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ABSTRACT

ON ONLINE AND APPROXIMATE COVER TIME
PROBLEMS

As a generalization of the classical coupon collector problem in the probability
theory, the cover time in random walks on Markov chains has been investigated in
numerous studies in the literature. Especially, there are several results for the cover
time of a simple random walk on connected and undirected graphs. In this thesis, we

study two new problems about the cover time of graphs.

Firstly, we build an on-line model where there is a walker moving with random
time intervals on a graph growing in time. We initiate this study by examining the
number of vertices covered up to a fixed time for a simple model, and we discuss further

research directions.

Secondly, we generalize the classical cover time definition in order to understand
the differences between the partial covering and the full covering. We initiate this
study with the investigation of the approximate covering time on specific graph families
such as path graphs and complete graphs, and our main motivation is to explore the

structure of the graphs allowing easy partial covering in terms of the order of magnitude.

For the sake of completeness, we also give some preliminary results about the
classical cover time problem and several variations of the problem from the literature

such as edge covering and dynamic versions in the thesis.



OZET

CEVRIMICI VE YAKLASIK KAPLAMA ZAMANI
PROBLEMLERI UZERINE

Olasilik teorisindeki klasiklesmis kupon toplama probleminin bir genellemesi
olarak, Markov zincirleri tizerindeki rastgele dolagmanin kaplama zamani literatiirdeki
bircok calismada incelenmistir. Ozellikle, baglantih ve yonsiiz cizgeler tizerindeki basit
rastgele dolagmanin kaplama zamani iizerine bir¢ok sonu¢ bulunmaktadir. Bu tezde,

gizgelerin kaplama zamani tizerine iki yeni problem iizerine c¢aligilmigtir.

Ilk olarak, zamanla biiyiiyen bir ¢izge lizerinde hareketlerinin zaman araliklar
rassal olan bir gezicinin oldugu bir c¢evrimi¢i model inga edilmistir. Belirli bir za-
mana kadar kaplanan koselerin sayisi basit bir model tizerinde incelenerek bu ¢alisma

baslatilmig ve cesitli aragtirma alanlar1 tartigilmigtir.

Ikincisi, klasik kaplama zamam tanim genellegtirilerek, kismi kaplama ve tam
kaplama arasindaki farklar anlagilmaya ¢aligilmigtir. Yolak ¢izgesi ve tam ¢izge gibi ozel
cizge ailelerinde yaklagik kaplama zamani incelenerek bu ¢aligma baglatilmig, biiytikliik
derecesi olarak daha kolay yaklagik zamanina izin veren ¢izge yapilari kesfedilmesi temel

motivasyon olmustur.

Biutunlik agsindan, klasik kaplama zamani tizerine temel sonuclar ile kenar
kaplama ve dinamik versiyonlar gibi problemin literatiirde yer alan ¢esitli varyasyonlari

da tezde verilmigtir.
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1. INTRODUCTION

Remember the times that cards having footballer’s photos with their skills were
given as a gift by gums during world cup tournaments. Suppose you are interested in
collecting all Brazil squad of 23 people, and each gum has exactly one gift card. How
many gums are necessary for completing the collection? Of course, it is dependent on

your luck, but can we say anything for the average number of gums?

Let us investigate this phenomena on a very simple example. Assume each gum
has one card belonging Ronaldo, Rivaldo, or Ronaldinho, and we are trying to complete
this great triple. On each day, we buy a gum, and obtain a random footballer’s card.

After some days, we have the following cards in the order:

Ronaldo, Rivaldo, Ronaldo, Ronaldo, Ronaldinho, Rivaldo, Ronaldinho, ...

In this example, we completed the collection in 5 days. Then, can we say that we
are lucky? We can answer this question by calculating the expected number of days

required.

This is a very simple example of the famous problem, known as coupon collector
problem, in the probability theory (see [1]). In the general setting, mathematicians are
interested in the time required for all elements of a certain set at least once, which is
called as cover time by a walker who traverses randomly on those elements with respect

to some probabilistic rules.

In this thesis, we are interested in the cover time of a simple random walk on
graphs. Starting from some of the preliminaries about probability and graph theory
in Chapter 2, first we explore some nice relations between statistics related with cover
time in Chapter 3. Then, in Chapter 4, we give exact formulas for the cover time in

specific graphs such as complete graphs or cycles.



It is known that the calculation of the cover time in general graphs is not so
easy. Therefore, we may need to bound the cover time to understand its magnitude.
Especially, it turns out that the decision on whether it can be exponential is very
important. In Chapter 5, we discuss how a polynomial bound can be obtained through

a spanning tree argument in any connected graph.

The cover time problem has numerous extensions and variations in the literature.
In Chapter 6, we give several of them where we also discuss the proofs in some cases for
the sake of completeness. We will start with an edge covering version of the classical
problem, and then continue with the variation that there are more than one walker
who are simultaneously covering the graph. Moreover, we will state two models about
the cover time which are dynamic in terms of the walker and graph, and then we give
a result about the case that our graph is random at the beginning. At the end of the
Chapter 6, we discuss some theorems that allow us to improve the general bound when

we have an additional properties on the graph studied.

In Chapter 7 and 8, we give two new investigations of the cover time problem,
of course up to our the best knowledge, namely on-line covering and approximate
covering. In the first new variation, we are interested in the number of covered vertices
up to a certain time by the walker while our initial graph is growing with time for which
the time intervals between walker’s moves are randomly determined. In the latter, we

extend the definition of the cover time to reflect the partial covering of a graph.

As well as the classical cover time problem has numerous open questions such as
the minimum value of the cover time that can be achieved on a graph of fixed size, our
new models are also very open to generalize for further studies. In the Chapter 9, we

discuss some of them.



2. PRELIMINARIES

In this chapter, we discuss some preliminaries that are prerequisites of the topics
to be investigated. This includes some basic probabilistic and graph theoretical defi-
nitions and theorems as well as an introduction to Markov chains. At the end of the

chapter, we define simple random walks on graphs.
2.1. Basic Probability

In this section, we give the necessary basics for probability theory used throughout
the thesis. In general, following concepts are widely common in the literature, and for
sake of the completeness we follow the books [2] and [3]. The reader can look at those
books for further information as well as other references such as [4], [5], and [6] can be

used to introduce the ideas in probability theory.

In simplest words, a random variable can be thought as a result of some experi-
ment such as tossing a coin or rolling a die. The set of all possible outcomes is called
sample space. For instance, let X be a random variable taking the values “blue”,
“red”, or “green”. Here, our sample space becomes the set {blue,red,green} of size
three. Suppose that, in the long-run, X takes the value "blue” with frequency %, in
other words, X is assigned with “blue” in the half of the all cases. Similarly, assume

1
X takes the value “red” with frequency 3’ then we can say X is assigned with “green”

1
with frequency 6

The distribution function is a map that assigns the frequencies to possible out-

1

comes. In this example, if we write A for the distribution function, we get A(blue) = 3
1

A(red) = 3 and A(green) = —. Thus, we say X has the distribution A, and we write

1 1 1
P(X = blue) = 3 P(X =red) = 3 and P(X = green) = 5

| =



Let X be a random variable associated with the sample space S and the distri-

bution function w. It is clear from the definition that Zw(m) =1, and w(z) > 0 for

€S
all z € S. In formal language, any function satisfying these two properties represents

a distribution function. Any subset F C S is called as an event. For an event F, we

write P(E) for Zw(m), and call it as the probability of the event E.
zelE

Our examples at the beginning were discrete random variables, in other words,
the sample space was countable. On the other hand, for example, we can examine a
random variable Y that can take any real number between 0 and 1. Clearly, for any
particular point y € (0,1), we get P(Y = y) = 0. However, we need to distinguish
elements in the sample space. Therefore, we are required to express the distribution
in another way. In simplest words, a random variable is called as continuous if the

sample space uncountable.

Accordingly, the distribution function w of a continuous random variable asso-

ciated with the sample space S satisfies /w(m)dm =1 and w(z) > 0 for all x € S.
S

Similarly, the probability of an event E is defined as / w(x)dx. For a real-valued
E
random variable X, a density function f(x) is a real-valued function satisfying

P(USXSU):/ f(z)dx for all u,v € R.

Let X be a real-valued random variable associated with the sample space S. If
X is discrete, let us write w for its distribution function, and if it is continuous say

f(z) is its density function. The ezpectation of X is defined as:

i. E[X]:= Zx -w(x) if X is discrete, and

zeS

ii. E[X] ::/ x - f(z) if X is continuous.
z€S

The variance of X is defined as Var[X] := E[X?] — (E[X])? in both cases.



Now, assume we somehow learned that an event F has occurred. Of course, this
affect the probability and the expectation of X. In such cases, we say the random
variable X is conditioned on E. For another event E, the probability that is changed
with respect to F is said to be conditional probability of FE, given E, and denoted
by P(F1|E). Accordingly, the conditional expectation can be defined and denoted by

For instance, let X be a random variable that is determined by the consequence

1
of a fair die. It is clear that P(X = j) = 6 for all j € {1,2,3,4,5,6}, and it can be
7
calculated that E[X] = —. However, assume it is given that X is even. Thus, we get

1
97 lfj S {27476}

P(X = j|X is even) = ¢ 3 and then E[X|X is even| = 4.
0,

if j € {1,3,5}
Formally, for two events £, and FEs, the conditional probability is given by

P(Ey N Es)

IP>(E1|Ez) = IP’(EQ)

Accordingly, the conditional expectation can be given as:

E[X|E] =Y x-P(X = z|E).

€S

Two random variables X and Y are called independent if
P(X € AY € B)=P(X € A)P(Y € B),
for all sets A and B. On the other hand, they are called identically distributed if

P(X € A) =P(Y € A) for all sets A. They are said to be i.i.d. shortly, if they are
independent and identically distributed.



For a set A, the indicator function of A is defined as

1, ifzeA,
ﬂAZ:

0, otherwise.

For an event F, 1 becomes a random variable whose expectation is equal to P(FE).

Finally, we discuss two properties of the expectation. Let X and Y be random

variables with finite expectation. Then, we have

i. E[X + Y] =E[X]+E[Y], and
ii. E[cX] = c¢-E[X] for any constant c.

These two properties are called as the linearity of the expectation, and we frequently
use this term throughout the thesis. On the other hand, if X is a non-negative and
integer valued random variable, then we can calculate the expectation of X from the

formula
E[X] =) P(X > ).
§=0
This formula is known as tail sum formula.
2.1.1. Special Distributions
Here, we give the definitions of some well-known and widely-used special distri-
bution. Firstly, let X be a discrete random variable with the distribution function w

and sample space S. We say X has uniform distribution on S if w(z) = w(y) for all

x,y €S.



Let Y be a real-valued continuous random variable with density function f. We

say Y has uniform distribution on [a, b] if f is given by

1
— ifa<y<b,

fly) = b—a

0, otherwise,

and denoted by Y ~ U(a,b).

We say a random variable B has binomial distribution with parameters n and p,
and denoted by B ~ Bin(n,p), if B is the number of successes in a sequence of n trials

where each trial results in the success with probability p.
A continuous random variable Z whose density function is f is said to be
i. exponentially distributed with parameter X\ if f is given by

e M if >0,
flx) =
0, if x <0,

ii. normally distributed with parameters u and o if f is given by

Finally, we say a discrete random variable L taking only non-negative integers

has Poisson distribution with parameter A, and denoted by L ~ Poi()), if

Nee—k
k!

P(L=k)= for all k£ € Ny.



Poisson distribution is generally used for modeling the number of events for time
intervals such as incoming customers in a restaurant. It is well-known that the interar-
rival times between consecutive events are independent and exponentially distributed.
2.1.2. Inequalities

In this section, we give two well-known inequalities which are used in the thesis.

Markov Inequality: Let X be a non-negative random variable with finite expec-

tation. Then, we have

P(X >a) < for any a > 0.

Union Bound Inequality: For a countable set of events F;, Fs, ..., we have

PQJﬁwng:Pgm.

2.1.3. Order of Magnitude

Throughout the thesis, we sometimes need to compare two functions. Let f and g
are two functions on natural numbers. Even though these notations may be expressed

differently in the general case, we used the following ones for simplicity.

We say f(n) = o(g(n)) if lim B = 0.

o0 g(n)

We say f(n) = O(g(n)) if there exist constants ¢ and K such that

f(n) <c-g(n) for all x > K.



Finally, we say f(n) = ©(g(n)) if there exist constants ¢; and ¢y so that

ag(n) < f(n) < cag(n),

when n is sufficiently large.

2.2. Basic Graph Theory

In this section, we give the basic definitions and properties about graph theory
which are used throughout the thesis. All concepts in this section are quite well-known

and they can be found in several graph theory books such as [7] and [§].

2.2.1. Definitions

Let V be a finite set, and F be a subset of V x V. We say G is a graph on
the vertex set V with the edge set E by representing the elements of V' with dots and
connecting two dots 4, j € V whenever (i,j) € E. In general, we denote a graph G as
G = (V,E). If the vertex and edge sets are not specified at the beginning, we write
V(G) and E(G) for corresponding sets. The size of the graph G, denoted by |G|, is
defined as the number of elements in the set V(G).

Two vertices u,v € V(G) are called as adjacent or neighbor if (u,v) € E(G).
We sometimes denote the edge (u,v) by uv shortly, and an edge uv € E(G) is said
to be incident to the vertices u and v. The degree of a vertex v € V(G) is defined as
the number of neighbors in G. A vertex of degree zero is called as an isolated vertex.
We say the edge (i,7) € E(G) for some i € V(G) is a self-loop, and we call G as a
simple graph if it has no self-loops. If F(G) is a subset containing unordered (resp.
ordered) pairs from V(G), we say G is an undirected (rvesp. directed) graph. Unless
otherwise stated, we will consider only simple and undirected graphs throughout the
thesis. For simplicity in the notation, we generally write uv instead of (u,v) for the

edges in undirected graphs.
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A graph H is called a subgraph of G if V(H) C V(G) and wv € E(H) for
u,v € V(H) whenever wv € E(G). If H is a graph that can be obtained by deleting
some vertices and edges from G, then we say H is a partial subgraph of G. For a vertex

u, we write G — u for the subgraph of G whose vertices are V(G) — {u}.

A tuple (vy,vg, ..., vy) is called a path between v, and vy, if v;v,41 € E(G) for all
j€{1,2,....,k —1}. Similarly, a tuple (vq,vs, ..., v) is called a cycle if vjv;41 € E(G)
for all j € {1,2,....,k — 1} and vzv; € E(G). A graph G is said to be connected if
there is path between u and v for all u,v € V(G). If G is not connected, it is called a
disconnected graph. A connected subgraph of G is said to be a connected component if

any additional vertex from G into this subgraph leads to have a disconnected subgraph.

For given two graphs G and G, on disjoint vertex sets, their disjoint union is
defined as the graph on the vertex set V(G) UV (G3) with the edge set E(G1)UE(Gy).
Conversely, their join is defined as the graph on the vertex set V(G1) U V(Gz) with
the edge set E(G1) U E(Gs) U E where E = {(u,v) : u € V(Gy),v € V(G2)}.

2.2.2. Special Graph Families

A graph G is called as complete if uv € E(G) for all u,v € V(G). Conversely, we
say GG is an empty graph if wv € E(G) for all u,v € V(G). We denote the complete
graph and empty graph on n vertices by K, and I,, respectively. A graph admitting
all vertices have the same degree is called as regular. A subgraph H of G called as a
clique or an independent set if H itself forms a complete graph or an empty graph,

respectively.

We call a graph as a path graph, and denote by Py, if P, itself forms a path on k
vertices and there are no edges other than the path itself. Similarly, we call a graph as
a cycle graph, and denote by Sy, if S, itself forms a cycle on k vertices and there are

no edges other than the cycle itself.
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We say G is a bipartite graph with bipartition G = (A, B) where AU B =V (G)
and each of A and B forms an independent set. The complete bipartite graph K, is
defined as the join of the independent sets I, and 1.

A graph G is called as a tree if it is connected and it has no cycles. In a tree G,
we say u € V(G) is a leaf if its degree is exactly one. For a directed edge (u,v) in the

tree, we call u as an ancestor of v.

For a given graph GG, a partial subgraph T is called as a spanning tree if it forms
a tree and |T'| = |G|. It is clear that every connected graph should have at least one
spanning tree. A graph whose all connected components are trees is called as a forest.
Similarly, a partial subgraph F'is called as a spanning forest if it forms a forest and

|F| = |G|. Again, it is clear that every graph has at least one spanning forest.
2.2.3. Basic Properties of Graphs

In this subsection, we give some facts about graphs without proofs since all of
them are either trivial or they can be seen directly. We state them as propositions

because they are frequently used throughout the thesis.

Proposition 2.1. Let G be a graph with m edges. Then, we have Z d, = 2m where
ueV(G)
d,, denotes the degree of the vertex w. In particular, Z dy 1s always even.
ueV(G)

Proposition 2.2. If G is a tree on n vertices, it has exactly n — 1 edges.

Proposition 2.3. If G is a tree on n vertices and v € V(QG), then there is a sequence of
vertices (Vg, V1, ..., Van_2) of G such that each directed edge xy € E(G) appears exactly
once in this sequence, i.e. there is a bijective map from the set of directed edges to

{1,2,...,2n — 2} that maps xy — t,y so that x = vy, 1 and y = vy, .
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2.3. Markov Chains

A sequence {X,}nen, is called as a stochastic process if each of X, is a random
variable. If this stochastic process has some additional properties, then it is said to be
Markov chain. Throughout the thesis, our main investigation, namely cover times, is
a problem studied on Markov chains. Therefore, we need to discuss some basic facts
about Markov chains. Even though there exists also a continuous-time chains in the
literature (see [9]), we only pay attention to the discrete-time models. The reader can

look at the book [10] for further information about Markov chains.

Definition 2.4. Let S be a finite set, P = (p;; > 0 : 0,5 € S) be a matriz with
Zpij =1 forallie S and X\ = (N >0:1i€S8) be a row vector with Z)‘i: 1.
jes icS

The stochastic process { X, tnen, @s called as a Markov chain with state space S, initial

distribution \ and transition matriz P if the following hold:

i. P(Xog=1)= M\ forallieS.
1. ]P)(Xn—H = ]an = ’i, Xn—l = in—la ...,XQ = Z()) = P(Xn+1 = ]‘Xn = Z) = Dij fOT all

io,il, ...,Z-nfl,Z',j €S andn € No.

For a meaningful examination, the cover time problem requires some technical
assumptions on the Markov chain. As an abuse of the notation, we sometimes say the
transition matrix has some property instead of saying corresponding Markov chain has
that property, and vice versa. Let { X}, }nen, be a Markov chain with state space S and

transition matrix P.
We say P (or the Markov chain) is irreducible if

P(X,, =i for some n € N| Xy =j) >0 for all 4,5 € S.
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We say P (or the Markov chain) is aperiodic if

P(X,, =i Xy =1) > 0 for all i € S and for all sufficiently large n € N.

Let A be a probability distribution on S. We say A is invariant for P (or the Markov
chain) if AP = A.

The following theorem summarizes the technical condition that guarantees to

have a nice background for further investigations.

Theorem 2.5. Let P be an irreducible and aperiodic transition matriz, and suppose
that P has an invariant distribution w. Let {X, }nen, be a Markov chain with state

space S, transition matrix P and any initial distribution. Then 7 is unique and

P(X, =j) — m; asn — oo for all j € S.

In particular, 7 is called the stationary distribution of the Markov chain.

2.4. Simple Random Walks on Graphs

Consider a finite Markov chain with transition matrix P such that the next move
is purely arbitrary among all possible choices for each state. More formally, we assume
that all nonzero entries are equal in each row of P. Moreover, for all states 7,7 € S,
we assume that if the state j is an option for the state ¢ then the state ¢ is an option

for the state j, too.

It is clear that, under these assumptions, the Markov chain can be represented
by a random walk that traverses on vertices of an undirected graph by using adjacency
relations. Further, we study on simple graphs in general, which means diagonal entries

of the transition matrix are assumed to be zero.
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Moreover, the irreducibility of the Markov chain corresponds to the connectivity
of the graph. Therefore, we will study on connected graphs throughout the thesis

unless otherwise is stated.

Let G be a simple undirected graph on n vertices. We define the random walk
{X, }nen, on the vertices of G where the transition probabilities are determined as

follows for all vertices u,v € V(G):

1

—, ifw e E(G),
P(Xpp1 =v|X, =u) = du

0, otherwise,

where d, denotes the degree of the vertex u.

This stochastic process is said to be simple random walk on the graph G. For
notational convenience, for a random variable Y on the Markov chain, we will write
E,Y instead of E[Y|X, = w]. Similarly, for an event Z, we write P,Z instead of
P(Z| Xy = u). Moreover, we will write E, Y and P, Z if X, is determined with respect

to the stationary distribution 7.
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3. CHAIN STATISTICS

In this chapter, first we give the formal definition of some chain statistics used

throughout the thesis, and then discuss the some relations between them.
3.1. Basic Definitions
Let {X,,}nen, be a Markov chain with a state space S and transition matrix P
where S is finite and P is irreducible and aperiodic. Also, let m be the unique stationary
distribution of the chain.

Hitting time for the state j, denoted by T}, is defined as

T; :=inf{n >0: X, =j}.

Similarly, expected return time for the state j, denoted by m;, is defined as

m; = E[T}"| X, = j],

where Tj+ =inf{n > 0: X, = j}. Not surprisingly, there is a strong relation between

the expected return time and the stationary distribution.

In the long-run, 7; measures how often the chain visits the vertex j where m; is
the number of steps required between two consecutive visits to that vertex. Therefore,
these two quantities become the reciprocal of each other. We state this fact as a

theorem since it is frequently used throughout the thesis.
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Theorem 3.1. For a Markov chain with irreducible transition matrix P, finite state
space S and invariant distribution m, the expected return time for a state is the reciprocal

of the corresponding entry of the invariant distribution, that is

1
mj:;foralleS.
j

Since we study on simple, undirected and connected graphs in general, let us
manage our terminology into the graph theoretical language. Let G be a graph, and
consider the simple random walk on its vertices. Recall £, T, means the expected time
needed for the first hit to the vertex v if we start at the vertex u. Accordingly, hitting
time for the graph G, denoted by hit(G), is defined as

hit(G) := max E,T,.
u,veV(G)

Similarly, commute time for the graph G, denoted by com(G), is defined as

com(G) = max (E,T,+E,T,).
u,veV(G)

Finally, let C be the first time that all vertices of G have been visited by the
random walk at least once. Then, the cover time of the graph G, denoted by cov(G),

is defined as

cov(G) ;= max E,C.

ueV
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3.2. Random Target Lemma

Consider a Markov chain {X,, },en,, let us take a state u. If we start a random
walk at u, then the following lemma asserts that the weighted sum of hitting times of
other states does not depend on u. This can be interpreted as the time needed to reach
a random state is the same for each starting point. In general, we use the ideas stated

in the book [11] in this section.

Lemma 3.2. Consider a Markov chain {X,, }nen, with state space V', irreducible tran-

sitton matrix P and stationary distribution w, and let w € V. Then,

Z EU [Tw] * Ty

weV

does not depend on u.

Proof. Let P = {p;; :i,j € V}, and write h,, = Z E.[Ty)] - ™. We need to show that

weV
h is a constant vector. In the first two steps, we use the conditional expectation on the

first move of the random walk. The main approach in the proof is to show Ph = h,

which implies h being constant due to the irreducibility of the transition matrix.

Step 1: Bu[Tu) = 14> puy - Bo[To] for w # u.

veV

For w # u, we consider the conditional expectation on Xj.

Eu[Tw] = ZEu[Tw|X1 = U] * Puv
veV
= Z(l + Ev[Tw]) * Puw
veV
= Zpuv + ZE’U[TM] " Puv
veV veV

= 1+ ZEU[T’U)] * Puv-

veV
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1
Step 2: — =1 v - Eo[To].
ep 2 — =1+ pu BT

v veV

1
From the Theorem 3.1, the expected return time for the state u is equal to —.
Ty

On the other hand, the expected return time can be found by conditional expectation

on Xl-

My = me, BT X, =]

veV

= > pu (L+E[T])

veV
= Zpuv + ZEU[TM] * Puw
veV veV
= 1+ ZEU[TM] * Puv-
veV

Step 3: Ph = h.

We will show that (Ph), = h, for all u € V. Note that

(Ph)u - Zpuv : hv - Zpuv : Z Ev[Tw]ﬂ-w

veV veV weV

= Z Z Puv - Ev[Tw]ﬂ—w

veV weV

= Z Zpuv : Ev[Tw]ﬂ-w'

weV veV

Therefore, we need to prove that

Z Zpuv By [T mw = Z Eu[Tw] - T

weV veV weV
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Firstly, it is clear that we can write

Z Zpuv : Ev[Tw]ﬂ-w - Z Zpuv : Eu[Tw]ﬂ-w + Zpuv : Ev[Tu]Tru

weV veV w#u veV veV

Thus, by using Step 1, we get Z Zp““ By [Ty = Z(Eu[Tw] — 1)m,. Since
w#u veV w#U

E,[T.] = 0 from the definition and Z Te = 1, we have

weV

Z(Eu[Tw] -, = Z(Eu{Tw] — Dy — (B[] — D)y

WU weV
SIS
weV weV
= Y EuTulm—1+4m,
weV
1
On the other hand, by using Step 2, we have Z Puv - Eyo[Ty] = — — 1. Therefore,
Ty

veV
we obtain

1
Zpuv . Ev[Tu]ﬂ-u = <_ - 1) Ty — 1— T+

veV

As a result, we can write

Z Zpuv : Ev[Tw]ﬂ'w = Z Zpuv : Eu[Tw]ﬂ'w + Zpuv : ]Ev [Tu]ﬂ'u

weV veV w#u veV veV
_ [ZEU[TW]M 1 +wu} + [1 - wu]
weV
= ) EuTume
weV

Step 4: If Ps = s for some nonnegative vector s, then s is a constant vector.
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If s = 0 then it is trivial and so assume at least one of the components of s is
nonzero. Since V' is finite, there exists M > 0 such that s, = M is maximal for some

u€eV. If p,y, >0 and s, < M for some v € V, then we would have

Sy = PuvSv T Zpuwsw < M>
wHv

which is a contradiction. Therefore, p,, > 0 implies s, = M. On the other hand
irreducibility implies that there exists a sequence u = 2y, 21, 23, ..., 21 = w for which
Pziziy, > 0 for any w € V. Repeating the same argument, we can conclude that

Sw = Sz_, = ... =8z = Sz = S, = M, which completes the proof. O

This lemma is used in the proof of the following theorem that gives an upper

bound the hitting time of the graph in terms the hitting times of the vertices.

Theorem 3.3. Let G be a connected graph, and 7 be the stationary distribution of the

random walk on its vertices. Then, we have

hit(G) < 2- max E. [T,].
weV(G)

Proof. Let u,v € V(G). Suppose the random walk starts at the vertex u, it goes to a
vertex with respect to the stationary distribution, and then it traverses until reaching
to the vertex v. Then we can write E,[T,] < E,[T,] + E;[T,]. From the Lemma 3.2,

we have E,[T,] = E;[T,|. Therefore, we can write

Eu[T)] < EA[Th] + EA[T)] < 2- max Eq[Ty).
weV(Q)

Since it holds for any u,v € V(G), the result follows:

hit(G) = max E,[T,] <2- max E.[T,]. O
u,weV(G) weV (Q)
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3.3. Matthew’s Theorem

Let G be a connected graph and consider the random walk on its vertices. There
is a strong relation between hit(G) and cov(G) since the cover time means all vertices

are to be hitted by the random walk. The one direction is obvious since
E. T, <E,C < cov(G),
for any u,v € V(G), so we get

hit(G) = max E,T, < cov(G).
u,veV(G)

For the reverse direction, Matthew constructed an inequality in [12].

Let us write H(n) for the n'® harmonic sum in the rest of the thesis, i.e. let
n

1
H(n) = g — for any natural number n. We will give the proof in our words for the
— J
g=1
sake of completeness.

Theorem 3.4. Let G be a graph on n vertices, and consider the random walk on its

vertices. Then, we have cov(G) < hit(G) - H(n).

Proof. For the simplicity, let V(G) = {1,2,...,n}. Let us choose an arbitrary initial
vertex u € V(G) and let o be a uniform random permutation of {1,2,...,n}, that is

chosen independently from the random walk.

Let ¢, be the first time that the vertices {o (1), 0(2), ..., o(k)} have all been visited,
and write to = 0. Moreover, let [ = X}, be the last vertex among {o(1),0(2),...,0(k)}
to be visited.
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hat
We claim E,[t;, — tx_1] < i#(G)

for all 1 < k£ < n. Firstly, let us show this
claim completes the proof. Now, by using the linearity of the expectation, we get
n

E.[t,] = ZE“ [t — tr_1]. Therefore, if the claim holds, then we get
k=1

Thus, the result follows by taking the maximum over all u € V(@) in the following

inequality since we know cov(G) = max E,C:
ueV(G)

3

E.C = Eu[tn] < th(G> ’

k=1

= hit(G) - H(n).

| =

Let us prove the claim. First, let us examine the case £ = 1. We can use the

conditional expectation on whether (1) = u or not:

Eu[ti —t] = Eu[Toq)]

Then, the claim holds for & = 1. Let us consider the case £k = 2. Now, we

condition on the vertex [y:

Eu[tz — tl] e ]Eu[tg - tl‘l? B 0'(1)] . ]P(lg = 0(1)) —{—]Eu[tg - tl‘l? B 0'(2)] . ]P(lg = 0(2))

= Eu[ta — t1]la = 0(2)] - P(ly = 0(2)) since Iy = o(1) implies t5 = t;.
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1
Moreover P(ly = 0(1)) =P(ly = 0(2)) = 5 since o was chosen independently and
uniformly from the chain. Let g,.s be the probability of the event {o(1) = r,0(2) = s}

for r # s when Iy = 0(2) is given. Then, we can write

Eu[tg — t1|12 = U(2)] = ZEu[tQ — t1’l2 = U(2),O’(1) = 7’,0’(2) = S] *Qrs
r#s
= ZEu[tZ —tlly =0(2), Xy, =7, Xi, = 8] - grs
r#s
= ZET‘[TS] * Qrs
r#s

IN
(]
=
=

Finally, let us assume 3 < k < n. We calculate E, [ty — tx_1] by conditioning
1
whether [, = o(k) or not. Note that P(l;, = o(k)) = Z since o was chosen independently

and uniformly from the chain. Therefore, we have

Eu[tk - tk,1|lk = U(k)] i (k — 1)Eu[tk - tkfl‘lk 7é O(k)]
k k
Eu[tk - tk_1|lk = U(k’)]

= - since Iy, # o(k) implies ¢}, = ty_1.

E, [ty — th—1] =

Similarly, let ¢,s be the probability of the event {o(k — 1) = r,o(k) = s} for r # s

when [, = o(k) is given. Then, we have

Eu[tk — tkflllk = O'(k)] = ZEu[tk — tkflylk = U(k‘), O'(k — 1) =T, U(k) = S] * Qrs

r#£s

= ZEu[tk - tk71|lk = O-(k>7th,1 =T, th = 3] *Qrs
r#S8

= Z Z]P)(th_1 =1)E[T] - grs
s#r r=1

< D) P(Xy,, =1) - hit(G) - g
s#r r=1

IN
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which completes the proof. 0

In the proof of Theorem 3.4, hit(G) is used as an upper bound for E,[T;] for any
u,v € V(G),u # v. On the other hand, consider a subset of V(G) so that elements in

this subset are far away from each other in terms of hitting time.

It is clear that we need to cover this subset in order to cover all vertices, therefore
the cover time for the subset can give a useful lower bound. By using almost the same
procedure in Theorem 3.4 can be applied to obtain a lower bound for cov(G) in terms

of a good subset.

Theorem 3.5. Let G be a graph on n vertices, and consider the random walk on its

vertices. Take an arbitrary subset A C V(G) with |A| = k. Then, we have

cov(G) > H(k—1)- min E,[T,].

u,vEAuFv

Proof. Let a € A and write t,,;, = H}gn?é E,[T,]. Note that cov(G) > E,C4 where
uU,VEAUFV

C'4 is the time that all states of A have been visited by the chain at least once.

As similar to the proof of Theorem 3.4, let o be a uniform random permutation
of {1,2,...,k}, that is chosen independently from the chain. Moreover, let t; be the
first time that the states {o(1),0(2),...,0(j)} have all been visited, and write ty = 0.

Hence, by using the linearity of the expectation, we can obtain
k

EoCa = Ealts] = > Ealt; — t;-1].

J=1

Note that E, [t — to] = Eo[T,(1)]. Moreover, observe that



1
Z tmin'<]—__

Again, as similar to Theorem 3.4, we can conclude that E,[t; —

Ea[Ta(l)]
— BTolo(1) # d - Plo(1) # a) + E[Tolo(1) = d] - Plo(1)

= E.[T,qlo(1) #al - (1 - l) +0- 1

k

all 2 < j < k. Hence, we get

so the result follows.

cov(Q)

).

v

k k

E.Cx
1 5t
tmin (1 - _> m'm
k +Z J
Jj=2
tonin - (1 Ly 1)
k =

t:

7—1

] >

tmin

25

for
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4. EXACT CALCULATIONS OF COVER TIME

It is unknown whether the cover time can be calculated deterministically in a
polynomial time (see [11]). In this chapter, we discuss the special cases so that the
exact value of the cover time can be found by simple probabilistic and combinatorial
arguments. For the sake of completeness, we will give the detailed proofs of those cases

in our words.
We will start with the calculation of the complete graph.

Theorem 4.1. Let G be a complete graph of n vertices. Then, we have

cov(G)=(n—1)-H(n—1).

Proof. Let C). be the time when the random walk has first visited r distinct vertices.
n—1

Clearly, C; = 0, C; = 1 and we can write C,, = Z (OT+1 — C,,). Then by using the

r=1
n—1

linearity of the expectation, we have cov(G) = E[C,,] = Z E[Cri1 — Cy).
r=1

At the time the random walk has first visited r distinct vertices, the probability

n—r
1,sovve get

of reaching (r 4+ 1) new vertex in the next move is

Similarly, we reach the (r + 1) new vertex at the step k if the random walk traverses

already visited r vertices in the first k — 1 steps, therefore we can write

]P)(OT"FI -C, = k?) = i <T_ 1>k_1v

n—1. n—1
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for any k € N and 2 <r <n — 1. Hence we get

o0

E[Crp1—C] = > k-P(Crpy — C, =k)
k=1

_ ikn—r<r—1)k—1
n—1\n—1
k=1
n—7 — r—1\k-1
= H(E=)
n—lZ n—1

r—1 n—r
Now, for simplicity, let us write p = 1 Then, it is clear that 7= 1—0p
n— n—

and we get E[C,1 — C,] = (1 —p) Z kptt.
k=1

o0 o0 1
Note that Z kp*! is equal to the derivative of Z Pk = T— with respect to
—p

k=1 k=0

p, which equals 5+ so we have

1
(1-p)

B = Cl=(-p)(7=) =0-0) - ==

—n—1
cov(G) =E[C,] = E[C;—Ci]+)  ——
r=2
n—1
1
= 1+(n—1)T:2n_T

as claimed. O
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Next, consider a game in which we pick randomly choose one of available n
different coupons in each turn and we are waiting for the completion of the collection.
This problem is well-studied in the literature and known as coupon collector problem
(see [1]). The expected number of turns needed for reaching the goal is pretty related
with the cover time concept. The game is equivalent to the covering all vertices of a

complete graph where each vertex has an additional self-loop.

Theorem 4.2. Let G be a complete graph on n vertices with addition a self-loop at

each vertex. Then, we have

cov(G) =n-H(n—1).

Proof. The proof can be completed by applying the same procedure as in the Theorem
4.1. Similarly, we define C.., but in this case we have C; = 0 and

P(Crp1 —Cr=k) = - ; : (%)kl:

for any £k € Nand 1 <r <n—1. Again, by using the linearity of the expectation and

the formula for geometric series, we can write

E[CTH_CT]:ngrik(%)k—lzn—r 1r _._n
k=1

n (I1-%)2 n-—r

Hence, the result easily follows:

Now, we need to state a famous probability problem, known as gambler’s ruin
problem in the literature (see [13]), since we will use it frequently in the rest of the

thesis. Here, we give the proof of the most classical version as a proposition.
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Proposition 4.3. Consider a gamble that ends when either the gambler has 0 dollar
(he loses the game) or N dollars (he wins the game). Starting with n dollars where
1 <n < N -1, in each turn, the gambler wins or loses 1 dollar with equal probability.
Then, the expected number of turns needed for the end of the gamble is n(N — n).

n
Moreover, the probability of winning is N

Proof. Let E, be the expected number of turns needed for the end of the gamble, and
P, be the probability of winning when having n dollars at the beginning for 0 <n < N.
It is clear from the definitions that £y = Ey = 0, Py = 0, Py = 1. Moreover, the

following recursions can be obtained by conditioning on the result of the first turn:

1 1
En = 1+ §En,1 -+ §En+1, and

1 1
Pn = Sin- _Pn 5
5 1+ g in+
for 1 <n < N — 1. Now, by adding up the first recursion fromn =1ton =N — 1,

we have

N-1 N-2
EO ‘l’ E1 + EN_1 +EN
n=1 ( ) 2 n=2

After the cancellations and by using Fy = Ex = 0, we get Ey + Ey_1 = 2N — 2.
Moreover, by the symmetry, E,, = Ey_, for each n, which leads £; = Ex_1 = N — 1.

Now, we have Fjp =0, 1y = N—-land £, =2F,—FE, 1 —2for 1 <n < N-1.
Hence, we can prove our claim by strong induction on n. The claim holds for n = 0

and n = 1, and assume F,, = n(N —n) for n < k for some k > 1. Then, we get
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Erin = 2B, —Ej_q —2
= 2%k(N —k)—(k—=1)(N—k+1)—2
= 2kN —2k> — KN+ N+ Kk —2k+1-2
= KN -k —2k+N -1
= (k+1)N — (k+1)
= (k+1)(N—k—1),

and so the result follows.

On the other hand, we have P, = 2P, for n = 1 from the second recursion since
Py = 0. If we write the same recursion for n = 2, we get P3 = 2P, — P, = 3P; by
using P, = 2P;. Similarly, it can be easily seen that we have P, = kP, for k > 1
inductively, which implies Py = NP, and so P, = % Therefore, we get P, = n for

N
all 1 <n < N, and the result follows. O]

Hence, we give the result for star graphs, again which is quite similar to the

complete graph case.

Theorem 4.4. Let G be a star with n vertices where uw € V' is the center and v € V is
a leaf. Then, we have E,C =2(n—1)-H(n—2) and E,C =2(n—1)-H(n —2) — 1,

therefore we get

cov(G) =2(n—1)-H(n —2).

Proof. If we start the random walk at the center u, then visits to the leaves (in every
second step) have exactly same distribution as in the coupon collector problem with
n — 1 distinct coupons since we pick one of the leaves uniformly in each step. From

Theorem 4.2, we have E,C' = 2(n — 1) - H(n — 2).
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If we start at a leaf v, then E,C = 2(n—1)-H(n—2)— 1 since we do not need one
more visit to the center u in the last step. Hence, we get cov(G) = 2(n —1) - H(n —2)

and the result follows. O]

Now, we discuss the cover time of another tree, namely the path graph.

Theorem 4.5. Let G be a path with n vertices where V(G) = {1,2,...,n} from left to
the right. Then, we have E,C = (i — 1)(n — i) + (n — 1)? for i € V, therefore we get

cov(G) = LB(nT_l)QJ

Proof. Suppose we start the random walk at the vertex 1 and let us write h; = E;,7T,,
for 1 <i < n. Since hitting the vertex n is equivalent to the covering all vertices, we
have E;C' = hy. Moreover, clearly h,, = 0 from the definition, and h; = 1 4 hy since

we will be at the vertex 2 after the first step when we start at the vertex 1.

On the other hand, for any 2 < k < n — 1, if we are at the vertex k, then by

conditioning on the next step, we have the following recursion:
1 1
hy =1+ §hk—1 + §hk+1,

for 2 <k <n-—1. We claim h; = hy — (i — 1)? for 2 < i < n and we will prove this
by strong induction. We know this equality holds for ¢ = 2. At the induction step,
assume hy = hy — (k — 1)2 for some 2 < k < n — 1. From the recurrence relation, we

have

hi—(k—=2)* h
= (=2 i

—(k=172=1
hy — (k—1) + 5 5
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Then, we get

Rip1 = 2h —2(k—1)> =2 —hy + (k —2)?
= h =2k +4k—2 -2+ Kk —4dk+4

= h— kza
and the claim follows.

Thus, since h,, = 0, we get hy — (n —1)? = 0 from the claim, and therefore we get

E,C = hy = (n — 1)% By the symmetry, we can also conclude that E,C' = (n — 1)

On the other hand, suppose we start at the vertex ¢ for some 2 < ¢ < n — 1.
Observe that we must first either hit to the vertex 1 or vertex n to cover all vertices.
Therefore, F;C' equals to the summation of the expected time needed for the first hit
to one of the endpoints and E,C (or E,,C'). However, the first hit to the one of those
endpoints is equivalent to the gambler’s ruin problem: we have 7 dollars at initial and
the game ends when we reach either 1 dollar or n dollars. Therefore, the expected time
needed for the first hitis (i — 1)(n —1 —i+ 1) = (i — 1)(n — %) from Proposition 4.3,
and so we get E;C' = (i —1)(n—i)+(n—1)*for2<i<n-—1.

1
Finally, we need to choose i = {%J to maximize the quantity (i — 1)(n — 1),

5(n — 1)2J-

O
4

therefore we get cov(G) = {

Remark 4.6. Let n be a natural number. We remark that a star on n vertices has
the minimum cover time over all trees of size n whereas a path on n vertices has the

maximum cover time over all trees of size n. A detailed explanation will be given in

Chapter 6.

We close this chapter by giving the cover time of cycles. In the proof, again the

gambler’s ruin problem will be used.



33

n(n—l).
2

Theorem 4.7. Let G be a cycle on n vertices. Then, we have cov(G) =
Proof. Again, let us write C, as in the Theorem 4.1. At the time we have exactly r
distinct states, already visited vertices form a segment and reaching the (r + 1) new
vertex is again equivalent to the gambler’s ruin problem: the current position of the
random walk corresponds to having 1 dollar (or r dollars) and we are waiting for him

to reach either 0 or r + 1 dollars.

From the Proposition 4.3, the expected time is 1-r = r and so we get C,,1 = C,.+r
n(n—1) -

for r > 1. Since C] = 0, it can be easily shown by induction that C,, = 5
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5. POLYNOMIAL BOUND FOR GENERAL GRAPHS

For a given connected graph G, it turns out that the calculation of cov(G) is not
an easy task with some exceptional cases which are discussed in Chapter 4. To our
best knowledge, there are no further nontrivial graph families whose cover time can
be exactly determined. When it is not possible to calculate a parameter exactly, the
first thing to do would be to understand its order of magnitude. Therefore, we need to

decide whether cov(G) can be exponential or not.

In this chapter, we will discuss how a polynomial bound on the cover time for
general graphs can be obtained. We use the ideas in [14] and give the proofs in detail.

Firstly, we need a simple proposition for expected return time.

Proposition 5.1. Let G be a connected graph with m edges. For any u € V(G), we

2
have m, = d_m where d,, denotes the degree of u.

Proof. For the convenience, let us write V(G) = {1,2,...,n}. From the Theorem 3.1,

1
we have m; = — for the invariant distribution 7 if the transition matrix is irreducible.
Ty

Since G is connected, irreducibility is clear and we must show that m; = Qd_;n for any
vertex j € V. Moreover, aperiodicity of the transition matrix is trivial and hence
an invariant distribution is the unique stationary distribution from the Theorem 2.5.
Therefore we only need to check the equality 7P = 7 where m; = Qd_rjn To satisfy the

n
equality, we need Z mipi; = 7. Indeed, we have
i=1

iDii = — —0:—:—: i
;ij Z 2mdi+ Z 2m 2m 2m 7

iijeE i:ij¢E

and we are done. O
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We can interpret the Proposition 5.1 as follows: We will visit the vertex ¢ with

d.
the frequency 2—1 in the long-run and by the symmetry we can say that each transition
m
d;

vy 1
from 7 to j for any ij € E has the frequency Qd—m =5 i.e. each directed edge has the
i m

1
same long-run frequency 2 We state this fact as a corollary.
m

Corollary 5.2. Let G be a graph with m edges. For a simple random walk on the

1
vertices of G, any directed edge (u,v) has the same long-run frequency o
m

Hence, by using Corollary 5.2, we get an upper bound for the quantity that is

also known as commute time.

Proposition 5.3. Let G be a graph with m edges. For any edge uv € E, we have

E. T, +ET, <2m.

Proof. Consider a long journey and observe the period that starts at u, visits to v at
least once, and returns to u. We must show that the expected time needed for this
observation period is at most 2m. Since each directed edge has the same long-run
frequency from Corollary 5.2, the expected time of the observation period is exactly
equal to the number of directed edges times the expected number of occurrences of any

particular directed edge.

On the other hand, the transition vu leads to the end of the observation period,
so the expected number of occurrences of the edge vu is less than or equal to 1 with
the equality if and only if uv € F is an cut edge of G, i.e. the removal of the edge uv
makes GG disconnected. Hence, we get E, T, + E, T, < 2m -1 and the result follows. [J

Now, we are ready to obtain a polynomial upper bound for the cover time in a

general graph by using a classical spanning tree argument.
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Theorem 5.4. Let G be a connected graph on n vertices with m edges. Then, we have

cov(G) <2m(n —1).

Proof. For any u € V, we will show E,C < 2m(n —1). Let H be a spanning tree of G.
Then, there is a walk beginning and ending at u which traverses each edge of H exactly
once in each direction from Proposition 2.3. The expected time for this walk is clearly

larger than E,C since we restrict our route while covering all vertices. Therefore, we

can write
E.C < Y (BT, +E,T,)
zyeH
< max(E, T, +E,T,) - |[E(H)|
zyeH
< maﬁ(EETy +E,T;) - (n — 1) from the Proposition 2.2
RANS
< 2m(n — 1) from the Proposition 5.3
and we are done. O

After finding a polynomial upper bound for the cover time of a general graph, we

must question whether this bound is optimal up to order of magnitude.

For dense graphs, we know m = O(n?) and so 2m(n — 1) = ©(n?). To conclude

that this order is optimal in the general case, we need an example.

Example 5.5. Let G be a graph with 3n vertices where V(G) = {1,2,...,3n}. If we

have only these adjacency relations, then cov(G) has the order ©(n?).

i. {1,2,...,n} forms a clique.
ii. {2n+1,2n+2,...,3n} forms a clique.
iti. {L,n+1,n+2,...,2n—1,2n,3n} forms a path from left to the right.
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Proof. We will show that E;C has the order ©(n?). Firstly, let us only consider the
left clique. Starting with the vertex 1, the expected return time is exactly n from
the Theorem 3.1 since we have a uniform stationary distribution, i.e. m; = % for any
j €{1,2,...,n}. In each turn at the vertex 1, the probability of leaving the left clique,
or explicitly probability of hitting the vertex (n+1) is % Hence, we will hit the vertex

(n + 1) after the n'* visit to the vertex 1 in average, i.e.
ElTn—i-l = n(n - 1)

On the other hand, the only way we can reach to the vertex 3n is to use the path
{I,n+1,n+2,...,2n — 1,2n,3n}. Hence, let us only consider this path and start at
the vertex (n+1). Again, we have the same situation as in the gambler’s ruin problem:

we have 1 dollar and the game will end either we have 0 dollar or (n + 1) dollars. The

probability of winning the game is from the Proposition 4.3, and in the case of
losing, we need n(n — 1) steps to return to the back the vertex n + 1 from the vertex

1 in average. Therefore,

”(”_1)';k<ni1>klni1 - ngzng11)<1—1ni+l>2
= nn—1)(n+1)

= @(n?’)
steps are necessary to reach the vertex 3n in average. Obviously, we have
CO’U(G) Z ElC Z E1T3n,

and the result follows. O
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6. VARIATIONS OF COVER TIMES FROM THE
LITERATURE

In this chapter, we discuss several variations and extensions of the classical cover

time problem from the literature.
6.1. Edge Covering

Firstly, the edge covering version was discussed from Zuckerman in 1991. Con-
sider the simple random walk on a connected graph G on n vertices with m edges. Let
Ceage be the first time that all edges of G have been traversed in both direction at least

once.

In [15], the author proved that the order of the magnitude of the upper bound
for the cover time in general graphs, O(mn), would be the same if we wait up to time
Cedge- Then, Aldous made the proof cleaner in his book [11] with Fill, and we will

follow the same idea in that proof here.

Theorem 6.1. Let G be a connected graph on n vertices with m edges. Then, we have

64
max E,Cegge < mn .
ueV(G) 3

Proof. Let us write T' = [v32m?] and take a vertex u € V(G).
Let us define a tour as follows:
e The tour starts at the vertex u, and continue until all vertices have been visited.

e Then, wait for additional T steps.

e The tour ends at the time the random walk hits the vertex w.
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Let Y; be the time that i*" tour ends, and let Negge be the number of tours required
for all edges have been visited in each direction at least once. Note that Y;’s are i.i.d.
random variables and we have Yy,,, = min{Y; : ¥; > Cegpe}. Thus, from Wald’s

identity, we get

]Eu Cedge S ]Eu YN

edge

= IEu-N’edge : Eu}/l
Firstly, clearly we can bound E, Y] in terms of 7" and cov(G) as follows:
E.Y1 <cov(G)+ T + m‘%é) E,T, <T +2-cov(Q).
we

To bound E, Ne4q4e, we will use the tail sum formula. Note that we can write
EuNedge = Z]P)u(Nedge > TI/) S 2 Z]Ipu(Nedge > 2.7)7
n=0 §=0

since it is clear that Py (Negge > 27) + Pu(Neage > 2 + 1) < 2 Py(Negge > 27) for all
N

8
> 0. Now, we will show that Py(Nuge > 2j) < (%)j for j > 1.

Take a fix directed edge (y, z). Note that the long-run frequency of this directed
1
edge is o from Corollary 5.2, i.e. the expected time until (y, z) is traversed starting
m
from z is equal to 2m. Therefore, (y, z) is not traversed in 7" steps starting from z with

2
probability at most Tm by Markov’s inequality. Then, we can conclude the directed

2m
edge (y, z) is not traversed in a tour with probability at most T Hence, by using the

union bound, we have

Py(Neage > 1) = P,(At least one directed edge is not visited in first  tours)

< Z P.((y, z) is not visited in the first  tours)
all directed edges

= Z P.((y, z) is not visited in a tour)’
all directed edges
2 1 2 I+1
2m - ( m) = (2m) .
Tl

IN

T
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Then, we get Py, (Negge > 27) <

(2m)%+1 (2m)3 8m3\ i .
7% S T < < e ) for j > 1. Thus,

by using the summation in the infinite geometric series since 72 > 8m?, we have

IEu]\[edge S 2- Z]P)u(Nedge > 2.])
7=0

8Sm3\J
< 1+ (—T2 )
- 2
oo S
T2
. . " 2 8
Since T > v/32m? from its definition, we get E,Negge < — = 3 Therefore, we
1-— =
4

get E,Cegge < g ~([vV32m2] + 2 cov(G)) < g - (V32m3 + 1+ 2 - cov(G)). Recall we

know cov(G) < 2m(n — 1) from Theorem 5.4, which implies 1 + 2 - cov(G) < 4mn. As

) n
a result, by using m < —, we have

V2

8 —
Eucedge < g ' ( 32m? + 4mn)

8

= 3 (4mV/2v/m + 4mn)
8 n

< = (4mV2— + 4mn

B 64mn

— 3

as desired. O

6.2. Multiple Walkers

As a second variation, cover time problem can be considered when there are more
than one walker. Formally, consider [ many independent random walk on a connected
graph GG. We may interest the expectation of the first time that all vertices have been

visited at least once by at least one of those [ random walks.
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In [16], this problem appeared through a different motivation. Given an undi-
rected graph G with its two vertices s and ¢, we want to decide whether s and ¢ are
in the same connected component. This decision can be made through a deterministic

graph search algorithms, or alternatively it can be simulated via random walks.

Authors examined [ many independent random walks of length O(m?/I?log® n)
d.

starting with respect to stationary distribution (which is 7; = 2—] from Proposition
m

5.1) to check whether s and ¢ are in the same component through the covered vertices

from each of those random walks. Here, we just state the theorem.

Theorem 6.2. Let G be a connected graph on n vertices with m edges. Define C; as
the time needed for covering all vertices by | independent random walks where each of

them starts at a vertex with respect to stationary distribution. Then, we have

m?log® n)

E[C)] = 0( =

On the other hand, Aldous and Fill examined a similar variation of this problem
on regular graphs in [11]. As contrary to the Theorem 6.2, they started each of those

random walks at a vertex chosen uniformly.

Theorem 6.3. Let G be a reqular graph on n wvertices. Consider a k independent
random walks, each started at a uniform random vertex. Define C*! as the time needed

for covering all vertices by those random walks. Then, we have

(25 4+ o(1))n?log® n

E[C™] < E;

as n — oo provided that k > 6logn.

6.3. Dynamic Models

In 2003, a dynamic version of cover time problem have been studied in [17].
Authors built two similar scenarios for growing graph model by inspiration from web

graphs.
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In both model, there is a sequence of connected graphs G = {G(t) : t = 1,2,...}
for which G(t) is constructed from G(t —1) by adding a new vertex and a fixed number
of edges between the new vertex and the vertices of G(t—1) where the initial graph G(1)
consists of a single vertex with some self-loops. Their two models only differ by how
we connect the new vertex with the previous graph. While the neighbors of the new
vertex is chosen independently and uniformly with possibility of multiple connection
in the first model, the new vertex is linked with previous vertices with probability
proportional to their degrees in the second model. For both models, there is a walker

traversing on the vertices where he walks for a fixed length at each step.

Authors examined the expectation of the number of vertices which have not been
visited by the walker up to step ¢. Intuitively, it is clear that a portion of the vertices
will not be visited by the walker and they showed that this portion is asymptotically
equal to a constant times the reciprocal of the fixed length of the walker’s movements
at each step and the number of edges between the new vertex and the previous graph

is sufficiently large as t — oc.

Formally, let G(1) be a graph with a single vertex 1 and m self-loops where m is
fixed. For ¢t > 2, let G(t) be a graph constructed from G(t — 1) by adding the vertex ¢

and m randomly chosen edges (t,u;), i = 1,2, ...,m where:

i. First Model: The vertices uy, us, ..., u,, are chosen from {1,2,....,t — 1} indepen-
dently and uniformly.
dy
ii. Second Model: P(u; = u) = ——— =, v € {1,2,...,t — 1} where d,, denotes the
2m(t — 1)
degree of the vertex u in the graph G(t — 1).

As parallel to the grow of the graph, let us say there is a walker at the vertex 1
at the beginning. For ¢ > 2, assume the walker is at a vertex of G(t — 1), and he makes
a simple random walk on length [ after the addition of the vertex ¢ where [ is a fixed

natural number independent from the time.
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Authors interest the random variable 7} ,,(t) that is defined as the expectation of
the number of vertices not visited by the walker up to the end of step t. We state the

main theorem here:

Theorem 6.4. For both models, if m is sufficiently large, then as t — oo,

T (t

5| YTI(

s=1 g=s

<1/m>))l]

where d(s,q) denotes the degree of the vertex s in the graph G(q).

and

Ty (t
Moreover, authors examined the limits of 1},,(t). Write T}, = tlim Lm (1)

—00 t

Ty = lim 7T;,,. They give the formula of 7; for both models with an integration.
m—ro0

Theorem 6.5. With the preceding notation,

1. For the first model, we have

2 o0
T, = \/;€(l+2)2/4l/ €—y2/2dy'
(14+2)/V21

2
In particular, we have Ty = 0.57--- and T} ~ 7 as | — oo.

1. For the second model, we have
T, = el212/ y e Vdy.
!

2
In particular, we have Ty = 0.59 - and T} ~ 7 as | — oo.

On the other hand, in 2008, another dynamic model for cover time has examined
n [18]. As contrary to the previous study, authors worked on a fixed set of vertices.
Formally, let V' be a finite set, and G = {G; : i = 1,2,...} be a set of graphs where
V(G;) =V for all i € N.
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They call this graph sequence G as an evolving graph, and it is said to be explorable
if each of G; is connected and every vertex of G; has a self-loop to handle the ergodicity
issue. Moreover, they say G is evolving with rate % if foralle > 1, G; # G111 =
Git1 = Gip14j forall j € {0,1,2,...,7 — 1}.

From Theorem 5.4, we know the covering of static graphs always requires a poly-
nomial time. Frist of all, authors proved that this is not the case for evolving graph
models. They constructed a sequence of stars in a way that the hitting time between
two specific vertices is exponential in terms of the size of stars, which implies the cover

time is not polynomial.

Theorem 6.6. Let G = {G; : i = 1,2,...} be an evolving graph where G is a star
with the addition of a self-loop at each vertex where the center is labelled as n — 1, and
1,2,...,n — 2 and n are the leaves. Assume the graph G;i; is obtained from G, for

Jj =1 by just renaming the vertices:

1. The vertex v is renamed as i+ 1 for 1 <i<n — 2.
1. The vertexn — 1 1s renamed as 1.

1. The vertex n does not change its name.

Then, starting from the vertez labelled as 1 in G1, reaching the vertex n requires 2(2")
steps in expectation. This implies, there exists an explorable evolving graph that has an

exponential cover time.

Secondly, authors turned their attention to the evolving graphs which have a
polynomial cover time like in the case static graphs. Indeed, they showed that if the
graphs that form the evolving graph are i.i.d. from a distribution, then we can expect

to cover all vertices in polynomial time.

Theorem 6.7. Let G be a set of graphs on the same vertex set V', and let P be prob-
ability distribution over G. Consider the evolving graph B = {G1, Gs, ...} so that each
of G; is chosen according to the distribution P for ¢ > 1. Thus, the cover time is

O(n®logn) and the mazimum hitting time is O(n3) for B.
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Moreover, authors remark that graphs in the set G of Theorem 6.7 are not nec-
essarily connected to have a finite cover time unlike in the case of static graphs. To

illustrate this fact, authors give the following special case of Theorem 6.7.

Theorem 6.8. Consider the setting in the Theorem 6.7 where G denotes the set of
all maximum matchings of complete graphs on n vertices and P denotes the uniform
distribution of G. Then, cover time is the same as with the cover time of the complete

graph, which is nlogn(1l+ o(1)).

Finally, authors claimed the real world applications include graphs that usually
evolve slower than rate 1. Intuitively, it can be expected that the cover time might be
still polynomial for slowly evolving graphs since they behave like static graphs locally.
However, authors showed that this is not the case: for any ¢ € (0,1) and a large integer

such

n, it is possible to construct a graph on O(n) vertices that evolves at rate T
n —€

that covering all vertices requires 24 steps in expectation.

6.4. Random Graph Covering

In 2011, Mohammed Abdullah studied the asymptotic behavior of the cover time
of a random graph with given degree sequence in his PhD thesis. Let G be a graph
with V/(G) = {1,2,...,n} where n — oo, and let us write the degree sequence of G as
D = (dy,dy, ...,d,) where d; denotes the degree of the vertex i. The author examined
the cover time of a graph that is chosen from uniformly from the set of all connected

and simple graphs having the degree sequence D.

First of all, it is trivial that there are some sequences which do not allow a simple
graph. For instance, the sum of the entries in the sequence should be even. However,
this condition may be insufficient to give a simple graph, too. From this intuition,
some technical assumptions are required for D, and the author built further conditions
on D to study the cover time in a proper way, which can be found in Section 7.4 of his

thesis [19].
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He called the degree sequence as nice if those assumptions hold, and the effective
minimum degree is defined by him as the first entry in the sorted degree sequence which

occurs (n) times. We state his main theorem here:

Theorem 6.9. Let D be nice degree sequence of length n where n — oo, and let G
be graph chosen uniformly from the set of all simple and connected graphs having the

degree sequence D. Let d be the effective minimum degree of D, and m be the number

of edges in G. Then, w.h.p.

2(d—1)m

cov(G) ~ =)

logn.

6.5. Bound with Minimum Degree

For a general graph G with n vertices and m edges, we have a bound for cov(G)
as 2m(n — 1) from Theorem 5.4, and we know this bound is optimal up to order of
magnitude due to the Example 5.5. In this example, there were some vertices whose
degrees are relatively small than the average degree. On the other hand, recall the

cover time of the complete graph has order ©(nlogn) from Theorem 4.1.

One of the reasons behind the difference between the order of magnitudes can be
thought as the balance of the degrees. Therefore, it is reasonable to expect to have
a smaller cover time when the minimum degree is large enough in a graph. In [20],
authors proved it is the case. In this section, we discuss their proof in detail for the
sake of completeness. Firstly, we need a lemma related with hitting time, which comes

from as a direct consequence of Proposition 5.1.

Lemma 6.10. Let G be a graph with m edges and v € V. Then, we have

Y EJT)=2m-d,

wuveE(Q)

where d, denotes the degree of the vertex v.
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2m
Proof. From the Proposition 5.1, we have m,, = T On the other hand, we can write

by conditioning the next step from the vertex v. Therefore, we get

> EmI=d (30 -1),

wweE(Q)

and so the result follows. O]

Secondly, authors use another combinatorial lemma about spanning forests.

Lemma 6.11. Let G be graph with n vertices and let d,.;, be the minimum degree.

Then there exists a collection of (me’ﬂ spanning forests such that

1. Fach edge in E appears in at most 2 forests.

1. Fach forest has at most components.

min

Proof. Construct a directed graph GG; by using the vertices of G where GG; only contains

min

both of directed edges u — v and v — u for each uv € E. Let ¢ = { W and we will

construct the collection of spanning forests Fy, Fy, ..., F, on G as follows:
Step 0: Define Fy = () and s = 0.

Step 1: Let H be the directed graph obtained by deleting the edges of Fy, Fi, ..., Fs
from G4. Start with an arbitrary u € V', let Xy = u. Construct a path {Xg, X1, ..., X,.}
on distinct vertices of Fi; such that H contains the directed edge X; — X, for each
0 < j < r —1 until there is no remaining directed edge whose ancestor is X, in H.

Mark the vertices {Xo, X7, ..., X,.}.
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Step 2: Update the graph H by deleting marked vertices. Similarly, choose a vertex
Yy in H and construct a path {Yp, Y, ..., Y;} on distinct vertices of Fsyq such that H
contains the directed edge Y; — Yj; for each 0 < j <t —1 until there is no remaining
directed edge whose ancestor is Y; in H. In the last step, if there are some directed
edges from Y; to marked vertices, choose one of those edges and add into F,;. Mark

the vertices {Yp, Y1, ..., Vi }.

Step 3: 1f there are some unmarked vertices, then return Step 2. If all vertices are
marked, then we have a spanning forest F,; on G by making all directed edges undi-
rected. Observe that if there is no remaining directed edge whose ancestor is either
X, or Yy, then all neighbors of them must be in the constructing path and hence each
connected component of F;,; has at least d,,;, — s + 1 vertices since at most s edges
incident to the stopping vertex X, or Y; are deleted from G, before the construction

of Fs—‘,—l‘
Step 4: If s =¢q — 1, then stop. If s < g — 1, then increase s by 1 and return Step 1.

Finally, we have ¢ spanning forests and each edge in E clearly appears in at most
two forests due to the construction. Moreover, each connected component of each forest

has at least d,,;, — q + 2 vertices. Therefore, each forest has at most

n n 2n
< <

components,

and we are done. ]

Now, we are ready to prove their main theorem.

Theorem 6.12. Let G be a graph with n vertices and m edges. Then, we have

12mn

cov(@) <

dmin

where d,;, denotes the minimum degree.
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Proof. Let us define of the weight of an edge as W(e) = E, [T] + E,[T,] for any

e = uv € F(G), and define the total weight of a graph W (S Z W (s) for any
SEE(S)

graph S. Write ¢ = { 5 -‘ and construct the spanning forests Iy, Fy, ..., I, according
to the Lemma 6.11.

Then, we have

Yz Y w2 Y Y

e€E(G) veEV(G) w:uveE(G)

since each edge appears in at most two forests. Thus, by using the Lemma 6.10 and

the Proposition 2.1, we get

DWE) < 2o 3 > E

veEV(G) wuveE(G)

< 2 ) (2m—dy)

veV(G)

= 2-(2mn— Zd

veV(Q)
= 2-(2mn —2m) =4m(n —1).

Now, we have Z W (F;) < 4m(n — 1), so there exists a spanning forest F; with
i=1

4 —1 4 8
W(F,) < m(T; ) < d:i:l = dm‘n by pigeonhole principle.
2 min

2n
On the other hand, the spanning forest F}; has at most connected components

min

and so there can be added at most

n . .
— 1 edges to obtain a spanning tree. Moreover,
min

we have W (e) < 2m for each edge e € E from the Proposition 5.3.
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Therefore, when we obtain a spanning tree T', we would have

2
W(T) < 8m”+2m-< n

min dmin

Finally, as in the proof of the Theorem 5.4, we can conclude that W(T') is an upper
bound for cov(G) and the result follows. O

From the Theorem 6.12, we have a nice corollary for regular graphs.

Corollary 6.13. Let G be a regular graph with n vertices. Then, cov(G) < 6n?.

2
Proof. Let m be the number of edges in G. Since G is regular, we get d,;, = il
Thus, by using the Theorem 6.12, we get
12 12
cov(G) < dn'm, = gn = 6n?,
and the result follows. O

Moreover, this O(n?) upper bound is optimal up to order of magnitude, in other
words one can construct a graph on n vertices whose cover time has the order ©(n?).

Let us examine the following example.

Example 6.14. Let G be a graph on 4n* vertices where V(G) = {1,2,...,4n?}. If we

have only these adjacency relations, then cov(G) has the order ©(n*).

i. {2jn+1,2jn+2,...,2jn+2n} forms a clique with the deletion of the edge between
the vertices jn+ 1 and jn + 2 for each 0 < 7 < 2n — 1.

1. For each 0 < 5 < 2n — 2, there is an edge between the vertices 2jn + 2 and
2in+2n+ 1.

ii. There is an edge between the vertices 1 and 4n? — 2n + 2.
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Proof. Firstly note that G is a regular graph since each vertex has the degree 2n — 1.
We will show that E;C has the order ©(n*). For simplicity, let Y; = 2jn + 1 for
0 < j < 2n and write Y3, = Y;. Observe that, for any 0 < i < j < 2n — 1, one can

reach to the vertex Y from the vertex Y; only

e by passing through Y;,q,Y0,..., Y, or
e by passing through Y; 1, Y; o, ..., Y1, Y0, Yo 1, Y5, 0, ..., Y1

due to the adjacency relations. Let us consider the cycle formed by the vertices

{}/07}/17)/27 "'7}/211717%}'

Starting from Yj, time needed for covering the vertices {Y1,Y3, ..., Y5, 1} is less
than or equal to E;C. Let us write u; = Ey;[Ty;,,] for 0 < i < 2n — 1. It can be
clearly observed that u is a constant vector. Since cover time of a cycle of 2n vertices

is n(2n — 1) from the Theorem 4.7, E,C' is greater than or equal to n(2n — 1)uy.

Hence, it is enough to show that ug = E[T5,.1] has the order ©(n?). Due to the

graph structure, we have

P(2 is visited before 2n + 1| Xy = 1) > P(2 is visited after 2n + 1| Xy = 1).

On the other hand, if we are at the vertex 2, the probability that the next step is 2n+1

equals 5 17 S0 visiting the vertex 2n + 1 just after the vertex 2 requires 2n — 1 visits

to the vertex 2 in average.

Moreover, since we start the random walk at the vertex 1, the probability that
the last visited vertex just before the first hit to 2n + 1 is the vertex 2 is greater than

1
— due to the graph structure. Therefore, we get

v > Ei[T3] - (2n — 1).
- 4
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Now, let p = a = E,[T3] and b; = E;[T5] for 3 < j < 2n. Since b; values

2n — 1’
are the same due to the symmetry, we can write b = b;. Hence, by conditioning on the

first step, we have

() a=p-(1+Eps onn[B]) + (1= p) - (1+b) > (1= p)- (1+b), and
(i) b=p-1+p-(1+a)+(1—-2p) - (1+0b).

From the second equation we have 2b = a+2n — 1. Then, by putting this equality into
the first inequality, we get the following;:

>2n—2 a+2n—1 (n—1)-(a+2n+1)
a : =
“2n-—1 2 2n —1 ’

and then (2n —1)-a > (n —1)a+ (2n + 1)(n — 1). Therefore, we have

> (2n+1)(n—1)

a >2(n—1).

2(n—1)2n—1)
4

Finally, we get ug = Eq[To,11] > , and therefore we have

EC > n(n —1)(2n —1)?
- 2 )

which implies it has the order ©(n?) and the result follows. O

6.6. Trees and Bound with Time Difference

Feige gives an improvement for bounding the cover time by combining the classical
spanning tree approach used in the Theorem 5.4 with a coupon collector argument
in [21]. Let us define time difference of u and v, denoted by D, as E,[T,] — E,[T]

for any u,v € V(G). We state the author’s main theorem here:
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Theorem 6.15. Let G be a connected graph and u € V(G). Then, we have

1
E,C<=. (min W(S)+ max Duv).
2 ‘\Ses veV(G)
where S denotes the set of all spanning trees of G and W (S) denotes the total weight
of the graph S as in the Theorem 6.12.

Theorem 6.15 has nice corollaries. The author improves the upper bound for
regular graphs found in Corollary 6.13 by using this theorem with some helpful lemmas

(see [21] for details). We just state the result here:

Theorem 6.16. Let n be a natural number. Then, there exists a constant € > 0 such

that cov(G) < (2 — €)n? for all connected and regular graphs G on n wvertices.

On the other hand, recall the Proposition 5.1, that is E,[T,] + E,[T3,] < 2m if
wv € E(G). This inequality can be easily improved as E, [T, + E,[T,] < 2m - A(u,v)
for all u,v € V(G) where A(u,v) denotes the length of the shortest path between u

and v by using the induction on A(u,v) (see [14] for the details).

Then, for a tree T on n vertices, take two vertices u© and v which maximize the
quantity D,,. Let [ be the number of edges of the path connecting u and v. It is clear
that E, T, > [? from the idea used in the proof of Theorem 4.5. Therefore, we get

—1)?
Dy <2(n— 1)1 =212 < L%J for this tree. Thus, by using the Theorem 6.15,

5(n —1)?
we get cov(T) < L%J, which is the cover time of a path. As a result, we can

conclude a path on n vertices has the maximum cover time over all trees of size n.

Next, we can question which tree of order n has the minimum cover time over
all trees on n vertices. First of all, we can ask for a meaningful lower bound. In [20],
authors constructed a nice recursion that eventually leads the correct asymptotic for

the minima on trees. We give the full proof for the sake of completeness.
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Theorem 6.17. Let T, be the set of all trees on n vertices. Then, we have

n—1
i > i > 2.
mnin cov(T) > 1+ 5 in cov(T) forn > 2

Proof. Let T be a tree on n vertices and u € V(T') where u is a leaf. If we can show
n—1

E.C>1+ min cov(S), then the result follows. Let v be a unique neighbor

n — 2 SeTh—1
of u in T, and d denotes the degree of v in T — u. Starting from the vertex u, our
first move is (u,v), and we need to wait until the graph 7" — w is covered. Note that
cov(T —u) > SmTin cov(S) from the definition. However, the random walk spends time
€/n-—1

on the edge uv during its journey, and we can add the expected time spending on this

edge while covering T' — u to obtain a more accurate lower bound.

From Wald’s identity, this additional time can be calculated as the product of
the expected number of visits to v while covering T" — u and the expected number of
time spending on the edge uv in each visit. Recall the Corollary 5.2, that states each
edge has the same long-run frequency % where m denotes the number of edges in

the graph. Since v has degree d in T' — u, it appears d many edges and so v is visited

cov(T — u) times in average while the random walk is covering T — u.

2|E(T — u)]
On the other hand, in each visit to v, the next move of the random walk is v with

1
probability ey Moreover, we have to return back from w to v, which implies each

= 1 \7 2
visit to u takes 2 steps. Therefore, the random walk spends Z 27 <m> =7 time
j=1

on the edge uv in average. As a result, we get

d 2
> ' ) —— .z
E.C > 1+Sr€r%£1 cov(S) + cov(T — u) NET — )] d

T —
= 14+ min cov(S)+ coold’ —u)
S€Tn-1 n—2

minger, , cov(S)

(since T'— u has n — 2 edges)

> 14 min cov(S)+

B S€Tn-1 n—2
n—1
=1 i S
Faoz )

which completes the proof. 0
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Now, we have recursive lower bound on the minimum cover time for trees. The

author states that by solving this recursion, it can be obtained that

min cov(S) > nlogn — O(n),
wmip cou(S) > nlogn — O(n)
which gives the correct asymptotics since we already know that a star on n vertices

has the cover time in this order.

We close this section with a remark. Even though this lower bound is optimal up
to order of magnitude, it is not exact. In [22], the authors proved that the star graph

indeed has minimum cover time over all trees by using an inductive argument.
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7. ON-LINE COVERING

In this chapter, we give a new variation of the cover time problem in our best
knowledge. As contrary to the classical cover time problem, we are interested in a
dynamic version. However, our model has significant differences from the models dis-

cussed in [17] and [18].

First of all, our graph is growing in time and we add a single vertex in each
time ¢ € N, as similar to the variation in [17]. In that model, authors proposed
two possibilities to connect the new vertex to the previous ones, and here we link all
vertices to each other as a first difference. Moreover, we will give additional scenarios

for connections as a future work.

On the other hand, the main difference between our model and the previous ones
is the moves of the walker. In our investigation, the random walk moves such that
the time interval between two consecutive steps is a random variable. We believe this
enhances the study of the cover time problem in a dynamic setting. As an initial point,

we study the case where those time intervals are exponentially distributed.
Let us formally define our on-line covering process:

i. Assume there are kg (call vy, vy, ..., vk, ) vertices at the beginning (at time 0) for
some ko > 3, and there is a walker at the vertex 1.
ii. For each t € N, create a new vertex vy, at time ¢.
iii. The walker jumps from his vertex to one of the remaining current vertices at
random where time intervals between moves are exponentially distributed with

1
arameter —.
P )

Fix T. We interest the random variable that counts the number of vertices visited

at least once by the walker up to time 7', which is denoted by Np.
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Let u; be the probability that the vertex j is visited at least once from the walker
up to time T'. Clearly, u; = 1 and us = 0 for s > kg + T'. Firstly, we investigate the
expectation of Np. Observe that

o0

E[NT} = E[Z IL{the vertex j is visited up to time T}]

J=1

%
- § IE[ﬂ{the vertex j is visited up to time T}]

j=1

o
= ZP(the vertex j is visited up to time T)
j=1
ko+T-1

j=2

Therefore, we need to calculate the probability u; for all 1 < j <T'. On the other
hand, let M; be the number of moves on [t — 1,¢) for t > 1. We know M, has Poisson
distribution with parameter A. Also, it is well-known that M; and M, are independent

for t # s. Therefore, for any 1 < 5 <T and m;, mjt1, ..., mr € N>, we get

T e*)\)\ms
]P)(Mj:mj,Mj+1 :mj+1,...,MT:mt>:H p—
s=j s

mi, mg,...,mp € Nxg. If 2 < j < ko, then the walker does not visit the vertex v;

up to time 7" with probability

(IZE = i)ml ' (kokg 1>m2 ' (koki 1>m3"' <%)W

Let us call this quantity as R/ oo oimilarly, if ko +1 < j < ko +T — 1,

mi,me,...,m
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then the walker does not visit the vertex v; up to time 7" with probability

(j—2>mj—ko+1 (j—1>mj—ko+2 ( J )mj—’%“" <k0+T—3>mT
j—1 j J+1 ko+T —2

Similarly, write S/, ma....mp for this quantity. Thus, for 2 < j < ko, by using
conditional probability on Ml, Mg, ..., My, we have
1—u; = P(the vertex j is not visited up to time T)
= Z R}, ooy - P(M; =m; for 1 <i <T).

m1,m2,...,mT€N20

On the other hand, observe that we can express R, o, my 88

m’ﬂ

/{30+S—2) .

s:l

Therefore, we can write

—)\)\ms

T 1 .
Lmuy = ) (U“‘m))'em—s!
T

mi,ma,....,mrEN>q s=1
A )ms

H Y ()‘ " kots—2
= e
my!

mi,mg,...,mr€N>q s=1

T ms
_ § —)\T H ko-‘rs 2)
s=1

mi,m2,...,mrEN>g

T ms
T Z H k0+s 2)

mi,m2,...,mpEN>q s=1
l
_ —)\T HE k0+s 2)
s=1 [=0

T
A 1 1 1
= . H e Rt = e—>x~(k071+%+...+ k0+T*2).
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Similarly, for kg +1 < j < kg + T — 1, again by using conditional probability on

Mk7j0+17 Mk,jOJrQ, ceey MT; we have
1 —u; = P(the vertex j is not visited up to time T)
= > SI - P(M; = mj for j — kg +1<i<T).

My —kg+1:Mj—kg+25---MTEN>Q

On the other hand, observe that we can express S}, .. . as

T

1 me
H (1_k0+8—2) .

s=j—ko+1
Therefore, we have

T

1 mes AN
L-u; = 2 (I 0"

M kg+1:Mj—kg+2:---MTEN>g  s=j—ko+1

T . ()\ A )ms

_ Z H e " kots—2
myg!

Mj—kg+1:Mj—kg+25--MTEN>g s=j—ko+1

T A\
— Z e H ()‘ 1;;;);:'—2)

M —kg+1:Mj—kg+25--MTEN>Q s=j—ko+1

SRR (s

M —kg+1,Mj—kg+2,--MTEN>Q s=j—ko+1

l
il
s=j—ko+1 1=0
T
— T, H ekﬁ:eﬂ\-(ﬁﬁJﬁ.Arﬁ)'

s=j—ko+1

As a result, we calculated the probabilities u; as follows:



60

1 _ ™ (H(k0+T—2)—H(ko—2)), if 2 < 7 < ko,

Uj =
1N (MO T HGD) i < <R+ T L
ko+T—1
Therefore, by using E[N7| =1+ Z uj, we get the following result:
j=2
ko+T—-1
E[N7] = (ko + T — 1) — e~ ko+T=2) <(k’0 — )Mk | Z e)x-’H(j—Q)).
j=ko+1

Secondly, we investigate the variance of the random variable Np. Let A; be the
event that the vertex j is not visited by the walker up to time 7. Suppose M; = my,

My = my, ..., Mp = mp are given where my, mo, ..., mp € N5.

Let us assume that kg +1 <r < s < kyg+ 7T — 1. Then, the event A, N A, occurs

with probability

(r—2>mr+1 (r—l)mr+2 (s—3>ms (5—3>ms+1 (3—2)ms+2 <k0+T—4>mT
r—1 r s —2 s—1 s ko+T —2 '

Thus, with the same conditioning argument, we can write

B4 Ay = bttt )

Il
ml
>
—
3

| |~
—
+
S =
+

i) e (Ertins)

As a result, we have

]P(Ar N As) = (1 - ur)(l - us) = P<AT)P<AS>:
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for ko +1 <r < s < ky+T —1. By the same way, it can be seen that the equality
P(A, N As) =P(A,)P(As) holds for all 2 <r < s < ko+T — 1.

Define Ur as the number of unvisited vertices among {vy, vo, ..., Ug,17—1} by the

walker up to time T'. Since Ny + Ur = ko + 1 — 1, we have Var[Ny| = Var[Ur|. Now,
ko+T—1
by using the equalities Ur = Z 14, P(A;) = 1 — u;, and the fact that equality
=2

P(A, N Ay) =P(A,)P(A,) holds for all 2 < r < s < ko+ T — 1, we get the following:

Var[Ur] = E[Uj] — E[Ur]?

= E

ko+T-1 ko+T—1 2
—E

(Z; 1,4]-> ; ILA].
— <O+Z_ E[Jlij]—E[ﬂAj]z)Jrz( Z ]E[]lAT]lAJ_E[]lAT]E[IlAS]>

=2 2<r<s<ko+T—1

= < OiT:_lVar[EAj]> +2- ( Z P<Ar N As) - P<AT)P(AS)>

2<r<s<ko+T7T-1

ko+T—-1

= ) (-

=2

ko+T—-1
As a result, we have the variance for Ny as Var[Np| = Z (1—uj)-u,.
=2
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8. APPROXIMATE COVERING

In this chapter, we discuss a similar problem related with the classical cover time.

Our main motivation is to explore the graphs with the following property:

The time required for covering all vertices is significantly larger than the time needed

to cover a large portion of the vertices.

In other words, we are trying to understand what are the conditions on the
structure of the graph G which allow the proportion between the time required to
cover (1 —a)|G| vertices and cov(G) converges to zero. We believe this is a meaningful
research question since it may be valuable to cover an important portion of the states

in real world applications such as web sites.

Formally, let 0 < a < 1 be a constant. As a generalization of the classical
cover time problem, we define the approximate covering time with parameter o of the
graph G as the expectation of the first time that at least (1 — a)|G| vertices have been
visited. Note that the case a = 0 corresponds to the original problem. We denote it

by cov(Gi_,), and write C_, for corresponding random time.

Here, we initiate this study by examining this problem in the specific graph whose

the classical cover time can be exactly determined.

We start with the complete graph, and we see it leads to an easy covering.

Theorem 8.1. Let G be a complete graph on n vertices and 0 < a < 1 be a constant.

Then, we have

cov(Gi_o) = (n—1)- (H(n—1) — H(la - n))).
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Proof. We basically use the same idea in the proof of Theorem 4.1. If we write C,. for

the first time that exactly r distinct vertices have been covered, we know

-1
E[Cr-‘rl - Cr] = -

n—r

Thus, we can write

[(1—a)n]-1
cov(G1_q) = Z E[C41 — Cy,

r=1
by using the linearity of the expectation. Hence we get
[(1—a)n]—1

cov(G1_q) =(n—1) - Z =n-1)-HMn-1)—H(la-n])). O

r=1

Now, by using the fact that H(n) ~ logn, it is clear that

(n—1)(H(n—1) —H(la-n])) . Inn—Inan

. cov(Gi_y) ,
lim &) — im ST An
n00 cov(Q) nS00 (n—1H(n—1) R ’

which is independent from a.

Therefore, we can conclude that approximate covering in the complete graph is

linear as independent from the parameter o where the classical cover time has the order

O(nlogn).

Secondly, we discuss the approximate cover time problem for the cycle.

Theorem 8.2. Let G be a cycle on n vertices and 0 < a < 1 be a constant. Write

qg=1[(1—a)n|. Then, we have

alg —1)

cov(Gi_q) = 5
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Proof. Again, the proof is almost the same as the proof of Theorem 4.7. In that

—1
theorem, we proved that E[C,| = % where it denotes the first time that exactly
—1
r distinct vertices have been covered. Therefore, we get cov(Gi_,) = E[C,] = %
as desired. 0

As contrary to the complete graph case, the cycle graph does not allow easy

covering. Indeed, it can be observed that

lim cov(Gi-a) — lim ala—1) =(1-a)

n—oo  cov(Q) n—oo n(n — 1)

which depends on o and does not converge to zero.

Thirdly, we state the approximate covering time for star graphs. Since the proof
can be directly follows from Theorem 4.4 and Theorem 8.1, we give the following

without proof.

Theorem 8.3. Let G be a star with n vertices. Then, we have

E.[C1_a] = 2(n = D(H(n = 2) = H([a-n] = 1)), if u is the center,

2(n —1D)(H(n—2) —H(la-n| —1)) =1, ifuis a leaf.

As a result, we get cov(Gi_o) = 2(n —1)(H(n —2) — H(|a-n] — 1)).

We remark that, as similar with the complete graph case, asymptotically we get

lim cov(G1_y)

n—oo  cov(G) =0

as independent from « in star graphs. Hence, it can be concluded that a star graph

also allows easy covering.
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Finally, we investigate the approximate covering problem on path graphs. Unlike

the previous cases, its proof is quite different from the classical cover time case.

Theorem 8.4. Let G be a path with n vertices where V= {1,2,...,n} from left to the
1
right, and 0 < a < 3" Write g = [(1 — a)n] and r =n — q+ 1. Then, we have

( (s —1)(s—2)

(q_1)2_ 9 ) ZfSST,
ECia = (s =)= )+ (g - 12 = T2 cicg o,
[ RUEL CEYED) esa

Proof. Let us write G§__, for E,[C)_,]. Firstly, Gi__, is equal to the usual hitting
time for the vertex ¢ where the starting point is the vertex 1. Hence, we can write

Gi_, = (g —1)? from Theorem 4.5.

Suppose we start at the vertex 2. Now, if we hit the vertex 1 before the vertex
q, the situation is the same as covering at least ¢ vertices starting at the vertex 1.
However, if we hit the vertex ¢ before the vertex 1, then we must wait until the first
hit to the vertex 1 or the vertex ¢ + 1 by considering the starting point as the vertex

q. Therefore, by using the conditional expectation, G%__, equals to the following:

Po(Ty < T,) (Gl +Eo[T1|Th < Ty))+P2(T, < Th)-(Bg[min{T, Tyt J+Es[T,| T, < T1)).

Hence we can rearrange these terms. Since

]Ez[min{Tl, Tq}] = PQ(Tl < Tq> : ]E2[T1|T1 < Tq] -+ PQ(T(] < Tl) : EQ[Tq‘Tq < T1]7

we can write

Gi_, = Esmin{Ty, T,}] + Po(Ty < T,) - Gi_,, + P(T, < Th) - E,[min{Ty, T, 1 }].
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On the other hand, recall the Proposition 4.3. We know Py(T} < T},)) = ——

Py(T, < Th) = q%l’ Eo[min{T},T,}] = (¢ — 2), and E,[min{T1,T,11}] = (¢ — 1).

Therefore, we get

Gt u= 0=+ 1] (= 1P+ =5 =D =la— 1"

Now, let us examine a little bit more general case. Suppose we start at the vertex
s for some 2 < s < r. As similar to the previous case, if we hit the vertex s — 1 before
the vertex ¢, the situation is the same as covering at least ¢ vertices starting at the

vertex s — 1.

However, if we hit the vertex ¢ before the vertex s —1, then we have a subsegment
of length (¢ — s+ 1) and it is possible to move exactly (s — 1) steps in both directions

because s <n —q+ 1.

Therefore, the situation in this case is the same as traveling on a circle. As in the

proof of Theorem 4.7, we get the expectation of the time needed for visiting (s — 1)

s—1
2q — —1
new vertices is Z(q —1) = (2 S;(S )
I=1

Again, with the same conditioning in the calculating G3_, for s < r, we get

q—3s 'G81+ 1 (2(]—8)(8—1)
g—s+1 T g—s 2 ’

qufa:(q_s>+

b 5=D(-2)
2
recursion. Let us prove our claim. Firstly, we showed that it holds for s = 1 and s = 2.

We claim we can get G5_, = (¢ — inductively from this
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(t—1)(t—2)
t(t 12

Now, assume Gt = (¢ —1)? — for some 2 <t <r — 1. Then, we

need to show that G4*! = (¢ —

. From the induction hypothesis and the

formula obtained above, we have

G%:(q_t_lHq—t—l.(<q_1>2_(t—1)(t—2))+q1 (2 —t—1)t

qg—t 2 —t 2

Hence, it can be observed that

(q—t—lwq—t+f—2q+1—(P_D@_2U—k@q_t_1ﬁ

Gl = 2 2
qg—1
t(t—1 t(t+1
R I A o
- 479 2 + q—1
2 tt—1) ¢F—(t+1)g+t
q—1
Ht—1 —D(g—t
g (2)_&q )(g—1)
q—1
Ht—1 tt—1
S S Uil UG S N B Ul

2 2

and the claim follows.

Now, suppose we start at the vertex s for some r +1 < s < ¢ — 1. Again, if we
hit the vertex s — 1 before the vertex ¢, the situation is the same as covering at least ¢
vertices starting at the vertex s — 1. However, if we hit the vertex ¢ before the vertex
s — 1, then we have the same situation with covering at least ¢ vertices starting at the
vertex q because we have to visit all vertices from r+1 to ¢ —1 in the case that starting
point is g. Moreover, due to the symmetry, we get G1__, = G __. Therefore, as similar
to the previous conditionings, for r +1 < s < g — 1, we get
_ 1

Gs 1_|_—'Gr )
l—«a q—8+1 l—«o

q— S

Gi_ = (q— 4~ .
l—«o (q 8)+q_5+1
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2 (r=1(r—-2)

Firstly, observe that G} = (¢ —r — 1) + (¢ — 1 5 . Assume
s > r+ 2 and let us write the equality above for s — 1, we get
_ qg—s—+1 _9 1
G5l =(q— 1)+ —— -G — -G,
l1—a (q 5+ )+q—8+2 1—a+q_8+2 l1—a

By subtracting (¢ — s + 2) times the second equality from (¢ — s + 1) times the

first one, we can write

(= s+ 1G]~ (0= s+2)GiT = —2(¢—s+1) + (¢ = 5)GiZy — (¢ — s + )G

Hence, we have

(q—s+1)G_,=—2(q—s+1)+(2¢—2s +2)G5-L — (¢ — s + 1)G52.

Note that ¢ + 1 > s and the factor (¢ — s + 1) can be canceled, which leads

Gi ., =2-G5L -2 —2forr+2<s<q-1.

«

(r—1)(r—2)
2

. Thus, we can inductively get

Moreover, we have two initial values as G}__, = (¢ — 1)? — and

1)2 _ (’I“ - 1)(7’ _ 2)

Gith = (g—r—1)+(g- )

(r—1)(r—2)

Gia=(s=1)g—5) + (g — 1) = T

forr <s<gq-—1,

by using these recurrence relation and initial values as follows:
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First of all, the equality holds for s = r and s = r 4+ 1. Assume it holds for s = ¢
and s =t + 1 for some r <t < g — 3. To be short, let us write
r—1)(r—2)

AZ(q—l)Q—(f'

Then, we can observe

G o= 2-GYL -G, -2
= 2. (t+1—r)(q_t—1)+A}—[(t—r)(q—tHA]—Q
= 2t—r)(qg—t)+2q—t)=20t—r) =24+ (t—r)g—1t)—2+ A
= (t—r)g—1)+20q—t)—20t—1r)—4+A

= (t—r+2)(¢g—t—2)+ A

o (r=1(r -2

= (t+2-1)¢g—=(t+2)+(q—-1) 5 ,

and we are done.

Therefore, we proved that

(r=1)(r—2)

Gi_a=(s=71)(g—5) +(qg—1)*— 5

forr+1<s<qg-1.

Finally, due to the symmetry, we know G*__ = G717 for any ¢. Therefore, the
formula found for case of s < r will be the same with the cases for which s > ¢. Then,

we get

s (nt+l-s—1n+1-s5-2)
2
_ <q_1)2_(n_5)<7;_8_1)

Gl o = (¢g—1)

l—«

for s > q,

which completes the proof. O
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9. CONCLUSION

In this chapter, we summarize the results from the thesis, state some open ques-

tions and discuss some research directions by inspiration from our work done.

First of all, the cover time problem is pretty natural and simple to define. More-
over, it is very appropriate to investigate by just using combinatorial ideas at the initial.
In many real world applications, it may be the case that the problem studied is equiv-
alent or at least has similarities with the cover time concept. The coupon collector
problem can be considered as the simplest example, and also there are some problems
in other combinatorial problems having a strong connection between the cover time

such as the problem discussed in the Section 6.2.

Even though it is easy to express, the cover time problem still has numerous open
questions. The most surprising one is that it is still unknown whether there is a graph
on n vertices whose cover time is smaller than the cover time of K,. In [11], authors
give several open questions about hitting time and cover time, and a very few of them

have been answered in our best knowledge.

Moreover, there are only few graph families whose cover time can be exactly de-
termined. For instance, the cover time of K, ,, is still open, which is basically equivalent
to the expectation of the time that at least one of two independent collections of size
n is completed. On the other hand, for a given graph G of order n, it is unknown that

whether cov(G) can be calculated in polynomial number of steps.

In our first contribution for the cover time, namely on-line covering, there are
several research directions. First of all, the creation of the new vertices is made deter-
ministically, in other words, we create a new vertex in each time step. Naturally, it can
be randomized by assigning a probability distribution for the time intervals between

two consecutive vertex creation such as exponential distribution.
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On the other hand, the distribution of the time intervals between walker’s moves
can be changed into another distribution. For instance, it can be questioned that what
will be the case when the walker traverses according to the uniform distribution. We
remark that we use the memoryless property of the exponential distribution in our
solution for the model, therefore it may be challenging when the new distribution has

not this property.

The most important extension can be considered as the graph structure in on-line
covering. We have studied on the complete graph, in other words, every new vertex
is automatically connected with the previous ones. However, this may be struggling
when we deal with a real world application, and therefore studying the same problem
with a more realistic graph structure would be better. Of course, the definition of
"realistic” is very unclear, and there must be more investigation on this topic. Just as
a candidate, the second model studied in [17] can be seen as an appropriate to model

the real world, however it becomes very difficult to analyze.

Finally, our second contribution has some interesting research questions. We have
examined a very few example to calculate the approximate cover time, however it seems
that we are limited to extend graph families examined since those are already the only
graphs whose classical cover time is known. However, the main research question in
this study can be giving some structural information about the graphs whose partial

covering requires strictly less time than the full covering in terms of magnitude.

We know a complete graph is an example for such graphs, but it is very unclear
that the secret property of it allowing easy covering. Therefore, it may be valuable if

one can reach a result about those graphs at least intuitively.
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