2.2. GPU Implementation of Multinomial Resampling. . . . . . . . . . 28

Figure 2.3. Inversion Sampling. . . . . . . . . . . . . . . . . . . . . . . . . . . 28

Figure 2.4. GPU Implementation of Stratified Resampling. . . . . . . . . . . . 32

Figure 2.5. Conversion of Cumulative Offsprings to Ancestors. . . . . . . . . . 33

Figure 2.6. GPU Implementation of Systematic Resampling. . . . . . . . . . . 35

Figure 2.7. GPU Implementation of Metropolis Resampling. . . . . . . . . . . 36

Figure 2.8. GPU Implementation of Rejection Resampling. . . . . . . . . . . . 37

Figure 3.1. GPU Implementation of αSMC Resampling. . . . . . . . . . . . . 39

Figure 3.2. Constrained interaction structure of αSMC resampling. . . . . . . 40

Figure 3.3. GPU Implementation of Augmented Resampling. . . . . . . . . . . 41

Figure 3.4. A matrices and their pairwise products for m = 3, r1, r2, r3 = 2,

zero entries are shown in white, nonzero entries are shown in black. 46

Figure 3.5. Interaction structure of butterfly resampling. . . . . . . . . . . . . 47

Figure 3.6. GPU Implementation of Butterfly Multinomial Resampling. . . . . 48

Figure 3.7. GPU Implementation of Adaptive Butterfly Resampling. . . . . . 53

Figure 4.1. Histograms of the errors scaled with
√
N/log2N , red line shows the

pdf of limiting error distribution. . . . . . . . . . . . . . . . . . . . 60

Figure 4.2. Plot of ̂LMSE
N

ϕ scaled with N/log2N vs N . . . . . . . . . . . . . . 61



ix

Figure 4.3. Fixed radix, variable depth case, dashed lines show the 0.1 and 0.9

quantiles of squared errors. . . . . . . . . . . . . . . . . . . . . . . 62

Figure 4.4. Mixed radix, fixed depth case, dashed lines show the 0.1 and 0.9

quantiles of squared errors. . . . . . . . . . . . . . . . . . . . . . . 63

Figure 4.5. Comparison of standard and butterfly multinomial resampling, po-

tential function g(x) = exp{−x2/2σ2}. . . . . . . . . . . . . . . . 65

Figure 4.6. Comparison of standard and butterfly multinomial resampling, po-

tential function g(x) = λx/x!. . . . . . . . . . . . . . . . . . . . . . 66

Figure 4.7. Comparison of standard and butterfly systematic resampling, po-

tential function g(x) = exp{−x2/2σ2}. . . . . . . . . . . . . . . . 67

Figure 4.8. Comparison of standard and butterfly systematic resampling, po-

tential function g(x) = λx/x!. . . . . . . . . . . . . . . . . . . . . . 68

Figure 4.9. Performance comparison of bootstrap particle filters. . . . . . . . . 70

Figure 4.10. Performance comparison of adaptive resampling particle filters. . . 71

Figure 4.11. ESS and interaction level comparisons of resampling algorithms. . 72

Figure 4.12. Performance comparison of resampling algorithms in SMCEM al-

gorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77



x

LIST OF TABLES

Table A.1. Reduction phase of work efficient scan algorithm. . . . . . . . . . . 85

Table A.2. Distribution phase of work efficient scan algorithm. . . . . . . . . . 86

Table A.3. Shrinking weights array in butterfly resampling. . . . . . . . . . . 88

Table A.4. Butterfly resampling kernel with strided accesses. . . . . . . . . . . 89

Table A.5. Tiled matrix transposition. . . . . . . . . . . . . . . . . . . . . . . 90

Table A.6. Butterfly resampling kernel with coalesced memory accesses. . . . . 92

Table A.7. Multinomial resampling kernel with double buffer implementation. 93

Table A.8. Butterfly resampling kernel with in-place propagation. . . . . . . . 94



xi

LIST OF SYMBOLS

1N N ×N matrix with all elements equal to 1/N

a = (a1, . . . , aN) A vector of length N

a0:n = (a0, a1, . . . , an) A sequence of length n

f(x, ·), g(x, ·) Markov transition kernels conditioned on x

gn(x) Observation likelihood at time n at state x

IN N ×N identity matrix

Q(·|X0:n) Proposition kernel of particle filter

X = {Xn}n≥0 A stochastic process

(X,X ) A state space X equipped with Borel σ-algebra X
dµ

dν
(·) Radon-Nikodym derivative of µ w.r.t. ν

µ(·) Probability measure

(Ω,F ,P) The probability space on which all random variables are de-

fined



xii

LIST OF ACRONYMS/ABBREVIATIONS

AMSE Averaged Mean Squared Errors

ARPF Adaptive Resampling Particle Filter

CPU Central Processing Unit

CUDA Compute Unified Device Architecture

EM Expectation-Maximization

ESS Effective Sample Size

GPU Graphical Processing Unit

HMM Hidden Markov Model

MSE Mean Squared Error

LMSE Local Mean Squared Error

PF Particle Filter

SIMT Single Instruction Multiple Threads

SIS Sequential Importance Sampling

SIR Sequential Importance Resampling

SMC Sequential Monte Carlo



1

1. INTRODUCTION

Estimating the current state of an uncertain system that changes over time has

been an important problem in many diverse fields ranging from engineering to econo-

metrics, from ocean and atmosphere sciences to chemometrics. It is often the case that

we have a stochastically changing system and we have only partial information about

the system through noisy observations. Bayesian treatment of this problem involves

computation of posterior distributions of hidden states of the system or expectations

under these distributions. When underlying stochastic dynamics involves only linear

functions of Gaussian random variables, posterior distributions are also Gaussian and

mean and covariances of these distributions can be easily computed by using recursive

equations of celebrated Kalman filter [1, 2]. However, when we remove either of the

linearity or Gaussianity assumptions, we seldom have a tractable model in which exact

computation can be performed given reasonable amount of computational resources.

In this case, we need to resort to approximate methods such as extended Kalman filter

and unscented Kalman filter [3,4] or sequential Monte Carlo methods [5–9], also known

as particle filters (PF) which is the main topic of this thesis.

More formally, we have a stochastic process (X, Y ) = {(Xn, Yn)}n≥0 defined on a

probability space (Ω,F ,P), taking values on the product measure space (X× Y,X ⊗ Y),

where X = {Xn}t≥0 is taking values on (X,X ), typically (X,X ) = (Rd,B(Rd)), the d-

dimensional real vector space equipped with Borel σ-algebra, called the hidden part,

and Y = {Yn}t≥0 is taking values on (Y,Y), typically (Y,Y) = (Rm,B(Rm)), the

m-dimensional real vector space equipped with Borel σ-algebra, called the observable

part. We are interested in the filtering distributions,

π̂n(A) := P(Xn ∈ A|{Y0:n = y0:n}) for A ∈ X , n ≥ 0, (1.1)

one-step ahead predictive distributions
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πn(A) := P(Xn ∈ A|{Y0:n−1 = y0:n−1}) for A ∈ X , n ≥ 1, (1.2)

and/or expectations under these distribution. Amongst the most common settings

for filtering problem is the hidden Markov model (HMM), in which the underlying

probability model is specified as follows :

X0 ∼ µ,

Xn | {Xn−1 = xn−1} ∼ f(xn−1, ·),

Yn | {Xn = xn} ∼ g(xn, ·),

(1.3)

where µ is a probability measure on (X,X ), f is the time homogeneous Markov tran-

sition kernel from (X,X ) into itself and g is the time homogeneous Markov transition

kernel from (X,X ) to (Y,Y) which is absolutely continuous with respect to some ref-

erence measure dy. Here we fix an observation sequence y = {y0, y1, . . . } once and for

all and denote gn(x) the likelihood of x at point yn, g(x, dyn) for all n ≥ 0. Within

HMM setting, filtering distributions, π̂n, and predictive distributions πn satisfy follow-

ing recursive equations:

π0(dx0) = µ(dx0), π̂0(dx0) =
g0(x0)π0(dx0)∫
g0(x0)π0(dx0)

,

πn(dxn) =

∫
f(xn−1, dxn)π̂n−1(dxn−1),

π̂n(dxn) =
gn(xn)πn(dxn)∫
gn(xn)πn(dxn)

,

(1.4)

Other related quantities of interest are the smoothing distribution,

pn(A) = P(X0:n ∈ A|{Y0:n = y0:n}) for A ∈ X⊗(n+1),

and marginal likelihood of first n observations, Zn = P(Y0:n ∈ dy0:n). These quantities

are encountered very frequently in the practice and they satisfy the following set of
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equations:

πn(dxn) =

∫
f(xn−1, dxn)pn−1(dx0:n−1),

π̂n(dxn) =

∫
pn(dx0:n−1),

Z0 =

∫
g0(x0)π0(dx0),

Zn = Zn−1

∫
gn−1(xn)πn−1(dxn).

Particle filtering algorithms, which will be described in Section 1.2, have been a

popular set of tools in Bayesian inference since their first instances [10,11] were intro-

duced in 1990s. While there have been many improvements to the original algorithm

each targeting a different shortcoming [12–17], statistical properties of particle filters

such as stability, consistency of estimators and asymptotics of estimation errors have

been studied as well [18–25]. Now, the mathematical theory behind particle filtering is

better understood, although far from being complete, and we are much aware of their

potentials and limitations. On the other hand, until very recently, when developing

these algorithms very little attention was paid to the computational architecture on

which they are implemented with the presumption that they would be implemented

with sequential processing. However, with the recent advances in processor technology

parallel computation came into prominence and these advances necessitate the devel-

opment of particle filtering algorithms better suited to parallel computing platforms.

1.1. Recent Developments in Parallel Computation

The concept of parallel computation has been around for decades. Parallelism in

hardware level is achieved generally by attaching several CPUs and memory units to-

gether to a common bus or by a collection of stand-alone computer systems connected

by a network [26, Chapter 7]. Parallelism in software level is achieved by libraries and

APIs. In multiprocessor systems, where a small number of processors communicate

through a shared memory space, common software platforms include POSIX threads
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and OpenMP APIs. In distributed systems, where processors communicate through a

network, the most common software platform is the industry standard Message Passing

Interface (MPI) [27] which has several implementations. Although parallel program-

ming was employed mainly for high performance computing in the past, the trend

of increasing the computation capability of computers by designing faster processor

is replaced by the trend of designing parallel computing architectures in the form of

multi-core processors in the last decade [28]. This is due to the physical contraints on

the power-frequency scaling, the so-called power wall phenomenon.

Further development in the realm of parallel computation came with the mod-

ern graphical processing unit (GPU) architectures. Although GPUs were originally

designed to accomodate graphical computations, which are more prone to massively

parallel pipelines in hardware level, recent developments in GPU technology allow us to

perform massively parallel general purpose computations on commodity hardware [29].

An early attempt of general purpose GPU programming language is BrookGPU by

Stanford University graphics group [30]. With the introduction of CUDA [31] and

OpenCL [32] frameworks, software developers have more access to GPU resources for

general purpose computation and there has been a substantial accumulation of litera-

ture on the subject of general purpose GPU computing [29,33,34]. These developments

caught the attention of Monte Carlo research community as well and there has been

a substantial output on the topic in recent years [35–39]. In line with this trend, in

this thesis we investigate the problem of parallelization of particle filters via parallel

resampling algorithms.

1.2. Particle Filters and Prior Work on Their Parallelization

The key idea of particle filters is to use empirical distributions of weighted sam-

ples, termed particles, to estimate the filtering and predictive distributions. More

formally, for each time step n = 0, . . . , we have random vectors of particles ξn =

(ξ1n, . . . , ξ
N
n ), ξ̂n = (ξ̂1n, . . . , ξ̂

N
n ) ∈ XN and corresponding vectors of nonnegative weights

wn = (w1
n, . . . , w

N
n ), ŵn = (ŵ1

n, . . . , ŵ
N
n ) ∈ RN

+ . We approximate the predictive distribu-

tion πn, filtering distribution π̂n, and smoothing distribution pn by random empirical
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measures

πNn (dx) =
N∑
i=1

win∑
j w

j
n

δξin(dx), (1.5)

π̂Nn (dx) =
N∑
i=1

ŵin∑
j ŵ

j
n

δξ̂in(dx), (1.6)

pNn (dx0:n) =
N∑
i=1

ŵin∑
j ŵ

j
n

δξ̂i0:n
(dx0:n), (1.7)

respectively and for a test function ϕ : X→ R, we approximate the expectation under

predictive distibution πn(ϕ) and filtering distribution π̂n(ϕ) by the empirical means

πNn (ϕ) =
N∑
i=1

win∑
j w

j
n

ϕ(ξin), (1.8)

π̂Nn (ϕ) =
N∑
i=1

ŵin∑
j ŵ

j
n

ϕ(ξ̂in), (1.9)

where we have wn = ŵn−1 and w0 ≡ 1.

Before we move to the generic case, we give two introductory instances of the par-

ticle filtering algorithms: the prototypical sequential importance sampling algorithm

(SIS) [40] and first practical particle filter algorithm, sequential importance resam-

pling [10]. SIS algorithm constitute the basis of the sequential Monte Carlo methods

developed in last decades [6]. As the name suggests, SIS is an extension of importance

sampling procedure to the sequences of distributions. Recall that, in importance sam-

pling, to approximate a distribution µ from which it is hard to produce samples or

expectations under this distribution of a function ϕ, µ(ϕ) =
∫
ϕ(x)µ(dx), we sample

from another distribution ν from which it is easier to generate samples and which dom-

inates µ and use these samples weighted with Radon-Nikodym derivatives evaluated

at those points:

µ(ϕ) ≈ 1

N

N∑
i=1

dµ

dν
(ξi)ϕ(ξi), where ξ

i.i.d.∼ ν.
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It is easy to show that this estimator is an unbiased estimator of µ(ϕ). When we

cannot evaluate the Radon-Nikodym derivative exactly but can compute it upto a

positive constant α, i.e. we can compute αdµ
dν

, we can use the normalized weights as

follows:

µ(ϕ) ≈
N∑
i=1

wi∑N
j=1w

j
ϕ(ξi), where ξ

i.i.d.∼ ν and wi = α
dµ

dν
(ξi).

This is no longer an unbiased estimator of µ(ϕ) because of the normalization step,

however it can be shown that this is a consistent estimator, i.e. as we let N →∞ this

sum will approach to µ(ϕ). This scheme suggests the idea of approximating µ with the

weighted empricial measure:

µ(·) ≈ µN(·) =
N∑
i=1

wi∑N
j=1w

j
δiξ(·), where ξ

i.i.d.∼ ν and wi = α
dµ

dν
(ξi).

SIS algorithm applies the importance sampling procedure to the predictive and

filtering distributions given in 1.4. Assume we have the underlying probability model

given in 1.3 and suppose we can generate samples from a family of proposal distri-

butions {Qn(·|ξ0:n−1)}n≥1 which dominate f(ξn−1, ·) and which may also depend on

the observation sequence y = {y0, y1, . . . } but we suppress this in notation since the

observation sequence is fixed and let qn = QnQn−1 . . . µ. SIS proceeds by recursively

propagating samples ξi0:n and weighing these samples with win by using the following

equation:

win =
dpn
dqn

(ξi0:n) =
gn(ξin)f(ξin−1, dξ

i
n)

Qn(dξin|ξi0:n−1)
dpn−1
dqn−1

(ξi0:n−1) =
gn(ξin)f(ξin−1, dξ

i
n)

Qn(dξin|ξi0:n−1)
win−1, (1.10)

where the term
gn(ξin)f(ξin−1, dξ

i
n)

Qn(dξin|ξi0:n−1)
= vin is called the incremental weight. Then by
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marginalization, we get the empirical predictive,filtering and smoothing distributions

πNn (·) =
N∑
i=1

win−1∑
j w

j
n−1

δξin(·),

π̂Nn (·) =
N∑
i=1

win∑
j w

j
n

δξin(·),

pNn (·) =
N∑
i=1

win∑
j w

j
n

δξi0:n(·)

We give the pseudocode for SIS in Figure 1.1.

1: function SequentialImportanceSampling

2: for n = 0, . . . do

3: for each i ∈ {1, . . . , N} do

4: ξin ∼ Qn(·|ξi0:n−1) //Sample particles

5: win ←
gn(ξin)f(ξin−1, dξ

i
n)

qn(dξin|ξi0:n−1)
win−1 //Compute weights

6: end for

7: end for

8: end function

Figure 1.1. Sequential Importance Sampling.

SIS algorithm is embarrasingly parallel, meaning it does not need any effort to

separate the algorithm into parallel tasks, each particle can be propagated and weighed

separately without needing any communication between them, since they are indepen-

dently sampled. However, this independence structure causes the degeneracy problem,

namely the problem that after a few iterations all but one of the particles have negli-

gible normalized weights and it is shown that this situation cannot be avoided if the

independence assumption is to be hold [41]. The remedy to this situation is the per-

form a resampling step for every time step in which particles with small weights are

eliminated and particles with big weights are replicated.

SIR algorithm is the first practical particle filtering algorithm based on the above

presented ideas. Its only difference from the SIS algorithm is the addition of the
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resampling step. There are many possible ways of performing this resampling step

but the original algorithm implements the multinomial resampling, which is simply

sampling with replacement where probabilities are proportional to the weights. The

pseudocode for SIR is given in Figure 1.2. Unlike sampling and weight computation

parts, resampling step cannot be parallelized in a straightforward manner. To indicate

this, we give the sampling and weight computation parts in a for each block, while

resampling step is given in a for block, following the exposition in [42]. The resulting

empirical predictive, filtering and smoothing distributions of SIR algorithm are given

by:

πNn (·) =
1

N

N∑
i=1

δξin(·),

π̂Nn (·) =
1

N

N∑
i=1

δξ̂in(·),

pNn =
1

N

N∑
i=1

δξ̂i0:n
(·)

1: function SequentialImportanceResampling

2: for n = 0, . . . do

3: for each i ∈ {1, . . . , N} do

4: ξin ∼ Qn(·|ξ̂i0:n−1) //Sample particles

5: win ←
gn(ξin)f(ξ̂in−1, dξ

i
n)

qn(dξin|ξ̂i0:n−1)
ŵin−1 //Compute weights

6: end for

7: for i = 0, . . . , N do

8: ξ̂i0:n ∼
∑N

i=1

win∑
j w

j
n

δξi0:n(·) //Resample

9: ŵin =
1

n

∑
j w

j
n //Update weights

10: end for

11: end for

12: end function

Figure 1.2. Sequential Importance Resampling.
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Resampling step solves the problem that filtering distributions {π̂Nn }n≥0 and pre-

dictive distributions {πNn }n≥0 degenerates over time. Nevertheless, it leads to another

problem called sample impoverishment. Note that in line 8 in Figure 1.2., we resample

the whole path ξ̂i0:n. This causes the initial parts of the paths to be replicated re-

peatedly and eventually initial parts of the whole sample paths collapse into one. The

techniques to avoid the sample impoverishment problem include the use of MCMC [15]

and continuous approximations of empirical distributions [17]. Many other improve-

ments of SIR algorithm have been proposed, for a survey of particle filtering algorithms

see for example [5, 6, 8, 9].

A practical extension of SIR algorithm is adaptive resampling particle filter

(ARPF) algorithm, first introduced in [12]. The aim of the ARPF is to reduce the

computational burden associated to the resampling operation. ARPF achieves this

by performing resampling only when it is necessary, where the degree of necessity is

assessed by the effective sample size (ESS), a quantity that measures the variability

amongst the weights and which also shows up naturally in the study of stability prop-

erties of particle filters [43]. For a given set of weights w = (wi)Ni=1, ESS is defined as

follows:

EN(w) =
(
∑N

i=1w
i)2∑N

i=1(w
i)2
∈ [1, N ]. (1.11)

The pseudocode for ARPF algorithm that takes ESS threshold τ as an input parameter

is given in Figure 1.3.

So far, in the algorithms we described, we used the multinomial resampling as

our principal resampling algorithm. As we pointed out before, there are other ways of

performing resampling step and the focus of this thesis will be on the parallelization

of the resampling step, since other parts of the particle filter algorithms are readily

parallel. For this reason we postpone the details of the existing resampling algorithms

to the next chapters. To deal with the resampling part in isolation from the other

parts of the particle filter algorithm, we describe a generic form of the particle filter
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1: function AdaptiveResamplingParticleFilter(τ)

2: for n = 0, . . . do

3: for each i ∈ {1, . . . , N} do

4: ξin ∼ Qn(·|ξ̂i0:n−1) //Sample particles

5: win ←
gn(ξin)f(ξ̂in−1, dξ

i
n)

qn(dξin|ξ̂i0:n−1)
ŵin−1 //Compute weights

6: end for

7: if EN(wn) < τ then //ESS is below threshold

8: for i = 0, . . . , N do

9: ξ̂i0:n ∼
∑N

i=1

win∑
j w

j
n

δξi0:n(·) //Resample

10: ŵin =
1

n

∑
j w

j
n //Update weights

11: end for

12: else //ESS is above threshold

13: ξ̂0:n ← ξ0:n, ŵn ← wn

14: end if

15: end for

16: end function

Figure 1.3. Adaptive Resampling Particle Filter.

algorithm. A generic particle filter algorithm for HMMs involves :

(i) Sampling from a sequence of proposal distributions {Qn(·|ξ0:n−1)}n≥0 which dom-

inate f(ξn−1, ·), here we suppress the dependence on y = (y1, y2, . . . ) since it is

fixed,

(ii) Weighting these samples as in importance sampling, but recursively at each time

step,

(iii) Resampling according to these weights.

Pseudocode for this procedure is given in Figure 1.4.. Resampling is performed via a

generic procedure that takes a particle-weight set ξn, wn and returns another particle-

weight set ξ̂n, ŵn, where for each i = 1, . . . , N we have ξ̂in = ξjn for some j = 1, . . . , N .

To illustrate the key ideas, we will focus on the relatively simple and popular bootstrap
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filter, in which sampling distributions areQ0(dx0) = µ(dx0) andQn(dxn|x1:n−1, y1:n−1) =

f(xn−1, dxn), n ≥ 1 and its adaptive version. Again, to emphasize the contrast we

enclose readily parallel parts of the algorithms in for each blocks while we enclose

sequential parts into for blocks, following the exposition in [42].

1: function GenericParticleFilter

2: for n = 0, . . . do

3: for each i ∈ {1, . . . , N} do

4: ξin ∼ Qn(·|ξ̂i0:n−1) //Sample particles

5: win ←
g(yn, ξ

i
n)f(ξin, ξ̂

i
n−1)

Qn(ξin|ξ̂i0:n−1)
ŵin−1 //Compute weights

6: end for

7: (ξ̂n, ŵn)← Resample(ξn, wn, additional parameters) //Resample

8: end for

9: end function

Figure 1.4. Generic Particle Filter.

Implementation of resampling part in parallel computing platforms has been con-

sidered before and there are different approaches to the problem in the literature. One

common approach is to implement existing sequential resampling algorithms in a clever

way [44, 45] or running independent particle filters in parallel and combining their re-

sults [46]. Another line of research focuses on changing the structure of particle filter so

that the resulting algorithm is more prone to parallel implementation [47–49]. These

works exclusively consider the implementation of particle filters on distributed archi-

tectures. Recent works on parallelization of resampling algorithms include the idea of

constraining the interaction between particles when resampling [43], partitioning the

particle set into blocks that interact with each other [50] and using Metropolis-Hastings

or rejection sampling instead of standard resampling methods [42]. The authors of [42]

particularly focus on the GPU implementations of the resampling algorithms and pro-

vide upto 30 times speed-up over serial implementations of the same algorithms on

CPUs. In this thesis, we exclusively consider the augmented resampling scheme pre-

sented recently in [51,52]. Different aspects of the augmented resampling resembles the

αSMC framework of [43] and particle island model of [50] but similarities are superficial.
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An important factor on the efficiency of parallel programs is the communication

patterns of the computational units. Specifically, in a particle filter implementation,

particles interact with each other via the communication between the computational

units on which they are implemented. Since particles interact with each other at the re-

sampling part, the communication overhead becomes the bottleneck in the resampling

part. The pattern of interactions between particles, which is also closely related to the

conditional independence structure of the random variables involved in the resampling,

will be called interaction structure of the resampling algorithm. Efficient implementa-

tions of the particle filters on parallel platforms necessitate the interaction structure of

the resampling mechanism to be mapped properly to the underlying communication

structure of the parallel platform.

The main feature of augmented resampling is that it allows us to develop new

resampling mechanisms respecting the communication structures of different parallel

computing platforms. In the case of GPUs for example, this communication structure

manifests itself in the access patterns to the global memory or via the barrier syn-

chronization of threads and these features impose a local structure of threads. Within

augmented resampling framework, we investigate the butterfly resampling algorithm

that can be mapped to the local structure of the GPU architecture better than the

standard resampling algorithms in the literature. Roughly speaking, butterfly resam-

pling distributes the dense interaction structure of multinomial resampling into stages

of sparse interaction structure by incrementing the overall interaction at each stage.

A dense interaction structure is characterized by the heavy communication traffic be-

tween the computation units and in general it is this communication traffic that hinders

the parallelization of serial algorithms.

Sparse interactions amongst particles in the butterfly resampling facilitate more

parallelizable particle filter algorithms. The price to pay for this sparse interaction

structure shows up in the scaling factor or in the variance of asymptotic approxi-

mation errors. The scaling factor of the asymptotic errors of the particle filter that

implements standard multinomial resampling is
√
N where N is the number of par-

ticles, i.e. the distribution of approximation errors multiplied by
√
N converges to a



13

normal distribution as it would if i.i.d. samples were used. A special case of butterfly

resampling algorithm parameterized by a natural number r ≥ 2, which we call radix-r

butterfly resampling, exhibits exotic scaling behaviour with scaling factor
√
N/ logrN .

This is the cost of keeping the degree of interaction at a fixed level while increasing

the number of particles N . Another special case of butterfly resampling, again param-

eterized by a natural number r ≥ 2, which we call mixed radix-r butterfly resampling,

retains the usual scaling factor
√
N but with a greater asymptotic variance than that

of the standard multinomial resampling. We give the convergence results and central

limit theorems for approximation errors in this thesis. Proofs of these results require

somewhat more involved techniques than standard machinery used in the analysis of

particle filter algorithms and they are given in [51].

1.3. Generic Resampling Algorithm and Interaction Structure

In this section we describe the general form of resampling algorithms and present

the concept of interaction structure of a resampling algorithm, throught the thesis we

will present the resampling algorithms within this general form. A generic resampling

algorithm takes as input a set of input particles ξin = (ξjin)Nj=1 and their associated

weights win = (wjin)Nj=1 and returns a new random set of particles ξout = (ξjout)
N ′
j=1 such

that for each i ∈ {1, . . . , N ′} we have ξiout = ξjin for some j ∈ {1, . . . , N} and their

non-random weights wout = (wjout)
N ′
j=1 are chosen such that for any test function ϕ we

have the relation

E

(
N ′∑
i=1

wiout∑
j w

j
out

ϕ(ξiout)

)
=

N∑
i=1

wiin∑
j w

j
in

ϕ(ξiin). (1.12)

The last equality ensures that, on average, estimates made by resampled particles

match the estimates made by input particles, a property which is needed in order to

get theoretically justified instances of particle filter algorithms. Note that number of

input particles N and output particles N ′ need not be the same. However we consider

particle filtering algorithms where number of particles is kept fixed at every step, so

we will assume N = N ′ throughout the rest of the thesis.
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The specification of a resampling algorithm involves choosing a scheme in which

the correspondence between input and output particles is given. This correspondence is

identified by a random vector of ancestors a = (ai)Ni=1 ∈ {1, . . . , N}N such that ξiout =

ξa
i

in . Furthermore, conditional independence structure of this scheme can be depicted

by a probabilistic graphical model [53], specifically by a directed bipartite graph where

one partite set corresponds to the input particle and other partite set corresponds to

the output particles. We call this graph the interaction structure of the resampling

algorithm. Since conditional distributions of output particles given input particles are

discrete distributions with finite supports, they are completely characterized by nonzero

probabilities and in the interaction structure of the resampling algorithm, there is an

edge from the input particle ξjin to the output particle ξiout if and only if P(ai = j) 6= 0.

We will call an interaction structure where the underlying undirected graph is a

complete bipartite graph a full interaction structure, since all input variables interact

with all output variables. Standard multinomial resampling algorithm, of which we

investigate the parallel implementation in Section 2.1, exhibits a full interaction struc-

ture. On the other hand, we will call an interaction structure where the underlying

undirected graph is not a complete bipartite graph a constrained interaction structure,

see Figure 1.5. A particularly useful class of constrained interaction structures are

the ones with underlying graphs having more than one connected component. This

kind of constrained interaction structure allows different connected components to be

processed in parallel without communication. However, constraining the interaction of

resampling mechanism, decreases the quality of the sample as measured by ESS defined

in Equation 1.11. We review the idea of resampling under constrained interactions in

Chapter 3.

The interaction structure of resampling algorithm is closely related to the com-

munication patterns imposed on the computation units on which the algorithm is

implemented. Suppose for example, in a parallel processing system each processor is

assigned to resample one output particle. If the resampling algorithm has a full interac-

tion structure, then each processor might need to access any memory location amongst

the ones keeping the input particles. In a setting where memory accesses can be pro-
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hibitively expensive, as in global memory accesses in GPUs, this kind of interaction

structure cannot be efficiently implemented. By contrast, if the resampling algorithm

has a constrained interaction structure, then each processor will need to access only a

fraction of memory locations. This kind of interaction allows us, for example, to utilize

much faster shared memory in GPUs.

To better understand the relation of interaction structure of a resampling algo-

rithm to the communication structure of computational units, we consider a hypotheti-

cal situation in which we have a 1-D mesh architecture. 1-D mesh is a distributed com-

puter architecture where we have a one dimensional array of processors such that each

processor can communicate directly with only two neighbouring processors [26, Chap-

ter 7]. Suppose that each processor accomodates one particle and resampling of each

particle will be carried out in one processor. In this case, an interaction structure as

in Figure 1.5. would be implemented easily, because when resampling, a processor

will need information only from the neighbouring processors which it can get by direct

communication. If there had been an edge from ξ1in to ξ3out for example, processors 1

and 3 would have to communicate through processor 2, a situation we find undesirable

in terms of communication efficiency.

ξ1
in ξ2

in ξ3
in ξ4

in ξ5
in ξ6

in ξ7
in ξ8

in

ξ1
out ξ2

out ξ3
out ξ4

out ξ5
out ξ6

out ξ7
out ξ8

out

Figure 1.5. An example of a constrained interaction structure.

The main idea of augmented resampling scheme is to enrich the interaction struc-

ture of a resampling algorithm by augmenting layers of auxiliary random variables

between input and output variables. Although this can remove the conditional inde-

pendence of output variables given input variables, it can be used to make the flow

of information from input variables to output variables more suitable to parallel im-
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plementation via layers of constrained interactions while preventing detrimental effects

of constrained interactions on ESS. The butterfly resampling algorithm in which the

interaction structures between pairs of consecutive layers are characterized by modular

congruence relations is proposed within this framework. We present the augmented

resampling framework in Section 3.1 and butterfly resampling algorithm in Section 3.2.

Computational burden of resampling operation can be alleviated by performing

it only occasionally, whenever the quality of the particle-weight set, measured by ESS,

falls below a prespecified threshold [12]. Authors of [43] generalize this idea by adap-

tively choosing the interaction structure, hence adjusting the computational cost of

resampling, according to ESS. We review the idea of choosing interaction structure

adaptively in Chapter 3 along with the idea of resampling under constrained interac-

tion. The same recipe can also be applied within the framework of butterfly resampling

and we present the resulting adaptive butterfly resampling algorithm in Section 3.3.

1.4. Modern GPU Architectures

In this section we give a brief description of moden GPU architecture and give

the details on how this architecture affects our implementation details. We follow

the exposition of [34] to identify the limitations and rules-of-thumb to design efficient

programs that run on GPUs.

Modern GPU architectures adopt the many-thread paradigm in contrast to multi-

core architectures of CPUs. While CPUs are specialized in task parallelism with their

multiple processor cores, typically 2-8 cores, that have complex control units, GPUs

can accomodate hundreds or thousands of parallel threads that implement simpler

instruction sets to provide massive data parallelism (Figure 1.6.). With their massive

number of processors, GPUs can yield a tremendous computational horsepower (Figure

1.7.a) and to feed their massively parallel pipelines with poor flow and memory control

units they need very high bandwidth for memory transactions (Figure 1.7.b) [54].

Two major platforms for programming modern GPUs are NVIDIA’s CUDA plat-
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Figure 1.6. CPU architecture vs GPU architecture1.

form and Khronos Group’s OpenCL platform. CUDA programming model is supported

by current NVIDIA GPUs. OpenCL, which is jointly developed by major companies

in industry including Apple, NVIDIA, AMD etc., targets cross-platform parallel pro-

gramming and supported by GPUs from different vendors as well as some multicore

CPUs or even FPGAs.They both rely on language extensions and runtime APIs [34].

Since, CUDA programming model specifically designed for NVIDIA GPUs and does

not target portability as OpenCL, it is easier to learn and write programs in CUDA

platform. For this reason, in this thesis, we implement our programs on NVIDIA GPUs

using CUDA platform. However, both programming models use very similar language

constructs and abstractions [34] and our codes can be adapted to OpenCL platform

with little effort.

CUDA programming model implements the single instruction multiple threads

(SIMT) model, which is similar to single instruction multiple data (SIMD) model, and

has a hierarchical abstract structure on threads provided by thread blocks, barrier

synchronizations and shared memory. This hierarchical abstract sructure on threads

leads to the partition of problem at hand into coarse subproblems that can be solved in

parallel by different thread blocks and then to the partition of these subproblems into

finer subproblems that can be solved cooperatively within thread blocks [31]. Each

thread block can consist of a maximum of 1024 threads in current specification and

1image taken from http://docs.nvidia.com/cuda/cuda-c-programming-guide/index.html

http://docs.nvidia.com/cuda/cuda-c-programming-guide/index.html
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(a) Floating point operations per second.
(b) Memory bandwidth.

Figure 1.7. Floating point operations performance and memory bandwidth compar-

isons of CPUs vs GPUs2.

thread blocks come together to form the grid. Threads and blocks are indexed by

built-in variables and they are mapped to hardware components by CUDA runtime

system [54]. Threads in the same block can access a shared memory block which

is allocated to just one thread block and they can be synchronized by barriers, while

threads from different blocks cannot access their respective shared memories and cannot

synchronize with each other. Apart from the shared memory, there is also a global

memory that can be accessed by all threads, but global memory accesses are much

more slower. These constraints impose a local communication structure on threads,

which can be represented by a picture as in Figure 1.8. When developing parallel

CUDA programs, we should design communication patterns of our algorithms to fit

into this local communication structure of CUDA architecture.

A typical CUDA program includes some code that runs on CPU, which is termed

host, and code that runs on GPU, which is termed device. Piece of code that runs

on device is called a kernel and kernels are launched by host with a thread-thread

block-shared memory configuration specified by the programmer. Each kernel launch,

in addition to the usual parameters of functions, involves the specification of number of

threads per each block, number of thread blocks and optionally the amount of shared

2image taken from http://docs.nvidia.com/cuda/cuda-c-programming-guide/index.html

http://docs.nvidia.com/cuda/cuda-c-programming-guide/index.html
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Figure 1.8. Organization of threads and memory in GPU.

memory to be allocated to each thread block. The device has a dedicated memory

like the usual RAM, which is called global memory and allocation and deallocation

of global memory and memory transfers between global memory and host memory or

global memories of two devices are performed via special API calls by the host, within

a kernel available operations on global memory are limited only to read and write

operations.

Other than the local communication structure imposed by thread blocks and

shared memory, efficiency of CUDA programs also rely heavily on the structure of

control statements, like if. . . else, while statements etc., in our programs and global

memory access patterns of threads. These limitations mainly stem from the physical

implementation of SIMT model on the hardware. In CUDA each thread block assigned

to a streaming multiprocessor (SM), blocks can not be divided to multiple SMs, but

one SM can accomodate more than one thread block. The maximum number of thread

blocks that can be accomodated by a SM varies according to GPU models and depends

on the number of streaming processors (SP), computation units that share control
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logic and instruction cache, each SM have. Each thread block is further divided into

warps, basic unit of computation in the hardware level. Within a warp, all threads

must execute the same instruction with different data simultaneously. When a branch

instruction is performed, threads taking different branches cannot execute the same

instruction, this causes to some of the threads in a warp to be idle and hence slow

down the execution. This undesirable situation is called thread divergence and should

be avoided as much as possible by carefully working on thread indices active on a

branch.

Another consideration is the global memory access patterns of the program. This

is again related to the hardware implementation of the SIMT model. The global

memory is implemented on dynamic random access memory (DRAM) which in general

has poor latency and to compensate this poor latency very high bandwidth hardware is

employed. Efficient utilization of high bandwidth is achieved by fulfilling the memory

access requests in bulks, whenever the content of a memory location is requested, a

block of consecutive memory locations is accessed. This favors the memory access

patterns in which consecutive threads request consecutive memory locations, this type

of memory access pattern is called coalesced access. In contrast, the memory access

patterns in which consecutive threads request random memory locations will hamper

the parallelization by poor utilization of the high bandwidth. Since shared memory

has better latency compared to global memory, we do not encounter these kind of

problems when using shared memory. For this reason, when working on a program

in which we need to access memory frequently, we prefer to move the data to shared

memory, work on shared memory and move the result back to global memory, whenever

this is possible.

To sum up, when developing parallel programs to run on GPUs, we pay atten-

tion to above three considerations. First and foremost, in order to fit our algorithm

into local structure of GPU architecture imposed by thread block structure, barrier

synchronization and shared memory constraint, we should divide our problem into

subproblems that can be solved in parallel by thread blocks. These subproblems are

further divided into smaller subproblems that can be solved cooperatively by threads
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within a thread block. Secondly, for efficient use of massively parallel architecture of

GPU, we should refrain from thread divergence by mapping our subproblems carefully

to the threads having correct indices. We pay attention to this point especially in

computation of cumulative sums, where we use scan algorithm [55]. Lastly, for efficient

use of high memory bandwidth of GPU, we should employ coalesced global memory

accesses as much as possible. In addition to coalesced global memory accesses, when-

ever possible we will move the data to shared memory from global memory, process it

in the shared memory and copy back to global memory when we are done. We keep in

mind that there are numerous factors affecting the performance of GPU programs but

we design our algorithms with regard to these three considerations especially.

1.5. Our Contributions

In this thesis, our main contribution is to investigate the GPU implementations

of classical resampling algorithms traditionally developed for serial computation and

butterfly resampling scheme which is developed to work on a parallel platform with

constrained communication structure. A key factor for performance of resampling

algorithms in a GPU implementation context is the conditional independence structure

of the particles involved, which we formalize as interaction structure of the resampling

algorithm. In order for a resampling algorithm to perform well on GPUs, its interaction

structure should be mapped to the abstract architecture implied by the communication

contraints posed by hardware implementation and programming model of the GPU.

Apart from the performance consideration, this interaction structure directly influence

the statistical efficiency of the resampling algorithm through variance of asymptotic

error fluctuations.

Here, we present classical resampling algorithms in a parallel computation context

and discuss their interaction structures. Then we present resampling algorithms with

constrained interaction structures and the augmented resampling framework which en-

ables development of resampling algorithms with more parallelizable interaction struc-

tures. As an application of augmented resampling framework we present butterfly re-

sampling scheme which can be applied to classical resampling algorithms to generalize
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them and focus our attention on its GPU implementation. The key feature of butterfly

resampling algorithm is that its sparse interaction structure can be mapped to parallel

architectures to facilitate more parallelizable particle filter algorithms. The pay-off of

this more parallelizable interaction structure shows up in the asymptotic variance of

the error fluctuations. We present central limit theorems for two special cases of but-

terfly resampling taken from [51], one which exhibits exotic scaling behaviour with a

scaling factor of
√
N/ logN as opposed to

√
N scaling factor of standard multinomial

resampling algorithm and other one retains
√
N scaling factor of standard multinomial

resampling although with a greater asymptotic variance, where N is the number of

particles.

We carry out simulations to verify the theoretical results on butterfly resampling,

obtain practical guidelines for implementation of butterfly resampling and compare its

performance to classical resampling algorithms on GPUs. In these simulation we see

that the scaling factor suggested by the theory is verified by results. We use the prac-

tical guidelines we obtained from our simulations to efficiently implement our tests for

comparisons with classical resampling algorithms. We compare our algorithms first in

the context of single step of resampling isolated from a particle filter algorithm, then

in the context of two practical implementations of particle filters: bootstrap particle

filter and adaptive resampling particle filter. Our results suggest that butterfly resam-

pling scheme can provide speed-up over standard multinomial resampling algorithm,

especially in the context of adaptive resampling particle filters. On the other hand, we

do not see a noticeable improvement over standard systematic resampling algorithm,

which is better in terms of both speed and Monte Carlo error compared to standard

multinomial resampling.

We base our observations with asymptotic analysis of time costs of our imple-

mentations of resampling algorithms. As a main contribution, we carry out asymptotic

time cost analysis for GPU implementations of classical resampling algorithms and their

butterfly counterparts for the first time. Our analysis suggests prefix sum computa-

tions for all algorithms have O(tS log2N + tK logRN) time and sampling part of that

standard multinomial resampling has O(tG log2N+tK) time cost in comparison to but-
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terfly multinomial resampling algorithm’s O(tS log2N + tK logRN) time cost, where

tG, tK , tS and R are constant terms depending on the hardware specifications of the

GPU at hand. Typically we have tG much greater than tS and R is much greater than

2, so performance improvement of standard multinomial resampling can be achieved

in some cases, since logRN term grows much slower than log2N term. On the other

hand, sampling part of standard systematic resampling has O(ctG + tK) time cost,

where c is a constant term depending on the model, while sampling part of butterfly

systematic resampling has O(c′tS + tK logRN), where c′ is another constant depending

on the model and parameterization of the resampling algorithm. So, the computation

time cost of butterfly systematic resampling is dominated by logRN term and this

accounts for the speed advantage of standard systematic resampling algorithm over

butterfly systematic resampling algorithm.

1.6. Organization of the Thesis

In Chapter 2, we review the classical resampling algorithms: multinomial resam-

pling in Section 2.1, stratified resampling in Section 2.2 and systematic resampling in

Section 2.3. We consider these algorithms in a parallel computation context, more

specifically we consider their GPU implementations and present their implementations

on GPUs. We investigate their interaction structures and discuss their suitability to

parallel implementation basing our claims on their interaction structures and communi-

cation structure of GPU architectures. We provide asymptotic analysis of time cost for

each resampling algorithm. We also give a result on convergence and asymptotic error

fluctations for the particle filter that employs multinomial resampling algorithm. This

results serves as a base point to which we compare butterfly resampling algorithms.

In Section 2.4, we describe two recently proposed resampling algorithms specifically

designed for GPU implementation: Metropolis resampling and rejection resampling

algorithms and discuss their advantages and disadvantages.

In Chapter 3, first we review the idea of resampling under constrained interac-

tions and present the resampling scheme of αSMC method given in [43]. In Section 3.1,

we present the augmented resampling framework recently proposed in [51] in which in-



24

teraction structure of the resampling is parameterized by a family of matrices and its

background theory. We give unbiasedness property and moment bounds for the in-

stance of augmented resampling framework that considers factorizations of the matrix

1N where 1ijN = 1/N for all i, j = 1, . . . , N . As an instance of augmented resampling

framework, in Section 3.2, we present butterfly resampling algorithm which uses modu-

lar congruence relations characterized by a certain form of matrix families to construct

sparse interaction structures more prone to parallel implementation. We give GPU im-

plementation of butterfly resampling algorithm which generalize classical resampling

algorithms, discuss its interaction structure and provide asymptotic analysis of its time

cost. For two special cases of butterfly resampling algorithm, fixed radix-r and mixed

radix butterfly resampling algorithms, we give the results on convergence and variance

of the asymptotic error fluctuations of the particle filters that employ these algorithms.

In Section 3.3, we propose a practical extension to butterfly resampling algorithm based

on the idea of adaptive resampling mechanism.

In Chapter 4, we present and discuss our experimental results. In Section 4.1,

first we describe the setting in which we evaluate the performance of resampling algo-

rithms. In Section 4.1.2, we verify the theoretical results on the variance of butterfly

resampling algorithms by simulation. In Section 4.1.3, we run simulations to obtain

practical guidelines for the parameterization of butterfly resampling algorithm. We use

these practical guidelines in our implementations of butterfly resampling algorithms in

the rest of the experiments. In Section 4.1.4, we compare the performance of GPU

implementations of single steps of butterfly resampling algorithm and standard multi-

nomial resampling algorithm in isolation from a particle filter context. In Section 4.2,

we compare the performance of GPU implementations of butterfly resampling and

multinomial resampling algorithms within two different particle filtering scenarios: in

Section 4.2.2 we compare resampling algorithms in bootstrap particle filter scenario

where resampling is performed at each stage until the weights become uniform and in

Section 4.2.3 in adaptive resampling particle filter scenario where resampling is per-

formed until a certain ESS threshold is exceeded. Finally in Section 4.3, we compare

performance of resampling algorithms in a practical context. We perform SMCEM

algorithm described in [56] to estimate parameters of a stochastic volatility model with
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particle filter implementations employing butterfly resampling algorithm and multino-

mial resampling algorithm.

In Chapter 5 we present our conclusions and possible directions for future work. In

Appendix A, we present the implementation details of performance critical parts of the

algorithms. In Section A.1, we give the implementation details of scan algorithm which

is used for prefix sum computation and essential for all of the resampling algorithms

we discussed and present the code for its GPU implementation. In Section A.2, we

discuss the efficient implementation of butterfly resampling algorithm on GPUs. We

present strategies for reducing the cost of prefix sum computation, using simple bit

manipulations for fast computation of mapping between threads and particles and

using tiling method for coalescing the global memory accesses and give GPU code for

implementations of these strategies. Finally in Section A.3, we discuss the issue of

movement of particles in global memory after resampling. We focus on two strategies:

double buffer strategy and in-place propagation of particle and present GPU code of

their implementations.
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2. PARALLELIZATION OF CLASSICAL RESAMPLING

ALGORITHMS

The first instance of bootstrap particle filter [10] implements the multinomial

resampling algorithm, which is basically sampling with replacement with probabilities

proportional to the weights. However, there are other approaches some of which are

more superior to the multinomial resampling in terms of Monte Carlo variance and

computation cost. In this thesis, we consider two other classical resampling algorithms:

stratified resampling and systematic resampling. We present all algorithms in a parallel

computation context, more specifically, we focus on their implementations on GPUs.

We also give a simple analysis of their computation time on GPUs, in our analysis we

assume that we have N threads that can run in parallel when we have N particles. In

the following three sections, we give the descriptions of classical resampling algorithms,

then we give the results of our simple computational cost analysis and remark on

their interaction structures. We also give a theorem without proof on the convergence

properties of particle filter that use multinomial resampling algorithm.

For a survey of classical resampling algorithms in a serial computation context

see for example [57, 58]. A recent work [42], presents an extensive account on GPU

implementations of classical resampling algorithms and proposes two new algorithms

that are specifically designed for implementation on GPUs: Metropolis resampling and

rejection resampling. We present these algorithms here as well, but our reference point

will be the classical resampling algorithms, since the results on classical algorithms are

more established. In our presentation of GPU implementations of resampling algo-

rithms, we follow the style adopted in [42].

2.1. Multinomial Resampling

A widely used algorithm for resampling is multinomial resampling in which an-

cestors a = (ai)Ni=1 are independently sampled from a categorical distribution with
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support {1, . . . , N} and corresponding probabilities given by the normalized weights

(pk = wk/
∑N

i=1w
i)Nk=1. In order to satisfy Equation 1.12, output weights of multino-

mial resampling algorithm are all set to wiout = WN/N = 1
N

∑N
j=1w

j
in, i = 1, . . . , N .

Since each output particle can have any of the input particles as its ancestor, the condi-

tional independence structure for multinomial resampling can be characterized by the

complete bipartite directed graph in Figure 2.1. and main challenges in parallelizing

multinomial resampling manifest themselves in the dense structure of this graph.

ζ1
in ζ2

in ζ3
in ζ4

in ζ5
in ζ6

in ζ7
in ζ8

in

ζ1
out ζ2

out ζ3
out ζ4

out ζ5
out ζ6

out ζ7
out ζ8

out

Figure 2.1. Full interaction structure of standard multinomial resampling.

The standard approach for sampling from a categorical distribution with cumu-

lative weights W = (W k =
∑k

i=1w
i)Nk=1 is inversion sampling [59]. This subroutine

will be used in other resampling algorithms too and is given in Figure 2.3. GPU imple-

mentation of multinomial resampling involves computation of the cumulative weights

vector W and subsequent parallel calls to the inversion sampling subroutine that takes

the cumulative weight vector as input. The pseudocode code for this method, called

MultinomialResample, is shown in Figure 2.2.

In Figure 2.2., we fully parallelize calls to inversion sampling, since each ancestor

is sampled independently. However, there are three key obstacles for scaling up this

method for very large N , mainly caused by the complete bipartite interaction structure

imposed by multinomial resampling:

(i) We need to compute prefix sum over whole weight array, which necessitates barrier

synchronization of all threads. However this is not possible when working on

arrays whose number of elements is greater than the maximum number of threads
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per block, so we need multiple kernel calls to perform this prefix sum.

(ii) We need to perform N binary search operations over whole cumulative weight

array which does not fit to the shared memory in general. The unavoidable

random moves of binary search cause both thread divergence and heavy traffic

on global memory,

(iii) We need to use a double buffer strategy for the propagation of particles. When

updating particles after resampling step, in order to copy particles in place we

have to synchronize all threads, which necessitates barrier synchronization of all

threads. Since this is not possible on GPUs we have to use different arrays for

input and output particles.

1: function MultinomialResample(win, xin)

2: W ← PrefixSum(win)

3: for each i ∈ {1, . . . , N} do

4: ji ← InversionSampling(W, {1, . . . , N}) //Sample ancestors

5: xiout = xj
i

in and wiout ←
∑N

j=1w
j
in

N
//Update particles and weights

6: end for

7: return wout, xout

8: end function

Figure 2.2. GPU Implementation of Multinomial Resampling.

1: function InversionSampling(W = {W 1, . . . ,WN}, S = {S1, . . . , SN})

2: u ∼ U [0,WN) //Sample uniformly on [0,WN)

3: j ← LowerBound(u,W ) //Locate the sampled index in [N ]

4: return Sj //Return the sampled state

5: end function

6: LowerBound(u,W ) returns argmini∈[N ]{u < W i} //Binary search within

W

Figure 2.3. Inversion Sampling.

The GPU implementation of Figure 2.2. involves several kernel calls: one kernel

call for the sampling part, dlogrmax
Ne kernel calls for prefix sum, where rmax is the

maximum number of threads per block, and one for update part. A simple analysis
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of Figure 2.2. shows that it takes O(logN) time to perform multinomial resampling

on GPU. However, to compare it with butterfly resampling algorithms we carry out

a more detailed analysis. Let tG be the average time cost of random global mem-

ory accesses, tS be the average time cost of random shared memory access, we make

this distinction since global memory accesses are substantially more expensive than

shared memory accesses, and let tK be the average time cost of kernel launch of the

sampling part. Then it takes O(tG log2N + tK) time to perform sampling part of the

multinomial resampling on GPU, where tG log2N term comes from the binary search

carried out in LowerBound function. Here, we take the terms involving kernel call

times, and global memory access times since butterfly resampling algorithms differ from

standard multinomial resampling algorithm in these aspects. On the other hand, Pre-

fixSum function takes O(tS log2N + tK logrmax
N) time, where tS log2N term comes

from the scan algorithm [55] which is a standard procedure for computing prefix sums

on parallel architectures. We present the implementation details of scan algorithm in

Appendix A.1.

Straightforward implementation of multinomial resampling algorithm most natu-

rally delivers an ancestors vector a = (a1, . . . , aN). Then the particles can be updated

by the formula xiout = xa
i

in . In order to perform in place propagation of particles, first

we need to copy ancestor input particle into a local buffer, synchronize all threads then

copy the content of local buffer into memory location for particle associated to the

thread. Synchronization is imperative in order to avoid a race condition in a parallel

architecture: a memory location that will be read by a thread should not be written

by another thread before the read operation by the former thread. However, barrier

synchronization of all threads is not possible in CUDA architecture. To avoid race con-

dition we have to either ensure that ancestor vector will not lead to a race condition

or use a double buffer strategy. If the ancestor vector satisfies the condition that for

all i = 1, . . . , N if aj = i for some j we should also have ai = i, then this ancestor

vector permits the particles to be propagated without race condition, hence does not

necessitate synchronization. Since multinomial resampling is not guaranteed to deliver

such an ancestor vector, the resulting ancestor vector should be permuted to satisfy

this condition. This permutation can be performed in parallel [42], yet it charges an
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additional computational cost. These considerations on propagation of particles, ap-

ply in the same way to stratified and systematic resampling algorithms as well. In

our particle filter implementations with butterfly resampling, we use a double buffer

strategy in which one array keeps the input particles and other one keeps the output

particles. We give the implementation details regarding the propagation of particles in

Appendix A.3.

Although full interaction structure of multinomial resampling complicates the

parallelization of resampling part, its independence structure, namely the property

that P(ai1 = j1, a
i2 = j2) = P(ai1 = j1)P(ai2 = j2), leads to the

√
N scaling of

asymptotic error fluctuations of estimators obtained from particle filter. This is the

same scaling behaviour as we would get from i.i.d. samples from the distribution of

interest. Considering the empirical measures πNn and π̂Nn defined in equations 1.5,1.7

and associated estimators defined in equations 1.8,1.9, we have the following theorem

given in [51]:

Theorem 2.1. For any n ≥ 0 and bounded measurable function ϕ : X→ R, define

σ2
0(ϕ) :=π0((ϕ− π0(ϕ))2),

σ2
n(ϕ) :=σ̂2

n−1(f(ϕ)) + π̂n−1(f((ϕ− f(ϕ))2)), n ≥ 1,

σ̂n(ϕ) :=π̂n((ϕ− π̂n(ϕ))2) + πn(gn)−2σ2
n(gn(ϕ− π̂(ϕ))), n ≥ 0,

where f(ϕ)(x) =
∫
ϕ(x′)f(x, dx′) and assume these quantities are strictly positive.

Then, for output empirical measures of particle filter with multinomial resampling we

have as N → ∞

πNn (ϕ)− πn(ϕ)
a.s.−−→ 0,

√
N(πNn (ϕ)− πn(ϕ))

dist−−→ N (0, σ2
n(ϕ)), (2.1)

π̂Nn (ϕ)− π̂n(ϕ)
a.s.−−→ 0,

√
N(π̂Nn (ϕ)− π̂n(ϕ))

dist−−→ N (0, σ̂2
n(ϕ)). (2.2)

This theorem will serve as a reference to which we will compare the convergence

results of butterfly resampling algorithms. It can be proved by direct applications of
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results of e.g. [19] to the empirical distributions that we are interested in.

2.2. Stratified Resampling

Stratified resampling is first proposed in [60] and is used to reduce the Monte

Carlo variance associated to the multinomial resampling. It is based on the ideas used

in survey sampling and consists in pre-partitioning the interval [0,WN) into N disjoint

intervals with equal lengths [0,WN/N), [WN/N, 2WN/N), . . . , [(N − 1)WN/N,WN)

[57]. Then we sample N numbers, ui from each of the interval [(i− 1)WN/N, iWN/N)

for all i = 1, . . . , N uniformly and independently. Finally, we use these random numbers

to generate our ancestors, such that

ai = j if ui ∈ [W j−1,W j).

Note that, according to this definition, permutations of the input particles and weights

will produce a different distribution. When [kWN/N, (k+1)WN/N) ⊂ [W j−1,W j) for

some j, k ∈ {1, . . . , N}, then with probability 1 we will have ak = j. This property

makes assures that particles with large weights will be resampled and decrease the

variance of the resampling process defined as:

Var

(
1

N

N∑
i=1

ϕ(xiout)

∣∣∣∣∣xin
)

= E

( 1

N

N∑
i=1

ϕ(xiout)−
N∑
i=1

wiin∑
j w

j
in

ϕ(xiin)

)2
∣∣∣∣∣∣xin
 . (2.3)

It can be shown that the variance of the stratified resampling is always less than the

variance of multinomial resampling [57].

Stratified resampling algorithm more naturally delivers the cumulative offsprings

vector O = (Oi :=
∑N

j=1 I(aj ≤ i))Ni=1 where I(A) denotes the indicator function of

the event A and does not necessitate a binary search within cumulative weights vector

W [42]. The cumulative offspring Oi keeps the total number of offspring of input

particles with index less than or equal to i. This simplifies the parallelization procedure

of stratified resampling algorithm by removing the cost associated to the binary search.
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However, it necessitates an extra step for the conversion of cumulative offspring vector

to ancestors vector. Pseudocode for the GPU implementation of stratified resampling

is given in Figure 2.4..

1: function StratifiedResample(win, xin)

2: W ← PrefixSum(win)

3: for each i ∈ {1, . . . , N} do

4: ri ← NW i

WN

5: ki ← min(N, bric+ 1)

6: ui ∼ U [0, 1)

7: Oi ← min(N, bri + uk
ic) and wiout ←

∑N
j=1w

j
in

N
8: end for

9: j ← CumulativeOffspringToAncestors(O)

10: for each i ∈ {1, . . . , N} do

11: xiout ← xj
i

in

12: end for

13: return wout, xout

14: end function

Figure 2.4. GPU Implementation of Stratified Resampling.

As in case of multinomial resampling, GPU implementation of Figure 2.4. involves

several kernel calls: one kernel call for the sampling part, dlogrmax
Ne kernel calls for

prefix sum, one for conversion of cumulative offsprings to ancestors and one for update

part. As we pointed out above, sampling kernel does not involve calls to a binary search

procedure. This saves us from a time cost of O(tG logN), so the sampling of cumulative

offspring takes constant time O(tG+ tK). In Figure 2.5., we give the pseudocode of the

GPU implementation of conversion of cumulative offsprings to ancestors. The main

bottleneck of the computation in Figure 2.5. is the for loop in line 9 which takes on

average N
maxi{wi

in}
WN tG time on GPU for a fixed weight vector win and particle number

N . In particle filter implementations we have wiin = g(ξiin) where g is a bounded

function and we have WN

N
→ Z < ∞ for some constant Z. So, after the computation

of cumulative weights vector, it takes O(ctG+ tK) time to produce the ancestors vector
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1: function CumulativeOffspringToAncestors(O)

2: for each i ∈ {1, . . . , N} do

3: if i = 1 then

4: s← 0

5: else

6: s← Oi−1

7: end if

8: oi ← Oi − s //Number of offsprings of ith particle

9: for j = 1, . . . , oi do

10: as+j ← i //Set ancestors to the ith particle

11: end for

12: end for

13: return a

14: end function

Figure 2.5. Conversion of Cumulative Offsprings to Ancestors.

in GPU implementation of stratified resampling algorithm with c = supx g(x)/Z.

The mechanism of stratified resampling impose a full interaction structure on the

particles like multinomial resampling, it does not put restrictions on the ancestoral

relations of the particles and we need to compute the whole cumulative weights vector.

However, conditioned on the input weights win, we no longer have a full interaction

structure, depending on the ordering of the input particles and weights, each output

particle is sampled from a small set of input particles. So, the foremost obstacle in

parallelization of the stratified resampling algorithm is the computation of cumulative

weight array. Another point that would be detrimental to performance is the for loop

in line 9 of Figure 2.4., which causes thread divergence and in case of very unbalanced

weight practically serializes the algorithm.
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2.3. Systematic Resampling

Systematic resampling algorithm, first introduced in [14], further reduces the

randomness by using only one random number and like stratified resampling it is, in

general, used to reduce the Monte Carlo variance associated to the resampling process.

It is the same the as the stratified resampling, except the way uis are generated: in

systematic resampling we sample a random number u ∼ U [0,WN/N) and set ui =

(i− 1)WN/N + u. Then ancestors are generated again by using the following rule:

ai = j if ui ∈ [W j−1,W j).

Since uis are dependent, it is much more complicated to provide an expression for

variance of systematic resampling as defined in Equation 2.3 and although according

to empirical results, in general, it is less than variance of multinomial resampling, it

is possible to construct examples in which variance of systematic resampling is not

only greater than that of multinomial resampling but does not even decrease with

the number of particles, contrary to the other resampling schemes [57]. Despite this,

simulations suggest that variance of systematic resampling is less than all other classical

algorithms in most practical situations.

We give the pseudocode for systematic resampling that takes an additional input

of random offset u in Figure 2.6. Note that its only difference from Figure 2.4. is the

generation of uis performed in line 6. So, it takes O(tG + tK) time to produce the

offspring vector, but since addition operation takes less time than random sampling,

the cost associated to line 6 of Figure 2.6., which shows up in the constant factor,

will be slightly less compared to stratified resampling. Other points in the analysis

of stratified resampling algorithm applies to the systematic resampling in the same

way and we have a total of O(ctG + tK) time cost associated to sampling cumulative

offsprings and producing ancestors from this cumulative offsprings vector. Along with

computational cost analysis, remarks on interaction structure of stratified resampling

algorithm applies to systematic resampling algorithm as well.
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1: function SystematicResample(win, xin, u)

2: W ← PrefixSum(win)

3: for each i ∈ {1, . . . , N} do

4: ri ← NW i

WN

5: ki ← min(N, bric+ 1)

6: ui ← u

7: Oi ← min(N, bri + uk
ic) and wiout ←

∑N
j=1w

j
in

N
8: end for

9: j ← CumulativeOffspringToAncestors(O)

10: for each i ∈ {1, . . . , N} do

11: xiout ← xj
i

in

12: end for

13: return wout, xout

14: end function

Figure 2.6. GPU Implementation of Systematic Resampling.

2.4. Metropolis and Rejection Resampling

In [42] Murray et. al. investigate GPU implementations of classical resampling

algorithms we reviewed in previous sections and propose two new algorithms that are

claimed to better suit to GPU architecture. Metropolis resampling scheme runs an in-

dependent Markov chain of which the stationary distribution is categorical distribution

on {1, . . . , N} with probabilities proportional to the input weights, i.e. the distribution∑N
i=1

wi
in∑

j w
j
in

δi, for each particle and stops all chains after a presribed number of steps

B given as a parameter to the algorithm. The guidelines for choosing the number B

is given in the original paper and involves computation of E(w̄)/wmax where w̄ is the

average weight and wmax is the maximum value that the weight can attain. Closed

form expressions for these terms are not available in general and they can be estimated

from the input weights, hence a preliminary step for estimation of these terms might

be needed.
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The pseudocode for Metropolis resampling is given in Figure 2.7. Note that Figure

2.7. does not involve a prefix sum computation, this reduces the total computation

cost substantially. If we do not need to compute the observation likelihood, Zn, weight

update scheme also can be changed so that the sum of weights need not be computed.

In this case output weights can be set to some constant value like 1 or 1/N . However,

GPU implementation of Metropolis resampling can suffer from completely random

global memory accesses needed in order to compute acceptance ratio at line 7. Another

drawback is that the distribution of resulting ancestors is not the target distribution∑N
i=1

wi
in∑

j w
j
in

δi, since Markov chains have to be stopped at a finite step. This might

complicate the functionality of particle filter, as the theory assumes that the resampling

operation satisfies the unbiasedness property characterized by Equation 1.12.

1: function MetropolisResample(win, xin, B)

2: for each i ∈ {1, . . . , N} do

3: ji ← i

4: for n = 1, . . . , B do

5: u ∼ U([0, 1))

6: k ∼ U({1, . . . , N})

7: if u ≤ wkin/w
ji

in then

8: ji ← k

9: end if

10: end for

11: xiout ← xj
i

in and wiout ←
∑N

j=1w
j
in

N
12: end for

13: return wout, xout

14: end function

Figure 2.7. GPU Implementation of Metropolis Resampling.

The second alternative to the classical resampling algorithms is to use rejection

method [59] to generate the ancestors. Rejection method is based on the idea of

generating uniform samples from the area under the density of the random variable of

interest and then projecting this point to the state space. In order to generate uniform
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samples from the area under density function, first, we generate uniform samples from

a region that contains this area and easy to sample from, then each sample is either

kept, accepted, if it falls into the area under density function or thrown away, rejected,

otherwise.

Pseudocode for rejection resampling is given in Figure 2.8. Like Metropolis re-

sampling, rejection resampling does not necessitate the computation of prefix sum of

weight but needs the value wmax as a parameter. Again, this value can be estimated

from the input weights by a preliminary step if it is not available from the closed form

expressions. On the other hand, rejection resampling does not exhibit the problem-

atic bias property of Metropolis resampling, samples generated by this procedures are

exact samples from the target distribution
∑N

i=1
wi

in∑
j w

j
in

δi. While avoiding prefix sum

computation eliminates its heavy computational burden, variable length while loop

in line 5 of Figure 2.8. causes severe thread divergence and random global memory

accesses needed to compute the acceptance ratio leads to heavy memory traffic.

1: function RejectionResample(win, xin, wmax)

2: for each i ∈ {1, . . . , N} do

3: ji ← i

4: u ∼ U([0, 1))

5: while u > wj
i

in/wmax do

6: ji ∼ U({1, . . . , N})

7: u ∼ U([0, 1))

8: end while

9: xiout ← xj
i

in and wiout ←
∑N

j=1w
j
in

N
10: end for

11: return wout, xout

12: end function

Figure 2.8. GPU Implementation of Rejection Resampling.
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3. PARALLEL RESAMPLING UNDER CONSTRAINED

INTERACTION

In their recent work [43] Whiteley et al. showed that particle filters still work

under constrained interactions amongst particles when resampling, provided that these

constraints satisfy certain conditions and propose αSMC algorithm that makes use of

this property. This algorithm uses a family of stochastic matrices, AN = {αk}k≥0,

called α matrices to parameterize interaction structure of the resampling algorithm.

For a given particle-weight set (ξin, win) of size N , resampling scheme of αSMC

algorithm first specifies the interaction structure by a stochastic matrix α chosen from

the set AN according to some deterministic function of (ξin, win), and then each of

the ancestors a = {ai}Ni=1 are sampled independently from the family of categorical

distributions for which the probabilities are given as P(ai = j) = αijwjin/
∑

k=1 α
ikwkin.

Output weights of this resampling scheme are set by the equation wiout =
∑N

j=1 α
ijwjin,

which satisfies the unbiasedness property given in Equation 1.12.

Three well-known particle filter algorithms, Sequential Importance Sampling (SIS),

BPF and adaptive resampling particle filter (ARPF) algorithms are special cases of

αSMC where corresponding families of α matrices are AN = {IN}, AN = {1N},

AN = {IN ,1N} respectively.

To see the influence of α matrix on the interaction structure of resampling, note

that an α matrix fully characterize the conditional independence structure of input

and output particles : a positive element in the position (i, j) of the α matrix indicates

interaction between ith output particle and jth input particle, while a zero in the

position (i, j) of the α matrix indicates no interaction between ith output particle and

jth input particle. More formally, if αij = 0, then we have P(ξiout|ξin) = P(ξiout|ξ
1:N\j
in ).

This observation points that using sparse α matrices leads to resampling mechanisms

with more parallelizable sparse interaction structures.
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Whiteley et al. show that the control of ESS, which naturally arises in the theoret-

ical analysis of the particle filters, through resampling under constrained interactions

gives rise to a class of particle filter algorithms that can be efficiently implemented

on parallel platforms without compromising its key statistical properties, namely the

convergence and stability.

General form of the resampling part of the αSMC algorithm that controls the

ESS is given in Figure 3.1. Note that, we do not specify the details of how to choose α

matrix from the set AN . A set of different strategies for this are given in the original

paper. Although line 4 of Figure 3.1. suggests that a prefix sum is computed for each

particle, using special forms of α matrices a data reuse approach is employed. For

example, if i1th and i2th rows of α matrix are the same, then associated cumulative

sum need not be computed twice.

1: function αSMCResample(win, xin, AN , τ ∈ [1, N ])

2: Choose αk ∈ AN s.t. EN(αkwin) ≥ τ //Choose interaction structure

ensuring ESS bound

3: for each i ∈ {1, . . . , N} do

4: Wi ← PrefixSum(α
(i,:)
k �wTin) //Compute sampling distribution for ith

particle

5: ji ← InversionSampling(Wi, [N ]) //Sample ancestors independently

6: xiout = xj
i

in and wiout ←
∑N

j=1 α
ij
k w

j
in //Update particles and weights

7: end for

8: return wout, xout

9: end function

Figure 3.1. GPU Implementation of αSMC Resampling.

An example strategy for choosing α matrices, when N = 2m for some m ∈ N,

is setting AN = {αk = I2m−k ⊗ 12k : 0 ≤ k ≤ m}, the set of block diagonal matrices

with 2m−k blocks where each block is in the form of 12k , and choosing αk with smallest

k such that the ESS after resampling using this matrix is above a given threshold.

Note that α0 = IN and αm = 1N , so this is a generalization of adaptive resampling
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strategy of ARPF. This strategy corresponds to pairing up particles to form 2m−1

groups, pairing up those groups to form 2m−2 groups and so on, until resampling under

these groupings produce an ESS value above the given threshold. Here, block diagonal

structure of α matrices removes the interaction between different blocks of particles

and allows different blocks of particles to be resampled in parallel. An example of this

kind of constrained interaction structure is depicted in Figure 3.2. in which we have 2

blocks of 4 particles each.

ζ1
in ζ2

in ζ3
in ζ4

in ζ5
in ζ6

in ζ7
in ζ8

in

ζ1
out ζ2

out ζ3
out ζ4

out ζ5
out ζ6

out ζ7
out ζ8

out

Figure 3.2. Constrained interaction structure of αSMC resampling.

Shortcomings of multinomial resampling applies also to αSMC resampling. Al-

though we need full interaction occasionally, we may still need to implement it on a

platform that allows only limited interactions. This force us to come up with resam-

pling algorithms that can keep the degree of interaction at a certain level regardless of

the number of particles we need. In the next section we present a recently proposed

general framework that enables us to tailor the interaction structure of resampling

algorithms to comply with the limitations imposed by parallel platforms.

3.1. Augmented Resampling

Constrained interaction framework of αSMC is further generalized by considering

certain m-fold factorizations of stochastic matrices. Let α be a stochastic matrix and

(A1, . . . , Am) be a sequence of m stochastic matrices such that
∏m

i=1Ai = α. The

approach of the augmented resampling framework is to augment layers of auxiliary

random variables (ξk)
m
k=0 to the resampling process such that ξ0 = ξin, ξm = ξout and

interaction structure between successive layers are controlled by the matrices (Ak)
m
k=1.
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Pseudocode for augmented resampling is given in Figure 3.3. Note that, with m = 1

and A1 = 1N , augmented resampling algorithm corresponds to standard multinomial

resampling.

1: function AugmentedResample(win, xin, (Ai)
m
i=1)

2: w0 ← win and ξ0 ← xin

3: for k ∈ {1, . . . ,m} do

4: for each i ∈ {1, . . . , N} do

5: Wi ← PrefixSum(A
(i,:)
k � wTk−1) //Compute sampling distribution

6: ji ← InversionSampling(Wi, [N ]) //Sample ancestors

independently

7: ξik = ξj
i

k−1 and wik ←
∑N

j=1A
ij
k w

j
k−1 //Update particles and weights

8: end for

9: end for

10: wout ← wm, xout ← ξm

11: return wout, xout

12: end function

Figure 3.3. GPU Implementation of Augmented Resampling.

A salient feature of augmented resampling is that it can preserve the marginal dis-

tribution of output particles given input particles and maintain the quality of particle-

weight set as measured by ESS while making the resampling mechanism more amenable

to parallel implementation via sparse factorizations of α matrix. More formally, for a

given α such that α =
∏m

k=1Am where (Ak)
m
k=1 is a sequence of stochastic matrices and

an input particle-weight set (win, xin), for the output particle-weight set (wout, xout) of

Figure 3.3., we have

P(xiout = xjin) = αijwj/
∑
k

αikwk and wiout =
∑
k

αikwkin. (3.1)

The first part of Equation 3.1 can be used to obtain lack-of-bias property for the case

α = 1N and second part makes sure that ESS bound maintained by using α matrix

in αSMC resampling is also satisfied in augmented resampling. Equation 3.1 can be
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obtained by repeated applications of following proposition:

Proposition 3.1. Let w0 be a weight set, A,B stochastic matrices, a1 ∈ {1, . . . , N}N

such that

ai1 ∼
N∑
j=1

Aijwj0∑
lA

ilwl0
δj(·) and w1 = AwT0 ,

a2 ∈ {1, . . . , N}N such that

ai2|a1 ∼
N∑
j=1

Bijwj1∑
lB

ilwl1
δaj1

(·) and w2 = BwT1 .

Then we have

P(ai2 = j) = (BA)ijwj0/
∑
k

(BA)ikwk0 and w2 = BAwT0 .

Proof. Writing P(ai2 = j) =
∑

k P{ai2 = ak1}P(ak1 = j) and putting

P(ai2 = ak1) =
Bikwk1∑
lB

ilwl1
, P(ak1 = j) =

Akjwj0∑
lA

klwl0
, wk1 =

∑
l

Aklwl0

and simplifying we get

P(ai2 = j) =
∑
k

BikAkjwj0∑
l

∑
pB

ilAlpwp0
=

(BA)ijwj0∑
p(BA)ipwp0

.

Recall that, in the graph of interaction structure of a resampling algorithm we

identified the edges by non-zero probabilities. Roughly speaking, proposition 3.1 states

that when we stack up the interaction graphs identified by two matrices A and B, paths

from the top row to the bottom row are characterized by non-zero entries of the product

matrix BA. Moreover, this strategy results in the same conditional probabilities on
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each output particle given the input particles as we would get if we had performed

αSMC resampling using BA matrix.

An approach towards the goal of generalizing multinomial resampling algorithm

to get a more parallelizable resampling algorithm is to consider them-fold factorizations

of the matrix 1N into sparse doubly stochastic matrices. Letting 1N =
∏m

k=1Ak where

A1, . . . , Am are doubly stochastic matrices, augmented resampling algorithm has the

lack-of-bias property and moment bound stated in the next theorem taken from [51]:

Theorem 3.2. Consider Figure 3.3., with wiin = g(xiin) where g : X→ R+ is bounded.

Fix m ≥ 1 and suppose that (Ak)
m
k=1 are doubly stochastic matrices and

∏m
k=1Ak = 1N .

Then for any bounded test function ϕ : X→ R, we have

E

(
1

N

N∑
i=1

ϕ(xiout)

∣∣∣∣∣xin
)

=

∑
iw

i
inϕ(xiin)∑
iw

i
in

, (3.2)

and for any p ≥ 1 there exists a finite constant bp, depending only on p, such that no

matter what the distribution of (xiin)Ni=1 is,

E

(∣∣∣∣∣
(

1

N

∑
i

wiin

)(
1

N

∑
i

ϕ(xiout)

)
− 1

N

∑
i

wiinϕ(xiin)

∣∣∣∣∣
p)
≤ bp

(m
N

)p
2
Cp
g,ϕ, (3.3)

where Cg,ϕ = ‖g‖∞ supx,y∈X |ϕ(x)− ϕ(y)|.

Proof of this theorem, along with other results on convergence properties of but-

terfly resampling is presented in [51]. While lack-of-bias property 3.2 follows from the

direct computation of expectation using marginal probabilities given in 3.1, moment

bound in 3.3 can be shown using martingale theory.

As in αSMC resampling, efficiently parallelizable instances of augmented resam-

pling algorithm can be obtained by considering special forms of stochastic matrices to

employ a data reuse approach. In the next section we present the butterfly resampling

algorithm, a special case of augmented resampling algorithm that use a parameter-

ized family of stochastic matrices to induce an interaction structure characterized by
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modular congruence relations on particle indices.

3.2. Butterfly Resampling

Let N = r1r2 . . . rm be a m-fold factorization of N with mink{rk} ≥ 2 and let

Am
N = {A1, . . . , Am} be a family of doubly stochastic matrices that are defined as

follows:

Ak = Irm ⊗ · · · ⊗ Irk+1
⊗ 1rk ⊗ Irk−1

⊗ · · · ⊗ Ir1 = Irk+1...rm ⊗ 1rk ⊗ Ir1...rk−1
. (3.4)

An example class of matrices parameterized in this way with N = 8 and rk = 2 for

k = 1, 2, 3 and their pairwise products are depicted in Figure 3.4. Product of the

matrices in Am
N in any order gives us the matrix 1N . In the following proposition we

give certain useful properties of the family of matrices Am
N :

Proposition 3.3. For the family of matrices Am
N = {A1, . . . , Am} where each Ak,

k = 1, . . . ,m defined as in Equation 3.4 we have the following properties:

(i) For any k = 1, . . . ,m we have A2
k = Ak, i.e. they are idempotent,

(ii) For any k, l = 1, . . . ,m we have AkAl = AlAk, i.e. Am
N is a commutative family

of matrices,

(iii) For any permutation of {1, . . . ,m}, say σ : {1, . . . ,m} → {1, . . . ,m}, we have∏m
k=1Aσ(k) = 1N

Proof. Recall that for any matrices A1, A2, B1, B2 with compatible dimensions, Kro-

necker product satisfies the mixed product property : (A1⊗B1)(A2⊗B2) = (A1A2)⊗

(B1B2). Then by associativity of Kronecker product and matrix product and mixed

product property, for any finite family of matrices {Aij}p,qi,j=1 with compatible dimen-

sions we have

p∏
i=1

(Ai1 ⊗ · · · ⊗ Aiq) = (

p∏
i=1

Ai1)⊗ · · · ⊗ (

p∏
i=1

Aiq). (3.5)
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(i) By definition of Am
N and Equation 3.5 with p = 2, q = m, we have for any

k = 1, . . . ,m

A2
k =(Irm ⊗ · · · ⊗ Irk+1

⊗ 1rk ⊗ Irk−1
⊗ · · · ⊗ Ir1)

× (Irm ⊗ · · · ⊗ Irk+1
⊗ 1rk ⊗ Irk−1

⊗ · · · ⊗ Ir1)

=Irm ⊗ · · · ⊗ Irk+1
⊗ 1rk ⊗ Irk−1

⊗ · · · ⊗ Ir1 = Ak.

(ii) By definition of Am
N and Equation 3.5 with p = 2, q = m, we have for any

1 ≤ k < l ≤ m

AkAl =(Irm ⊗ · · · ⊗ Irk+1
⊗ 1rk ⊗ Irk−1

⊗ · · · ⊗ Ir1)

× (Irm ⊗ · · · ⊗ Irl+1
⊗ 1rl ⊗ Irl−1

⊗ · · · ⊗ Ir1)

=Irm ⊗ · · · ⊗ 1rl ⊗ · · · ⊗ 1rk ⊗ · · · ⊗ Ir1

=(Irm ⊗ · · · ⊗ Irl+1
⊗ 1lk ⊗ Irl−1

⊗ · · · ⊗ Ir1)

× (Irm ⊗ · · · ⊗ Irk+1
⊗ 1rk ⊗ Irk−1

⊗ · · · ⊗ Ir1)

=AlAk

(iii) By definition of Am
N and Equation 3.5 with p = m, q = m, we have for any

permutation σ of {1, . . . ,m}

m∏
k=1

Aσ(k) =
m∏
k=1

(Irm ⊗ · · · ⊗ 1rk ⊗ · · · ⊗ Ir1)

= (1rm

m−1∏
i=1

Irm)⊗ · · · ⊗ (1r1

m−1∏
i=1

Ir1) = 1rm ⊗ · · · ⊗ 1r1 = 1N .

We will refer to the instance of augmented resampling algorithm that uses this

family of matrices Am
N as butterfly resampling algorithm with reference to resemblance

of its interaction structure to the butterfly diagram encountered in Cooley-Tukey al-

gorithm for FFT computation [61] and the sequence of factors r = (r1, . . . , rm) as the
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A1 A2 A3

A1A2 = A2A1 A2A3 = A3A2 A3A1 = A1A3

Figure 3.4. A matrices and their pairwise products for m = 3, r1, r2, r3 = 2, zero

entries are shown in white, nonzero entries are shown in black.

radix sequence with the same reference. The interaction structure of butterfly resam-

pling algorithm parameterized with N = 8, m = 3 and r1, r2, r3 = 2 is depicted in

Figure 3.5.

What Ak matrices do, effectively, is to form N/rk particle blocks of size rk each,

then within each block, a standard multinomial resampling operation can be performed

independently from other blocks in parallel. This kind of interaction structure fits

better into local communication structure of GPU threads which we described in Sec-

tion 1.4. At the next stage, using another Ak matrix, we form new blocks in a way

that each block comprises of particles that did not interact previously. This way, we

increase the overall interaction at each stage while keeping the degree of stage-wise

interaction below a threshold.

Note that, at each stage k, the matrix Ak induces an equivalence relation on the

index set {1, . . . , N} characterized by nonzero entries of the matrix Ak as follows: i ∼

j ⇐⇒ Aijk = Ajik > 0. Nonzero entries of the matrix Ak further can be characterized
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ζ1
in ζ2

in ζ3
in ζ4

in ζ5
in ζ6

in ζ7
in ζ8

in

ζ1
out ζ2

out ζ3
out ζ4

out ζ5
out ζ6

out ζ7
out ζ8

out

Figure 3.5. Interaction structure of butterfly resampling.

by modular congruence relations as follows:

Aijk = Ajik > 0 ⇐⇒ b i−1
r1...rk

c = b j−1
r1...rk

c and (i−1) mod(r1 . . . rk−1) = (j−1) mod(r1 . . . rk−1).

For a given radix rk, partitioning of the index set {1, . . . , N} into equivalence classes

([ir,k,p])
N/rk
p=1 which are represented by minimal elements

ir,k,p = b p−1
r1...rk−1

cr1 . . . rk + (p− 1) mod(r1 . . . rk−1) + 1 (3.6)

for p = 1, . . . , N/rk, corresponds to above mentioned particle blocks structure. Within

this block structure, block index of the ith particle in the kth stage is

Ir,k,i = b i−1
r1...rk

cr1 . . . rk−1 + (i− 1) mod(r1 . . . rk−1) + 1. (3.7)

In Figure 3.6. we give the pseudocode for butterfly multinomial resampling.

Here we make the data reuse approach employed by butterfly resampling scheme more

explicit: note that, in the parallel for block starting at line 4 we compute N/rk non-

overlapping prefix sums each involving rk elements, so at the kth stage of butterfly

resampling algorithm, connected components of the interaction structure comprise of
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rk input and rk output particles for each. This allows us to control the degree of

interaction at each stage by adjusting the maximum radix in r while maintaining full

interaction at the end by considering factorizations of 1N .

1: function ButterflyResample(win, xin, r = (rk)
m
k=1)

2: w0 ← win and ξ0 ← xin

3: for k ∈ {1, . . . ,m} do

4: for each p ∈ {1, . . . , N/rk} do

5: Wk,p ← PrefixSum(w
[ir,k,p]

k−1 ) //Prefix sum for each block

independently

6: end for

7: for each i ∈ {1, . . . , N} do

8: ji ← InversionSampling(Wk,Ir,k,i , [i]) //Sample ancestors

independently

9: ξik = ξj
i

k−1 and wik ← W rk
k,Ir,k,i/rk //Update particles and weights

10: end for

11: end for

12: wout ← wm, xout ← ξm

13: return wout, xout

14: end function

Figure 3.6. GPU Implementation of Butterfly Multinomial Resampling.

The implementation of Figure 3.6. involves m kernel calls for prefix sum compu-

tations, m kernel calls for sampling part and one kernel call for the update part. As

in the multinomial resampling, asymptotic analysis of Figure 3.6. shows that it takes

O(logN) time to perform butterfly resampling algorithm. However, with detailed

analysis we see the trade-off between using shared memory and kernel call overhead.

At the kth stage of butterfly resampling, we have O(tS log2 rk) time cost associated

to the binary searches in the sampling part. Summing this over all stages, it takes

O(tS log2N + mtK) time to perform butterfly resampling on the GPU, where tK is

the time it takes to launch the sampling kernel. Comparing this to O(tG log2N + tK)

time cost of standard multinomial resampling, we see that we are better off in terms
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of memory access times since in general tS is a much smaller constant than tG, but

we have more kernel call overhead. In practice, we keep the parameter m in the or-

der of logrmax
N , so the cost associated to sampling part of the butterfly resampling

is O(tS log2N + tK logrmax
N). Since logrmax

N grows slower than log2N , we expect

to see a speed improvement over standard multinomial resampling. The computation

of prefix sum in butterfly resampling scheme have O(tS log2N + tK logrmax
N) time

cost as in multinomial resampling: PrefixSum function at the kth stage of butter-

fly takes O(tS log2 rk) time and summing over all stages we get the total time cost of

O(tS log2N + tK logrmax
N) associated to the prefix sum operation.

The local interaction structure of butterfly resampling algorithm, enables in-place

propagation of particles in a particle filter context. Since threads within a thread block

can perform barrier synchronization, copying of particles after resampling at each stage

does not suffer from race conditions as in classical resampling algorithms. However,

if the particles are very high dimensional large number of memory movements for

copying the content of particles from one location to local buffer and from local buffer

to another location can be demanding considering the multiple resampling stages of

the butterfly resampling scheme. In such a scenario, we can wait until the butterfly

resampling algorithm delivers an ancestors vector and then use a double buffer strategy

as in the case of multinomial resampling. We present the implementations of in-place

propagation of particles for butterfly resampling scheme in Appendix A.3.

Pay-off of more parallelizable interaction structure of butterfly resampling al-

gorithm manifests itself in the statistical efficiency. Recall from Theorem 2.1 that,

as we increase the number of particles N to the infinity, asymptotic fluctuations of

the particle approximation errors of the particle filter that employs standard multino-

mial resampling scales with
√
N , a consequence of conditional independence of output

particles given input particles. However, we eliminate this conditional independence

structure by augmenting additional layers and we have P(ai1 = j1, a
i2 = j2) 6= P(ai1 =

j1)P(ai2 = j2), so the order of the asymptotic fluctuations of approximation errors

also change. Analysis of asymptotic error fluctuations for the most general form of

butterfly resampling is more involved than usual analysis of resampling algorithms and
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requires combinatorial analysis of conditional independence graphs. Here, we present

convergence and central limit theorems for two special cases of butterfly resampling

algorithm for which the proofs are given in [51].

In the radix-r butterfly resampling algorithm, we have a constant radix sequence

where rk = r for all k = 1, . . . ,m with N = rm. So, as we increase the number of

layers m, we increase the number of particle N but the maximum degree of interaction

at each stage k = 1, . . . ,m is kept fixed. For the particle filter algorithm with radix-r

butterfly resampling we have the following convergence and central limit theorem:

Theorem 3.4. For any bounded test function ϕ : X→ R,r ≥ 2 and n ≥ 1, define

σ2
R,0(ϕ, r) :=π((ϕ− π0(ϕ))2),

σ2
R,n(ϕ, r) :=σ̂2

R,n−1(f(ϕ), r),

σ̂2
R,0(ϕ, r) :=(1− r−1)π̂0((ϕ− π0(ϕ))2),

σ̂2
R,n(ϕ, r) :=(1− r−1)π̂n((ϕ− π0(ϕ))2) + πn(gn)−2σ2

R,n(gn(ϕ− π̂n(ϕ)), r).

Then, the particle filter with radix-r butterfly resampling has the properties that

πN0 (ϕ)− π0(ϕ)
a.s.−−→ 0 and

√
N(πN0 (ϕ)− π0(ϕ))

dist.−−→ N (0, σ2
R,0(ϕ, r)),

π̂N0 (ϕ)− π̂0(ϕ)
a.s.−−→ 0 and

√
N

logrN
(π̂N0 (ϕ)− π̂0(ϕ))

dist.−−→ N (0, σ̂2
R,0(ϕ, r)),

and for any n ≥ 1,

πNn (ϕ)− πn(ϕ)
a.s.−−→ 0 and

√
N

logrN
(πNn (ϕ)− πn(ϕ))

dist.−−→ N (0, σ2
R,n(ϕ, r)),

π̂Nn (ϕ)− π̂n(ϕ)
a.s.−−→ 0 and

√
N

logrN
(π̂Nn (ϕ)− π̂n(ϕ))

dist.−−→ N (0, σ̂2
R,n(ϕ, r)),

where the convergence is as N → ∞ along the sequence of integer power of r, i.e.

N = rm, m = 1, 2, . . . for which the radix-r butterfy resampling algorithm is defined.
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From Theorem 3.4, we infer that limiting the interaction in order that the degree

of each vertex in the interaction graph of resampling does not grow with N cause ap-

proximation errors of the particle filter decay slower than that of standard multinomial

resampling. To prevent this effect we need to come up with another special form of

butterfly resampling algorithm with better scaling behaviour.

In the mixed radix-r butterfly resampling algorithm, we have m = 2, a constant

first radix r1 = r and a second radix r2 = c where N = rc. Here, we keep the number

of stages fixed at two while increasing the number of particles N by adjusting the

second radix c. For the particle filter algorithm with mixed radix-r butterfly resampling

algorithm we have the following convergence and central limit theorem:

Theorem 3.5. For any bounded test function ϕ : X→ R and r ≥ 2, define

σ2
M,0(ϕ, r) :=π((ϕ− π0(ϕ))2),

σ2
M,n(ϕ, r) :=σ̂2

M,n−1(f(ϕ), r) + π̂(f((ϕ− f(ϕ))2)), n ≥ 1

σ̂2
M,n(ϕ, r) :=(2− r−1)π̂n((ϕ− π0(ϕ))2) + πn(gn)−2σ2

M,n(gn(ϕ− π̂n(ϕ)), r), n ≥ 0.

Then, for n ≥ 0 the particle filter with radix-r butterfly resampling has the properties

that

πNn (ϕ)− πn(ϕ)
a.s.−−→ 0 and

√
N(πNn (ϕ)− πn(ϕ))

dist.−−→ N (0, σ2
M,n(ϕ, r)),

π̂Nn (ϕ)− π̂n(ϕ)
a.s.−−→ 0 and

√
N(π̂Nn (ϕ)− π̂n(ϕ))

dist.−−→ N (0, σ̂2
M,n(ϕ, r)),

where the convergence is as N → ∞ along the sequence of integer multiples of r, i.e.

N = rc, c = 1, 2, . . . for which the mixed radix-r butterfy resampling algorithm is

defined.

From Theorem 3.5, we infer that by letting the maximum degree of vertices in

the interaction graph of resampling algorithm grow with N we can keep the scaling

of the approximation error at the same level as the standard multinomial resampling,

however with a greater asymptotic variance.
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So far, we have considered the butterfly counterpart of the multinomial resam-

pling algorithm, but butterfly resampling mechanism can be applied to stratified and

systematic resampling algorithms to obtain generalizations of them just with a small

modification. Recall that within each block, we perform multinomial resampling to rk

particles at the kth stage of butterfly resampling algorithm. Instead of multinomial re-

sampling, we can perform stratified or systematic resampling to decrease the variance.

In addition to decrease in variance, this would save us from the cost of binary search

used in inversion sampling procedure. The time costs associated to butterfly stratified

and butterfly systematic resampling are the same up to a constant factor. At the kth

stage of butterfly stratified or systematic resampling, we have rk maxi

{
wi

k

W
rk
k,Ir,k,i

}
tS

average time cost associated to the for loop part of the conversion of cumulative off-

spring vectors to the ancestors vectors. Since we have maxi

{
wi

k

W
rk
k,Ir,k,i

}
< 1, for all

k = 1, . . . ,m, we have a total of O(c′tS + tK logrmax
N) time cost associated to the

sampling part of butterfly stratified and systematic resampling algorithms, where c′

is a constant depending on the potential function g used for determining weights and

the radix sequence r. Comparing this to O(ctG + tK) time cost of sampling parts

of standard stratified and systematic resampling algorithms, we see that dominating

term of tK logrmax
N of butterfly resampling algorithm to be disadvantageous. Time

cost associated to the prefix sum is O(tS log2N) as in the other algorithms, since we

have changed only the process of sampling ancestors.

We generalized the constrained interaction structure of αSMC resampling by

considering certain parameterized factorizations of the matrix 1N which characterizes

the interaction structure of standard multinomial resampling algorithm. Our next

step is to introduce adaptivity of αSMC resampling into our augmented resampling

framework.

3.3. Adaptive Butterfly Resampling

A practical extension of butterfly resampling scheme can be obtained by introduc-

ing the idea of adaptive resampling into our augmented resampling framework. Recall

that, in αSMC resampling, degree of interaction was adjusted according to some func-
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tional of particle-weight set at the hand. In Figure 3.7. we introduce adaptive butterfly

resampling in which overall interaction is adjusted to maintain an ESS bound instead

of performing all m stages of butterfly resampling as in Figure 3.6. Again, here we

make the parallelization scheme explicit at line 4 by considering the particle blocks

formed by the Ak matrices. In this pseudocode, we employ multinomial resampling

within each block to sample the ancestors. However, as in the case of full butterfly

resampling scheme of previous section, this scheme can be adapted to stratified and

systematic resampling algorithms as well, to generalize their adaptive versions.

1: function AdaptiveButterflyResample(win, xin, r = (rk)
m
k=1,τ)

2: w0 ← win, ξ0 ← xin and k ← 1

3: while EN(wk−1) < τ do //While ESS is below threshold

4: for each p ∈ {1, . . . , N/rk} do

5: Wp ← PrefixSum(w
[ir,k,p]

k−1 ) //Prefix sum for each block

independently

6: end for

7: for each i ∈ {1, . . . , N} do

8: ji ← InversionSampling(WIr,k,i , [i]) //Sample ancestors

independently

9: ξik = ξj
i

k−1 and wik ← W rk
Ir,k,i/rk //Update particles and weights

10: end for

11: k ← k + 1

12: end while

13: wout ← wk−1, xout ← ξk−1

14: return wout, xout

15: end function

Figure 3.7. GPU Implementation of Adaptive Butterfly Resampling.

Adaptation scheme of Figure 3.7. requires the computation of ESS at every stage

of butterfly resampling algorithm. However, in general, cost of ESS computation is not

greater than resampling operation and by doing away with some stages of butterfly

resampling we can gain some speed-up. Furthermore, in practice ESS computation
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can be overlapped with the computation of cumulative sums so as to cut down the

kernel call overheads in GPUs. Nonetheless, relative performance of particle filter

employing adaptive resampling scheme instead of full resampling scheme depends very

much on the specific distributions of the underlying state-space model and proposal

distributions of the particle filter. When working with a model in which adaptive

resampling scheme tends to perform nearly all resampling stages at every time step,

overhead of the ESS computation may exceed the gain of not performing remaining

few resampling stages.
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4. EXPERIMENTS AND RESULTS

In this section we provide our empirical results to support our theoretical results

and demonstrate the performances of classical and butterfly resampling algorithms

in GPU implementations of particle filters. We implemented classical and butterfly

resampling algorithms separately in CUDA platform using CUDA Toolkit version 5.5.

In our implementations, each particle is mapped to a CUDA thread. In order to fit

the abstract graph structure of butterfly resampling to GPU architecture, we consider

radix sequences with radices less than the maximum number of threads per block,

which is 1024 threads in our GPU. In our experiments, we used NVIDIA GeForce

GTX680 GPU with CUDA capability 3.0.

We conduct experiments under three main categories: single step of butterfly

resampling, comparison of resampling classical and butterfly resampling schemes in

a simple particle filter context and comparison of resampling schemes in a practical

application. In Section 4.1, we consider the butterfly resampling scheme in isolation

from a particle filter context. First, we describe the general setting of our experiments

and how we compare the Monte Carlo error associated to the resampling algorithms

in Section 4.1.1, then to verify the theoretical results concerning the butterfly resam-

pling algorithm and obtain practical guidelines for the selection of radix sequences we

observe the behaviour of Monte Carlo error under different radix sequence regimes

in subsections 4.1.2 and 4.1.3. Finally, in Section 4.1.4 we compare the performance

of single steps of classical and butterfly resampling algorithms in terms of speed and

Monte Carlo error.

In Section 4.2 we compare the classical and butterfly resampling schemes in terms

of speed and Monte Carlo error in two different simple particle filtering scenarios: in

Section 4.2.2 the bootstrap particle filter in which resampling is performed in each

timestep of particle filter until the weights are uniform and in Section 4.2.3 the adap-

tive resampling particle filter in which resampling is performed until an ESS threshold

is achieved. Finally, in Section 4.3 we present performance comparison of resampling
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under full interaction and constrained interaction in a more practical context by con-

sidering SMCEM algorithm, a parameter estimation algorithm that uses particle filter

as a subroutine.

4.1. Single Step of Butterfly Resampling

In this section we investigate theoretical and practical aspects of butterfly resam-

pling by considering one step of resampling in isolation from a particle filter context.

In Section 4.1.1, we describe the setting in which we evaluate the Monte Carlo error of

resampling algorithms. In Section 4.1.2, we verify the theoretical results concerning the

Monte Carlo error distribution of butterfly resampling by simulation. In Section 4.1.3,

we investigate the effect of choice of radix sequence on Monte Carlo error empirically,

by considering a fixed number of particles scenario. In Section 4.1.4, we compare per-

formances of standard multinomial resampling and butterfly resampling algorithms in

terms of Monte Carlo error and speed.

4.1.1. General Setting

In our general setting, we have N input random variables ξ0 = (ξi0)
N
i=1 i.i.d. from

a sampling distribution π0 and associated weights computed by a potential function g

such that wi0 = g(ξi0). We are interested in the distribution

π̂0(dx) := π0(dx)g(x)/π0(g),

more specifically, for a certain test function ϕ, we wish to estimate the expectation of

ϕ w.r.t. π̂0 that we denote with π̂0(ϕ).

We consider the butterfly resampling algorithm parametrized by a radix sequence

r = (r1, . . . , rm) such that
∏m

k=1 rk = N and write ξk = (ξik)
N
i=1 for the random output

particles and wk = (wik)
N
i=1 for the output weights of the kth stage of the butterfly

resampling algorithm. Note that multinomial resampling algorithm is a special case

of butterfly resampling with m = 1 and r1 = N . For notational compactness, in
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the definitions of quantities given below, we suppress the dependence on the particu-

lar resampling algorithm, its parameterization, particle sampling distribution π0 and

potential function g.

We compare the performance of resampling algorithms in terms of Monte Carlo

error measured by estimation errors. For a given number of particles N and a test

function ϕ, our focus is on the estimation error :

EN
ϕ =

1

N

N∑
i=1

ϕ(ξim)− π̂0(ϕ), (4.1)

which is a random quantity. Note that, this error term is in fact sum of two errors, one

stemming from the resampling procedure and other one stemming from importance

sampling procedure:

EN
ϕ =

(
1

N

N∑
i=1

ϕ(ξim)−
∑N

i=1 g(ξi0)ϕ(ξi0)∑N
i=1 g(ξi0)

)
+

(∑N
i=1 g(ξi0)ϕ(ξi0)∑N

i=1 g(ξi0)
− π̂0(ϕ)

)
.

In our experiments, we estimate and compare the Mean Squared Error (MSE) of the

sample averages taken over resampled particles defined as follows :

MSEN
ϕ = E

( 1

N

N∑
i=1

ϕ(ξim)− π̂0(ϕ)

)2
 = E[(EN

ϕ )2], (4.2)

where the expectation is taken over different realizations of resampling algorithm and

initial particle set.

We also consider another error measure that does not include the error of the

estimates made by weighted samples, which we call local error. For a given number of

particles N , a test function ϕ and a potential function g used for weight computation

as above, we define the local error as follows:

LEN
ϕ =

1

N

N∑
i=1

ϕ(ξim)−
∑N

i=1 g(ξi0)ϕ(ξi0)∑N
i=1 g(ξi0)

. (4.3)
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Similar to MSE, we define local MSE as follows :

LMSEN
ϕ = E

( 1

N

N∑
i=1

ϕ(ξim)−
∑N

i=1 g(ξi0)ϕ(ξi0)∑N
i=1 g(ξi0)

)2
 = E[(LEN

ϕ )2], (4.4)

where the expectation is taken over different realizations of the resampling algorithm

and initial particle set. We remark that, by using towering property of conditional

expectations and Equation 3.2 of Theorem 3.2, we can decompose MSE as the sum of

local MSE and MSE of importance sampling estimator of π̂0(ϕ) as follows :

MSEN
ϕ =E

( 1

N

N∑
i=1

ϕ(ξim)− π̂0(ϕ)

)2


=E

( 1

N

N∑
i=1

ϕ(ξim)−
∑N

i=1 g(ξi0)ϕ(ξi0)∑N
i=1 g(ξi0)

)2

+

(∑N
i=1 g(ξi0)ϕ(ξi0)∑N

i=1 g(ξi0)
− π̂0(ϕ)

)2


= LMSEN
ϕ +E

(∑N
i=1 g(ξi0)ϕ(ξi0)∑N

i=1 g(ξi0)
− π̂0(ϕ)

)2
 .

According to our theory, both MSEN
ϕ and LMSEN

ϕ should converge to the same quantity

asN →∞, namely σ̂2
0(ϕ, r) = (1−r−1)π̂0((ϕ−π̂0(ϕ))2). However, above decomposition

shows that we should expect MSEN
ϕ to be higher than LMSEN

ϕ for finite N , as we will

see later in the experimental results.

In our experiments we estimate MSEs defined above by sampling from the error

distribution. To estimate MSEN
ϕ , we sample M particle sets (x0,j)

M
j=1 independently,

where particles within a particle set are i.i.d from the distribution π0. We perform

the resampling algorithm with inputs (x0,j, w0,j = (wi0,j = g(xi0,j))
N
i=1)

M
j=1 to produce

M ancestor vectors (aj = (aij)
N
i=1)

M
j=1 such that ξim,j = x

ait
0,j. Then estimated MSE is

defined as :

M̂SE
N,M

ϕ =
1

M

M∑
j=1

(
1

N

N∑
i=1

ϕ(x
aij
0,j)− π̂0(ϕ)

)2

(4.5)



59

When we do not have the value of π̂0(ϕ), we can use estimates of local MSE. For

this, we generate M particle-weight sets (x0,j, w0,j) and corresponding ancestor vectors

(aj)
M
j=1 as above. Then estimated local MSE is computed as follows:

L̂MSE
N,M

ϕ =
1

M

M∑
j=1

(
1

N

N∑
i=1

ϕ(x
aij
0,j)−

∑N
i=1 g(xi0,j)ϕ(xi0,j)∑N

i=1 g(xi0,j)

)2

. (4.6)

4.1.2. Error distribution and MSE as N →∞

In this section, our goal is to empirically verify and confirm the theoretical results

related to the Monte Carlo error of the butterfly resampling algorithm. For this, we

estimate the distribution of error associated to a test function, EN
ϕ defined in Equa-

tion 4.1, and its local MSE, MSEN
ϕ defined in Equation 4.4, as we increase the number

of particles N . In Theorem 3.4, we stated that the error associated to estimates made

by resampled particles, when scaled correctly, converges in distribution to a Gaussian

random variable as we increase the number of particles while keeping the radix fixed.

To verify these result we will compare the histograms and the local MSEs of the scaled

empirical errors for different numbers of particles.

In our experiment we consider the fixed radix case with radix 2, i.e. the radix

sequences of the form (r1, . . . , rm) with rk = 2 for all k = 1, . . . ,m. For a fixed number

of particles N = 2m, we generate T = 10000 particle sets {ξ0,t}Tt=1 independently,

where the particle sampling distribution π0 is uniform over [−2σ, 2σ] and we assign

weights (wi0)
N
i=1 to particles using the potential function g(x) = exp{−x2/2σ2} with

σ = 10. Then we run butterfly resampling for each particle-weight set to compute local

MSE estimation L̂MSE
N

ϕ for the test function ϕ(x) = x. We repeat this procedure for

particle numbers N = 2, 22, . . . , 220.

Histograms of the errors EN
ϕ scaled by

√
N/log2N are given in Figure 4.1. Red

lines in the same figure show the p.d.f. of the limiting Gaussian distribution scaled to

fit the histograms. Estimated local MSEs, L̂MSE
N

ϕ , scaled with N/log2N are plotted in
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Figure 4.2., while dashed red line shows the variance of the limiting normal distibution.
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Figure 4.1. Histograms of the errors scaled with
√
N/log2N , red line shows the pdf

of limiting error distribution.

4.1.3. Error in case of fixed number of particles

In this section, our goal is to empirically measure the effect of radix sequence

on the Monte Carlo error of the butterfly resampling algorithm in a fixed number of

particles regime, in order to obtain practical guidelines for implementation details. In

particular, we perform two experiments to study how the error, as measured by MSE

defined in Equation 4.2 varies by the choice of different radix sequences. We consider

two different butterfly resampling schemata: (1) fixed radix/variable depth case and

(2) mixed radix/fixed depth case. In both experiments, we first fix the number of

particles and then choose the appropriate radix sequences.

In both experiments we use the same setup for particle-weight set generation :

for a fixed number of particles N and radix sequence (rk)
m
k=1, we generate T = 1000

particle sets {ξ0,t}Tt=1 independently, where the particle sampling distribution π0 is

uniform over [−2σ, 2σ] and we assign weights (wi0)
N
i=1 to particles using the potential

function g(x) = exp{−x2/2σ2} with σ = 10. Then we run butterfly resampling for
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Figure 4.2. Plot of L̂MSE
N

ϕ scaled with N/log2N vs N .

each particle-weight set to compute local MSE estimate L̂MSE
N

ϕ for the test function

ϕ(x) = x.

In the first experiment, we choose the number of particles asN = rD where r is the

fixed radix and D is the corresponding depth. We construct the radix sequences with

different r and D by keeping N always constant. This generates radix sequences of the

form [r, r, . . . , r] where r is repeated D times. We choose the number of particles as N =

218, as this is a sufficiently large number that allows us to consider a sufficiently broad

range of radix sequences. In particular, we consider radices r = 2, 22, 23, 26, 29, 218, with

corresponding depths as D = 18, 9, 6, 3, 2, 1, respectively. Results of this experiment

are shown in Figure 4.3. The figure suggests that increasing the number of stages of

butterfly resampling while keeping the number of particles fixed produce more MSE, so

in practice it would be better in terms of Monte Carlo error to use butterfly resampling

algorithm with smaller number of stages.
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In the second experiment, we consider radix sequences with a fixed depth 2 and

let the radix sequences vary as {rd, rD−d} for d = 1 . . . D− 1. In particular, we choose

the radix sequences (2, 217), (22, 216), . . . , (216, 22), (217, 2). Again we run the butterfly

resampling algorithm by each radix sequence on all particles sets and plot the asso-

ciated MSEs in the figure Figure 4.4. The figure suggests that changing the radix

sequence while keeping the number of particle and number of stages fixed does not

have substantial effect on MSE, so in practice it would not make a big difference in

terms of Monte Carlo error to use any of the radix sequences with the same length.

Combining this and the above result, in general we want to use radix sequences with

smallest possible depth but once we fix the depth, we can decide which radix sequence

to use according to other factors, such as speed.
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Figure 4.3. Fixed radix, variable depth case, dashed lines show the 0.1 and 0.9 quantiles

of squared errors.

4.1.4. Comparison of Butterfly and Multinomial Resampling on GPU

In this section, our aim is to compare the perfomance of parallel implementations

of multinomial resampling and butterfly resampling on a GPU in terms of speed and

MSE. More specifically, we wish to illustrate that the butterfly resampling scheme

can provide a significant speed-up over multinomial resampling, while keeping the

estimation error, as measured by MSE at a competitive level. Our assumption is
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Figure 4.4. Mixed radix, fixed depth case, dashed lines show the 0.1 and 0.9 quantiles

of squared errors.

that local interaction structure of butterfly resampling, as opposed to full interaction

structure of standard multinomial resampling, fits better into constraints imposed by

CUDA programming model.

We conduct two experiments to estimate and compare MSEs and speeds of stan-

dard multinomial and butterfly resampling schemes, two experiments differ by the

choice of particle-weight generation processes. For a given initial distribution π0, po-

tential function g and particle number N , we generate T = 1000 particle sets (x0,t)
T
t=1

independently, where particles within a particle set are i.i.d from the distribution π0.

We perform the resampling algorithms with inputs (x0,t, w0,t = (wi0,t = g(xi0,t))
N
i=1)

T
t=1

to produce T ancestor vectors (at = (ait)
N
i=1)

T
t=1 such that ξim,t = x

ait
0,t. Finally, we

compute L̂MSE
N

ϕ as in Equation 4.6 and plot it against particle number and run-

ning time of resampling algorithm. We repeat this procedure for number of particles

N = 211, 212, . . . , 222.
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Since butterfly resampling algorithm can be parameterized with radix sequence,

we use the observations we made in Section 4.1.3 for guidance in the choice of radix

sequence: it is preferable to allow for maximum interaction that can be implemented

efficiently in the parallel platform, resulting in as shallow radix sequences as possible.

In our CUDA implementations of butterfly resampling, interaction between particles

are characterized by the size of thread blocks. Each particle is mapped to a thread and

each set of interacting particles mapped to a thread block, so the maximum radix in

our CUDA implementation is bounded by the maximum number of threads per block,

rmax, which is 1024 for the latest CUDA specification. Combining this and above

considerations, in our experiments we use radix sequences of depth mN = dlogrmax
Ne.

We also note that this choice also reduces the running time, as deeper radix sequences

will increase the number of parallel stages, effectively increasing the running time.

Once the depth of the radix sequence, mN , is fixed, we run butterfly resampling

algorithm for all possible radix sequences with depth mN and report the results for the

fastest one. For example, when N = 212, we have mN = 2, so we run our algorithm with

radix sequences (22, 210), (23, 29), . . . , (210, 22). Empirical results indicate that butterfly

algorithm with more uniform radix sequences i.e. radix sequences with radices close

together, tend to run faster. While there are a lot of factors having effect on speed of

GPU implementation of butterfly resampling, ranging from hardware specifications of

GPU, like maximum number of thread blocks per streaming multiprocessor or maxi-

mum shared memory size per block, to particular weight distribution, we argue that

large radices in nonuniform radix sequences effectively decrease memory bandwidth

because of strided memory accesses with large strides. In Section 4.1.3, we observed

that, for a given number of particles N , Monte Carlo error measured by MSE does not

depend very much on the choice of radix sequence when the depth is fixed. Combining

our empirical results on MSE and speed, we conclude that it is preferable to use more

uniform radix sequences in practice.

In the first experiment, we generate our particle-weight sets as follows : particles

xit are independently sampled from a uniform distribution on [−σ, σ] and the poten-

tial function is unimodal g(x) = exp{−x2/2σ2}, where σ = 10. In the second and
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third columns of the Figure 4.5. we plot runtimes and MSE versus particle numbers,

respectively, while in the first column of the same figure we plot MSE versus runtime.
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(a) Single precision.
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(b) Double precision.

Figure 4.5. Comparison of standard and butterfly multinomial resampling, potential

function g(x) = exp{−x2/2σ2}.

In the second experiment, we generate our particle-weight sets as follows : parti-

cles xi are independently sampled from a Poisson distribution with intensity parameter

λ and the potential function is the probability mass function of the same distribution

g(x) = λx/x!, where λ = 100. As in the first experiment, in the second and third

columns of Figure 4.6. we plot runtimes and MSE versus particle numbers, respec-

tively, and in the first column of the same figure we plot MSE versus runtime.

As we can see in figures Figure 4.5. and Figure 4.6., butterfly resampling scheme

is in general faster than standard multinomial resampling, it provides of to two times

speed-up, while it has slightly worse Monte Carlo error. If we look at the Monte Carlo

error produced per computation time, standard multinomial resampling is slightly bet-

ter. We see that for large numbers of particles, in single precision arithmetic context,

standard multinomial resampling becomes numerically unstable while butterfly resam-
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Figure 4.6. Comparison of standard and butterfly multinomial resampling, potential

function g(x) = λx/x!.

pling stays stable. We do not see this behaviour in double precision arithmetic context,

however, in GPUs single precision arithmetic is substantially faster and it is preferable

to carry out computations in single precision when we do not need extremely high

numerical precisions.

We repeat these experiments within the same setting for standard and butterfly

systematic resampling algorithms: particle generation processes, experimental setups

regarding particle numbers, number of repeats and radix sequences are the same as

above two experiments. In figures Figure 4.7.a and Figure 4.7.b we plot runtimes and

MSE results for single precision and double precision implementations of standard and

butterfly systematic resampling algorithms. In figures Figure 4.8.a and Figure 4.8.b

we plot runtimes and MSE results for single precision and double precision implemen-

tations of standard and butterfly systematic resampling algorithms. In parallel with

above experiments, we see that butterfly scheme does not provide an improvement

in terms of MSE per time and standard systematic resampling algorithm becomes
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numerically unstable as we increase the number of particles N in single precision im-

plementations. On the other hand, we see that MSE difference between two algorithms

is less than that of multinomial scheme and butterfly systematic resampling does not

provide a visible speed-up over standard systematic resampling algorithm.
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Figure 4.7. Comparison of standard and butterfly systematic resampling, potential

function g(x) = exp{−x2/2σ2}.

4.2. Experiments with Particle Filters

In this section we compare butterfly multinomial resampling with standard multi-

nomial resampling in GPU implementations of particle filter. We compare perfor-

mances of two resampling schemes in terms of Monte Carlo error and computation

speed by considering two particle filtering scenarios : bootstrap particle filter (Sec-

tion 4.2.2) and adaptive resampling particle filter (Section 4.2.3). Before moving on to

experiments we describe the setting in which we evaluate our algorithms.
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Figure 4.8. Comparison of standard and butterfly systematic resampling, potential

function g(x) = λx/x!.

4.2.1. General Setting

As before, we consider the butterfly resampling algorithm parameterized by a

radix sequence (r1, . . . , rm) such that
∏m

k=1 rk = N and write ξ0,t = (ξi0,t)
N
i=1 for the

input particles and w0,t = (wi0,t)
N
i=1 for the input weights of first stage of butterfly

resampling, ξk,t = (ξik,t)
N
i=1 for the random output particles and wk,t = (wik,t)

N
i=1 for the

output weights of the kth stage of the butterfly resampling algorithm at time step t of

particle filter. Then, the output empirical measures of the bootstrap particle filter are

πNt =
1

N

N∑
i=1

δξi0,t , π̂Nt =
1

N

N∑
i=1

δξim,t
, for t ≥ 1.

In the case of adaptive resampling particle filter, we have another sequence of ran-

dom variables, {Kt}t≥1 with support {0, 1, . . . ,m}, the number of butterfly resampling

stages performed at time step t of particle filter, then output empirical measures of
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adaptive resampling particle filter are

πNt =

∑N
i=1w

i
0,t−1δξi0,t∑N

i=1w
i
0,t−1

, π̂Nt =

∑N
i=1w

i
Kt,t

δξiKt,t∑N
i=1w

i
Kt,t

, for t ≥ 1.

Note that, bootstrap particle filter is a special case of adaptive resampling particle

filter, in which we have P(Kt = m) = 1 for all t ≥ 1.

To quantify the Monte Carlo error associated to particle filter, we use MSE av-

eraged over time steps defined as follows :

AMSEN,T
ϕ = E

[
1

T

T∑
t=1

(
π̂Nt (ϕ)− π̂t(ϕ)

)2]
,

where the expectation is taken over all realizations of the particle filter.

We estimate AMSEN,T
ϕ for the standard multinomial resampling and the butterfly

resampling by numerical simulation experiments. For a given number of particles, N ,

and a test function, ϕ, we run the particle filter at hand M times to get the empirical

measures π̂Nt,j for t = 1, . . . , T and j = 1, . . . ,M . Then estimated AMSEN,T
ϕ is calculated

as follows :

ÂMSE
N,T,M

ϕ =
1

M

M∑
j=1

(
1

T

T∑
t=1

(
π̂Nt,j(ϕ)− π̂t(ϕ)

)2)
.

In the experiments of next two subsections, we use a simple model with a multi-

modal filtering distribution given as follows :

xt+1 ∼ f(xt, .) = N (xt, σ1) (4.7)

gt(x) = 0.5 exp{(x− 0.5t)2/2σ2
2}+ 0.5 exp{(x+ 0.5t)2/2σ2

2}, (4.8)

where the exact values of expectations under filtering distribution can be computed

easily. Under this model, we have π̂t(ϕ) = 0 for ϕ(x) = x. All particle filter imple-
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mentations use the transition density of this model, f , as the proposal density of the

particle filter.

For the parameterization of butterfly resampling algorithm, we follow the guide-

lines we obtained from the empirical results of the Section 4.1.3. We use as uni-

form radix sequences as possible with smallest possible depths, mN = logrmax
N where

rmax = 1024, with nonincreasing radices. For example, when N = 222, we use the radix

sequence (28, 27, 27).

For a given particle filter algorithm and number of particles N , we run the particle

filter M = 1000 times and compute ÂMSE
N,T,M

ϕ , for T = 100 and ϕ(x) = x. We repeat

this experiment for particle numbers N = 211, . . . , 222 and plot the MSE and speed

results.

4.2.2. Bootstrap Particle Filter

In this subsection, we want to show that the butterfly resampling scheme can

be a competent alternative to multinomial resampling, in the context of bootstrap

particle filter. For this, we compare two different implementations of the bootstrap

particle filter, one that uses standard multinomial resampling given in Figure 2.2. and

another one that uses full-depth butterfly resampling given in Figure 3.6. We conduct

our experiments within the setting desribed above. Results of these experiments are

plotted in Figure 4.9.
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Figure 4.9. Performance comparison of bootstrap particle filters.

As in the case of single step of resampling algorithms, we see that, particle filter

that employs butterfly resampling algorithm have better speed, it provides upto four
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times speed-up, but worse Monte Carlo error. If we compare the Monte Carlo error

per computation time, again we see that standard multinomial resampling has a slight

advantage. For large number of particles we see the effect of numerical unstability of

standard multinomial resampling in the Monte Carlo error.

4.2.3. Adaptive Resampling Particle Filter

In this subsection, we want to show the performance advantage of using butterfly

resampling in an adaptive resampling particle filter context. For this, we compare two

different implementations of adaptive resampling algorithm, one that uses adaptive

butterfly resampling given in Figure 3.7. and one that uses adaptive multinomial

resampling which is a special case of Figure 3.7. with m = 1 and r = (N). We conduct

our experiments within the setting desribed above except that we set the ESS threshold

to τ = 0.6 and plot their results in Figure 4.10.
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Figure 4.10. Performance comparison of adaptive resampling particle filters.

In Figure 4.10. we see that the speed-up of butterfly resampling over standard

multinomial resampling has increased, it is upto six times faster than standard multi-

nomial implementation, and difference between Monte Carlo error is decreased, as a

result, performance of butterfly resampling is better than standard multinomial resam-

pling in terms of Monte Carlo per computation time. We can say that by adaptively

choosing the level of interaction we can exploit the incremental structure of butterfly

resampling mechanism.

In our last experiment, we compare the level of interactions of butterfly resam-

pling and standard multinomial resampling algorithms in the adaptive resampling par-
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ticle filter context. For this, we use the above generative model 4.7 with number of

particles N = 1024 and ESS threshold τ = 0.6. In the butterfly resampling algo-

rithm, we set the radix sequence to be r = (2, 2, . . . , 2), which has depth of 10, since

1024 = 210. The level of interaction is measured by base 2 logarithm of the size of

biggest interacting particle block formed by the algorithm. For standard multinomial

resampling algorithm this number is either 0, when resampling is not performed, or

10, when resampling is performed. For butterfly resampling, if algorithm performs k

stages the level of interaction is k. We plot the ESS and level of interaction at every

time step of particle filters in Figure 4.11.
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Figure 4.11. ESS and interaction level comparisons of resampling algorithms.

In Figure 4.11. we see that the average level of interaction of butterfly resampling

particle filter is less than that of standard multinomial resampling. With this observa-

tion in mind, we can say that adaptive butterfly resampling particle filter can adapt

its parsimony better in terms of computational resources in expense of keeping the

ESS at a lower level. This kind of parsimony explains the performance improvement

of butterfly resampling algorithm over multinomial resampling in adaptive resampling
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particle filter compared to bootstrap particle filter.

4.3. Comparison of Resampling Algorithms in a Practical Application

As a final experiment, we compare performance of butterfly resampling scheme

to classical resampling schemes in a more practical context. In this experiment, we

use particle filter approximations of the smoothing distribution pn(dx0:n) = P(X0:n ∈

dx0:n|{Y0:n = y0:n}) to perform maximum likelihood (ML) estimation via Expectation-

Maximization (EM) algorithm [62]. EM algorithm is an iterative process that uses an

approximation of ML estimator to find a lower bound function to likelihood function

and optimizes this lower bound to get a better approximation of ML estimator.

Assume that we have a state space model on a family of probability spaces

(Ω,F ,Pθ) parameterized by a set of parameters θ = (θ1, . . . , θd) ∈ Θ with typically

Θ = Rd such that

X0 ∼ µθ,

Xn | {Xn−1 = xn−1} ∼ fθ(xn−1, ·),

Yn | {Xn = xn} ∼ gθ(xn, ·),

(4.9)

where µθ, fθ(x, ·) and gθ(x, ·) are all dominated by reference measures on appropriate

spaces for all x ∈ X, θ ∈ Θ and Radon-Nikodym derivatives are also denoted respec-

tively by µθ, fθ and gθ with a slight abuse of notation. For a given observation sequence

y0:n, we want to find the value of θ that maximizes the log-likelihood

`(θ) = log(Pθ(Y0:n ∈ dy0:n)) = log

(∫
µθ(x0)

n∏
i=1

fθ(xi−1, xi)
n∏
i=0

gθ(xi, yi)dx0:n

)
.

EM algorithm starts with an initial guess θ′ of the parameter and recursively improves

the estimate by maximizing a lower bound Q(θ, θ′) of the integral on the right hand

side of the above equation with respect to θ which is in the form of the conditional
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expectation with respect to Pθ′ :

Q(θ, θ′) =Eθ′
[
n−1∑
i=0

log fθ(xi, xi+1)

∣∣∣∣∣{Y0:n = y0:n}

]
+ Eθ′

[
n∑
i=0

log gθ(xi, yi)

∣∣∣∣∣{Y0:n = y0:n}

]
+ Eθ′ [log µθ(x0)|{Y0:n = y0:n}]

Two steps of EM algorithm at the iteration t can be written as:

(i) Expectation : Compute the expectation Q(θ, θt−1) where θt−1 is the output of the

previous iteration as a function of θ,

(ii) Maximization : Maximize Q(θ, θt−1) over θ, set θt = argmaxθQ(θ, θt−1) to get a

new estimate of parameter.

Repeating this procedure we obtain a sequence (θt)t≥0 that converges to a stationary

point of log-likelihood `(θ). However, conditional expectations in this expression are in-

tractable for a majority of practical models and we have to use approximations instead

of exact values of these expectations. This modification to EM algorithm will produce

converging sequences for certain families of probability models [63]. Particle filters come

into play at this point, note that conditional expectation in the above equation are ex-

pectations under smoothing distribution pθ,n(dx0:n) = Pθ(X0:n ∈ dx0:n|{Y0:n = y0:n})

instead of which we can use the particle approximation pNθ,n =
∑N

i=1
wi

n∑
j w

j
n
δξ̂i0:n

(·). The

instance EM algorithm that uses particle filter approximations of smoothing distribu-

tions is called Sequential Monte Carlo EM (SMCEM) algorithm [56].

In our implementations of SMCEM algorithm, we exploit the additive form of the

expectations in Q(θ, θ′) function. Let (tn(x0:n))n≥1 be sequence of additive functionals

in the form of

tn(x0:n) =
n∑
i=1

si(xi−1, xi) = tn−1(x0:n−1) + sn(xn−1, xn), n ≥ 1,
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where (si)i≥1 are measurable functions. We want to compute

pn(tn(x0:n)) =
N∑
i=1

win∑
j w

j
n

tn(ξ̂i0:n) =
N∑
i=1

win∑
j w

j
n

{tn−1(ξ̂i0:n−1) + sn(ξ̂n−1, ξ̂n)}.

This equation suggests that, instead of keeping the whole particle paths, we can keep

the evaluated values of tn for n ≥ 1 at each time step of the particle filter. Although

repeated resampling mechanism cause the sample impoverishment problem, the effect

that initial segments of particle trajectories collapse into one path, we use this simple

approach for the ease of implementation and since our objective is not the parameter

estimation but the comparison of resampling algorithm in terms of speed and Monte

Carlo variance.

4.3.1. Experiment Setup

A particularly interesting set of models in practice consists of the distributions

coming from the exponential family, i.e. the models with joint probability density of

X0:n and Y0:n given the parameters is of ther form exp(〈ψ(θ), Sn(x0:n)〉 − c(θ))h(x0:n)

where ψ is a Rd valued function of parameters, Sn are Rd valued functions of hidden

paths for some d ≥ 1 and 〈·, ·〉 denotes the usual dot product in Euclidean space. In

such a model, our objective function of EM algorithm takes the simple form:

Q(θ, θ′) = 〈ψ(θ), pθ′,n(Sn)〉 − c(θ)

for which we use the particle filter estimates Ŝn = pNθ′,n(Sn) instead of the exact val-

ues of expectations. In our last experiment, we follow the examples of applications

of SMC methods to ML estimation problems presented in [56] and apply Sequential

Monte Carlo EM (SMCEM) algorithm with different resampling strategies to stochas-

tic volatility model [64] which has the above desribed form. The model description of
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stochastic volatility model is as follows:

X0 ∼ N (0, σ2),

Xn ∼ N (αXn−1, σ
2), n ≥ 1,

Yn ∼ N (0, β2 exp(Xn)), n ≥ 0.

For stochastic volatility model we have ψ(θ) = (−α/(2σ2),−1/(2σ2), α/σ2,−1/(2β2)),

c(θ) = (n + 1) log(β2)/2 + (n + 1) log(σ2)/2 and Sn = (Sn,1, Sn,2, Sn,3, Sn,4) such that

Sn,1 =
∑n−1

k=0 x
2
k, Sn,2 =

∑n
k=0 x

2
k, Sn,3 =

∑n−1
k=0 xkxk+1 and Sn,4 =

∑n
k=0 y

2
k exp(−xk).

Plugging particle filter estimates Ŝn = (Ŝn,1, Ŝn,2, Ŝn,3, Ŝn,4) of these components into

Q(θ, θ′), taking the partial derivatives with respect α, β and σ, we obtain the EM

update rule:

α =
Ŝn,3

Ŝn,1
, β2 =

Ŝn,4
n+ 1

, σ2 =
1

n+ 1

(
α2Ŝn,1 − 2αŜn,3 + Ŝn,2

)
(4.10)

In our experiments, we will simulate M observation sequences (ym0:n)Mm=1 of length

n, with parameter values α∗ = 0.975, β∗ = 0.63 and σ∗ = 0.16. For each of the M

observation sequences, we will perform SMCEM algorithm and obtain a total of M

parameter estimates (θm)Mm=1 and compute MSE of each parameter. In SMCEM algo-

rithm, we perform T EM iterations and within each EM iteration we run a particle filter

with N particles. We perform this procedure for bootstrap and adaptive resampling

particle filters with standard and butterfly multinomial resampling mechanisms.

4.3.2. Experiment Results

In this subsection we present our results for the experiments we conducted within

the setup described in previous subsection. We repeat the experiment for particle

numbers N = 211, 213, 215, 217, 219 and 221. For each particle number N , we generate

M = 10 observation sequences of length n = 100 and perform SMCEM algorithm with

T = 100 EM iterations using for two different particle filter algorithms: one that uses
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multinomial resampling and another one that uses butterfly resampling. In our particle

filter implementations we use the model transition density as our proposal density. To

simulate a situation with hard communication constraints, we set the maximum radix

sequence to 256 and we use an unusual strategy for resampling.

In the particle filter implementation with multinomial resampling we perform

resampling at every dlog256Neth time step. In the particle filter implementaion with

butterfly resampling, we perform one stage of resampling at every time step and in

order to avoid degeneracy we permute particles at each time step, since otherwise we

would have run small independent particle filters in parallel. For the choice of radix

sequence of the butterfly resampling algorithms we follow the guidelines we obtained

in Section 4.1.3 but since we perform only one stage we use only the first radix in the

sequence. We fix the β parameter to β∗ = 0.63 and observe α and σ parameters.
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Figure 4.12. Performance comparison of resampling algorithms in SMCEM algorithm.

We plot the mean computation time per EM iteration in the leftmost plot of

Figure 4.12., MSE of the parameter estimates per mean computation time for α pa-

rameter in the middle plot in Figure 4.12. and MSE of the parameter estimates per

mean computation time for σ parameter in the rightmost plot in Figure 4.12. We see

that butterfly resampling algorithm becomes faster as we increase the number of par-

ticles and achieves about four times speed-up over multinomial resampling for N = 221

particles. Although the variance of the estimates of Q(θ, θ′) made by particle filter em-

ploying butterfly resampling is more than the one with multinomial resampling, we see

that quality of parameter estimations does not significantly differ for two algorithms

as the estimation error of ML method depends on the number of observations which is

fixed for all SMCEM runs in this experiment.
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5. CONCLUSIONS AND FUTURE WORK

5.1. Conclusions

In this thesis, we investigated the implementation of particle filters on GPUs

and presented the recently proposed augmented resampling framework and butterfly

resampling scheme as its special case for the resampling part of the particle filters in

addition to classical resampling algorithms originally propsed in the context of serial

computation. First, we described the problem of filtering in the Bayesian setting and

reviewed the particle filtering algorithms in the context of hidden Markov Models.

Particle filtering algorithms are based on the importance sampling scheme, which is

used when we cannot directly sample from a distribution. In Section 1.2 we reviewed the

Sequential Importance Sampling (SIS) and Sequential Importance Resampling (SIR)

algorithms as the prototypical instances of the modern particle filtering methods and

gave the generic form of the particle filtering algorithm that consists of three main

parts: sampling of particles, computation of weights and resampling. While sampling

and weight computation parts are naturally parallel, resampling part needs special

attention when resampling and in this thesis, we focused on the implementation of

particle filters on parallel platforms via parallelization of resampling part.

In Section 1.3 we described a generic form of resampling procedure that allows

us the identify the interplay between the underlying stochastic process of resampling

algorithm and suitability of algorithm to parallelization on a given platform. The

interactions between random variables involved in the resampling algorithms are char-

acterized by the conditional independence structure imposed by the algorithm which

can be represented by a graph we call the interaction structure. The key to build

resampling mechanism that can run efficiently on some parallel platform is to map this

interaction structure to the network structure on the computational units formed by

the modes of communication between them.

In Section 1.4 we reviewed the GPU programming model of CUDA platform
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developed and maintained by NVIDIA. The massively parallel architecture of CUDA

platform is organized into threads, which are basic units of the computational compo-

nents, and thread blocks, the group of threads that can work cooperatively on a task.

This hierarchical structure and the constuctions of global memory and shared memory

constitutes a communication network: while threads within a block can communicate

with each other via fast shared memory and barrier synchornizations, threads from

different blocks can communicate only through read and write operations to global

memory which is much slower compared to shared memory. The hardware implemen-

tation of massively parallel architecture complicates the design of efficient programs on

GPUs. Poor latency of the global memory demands the utilization of coalesced mem-

ory accesses and to avoid thread divergence programmer has to pay special attention

to the mapping between the indices of the tasks and the threads.

In Chapter 2 we investigated the parallel implementations of classical resampling

methods: multinomial resampling in Section 2.1, stratified resampling in Section 2.2

and systematic resampling in Section 2.3. We identify the factors that facilitates or hin-

ders their parallelization by observing their conditional independence structures. The

dependence of output particles on all input particles induces a full interaction struc-

ture which necessitates heavy communication between the components of the parallel

computation platform. Although this conditional independence structure hinders the

parallelization of multinomial resampling, it gives rise to
√
N scaling of the asymptotic

fluctuations of estimation errors for the particle filter that employs the standard multi-

nomial resampling algorithm. We also note that, although stratified and systematic

resampling algorithms does not put any restrictions on the interaction between input

and output particles, conditioned on the input weights and the ordering of the input

particles, these resamplings schemes impose the dependence of output particles only

on a fraction of input particles because of the stratification.

Our analysis suggest that the sampling part of the parallel implementation of

standard multinomial resampling algorithm has a O(tG log2N + tK) time cost where

tG, tK are device specific constants andN is the number of particles. The sampling parts

of the parallel implementations of stratified and systematic resampling algorithm have
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the same asymptotic time cost of O(ctG+tK) on average, it does not depend on number

of particle N . Here, c is a constant depending on the probability model governing the

dynamics of the joint process (X, Y ). Stratified and systematic resampling methods

are superior to multinomial resampling algorithm both in terms of computation cost

and Monte Carlo error associated to the resampling mechanism, yet the theory of

multinomial resampling is better understood and it serves as a reference point for the

convergence results of the butterfly resampling algorithms.

In addition to GPU implementations of classical resampling algorithms, we pre-

sented two recently proposed resampling algorithms in Section 2.4. Metropolis resam-

pling and rejection resampling algorithms are proposed specifically for the implementa-

tion on GPUs. One of their key properties is that they do not require the computation

of prefix sum which causes a high degree of communication between particles. On

the other hand, like classical resampling algorithms, these methods does not put any

constraint on the dependence of output particles on the input particles. Altough re-

moval of the prefix sum computation reduces the computation cost substantially, this

full interaction structure can cause a heavy memory traffic via random global memory

accesses. Apart from this their implementation on GPUs pose additional challenges

as their parameterization is not straightforward and bias of the Metropolis resampling

scheme can put the consistency and convergence properties of the particle filter into

jeopardy.

We reviewed the idea of resampling under constrained interaction structure in

Chapter 3 and presented the resampling method of αSMC as a foundation to the

augmented resampling framework. Augmented resampling framework presented in

Section 3.1 provides flexibility in designing resampling algorithms intended to run on

a specific parallel architecture. We see that the hardware and software architectures of

a parallel computing platforms impose a structure on the patterns of communication

between computational units and augmented resampling framework allow us to tailor

the interaction structure of particle involved in the resampling procedure to these

structured communication patterns. We state the unbiasedness property and moment

bounds for a certain class of augmented resampling framework in which we consider
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m-fold factorizations of the matrix 1N , an approach that leads to generalizations of

classical resampling algorithms.

As an instance of augmented resampling framework, we present the butterfly

resampling algorithm in Section 3.2, which can be especially suited to the communica-

tion structure of threads in a GPU imposed by thread blocks, barrier synchronization

and shared memory structures. The main feature of the butterfly resampling is that

it allows us to divide the full interaction into stages of constrained interactions. It

divides particles into smaller blocks and perform resampling within these blocks, then

proceeds by applying this process by partitioning the particles into a different set of

blocks. The resampling operation within blocks can be carried out via classical re-

sampling algorithms. We compared butterfly resampling algorithms to their classical

counterparts, which can be derived as special cases of butterfly resampling algorithm, in

terms of Monte Carlo error and computational cost. Butterfly multinomial resampling

algorithm given in Figure 3.6. requires O(tS logN + tK logrmaxN) time and butterfly

stratified and systematic resampling algorithms require O(c′tS + tK logrmax
N) time on

GPUs, where tS is the average time to access a shared memory location, .

Theorem 3.4 states that when we keep the level of interaction at a fixed level

while increasing the number of particles, we get exotic scaling
√
N/ logN of asymptotic

errors as opposed to
√
N scaling of multinomial resampling. This is the cost of more

parallelizable interaction structure of butterfly resampling. To get the error scaling

of multinomial resampling, we can limit the number of stages in butterfly resampling.

Theorem 3.5 states that when we fix the number of stages to two and keep the level

of interaction in the first stage at a fixed level, we get
√
N scaling of multinomial

resampling but with a greater asymptotic variance. Although these two scenarios are

very specific cases of butterfly resampling scheme, they give a taste of what statistical

properties butterfly resampling can have. These kinds of results for the most general

case of butterfly resampling is much harder and requires a deep combinatorial analysis

of the butterfly graphs.

In Section 3.3 we presented a practical extension of butterfly resampling algo-



82

rithm, adaptive butterfly resampling algorithm. Its main feature is that by choosing

the degree of interaction adaptively it can exploit the incremental nature of the butter-

fly resampling algorithm. While ESS computation incurs an additional computation

cost, we can gain from doing away with some stages of resampling algorithm. In our

experiments with particle filters, we see that this is indeed the case and in an adap-

tive resampling particle filter scenario speed-up of butterfly multinomial resampling

algorithm over standard multinomial resampling increases and butterfly resampling

algorithm becomes better in terms of Monte Carlo error per computation time.

In Chapter 4, we presented the experiments we conducted to verify the theoreti-

cal results on butterfly resampling algorithms by empirical results, to obtain practical

guidelines for the parameterization of butterfly resampling and to compare classical

resampling algorithms to butterfly resampling algorithms in terms of speed and Monte

Carlo error. To do this first we describe the setting in which we conduct and evalu-

ate our experiments. In Section 4.1, we present our results concerning single step of

resampling isolated from a particle filter context. We verify the result of Theorem 3.4

and obtain empirical results that give us practical guidelines for the implementation of

butterfly resampling algorithm. We see that although butterfly multiomial resampling

algorithm can provide a substantial speed-up, if we look at Monte Carlo error per com-

putation time standard multinomial resampling performs better. On the other hand,

we see that classical systematic resampling remains to outperform other algorithms

in terms of both speed and Monte Carlo error, while its butterfly counterpart shows

a slightly worse performance. However, for very large number of particles, classical

resampling algorithms become numerically unstable in single precision arithmetic and

in this case butterfly resampling can become our only viable option. In Section 4.2, we

compared resampling algorithms in the context of particle filters. In these experiments

we used a simple model in order to facilitate closed form computations of estimated

quantities. Our results suggest that butterfly multinomial resampling becomes faster

especially in the context of adaptive resampling particle filters and becomes advanta-

geous also in terms of MSE per computation time.
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5.2. Future Work

Although butterfly resampling algorithm can be adjusted to fit better into com-

munication structure imposed by CUDA architecture, its implementation is not straight-

forward and needs substantial effort compared to standard multinomial resampling. We

have implemented the butterfly resampling scheme on GPU architecture but we posit

that structure of butterfly graphs can be mapped exactly to hypercube or general-

ized hypercube architectures on which its performance gains would be more apparent.

Butterfly resampling scheme is just a small fraction of endless possibilities offered by

augmented resampling framework. For example, in case of grid architectures, banded

matrices which impose interaction on neighbouring processors can be considered. A

fruitful approach might be to consider the factorizations of 1N matrix into matrices

that are adjacency matrices of a certain parameterized family of parallel architectures.

Apart from the communication of processors, another consideration in parallel

implementation of particle filters is the movement of resampled particles in the memory.

While it is possible to develop efficient algorithms that solves the problem of optimally

moving particles in the memory, another approach would be to develop resampling

algorithms that will produce ancestor vector that requires smaller cost of memory

movements. Authors of [42] consider this problem and suggest a parallel algorithm

to permute the ancestor vector so that the particles can be propagated in place, i.e.

without needing a double buffer strategy.
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APPENDIX A: IMPLEMENTATION DETAILS

In this chapter we present the implementation details of the various parts of re-

sampling algorithms. We explain the design of our code and the motivations behind

our design decisions. We present only the performance critical parts of the CUDA code

since the whole code takes too much space and most of it consists of trivial details.

In Section A.1, we describe the CUDA implementation of prefix sum computation and

give code pieces. For numerical stability, instead of weights themselves we keep the

logarithm of weights, so for addition of two weights we use the log sum exp function

which takes two numbers a, b and returns log(exp(a) + exp(b)). Since CUDA imple-

mentations of classical resampling algorithms are straightforward, we do not present

them here. In Section A.2 we present implementation details for performance critical

parts of butterfly resampling algorithm and in Section A.3 we present implementation

details regarding the propagation of particles.

A.1. Implementation Details of Prefix Sum

Since prefix sum computation constitutes an essential component of the resam-

pling algorithms here we give its detailed description with codes. In our implementa-

tions we used work efficient scan algorithm as given in [34, Chapter 9]. This imple-

mentation is called work efficient since it performs a total O(N) addition operations as

opposed to O(N logN) addition operations of a more straightforward approach while

retainin O(logN) time cost.

Work efficient scan algorithm consists of two main parts : a reduction phase in

which an intermediate form of cumulative sums if computed and a distribution phase

in partial sums are added to required positions. Both phases are implemented within

a for loop. At each iteration of the for loop of the reduction phase, the number of

active threads are halved and active threads operate on array elements seperated by a

gap that increase at every iteration. We present CUDA implementation of reduction

phase of work efficient scan algorithm in Table A.1. Here the variable idx is the index
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of thread within the block, i.e. the built in variable threadIdx.x. Unusual way of

indexing in this code decreases the thread divergence to a minimal level. At the end of

reduction phase cumulative sums at the position 2i for i = 1, . . . , log2N are computed.

We present CUDA implementation of distribution phase in Table A.2., again to avoid

thread divergence we map the threads to array elements in an unusual way.

Table A.1. Reduction phase of work efficient scan algorithm.

// reduction phase

for (int stride = 1; stride <= blockDim.x; stride *= 2)

{

int index = (idx + 1) * stride * 2 - 1;

if (index < 2 * blockDim.x)

cache[index] = log_sum_exp(cache[index], cache[index

- stride ]);

__syncthreads ();

}

In this implementation of scan algorithm a thread block operates on an array

of double the size of thread block. Since we need to synchronize the threads in scan

algorithm, we cannot perform scan on the array of the size greater than twice the

maximum block size 1024. Let I = (I1, . . . , In) be a partition of the set 1, . . . , N

where each block Ii, i = 1, . . . , n are of size 2048 and n = N/2048. To perform prefix

sum operations over all weights w = (wj)Nj=1, first we make a kernel call to perform

prefix sum operation within each block wIi = wI
1:2048
i to get partial cumulative sums

Wi = (W j
i =

∑j
k=1w

Iki )2048j=1 . To simplify the implementation, in a second kernel call,

we use just one thread block. In this kernel, we compute cumulative sum of the array

formed by the last elements of Wis, v = (vi = W 2048
i )ni=1. If n ≤ 2048, we can perform

this operation within one block, but if n > 2048 we cannot synchronize threads. So,

instead of making another kernel call, we serialize the computation of multiple blocks

of prefix sum operation on v, in the first iteration we compute cumulative sum of first
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Table A.2. Distribution phase of work efficient scan algorithm.

// post reduction - distribute intermediate elements

for (int stride = blockDim.x / 2; stride > 0; stride /=

2)

{

int index = (idx + 1) * stride * 2 - 1;

if (index + stride < 2 * blockDim.x)

cache[index + stride] = log_sum_exp(cache[index +

stride], cache[index]);

__syncthreads ();

}

2048 elements of v, in the second iteration we compute cumulative sum of next 2048

elements and add the last element of previous block to each element in the current

block to get the cumulative sum of first 4096 elements and so on. Since we do not

work on arrays of size greater than 20482 frequently, only one iteration suffices in most

cases and even though we need to perform more iterations the overhead of kernel calls

and control structures would be more compared to this partial serialization of the

computation. After this step, we obtain a partial cumulative sum as in the reduction

phase of work efficient scan algorithm and in a last kernel call, we add these partial

sums to correct positions. We note that, this approach is needed only for the classical

resampling methods, in which we need to compute the prefix sum over all weights

array. In butterfly resampling scheme, at each stage of the resampling, only one kernel

call to scan algorithm is enough since we use radix sequences having maximum radix

less than 2048.

A.2. Implementation Details of Butterfly Resampling Methods

Efficient implementation of butterfly resampling algorithms on CUDA platform

is not straightforward. Although block structure of butterfly resampling algorithm can
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be mapped to hierarchical architecture of CUDA with ease, performance of resampling

algorithm is largely affected by the strided memory accesses and extra kernel call

overhead. However, these costs can be compensated by exploiting certain properties of

butterfly resampling and a popular strategy for coalescing the global memory accesses

known as tiling.

The first trick we utilize to speed up the butterfly resampling algorithm exploits

the property that after a resampling stage, weights within a block become uniform, so

instead of keeping all weights, we discard the multiple copies of the uniform weights

and at each stage we perform cumulative sum operation on a smaller array. For a

butterfly resampling algorithm parameterized with radix sequence r = (r1, . . . , rm)

where
∏m

k=1 rk = N , at the first stage, we need to compute cumulative sum of N

weights. After resampling with first radix r1, we obtain a weight vector of N/r1 distinct

weights. So at the next stage we need to compute cumulative sum of N/r1 weights

and carefully map the resulting cumulative sums to correct particles. Continuing in

this way, at the kth stage we compute a cumulative sum over a weights array of size

N/(r1 . . . rk−1). This strategy substantially reduces the computation cost associated to

prefix sum operation. CUDA implementation of this idea is presented in

Another performance critical part of the butterfly resampling algorithm is the

mapping of the particles to threads. The straightforward approach is to use the modular

congruence relations as defined in equations 3.6 and 3.7. For butterfly resampling

algorithm parameterized with radix sequence r = (r1, . . . , rm), using Equation 3.7, we

map the ith particle at the kth stage to the thread block indexed by Ir,k,i. Threads in

this block, access global memory locations that are r1 . . . rk−1 apart from each other.

So, using Equation 3.6, the ith particle will be mapped to the thread having index

(i−ir,k,Ir,k,i)/(r1 . . . rk−1)+1 within the block. Strided memory accesses of this approach

can cause bad utilization of high memory bandwidth of the GPU. In order to avoid

this, we need to coalesce the global memory accesses.

Suppose we use a uniform radix sequence where rk = R for all k = 1, . . . ,m.

Examining the patterns of above mapping strategy by considering base R representa-
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Table A.3. Shrinking weights array in butterfly resampling.

int w_size = n_particles;

for (int j = 0; j < n_steps; j++)

{

// compute cumulative sums of strided blocks

scan_cum_sum_eff <<<w_size/block_sizes[j], block_sizes[j

]/2, block_sizes[j]* sizeof(float) >>>(weights ,

next_weights);

// resample

bfmnr_kernel <<<n_particles/block_sizes[j], block_sizes[

j], block_sizes[j]* sizeof(float)>>>(weights ,

prng_states , ancestors , bw_lengths[j], positions[j])

;

swapf(&weights , &next_weights);

w_size /= block_sizes[j];

}

tion of particle indices, we see a pattern. Let i = dmdm−1 . . . d1 in m-digits base R

representation where dk ∈ {0, . . . , R − 1} for all k = 1, . . . ,m. Then at the kth stage

of butterfly resampling, the ith particle is mapped to the dkth thread of the thread

block with index I = dm . . . dk−1dk+1 . . . d1 in base R representation. In a scenario

where threads are indexed linearly, this suggests that particle with index dmdm−1 . . . d1

in base R is mapped to the thread with index dm . . . dk+1dk−1 . . . d1dk in base R. Based

on this observation, we carry out the mapping of particles to threads by using sim-

ple bit manipulations. CUDA implementation of butterfly resampling procedure using

these bit manipulations is given in Table A.4. Even more, this observations enables us

to coalesce the memory accesses by permuting the particles in memory at every stage
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of butterfly resampling algorithm.

Table A.4. Butterfly resampling kernel with strided accesses.

local_cum_sum[t_idx] = weights[global_idx >> bfindexpos ];

// cumulative weights are already computed

curandState local_state = prng_states[idx]; // get PRNG

state

__syncthreads ();

float u = local_cum_sum[blockDim.x - 1] + logf(

curand_uniform (& local_state)); // generate uniform

random number in (0, local_W_end]

prng_states[idx] = local_state; // update PRNG state

// locate position of u in local_cum_weights and compute

the global index of the ancestor

int local_ancestor = ancestors[dev_block_bitperm(b_idx ,

radixlog2 , bfindexpos) | (lower_bound(u,

local_cum_sum , blockDim.x) << bfindexpos)];

__syncthreads ();

ancestors[global_idx] = local_ancestor; // strided write

Above observation shows that the partitioning structure of the butterfly algorithm

can be thought as a permutation of the digits of the particle indices at base R. We

obtained those permutations by taking each digit to the rightmost position, however

different permutation strategies are possible and can lead to utilization of coalesced

memory accesses. To understand how we can achieve coalescence of memory accesses,
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suppose we populated the particles into a matrix of size N/R×R. Considering linear

indices in row major order and assuming base R representations of indices, the particle

with index dmdm−1 . . . d1 resides at the position (dm . . . d2, d1). Transposing the matrix

and linearizing we see that the particle with index dmdm−1 . . . d1 comes to the position

d1dm . . . d2. Mapping these particles linearly to the threads, we map particle d1dm . . . d2

to thread dmdm−1 . . . d1 which correspond to a different blocking structure than the

previous ordering of particles.

Table A.5. Tiled matrix transposition.

extern __shared__ REAL tile [];

int tx = threadIdx.x, ty = threadIdx.y; // thread x,y

indices

int gix = tx + blockIdx.x * blockDim.x, giy = ty +

blockIdx.y * blockDim.y; // global input matrix x,y

indices

int gox = tx + blockIdx.y * blockDim.y, goy = ty +

blockIdx.x * blockDim.y; // global output matrix x,y

indices

// coalesced read from global array and strided write to

shared memory

tile[ty + tx * blockDim.y] = input_matrix[gix + giy *

n_columns ]; // linearized row major indices

__syncthreads ();

// coalesced write to output array

output_matrix[gox + goy * n_rows] = tile[tx + ty *

blockDim.x];

Applying this tranposition procedure repeatedly, we apply a cyclic permutation
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on the digits of base R representations of particle indices and mapping particles to

threads linearly, we get a different blocking structure at each stage. Upside of this

strategy is that matrix transposition operation can be performed with coalesced global

memory accesses on GPUs via a technique called tiling [34]. CUDA implementation of

tile matrix transposition is presented in Table A.5.

We facilitate this strategy in butterfly resampling as follows: after the resampling

operation at the kth stage, we form N/rk matrix from the particles, transpose this

matrix and linearize it. Assuming matrices are stored in row major order, formation

and linearization of matrices is not performed actually, it is carried out implicitly by

just changing the indexing. Although this strategy can provide speedup by coalescing

memory accesses, it imposes an extra kernel call and memory space overhead since tiling

can not be performed by inplace computations and complicates the implementation

procedure with additional consideration on the indexing of weights. We present CUDA

implementation of butterfly resampling with coalesced memory accesses in Table A.6.

A.3. Propagation of Particles in Particle Filter Implementations

Considering the low latency of global memory accesses of GPU architecture, prop-

agation of the particles is a principal part of the GPU implementations of particle filters.

As we have pointed out earlier in Section 2.1, one way to ensure in-place propagation

of particles is to make sure that ancestors a = (a1, . . . , aN) satisfy the condition that

for all i = 1, . . . , N if aj = i for some j = {1, . . . , N} then ai = i. Since random out-

put of resampling algorithms does not satisfy this condition necessarily, authors of [42]

propose a parallel algorithm that can permute the ancestor vector so that it satisfy

this condition. However, we do not adopt this approach here. Since the full interaction

structure of classical resampling algorithms cannot be mapped to constrained commu-

nication structure of GPU architecture, we have to use a double buffer strategy for the

propagation of particles in a particle filter that employ classical resampling algorithms.

In Table A.7., we present GPU implementation of multinomial resampling with double

buffer strategy.
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Table A.6. Butterfly resampling kernel with coalesced memory accesses.

local_cum_sum[t_idx] = weights[idx &(~(0 xFFFFFFFF <<

weightindexpos))];

curandState local_state = prng_states[idx]; // get PRNG

state

float u = local_cum_sum[blockDim.x - 1] + logf(

curand_uniform (& local_state)); // generate uniform

random number in (0, local_W_end]

prng_states[idx] = local_state; // update PRNG state

// locate position of u in local_cum_weights and compute

the global index of the ancestor

int local_ancestor = ancestors[lower_bound(u,

local_cum_sum , blockDim.x) + b_idx * blockDim.x];

__syncthreads ();

ancestors[idx] = local_ancestor; // coalesced write

Local interaction structure of butterfly resampling scheme enables in-place prop-

agation of particles. Since particle blocks do not intersect with each other and threads

within a block can synchronize at a barrier, hazardous behaviour of the race conditions

can be avoided. After resampling an ancestor within its local group, each thread reads

its ancestor particle into a local buffer and all threads within the block synchronize.

This synchronization step ensures that no write operation is performed before all the

resampled ancestors are read. Finally, each thread writes the content of its local buffer

to associated memory location. CUDA implementation of this approach is given in

Table A.8. In-place propagation of particles requires the half of the memory space
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Table A.7. Multinomial resampling kernel with double buffer implementation.

int idx = threadIdx.x + blockIdx.x * blockDim.x;

float cum_sum = cum_weights[n_sample - 1];

float u = cum_sum + logf(curand_uniform (& prng_states[idx

])); // generate uniform random number in (0, W_N]

// locate position of u in cum_weights

int ancestor = lower_bound(u, cum_weights , n_sample);

new_particles[idx] = old_particles[ancestor ];

weights[idx] = cum_sum - logf((float) n_sample); // set

all weights to W_N/N

reqired by the double buffer approcah. However, in practice this approach should be

considered carefully. In high dimensional particle regimes, moving particles at every

stage can be prohibitively expensive.
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Table A.8. Butterfly resampling kernel with in-place propagation.

local_cum_sum[t_idx] = cum_weights[global_idx >>

bfindexpos ]; // cumulative weights are already

computed

curandState local_state = prng_states[idx]; // get PRNG

state

__syncthreads ();

float u = local_cum_sum[blockDim.x - 1] + logf(

curand_uniform (& local_state)); // generate uniform

random number in (0, local_W_end]

prng_states[idx] = local_state; // update PRNG state

// locate position of u in local_cum_weights and compute

the global index of the ancestor

float local_ancestor_particle = particles[

dev_block_bitperm(b_idx , radixlog2 , bfindexpos) | (

lower_bound(u, local_cum_sum , blockDim.x) <<

bfindexpos)];

__syncthreads ();

particles[global_idx] = local_ancestor_particle;
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