NORMAL FORM APPROACH TO SOME CHAOTIC SPROTT SYSTEMS

by
Medine ildes
B. S. in Physics, Bogazi¢i University, 2003

Submitted to the Institute for Graduate Studies in
Science and Engineering in partial fulfillment of
the requirements for the degree of

Master of Science

Graduate Program in Physics
Bogazici University

2006



il

ACKNOWLEDGEMENTS

Firstly, I would like to express my sincere thanks to my co-advisor, Prof. Avadis
Hacinliyan for his continuous encouragement support and trust. I am grateful to him for his

patience.

I am indebted to Assist. Prof. Muhittin Mungan who agreed to be my thesis advisor
after the retirement of Prof. Avadis Hacinliyan from Bogazi¢i University. He was very

helpful during my work.

It was a priviledge for me to work with Assist. Prof. Nazim Ziya Perdah¢i who had
always seen this work as a continuation of his Ph.D. thesis and he was always ready to
discuss on issues. I owe special thanks to him for teaching me numerical calculations and

for continuos encouragement. Whenever I needed help, he was always there.

My sincere gratitude is due to my thesis committee members, Prof. Haluk Beker

and Prof. Teoman Turgut who have read and commented on my thesis.



v

ABSTRACT

NORMAL FORM APPROACH TO SOME CHAOTIC SPROTT
SYSTEMS

In this study, the normal form method which had been previously applied to three
of the Sprott systems is applied to three other Sprott systems with a different eigenvalue
structure of their linearized parts. It is seen that the normal form expansion can also
represent these systems successfully for a longer time than expected from a perturbative
method. Altough the normal form expansion is a local method it gives information about
nonlocal characteristics suh as possible zero Liapunov exponents of the system via

approximately conserved quantities.



OZET

BAZI DUZENSIZ SPROTT SISTEMLERINE NORMAL FORM
YAKLASIMI

Bu caligmada, daha once ii¢ Sprott sistemine uygulanan normal form yoOntemi
lineerlestirilmis boliimii farkli 6zdeger yapisina sahip diger lic Sprott sistemine de
uygulanmistir. Normal form acilimlarinin bu dinamik sistemleri bir pertiirbatif metottan
beklenen siireden cok daha uzun siire i¢in temsil edebildigi goriilmiistiir. Normal form
metodu yerel bir metod olmasina ragmen yaklasik korunan biiyiikliikler aracilig1 ile olasi
sifir Liapunov {steli gibi sistemin yerel olmayan bir 0Ozelligi hakkinda da bilgi

verebilmistir.
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INTRODUCTION

Nineteenth century physics was largely based on linear theories and models. As
more and more complicated phenomena were discovered, linear theories became
insufficient for a complete description. In the latter part of the twentieth century, chaotic
phenomena that could not be completely explained using linear theories have gained
importance in every area of science. Chaotic systems are nonlinear systems whose
behavior sensitively depends on initial conditions [1,2]. They have at least one positive

Liapunov exponent.

There are many numerical algorithms, used for calculation of Liapunov exponents
[3,4,5]. However, their results are affected by rounding error introduced by computers.
Hence, distinguishing between the ambiguity of having a small positive, a small negative

or a zero exponent is crucial when determining the characteristics of a system.

The most common examples of first-order ordinary differential equations which
have chaotic solutions are the Lorenz and Rdssler systems. Sprott[6] made a systematic
investigation on classes of autonomous ordinary differential equations and found 19 simple
three dimensional autonomous systems with quadratic nonlinearities which have chaotic

solutions.

The aim of this study is to apply the “Normal Form Method” to chaotic Sprott
systems to gain information about characteristics of the systems [7]. This method converts
the dynamical system to a simpler form by applying coordinate transformations in terms of
infinite series. In practice one can expand the series up to finite terms. One of our purposes
is to show that normal form equations represent dynamical system for longer times as one
includes more terms of the series. Our other purpose is to investigate approximately

conserved quantities which can be seen as signs of zero Liapunov exponents [7,8].

The method of normal forms which is used in this study is explained in section 2.

The Sprott systems, chaotic attractors are presented in section 3. Results of the application



of the normal form method to three Sprott systems and the results are given in section 4. In
section 5, the importance of an approximately conserved quantity is studied and this
quantity is searched in three Sprott systems. Conclusions of this study are given in section

6. Certain technical details concerning the calculation are presented in an Appendix A.



2. THE METHOD OF NORMAL FORMS

The method of normal forms [9,10,11] provides approximate solutions to systems

of difference or ordinary differential equations that represent dynamical systems in R".
The purpose is to transform the differential equations into a simpler form. A coordinate
transformation (involving dependent variables) in the form of infinite series is generated
so that the resulting transformed differential equations are in a normal (i.e, a simpler form
using an expansion involving polynomial terms that simulates the chaotic stretching and
folding plus a dynamical system which is simpler to study) form. Using this requirement

coefficients in the series expansion are calculated.

The method is local in the sense that the coordinate transformations are generated
in a neighborhood of a known solution which is a fixed point. In general, the coordinate
transformations are nonlinear functions of the dependent variables, and these coordinate
transformations are found by solving a sequence of linear problems. Lastly, in an
appropriate space, the linear part of the vector field determines the structure of the normal
form.

2.1. Normal Forms For Vector Fields

We are going to study the vector field

x=G(x) ,XxeR", GeR" >R (2.1.1)

whose fixed point x = x,, is given by G(x,) = 0. Our purpose is to transform (2.1.1) into

such a form that is easier to work, so we apply following steps

e Initially we move the fixed point to the origin by letting

X=x—2Xx, , xeR” (2.1.2)



so (2.1.1) becomes

X=G(x+x,)=H(¥) (2.1.3)

e Then we separate the linear part of the vector field

¥ = DH(0)x + H(xX) (2.1.4)

where

H(X)= H(X)- DH(0)x (2.1.5)

e As a last step we find the matrix T that transforms the matrix DH (0)into (real)

Jordan canonical form. Thus

x=T% XeR’ (2.1.6)
modifes (2.1.3) in the following way
X =T 'DH(0)TX + T 'H(TX) (2.1.7)
Using definitions
J=T"'"DH(0)T (2.1.8)
and
F(X)=T"H(T%X) (2.1.9)

in (2.1.7), we obtain



X =JX + F(%), (2.1.10)

The linearized part is diagonalized wherever possible. The Jordan canonical form is used in

cases where this diagonalization is not possible.

Complex conjugate eigenvalue pairs can either be expressed in diagonal form
using complex variables or in Jordan canonical form using real variables. We will call the

use of diagonal complex representation wherever possible the standard form.

At this point, the linear part has been simplified as much as possible. We now

proceed to transform the nonlinear part F(X) to a simpler form. By Taylor expansion of

F(X) we obtain

X =JK+ F,(X)+ F®) +..+F_ (X)+0(]) 2.1.11)

where F,(X) is the order i terms containing homogeneous monomial terms of degree i in

the Taylor expansion of F(X). Then the coordinate transformation

X=y+h() , ye®R” (2.1.12)

where #h,(y) 1s a second degree, homogeneous polynomial in {y;}, is first applied.

Substituting (2.1.12) in (2.1.11) we have

X = (I+ Dhy ()i = Jy + Ty () + Fy (v + hy (D) + Fy (v + by (9) +

. (2.1.13)
ot F L (v (0))+0(y])
Using the following expansion
F(y+h)=F0+o(™ ) +..+0(]"), 2<k<r-1 (2.1.14)

in (2.1.13) we obtain



(I + Dhy(»)j = Jy + Jhy () + Fy () + B, (0) +..+ F, () + O( ) (2.1.15)

We also have
(I +Dhy,(»)™" =1 —-Dh,(y)+O(y") (2.1.16)

where y is sufficiently small.

Using this equation in (2.1.15) we get

"y (2.1.17)

9 =Jy +Jhy(y) = Dhy(p)Jy + Fy(0) + F;(») + ..+ F_ (») + O(|y

We remark that our aim is to simplify the O(|y|2) terms as much as possible so

h,(y)should satisty

Dhy(y)Jy = Jhy(y) = F,(y) (2.1.18)
to remove F,(y)in (2.1.17).

We now define an appropriate linear vector space, and a linear operator on this
space. Thus, equation (2.1.18), viewed as a transformation from #4,(y) to F,(y), becomes

a linear transformation in this vector space.

The definition of the appropriate linear vector space, the linear operator on this
vector space and the equation to be solved in this linear vector space are obtained by

applying the following procedure:

1. Let {s,,...,s,} be a basis of R", and let y ={y,,...,y,} be coordinates with respect

to this basis. Then we define “vector-valued homogeneous polynomials of degree



k as basis elements with coefficients consisting of homogeneous polynomials of

degree k, i.e.,

(ylmlyzmz-.-ynmn)sia zm/‘ =k, m; & z (2.1.19)

J=1

A linear vector space H, consists of the set of all vector-valued homogeneous

polynomials of degree k.

2. Then h,(y) can be seen as a component of H,. Let us examine the operator
Dh,(y)Jy —Jh,(y). (2.1.20)

The second term involves the multiplication of #4,(y) with J, this is a linear
transformation on s, and can be written as a linear superposition of {s,}. The first term
involves the multiplication of the Jacobian of %,, J, and s,, which is a superposition of

terms of the form (2.1.19). Thus, the operation can be written as a linear transformation in

H,. The map

h,(y) = Dh,(y)Jy — Jh () (2.1.21)

is a linear map of H, into H,. In Lie algebra notation, the Lie bracket operation on the

vector fields £, () and Jy can be defined as
L, (h, (»)) = ~(Dh, (y)Jy = Jh ()
LYy =[h (), 9] . (2.1.22)

3. Now F,(») can be considered as an element of H,. In elementary linear algebra

H, can be written as



H,=L"(H,)®G, (2.1.23)

where G, is a space complementary to L_/(2>(H2). When F,(y)is in the range of
Lj(z) (o), all O(|y|2) terms can be removed from (2.1.18). In any case, 4,(y) can be

chosen so that only O(| y|2) terms that are in G, remain. These terms are called

“resonance” terms;
F'(»)eG, (2.1.24)
Using these ideas let’s write (2.1.17) again
=+ FL(0)+ F(3) + ot FL(0) +O(y]). (2.1.25)

The next step “Simplification of the Third Order Terms” is similar to the previous

simplification. We introduce the coordinate transformation
3
y = y+h(y), h(»)=0(y]). (2.1.26)
Then following the same steps as in the second-order terms (2.1.25) modifies as

B = Jy+ F (9) + Jhy () = Dhy (0)Jy + Fs () + Fu(0) 4t F () +O(0]). (2.127)

Next we have the requirement

Dhy(y)Jy = Jhy () = Fy(») (2.1.28)

to determine hs(y) that transforms the third-order terms into a simpler form. Then it is

clear that



hs (¥) = Dhy(»)Jy = Jhs (v) = =L (h; () (2.1.29)

is a linear map of H, into itself. Hence, the third-order terms can be reduced to

F/ (y) e G, (2.1.30)
where

H, =LY (H,)®G;. (2.1.31)
When LY (H,) = H, the third order terms can be removed.

2.1.1. The Normal Form Theorem

Quoting from the definition in Wiggins[9], we now state the Poincaré-Dulac
normal form theorem which includes the resonant terms. By a sequence of near identity

coordinate changes, (2.1.11) can be transformed into
y=F () +.+ FL )+ 0y, (2.1.1.1)

where F/(y)eG,, 2<k<r-1, and G, is a space complementary to L'"(H,).

Equation (2.1.1.1) is said to be in normal form through order » —1. Several comments

are now in order

1. The terms F,(y), 2<k<r—1, are referred to as resonance terms. Let the
linear part of the vector field have eigenvalues A,, then the resonance equation

1S

A, :Zm_/ﬂj , m,; 20 are integers, ij >2. (2.1.1.2)
Jj=1
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n
The order of resonance is the integer, Z m, .
j=1

2. The structure of the nonlinear terms in (2.1.1.1) is absolutely determined by J,

the linear part of the vector field.

3. It should be clear that simplifying the terms at order k does not modify any
lower order terms. However, terms of order higher then k are modified. This
happens at each step of the application of the method. If one wanted to actually
calculate the coefficients on each term of the normal form in terms of the
original vector field, it would be necessary to keep track of how the higher

order terms are modified by successive coordinate transformations.
2.1.2 Calculation of the Linear Part

If all of the eigenvalues of the linearized part can be placed to one side of a
straight line through the origin, the eigenvalues are said to be in a “Poincare
domain”. Otherwise, they lie in a “Siegel domain”. A finite number of resonance
relations can be seen in the Poincare domain, whereas an infinite number of

resonant conditions occur in the Siegel domain.

We will concentrate our studies on three dimensional autonomous systems that
show chaotic behavior. Sprott [6] has proposed a set of nineteen such so called
simplest systems. Most of them have a linear part whose eigenvalues consist of a

complex conjugate pair and a real eigenvalue. Thus they are in the Siegel domain.

The first step will consist of converting the linear part in to a standart form[7].
The eigenvalues will be of the form of a complex pair 4,,4, = 4; and A, = A;. The

eigenvectors will be of the form vytiv, and vi;. We can now construct the

invertible transformation matrix

T = [Vz, Vi, V3] (2113)
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which will convert the linearized part to the Jordan canonical form, if the system is

diagonalizable.

Re(4,) —-Im(4) O
T7AT =|Im(4,) Re(4,) O (2.1.1.4)
0 0 A

A second transformation will convert the linearized part into the complex

diagonal (standard) form.

A 0 0
D'T'ATD=4=|0 4, 0 (2.1.1.5)
0 0 A
where
1 10 1 i 0
D:% —i i 0], D=1 -i 0 (2.1.1.6)
0 0 2 0 0
C=AC+F(©) (2.1.1.7)
where
C=D"'T'x (2.1.1.8)

and the nonlinear part is

F=D'T'F (2.1.1.9)



12

2.2. The Near Identity Transformation

A slightly modified notation than that of the last subsection will be used
here. Following Zarmi [13], we split the ordinary nonlinear, autonomous

differential equation into a linear part and a nonlinear part so it can be written as
d
Ex: Ax + &F (g,x) (2.2.1)

where A is a nxn constant matrix of either diagonal or Jordan canonical form. The

last term is the perturbation with |g| <<1 and F is an n-dimensional vector field

whose terms are polynomials or functions with Taylor series expansion in X of

degree at least one.

For application let’s rewrite our system as a three-dimensional nonlinear

system

dxi - n n J ok m
P A.x, + zg z Q] i X5 X5 (2.2.2)
n=l1

= J.k,m
where i =123, j+k+m=2, |g<<l, A #4,#4
A “near identity transformation (NIT)” [12,13] is written as

Xo=u, + Y &"T,) (uy,u,,u;) (2.2.3)

where €T, correspond to the 4, ’s

This transforms the variables (x;) to new set (u,). The task of the functions

T is to eliminate as many terms in (2.2.2) as possible. The new variables obey the

following relation



%ui =Ug+Y.&"U,,  Ug=Auy,

11

Let’s expand the equation in powers of &

dx u :
1 k . .
—t:/11x1+zg”z A X Xy x5, jrk+m=22, jk,m>0

n=1 Jok,m
and perform a parallel expansion
x, =u, +el +&°T)

we can now expand equation (2.2.4)

d
= U, +eUl +&°U,

13

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

In (2.2.5) subscripts refer to components of the vectors. In (2.2.6) and

(2.2.7) components are shown by superscripts and the order of the perturbation is

shown by subscripts.

Using (2.2.6) and (2.2.7) in (2.2.5) at the left-hand side we have;

d oT, oT; o7,
Ul v U + 22U + U U S Sy
dt ou, ou, U,
oT, oT, oT,
+e’ Uy —>+U; —2+U;, —2)
ou, ou, Ou,
oT;! oT;! oT;
+e’ (U —+U] —+U 1)
ou, ou, Ou,

and on the right- hand side we have;

(2.2.8)
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A +eT! + T +& Y oy yuiusuf
J+k+m>2
zal {T ]1km+k sz k1m+ mlT3} (229)
1, jkom Jiuy U,us u U, Uy mu, I/l I/l3 1 L

Jrk+m=2

1 Jo k, om
zal,jkmul Uy Uy

Jrk+m=2

taking the difference of (2.2.8) and (2.2.9) and collecting the coefficients of &

order by order we get

g% Uy = Au, (2.2.10)

1 a]}l 6711 aTl k., m
Zal Jkm

&5 Ul =AT' —(Uy,—~+U; ujusu} (2.2.11)
a 1 a 2 JHk+m>2
Here the “Lie bracket” (LB) is defined as
1 ou, ., oT!
U, T,| =) (T —2-Uj—! 22.12
.7 ;( o U e (2:2.12)
Substituting (2.2.10) in(2.2.12) we have
oT! oT;! oT!
Won] = AT Uy S+ U S U S (2.2.13)
ou, ou, Ou,
Thus equation (2.2.11) becomes
U =U,.T] + Do) ujuiul (2.2.14)

J+k+m=2
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The unperturbed linear part of the initial differential equation gives the
zero-order term U. The superscript of the square bracket refers to the component

of each term.

In general, we construct the functions 7;* as a polynomial whose terms are

homogeneous monomials of order i, the superscript a indicates the component :

> Bt VW a=12..n (2.2.15)

Jrk+m=2

The Lie bracket can easily be calculated. For example:

v,.r]]' = Y Blauiusul {4 — (A )+ Ak + Am)} (2.2.16)

J+k+m=2

Thus

= D Biatiusul {4 — (A j+ Lk +Am)y+ D aluiusuy (22,17

J+k+m>2 JHk+m=2

We remark that our purpose is to simplify the 2" order terms as much as
possible. Hence we choose 7' such that it eliminates U, . However we know from

the normal form theorem this can not always be possible. Indeed the last equation

imply that this elimination fails for terms such that
A = jA +kA, +mA, (2.2.18)

where A’ s are the eigenvalues of the linearized part, j,k,m are positive integers.
This is our “resonance relation”. For cases there is no resonance, we remove the

terms u;u5u}’ by choosing
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al,
Bliw =— — (2.2.19)
M A = (A + Ak + Aym))

Thus normal form (2.2.4) consists of the remaining terms which occur at the

resonance level.
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3. SPROTT SYSTEMS

It is well known that so-called chaotic systems reprersented by ordinary differential
equations are either two dimensional non-autonomous or three dimensional autonomous
system. The Poincare-Bendixson theorem[1] is usually quoted in this connection, although

there is a more heuristic way to see this. A two dimensional autonomous system,

dx dx .

71: fl(xl,xz),#: fo(x,,x,) can be rewritten as the first order
t t

system f, (x,,x,)dx, — f,(x,,x,)dx, which always posesses an integrating factor. Hence,

either a two dimensional nonautonomous system or a three dimensional autonomous

system of ordinary differential equations are needed. Exponential divergence of nearby

trajectories also requires the presence of at least one nonlinearity [6]. Most common

examples are Lorenz and Rossler systems. The Lorenz equations are

X =—0x+o0y 3.1
y=—XZ+rx—y (3.2)
z=xy—bz (3.3)

have seven terms on the right hand side two of them are quadratic nonlinear. The Rossler

equations

X=-y-z (3.4)

y=x+ay (3.5

z=b+xz—cz (3.6)
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have one quadratic nonlinear term and seven terms on the right hand side. Sprott
investigated the existence of systems of autonomous ordinary differential equations with
one or two quadratic nonlinearities and fewer than seven terms which have chaotic
solution. He found several thousand cases. Only 19 of these systems are independent in the
sense that there is no obvious transformation of one to another, all others can be
transfomed to one of these. These equations consist of six or fewer terms with at most two

independent control parameters.

He also found other systems with six terms and two nonlinearities but they appear
to be more complicated than the previous ones. System A is a volume-conserving system,
and the others are dissipative systems with strange attractors. In Table (3.1) these 19
systems with their fixed points, eigenvalues of the the linearized Jacobian matrix and

Liapunov exponents, as quoted by Sprott, [6] are given.
The Liapunov exponents have been obtained by numeric calculations. For chaotic

behavior the largest exponent is positive; this is seen in the Sprott systems. Using the

special case of the Kaplan-Yorke relation

D, =2-2 (3.7)

(A, donetes Liapunov exponent) the Liapunov dimensions are also calculated for each

system. Except for system A all of the Liapunov dimensions are between 2.00 and 2.19.



Table 3.1. Sprott Systems
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Liapunov
Case System Fixed Points Exponents Eigenvalues of A

X, =X,

A X, ==X, +X,X; none 0,£0.014 (0,%1)
X, =1-x]
X, = X,X,

B X, =X, — X, (1, £1,0) 0.210,0,-1.210 (-1.35,0.18+1.201)
X, =1-xx,
X, =X, X,

C X, =X, — X, (%1, £1,0) 0.163,0,-1.163 (-1,x1.411)
X, =1-x7
X, =—x,

D X, =X, + X, (0,0,0) 0.103,0,-1.320 (0,%1)
Xy = x,X; +3x;
X, = X,X,

E X, = xl2 - X, (0.25,0.063,0) 0.078,0,-1.078 (-1,%0.51)
X, =1-4x,
X, =X, + X,

F X, =—x, +0.5x, (0,0,0) 0.117,0,-0.617 (-1,0.25+0.971)
X, =X — X, (-2,-4.4) (0.21,-0.35%2.12i)
X, =0.4x, +x,

G X, = X,X; — X, (0,0,0) 0.034,0,-0.634 (-1,0.20+0.971)
Xy ==X +X, (-2.5,-2.5,1) (0.29,-0.44%1.781)
X =X, +x;

H X, =x, +0.5x, (0,0,0) 0.117,0,-0.617 (-1,0.25+0.971)
Xy =X — X, (-2,4,-2) (-2.50,0.96%0.541)
x, =—0.2x,

1 X, =X, + X, (0,0,0) 0.012,0,-1.012 (0.57,-0.78+0.281)

. 2
Xy =X+ X)) — X,
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Liapunov
Case System Fixed Points Exponents Eigenvalues of A
X, = 2x,

J X, ==2x, +x; (0,0,0) 0.076,0,-2.076 | (-2.31,0.16+1.31i)
Xy ==X, + X, +X;

X, =XX, — X,

K X, =X =X, (0,0,0) 0.038,0,-0.890 (-1,0.15%0.991)
X3 =x; +0.3x, (-3.33,-3.33,11.11) (0.15,-2.09+1.61i)
X, =x, +3.9x,

L X, = 0.9x12 - X, (1,0.9,0.23) 0.061,0,-1.061 | (-1.43,0.22+1.641)
X, =1-x,

X, ==X,

M X, =-x] —x, (2.406,-5.791,0) 0.044,0,-1.044 | (-1.38,0.19%1.481)
X, =1.7+1.7x +x, (-0.706,-0.499,0) (0.91,-0.95%1.591)
X, =-2x,

N X, =x + x32 (-0.25,0,0.5) 0.076,0,-2.076 | (-2.31,0.16%1.311)
X, =1+x, -2x,

X, =X,

(0) X, =X X, (0,0,0) 0.049,0,-0.319 | (-0.51,0.39+1.151)
Xy =X +x,x3 +2.7x, (-1,0,-1) (0.29,-0.65+1.46i)
X, =2.7x, +x,

P X, ==X, +X; (0,0,0) 0.087,0,-0.481 | (-0.51,0.39+1.151)
X; =X +x, (1,-1,2.7) (0.27,-1.13%+1.191)
X, ==X,

Q X, =X, —X, (0,0,0) 0.109,0,-0.609 (-1,0.25%1.741)
%, =3.1x, +x3 +0.5x, (-3.1,-3.1,0) (0.83,-0.66%1.811)
x,=09-x,

R x, =0.4+x, (-0.44,0.90,-0.40) | 0.062,0,-1.062 | (-1.23,0.12+0.851)
Xy = XX, — X3
X, =—x, —4x,

S X, =X, + x5 (-1,0.25, *1) 0.188,0,-1.188 | (-1.61,0.30%2.211)

X, =1+x

(1.20,-1.1022.33i)




21

4. APPLICATION OF NORMAL FORM THEORY TO THE SPROTT
SYSTEMS

The normal form analysis has been applied [7] to three of the Sprott systems,
namely systems C,D,E with a linearized eigenvalue spectrum of +ia, . They have
resonance terms at all odd orders, namely 3,5,7,... It has been shown that the normal
form (henceforth referred to as nf) solution of these chaotic systems represents the
dynamical system for a longer time interval than one would expect for a perturbative
solution. The Sprott F system has also been analyzed [7] up to order 6 and a
comparable, although a less accurate result (based on one rather than three resonance

terms) has been reported.

We have extended the Sprott F calculation from the sixth order onwards and
repeated the calculation to the Sprott Q and H systems so that up to four resonance
terms are calculated. All four systems have a linearized eigenvalue spectrum of B/4+ia,
-B (with B having either sign) and resonance terms occur at 6,11,16,21,... orders. These
calculations are handled by the REDUCE symbolic programming system[14]. These
three systems have two fixed points, one at (0,0,0) and other one at (a;, b;, ¢;) where the
specific values are quoted in Table 3.1. When we move the first fixed point to the
origin, it causes resonance terms in the nf expansion whereas using the nonzero fixed
point does not cause resonance terms. Theoretically we can apply the nf method near
both fixed points by using the symbolic program we developed. However limits of the
symbolic programming system used in this work, R3.8 Personal edition has not been
able to complete the calculations near the nonzero fixed point due to memory

overflows. Thus we used the fixed point at the origin.

4.1. The Sprott Q System

The Sprott Q system is represented by the following set of equations:
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dx,

5, 4.1.1
7 3 (4.1.1)
dx
7;:)61 —X, (412)
d
%:3“1 +x2 +0.5x, (4.1.3)

For the initial points x, =—0.9983341882x107", x, =0.595885367x10°°,
x, ==0.1709177196x 107" , the Sprott Q system behaves for the first 1000 seconds as

shown in the following figure

%3

Figure 4.1.1 The Sprott Q system in a phase space



The standard (complex diagonal) form of the Sprott Q system is given as

az =0.155917203954irz — 0.155917203954irz — 0.0295368620038iz>

dt
+1.74284250579iz + 0.0295368620038iz> —0.5737753105497*

+0.217391304348rz +0.2173913043487Z — 0.00999903807963z"
—0.06236688158142z +0.25z — 0.00999903807963z >

% =0.0590737240076irz —0.0590737240076irz —0.0111908909974i2°

+0.0111908909974:z* —0.2173913043487° +0.0823649577407rz
+0.08236495774077z —r —0.00378842360483z> —0.023629489603 2z

The 21" order nf expansion of this system is,

% =—-0.0000000069519906628 1ix° 5 w* + 0.000000226743237833iu"u *w’

—0.00000898599024676iu"u *w* +0.000576451865303iu i > w
+1.74284250579iu —0.00000001331547036561 "1 *w*
+0.000000414334286634u i w? —0.0000154627282699°u *w’
+0.000892924730024u i > w + 0.25u

C;—V: =0.0000000506060029783u"u*w’ —0.00000149326594996u °u w*

+0.0000519977279321u*u *w* — 0.00267877419007u i *w* — w

Then we apply the transformation u = pe™™ to the nf expansion and we obtain

£ =-0.0000000133154703656,p'"w" +0.000000414334286634,0"* w’
—0.0000154627282699p°w” +0.00089292473002424 p°w+ 0.25p

@ = 0.00000000695199066281p ' w* —0.000000226743237833 p"*w’
+0.00000898599024676 p°w* —0.000576451865303 0" w —1.74284250579

23

(4.1.4)

(4.1.5)

(4.1.6)

4.1.7)

(4.1.8)

(4.1.9)
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W = 0.0000000506060029783 p'°w’ —0.00000149326594996 p"> w*

(4.1.10)
+0.0000519977279321p*w* — 0.00267877419007 p*w? — w

In the following figure we compared numerical solution of the nf equations having
inital points p, =10~°,¢, =10~',w, =10 (transformation of the same initial point) with

the numeric solution of original equation having corresponding initial points at orders 6,

11, 16, 21.

T T T T 20 T T T T
10— —
0
: A
= o= —— nf 6th order result 1 » —— nof 11th onder result
=~ ~ exact result 7 -~ = exact result =
] ‘— ol ]
[ | | | [ |
i) 20 40 60 80 0 20 40 1] 80
time Lme
[ F L] | i | [T i
Ay b— -
20 o —
L nf_16th order result 2} = =
=== cuactresult g —
10— —
- = | i
B 7 10— —— nf 21 thorder result —
- === exact result o
i} —
-15 — —
| | 1 | | | | | | | 1 | | |
1] 20 40 60 B0 ] 20 40 ] 80
time time

Figure 4.1.2.Comparison of nf results and exact results of the Sprott Q system at 6",

1116 21" orders

Now let’s zoom in this figures order by order. It is seen in the following figures that
as the order of nf expansion increases, the nf solution represents the original system for a

longer time interval.



— nf result
== exact result

80 80.5 81

Figure 4.1.3 Nf results and exact results of the Sprott Q system at 6" order

81.5 82 825 83 835 84 84
time

Ln

— nf result
== gxact result

80 805 81

Figure 4.1.4 Nf results and exact results of the Sprott Q system at 1 1" order

81.5 82 825 83 835 84 845
time
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— nf result
== gxact result

| | | | | | | | | | |
80 B0.5 81 81.5 82 825 83 B83.5 84 845 85 855 86 865 87 B7.5 88
time

Figure 4.1.5 Nf results and exact results of the Sprott Q system at 16" order

— nf result
== exact result

| | | | | | | | |
80 B80.5 81 S81.5 82 825 83 835 84 84,
time

Lh
oo
L
o
h
L
o
oyl
=]
=
Ln
oo —
|
o
o
Ln
=]
=]

Figure 4.1.6 Nf results and exact results of the Sprott Q system at 21™ order

26



27

4.2. The Sprott F System

The Sprott F system is represented by the following set of equations;

%:xz +x, (4.2.1)
% = —x, +0.5x, (4.2.2)
dx

7; =x] — X, (4.2.3)

For the initial points x, =—0.1588366999x107,  x, =—0.4998334242x10°°,

x; =—0.1000000006 x 1077 , the Sprott F system is shown in th following figure for the

first 1000 seconds.

x3

Figure 4.2.1. The Sprott F system in a phase space



The standard (complex diagonal) form of the Sprott F system is given as

@ =0.144ir* +0.154919333848irz + 0.309838667697irz

dt
+0.025iz* +0.2izz + 0.15iz* — 0.1859032006187* —0.367z — 0.24rZ

—0.161374306092z> —0.258198889747 2z — 0.0645497224368z>
+0.968245836552iz + 0.25z

dr =0.15irz - 0.15irz +0.121030729569iz°

dt
—0.121030729569iz° +0.36r> +0.58094750193 17z

+0.5809475019317z — r + 0.21875z> + 0.5zz + 0.21875zZ>
Then the 21™ order nf expansion is,

% =795.186235293iu°u*w* +38.9400262058iu "t °w*

+2.2198465555iu°u*w’® +0.176734525397iu’u* w
+0.968245836552iu —1687.81442023u°u*w*
—86.6172031936u"u *w* —5.34829808898u°u *w’
~0.515898748371u’u*w+0.25u

%V =6215.20912547u 5 w° +305.565695119°u w*

+17.8056492347u’u*w® +1.5476962451 lw*u*w* —w

Then we apply the transformation u = pe™' to the nf expansion and obtain

p=—-1687.81442023p""w* —86.6172031936p" w’
—5.34829808898 p°w* —0.515898748371p°w+0.25p

@ =—-795.186235293p"'w* —38.9400262058 p'*w’
—2.2198465555p*w* —0.176734525397 p*w — 0.968245836552
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(4.2.4)

(4.2.5)

(4.2.6)

4.2.7)

(4.2.8)

(4.2.9)
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W= 621520912547 p"w’ +305.565695119 p"*w*

(4.2.10)
+17.8056492347 p*w”® +1.54769624511p*w* —w

In the following figure we compared the numerical solution of nf equations with
the inital point p, =10~*,¢, =10"',w, =10~ with the numerical solution of the original

equation having the corresponding transformed initial point at orders 6, 11, 16, 21.

=
T
[ T 3
S
T

x1

-10

— nf_6th onder result
=== exact result

&
T | T | T | T

—— nf_11th order result

—'—=  exactresult

(=

nf_16th order result

exact result

—— nf_21 th order result

=== ecxact result

BO

Figure 4.2.2.Comparison of nf results and exact results of the Sprott F system at 6",

11" 16M 21" orders

Similar to the Sprott Q system, let’s zoom in this figures order by order. It is seen

in the following figures that as the order of nf expansion increases, the nf solution

represents the original system for a longer time interval.



(2]

— nf result
== exact result

% 765 77 715 78 785 19 795 80 805 81 8l5 82

Figure 4.2.3 Nf results and exact results of the Sprott F system at 6" order

— nf result
== exact result

Figure 4.2.4 Nf results and exact results of the Sprott F system at 1 1" order



— nf result
== eXact result

7% J65 77 775 78 785 79 795 80 B80S 81 815 82

Figure 4.2.5 Nf results and exact results of the Sprott F system at 16™ order

— nf result
== exact result

7% 765 77 775 78 785 79 795 80 805 81 8L5 82

Figure 4.2.6 Nf results and exact results of the Sprott F system at 21™ order
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4.3. The Sprott H System

The Sprott H system is represented by the following set of equations;

dx

7;:—)(?2 +x32 (431)
dx

7; =X, + 0 5)(?2 (432)
dx

7; =X — Xy (433)

For the initial point x, =0.8386168602x107°,  x, =-0.150750883x107",

x, =0.9001665996x10~° , the Sprott H system is shown in the following figure for the

first 1000 seconds.

%3

Figure 4.3.1. The Sprott H system in a phase space
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The standard (complex diagonal) form of the Sprott H system is given as

% = 0.6ir" —0.258198889747irz + 0.258198889747irz

—0.15iz> +0.3izz — 0.15iz> + 0.258198889747r* + 0.6rz — 0.61Z (4.3.4)

—0.0645497224368z +0.129099444874 2z — 0.0645497224368z°
+0.968245836552iz + 0.25z

% = 0.6irz —0.6irz — 0.6r> —r +0.15z> —=0.32z +0.15z" (4.3.5)

Then 21" order nf expansion is,

% = —792.20844668iu’u "w* —180.277899101iu "t w’

+6.16624043194iu’u *w* —0.294557542328iuu *w

+0.968245836552iu —3589.23388444u° i * w* (4.3.6)
+401.005570341u " °w* —14.8563835805u°u *w*

+0.859831247285u°u’ w+0.25u

aw _ 75839.1745963u u*w’ —1414.65599592u % * w*
dt 4.3.7)

+49.460136763u u*w’ —2.57949374186u’u’w* —w

Then we apply the transformation u = pe™' to the nf expansion and obtain

P =-3589.23388444 p""w* +401.005570341p"w’

(4.3.8)
—14.8563835805p°w” + 0.859831247285 0w+ 0.25p
@ = 792.20844668p'°w* +180.277899101p"w* 43.9)
—6.16624043194 p*w’ +0.294557542328 p* w — 0968245836552 o
. 8—8 5 6—6_ 4
W =75839.1745963u"u* w® —1414.65599592u % *w (43.10)

+49.460136763u*u*w* —2.57949374186u > w* —w
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In the following figure we compare the numerical solution of the nf equations with
the inital point p, =10~*,¢, =10"',w, =10" with the numerical solution of the original

equation with the corresponding transformed initial point at orders 6, 11, 16, 21.

= ] [ _
- - 0 N
0 —
P el o —— nf 6th order result i w 5 —— of 11th order resuli B
— -~  exact result 155 === exact result =
10— — =1h I
1 I R B o |
0 20 40 L] B0 0 20 40 60 B0
Lime rime

-10

nf_16th order result

exact result

-0

— == exact result

—— nf_21 th arder result

20

40 60
tirne

80

rirme

80

Figure 4.3.2.Comparison of nf results and exact results of the Sprott H system at

6" 11" 16™21™ orders

Similar to other systems, let’s zoom in these figures order by order. Here it is also
seen that as we expand the nf equations to higher orders, the nf solution represents the

original system for a longer time interval.



— nf result
== exact result

Figure 4.3.3 Nf results and exact results of the Sprott H system at 6" order

3 — nf result
== exact result

Figure 4.3.4 Nf results and exact results of the Sprott H system at 11" order
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3l — nfresult
== exact result

Figure 4.3.5 Nf results and exact results of the Sprott H system at 16" order

3l — nfresult
=== gxact result

Figure 4.3.6 Nf results and exact results of the Sprott H system at 21™ order
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Although in all cases the time interval for which the normal form expansion is valid
increases with the order, the gain in the time interval is minimal beyond the first order

resonance term.

These three systems represents dynamical system for about 80 time unit where a
similiar expansion for the Sprott C and E systems represent the systems for 1800 and 1000
time units respectively. Behavior of the nf equations determine this time interval while
converting the normal form coordinates ( p, ¢, w ) to the original phase space coordinates,
( X1 X2, X3 ). Because Sprott Q, F and H do not have purely imaginary eigenvalues of their
linearized parts, p and ¢ vary much more rapidly compared to Sprott C and E. Therefore
the magnutitude of the perturbative part of our transformations reach the magnutitude of
linearized part in a shorter time. For Sprott Q, F and H this time is about 70 time units.
Numeric comparisons show that the time for which the normal form expansion represents
the system varies between two special times. The first one is the time needed for the
magnitude of the perturbative part to reach the magnitude of the linearized part. The
second time is the time needed for the magnitude of perturbative part to reach two times

the magnitude of the linearized part.
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5. SIGNIFICANCE OF AN APPROXIMATELY CONSERVED
QUANTITY

When a variable or a combination of variables has a behavior which is polynomial
bounded, it is impossible to observe an exponential separation or convergence of nearby
trajectories. Hence neither exponential growth or shrinking can occur, this can be taken as
an approximate indication that there is a zero Liapunov exponent [7]. Through numerical
simulation, all 19 of the Sprott systems are shown to have a zero Lyapunov exponent. It is
also remarkable that their linearized eigenvalue spectrum contains a complex conjugate

pair. It is attractive to relate such a pair to a zero Lyapunov exponent [15,16].
Let us recall that the normal form equations can be written as

du- al n=1 pn
7; = Au, +Zg S (uy,..u,) (5.1)
n=l1

n

i usul is used. The normal form near

where the special form f, (u,,..u,)=Y a

identity transformation can be written as x, =u, + z &"'h' (u,,..u,) . Again, the special

form h)(u,,..u,) =Y B jjkmu{ ulu?" had previously been used. Instead of using this special

basis, let us write the condition for the elimination of the order n terms as a Lie partial

differential equation, where y={y,...yn}

oh,(y)

B

L(h,)=D As¥p —Ah, (V)= 1,(). (52)
B

Substituting the form 4, (y)= y/ysy’ would give back the resonance relation.

Instead we look at the characteristics of this system of partial differential equations that

span its solution space .
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d dh

/Ilyl_ﬂ’ZyZ_”._ﬂ’mym_ _fn(y)_i_/lnhn(y) '

For a zero Lyapunov exponent A, we must have dy, =0, hence y,K =constant must
be a combination of variables that are conserved. Since an exactly conserved quantity is
not easy to find, we can try to detect the existance of a combination which is an
approximately conserved quantity [7]. To do this let’s take the lowest order components of

NF equations,

p=ap (5.4)
¢ =—b (5.5)

we obtain the following equation by combining them,

o __a . (5.6)
do b

then integrate this equation to get the approximately conserved quantity
a
Inp+ Z(o = const. (5.7)

Now we should investigate the behavior of this combination in the phase space.
Thus ( p, @, ® ) coordinates should be transformed into ( x;, X,, X3 ) coordinates. It is done
by numerically for the system of Sprott C [7]. For this calculation one should reverse the

multivariable series which are used at NIT transformations,

z:u+iTn(u,L7,w) (5.8)
Z:E+Zk:_n(u,t7,w) (5.9)
r=w+i5n(u,ﬁ,w) (5.10)

n=2
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According to the inverse function theorem, [17] in order to be able to invert the
normal form transformations, the transformations should be one to one and continuous for
the domain of function. During our repsentation time the NF equations represent attractors
which never pass through the same point. Hence in the specific time interval for all set of
(u,u,w) which are in the domain of the z,z,r functions we have different z,z,» values.
This means that in representation time NIT transformations are one-to-one for our chaotic
systems. Additionally, the Jacobian has 1’s on the diagonals and hence it is invertible at the
origin. Since the near identity transformation is analytic in a ball containing the origin, the
Taylor expansion is available up to the first zero of the Jacobian determinant. The inverse

will then exist in a ball (not necessarily of the same radius) around the origin.

Then we define the inverses of these functions as following,

k

u=z+y G,(z,Z,r) (5.11)
n=2
k —

u=z+Y G, (z7,r) (5.12)
n=2
k

w=r+Y H, (z,Z,r) (5.13)
n=2

By these calculations we obtained p and ¢ as a function of X, X;, X3 . To see the
accuracy of the reversion functions we compared the two sets of p, ¢ values, one obtained
from integration of NF, another obtained from integration of p( X, X2, X3 ) and @(x;, X2, X3).
We also calculated percentage errors of p( Xj, X2, X3 ) and ¢( X;, X3, X3 ) for about 8000

steps corresponding to about 80 time units.

5.1. The Sprott Q System

The integration of the lowest order NF gives us,

Inp+ @ = const.

(5.1.1)

5
9J15
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Behavior of this function is shown in the following figure.

-10

In(rho)+S5phi/(9sqrt(15))
=)
=]
|

_30 1 | 1 | 1 | 1

time

Figure 5.1.1. Trajectory of the aproximately conserved quantity in ( x;, X2, X3 ) space for

the Sprott Q system

It is seen that the indicated quantity is approximately conserved in the range that
the NF expansion represents the correct solution. Comparison of the NF equations and p(

X1, X2, X3 ) and @( X1, Xz, X3 ) are represented in the Figure 5.1.2. and in the Figure 5.1.3.

Errors are calculated for 8115 steps during 81.15 time units. Average of errors is

0.796 % for p( xi, X2, X3 ). Average of errors is 0.260% for @( x;, X2, X3 ).
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20
— rtho(x1.x2.x3)
=== tho as asolution of nf ;
Iri
15— i
f
i
= 10— ’
[
S -
0 | | ! | | | 1 |
0 20 40 60 80

time

Figure 5.1.2 Solution of p(x;,X»,X3) and p obtained by nf equations for the Sprott Q system

0
I — phi(x1.x2.x3)
------- phi as asolution of nf
S0
= -100—
-150
2200 . | . | . l ! '
0 20 40 60 80

time

Figure 5.1.3 Solution of ¢(X1,X2,x3) and ¢ obtained by nf equations for the Sprott Q system
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5.2. The Sprott F System

The integration of the lowest order NF equations gives the following approximately

conserved quantity:

1n,0+i = const. (5.2.1)

J15

The behavior of this function is shown in the following figure.

In(rho)+phifsqri(15)

: | L | L | L
-20 :
0 20 40 60 80
time

Figure 5.2.1. Trajectory of the aproximately conserved quantity in ( x;, X7, X3 ) space for

the Sprott F system

It is seen that the indicated quantity is approximately conserved in the range that
the NF expansion represents the correct solution. Comparison of the NF equations and p(

X1, X2, X3 ) and @( X1, Xz, X3 ) are represented in the Figure 5.2.2. and in the Figure 5.2.3.

Errors are calculated for 7400 steps during the first 74 time units. Average of errors

1s 0.251 % for p( xi, X2, X3 ). Average of errors is 0.299 % for @( xi, X2, X3 ).
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Figure 5.2.2 Solution of p(x;,X»,X3) and p obtained by nf equations for the Sprott F system
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Figure 5.2.3 Solution of ¢(x;,X2,X3) and ¢ obtained by nf equations for the Sprott F system
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5.3. The Sprott H System

The integration of the lowest order NF equations gives us,

lnp+izconst. (5.3.1)

J15

The behavior of this function is shown in the following figure.

-10

In (rho)+phi/sqrt(15)
1o
=
I

25—

30 . | . | . | . |

time

Figure 5.3.1. Trajectory of the aproximately conserved quantity in (X, X2, X3) space for the

Sprott H system

It is seen that the indicated quantity is approximately conserved in the range that
the NF expansion represents the correct solution. Comparison of the NF equations and p(

X1, X2, X3 ) and @( X1, Xz, X3 ) are represented in the Figure 5.3.2. and in the Figure 5.3.3.

Errors are calculated for 7300 steps during the first 73 time units. Average of errors

is 0.289 % for p( xi, X2, X3 ). Average of errors is 0.244 % for ¢( xi, X2, X3 ).
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Figure 5.3.2 Solution of p(X1,X2,x3) and p obtained by nf equations for the Sprott H system
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Figure 5.3.3 Solution of ¢(X1,X2,x3) and ¢ obtained by nf equations for the Sprott H system
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CONCLUSIONS

We have applied the normal form method to three Sprott systems consisting of
three dimensional first-order differential equations with one quadratic nonlinear term and
five linear terms. It is shown that as we expand the normal form equations to higher orders,
we find that the expansion represents the dynamical system for a longer time. However the
gain in the time interval is minimal beyond the first order resonance term. Therefore, the

lowest order resonant term contains a lot of information about the system.

When a variable or a combination of variables does not have exponential growth or
decay in the system phase space, an approximately conserved quantity is assumed to exist
in this space. This behavior indicates a zero Liapunov exponent. Using normal form
equations we obtained such a combination. For this calculation we inverted the
multivariable series which are used at NIT transformations. It is seen that the indicated
quantity is approximately conserved quantity in the range that the NF expansion represents

the correct solution .
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APPENDIX A: COMPUTATIONAL DETAILS

In this Appendix, technical questions concerning the integration of the Sprott
systems and their normal forms and the methods used in the inversion of the normal form

near identity transformation are presented.

All numerical integrations have been performed by using the subroutines based on
an Adams predictor and corrector algorithm given by Shampine et. al [18]. This algorithm
is started by a polynomial approximation. The calculation has been repeated by using the
ode package available in SuSe Linux [19]. The latter package is based on a switching
Runge Kutta 5th order algorithm. Up to the onset of the divergence, the two approaches
have given comparable solutions. However, the divergent portions are significantly
different. This is due to the fact that the Runge Kutta algorithm is a variable step size
algorithm with quality control, so that when the divergent portion is encountered, the step
size is continually reduced until the calculation becomes meaningless due to truncation
error. On the other hand, the fixed step size Adams mechanism continues the calculation in

a meaningless way without attempting to correct itself.

The divergence of the normal form equations can be attributed to the polynomial

transformation, since the resonant part can always be reduced to a quadrature.
A second point in the calculation is the necessity of inverting the normal form near
identity transformation. In Reference [7], this calculation had been carried out numerically.

Here, an analytic approach is used.

If the transformation is

X, =u, +zg”"lTn(ul,...un) (A.1)

We assume that the inverse transformation is
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u, =X, +zgm"1Rn(x1,...xn) (A.2)

where 7 (u,,..u,) is a given homogeneous polynomial of degree n. For R , we

assume a generalized homogenous polynomial

R (x,..x,) = Zc(ml,mz...mn)xlm‘x;”z...x;”” with  m, +m, +.m, =1 (A.3)

my,ms...

Substituting (A.3) into (A.2) and the resulting equation into (A.1), we get a series of

linear equations that can be solved for the coefficients c¢(m,,m,,...m ). This furnishes the

inverted series.



10.

11.

50

REFERENCES

. Hirsch, M.W., S.Smale and R.L. Devaney, Differential Equations, Dynamical Systems

& An Introduction to Chaos, Elsevier, California, 2004.

Verhulst, F., Nonlinear Differential Equations and Dynamical Systems, Springer-
Verlag, Berlin, 1996.

. Wolf, A., Swift, J.B., Swinney, H.L., and Vastano, J.A., “Determining Lyapunov

Exponents From A Time Series”, Physica D, Vol. 16, pp 285-317, 1985.

Eckmann J.P., Kamphorst S.O., Ruelle, D., and Ciliberto, S., “Lyapunov Exponents
From Time Series”, Physical Review A, Vol. 34, No 6, pp 4971-4979, December 1986.

Umur, A., Local Nonperturbative Methods for Algebraic Calculation of Liapunov
Exponents, M.S. Thesis, Bogazi¢i University, 1997.

Sprott, J.C., “Some Simple Chaotic Flows”, Physical Review E, Vol. 50, pp. R647-
R650, 1994.

Perdah¢i, N.Z., Normal Forms, Nonlocal Chaotic Behavior In Sprott And NMR
Systems, Ph.D. Thesis, Bogazi¢i University, 2002.

Birol, 1., Signs and Magnitudes of Liapunov Exponents in Continuous Time Dynamical

Systems, Ph.D. Thesis, Bogazi¢i University, 1977.

Wiggins, S., Introduction to Applied Nonlinear Dynamical Systems and Chaos,
Springer-Verlag, New York, 1990.

Arnold, V.1, Geometrical Methods in the Theory of Ordinary Differential Equations,
Springer-Verlag, New York, 1988.

Nayfeh, A.H., Method Of Normal Forms, John Wiley & Sons, New York, 1993.



12.

13.

14.

15.

16.

17.

18.

19.

51

Kahn, P.B. and Y. Zarmi, Nonlinear Dynamics, Exploration trough Normal Forms,

John Wiley and Sons Inc., New York, 1988.

Kahn, P.B. and Y. Zarmi, “Nonlinear dynamics: A tutorial on the method of normal

forms”, American Journal of Physics, Vol. 68, pp. 907-919, 2000.

Hearn, A.C., REDUCE 3.8 User’s Manual, Rand Organization, Santa Monica, CA
2004.

Perdahg1, N.Z. and A. Hacinliyan, “Normal forms and nonlocal chaotic behavior in
Sprott systems”, International Journal of Engineering Science, Vol. 41, pp. 1085-1108,
2002.

Birol, I. and A. Hacinliyan, “Signs and Approximate Magnitudes of Liapunov
Exponents in Continuous Time Dynamical Systems ”, Journal of Mathematical

Physics, Vol. 38, pp. 4594-4605, 1997.

Schutz, B.F., Geometrical methods of mathematical physics, Cambridge University
Press, New York 1980.

Shampine, L.F.; Gordon, M.K.: Computer Solution of Ordinary Differential

Equations. Freeman, San Francisco, 1975.

Smith, Russell et. al.; “Open Dynamics Engine” http://ode.org/ode.html, 2006.





